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A B S T R A C T   

This work addresses the contribution of the wavelength composition of the spectrum of the rail support stiffness 
profile to the expected long-term settlement. To that aim, purely harmonic stiffness variations of different 
wavelength are studied. The frequency-domain model with a double periodicity level previously developed by 
the first and last authors is adopted to embed the stiffness profile in one of the periodicity layers. Additional 
resonance velocities at which the resonance frequency of the track system coincides with the support-passing 
frequency or its multiples are found. The susceptibility to degradation is assessed both by quantifying the me-
chanical energy dissipated in the substructure under a moving train axle within one wavelength of the support 
stiffness variation, and the work performed by the wheel-rail contact force. It is shown that shorter wavelengths 
and larger standard deviations of varying ballast/subgrade stiffness result in an increasing energy dissipation in 
the substructure, and increase the work performed by the wheel-rail contact force, therefore leading to a reduced 
lifetime of the track. The energetic quantities increase for lower mean values of the stiffness profile, confirming 
the proneness of tracks on soft soils to degradation. The influence of varying stiffness vanishes for wavelengths of 
approximately 16 times the sleeper span, which is equivalent to a track length of about 10 m. High railpad 
stiffness values result in increased energy dissipation but the influence is limited. In general, an increasing train 
velocity amplifies the rate of track degradation, with no stabilizing trend in the high-speed regime (300 km/h).   

1. Introduction 

Degradation of track geometry under train loading, with the need for 
tamping and correction of the track geometry, is the other side of the 
coin that belongs to the historical concept of a ballasted train track, 
where the geometry of the rail remains adjustable at any moment during 
the structural lifecycle. In the scarce early scientific literature on the 
domain, mainly empirical methods were discussed to predict the process 
of track geometry degradation [1–5]. These methods were often site- 
specific and not generally applicable. In recent years, data-driven pre-
dictive models [5–7] have been proposed to explore the degradation of 
track geometry as a function of the traffic load and track parameters, 
whereas experimental work was published to elucidate more explicitly 
the relationship between track stiffness and track geometry [3,8,9]. 
Another category of studies dealt with the relationship between track 

geometry, variation in track properties and train-induced vibration, 
both numerically and analytically, such as reported in [10–26]. Most of 
these contributions considered randomness of support stiffness and its 
influence on vehicle and/or track vibration [10–16,18,19,21,23,24]. 
Local variation of support stiffness was considered in the form of tran-
sition zones in [20,27,28] and hanging sleepers in [22,26]. In [25], a 
harmonically varying foundation stiffness was considered, showing its 
effect on the dynamic response the railway track. The study adopted a 
Winkler type of foundation, ignoring the discrete nature of the supports. 

Though the role of the subsoil with respect to track degradation is 
well-known and documented in the literature [1,29–31], in the sense 
that tracks on poor soil conditions need relatively intense maintenance, 
the effect of non-uniformity in the profile of the support stiffness along 
the track on this process is much less understood and explored. This is in 
particular true in the context of a fundamental understanding and 
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conceptual framework of track geometry degradation. 
Railway tracks are loaded, in the vertical plane, by a history of 

moving axle loads with a static and a dynamic component. The static 
component is directly governed by the mass of the car body itself and its 
loading; it is therefore the essence of transport and cannot be avoided. 
On the contrary, the dynamic axle load does not belong to this essence, 
but is a kind of by-product generated by different sources as a conse-
quence of the moving character of the load. Most importantly, the pri-
mary sources are: wheel out of roundness of the rolling stock, and on the 
side of the infrastructure, the track geometry (deviation from the 
straight line) and the stiffness profile (variation in support stiffness 
along the rail) [9,16,18,19,21–25]. The presence of a dynamic axle load 
has negative influences on the rail transport system as a whole: it in-
creases the energy consumption of the locomotive, and the mechanical 
energy it generates in the wheel-rail contact interface leads to the 
emission of environmental vibration (by means of wave propagation or 
radiation of energy) [18,32,33] and the degradation of the track ge-
ometry (by means of dissipation of energy along the radiation path) 
[22,23]. 

