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ABSTRACT

The question whether a function f satisfies a Lipschitz estimate in the
Schatten-von Neumann space Sy is well understood for p € (1, ). In
contrast, the range p € (0, 1) has only recently been researched, the
main challenge being that S, is a quasi-Banach space in that case.

In 2021, McDonald E. and Sukochev F. showed that Lipschitz functions

f belonging to the homogeneous Besov space B;ﬁfl_p)lp([R) satisfy a Lip-
schitz estimate when p € (0,1). Their result depends on proving the
boundedness of Schur multipliers with symbol fl11, the first order divided
difference of f, acting on Sp. Additionally, they mention that wavelet
analysis in the context of operator Lipschitz functions is a potentially
fruitful technique yet to be exploited.

This thesis leverages wavelets, among other techniques, to extend
the previous result to multilinear operator integrals with fl2!, the sec-
ond order divided difference of f, as a symbol. It is proven that f €

~1/p 51/p+1 . . e ..
Bp/(l_p),p(lR) N Bp/(l_p),p(IR%) being Lipschitz is sufficient for boundedness

of the multilinear operator integral with symbol f[2] mapping Spy X Sp, —
Sp, where p € (%, 1] and p1, p2 € (1, ) are such that Pll + piz = %.

The proof makes extensive use of properties of multilinear operator in-
tegrals, with partitions of unity or Toeplitz functions as symbols, and the
relation between homogeneous Besov spaces and wavelet decomposi-
tions. Moreover, some boundedness results are given for the full range
p € (0,1) and a possible strategy for extending the main result to this
entire range.
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INTRODUCTION

Multilinear operator integrals are a powerful tool in various problems
of applied matrix analysis, mathematical physics, non-commutative
geometry, and statistical estimation which allows for the analysis of
functions with non-commuting arguments. The concept of a multilinear
operator integral arose as an extension of the double operator integral
[Ste77; Aza+09; Pel06]. The term 'double operator integral’ was first
coined in 1956 by Yu. L. Daletskii and S. G. Krein [KD56], who discovered
the following identity involving a double operator integral in the study
of differentiating operator-valued functions,

J FO)—=fy)
RxR X—Y

d
—f(A+tX
¢ ) o

dEA(X)XAEA(y) := T)’f\['f]\(X). (1.1)

where A, X are self-adjoint bounded operators and f is a C2(R) function
mapping t — f(A+ tX). The right-hand side of (1.1) is an iterated
Riemann-Stieltjes integral with respect to E,, the spectral measure of A.

Subsequently, the operator norm of %f(A + tX)|t=0 could be estimated

by analyzing properties of the transformation T)f\[’f]‘.

In the 1960s, the range of the applicability of double operator in-
tegrals was significantly expanded by M.S. Birman and M.Z. Solomyak
[BS67]. Let H be a seperable Hilbert space. Let A, B be self-adjoint
operators densely defined in H and let g4, o be their respective spectra
and let Ex, Eg be their respective spectral measures. Define the spectral
measure E defined on g4 x og ¢ R? by

E(oa x 0B)(X) = Ea(0a)XEB(0B)

for every X in the Hilbert space S? of Hilbert-Schmidt operators on H.
M.S. Birman and M.Z. Solomyak defined the double operator integral
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TQ’B on S? as the spectral integral,

TAB(X) = ff (A, W)AE(A, )X
RxR

where & : R?2 — C is a bounded Borel function.

A relatively short proof of (1.1) can be given when f is a mono-
mial acting on a finite d-dimensional Hilbert space H. Let f(x) = x™ for
some positive integer m. Further, let t — X(t) be a C!-function mapping
to self-adjoint bounded operators in H. Let {)\,-(t“)}f’=1 be a complete
list of eigenvalues and {E[(t)}f’zl a respective orthonormal basis of
eigenvectors, with projections Pgt), of X(t). Then, applying the product
rule and the spectral theorem yields the following equality

X)) X i
T‘;X( — X (t) (1.2)

dx(t) &
dt

d d /m=-1 ' dx(t)
=22 ( 2 )‘}(t))‘km_’_l(t)) Pejtty— Pee(®

i=0

d
=> > (t)Ps,(t) Z)\’" “H()Pe (1)

)\m(t) AZ ()
Zj 1Zk 1 X OM® Pty B2 Pe () Aj(E) # k(D)

S S M T P B2 Pe ) M) = Ak(®)
The finite-dimensional equivalent of (1.1) follows by setting X(t) = A+ tX,
where A and X are self-adjoint bounded operators in H. Further, the

result (1.2) can be extended to general polynomials by linearity and to
CL(R)-functions via approximations [ST19, Proposition 5.3.1].

In T[l](X) the symbol f[1l denotes the first order divided differ-
ence off which is defined for Ag, A1 €R as

f(Ro)—f(A)
[1] iy LIS
f ()\0,)\1)—)\“_[&11 P

For any positive integer n the symbol f["l denotes the higher order
divided difference of f, which is defined recursively acting on distinct
points Ag, ..., Ap € R as [ST19, Section 2.2]

=g, ..., Ap—1) = I (A1, ..., Ap)

("o, ..., Ap) =
f ( 0 n) )\O—)\n




To evaluate higher-order operator derivatives there were early at-
tempts to define multilinear operator integrals [Pav71; Ste77]. In these
efforts it was shown, under appropriate restrictions on f, that

d2

=Hf FL2(x, y, 2)dEA(X)XAEA(Y)XdEA(2). (1.3)
t=0 RxRxR

However, the class of functions for which (1.3) held was relatively narrow.
Later, in 2006, V.V. Peller introduced a new approach to multilinear
operator integrals based on integral projective tensor products of
L*®-spaces, which gives a much broader class of integrable functions
[PelO6]. (It is noted that a similar approach was also introduced in
2009 by N. A. Azamov, A. L. Carey, P. G. Dodds, and F. A. Sukochev
[Aza+09].) In [Pel06] it was shown that f being in the Besov spaces
Bgoll([Rz) nBQo,l(lR) is sufficient for the following to hold,

1 n
——f(A+tX) =ff FIrl(ho, ..., An)dEA(AQ)X ... XdEA(An)
n! dt t=0 Rx xR
~—_—
n+1

(1.4)
where n is any positive integer, A is a self-adjoint operator and X is a
bounded self-adjoint operator. To illustrate, when n = 2, the right-hand

side of (1.4) is called the multilinear operator integral TJf‘[’Z‘]"A(X, X). In
general, multilinear operator integrals are of the form,

Ao,..., An
T A1(X1, ..., Xn)

= f P f @()\o, s rAn)dEAO(AO)Xl . -XndEA,-,()\n)-
Rx---xR

N———

n+1
where & is a measurable function, called the symbol, Xi1,...,X, are
linear operators and Ea,, ..., Ea, are spectral measures of the respective

self-adjoint operators Ao, ..., A, [Pell5]. The full definition of multilinear
operator integrals, based on the approach given in [Pel06], is given in
the preliminaries.

Applications of multilinear operator integrals can be found in the
natural sciences. For example, quantum mechanics states that observ-
ables are represented by self-adjoint operators on a separable complex
Hilbert space [GS18, Section 3.2]. If one has a self-adjoint operator
A, and wants to retrieve a number depending on the spectrum of A
and function f that behaves properly under direct sums, one looks at
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the spectral action A — Tr(f(A)) [Con96; Cha98]. The spectral action is
used in quantum field theory where A is the Dirac operator and V is the
quantum field or quantum mechanics where A is the Hamiltonian, V is
the potential and f(t) = elt [CC97]. To understand variational properties
of the spectral action when A is perturbed by another self-adjoint
operator X, one can apply a Taylor expansion

® 1 _(d"
T(f(A+ X)) =Tr(f(A) + > mTr(W
n=1"""

fA+ tX)).

t=0

This expansion leads naturally to the definition of a so-called spectral
shift function, which appeared first in the work of .M. Lifshits in 1952
[Lif52] in the context of solid state theory. Spectral shift functions
n, are an important concept in perturbation theory, mathematically
established by M.G. Krein [Kre53] in 1953, for which the following holds

)= f FM (O, (t)dt
t=0 R

where n € N. In 1975, a connection was established by M.S. Birman and
M.Z. Solomyak [BS75] between spectral shift functions and the theory
of double operator integrals. Using the theory of multilinear operator
integrals the bound

nldk

>, FFf(A + tX)
k=0 """

Tr(f(A+X)—

Il Ly < CallXIIZ.

was found in 2012 by D. Potapov, A. Skripka and F. Sukochev, where cp, is
a constant only depending on n and S is the n-th Schatten-von Neumann
space [PSS12]. An extensive overview of the applications of multilinear
operator integrals in perturbation theory can be found in [Pell15; Car+16].

Further, an application of noncommutativity can be found in the
generalized uncertainty principle of quantum mechanics

1
oa0g = |=[A, B]|
2i

where ox (respectively X) denotes the standard deviation (expectation
value) of a physical observable X [G518, Section 3.5] and [A, B] is the
commutator, defined for operators A,B as [A,B] = AB— BA. Another
example is the time-evolution equation of X in the Heisenberg picture

oX i

— =—[H, X]

ot h

where H is the Hamiltonian [ND13, Section 1.4]. If H is transformed by
a function f the resulting commutator may be constructed as [ST19,
Theorem 5.1.4]

[F(H), X1 = T (LH, XD).



A different application can be found in the study of Fréchet differen-
tiability. A function f is n times continuously Fréchet Sp-differentiable
when p € (1, ) at every bounded self-adjoint operator A if and only if
f € C"(R). This was proven for n=1 in [Kis+12] using double operator
integrals and n > 2 in [LS20] using multilinear operator integrals. The
k-th Fréchet differential is expressed as,

DEF(AYXa, - XK) = ) ij‘['k']'"A(Xg(l),...,Xa(k))

oeSymy

where Sym, is the group of all permutations of the set {1, ..., k}.

Further, multilinear operator integrals are applied in the study of
Sp-operator Lipschitz functions. A function f is called Sp-operator
Lipschitz if

IF(A)— F(B)lls, < CrpllA—Blls,

where A,B are arbitrary self-adjoint operators and Cy,p is a constant only
depending on f and p. The operator Lipschitz property is instructive in
determining the change in f(A) when A is perturbed. A recent survey on
operator Lipschitz functions can be found in [AP16].

Using the theory of double operator integrals it was established
in [PS12], when p € (1, o), that f being Lipschitz is a sufficient and
necessary condition for f to be Sp-operator Lipschitz. In contrast, few
results exist for the range p € (0,1]. The main challenge is that Sp
is a quasi-Banach space when p € (0,1). This results in the triangle
inequality no longer being valid. As a consequence, techniques applied
in proofs for p € (1, o0) can usually not be applied for p € (0, 1). However,
in 2021, E. McDonald and F. Sukochev showed that when f is a Lipschitz

function belonging to the homogeneous Besov space B;ﬁfl_p),p(ﬂ%) and
p € (0, 1) that

A = FB)lls, < Co (I llwier + Fllgre ) JIA=Blls,  (1.5)

where A, B are arbitrary self-adjoint operators and Cp is a constant
only depending on p [MS21]. Besov spaces are efficient in describing
the regularity properties of functions and serve as a generalization to
elementary function spaces such as Sobolev spaces, a detailed account
can be found in [Saw18]. An essential element of the proof of (1.5) is
showing that a Schur multiplier with symbol fl1l acting on Sp, when
p € (0,1), is bounded [MS21, Theorem 2.4.3]. A double operator
integral can be viewed as a continuous analog of a Schur multiplier
[ST19, Section 3.2.2]. In general, boundedness properties of multilinear
operator integrals with 7!, where n > 1, as symbols are used in the
study of n-th order Taylor approximations of operator functions [ST19,
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Section 5.4.2].

This motivates the main problem addressed in this thesis:

Let p € (%, 1] and pi1,p2 € (1, ©) be such that pil + piz = %. Does
there exists a class of functions f for which a multilinear operator
integral with symbol 121 mapping Sp, x Sp, to Sp is bounded?

It is noted that a similar problem for the range p,p1,p2 € (1, )
has been addressed in [PSS12; CR25]. However, the main techniques
applied there, such as [Con+23, Theorem A] in [CR25], are only
applicable when p € (1, ).

The main result obtained in this thesis is that Lipschitz functions

. 51/p 51/p+1
in the homogeneous Besov space Bp/(l_p),p(IR%)an/(l_p),p([R) are a

suitable class of functions for the main problem to be satisfied, as is
shown in the main theorems Theorem 1.1 and Theorem 1.2.

