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Abstract

In this work, the Material Point Method (MPM) is reviewed for application in the micro-
electronics industry. Microelectronic processes often involve large deformations, evolving
interfaces, multiphysics coupling, and complex geometries that challenge conventional
mesh-based methods such as the finite element method (FEM). Meshless methods provide
an alternative solution that avoids these issues. A comparison is made between Smoothed
Particle Hydrodynamics (SPH), Element Free Galerkin (EFG), peridynamics, Radial Basis
Function-Finite Difference (RBF-FD), and MPM, evaluated with respect to convergence,
consistency and stability, boundary enforcement, adaptivity, coupling, and industrial ap-
plicability. Based on this assessment, MPM and its main variants (BSMPM, GIMP, CPDI,
and TLMPM) are examined in depth. The method’s ability to address large deformations,
moving interfaces, contact, history-dependent material behavior, and multiphysics interac-
tions is examined. The underfill process is used as a representative use case to illustrate
challenges such as free surface flow, void formation, thermomechanical coupling, and
residual stress. Overall, MPM shows strong potential, although further benchmarking and
validation are required for widespread industrial adoption.

Keywords: Material Point Method; meshless methods; microelectronics reliability; multiphysics
simulation; advanced packaging

MSC: 76M28; 76-10; 74F10

1. Introduction

Meshless methods are gaining in popularity as a promising alternative to traditional
simulation methods. By avoiding a fixed mesh and instead relying on particles or scattered
nodes to represent the domain, meshless methods are more suitable for handling large
deformations, complex geometries, and moving interfaces. Within meshless methods,
several variants exist. In this paper, we focus on the Material Point Method (MPM). In
microelectronics, significant displacements and evolving flow fronts can occur during
production and operation, such as wire sweep during encapsulation or void formation in
the underfill. Accurately capturing these phenomena is critical for reliability assessment
and design optimization. Despite this, meshless methods have not seen much use in
the field. This limited adoption can be attributed to several factors. Conventional mesh-
based methods benefit from decades of development, extensive verification and validation,
and widespread availability in commercial simulation software commonly used in industry.
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In contrast, meshless methods often require additional algorithms for boundary enforce-
ment and stabilization techniques. Nevertheless, ongoing methodological developments
and increasing computational capabilities are gradually improving their industrial viability.
The increasing miniaturization and heterogeneous integration of microelectronics have
made microelectronic systems more powerful, but also more susceptible to failure due
to mechanical, thermal, and fluidic effects. During both fabrication and operation, these
electronic devices are subjected to complex physical processes, such as encapsulation, ther-
mal cycling, and interface delamination. Predicting the effects of these physical processes
requires accurate and robust simulation tools. However, it is non-trivial to simulate such
complex multiphysical phenomena. The inherent multiphysics coupling, the presence of
material interfaces, the occurrence of large deformations, and the geometric complexity
of thin structures with high aspect ratios all pose significant challenges for conventional
numerical methods.

Mesh-based techniques, such as the Finite Element Method [1] (FEM) and Finite Vol-
ume Method [2] (FVM), have long been the standard in microelectronic simulation. While
proven effective in many domains, these methods often struggle when applied to problems
involving complex geometries, evolving boundaries, large deformations, or topological
changes, which results in severe mesh distortions and low element quality. In particular,
creating a mesh of sufficient quality leads to long preprocessing times. Remeshing strategies
can introduce numerical diffusion and loss of accuracy while increasing computational
demands. Additionally, enforcing boundary conditions across complex interfaces remains
challenging. These limitations can become problematic when simulating the capillary
underfill process, overmoulding encapsulation, crack propagation in the solder bump,
and interface delamination.

Of course, development of mesh-based methods has not stood still, and many improve-
ments have been made over the years to mitigate these problems. The Spectral Element
Method (SEM) is a FEM formulation that uses higher order basis functions to achieve better
accuracy [3]. While SEM can handle larger mesh distortions than FEM [4,5], the problem
is not eliminated completely. The extended finite element (XFEM) was introduced to ad-
dress discontinuities such as fractures. XFEM uses an additional degree of freedom to
approximate the discontinuity, eliminating the need for remeshing to describe the evolving
fracture [6]. However, XFEM requires additional techniques to track crack propagation
throughout the mesh, or unstable results will arise. The necessity of tracking algorithms
is seen as one of the major weak points of XFEM [7]. Convergence is still an issue, in part
due to deformed elements [8]. Arbitrary Lagrangian—Eulerian (ALE) methods, such as
ALE-FEM, use a moving mesh to keep the mesh aligned with the evolving boundaries [9].
This makes it well-suited for tracking the interface in Fluid-Structure Interactions [10] (FSI).
The ALE framework reduces the effects of distortions [11], but maintaining mesh quality
while continuously reconstructing the mesh is both error-prone and resource-intensive [12].