Degradation can, in principle and as far as it is driven by train 
operation, be related to both the static and the dynamic axle load. The 
track system response to a loading process of a moving, purely static 
load consists, for subcritical train speeds, of a deflection field which 
moves in space while remaining constant in time. The nature of this 
response depends on the material properties concerned, but every 
response that is not purely elastic will lead to incremental degradation: 
viscous behavior leads to dissipation of mechanical energy into heat, for 
example by friction of ballast particles leading to wear which will affect 
the constitutive behavior of the granular matrix, while any form of 
plasticity implies irreversible displacement and strain accumulation, for 
example leading to rearrangement of ballast particles or differential 
settlement. It is however a property of this form a degradation that it is, 
like the response field itself, constant in space. In other terms: it leads to 
uniform settlement. Moreover, like the response field itself, it is confined 
in space, having an influence radius governed by the magnitude (and 
speed) of the axle load. It has therefore no implications in a moving 
reference frame such as the one moving with the wheel-rail contact 
position. It must be added here that a track system with a purely static 
moving axle load can only exist if the primary sources of a dynamic axle 
load are absent, i.e. for a perfectly straight and perfectly uniform track. 
The response to the dynamic axle load consists of a wave field that is 
emitted from the moving contact position and radiated in space, 
including both the surface coordinates but also the depth coordinate. On 
the radiation path, the energy of the wave field decays due to dissipa-
tion, again by viscosity and other types of material damping. Since the 
dynamic axle load is by definition not constant in space, also the energy 
that is dissipated within and underneath the track body is not constant 
along the system, which has as a consequence differential settlement. 
Contrary to uniform settlement, this form of settlement does affect the 
track geometry and will further amplify the dynamic axle load itself. 

This argument highlights the importance of the dynamic axle load in the 
understanding, analysis and mitigation of track degradation. 

Previous work in the domain [9,22,23,34] has highlighted the role of 
the track stiffness and its spatial variation in generating a dynamic axle 
load and promoting track degradation. The principal aim of the present 
work is to further study and quantify the role of the support stiffness 
profile and its specific appearance forms in degradation of the track 
under train loading. Since arbitrary profiles have a spectrum and can be 
decomposed and expressed in terms of harmonics of different wave-
lengths, this work focusses on harmonic ballast/subgrade stiffness pro-
files in space. It is well-known from practice that deterioration starts 
locally and expands globally, implying that the track irregularity spec-
trum develops over time not only in magnitude but also in wavelength 
content. This study addresses the novel question whether the presence of 
specific wavelengths in the stiffness profile (or spectrum) of a given 
track trigger the degradation process – and should therefore receive 
particular attention in terms of monitoring and maintenance. The 
theoretical approach taken is the same as in previous work and based on 
conservation of energy: it is assumed that both the work done by the 
wheel-rail contact force over a certain track length and the energy 
dissipated within the structure are indicators for track degradation and 
have predictive value. Even though the exact amount of energy is 
strongly dependent on modeling choices and descriptions (such as 
damping), the intensity of its variation in space is much less dependent 
on these choices. The strength of the adopted approach is therefore that 
it allows for indicators to be established for the rate of degradation that 
will occur in the system, even when, in order to quantify the degradation 
itself over time, an iterative approach would be needed 
[19,21,28,30,35]. 

2. Theoretical basis 

2.1. Model description 

As shown in Fig. 1, the railway track model represents a half track 
and consists of a rail (modelled by the Timoshenko beam) and equi-
distant, discrete supports. At each support, a railpad with stiffness kp and 
viscosity cp is in between the rail and the sleeper with mass Ms. Under 
the sleeper, the ballast/subgrade is characterized by its stiffness kb and 
damping coefficient cb. A moving mass Mw (representing the unsprung 
wheel mass) at a steady velocity v is coupled with the rail by linearized 
Herz contact spring with stiffness kH. As shown in [22,23], the non- 
uniform supports (in our case a range of supports with harmonically 
varying ballast stiffness) are embedded in the section N2, jointed by 
identical sections N1 and N3 at both sides of N2 section. The section N1 +

N2 + N3 assembles a new period and repeats itself in space to form a 
periodical structure. The number of sections needed for a converged 
result is designated as NOS. For more details of the model employed and 
the mathematical derivation, one is referred to [22,23]. 