Theorem 1.1 _ )
Let p1, p2 € (1, ) be such that pil + piz =1. LetfeBl (R)nB2 (R) be
Lipschitz. Then ||Ts21 : Spy % Sp, — S1ll £ ”f”E?iol + ”f“Bil'

Theorem 1.2

Let p € (%,1). Let pi1,p2 € (1,0) be such that L

P1

1 _1
+p2—p. Let

51 51 1 , ,
febB R ,RNBIL (R) be Lipschitz. Then ||Tsa : Spy % Sp, —
Soll s IIfll gps
p/(1-p).p

Essential parts of the method of proof of the main theorems are
characteristics of Toeplitz Schur multipliers, as established in [AP02],
which are also used extensively in [MS21]. Additionally, a wavelet
decomposition of f is applied to show the boundedness of a Schur
multiplier with symbol f111 acting on S,. Wavelet analysis is a technique
already used in a broad range of fields such as physics, biology,
mathematics and digital processing [Zay+24; BS98]. E. McDonald and
F. Sukochev used wavelet analysis extensively in their proof of (1.5) and
note that wavelets are a potentially fruitful technique yet to be exploited
in the study of operator Lipschitz functions [MS21].

Another exploited technique is the correspondence between multi-
linear operator integrals with symbols acting on the real line or torus.
The boundedness of multilinear operator integral with symbol f[2] acting
on the torus is first proven. Using that result, the boundedness of a
multilinear operator integral with symbol f12] acting on the real line is
proven by exploiting the Cayley transform. The relationship between



divided differences on the torus and real line in the context of multilinear
operator integrals has been researched extensively in [PSS15].

Finally, by decomposing the symbol of a multilinear operator inte-
gral as a partition of unity one can bound the multilinear operator
integral in terms of each element in the specific partition. This technique
has been applied before in the context of Schur multipliers [APO2,
Theorem 3.2], but not in the context of multilinear operator integrals to
the author’s knowledge.

Structure.  Section 2 introduces all notation and preliminaries on
divided differences, Schatten-Von Neumann spaces, multilinear operator
integrals, wavelet analysis and homogeneous Besov spaces. Section 3.1
shows that a compactly supported function f with sufficient regularity
defines a bounded multilinear operator integral with fl2] as symbol for
quasi-Banach spaces. Section 3.2 proves that a multilinear operator
integral with a symbol defined by a partition of unity satisfies a
certain bound based on the partition. Section 3.3 defines ¢4, which
serves as an abstraction for a wavelet decomposition. Section 3.4
(respectively 3.5) shows that a Lipschitz function f belonging to the ho-
: : -1/ 21/p+1
mogeneous Besov space B | (R)nBZ | (R) (Bp/fl_p),p([R) n Bp/fl_p),p(lR))
defines a bounded multilinear operator integral with f[2] as symbol when
p= 1(p € (%, 1)). Section 3.6 states boundedness results based on the

entire range p € (0, 1) and an outlook for future research directions.







PRELIMINARIES

In this chapter, several notational conventions, assumptions and
relevant results are introduced that are used throughout this thesis. The
reader benefits from having followed a course on spectral theory and
functional analysis, such as [Con90].

2.1

NOTATION AND ASSUMPTIONS
No denotes the natural numbers, including zero. N := Ng\{0}.

K denotes the real line R or the torus T.

Let n € N, denote with C"(IK) the class of functions f : K — C which
are n-times differentiable.

Let n € N, denote with C’C’(IR) the class of functions f : R — C that
have compact support and are n-times differentiable.

The Fourier coefficients of a function f are denoted by {f‘(n)}nez.
The standard operator norm is denoted by || - ||.
The spectrum of an operator is denoted by o(-).

Let H be a Hilbert space with inner product <, - > and norm || - ||A.
Let B(H) denote the algebra of all bounded linear operators on H
with the standard operator norm || - |].

All Hilbert spaces are assumed to be separable and complex.

Let p € (0, 00]. When f € LP(K, 1), IIfllp := (. [FIPdu)™P.

The indicator function of a set S is denoted by xs.
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e When A, B are expressions. A < B denotes that there exists a finite
constant ¢ such that A < c-B. The subscript <., indicates whether
the constant has an explicit dependency.

e When A, B are expressions. A ~ B denotes equivalence between A
and B up to some constants. The subscript =, indicates whether
these constants have an explicit dependency.

£ 0<p<1
e When 0 <p <1, then p# ;={1—p p

2
‘When0<p52,thenp'>:={2—p O<p<2

2.2. DIVIDED DIFFERENCES

Definition 2.2.1 ([ST19, Section 2.2]).
Let neN and f € C"(K). Let Ag, ..., Ap be points in K. The divided
difference of f191 of order 0 is the function f itself. The divided difference
fInl of order n is defined recursively by

f[n_l]()\OI ey )\n—2/ )\n—l)_f[n_l]()\OI ey )\H—ZI )\)
An—1—A '

[7l(Ao, ..., An) = lim
f ( 0/ ’ n) )\I An
(2.1)

Using this, several examples of divided difference functions follow

f(Ao)—f(A)
[(ap, A1) = lim ————~
(Ao, A1) i ey
and [1] [1]
A0, A1) =1 (A1, A)
[21(Xg, A1, A2) = lim
[ (Ao, A1, A2) Am PR
. Ag)— . A1 )—
. |Im7_mf( fg_l;m—llmg—»,\ fC /\11)_1;(6)
A—-A2 Ao—A
If Ao, ..., Ap are distinct points in K then the divided difference functions
simplify as
f(Ao)—f(A1)
A, A)=—— 2
(Ao, A1) o1
and
f(/\)(\))—J)‘\(M) _ f(/\;)—J)‘\(/\z)
[Z]A,A,A — 0—A1 1—A2
(A0, A1, A2) Ao — s

Further, it is a well known result that f["1(Ag, ..., An) is invariant under all
permutations of Ag, ..., Ap [ST19, Section 2.2].
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2.3. SCHATTEN-VON NEUMANN SPACES

Definition 2.3.1 ([MS21, Section 2.11]).

Let H be a Hilbert space and 0 < p < . Define the Schatten-von
Neumann Sp(H) space as the space of all compact operators T € B(H)
such that its singular value sequence is in Ip

(o]

ITlls, := Tr(TIPYYP = (O (i, TIPYYP) = ||u(T)|lg, < 0.
j=0

where u(T) is the sequence of eigenvalues of the absolute value |T|
arranged in non-increasing order with multiplicities. When H is an
arbitrary Hilbert space Sp(H) is denoted by Sp.

For p > 1, ||-||5p defines a Banach norm on Sp,. For 0 <p <1,
this is only a quasi-norm obeying the p-triangle inequality

A +Bllg, <lAllg, +1IBIlg,, T.S€Sp. (2.2)

2.4. MULTILINEAR OPERATOR INTEGRALS

Let neNg and K € {T, R}, then A,(K) denotes the class of functions
¢ : K1 — C admitting the representation

(Ao, ..., An) = f Lo ai(Ai, w)du(w)
Q

for some finite measure space (Q, u) and bounded Borel functions
aj(-, w) : K — C. Denote by AZ(K) the class of functions in An(K) having
continuous a;(-, w) [PSS15, Section 2].

Definition 2.4.1 ([Aza+09, Definition 4.1]).
Let ¢ € An(T) (or An(R)) and let Ay, ..., Ap be closed densely defined
unitary (or self-adjoint) operators. The multilinear operator integral,

TR0 An : Sy X ... X Sg,, = Sq
where a1,...,an, a € (0,0) and Zle al, = % is defined as the unique
element in Sq such that for all he H

= f ao(Ao, w)V1a1(A1, wIV2a2(A2, w)...Vhan(An, w)hdu(w) (2.3)
Q

where a;(A;, w) for i€ {0, ..., n} is defined by spectral calculus, and the
integral is a Bochner integral [Aza+09, Remark 4.2]. The function ¢ is
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called the symbol of TQO """ A”(Vl, e, V).

Notation 2.4.2 .,
When Ag = ... = A, = A, the operator T,*""

when Ao, ..., Ap are fixed implicitly the operator TQO """ An is written as To.

is written as TQ. Further,

Additionally, when a € (0, 1), inequality (2.2) implies that for ¢, ¢ € An(K)
ITg + Tyll® < MITell% + 1ITyll”. (2.4)

Lemma 2.4.3 ([PSS12, Lemma 3.2(iii-iv)]).

Let pi,...,pn € (0, ). Let x; € Sp;,, where i€ {1,...,n}. Let
$1 : Rkt — C and ¢, : Rkl o C and ¢3 : R"k+2 - C be bounded
Borel functions such that Ty, and Ty, and Ty, exist. If ¢1(Ao,...,Ap) =
¢1(Ao, ..., Ak)P2(Ak, ..., An), then

Ty (X1, ..., Xn) = T (X1, ooos Xk) Ty (Xk414 -2 Xn)-
IfY2(Ag, ..., An) = p1( Ao, .... Ak)P3(A0, Ak, ..., An), then

Ty(X1, ..., Xn) = Tp3(Tp, (X1, ..., Xk), Xk41, -+ Xn)-

2.5. WAVELET ANALYSIS
A wavelet is a function ¢ € L>(R) such that the family

Sk =250 —k), jkeZ teR

of translations and dilations of ¢ forms an orthonormal basis of L,(R)
[Gral4, Definition 6.6.1]. It is a well known result that, for every r > 0,
there exists a compactly supported C" wavelet [Dau88]. Having defined
wavelets, the wavelet decomposition of a function f is constructed as

iy =S 2292t —k) <f, ik > (2.5)

kezZ

The wavelet coefficient < f, ¢« > exists when f is locally integrable on
R and ¢ is continuous and compactly supported [MS21, Equation 4.1].

Lemma 2.5.1 ([MS21, Lemma 4.1.2]).

Let f be a locally integrable function on R. For every p € (0,00] and
wavelet decomposition fj, that is computed with respect to a compactly
supported continuous wavelet ¢, it holds that

1/p
i(i_1
IWfillp =g 272 p)(Z|<f,¢j,k>|p) .

kez
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2.6. HOMOGENEOUS BESOV SPACES

The following definition of homogeneous Besov spaces is repurposed
from [MS21, Section 2.3]. Firstly, for f € C*(R) and a, 8 € N define the
seminorms

Pa,p(f) 1= sup [x*oPf(x)|
xXeR
Then, define the Schwartz space as
S(R) := {f € C®(R) : pa,p(f) < c0:Va, B €N}

and denote by S’(R) its topological dual [Hyt+16, Definition 2.4.21
and Definition 2.4.24]. Now, let ® € C®(R) be supported in the

set [—2,—1+%)U(1—%,2] and identically equal to 1 in the set
[—2+2,—-1)u(1,2— 2]. Additionally, assume that

Y. 227*e) =1, g#£0.

kezZ

Denote by {Ax}kez the homogeneous Littlewood-Paley decomposition
where Ay is the operator on S’(R) of Fourier multiplication by the
function & — ®(27KEg).

Definition 2.6.1 ([MS21, Section 2.3]). )
Let seR and p,q € (0, ©0]. The homogeneous Besov space Bf) q([R{) is

defined as the class of tempered distributions f € S’(R) where

Fllgs += {25118 11 Yezllig(z) < 0.

Below, two results from [MS21] are restated which relate wavelet
analysis to homogeneous Besov spaces.

Lemma 2.6.2 ([MS21, Lemma 4.1.3]).

Let p,q € (0,0] and se€R. Let f be locally integrable function, and
let ¢ be a compactly supported C" for r > |s|. Then f belongs to the
homogeneous Besov class B;lq(ﬂ%) if and only if,

1/q
11l , ~p.q5. (Z 2/5quf,-||g) <.

JeZ

where fj is the wavelet decomposition of a function f with respect to the
wavelet ¢ as defined in (2.5).

Lemma 2.6.3 ([MS21, Lemma 4.1.4]).
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Let f be a Lipschitz function on R such that f € B;i/’;)([R{), where0 <p <1.
There exists a constant c € R such that

O =f0)+ct+ D fi()—f(0), teR

jez

and the series Zjez_fj(t) —fj(0) converges uniformly on compact sets.



BOUNDEDNESS OF DIVIDED
DIFFERENCE OPERATORS

In this chapter, the necessary results will be presented to prove the
main theorems: Theorem 1.1 and Theorem 1.2. Firstly, it is proven
that a compactly supported function f with sufficient regularity defines
a bounded multilinear operator integral with f[2] as a symbol mapping
Sp, X Sp, to Sp. Secondly, it is proven that a multilinear operator integral
with a symbol defined by a partition of unity satisfies a certain bound
based on the specific partition. Then, ¢4, is defined, which serves as an
abstraction for a wavelet decomposition. Then, by decomposing ¢q,x in
a specific way it is shown that the multilinear operator integral with the
symbol ¢4 is bounded by the wavelet coefficients introduced in (2.5).
Then, by applying Lemma 2.6.2, which links wavelet decompositions
to homogeneous Besov classes, the main theorems, Theorem 1.1 and
Theorem 1.2, are proven. In the last section, some boundedness results
on the entire range p € (0, 1) are presented.