Meshless methods have emerged as a way to avoid the problems inherent to using
a mesh. For example, the Material Point Method (MPM) has been used to model high
velocity impacts [13] and the morphology of the debris cloud [14]. In these problems, large
deformations, complex geometries, and evolving boundaries can be captured without
the need for remeshing. Nevertheless, meshless methods are not immune to numerical
errors arising from irregular node or particle distributions. In fluid mechanics simula-
tion, particles can cluster along streamlines [15], which can reduce accuracy and stability.
Mitigation techniques are available to address these effects, such as the particle-shifting
technique [16] and the J-correction [17]. This highlights that meshless methods introduce
different numerical challenges compared to mesh-based approaches, while often providing
improved robustness in problems involving large deformation and evolving geometries. It
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is therefore important to choose a suitable method for the desired application. Throughout
the years, different methods have been proposed, each with their own advantages and
disadvantages. Which method is best suited to tackle the problems encountered during
the design, manufacturing and use of microelectronics remains an open question. Any
method must be robust under large deformations while also accurately capturing interface
behavior, effectively coupling multiphysics, and remaining computationally efficient in
three dimensions. The different methods share some commonalities; they deal well with
large deformation, complex geometries, and do not require remeshing, but they differ
greatly in other areas. For instance, Smoothed Particle Hydrodynamics (SPH) exclusively
uses purely Lagrangian particles to discretize the computational domain, while the Material
Point Method (MPM) uses a hybrid approach—Lagrangian material points together with
an Eulerian computational grid. The available meshless methods will be compared on five
different aspects: numerical performance, boundary enforcement, adaptivity, integrability,
and industrial applicability. From this evaluation, MPM is selected and its formulation is
explained in depth, and an overview of its commonly used variants is provided. The advan-
tages of MPM for microelectronic simulations are reviewed. Finally, the underfill process is
chosen to demonstrate the capabilities of MPM for the microelectronics field.

While several reviews discuss the theoretical and computational development of
the Material Point Method [18,19], an assessment of its suitability for microelectronics
simulation is currently missing. This review aims to bridge this gap by evaluating MPM and
related meshless methods specifically within the context of microelectronics applications,
demonstrating the advantages of MPM over other meshless techniques, and outline future
directions that could further enhance its role in the field.

2. Overview of Meshless Methods

Meshless methods have emerged as a powerful alternative when traditional mesh-
based methods struggle to find a solution. Unlike FEM or FVM, which rely on a mesh
to discretize the computational domain, meshless methods use a set of scattered points
to represent the geometry, store variables, and perform numerical computations. This
fundamental difference offers a range of advantages in problems where the domain under-
goes large deformations or topological changes, or where remeshing would be required.
As for mesh-based discretizations, there are various meshless methods with fundamen-
tally different approaches. Five different meshless methods are discussed here: Smoothed
Particle Hydrodynamics (SPH), Element-Free Galerkin (EFG), peridynamics, Radial Ba-
sis Function Finite Difference (RBF-FD), and the Material Point Method (MPM). They
are compared in five main areas: (1) ensuring convergence, consistency, and stability,
(2) enforcing boundaries, (3) enabling adaptivity, (4) coupling with other methods,
and (5) demonstrating industrial applicability. These five areas, dubbed the grand chal-
lenges by some [20], allow for a good comparison between the discussed methods. While
all criteria are treated equally in the comparison table, their relative importance depends
on what is being simulated. Convergence, consistency, and boundary enforcement are
directly related to accuracy, adaptivity affects computational efficiency while maintaining
accuracy, coupling allows leveraging complementary methods in different subdomains,
and industrial applicability reflects the practical utility and adoption of the method. An
overview of how each method performs across these five key areas is provided in Table 1.