Fig. 1. Schematic model overview of the model for non-uniform track.  
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2.2. Embedding harmonically varying ballast/subgrade stiffness in the 
model 

In the non-uniform region shown in Fig. 1, the ballast/subgrade 
stiffness profile is assumed to have the following expression: 

kb(x) = kb0

[

1 + μcos
(

2πx
λ

)]

, (1) 

in which kb0 is the stiffness of ballast/subgrade in the uniform sec-
tions, λ is the wavelength of the varying stiffness and μ is a parameter 
representing the level of amplitude variation of the support stiffness 
from its mean value. μ can be considered as the standard deviation of the 
ballast/subgrade stiffness in the non-uniform section as well. The co-
ordinate x takes the values which correspond to positions of sleepers. In 
this section, the spatial wavelength of stiffness variation is chosen to be 
in the range 4ls⩽λ⩽16ls ≈ 10 m. In this range, the minimum wavelength 
is described by the strict minimum of 5 support positions, whereas the 
maximum is more arbitrarily chosen at the value of 10 m, where it is 

taken into account that the effect of the wavelength is expected to vanish 
for large wavelengths (this choice will be justified in Section 4.1). To 
make sure that the peak values of stiffness described by Eq. (1) are 
assigned at sleepers, the representative wavelength λ is chosen to be 4ls,
8ls, 12ls, 16ls in our simulations hereafter. 

To eliminate non-physical effects due to transition from uniform 
support to non-uniform support conditions, several wavelengths should 
be considered in the non-uniform section N2. The region of interest is 
somehow in the middle part of section N2 in which the response should 
be steady and the effects of transition from N1 to N2 and from N2 to N3 
should be eliminated based on the choice of number of wavelengths for 
the harmonic variation of stiffness embedded in section N2. In Fig. 2, 
such a check is presented. The ballast/subgrade stiffness profile is 
plotted in the lower part of the figure with the discrete stiffness values 
represented by the y-axis at the right. The rail displacement under the 
loading point is illustrated in the upper part of the figure and its mag-
nitudes are shown on the y-axis at the left. The horizontal axis shows the 
position of loading points represented by the number of sleepers 

Fig. 2. Convergence check of the number of wavelengths in section N2.  

Fig. 3. Resonance velocity induced by spatial periodicity of the track for a moving mass case.  
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(position of sleepers). In section N2, three full wavelengths of stiffness 
variation are included. It can be seen that in this case, the response in the 
area of the central wavelength (the area in the dashed rectangle) is not 
affected by the transitions between N1-N2 and N2-N3. Therefore, the 
analysis can be done based on results in this area. Note that the needed 
number of spatial periods (wavelengths of Eq. (1)) varies for different 
velocities and system parameters and therefore should be justified case 
to case. 

3. Resonance velocities in periodically varying track traversed 
by a mass 

In contrast to the moving load situation, the moving mass introduces 
an interaction force which can be expressed by Fourier series due to the 
periodicity of the wheel-rail system as [22]: 

Fc(t) =
∑+∞

m=− ∞
Fme

jm

(

2πv
L

)

t
(2) 

in which L is the length of the spatial period N1 + N2 + N3 section. 
The frequency components of the Fourier series equal the spatial period- 
passing frequency and its multiples [22]. In this sense, one would expect 
resonance of the wheel-rail system to occur at the velocity which in 
combination with a certain track periodicity gives a passing frequency - 
or its multiples - coinciding with one of the peaks of the rail receptance. 
When a harmonically varying support stiffness is included, a new spatial 
periodicity is introduced. Maximum responses of the system are ex-
pected when: 

fp = p
v
ls
, p = 1, 2, 3, 4... (3) 