3.1. BOUNDING Ty(21 : Sp, X Sp, = Sp, ¢ € CE(R)

Lemma 3.1
Let 0 <p<1andpi,pz €(0, ) be such thatpll+pi2=%and%<ﬁel\1.

If ¢ € CP(T), then ||Tyi21 : Spy X Sp, = Spll < oo

Proof. Firstly, note that due to [Gral4, Proposition 3.2.5]

¢(2)= Y b(n)z".

nez

15
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Thus,

XN—yn yn_zn xN—yn yn—zn

00y 2= 3 $m Tk 3 g

neNp ne—N

Note that on the circle T for n > 0,

Zn—wn n-1

— ZZ wh—k-1
zZ— W k=0

and forn<0
Zn—wh —n—1

— Z Zk+n,—k=1

Now, observe that

x"N—y" y”—Z” -1 k,,n—k—1 n—1 k., ,n—k—1
V=2 o XY — 202y
D b= b= =0
neNg - neNp X—2z
_ —1k-1
Z ¢(n)zyn —k—1 Z ¢(n)z Zyn k—1 [ k -1
neNp neNg =0 (=0

and
x”—y yn_zn

X—=y y—z
2 $m——=

ne—N -

n 1 —k— —n—1 —k—
k+ny k—1 __ o Xk+ny k—1
= > ¢(n)
ne—N X—2z
—n—1 n+k n+k
V4 —X
n —k—1
== 2, 6m 2,y t———=
ne—N k=0 z—X
—n—1—n—k-—1
A —k—1 k+l—1-1
= >, 6 2, yTi b L
ne—N k=0 (=0

Let a,B, v € Z. Define Yqp,(x, y,z) = x%yPzY. Further, let X,Y,Z be
arbitrary unitary operators. Then observe that for all V € Sp,, W € Sp,

;‘GYBZ (V, W) = XavyPwzY.
from which, by repeatedly applying Hélder’s inequality [DR21, Equation
1.8], it follows that,

Ty 2 (v, Wlls,
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< 1IXNIVILs,, IYEHIWIs,, 1ZY1] = 1IVIs,, [IWIIs,,
which implies that

”T(l/a,ﬁ,'y” S 1
Now, using the p-triangle inequality yields
1T gt2111P
<> |¢(n)|PZ Z Ty iriallP
neNp
. —n—1—-n—k-1
+ O 0BMP DT DT Tmerioecn—ia 1P
ne—N k=0 (=0
—n—1-n—k-1
<> |¢(n)|PZ Zl+ > 1P Z 1
neNp =0 (=0 ne—N k=0 (=0
n+ )
= > 14(n e > 16(n e+ D >
neNp ne—N

When h € CP(T), the Fourier coefficients {h(n)}nez satisfy |A(n)| S
(1 + |n])~P [Gral4, Proposition 3.3.12].

n(n— n(n+1)
ITyallP s > el D@+ PP——
neNp 2 ne—N 2
_Z(l_'_ )ﬁp +Z(1 u322n2_3p<00.
neN neN 2 neN

Apply in the last step that 3,y n?~PP converges due to 2 —Bp < —1.
O

The following lemma is primarily based on [PSS15, Theorem 2.71].

Theorem 3.2
Let H be a densely defined self-adjoint operator, let U denote the unitary
operator (H+ i)(H—1)"%, and let W1, ..., W, € Sp, where p € (0, ). Let

h(z) = tﬂ and g(\) = )‘+‘ be functions defined on T and R respectively,
and let cp e A;(T) Defme l/J()\o, o An) = @(g(Ao), ..., g(An)). Then,

TY(Wa, ..., Wn) = TH(Wy, ..., Wp).
Proof. Firstly, as ¢ € AC(T),

¢(z0,21,...,2n) = J ao(20, w)ai(z1, w)...an(zn, w)du(w)
Q




18 3. Boundedness of divided difference operators

where each gj(-, w) is continuous. Furthermore, note that ¢ € A;([R{) and

l/}()\OI )\11 reay )\n) = f bo()\OI w)bl()\lr w)--'bn()\n; w)dﬂ(w)
Q
where each bj(-, w) is continuous and given by bj(A, w) = aj(g(A), w).

Now, fix the finite rank operators Vi,V>,...,V,. Let V be a finite
rank operator. Let Ey denote the spectral measure of H. Then, the set
function

Qo x Q1 %x...x Qn = Tr(Ex(Qo)IV1EH(Q1)V5...VLEL(QR)V).

defined on the rectangular sets of R"*! extends to a finite countably
additive measure vy on the Borel subsets of R"*1 [BS96]. Now, observe
that h(U) is well defined due to 1 ¢ op(U) [Con90, Corollary X.3.5].
Similarly, the set function, where Ey is the spectral measure of U,

Qo X Q]_ X ... X Qn i Tr(Eu(Qo)V]_Eu(Q]_)Vz...VnEu(Qn)V).

extends to a finite countably additive measure vy on the Borel subsets
of T"+1, Since h and g are inverses of one another, vy = vy o h.
Making a change of variables in the scalar integrals yields

f . ¢(zo, ..., zn)dvy(zo, ..., Zn) = f . Yo, ..., An)dvy(Ao, ..., An).
Wn+ [Rn+
(3.1)

Now, apply the definition of multiple operator integral (2.3), [PS512,
Lemma 3.10], Fubini’s theorem and (3.1) to observe that
Tr(Tg(vl, o, Va)V)
= Tr(f f ao(z, w)dEy(2)V1-...- VnJ an(z, w)dEy(2)Vdu(w))
oJT T
= f f ao(z, w)-...-an(z, W)Tr(dEy(2)V1dEy(Z)V>2...VadEy(2)V)du(w)
Q T’H‘l
= J f aop(z, w) ... apn(z, W)du(W)Tr(dEy(2)V1dEy(2)V3...VahdEy(2)V)
-u—n+1 Q
=J 1¢(ZO,..., Zn)dVU(ZO,...,Zn)=J 1w()\o,...,)\n)dVH()\O,...,)\n)
T+ RN+

= f f bo(z, W) ... bp(2, W)dU(W)TF(AEH(AN)V1dEH(A)V3...VadEL(A)V)
RN+l JO

= J f bo(z, w)-...-bn(z, W)TI(AEH(A)V1dER(A)V2...VadEH(A)V)du(wW)
Q JRrn+l
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=Tr(f f bo(z, W)dEH(A)V1-... - an bn(z, W)dEH(A)Vdu(w))
aJr R

= Tr(Tg(vl, o VaV).

Therefore,
TY(V1, 0y Vi) = TH(VA, oy Vi),

Furthermore, the finite rank operators are dense in Sp. Construct
for each W;, where i€ {1,...,n}, a sequence {V;;:j€ N} of finite
rank operators such that V;; — W; in the so-topology. Apply [PS512,
Proposition 4.9] to see that

Ty (Wi, ..., Wp)
= lim Ty (Vi .o Vi, j) = lim T (Vi o Vi j)

=T$(W1,...,Wn).

Theorem 3.3
Let 0 < p <1 and p1, p2 € (0, ) such that pil +

f e CER), then ||Tj2) : Sp, x Sp, — Spll < 0.

1_1 3
p—z—pandp<,BeN. If

Proof. Consider the image of f under the Cayley transform

h(z) :=f(i

)

z+1
z—1
Z+ i
f(2) :=h(—),
zZ—i
where z€ T.

Since f € CE(R) and the Cayley transform is C%, it follows that
h € CB(T). Therefore ||T,21]| < oo due to Lemma 3.1. Further, because

B> %, note that ||Txiul|| < o0 by [MS21, Theorem 4.3.1].

Define the following class of functions

Gm(T):={¢p€C(T): ¢(2)= > anz": >_ |a|n™ < oo}.

neNp neNp

Additionally, due to h € C*(T) the function h can be expressed as,

h(z)= > Amz"= > A(Mz"+ > A(=n)z™" 1= h1(2) + h2(z1)

nezZ neNp neN
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where
h1(2) = Z anz"
neNp
ha(2)= . bnpz"
neNpg
and .
an = h(n)
b = A(—n) n>0
"~ lo n=0"

Observe that |ap] < (1 + |n])~* and |bn] S (1 + |n])~* due to [Gral4,
Proposition 3.3.12]. Thus,

Z lanIn? < Z (1+|n])~*n? < Z n~? <o

neNp neNp neN
D baln? s >3+l n? < 3 n7? < .
neNp neNp neN

Therefore h1, ho € G2(T). Thus h € G(T) as well. Due to G2(T) c G1(T) it
follows that ht] € AS(T) and hl?] € AS(T) due to [PSS15, Theorem 2.4(i)].

Further, let f € C2(R) and h € C%(T) and define z:=g(\) = ;‘% €T and

i
A:=h(2)= i% € R. Then, it follows from [PSS515, Lemma 2.3(ii)] that
1210, A1, A2)

-1 k+1i3—k
=1 htKl(zy,, ..., zi)

D)
- 3—k
k=10=ip<...<ix=2 2
”j'-;_ll(zi,- — 1)°Tie{0,1,21\ (i, ik 1} (21— 1)

1 i
= —Zh[l](zo, z2)— Eh[z](zo, 71, 22)(20 — 1)(z1 — 1)%(z2 — 1).

Let H be a bounded densely defined self-adjoint closed operator and let
U denote the unitary operator (H + i)(H—i)~1. Now define

uo,2(Mo, A1, A2) := ht1l(g(Ao), g(A2))
uo,1,2(Ao, A1, A2) := hl21(g(Ao), g(A1), g(A2))(g(A0)—1)(g(A1)—1)%(g(A2)-1).
It then follows from [PSS15, Lemma 2.2(i)] that

1 i
H,H,H _ _YTHHH _ " THHH
Thar G YY) == TP, Y) = STER I ),
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Additionally, set
vo0,2(20, 21, 22) = Uo,2(h(20), h(21), h(z2)) = h1t(zo, 22) (3.2)

vo,1,2(20, 21, 22) := uo,1,2(h(20), h(z1), h(z22)) (3.3)
= hl2l(zo, 21, 22)(z0 — 1)(z1 — 1)*(z2 — 1).

Due to hlll e AS(T), hl2l e AS(T), observe that Vo 2, vo,1,2 € AS(T). Now,
apply Theorem 3.2 to obtain

H,H,H — TUUU
Tuo,z X, V)= TVOI2 (X,Y)

H,H,H — TUUU
TUQL2 X, V)= TVOIL2 (X, Y).

Now, recall that vo,2(z20, 21, z2) admits the representation

vo,2(20, 21, 22) = f ao(z0, w)ai(z1, w)az(z2, w)du(w).
Q

Additionally, recall that hl11(zg, z,) admits the representation,
htil(zg, 21, 22) 1= f bo(zo, w)b1(z1, W)b2(z2, w)du(w).
Q
where bj is the identity. Using (3.2), observe that

V0,2

TUUU(X, Y) = J ao(U, w)Xa1(U, w)Yaz(U, w)du(w).
Q

= J bo(U, w)Xb1(U, w)Yba(U, w)du(w) = T,11)(XY).
Q

Secondly, assume that vg,1,2(20, 21, z2) admits the representation

vo,1,2(20, 21, 22) = f co(zo, w)c1(z1, w)c2(z2, w)du(w).
Q

Additionally, assume that hl2]1(zg, z1, z>) admits the representation
hl2)(zg, 21, 25) = f do(zo, w)d1(21, w)d2(z2, w)du(w).
Q

Apply [PSS15, Lemma 2.2(iii)] and [PSS16, Lemma 2.3(iii)] and
di(U,w)(U—1)=(U—1)d1(U, w) to observe that

TUUU(X, Y) = f co(U, w)Xc1(U, w)Yca (U, w)du(w)
Q

Vo,1,2
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= f do(U, w)(U—1)X(U—1)d1(U, w)(U—-1)Y(U—1)d2(V, w)du(w)
Q

= Tg[z% Y(-1xw-1), u-1)yw-1y.

Now, apply the p-triangle inequality (2.2), the boundedness of T,1; and
Thi21 and Hoélder’s inequality [DR21, Equation 1.8] to observe that

1T (X, Ilg,
1
=l-7 Thn(XY)— = “[éi“((u LX(U—-1), (U-1)Y(U-D)IIE,

< ||T;{[ﬁ(XY)||§p+2—||T,‘,’[§J]“((U—1)X(u—1), W-DyYU-nIE,
S TP NG, + 1T, (U= DX(U—1), (U= 1)YU - 1)IIE,
SIIXYIIE, +1IU=DXWU = DS, IU=1)YWU~-D)IlS,

p 4 p p p p
SIXYIE, +1lU= 1% IXIE, Y12, S XIS, 1Y, .