The oldest method is SPH, originally developed for astrophysics [21], which utilizes
Lagrangian particles to discretize the domain. It has gained popularity in fluid dynam-
ics and impact modeling, particularly where large deformations and free surfaces occur.
Ensuring convergence, consistency, and stability is an important topic for any numerical
scheme, and SPH is no different. A problem particular to SPH is that its purely Lagrangian
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particles make formal analysis difficult. Boundary enforcement is problematic in SPH
due to its meshless and Lagrangian nature; in short, SPH does not have fixed points to
impose the boundary on. This leads to worries for conservation, stability, and solid wall
boundaries for complex geometries. Adaptivity refers to the ability of a numerical scheme
to use a different spatial resolutions throughout a domain. In mesh-based methods, this
would mean a finer mesh in some parts of the domain and a coarser mesh in other parts.
In SPH, almost all existing codes use a uniform resolution, reducing efficiency and ability to
simulate multiscale problems. Some efforts have been made, such as an Adaptive Particle
Refinement [22] (APR), but increased errors and robustness remain a challenge. Coupling
SPH to other methods, mainly FEM or DEM, is possible, but it requires complex coupling
algorithms, again due to the fully Lagrangian nature of SPH. The benefits of a coupled
solver are impressive enough that much work has gone into developing SPH-FEM [23] and
SPH-DEM [24]. The industry’s resistance is not unique to SPH, but a challenge to all
meshless methods. Apart from some novel problems, meshless methods will have to
replace existing mesh-based methods well established in industry. This requires mesh-
less methods to outperform existing methods in efficiency and the ability to simulate
complex multiphysics problems. Unfortunately, SPH is inherently more computationally
expensive, but accelerating it on CPUs or GPUs and improving convergence can reduce
simulation times.

The Element-Free Galerkin [25] (EFG) method uses Moving Least Squares [26] (MLS)
interpolation with a background grid structure to approximate the solution. It provides ac-
curate results even for steep local field gradients [27], making it attractive for solid mechan-
ics problems. It can be implemented in a fully Lagrangian, fully Eulerian, or an Arbitrary
Lagrangian—Eulerian (ALE) framework, allowing for an optimal description for different
physics. Nonetheless, numerical analysis is difficult, so it is hard to show proper conver-
gence, consistency and stability. Boundary enforcement always requires additional methods
such as a penalty method [28,29] or Lagrange multipliers [30,31]. The method is able to be
locally refined based on some criteria [32-34]. EFG has been frequently used in conjunction
with FEM [35-37], but has not been used together with other methods. Work with EFG
has primarily remained in the academic sphere, but actual use in industry is getting closer.
An EFG formulation is implemented in ANSYS LSDYNA EFG, which makes EFG one of
the few methods that has been implemented in commercial software. Multiphysics cou-
pling is possible in EFG [38,39], but is significantly more difficult when moving interfaces
(e.g., a fluid—structure interface) are involved [27]. It is being held back by accuracy,
efficiency, and ease of boundary implementation.

Peridynamics was developed for modeling discontinuities and multiscale analysis
of materials. It discretizes the domain with a point cloud, where the points interact with
other points within a certain horizon. This makes peridynamics non-local; it does not
exclusively interact with its direct neighbors. It is unusual that peridynamics uses integro-
differential equations instead of partial differential equations solved by most methods.
Its non-local nature and integro-differential formulations make formal analysis difficult,
but in some cases, good convergence can be shown [40]. Peridynamics suffers from errors
near boundaries and crack paths and requires additional methods to enforce boundary
conditions [41]. External loads have to be implemented differently because the boundary
traction does not appear in the equation of motion [42]. Dual-horizon peridynamics allows
particles to have different horizons throughout the domain, making adaptivity relatively
easy [43]. Other adaptivity methods are also available [44]. Peridynamics has been coupled
with FEM [45] and SPH [46] for hydromechanical fractures. It is heading towards fracture
analysis for industrial applications, but still needs to improve its efficiency by improving
its parallel computing abilities [47].
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The radial basis function-generated finite difference (RBF-FD) uses scattered node
stencils to approximate the solution [48]. Regarding convergence, consistency, and stability,
RBF-FD formulations commonly suffer from ill-conditioning, which can lead to instability
and convergence problems [49]. There are ways to address ill-conditioning by using hybrid
kernels at an increased computational cost [50]. For boundary enforcement, the error
depends on the number of boundary nodes and internal nodes, and the stencil size [51].
In terms of adaptivity, the unstructured node distribution naturally accommodates local
refinement, which is beneficial for resolving localized phenomena such as sharp gradi-
ents, moving interfaces, or evolving discontinuities, while maintaining computational
efficiency. More advanced refinement schemes through Thin Plane Spline (TPS) radial
basis functions [52] have also been proposed. RBF-FD has been coupled to FEM [53] and
the Finite Difference Method (FDM) [54]. The method has shown promise for solving
multiphysics problems, for instance in modeling the thermo-elasto-plastic physics in the
continuous casting of steel [55]. Additionally, it has been used in the geosciences [56],
and even economics [57].