for the sleeper-passing frequency and 

fp = n
v
λ
, n = 1, 2, 3, 4... (4) 

for the harmonic support-passing frequency. In Eqs. (3–4), fp is the 
peak frequency of the rail receptance which can be calculated according 
to [22]. In Fig. 3, the above argument is validated by examining the rail 
response versus the velocity of the moving mass. The ballast/subgrade 
stiffness is chosen to be 200 MNm− 1 and a constant damping value 55 
kNm-1s is adopted for the purpose to better visualise the resonance ve-
locities. λ = 4ls and μ = 0.2 are used to characterize the harmonically 
varying stiffness profile. Other parameters are all according to the 
nominal values listed in Table 1. In Fig. 3 (a), the receptance of the rail 
with harmonically varying ballast stiffness is plotted for different loca-
tions of the harmonic point load/wheel position. It can be seen that the 
first resonance frequency varies along with this position. At higher fre-
quencies, positions of the harmonic point load do not influence the rail 
receptance. The first resonance frequency of the rail displacement varies 
within a bandwidth but is about 72 Hz on average for the selected pa-
rameters. In Fig. 3 (b), resonance velocities are shown. The peaks at v =
150 km/h and 77.5 km/h correspond to Eq. (3) when p = 1 and 2, 
respectively. The peaks at v = 200 km/h and 120 km/h are related to Eq. 
(4) for the case of n = 3 and 5, respectively. It is thus concluded that the 
introduction of harmonically varying support stiffness causes extra 
resonance speeds of the moving train. Note that not all theoretically 
predicted peaks by Eqs. (3–4) will be visible in the rail displacement- 
velocity plots since the magnitudes of responses at those speeds 
depend on the system parameters, especially the damping values. This 
holds for other system parameters, especially when the ballast/subgrade 
is relatively soft with a relatively high damping. 

4. Degradation in railway tracks with harmonically varying 
support stiffness 

In this section, the influence of the wavelength itself and the standard 
deviation of the varying stiffness on the energy dissipation, as an indi-
cator for track degradation, will be considered. Since the ballast/sub-
grade stiffness and the railpad stiffness are design parameters which can 
be adjusted in practice, their influence on track degradation will also be 
explored. 

4.1. Spatial resolution of stiffness variation 

From reference [21], the standard deviation of ballast/subgrade 
stiffness devided by the mean value of the dataset equals 0.17 for Site A 
and 0.13 for Site B. In previous work by a subset of the authors [23], this 
ratio is 0.30, 0.15 and 0.24, respectively for the three datasets collected 
from literature. In this section, three values of μ are assumed, namely 
0.2, 0.4 and 0.8 to represent different levels of variability of the ballast/ 
subgrade stiffness. The first two values are close to ones used in the 
literature [21,23] whereas the last one is selected to be large enough to 
represent also extreme cases of spatial variation of support stiffness. 

In Fig. 4, the maximum displacement of the rail under the wheel 

Table 1 
Values of the system parameters of the model used in the parametric study 
[22]:  

Parameters Values 

Rail bending stiffness (EI), MNm2 4.25 (54E1 profile) 
Rail mass per length (ρA), kgm− 1 54.4 (54E1 profile) 
Sleeper mass (Ms), kg 142.5 
Distance between sleepers (ls), m 0.6 
Railpad stiffness (kp), MNm− 1 1000* 
Railpad damping (cp), kNm-1s 30- 
Ballast stiffness (kb), MNm− 1 50 
Ballast damping (cb), kNm-1s 55 
Wheel unsprung mass (Mw), kg 900 

* The pad stiffness of 1000 MN/m corresponds to the Corkelast pad used for 
typical Dutch track. 