H,H,H
Tz’

Now, let A,B,C be arbitrary densely defined self-adjoint operators.
After careful examination, one observes that the techniques used in the
proof of [CSZ21, Corollary 2.4] are also valid for 0 < p < 1. Applying

[CSZ21, Corollary 2.4] gives that ||ij}§ €|l < 0. Thus, || Tsall < oo.

From which it follows that || || < oo.

O

3.2. BOUNDING PARTITIONS OF UNITY

The following three results are used to prove a result analogous to
[MS21, Lemma 2.2.3] in the context of multilinear operator integrals.

Lemma 3.4

Let A, B € B(H) be arbitrary normal operators such that AB=BA =0 and
let Q =0(A)uo(B)uU(o(A)+ o(B)). Let feC(Q) and f(0) =0. Then,
f(A+B)=f(A)+f(B).

Proof. Define q(x) = Zﬂﬂ amx™, where {am}men is an arbitrary
bounded sequence. Apply the binomial expansion to observe that

M M m rm
qA+B)= D> am(A+B)"= > am ), ( )Am_kBk (3.4)
m=1 k=0 k

m=1
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M M
= > amA™+ > amB™ = q(A) + q(B).
m=1 m=1

By the Stone-Weierstrass theorem there exists a sequence of
polynomials {pn}nen such that limpoc|lf —pnlle = 0 on Q. De-
fine pn(x) = pn(x) — pn(0). Note that f(0) = 0 implies that

IIf —Pnlleo < IIf — Pnlleo + 1lPn — Prlleo = IIf — Pnlleo + [1Pn(0)leo (3.5)

on Q, where the right-hand side converges to 0 as n goes to .

Due to (3.4-3.5) and the functional calculus it follows that
[If(A+ B)—f(A)—f(B)Il (3.6)

< |IF(A+ B)—pn(A + B)Il + [If (A) — pn(A)Il + |IF(B) — pn(B)I
=|If(A+B)—pn(A + B)lleo + [If(A) — Pn(A)lle + |If(B) — Pn(B)lleo
where the right-hand side converges to 0 as n goes to co. O

Lemma 3.5

Let p € (1, ). Additionally, let Hi,H, be arbitrary self-adjoint
operators. Let {sk}kez and {tc}kez be partitions of R such
that sk Nsy =ty Nty = @ whenever k # k. Then the mapping
Q:Sp—Sp: V= DerXs (H1)VXt(H2) is a contraction.

Proof. Let x e H® H be arbitrary. Thus, x = (h1, h2) where
hi, hy € H. Observe that any T € B(H @ H) can be represented as

Tx = (Ahy1 + Bhy, Ch1 + Dh>)

where A,B,C,D € B(H). Thus T can be identified with the 2 x 2 matrix

A BY et 77 € B(H @ H) be identified with the 2 x 2 matrix (4, &,
c D) ‘e € B(H @ H) be identified wi e 2x2 matrix | ~ p ).
. T A’A+B’C A’B+B’D

T —

Observe that regular matrix multiplication T'T = (C’A +D'C B'C+ D’D)
A+A” B+B’

C+C’ D+D’
and addition on B(H @ H). Thus, B(He H) = (

and addition T+ T’ = ( ) is equivalent with multiplication

B(H) B(H))
B(H) B(H))

Construct the following operator Py € B(H ® H), where k € Z,

=l )
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Note that P,j = Py and PiPyr = PPy = (8 8) when k # k’ due to xs, (H1)
and xt,(H2) being pairwise orthogonal projections.

Define the following map E : B(H @ H) — B(H & H) defined by

EX = Z P XPk.
kez

Let {Xp}nheny be a sequence of operators in B(H @ H) such that
limp—oo [|XnllB(HeH) = 0. Additionally, suppose that there exists some
Y € B(H ® H) such that limp_ |[|EXn||a(HeH) = |IY||IB(HeH). Let € Ran(Py)
for some £ € Z. Then limpoo ||EXnS|lHen = liMpoco [|PiXnP1S||HeH <
limp—co [|XnllB(Her) | 9||HeH = 0. From this it follows that Y = 0 and due to
the Closed Graph Theorem [Con90, Proposition 111.12.7] it follows that E
is a bounded operator.

Further, observe that E is idempotent due to

E2X = Pk ( > Pk/XPkf) Pi

kez k'eZ

= > PkPuXPuPi= Y. PXPi =EX.
k,k’'ez kez

Additionally, when A € B(H ® H) is positive there exists a positive
self-adjoint compact operator B € B(H ® H) such that A = B2 [Con90,
Definition 11.2.12, Theorem 11.7.16]. Let h € He® H be arbitrary. Then EA
is positive due to

< EAh, h >=< Z PxAPch, h >= Z < PLAPih, h >
kez kez

= Z < PyB2Pyh, h >= Z < BPyh, BPyh > >0.
kez kez

Thus, E is completely positive.

Let € >0 and & €e He H be arbitrary. Let {Xn}ng be a net of
bounded operators in B(H @& H) converging strongly to X € B(H® H). Now,
let k € Z and €x > 0 be arbitrary. Then one can pick Nx > 1 sufficiently
large such that for all ng = N it holds that

[|PkXn,Pxkh — PkXPih||HeH < Ek.

Denote an orthonormal basis of He H by {gn}nen, where each
gn € Ran(Py’) for some k’ € Z depending on n. One can choose Ny >1
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sufficiently large such that there exists an n € span({qi}f’:l) such that
I1E = nllHer < S(IIE

max(suppsn, [1Xnll, [IXID)™L. It follows that there exists R—,R* € Z,
where R~ < R*, such that for all Y € B(H® H): EYn =" . PyYPin.

Thus, one can choose Ng > max(Ngr-, N(g-+1), ..., Nr+) sufficiently large
such that for all n > Ng the following inequality holds

R* R* R*
| D PiXnPkE— > PiXPiEllben < D |IPkXnPk& — PkXPiE|lHoH
k=R~ k=R~ k=R~

< (R* —R7)-max(€r-, ER-+1)s ---» ER*)

Since €r-, €(g-+1), ..., Eg+ are arbitrary one can bound

R* R*
| > PeXoPkE— D PiXPiEllnen <

€
k=R~ k=R~ 3

Choose Nmax = max(Na, Ng). Then, for all n > Nmax, one observes that
[|EXn& — EXE||HeH
< |[EXnE— EXnnllHeH + ||EXN — EXEl|lHeH + [IEXnN — EXN||HeH

< IEXnlllIE = nllHer + [IEXIIIE = nllHeH + IEXnN — EXNl|HeH

< ENMNXnINE = nllHex + NENIXIIIE = NllHeH + IIEXnn — EXNlIHeH

E € €
<—+4+—+—=¢€
3 3 3
Thus, {EXn}ne is a net of bounded operators in B(H @ H) converging
strongly to EX € B(H® H). Then, from [Takl1l, Theorem II.2.6] it follows
that E is normal.

Thus, E is a normal conditional expectation. Now, applying [H]X09,
Theorem 5.1] and [H)X09, Remark 5.6] yields the result that E is a
contraction. This implies that E restricted to (8 SPC()H)) 2Sp(He H)is

also a contraction. Further, observe that
* /2
0 X\,p 0o x\*ro x\\°
”(0 o)”sp(HeHFTr(((o o) (o 0)) )

(2 |2 p/z—T X|P) = [1X][2
- r( 0 |X|2 )— r(l | )—” ”SP(H)
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and 0 X 0 H1)X H

From which it follows that

0 X
1 Xse (XX )l = 11 D P (g ) Prlssen
kez kez

0 X
<l (0 0) IspHeH) = IIXIls,y(H)-

O
Lemma 3.6
Let {¢x : R3 - C}rez be a sequence of disjointly supported functions
in all variables. That is, if ¢x(x,y,z) # 0, then for all kK’ #k € Z
and s, t,u € R it holds that ¢i(x,t,u) = ¢ur(s,y,u) = ¢ir(s,t,z) = 0.
Choose ¢ : R® — C such that ¢(x, y, 2) = Dez k(X y, 2) for all x, y, z € R.
Let p € (%, 1] and p1,p2 € (1, ) be such that pil + piz =1 Then

p
”T(P : 5p1 X sz _’Sp” < ||{||T¢k :Sp1 X sz _’Sp”}kGZ“lp#-
Proof. Without loss of generality it may be assumed that

dk(x, Yy, 2) = Pk (X, ¥, 2)Xs, (X)Xt (V) X (2).

where {sk}kez, {tk}kez, {Uk}kez are pairwise disjoint partitions of R and
for all K/ # k it holds that sy Nsk =t Nty = U VU = D. Let H1, Hy, H3
be arbitrary self-adjoint operators. Let V € Sp, and W € Sp, be arbitrary.
Further, define Vi := x5, (H1)V Xt (H2) and Wi := xt, (H2)Wxu, (H3). Note
that the mappings Sp; — Sp, 1V = Dkez Vk and Sp, — Sp, t W — D37 Wi
are contractions due to Lemma 3.5. Combining this with (2.3) and
Hoélder’'s inequality for sequence spaces yields

1/p

H1i,H2,H Hi,H2,H

T 272, W)ls, < (Z T 22V, W)II’ZP) (3.7)
kez

1/p
— H1,H2,H3 p
= (Z ITge 2 (Vi, wk)usp)

kez

1/p

H1,H2,H p p

< (Z 1T 3||P||vk||5p1||wk||sp2)
kez

< T} kezlle, o L1 Vkllsp, [IWklls,, Ykezlln
< IHITgel Y kezlle o L1Vkllsp, IWklls,, Ykezlle,
< [Tl Ykezlle o ({11 Villsy, Ykezlley, [1IWklls,, Ykezlle,, -
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Further,
1/p1
{11 Villsy, Yrezlley, = (Z ||vk||§;1) (3.8)
keZ
1/p1 1/p1
= (Z Tr((vlj vk)Pl/Z)) = (Tr(Z(V: vk)Pl/Z)) .
keZ kezZ

When k # k’, note that (V} VIOV, Vi) = (V,;",Vk/)(V,;k Vi) = 0. Thus,
Lemma 3.4 can be applied to (3.8) from which it follows that

p1/2\\ V/P1
[{11Vkllsp, Yrezlle,, = (Tr((z Ve Vk) )) (3.9)

kez
R pr/2\\ VP 1/p1
Tr ((Z Vk) (Z Vk/)) = Tr(l Z Vk|p1)
kez k’'ez kez
=11 > Villsy, < 1IVIls,,-
kez
By following an identical procedure it is also valid that
I{IIWklls,, Yrezllty, < [IWlls,,. (3.10)

Inserting (3.9-3.10) into (3.7) finishes the proof.

2
3.3. STRUCTURE OF ¢Ex, i

Let ¢ € CE(R), where B €N, be a compactly supported CP function. Let
a = {ak}kez be a bounded sequence of complex numbers and let A > 0.

Define
Par(X) = D akp(Ax — k). (3.11)
kez

Comparing (2.5) and (3.11) shows that ¢4, (x) serves as an abstraction
of a wavelet decomposition.

Lemma 3.7 5
If § € C2(R), then LA(X, ¥, 2) = Yiez AA2PL2I(AX — k, Ay — k, Az— k).

Proof. Observe that

2
oA Y. 2)
Par(X)=Par(Y) _ Par(Y)—Pa,r(2)
X—=y y—z

X—z
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PAX=K)—p(Ay—=k) __ ¢(Ay—K)—¢(Az—k)

— Z o X=y y—z

kez X—=2z

PAX=K)—0(Ay—K) __ ¢(Ay—K)—¢(Az—kK)
_ Z A (Ax—k)—(Ay—k) (Ay—k)—(Az—k)

kez X—=2z

/\¢[”(/\x—k,>\y—/<)—¢[11(/\y—/<,/\z—/<)
X—2z
)\2¢[1]()\X—/<,)\Y—k)—¢>[1](Ay—k,)\z—k)

kez Ax—k)—(Az—Kk)

= > o A2plI(Ax — k, Ay — k, Az— k).
kez

3.4. BOUNDING T 4121 : Sp; X Sp, = Sp, p=1

The next theorem aims to prove a result analogous to [MS21, Theorem
4.2.1], where p =1, for multilinear operator integrals with a second
order divided difference function as symbol.

Theorem 3.8
Let p1,p2 € (1,©) such that pil + piz = 1. If ¢ € CHR), then

||T¢in : Sp1 X Spy = S1ll S (A + A?) supyez lakl.