The Material Point Method (MPM) stands out among meshless methods due to its
hybrid nature. In MPM, material is represented by a collection of Lagrangian particles that
carry state variables such as mass, momentum, and stress. These particles interact via a
background Eulerian grid, which is used temporarily to solve the governing equations.
After each time step, the grid is reset, avoiding issues with mesh distortion. This dual
representation allows MPM to capture large deformations and dynamic contact naturally
while maintaining the accuracy and stability of a structured solver. Formal analysis is diffi-
cult, but proper convergence has been shown in some cases [19,58]. Spurious oscillations
have long plagued MPM, but advances such as B-spline MPM, CPD], and stabilization
techniques have greatly reduced instabilities. Applying boundary conditions is easier
compared to pure particle methods, but still harder than FEM, because of the similari-
ties between the background grid and a conventional mesh. Adaptivity techniques from
mesh-based methods can be used without much alteration. Adaptive Mesh Refinement
(AMR) has been applied to MPM for hypersonic aeroelasticity problems [59,60]. Another
option is to use Truncated Hierarchical B-splines as done in [61]. MPM is well suited to
couple to other numerical methods when beneficial. It has therefore often been coupled
to FEM and DEM, but to more advanced mesh-based methods such as SEM-MPM [62].
A coupled MPM-SPH solver has even been proposed, because it would make it easier to
couple SPH with a mesh-based method [63]. The larger number of demonstrated couplings
does not necessarily indicate superiority over other meshless methods, but reflects the
flexibility and compatibility of the MPM framework. Such coupled approaches allow dif-
ferent numerical methods to be employed in different regions of a computational domain,
enabling the selection of the most appropriate discretization for each physical process.
This is particularly attractive for multiphysics simulations in microelectronics, where me-
chanical, thermal, and fluid phenomena may coexist. Notably, MPM has been used for
computer graphics applications in movies such as Frozen, Big Hero 6, and Zootopia [64].
These applications primarily focus on visually realistic animation rather than physically
predictive simulation. Nevertheless, developments originating from computer graphics
have significantly advanced the MPM framework. For instance, the widely used PIC-
FLIP scheme was introduced by Stomakhin et al. [65], originally developed to improve
the animation of snow. Such developments have subsequently contributed to improved
numerical stability, efficiency, and robustness, which are also valuable for microelectronics
applications. While adoption in computer graphics does not directly validate MPM for
engineering applications, it demonstrates the scalability, algorithmic maturity, and parallel
performance of MPM implementations at large problem sizes. In an engineering context,
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MPM has been used for additive manufacturing [66], explosive welding [67], avalanches,
dam-breaks, machining [68-70], impact mechanics [71-73], soft tissue mechanics [74,75],
composites [76], forging [77,78], soft robotics [79], and sintering [80]. Additionally, MPM is
generally more efficient than SPH, because it does not require the computationally expen-
sive particle search algorithms necessary in SPH. Parallelizing MPM is made much easier
due to the Eulerian grid, and is done in many of the open-source MPM codes available,
such as Uintah [81], Karamelo [82], CB-Geo [83], and Taichi MPM [84]. MPM is, therefore,
not only able to handle the complex multiphysics encountered in many industrial problems,
but also able to simulate them with good efficiency.

Table 1. A comparison of different meshless methods.