Fig. 4. Rail maximum displacement versus velocity (nominal values of parameters in Table 1).  
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loading position is plotted against the velocity of the train. In this figure, 
the graph for the “uniform track” case refers to one single sleeper bay, 
which is the elementary periodicity of the system. Nominal values from 
Table 1 are chosen which result in 45 Hz of the first resonance peak of 
the rail receptance. Therefore, the major resonance speed which corre-
sponds to p = 1 in Eq. (3) approximately equals 97 km/h. The uniformly 
supported track (μ = 0) is also plotted as a reference. In Fig. 4(a), μ is 
fixed to 0.2 and the wavelength of the ballast stiffness varies from 4ls to 
16 ls (or about 10 m). It can be found for the adopted parameters that the 
maximum displacement of the rail increases with this wavelength. 
Meanwhile, the velocity corresponding to the major peak value of the 
rail displacement shifts to a lower speed which is in agreement with 
[25]. With increasing wavelength, the effect of harmonically varying 
stiffness tends to converge, especially at speeds larger than 200 km/h. In 
Fig. 4(b), λ is fixed to 4ls whereas μ varies from 0.2 to 0.8. It can be 
concluded that the rail displacement grows with increasing variability of 
ballast/subgrade stiffness. Also, more velocities with peak responses 
appear as the variability of the ballast stiffness intensifies. 

In Fig. 5, the energy dissipation in the supports is shown for various 
velocities. The energy dissipation in the ith support is obtained by [22]: 

Ediss,i =

∫ +∞

− ∞
fd,i(t)vs,i(t) dt =

∫ +∞

− ∞
cb,ivs,i(t)2 dt, (5) 

where vs,i(t) is the velocity response of the ith sleeper in the time 
domain and cb,i is the viscous damping below the ith sleeper. In section 
N2, several wavelengths are embedded to achieve a steady state response 
in one wavelength as indicated in the red box. It can be observed that the 
lengths of the uniform sections N1 and N3 are chosen such that 
convergent results are obtained compared to corresponding uniform 
tracks (indicated by the horizontal, dashed lines). It can be concluded 
that the dissipated energy increases for higher velocities of the moving 
mass. On the other hand, higher velocities also result in larger oscilla-
tions of the dissipated energy in space. 

In analogy to the approach adopted in [22,23], two statistical 
quantities are adopted to describe the expected degradation in terms of 
energy dissipation over one wavelength of the non-uniform zone in 
Fig. 6:  

• The root mean square (denoted as RMS) of energy dissipation in one 
wavelength: 

Ediss,rms =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N

∑N

i=1
E2

diss,i

√
√
√
√ (6) 

in which N is the number of sleepers in one wavelength of varying 

stiffness, e.g. number of sleepers in the dashed rectangle in Fig. 2.  

• The maximum spatial gradient of dissipated energy in one 
wavelength: 

MDD = max|ε| (7) 

in which the vector ε is assembled by εi = Ediss,i+1 − Ediss,i where i = 1,
2, ...,N . 
In addition, the work done by the wheel-rail contact force is also 

depicted both for its RMS and maximum values, for one single wave-
length of stiffness variation. From Fig. 6, it is clear that generally 
speaking the energy dissipation increases with increasing train veloc-
ities, where the effect of both the intensity of variation and its wave-
length are much more pronounced for MDD as compared to RMS, 
indicating localized effects on settlement. RMS of dissipated energy in-
creases with larger variation of support stiffness. In particular, RMS is 
rather insensitive to the wavelength of stiffness variation (Fig. 6(e)). 
MDD of dissipated energy is very sensitive to variation of both the 
magnitude of stiffness variation and its wavelength, with increasing 
differential settlement expected for increasing stiffness variation and 
smaller wavelengths. The dependence of the maximum work done by 
the wheel-rail contact force upon velocity is similar to that of the 
maximum displacement of the rail, as is clear from a comparison of 
Fig. 4 with Fig. 6(d,h). The global trend of RMS of the work performed 
by the contact force is similar to that of RMS of dissipated energy, 
although the influence of stiffness variation and its wavelength is much 
more pronounced on the work. It is also noticed that in Fig. 4(a) and 
Fig. 6(e-h), the maximum displacements, the dissipated energy and the 
work done by contact force start to converge when the wavelength 
reaches approximately 16 ls. This confirms the expectation that the ef-
fect of stiffness variation - for the elementary case of one single moving 
axle without coupling or interaction in a bogie or car body - vanishes 
when its wavelength is in the order of magnitude of 10 m. 