Proof. Without loss of generality, assume that the functions
{¢p(A - —Kk)}kez are disjointly supported. Indeed, otherwise one may
select N > 1 sufficiently large such that {¢(A - —Nk)}«ez are disjointly

supported, and write
N—1

¢or,)\ = Z ¢a(f),)\

j=0

where al) is the sequence {aj+nklkez. Then the assertion may be
proven for each ¢, ) separately.

Let p be a smooth compactly supported function on R which is
equal to 1 in a neighbourhood of zero, define u(t) = 1_+ﬁ).

Split the second order divided difference as follows

0L (x. ¥, 2) = 0L (%, ¥, 2)(1 — p(x — 2)) + LA (%, ¥, 2)p(x — 2)
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=AM, y,2)+ B(x,y, 2).
First examine the A(x, y, z) term
oL y)— oL (. 2)

Alx,y,2) = —7 (1—p(x—=2))

= (@306 Y) — 0L (Y, 2)u(x — 2)

1 1
= Poor 06 YIH(X = 2) = B (v, D)X — 2).
Now, use [MS21, Theorem 4.2.1] to show ||T (1 : Spy X Sp, = S1ll S

ASUpkez lOk|. Using [MS21, Lemma 4.2.3 and Prop05|t|on 4.2.2.(ii)],
observe that ||T(x,z)»u(x—z) : S1 — S1l| < o0. Further, use Lemma 2.4.3 to
observe that

[ITA : Spy X Sp, — S1l|

<|IT, 2 Sp1 % Sp; = Sull

06y, 2)= 0L O yux—2) °

+Te, y. 2=l (v, 2)u(x—2) - 2P1 X Sp, = Sall

< IIT [y : Sp1 = Sp1 Il T(x, 2)—~p(x—2) : S1 — Sall
sz - 5p2 ””T(x 2)—u(x—z) - S1— 51l

SAsup|akl.
kezZ

Now, examine the B(X, y, z) term by splitting it as follows
B(x, v, 2) = ¢} (X, ¥, 2)p(x — 2)
= LA (X, ¥, 2)p(x — 2)(1 — p(x — ¥)) + $ 1 (X, ¥, 2)p(x — Z)p(x — )
'=C(x,y,2)+ D(x,y, 2).

First, examine the C(x, y, z) term and apply that (pEXz)]\ is invariant under
permutations [ST19, Section 2.2]

Cx.y.z)= ¢,[fi(x, ¥, 2)p(x—2)(1 —p(x—y))

=62 (x, 2, y)p(x — 2)(1 — p(x — ¥))
[1] [1]
1, 2)= M (2, y)
_Ya P o A= p=y))
xX—y

= -1 (x, 290(x — 2)u(x — y) — oL (2, YIp(x — 2)u(x — y).
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Now, use [MS21, Theorem 4.2.1] to show ||T¢[1]|| < Asupgez lakl.
A

Use [MS21, Lemma 4.2.3 and Proposition 4.2.2.(ii)] to observe that
T, y)—ux—y) : Sp1 = Sp1ll < 0. Additionally, due to p being Schwartz
class it follows that |[|T(x,z)—p(x—2) : S1 = Sill < ®© due to [MS21,
Proposition 4.2.2(ii)]. Further, use the above and Lemma 2.4.3 to
observe that

||TC . Spl X sz —>5]_||

<IIT Sp, X Sp, = S1ll

0y, 2)= 0L (X, YIpP(x—2(x—y) °

+||T [1]

00y, 2)= ¢4 3 (2,Y)P(x=2)u(x—Y) £ Sp1 X Sp, = Sull

< ||T¢Exli :Sp1 = SpulllITx, 29-p(x=2) : S1 = S1lllITx,y)oux—y) : Spr = Spill
+||T¢[1i : sz i 5p2||||T(x,z)—>p(x—z) 151 — 51||||T(x,y)-—»u(x—y) : Spl - Sp1||

SAsup|akl.
kez

Now, observe the D(x, y, z) term. Assume that p is bounded in the interval
(—1, 1). It follows that the function (x, y, z) — cpEf/]\(x, Y, Z)p(x—2)p(x—y)

is supported in the plane {(x,y,z) €R3:|x—z| <1,|x—y| <1}. Note
that
{6 y,2)eR3:|x—2z|<1,|x—y|<1}

c > Dllkk+D)x[k+ik+i+1)x[k+jk+j+1).
i,je{—1,0,1} kezZ

Now, define
Xij, k(X ¥, 2) = X1k k+ 1) OO X[ ki, k+i+ 1) V) X[ k+j, k+j+1) (2).

Then

Dixy,2)= . > o0y 2)p(x—2)p(x—Y)Xijk(X. Y, 2)
ije{=1,0,1} kez

= > Fixy2). (3.12)
i,je{-1,0,1}

Additionally, observe that due to Lemma 3.7

oL (% y)— 851 (v, 2)

[2]
xX,V,Z)=

¢a,)\( .y ) X—2z

= § kA2l (Ax — k, Ay — k, A\z— k). (3.13)

kezZ
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Inserting (3.13) into (3.12) yields
Fij(x,y, 2)

= > Xijk (% ¥, 2) D aA? ¢l (Ax — k, Ay — k, Az— K)p(x — 2)p(x — y).
k'ez keZ

Due to ¢ being compactly supported for each k/ the sum over k has
only finitely many terms. In fact, there exists a constant N (depending
on ¢, A, i and j) such that for |k—k’| > N

X292l (Ax — k, Ay — k, Az — k)

POX=K)=$0y=K) _ _ 90y=K)=90z=k) _
(x—2)(x—y) T xk—2y-2)

=ak

Thus
Fij(x,y, 2)

= > Xy, 2) Do aA?pl2lAx—k, Ay —k, Az—K)p(x—2)p(x—y).
k'ez |k—k’|<N

Now, fix i,j€ {—1,0,1}. If Xijn(X,y,2) #0, then forall s, t e Rand m #n
observe that x;jm(s, t,z) =0, Xijm(x,s,t) =0 and xijm(s,y, t) = 0. Thus
Fij(x,y, z) is disjointly supported in X, y and z.

Apply Lemma 3.6 to observe that

[ITF,; : Spy X Sp, — Sall

< /flug “T(X,y,Z)HXi,j,k' (x,y,2) Z|k_k/|<,v X221 (Ax—k, Ay—k, Az—K)p(x—2)p(Xx—Y) ”
c <

=sup D 10kIA Ty 20mx, (. 20012 Axmk Ay—k Az—k)p(x—2)p )
kK'€Z |k—k"1<N
Notice that ¢ is a Cg function, thus by Theorem 3.3 it follows that [[Tyr2; :
Sp, X Sp, = S1]| < 00. Similarly, due to p being Schwartz class it follows
that ||T(x,z)-p(x=2) : S1 = S1ll < 0 and |[Tx,y)—px—y) : Sp1 = Spll <
due to [MS21, Proposition 4.2.2(ii)]. Combining this once again with
Lemma 2.4.3 yields

ITr,; : Spy X Sp, = S1llSAZsup > lowl Sn A2 sup o]
k'EZlk_kllsN k’'ezZ

From which it follows that

4121 1 Spy X Sp, = S1ll S (A +A2)sup|akl.
a\ keZ
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O

Lemma 3.9 oy
If f is Lipschitz on R and f € Bp#pp(lR{), where 0 < p <1, then

12000, A1, 22) = Tjer f17 (Ao, A1, A2).
Proof. Apply Lemma 2.6.3 to observe that

FO)—FO)=ct+ > f[i()—f(0), teR.

jez
By dividing by t, when t # 0, it follows that

A0, A =c+ 3 f (o A1), (3.14)
jez

Taking the derivative with respect to t yields

F®)=c+ > 1/t (3.15)
jez
= 1. (3.16)
jez

Thus, when Ag = A1 = A2 = A it follows from (3.15) and (3.16) that
2 _ _ _ [2]
AN =" A =D (O =D 7 (LA ).
jez jez
Additionally, if there exists i, j € {0, 1,2} such that i #j and A; # A}, then
it follows from (3.14) that
FIH 0, A1) = fIH (A1, A2)

21\, A1, A2) =
(Ao, A1, A2) oo

e+ Tz 00 A = (c+ Tz A1, A2))
B Ao— A2

= > 700, A1, 22).

jez
Thus, the wavelet decomposition of fL2! for arbitrary Ao, A1, A2 € R is
10, A1, A2) = ij[z]()\o,)\l,)\z)-
jez
m]

The general strategy in the proof will be to apply the wavelet decompo-
sition to bound [[T21 : Sp, x Sp, = SplIP by 37 ||Tfj[2] :Sp1 X Spy, = SpllP.
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Lemma 3.10
Let f be a locally integrable function on R, and let j € Z be such
that f; is bounded where fj is computed with respect to a compactly

supported C* wavelet ¢. Let p1, p> € (1, ) be such that pil + piz = 1.
Then the map T 21 : Spy X Sp, — S1 is bounded by ||T 21| S (2/+2%)][fjlloo.
j j

Proof. Observe that

fiy="> 222t —k) <f, pji > .

kez

Which has the correct form to be able to apply Theorem 3.8 and Lemma
2.5.1

IT 2l < (2 +2%)sup 22| < f, 9y > | mp (2 + 22 fleo.
J kez

|
Collorary 3.11
Let fe Bl [ (R)nB2 |(R) be Lipschitz. Let p1,p2 € (1,00) be such

that pil + piz =1. Then the map Tz : Sp, X Sp, — S1 is bounded by
ITpll S Al + IFllg2 -

Proof.  Apply Lemma 3.9, Lemma 3.10 and Lemma 2.6.2 to ob-

serve that _ _
Tl =11 Tzl S 252+ 22)flleo
jez / jez
= > 2llfilleo + D 27Ifjlleo 4 I1f11g2  +1fllg2 -
jez jez ' '

This completes the proof of Theorem 1.1.

3.5. BOUNDING Ty121 : Sp, X Sp, = Sp, P €(5,1)

Now the corresponding result of Collorary 3.11 for p € (%,1) will be
proven in the following results. The first step is to prove a result analo-
gous to [MS21, Proposition 4.2.2(ii)] for multilinear operator integrals.

Lemma 3.12

Let p € [1,). Suppose that ¢ : R2 — C has Toeplitz form. That is,
there exists a bounded function u such that ¢(t,s) = u(t—s). Then
ITg : Sp = Spll < (2m)~H|Al]1.
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Proof.  Firstly, let A, B be arbitrary self-adjoint operators. Fur-
ther, let X € Sp be arbitrary. Repeatedly apply Holder’s inequality [DR21,
Equation 1.8] to observe that

A,B - —i ' —i
T o) eiete—iesXlls, = lle®*Xe™%B]|s, < [|e®A|I1IXlIs,lle™ 5P|l < [IXlls,-

Thus, [Tt s)eistei&s * Sp = Spll < 1. Secondly, apply the fourier
transform to observe that ¢(t, s) = u(t—s) = (2m)! f_°°oo el&(t=s)(E)dE =
(2m)~1 [%°, elste=s(1(E)dE. Then applying the linearity of the multiple
operator integral, the triangle inequality, Lemma 2.4.3 yields

||T¢|| = ||T(t,$)'—>(21'[)_1 J‘_°°oo eiEte—i{;'sﬂ(E)dE” =
00
(ZN)‘lllf A(E)T (¢ sy eitte-iesdE]|
—

(9]
< (ZH)_lf [IA(E)T t,5) eicte—iss||AE
[oe]

=(2m)~! f IUCENNIT (t, 5y eitteizs || AE
[0¢]

<m f 12(8)1dg = (2m)~ Il

—00

Lemma 3.13 .
Let p,R € (1, ). Then ||Tx,y)—xyx—iyn<r * Sp = Spll < (2m)~ (2R + 1)2.

Proof. Apply [MS21, Lemma 4.3.3] to observe that,
Ty )=xixi-wiisr +Sp = Spll =11Tw : Sp — Spll
where w : 72 — Q is defined as the mapping
w(n, m) = X|n—m|<R-

Note that w has Toeplitz form w(n, m) := u(n—m), where u(l) = xj<r.
When applying the discrete time Fourier transform to u observe that the
Fourier transform [i is supported in the interval [0, 1].

One can apply Lemma 3.12, the Holder inequality for Lebesgue
spaces and Plancherel’s theorem for the discrete time Fourier transform
to show that

ITw : Sp = Spll < R HAl o1 < R HIANL 0,17
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N

= 2 Ykl =(2n)—1(2 1) = (2n) (2R +1)7.