In Fig. 7, the standard deviation (STD) of dissipated energy in the 
supports is illustrated. Compared to Fig. 6(b) and (f), it can be concluded 
that the STDs have similar trends as MDDs of the dissipated energy. This 
can be expected since both quantities are similar in nature, both of them 
being an indicator for the width of the statistical distribution of the 
dataset or the occurrence of local extremes, independent from the 
average. 

The energy indicators for typical train velocities are highlighted in 
Fig. 8 for four different wavelengths of the supporting stiffness. It can be 
seen once again that RMS of dissipated energy is rather insensitive to 
wavelength, whereas the MDD trend clearly stipulates the role of shorter 
wavelengths of varying stiffness as local initiators of track degradation, 

Fig. 5. Dissipated energy in supports for various velocities (μ = 0.2 and λ = 4ls, nominal values for other parameters in Table 1).  

T. Lu et al.                                                                                                                                                                                                                                       



Engineering Structures 296 (2023) 116966

6

specifically for increasing train velocities. 
In reality, the distribution of ballast stiffness along the railway track 

consists of multiple harmonics of different wavelength. Therefore, in 
Fig. 9, three combinations of stiffness profiles of λ = 4ls, 8ls, 16ls are 
studied, all of them with the same mean value and standard deviation; 

only the phases differ. The three combined stiffness distributions are 
shown in Fig. 9(a). Since λ = 4ls, 8ls, 16ls have common multiples, their 
superposition yields periodical distributions in space as well. Therefore, 
in Fig. 9(b-d) the statistical indicators of dissipated energy are shown in 
the common period in space as shown in Fig. 9(a). It can be concluded 

Fig. 6. The dissipated energy and the work done by the contact force.  
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Fig. 7. The standard derivation (STD) of dissipated energy.  

Fig. 8. Energy indicators for typical train velocities (freight and passengers).  

Fig. 9. Energy dissipation in three non-uniform sections with three wavelengths combined (in each non-uniform section, the same mean value and standard de-
viation of ballast stiffness are used). 
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that the RMS of energy dissipation is nearly identical, and therefore 
rather independent from the phases of the harmonics. The MDD and STD 
are similar at low velocities and show larger discrepancy at high ve-
locities, for which the phase configuration becomes relevant. The find-
ings are in line with previous work in [22,23]. 

4.2. Influence of ballast/subgrade stiffness 

In this section, the influence of ballast/subgrade stiffness on the 
energy dissipation (and therefore, expected degradation) is analyzed. 
The wavelength of spatially varying stiffness is fixed atλ = 4ls whereas 
the standard deviation μ varies, keeping in mind that the result of the 
previous section with respect to the effect of the wavelength itself. A 
constant ratio between the ballast damping and the ballast stiffness is 
kept for all the ballast/subgrade stiffness values (which is r = 55e3/50e6 
according to Table 1). 

In Fig. 10(a), one can see that the first resonance velocity shifts with 
increasing ballast/subgrade stiffness as expected. For soft ballast, there 

is another, much wider peak at velocities beyond 250 km/h. The dotted 
line in the Figure shows the increase of the first resonance velocity from 
about 70 km/h to 160 km/h as the mean value of the ballast stiffness 
changes from 20 MN/m to 200 MN/m. As the deviation from the mean 
value increases, the resonance velocities remain nearly unaltered 
whereas the response magnitudes increase as shown in Fig. 10(b). 

As to the dissipated energy in the supports shown in Fig. 11, the RMS 
of the dissipated energy grows with increasing velocity with a local peak 
at the resonance velocity which corresponds to the maximum rail 
response. The lower the ballast/subgrade stiffness, the higher the overall 
level of RMS of dissipated energy. This conclusion is in line with that of a 
random support stiffness profile investigated in [23], where similar RMS 
behavior is predicted for different realizations of ballast stiffness from 
the same dataset. With respect to MDD of dissipated energy, the general 
trend is similar to that of RMS, namely lower ballast/subgrade stiffness 
is related to higher MDD. However, at higher velocities, the effect of the 
standard deviation of ballast stiffness on the MDD trend is not unique. 
Generally, however, for larger standard deviations of the stiffness and 

Fig. 10. Rail maximum displacement versus velocity (λ = 4ls), different ballast/subgrade stiffness.  

Fig. 11. RMS and MDD of dissipated energy (λ = 4ls), different ballast stiffness.  
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especially in combination with higher train speeds, higher levels of 
dissipated energy in both representations RMS and MDD exist, indi-
cating a higher expected rate of track degradation. 

From the last two paragraphs, it can be concluded that in particular 
short-wave variation of rail support stiffness on soft subgrades contrib-
utes to track degradation and should therefore be avoided or mitigated 
in practice. 

4.3. Influence of railpad stiffness 

The influence of railpad stiffness is analyzed in this subsection. Three 
values of railpad stiffness (100 MN/m, 500 MN/m and 1000 MN/m) are 
chosen to demonstrate its effects. Other system parameters are selected 
to be the nominal value shown in Table 1. 

Fig. 12 shows that a smaller railpad stiffness leads to a slightly lower 
resonance velocity. Since the ballast/subgrade stiffness dominates the 
rail support stiffness, the influence is less strong as that from the ballast/ 

subgrade stiffness. When the standard deviation of the ballast/subgrade 
stiffness increases, the rail displacement grows, while the trend with the 
velocity remains unaltered. 

The dissipated energy in the ballast/subgrade increases with higher 
train velocity for both RMS and MDD (Fig. 13). However, as a rule of 
thumb it can be concluded that lower pad stiffnesses are favorable with 
respect to degradation, regardless of the value of the standard deviation 
of the ballast/subgrade stiffness. 

5. Conclusions 

A frequency-domain model, able to deal with parametric excitation 
due to both the discrete sleeper spacing and arbitrary large-scale spatial 
variation in track properties is used to study the effect of specific, 
harmonically varying support stiffness profiles on the long-term railway 
track behavior. The sensitivity to degradation is assessed by quantifying 
the energy dissipation in the substructure over one period of varying 

Fig. 12. Rail maximum displacement versus velocity (λ = 4ls), different railpad stiffness.  

Fig. 13. RMS and MDD of dissipated energy (λ = 4ls), different railpad stiffness.  
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support stiffness. The following conclusions can be drawn: 

(i) The inclusion of a harmonically varying ballast/subgrade stiff-
ness introduces a new spatial period equaling the wavelength of 
the varying stiffness. As a result, extra resonance velocities cor-
responding to the spatial period-passing frequency of this new 
period are introduced which may significantly change the system 
response, but only for specific parameter combinations. On the 
other hand, inclusion of harmonically varying ballast/subgrade 
stiffness results in reduction of the response for major resonance 
speeds.  

(ii) The work clearly demonstrates the role of short wavelengths of 
varying ballast/subgrade stiffness as local degradation initiators, 
especially with increasing train speeds: these wavelengths lead to 
increasing energy dissipation in the substructure and work per-
formed by the moving axle load. The same is valid for larger 
standard deviation of the ballast/subgrade stiffness magnitude. 
The energetic quantities vanish for wavelengths of approximately 
16 times the sleeper span, for the case of one single moving axle, 
which is a length of approximately 10 m.  

(iii) When the mean value of the ballast/subgrade stiffness increases, 
the RMS and MDD of energy dissipation in the substructure 
decrease correspondingly, reaffirming that tracks on soft soils are 
in particular prone to degradation. Larger standard deviations of 
the support stiffness lead to higher energy dissipation.  

(iv) High railpad stiffness values result in higher energy dissipation; 
from this viewpoint stiff pads should be avoided in track design 
since they slightly increase the energy dissipation in the sub-
structure and thus the track deterioration.  

(v) As a rule of thumb and with minor exceptions, an increasing train 
velocity amplifies the trends discussed under (iii-iv). 
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