<R

Lemma 3.14

Let pe (1, ). Let R > 32. Then ||T(

_ : < 2.
Xy MR Sp = Spll <2

Proof. The first part of this proof is based on the proof of
[MS21, Lemma 4.3.5]. The second part of this proof is based on [MS21,
Lemma 4.3.4]. Denote by {x} and {y} the fractional parts of x,y € R.
Then

1 1 1 1

~_ - = DI—03
x—y D+ Od=lyl- 0} =Lyl 1- 0=k

Due to R > 8 it follows that ﬁlﬁjjj}l < 1. Applying the geometric series
yields

Xitxl=lylI>R _ XilxI=LylI>R 1
X — - x| — _ iyi={x}
y IxI=1lyl 1- %55

_ Xixl=lyli>R ({y}—{x})k= St _XIX-II=R oy

Further, apply the linearity and Lemma 2.4.3 to observe that

Ty Hizitpion < Sp = Spll =W s Misiioten gy gy S0 = Sl
(e )
Xixl=lylI>R Sp—’5p||||T(xy)H({y} {x}k * Sp = Spll
Z XY= gy DR

[ee]
< DTy tiximtyien = Sp = Spll % DT y)mty3—1x1 1 Sp = Spll*.
iz VYT T I

Due to {x} and {y} being bounded above by 1 it follows that
T y)—{y3—1x} + Sp = Spll < 2.
Inserting this into the previous inequality gives

||T(X,y)HX|[x];_[§//J|>R : Sp — 5p|| (3.17)

oo

<>, 2kllT(Xy) sixi-Lyi=r * Sp = SpllHD.

k=0 Ix]-lyl
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Now, apply [MS21, Lemma 4.3.3] to observe that,

Ty sgstgtpn 50 = Spll = 117w 59 = Spll

where w : Z2 — Q is defined as the mapping

X|n—m|>R
n—m

w(n,m) =

Note that w has Toeplitz form w(n, m) := u(n—m), where u(l) = w

When applying the discrete time Fourier transform to u observe that
the Fourier transform [ is supported in the interval [0,1]. Thus, one
can apply Lemma 3.12, the Hélder inequality for Lebesgue spaces and
Plancherel’s theorem for the discrete time Fourier transform to show
that

ITw : Sp = Spll < M) HIalL o1 £ QM) HIAlL,q0,17)
1 1
1 2)\2
= 2m) il = (2m)1 ( Z j—z) < (E)
liI=R
Inserting this back into (3.17) and using that R > 32 and % < 1 yields

(k+1)

© 2
[T Xixl—yli=r : Sp = Spl| < Zk(—)
O,y ) AR = =p 7 =P k;) R

O

The next step is to prove a result analogous to [MS21, Proposi-
tion 4.3.2] for multilinear operator integrals with second order divided

difference functions as symbol in the range p € (%, 1).

Theorem 3.15

Let p € (%, 1). Let p1,p2 € (1, ) such that pil + piz = %. Let ¢ € Cf([RZ),

3 .
where > . Then [ITz) : Spy x Sp, = Spll 5 A?llalle, -

Proof. Recall that
bar = D akp(Ax— k). (3.18)

kezZ

Without loss of generality, it may be assumed that the functions
{¢p(A - —Kk)}kez are disjointly supported. Indeed, otherwise one may
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select N > 1 sufficiently large such that {¢(A - —Nk)}kez are disjointly
supported, and write

N—1
Par = Z o, A
j=0

where a®) is the sequence {aj+nk}kez. Then the assertion may be
proven for each ¢, , separately. Furthermore, due to {¢(A-—Kk)}kez
being disjointly supported it is assumed that ¢ is supported in (§, &+ 1),

where & € R. Fix R € [32, ). Now, split ¢Ej/]\(x, y, z) as follows:
2
o2 (x, v, 2)

[2]

= @ A (X Y, Z)X|IAx—E |- A\y—E]I<RXILAy—E |- Az—E]I<R
(2]

+ o2 (X ¥, Z)XIAX—E]—| Ay—E]I<RXILAy—E |- Az—E]|>R

2
+LA (%, ¥, 2XIAx—E I Ay—ElI>R
=Ar(X,v,2)+ Br(Xx,y,2)+ Cr(X, vy, 2)
First examine the Ag term and observe that

2
Ar(X,y,2) = ¢E,,,]\(X, Y, Z)X|Ax—E ]|~ Ay—E]|<RX|LAy—E]—LAz—E]|<R

[2]
= @ A (X0 Yo Z)XIIAX—=E - Ay—E]ISRXIIAY—E LA z—E[|<RXIAX—E || Az—E]|<2R
= Z Z Z Fa,b,c(X. Yy, 2).
|la|<R|b|<R |c|<2R

where
Fa,b,c(X,y, 2)

_ 021
= Qg A (X, Y, Z)XIAx—E |- Ay—E]=aX | A\y—E|—[ A z—E]=bX| Ax—E |- A\z—E | =c-
Note that

Xlvil-lw]=i = Z X1k k+1) (VX[ k+i k+i+1) (W).
kez

Thus,
Fa,b,c(X,y, 2)

2
= P, (X., 2)

. (ZX[(’,Hl)()\X —EXli+a,ira+r1)(Ay — E))

ez

JEZ

) (Z XUj+1)(AY — E)X1j+b,j+b+1)(AZ — E))
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: (Z X1k k+1)(AX — E)Xk+c k+c+1)(AZ— E))

keZ
= ZZ Z Ga,b,c,ijk(X, Y, 2).

i€Z jeZ keZ

where
Ga,b,c,ijk(X, ¥, 2)

= 0L (%, ¥, DX1i e DOX — EVXtivaivar )Y — EXTij+ Y (AY — E)
XUj+b,j+b+1)(AZ = E)X 1k, k+1)(AX — E) X[ k+c k+c+1)(AZ— &)

dAXx=0)—(A\y—1) _ ¢(Ay—0)—p(Az—1)
2 (Ax=0)—(Ay-1) (Ay—0)—(rz-1)
= Z oA
=~ X —1)—(Az—1)
Xiii+ 1) AX = E)X[ira,i+a+ 1) (AY — E)X[j,j+1)(AYy — §)
“Xij+b,j+b+1)(AZ = E)X [k, k+1)(AX — E)X[k+c k+c+1)(AZ—E).

Observe that for Gg,p,c,ij,k(X,y, 2Z) # 0 it is required that i=k, i+ a=},
j+b=k+c.Fora,b,c,ij k satisfying these constraints,

Ga,b,c,ijk(X, Y, 2)

oAX=D)—¢Ay—1l) _ ¢(Ay=D)—¢(Az—1) )

— Z a2 (Ax=1)—(Ay=1) Oy—D—(z—D

= i

lez Ax—0)—(\z—-1)
X1i,i+ 1) AX = E)X[ixa,i+a+ 1)(AY — E)X[ixc i+ c+1)(AZ — E).

and
Fap,c(X,y, 2) = Z Ga,b,c,iji+a,i(X, Y, 2).
iez
Additionally, it follows from Lemma 3.6 that

”TFa,b,c : Spl x SPZ - SP” < ||{||TGa,b,c,i,i+a,i : 5,01 X SPZ - SP”}iEZ”L’p#'

Fix (x,y,z) such that Gg,p,c,ii+q,i(X, Y, 2Z) is nonzero. Then one of the

following conditions is satisfied

#1
#2
#3
#4
#5
#6
#7

dp(Ax—L0)#0
dp(Ax—L0)#0
P(Ax—1)=0
P(Ax—1L)#0
dp(Ax—1)#0
P(Ax—1)=0
P(Ax—1)=0

PAy—1)#0
PAy—1)#0
¢Ay—1)#0
¢p(Ay—1)=0
oAy —£)=0
¢pAy—1)#0
¢(Ay—£)=0

p(Az—0)#0
d(Az—1)=0
pAz—0)#0
dp(Az—=0)#0
d(Az—1)=0
d(Az—1)=0
d(Az—1) # 0.
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Each condition respectively implies one of the following options,

#1
#2
#3
#4
#5
#6
#7

Ax—=0e(§&E+1)
(Ax—1)e(§ &E+1)
(Ax—1L)¢(§,85+1)
(Ax—1)e(§ E+1)
AXx—0De(g &+
(Ax—1)¢(§85+1)
Ax—=0)¢&(§,&5+1)

(Ay—-0)e(§E+1)
(Ay—=1)e(§E+1)
(Ay—De(5E+1)
(Ay—D€(5E+1)
(Ay—D£(§E+1)
(Ay—0)e(§E+1)
Ay—10)¢(E,E+1)

(Az—1)e(§E+1)
(Az—1) ¢ (5 E+1)
(Az—-1)e(§E+1)
(Az—1)e(§E+1)
(Az—1) ¢ (5, E+1)
(Az—10)¢ (5 E+1)

(Az—1)e (5, 5§+ 1).

Firstly, when a # c and a # 0 and c # 0 observe that there exists no
{ € 7Z such that option 1, 2, 3 or 4 is valid, due to the indicator functions
present in Ggp.cii+qi- This leaves options 5, 6 and 7. For option
5 note that the first indicator function implies that Ax—&) € [i, i+ 1).
Combining this with the requirement that (Ax—1{) € (§,§+ 1) implies
that L € [i,i+ 1) = [ =i. Repeating this argumentation yields that for
option 6 to be valid it is required that £ =i+ a, and for option 7 to be
valid it is required that £ = i+ c. Thus observe that whena#canda#0
and ¢ # 0 that

Ga,b,c,iji+a,i(X. ¥, 2)
= aA2plPI(Ax — i, Ay — i, Az— DX[ira iva+ 1)AY — E)X[irc.itc+1)(AZ— &)
+air g 2P (Ax—i—a, A\y—i—a, Az—i—a)X[;i+1) AX—E)X[i+c, it c+1)(AZ—E)

+ai A2PL2N(Ax—i—c, A\y—i—c, Az—i— X[, i+ 1) AX—E)X[i+a,i+a+ 1) (AY—E)
and

UTGab,ciiaillP < 1AIPAZPIIT g2 1P + |tis alPAZP I T g2 1P + Qi cPAZP I T 21 1P

Secondly, when a =0 and c # 0 observe that there exists no L € Z
such that option 1, 3, 4, 5 or 6 is valid, due to the indicator
functions present in Ggp,ciit+qi- This leaves options 2 and 7. For
option 2 note that the first and second indicator function imply that
MXx—=&) e[ii+1) and (A\y—E§&) €[i,i+1). Combining this with the
requirement that (Ax—£) € (§,E+ 1) and (Ay—1) € (§, E+ 1) implies that
Lel[i,i+1)=1[=i For option 7 note that the third indicator function
implies that (Az—&) € [i+c¢, i+c+1). Combining this with the requirement
that A\z—2)e€ (§,E+ 1) impliesthatfe[i+c,i+c+1)=L=i+c. Thus
observe that when a =0 and ¢ # 0 that

Ga,b,c,iji+a,i(X, Y, 2)
= aA2plP I (Ax — i, Ay — i, Az— DX[ircirc+ 1)(AZ— &)

+a NP A —i—c, Ay —i— ¢, Az— i— OX[iis 1) (AX — E)X[iiv 1)(AY — E)
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and
UTGap,ciivaillP < Iailp)\zplqu;[z] 1P+ Iai+prA2pI|T¢[zlllp-

Thirdly, when a=c and c # 0 and a # 0 observe that there exists no
{ € 7 such that option 1, 2, 4, 6 or 7 is valid, due to the indicator
functions present in Ggpcii+ai- This leaves options 3 and 5. For
option 3 note that the second and third indicator function imply that
(Ay—§&)eli+ai+a+1)and (A\z—&)e[i+a,i+a+1). Combining this
with the requirement that Ay —£0) € (§,E+ 1) and (Az—1) € (§, E+ 1)
implies thatZ € [i+a,i+a+1)=[=i+a. For option 5 note that the third
indicator function implies that (Ax—&) € [i,{+ 1). Combining this with
the requirement that (Ax—£) € (§,E+ 1) impliesthat L €[, i+ 1)=>1= .
Thus observe that when a=c and c # 0 and a # 0 that

Ga,b,c,ii+a,i(X, Y, 2)
= airar 2Pl Ax —i—a, Ay —i—a, Az— i— a)x[ii+1)(AX — E)

+aA2 LI AX — i, Ay — i, Az— DX[iva,i+ar DAY — E)X[ita iva+ 1)(AZ — E)

and
2 2
UTGapciiwaill’ < 10iPAZPTyi21]|P + |atisalPA“P|T g1 1P

Fourthly, when 0 =c and a # 0 observe that there exists no L € Z
such that option 1, 2, 3, 5 or 7 is valid, due to the indicator
functions present in Gg,p,c,ii+a,i- This leaves options 4 and 6. For
option 4 note that the first and third indicator function imply that
Ax—&)e[ii+1) and (A\z—&) € [i,i+ 1). Combining this with the
requirement that (Ax—2) € (§,E+ 1) and (Az—1) € (§, §+ 1) implies that
Le[ii+1)=1=i Foroption 6 note that the second indicator function
implies that (Ay—&) € [i+a, i+a+1). Combining this with the requirement
that Ay —12) e (§,E+ 1) impliesthatle€[i+a,i+a+1)=[=i+a. Thus
observe that when 0 =c and a # 0 that

Ga,b,c,iji+a,i(X, Y, Z)

= aA2PLI(AX — [, Ay — i, AZ = DX[ i+, i+as1)(AY — E)
+airar 2Pl AXx —i—a, Ay — i— a, A\z— i— a)X[ii+1)(AX — E)X[1i+1)(AZ— E)

and
T Gapciivaill” < 1QiPAZPIT g1 |IP + |tis alPAZPIIT g1 | IP.

Finally, when 0 = a = ¢ observe that there exists no £ € Z such that
option 2, 3, 4, 5, 6 or 7 is valid, due to the indicator functions
present in Ggp,c,ii+a,i- This leaves option 1. For option 1 note that the
first, second and third indicator function imply that (Ax—&) e [i,i+ 1)
and Ay—§&)e[ii+1) and (A\z—E&) € [i,i+ 1). Combining this with
the requirement that (Ax—£) e (§,E+ 1) and (Ay—£0) € (§,E+ 1) and
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Az—0D € (§ E+ 1) impliesthat L €[i,i+ 1) =1 =i Thus observe that
when 0 = a = c that

Ga,b,c,ii+a,i(X, ¥, 2)
=ar2pl2l A x— i, Ay — i, Az—1)
and
T GabciiaillP < 1QilPAZP(IT i1 |1P.

Combining all the previously found inequalities yields
UTGabciiaill S (Uil + [diral® + [Airc|P)YPA?| | Tyrz |
and it follows from Lemma 3.6 that

ITFab.cll S A2NTgealllI{ (0l + |otial® + 10i4clP) P Yiezlle

1/p*

#

=A2|[Tp2ll O (ol + |aisal? + |aisc|P)P /P)
ez

1-p

2 2\ 7
= A2|| Tyl O J(lailP + |otisalP + |0t c[P) T

i€z
1—p\ /P
= )‘2”T¢[21||((Z(Iazlp +|aisal? + Iaf+c|p)1ip) ) .
i€z
Now apply Minkowski’s inequality for sequence spaces to observe that

Tgpcll < AT g0l

1 1-p 1 1-p ) 1—p\ /P
-((Z(mp)l—v) +(Z(|cx,-+a|P)1—p) +(Z(Ia[-+c|P)1—p) )

ez ez i€z
1—p 1-p 1-p\ /P
# # #
=A2||T¢[z]||((2|af|ﬂ’ ) +(Z|ou|p ) +(Z|m~|" ) )
ez ez iez

# #
=~ A Tpall( QP )P = A2y llll{ o} iezlln -

ez

From which it follows that

ITx.y,2)~Ar(x,y.2) : Spr X Sp; = Spll S)\ZIIT¢[21|IIIO{II£p#- (3.19)
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Note that ||T¢[2]|| is bounded due to Theorem 3.3.

Now, examine the Br term
2
Br(x,y,2) = ¢E,,i(><f Y) 2)X|IAx—E]~LAy—ElI<SRXILAy—E |~ Az—E[|>R-

Use that q)EXz/]\ is invariant under permutation of its input variables to
observe that

2
Br(x,y,z) = ¢E,,,,]\(y, X, Z)X|IAx—E |~ Ay—E||<RXILAy—E|—|Az—E]|>R

XilAy—&l-1Az—§||>R

Ay —8)—(Az—-§)
XilAy—&l-1Az—§[|>R
Ay —8)-(Az—-8)

Note that due to Lemma 2.4.3, [MS21, Theorem 4.3.2], Lemma 3.13 and
Lemma 3.14 that

1
= AfPE,, i(y, X)X | Ax—E |~ Ay—ElI<R

1
_)‘¢Ex,)]\(x' Z)X|IAx—E]—|Ay—E]I<R

ITx,y,2)-B(x,y,2) : Sp1 X Sp, = 5p||p (3.20)

< APIT, (1 Spy = SpulIP

Y= xy)

.2y Ky=gl-zgi=R  Sp; = Spo|I°
' W=5-07-8)

ITe0y)—Xirx-gi-vy-gise * Spr = SpalIPIIT

+AP||T,

(x,Z)—»¢E,H(x,Z) :

XiAy-El—rz—€l1>R : Spy = Sp,lIP

T 06y =Xiax—gi-try—eni<r = Spr = SpalIPHIT,
(X Y)=XIax—gl-Lay—ElI<R * 2P1 p1 (v,2)— B

SAZPljally -
Now, examine the Cr term
2
CR(X, ¥, 2) = §L A (X, ¥, D)X | Ax—El—LAy—E|>R-

Use that ¢£{2}]\ is invariant under permutation of its input variables to
observe that

2
Cr(x, y,2) = ¢E,,,;]\(X’ Z, Y)XIIAx—E |~ Ay—E]|>R

XILAx—E]—|Ay—E]|>R
(Ax—&)—(Ay—§)
XILAx—E]—|Ay—E]I>R
Ax—E)—(Ay—§&)

1
=L (x, 2)

1
~A¢-(z y)
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Note that due to Lemma 2.4.3, [MS21, Theorem 4.3.2], Lemma 3.13 and
Lemma 3.14 that

||T(X,y,Z)HC(X,y,z) : SPl X sz s Sp”p (3.21)
p . — p . Ed p
<A ”T(XIZ)—’d’ExH(XlZ) :Sp = Spll ||T(x,y)_,Xlt?:;_ag_t?{y—_sgrfa :Sp1 = Spall
AT g 2y F 52 = Sl PIT ) Xiceybytiior 2 Spr = SpallP

)= H-0y-6)
2 p
<A p”a”[p#'

Combining the previously found upper bounds (3.19-3.21) yields
ITyi21 : Spy X Sp; = Spll S A%[1alls,

Lemma 3.16

Let p € (%, 1). Let p1,p2 € (1, ) be such that pil + piz = %. Let f be a
locally integrable function on R, and let j € Z be such that f; is bounded
where fj is computed with respect to a compactly supported CP wavelet

1
9, where B> 2. Then T} 21 Spy % Spz = Spll 5 2%

Proof. Observe that
fi)y= > 2292t —k) <f, djk >
kezZ

Which has the correct form to be able to apply Theorem 3.15 and

Lemma 2.5.1 to conclude that
1

5/ #\p* 5 _j(Z—1) (241
”Tf,-[Z]” <22 (Z (I<f ®jk> |)p ) 222 0% 2 Uil p =G+ )||fj||p#

kez
O
Collorary 3.17
Let p e (%, 1). Let pi1,p2 € (1,00) be such that pil + piz = %. Let

51/p >1/p+1
fe Bp#’p([R) N Bp#,p

1Fll e
p#*.p

(R) be Lipschitz. Then ||Ts21 : Spy, x Sp, = Spll S

Proof., Apply Lemma 3.9, Lemma 3.16 and Lemma 2.6.2 to con-
clude that

1 1
p 1 P
=+1
||Tf[21||s(2||rf;z]||ﬁ’) s(ZzW ”’lmllﬁ#) ~g |Ifllgvpe.
P™.p

jez J jezZ

This completes the proof of Theorem 1.2.
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3.6. RESULTS AND OUTLOOK ON p € (0, 1)

The next two results indicates what types of bounds may be found in
the entire range p € (0,1). Observe that these results appear mostly
similar to previous results but with p# replaced by p*.

Lemma 3.18

Let {¢x : R3 = Clrez be a sequence of disjointly supported functions

in all variables. That is, if ¢x(x,y,z) #0, then for all k' #k e Z

and s, t,u e R it holds that ¢i(x, t,u) = ¢r(s,y,u) = ¢xr(s, t,z) = 0.

Choose ¢ : R3 — C such that ¢(x,y, z) = Dkez Pk(x,y, 2) for all x,y, z € R.
1

Let p€(0,1]. Let p1,p2 € (0,0) be such that pil + piz =5 Then

1T : Spy % Spy = Spll < |H{lITgy : Spy % Spy = Splltkezlley, -
Proof. Without loss of generality it may be assumed that

Pk(x, Y, 2) = Pi(X, ¥, 2)Xs, X)Xt (VI Xu (2).

where {si}kez, {tk}kez, {Uuk}kez are pairwise disjoint partitions of R and
for all k’ # k it holds that sy Nsx =t Nty = U Vux = D. Let H1, Hz, H3
be arbitrary self-adjoint operators. Let V € Sp, and W € Sp, be arbitrary.
Further, define Vi := xs,(H1)VXt,(H2) and Wy := xt, (H2)Wxy, (H3).
Applying (2.3) and Hdlder’s inequality for sequence spaces yields

1/p

H1,H2,H H1,H>, H

Ty "2V, Wls, < (Z [ (72 W)||§p) (3.22)
kez

H1,H2,H P
=(Z||T¢:' 2B (v, wk)uzp)

kez

1/p

H1,H2,H p P

< (Z 1Tg "™ 3||P||vk||5p1||wk||5p2)
kez

H1,Ha,H
= 1Ty, 1 Vills,, IWklls,, Yrezlls,

H1,H2,H
< T4 P 1 kezlley 1 Vills,, IWklls,, Ykezlle,

By using the property that when g € (0, 2) it holds that limpy— ||PmA||gq <

Iimm_»ooIIPmIIqIIAllgq = ||A||gq instead of [FK14, Lemma 2.1(ii)] in the
proof of [FK14, Theorem 2.4(i)], it follows by careful observation of the
proof of [FK14, Theorem 4.2(i)] that for all A€ Sq

1
2
(Z ||x5k(H1)Axtl(Hz)||§2) < lIAlls;. (3.23)

k,lez
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Let re[2, o). Then apply [FK14, Theorem 4.2(ii)] to note that

1
H{IIVklls, }kezlle, = (Z IIXsk(Hl)Vth(Hz)Ilgr) (3.24)

kez

< ( >, ||xsk(H1)vth(Hz)||gr) <|IVlls,

k,lez
and

I{IIWklls, }kezlle, = (Z IIth(Hz)WXuk(H3)IIgr) (3.25)

kez

1
< ( > ||xtk(H2)WXu,(H3)||g,) < |IWlis,-

k, lez

Now, analyse all possible combinations of p; and p;. Firstly, examine
the case where p; € (0, 2) and p; € (0, 2). Note that

{IVillsp, IWkllsp, Ykezlle, < H{IIVkllsy, IWklls,, }kezlley

< I{IVkllsp, Ykezlle, {11 Wklls,, Ykezlle, -

Then, one can apply (3.23) to show that

1
2
{IVklls,, }kezlle, = (Z ||Xsk(H1)Vth(H2)||§p1) (3.26)

kez

2
< ( > ||Xs;<(H1)VXt1(H2)||§p1) <|IVlls,,

k,lez
and

2
{IIWkllsp, }kezlle, = (Z ||th(H2)WXuk(H3)||§p2) (3.27)
kez

2
< ( 2. X (H2)Wxu (H3)IIZ, ) < IWlls,, -

K lez 2
Secondly, examine the case where p; € (0,2) and p; € [2,0). Note
that pzz‘fz <2 and (lozzpf2 yl=2"14 p;l. Thus, one can apply (3.26) and
(3.25) to observe that

H{IVillsp, IWkllsp, }kezlle, < 11{IIVklls,, IWklls,, Ykezlle 2p,
p2+2
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< 11{IIVklls,, Yeezlle [1{11Wills,, Yrezlle,, < [IVIls,, [IWlls,,

Finally, examine the case where p1 € [2, ) and p> € (0, 2). Note that

pzl’jrlz <2 and (ﬁ%)—1 =21 +pI1. Thus, one can apply (3.27) and

(3.24) to observe that

H{IVkllsp, IWklls,, Ykezlle, < IHIIVklls,, Wkllsp, Ykezlle 2p,
p1+2

< [1{1IVills,, Ykezlley, 1{11Wills,, Ykezlle, < 1IVIIs,, [1Wlls,,

Notice that p1, p2 € (2, o) implies that p > 1, which is excluded. Thus, it

can be concluded that when p3, p2 € (0, o), such that p;l + p;l =p1,
it holds that

I{IVkllsp, 1Wkllsy, Ykezlle, < [IVIIs,, [IWIls,, - (3.28)

Inserting (3.28) into (3.22) finishes the proof.
O
Theorem 3.19

Let p€(0,1). Let p1,p2 € (0, ) such that Pll + piz = ﬁ—l). Let ¢ € CE(R),

where B> 3, with supp(¢) < (&, §+1). Let R € (1, c0). Then

T : X < A2 )
I LA XIAX—EI—LAy—ElI<RXILAy—E)— Az~ I<R Sp1 X Spy = Spll S A%llally,

Proof. Recall that
Par = . akp(Ax— k). (3.29)
kez
Without loss of generality, it may be assumed that the functions
{p(A - —Kk)}kez are disjointly supported. Indeed, otherwise one may

select N > 1 sufficiently large such that {¢(X - —Nk)}kez are disjointly

supported, and write
N—1

¢or,)\ = Z ¢o{(j),)\

j=0

where al) is the sequence {aji+nktkez. Then the assertion may be
proven for each ¢, , separately. Furthermore, due to {¢(A-—k)}kez
being disjointly supported it is assumed that ¢ is supported in (§, § + 1),
where € € R. Now, observe that

[2]
Do 1 (X Y, Z)XIIAx—E |- A\y—E]I<RXILAY—E |- Az—E[I<R

[2]
= @ A X Y, Z)XIIAx—=E |- Ay—E]ISRXILAY—E |- Az—E ISR XI AX—E |- Az—E | <2R

= Z Z Z Fa,b,c(X,y, 2).

|al<R |b|<R |c|<2R
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where
Fa,b,c(X,y, 2)

2
= ¢Ex,)]\(x' Yo Z)XIAx—E|—-|Ay—E]=aX[A\y—E|—[Az—E|=b X[ Ax—E |- A\z—E | =c-

Note that

Xlvi-lwl=i = Z Xtk k+1) (VX[ k+ik+i1) (W).
kez

Thus, Observe that for Gg,p,c,ijk(X,y,2) # 0 it is required that (= k,
i+a=j,j+b=k+c.Fora,b,c,ij k satisfying these constraints,

Ga,b,c,ij,k(X, Y, 2)

PAX=D)—9Ay—1) _ ¢Ay—L)—9(Az—1)
_ Z 2 (Ax=0)—(Ay-1) Ay—0)—(Az—1)
= oA
= Ax—10)—(Az—1)

X0, i+1)AX — E)X[i+a i+a+ 1)AY — E)X[itc,ivc+ 1) (AZ— &).

and
Fab,c(X,y,2) =D Ganb,ciirailX ¥, 2).

i€z

Additionally, it follows from Lemma 3.6 that
TFapc : Sp1 % Spz = Spll < NH{ITGap,ciivai : Spr X Sp2 = SP”}iEZ”L’pb'

Fix (x,y,2) such that Ggp cii+ai(X, Y, 2) is nonzero. Then one of the
following conditions is satisfied

#1
#2
#3
#4
#5
#6
#7

p(Ax—1L)#0
P(Ax—1) #0
Pp(Ax—0)=0
P(Ax—1)#0
P(Ax—1)#0
Pp(AXx—10)=0
Pp(AXx—10)=0

¢(Ay—£) #0
p(Ay—1£) #0
p(Ay—1£) #0
¢(Ay—1)=0
¢p(Ay—1)=0
¢(Ay—£) #0
¢(Ay—£)=0

p(Az—L0)#0
d(Az—1)=0
p(Az—0)#0
p(Az—=0)#0
d(Az—1)=0
d(Az—1)=0

d(Az—1) # 0.

Each condition respectively implies one of the following options,

#1
#2
#3
#4
#5
#6
#7

AXx—0De(gE+D)
AXx—=0De(§E+1)
Ax—=0)¢&(5 &5+1)
(Ax—1)e(§ E+1)
(Ax—1)e(§ E+1)
Ax—0)&(E&5+1)
(Ax—1L)¢(§85+1)

Ay—0e(§E+1)
Ay—0)e(§E+1)
(Ay—1)e(§ E+1)
Ay—0De&(EE+1)
Ay—D¢&E §+1)
Ay—0e(§E+1)
Ay—0)¢(§E+1)

(Az—1)e(§E+1)
(Az—10)¢ (5 E+1)
(Az—-1)e(§E+1)
(Az—-1)e(§E+1)
(Az—1) £ (5 E+1)
(Az—-D€(5E+1)

(Az—1)e (5§, 5+ 1).
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Firstly, when a # c and a # 0 and c # 0 observe that there exists no
! € 7 such that option 1, 2, 3 or 4 is valid, due to the indicator functions
present in Gg,p,c,ii+ai- This leaves options 5, 6 and 7. For option
5 note that the first indicator function implies that (Ax—§&) € [, i+ 1).
Combining this with the requirement that (Ax—1{£) € (§, £+ 1) implies
that L €[i,i+ 1) = [ =i. Repeating this argumentation yields that for
option 6 to be valid it is required that £ =i+ a, and for option 7 to be
valid it is required that £ = i+ c. Thus observe that whena# cand a #0
and c # 0 that
Ga,b,c,ii+a,i(X, ¥, 2)

= ar? LI AX — i, Ay — i, AZ— DX[ira,irar1)AY — E)X[ircitcr 1)(AZ— E)
+airar 2Pl (Ax—i—a, A\y—i—a, Az—i—a)x[; i+ 1) AX—E)X[ixc i+ c+1)(AZ—E)

+air A2 PN (Ax—i—c, Ay—i—c, Az—i— X[ 1, i+ 1) AX—E)X[i+a,i+a+ 1) (AY—E)
and

T Gapciivaill’ < 1AiIPAZPIIT g21[1P + 1Xigal PAPIT gr21 [P + | Qi c[PAZP| | T pr2a [1P.

Secondly, when a =0 and c # 0 observe that there exists no L € Z
such that option 1, 3, 4, 5 or 6 is valid, due to the indicator
functions present in Gg,p,c,ii+a,i- This leaves options 2 and 7. For
option 2 note that the first and second indicator function imply that
Ax—&) e[ii+1) and (Ay—&) € [i,i+1). Combining this with the
requirement that (Ax—£) € (§,E+ 1) and (Ay—1) € (§, E+ 1) implies that
Lelii+1)=>1=i For option 7 note that the third indicator function
implies that (Az—&) € [i+c¢, i+c+1). Combining this with the requirement
that (A\z—0) € (§,E+ 1) impliesthatfe[i+c,i+c+1)=[=i+c. Thus
observe that when a =0 and ¢ # 0 that

Ga,b,c,ii+a,i(X, ¥, 2)
=A@l N AX — i, Ay — i, Az — DX[i+c irc+1)(AZ— &)

+au AP (A —i—c, Ay —i—c, Az— i— O)x1iis 1) (AX — E)X[iie 1) (AY — E)

and
2 2
UTGabciivaill’ S 1AUPAPIIT yr21 [P + Qs c[PAPI T yr21|1P.

Thirdly, when a=c and c # 0 and a # 0 observe that there exists no
{ € Z such that option 1, 2, 4, 6 or 7 is valid, due to the indicator
functions present in Ggpcii+ai- This leaves options 3 and 5. For
option 3 note that the second and third indicator function imply that
(Ay—8&)eli+ai+a+1)and (Az—&)e[i+a,i+a+1). Combining this
with the requirement that Ay —£) € (§, &+ 1) and (A\z—1) € (§, &+ 1)
impliesthatfe[i+a,i+a+1)=[=i+a. Foroption 5 note that the third
indicator function implies that (Ax—&) € [i, i+ 1). Combining this with
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the requirement that (Ax—1£) € (§,§+ 1) impliesthat L e[, i+ 1)=>L=.
Thus observe that when a=c and c # 0 and a # 0 that

Ga,b,c,ii+a,i(X, ¥, 2)
= AiraA 2P I AX — i—a, Ay — i— a, Az— i— a)X[ii+1)(AX — E)

+aA? L AX — i, Ay — , AZ— DX[i+a,irar1)AY — E)X(i+a,i+a+ 1) (AZ— )

and
T Gapciivaill” < 1QiIPAZPIT g1 |IP + |atisalPAZPIIT praa| P

Fourthly, when 0 =c and a # 0 observe that there exists no [ € Z
such that option 1, 2, 3, 5 or 7 is valid, due to the indicator
functions present in Ggp.ciitqi- This leaves options 4 and 6. For
option 4 note that the first and third indicator function imply that
MXx—=& e[ii+1) and A\z—&) € [i, i+ 1). Combining this with the
requirement that (Ax—/£) € (§,E+ 1) and (Az—1{) € (§, §E+ 1) implies that
{elii+1)=1=i Foroption 6 note that the second indicator function
implies that (A\y—&) € [i+aq, i+a+1). Combining this with the requirement
that (Ay—£) € (§,§+ 1) impliesthatfe[i+qa,i+a+1)=[=i+a. Thus
observe that when 0 =c and a # 0 that

Ga,b,c,iji+a,i(X, Y, 2)
= aA2plPI(Ax — i, Ay — i, Az— DX[ira ira+ 1)(AY — E)
+Aiar PP X — i—a, Ay — i— a, Az— i— @)X+ 1) (AX — E)X[i,iv1) (A2 — E)
and
T Gapciivaill” < 1QiIPAZPIT g1 |IP + |atisalPA2P|IT praa| P

Finally, when 0 = a = ¢ observe that there exists no £ € Z such that
option 2, 3, 4, 5, 6 or 7 is valid, due to the indicator functions
present in Ggp cii+ai- This leaves option 1. For option 1 note that the
first, second and third indicator function imply that (Ax—&) € [i,i+ 1)
and Ay —&)e[ii+1) and (A\z—&) €[i, i+ 1). Combining this with
the requirement that Ax—1£) € (§,E+1) and (Ay—£0) € (§,E+ 1) and
Az—D € (§ E+ 1) impliesthat L €[i,i+ 1) =1 =i Thus observe that
when 0 = a =c that
Ga,b,c,ii+a,i(X, ¥, 2)

= a2l Ax— i, Ay — i, Az—10)
and

”TGa,b,c,i,i+a,i”p < |a[|p)\2p||T¢[2] ”p

Combining all the previously found inequalities yields

1 2
UTGapcisvaill S (Uil + [Airal? + [AirclP)YPAZ|| Tyl
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and it follows from Lemma 3.18 that

ITeqb Il < ANT g Uil + lairal® + Qi cP) P Y iz,

1/p*

b

= A|[Tpall QO (ol + |aisal? + |aic[P)P /p)
ez

2—p

2\ P

= 22| Tyl O (lailP + |atisalP + |ai+c|P)2—p)
ez

2

2\ 2z

= A2|| Tyl ((Z(Iailp + |Aital® + |ai+c|p)2_p)
i€z

Now apply Minkowski’s inequality for sequence spaces to observe that

TEqpcll < )\2||T¢[2]||

Tp 2 Tp 1/p
L
(Z(Iazlp)”) (chmv’)w) (Z(uxmmz )
ez i€z ez
2-p 2-p 2-p\ Vp
2 b 2 b 2 b 2
=N Teall(| Do laal” |+ Do lalP |+ (D faulP
ez ez ez

=~ ATy 1D laulP )P = A2 Ty Il aidiezlle,,
i€z
Further, note that [[Tgi2) : Sp; % Sp, — Spl| is bounded due to Theorem
3.3. From which it follows that

T ol2] 1Sy, xS,, =S
I Do AXIAX—EJ—LAy—ElI<RXILAY—El~IAz—Ell<R ~ P17 ~P2 pll

< )\2||T¢[2] :Sp; X Sp, — Sp””a”lps
O

Remark. A possible direction for future research would be to at-
tempt repurpose the proof of Theorem 3.15 for the entire range
p € (0,1). The main question is whether there exists a bound for
[ITsg : Sp — Spll and [[T¢g : Sp — Spll when p € (0, 1). A similar question,
corresponding to first divided difference functions, was answered by
introducing a bound of the form [MS21, Equation 4.8]

||Toqxj¢>(x,y) :Sp = Spll £ ||O(||£p#||T¢(x,y) 151 - 51l (3.30)
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McDonald E. and Sukochev F. express ¢qa(Xx) as ajax—g|P1,A(x) and
apply (3.30) and Lemma 3.12, among other steps, to be able to bound
||Tf[1] : Spy x Sp, — Spl| for the full range p € (0, 1). If one aims to reuse
this strategy to bound [[Ty21 : Sp, x Sp, — Spl| it could be beneficial to

attempt to express ¢E:/]\(x, y) in a form such that a bound of type (3.30)

can be applied. A potentially fruitful expression of ¢E£}\(x,y) for this

purpose is ez ajfj[l](x, y) where fj(x) := x[jj+1)(AX — §)P1,A(X).
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