Convergence . . .
. ! Boundary .. Coupling with Industrial
Method Cons1s.t?ncy, Enforcement Adaptivity Other Methods Applicability
Stability
Has been shown, No fixed point for APR implemented, SPH-FEM, Currently too
SPH but formal boundary e
 ere but leads to errors SPH-DEM inefficient
analysis difficult enforcement
Available in
EFG Formal analysis Requires additional Strain gradients, FEM commercial software,
difficult methods h-adaptivity but not great
for multiphysics
Has been shown,  Requires additional . For fractures only,
. . Dual Horizon .
Peridynamics but formal methods, prone . . FEM and SPH but needs improved
o eces peridynamics .
analysis difficult to errors parallel computing
Dependent on
Ill-conditioning a number of internal
RBF-FD problem, but can and boundary Ur?oséiict;l;gd FEM and FDM mSlct)i()if(;I;cs
be mitigated nodes, and the ! phy
stencil size
Has been shown, Easy on the grid, on Unstructured MPM-FEM, Esta?bhs'hed mn
. o . MPM-DEM, graphics industry,
MPM but formal particles similar background grid, SEM-MPM shows promise for
analysis difficult to SPH AMR, THB-MPM SPH-FEM many applications.

3. The Material Point Method

The Material Point Method has not seen any use in the microelectronics field, so
we expect some readers may be unfamiliar with the method. Therefore, in this section,
we provide an explanation of MPM. The hybrid Lagrangian—Eulerian description and its
advantages are discussed. Then, the computational procedure MPM uses to achieve this
hybrid approach is detailed.

3.1. Hybrid Lagrangian—Eulerian Description

To explain the benefits of employing a hybrid Lagrangian—Eulerian description
(i.e., MPM), the advantages and disadvantages of both must first be examined individually.
Start with a purely Lagrangian description, where the integration points move with the
displacement field. The advantage of this is that it can capture complex geometries, can
track deformation explicitly over time to more accurately capture morphological changes,
and can capture and track interfaces and free surfaces. The disadvantage of the Lagrangian
description is that the moving integration points have to be tracked, increasing computa-
tional cost. Additionally, the shape functions need to be continually reconstructed, slowing
the simulation down further. Moreover, when simulating fluids, Lagrangian particles tend
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to move along streamlines leading to particle clustering and increased quadrature errors,
while in other regions, it becomes too sparse, decreasing resolution and accuracy [15].

The Eulerian description is, in some sense, the opposite of the Lagrangian. The inte-
gration points are fixed in space and the displacement field is free to move around in the
computational space. The advantage of this approach is that the shape function does not
have to be reconstructed and the imposition of the boundary conditions can be applied
explicitly. Furthermore, it has a simpler data structure with regular and predictable memory
access patterns, making parallelization easier and increasing efficiency. However, the dis-
advantages are that it requires additional techniques to track interfaces and free surfaces,
and it cannot capture the details in morphological changes. Additionally, the Eulerian
approach is not suited for splitting and merging the computational domain, such as in
fractures or anti-fractures.

One notices that the two descriptions are often complementary. The Eulerian is more
efficient, easier to parallelize, and has easier implementation of the boundary conditions,
but has trouble dealing with interfaces, free surfaces, and morphological changes. While the
Lagrangian is useful for tracking interfaces, free surfaces, boundaries, and morphological
changes, it is harder to parallelize, and has a higher computational cost and more complex
boundary causality. Therefore, the hybrid approach used in MPM is able to achieve the
best of both worlds.

3.2. Computational Procedure

The hybrid Lagrangian—Eulerian description used in MPM is achieved by a set of pure
Lagrangian points and Eulerian nodes on the computation grid. The domain is discretized
using the grid and 1, points, as shown in Figure 1a. The material points contain mass
my (p =1,2,...,np), position x;, velocity v;, volume Vé, deformation gradient F!, Cauchy
stress tensor 0’;,, temperature T]f,, and any other variable required for the constitutive
model. Next, the type of shape function ¢; and its gradient V¢; must be decided upon.
The choices are linear, quadratic B-splines, cubic B-splines, or Bernstein shape functions [85].
The relation between the material points and the grid nodes can then be determined, to map
information to the nodes as in Figure 1b. The point masses can then be mapped to the
nodes as

mh = qubl(x;,)mp, 1)

where the subscript I and p indicate the nodal and point value, respectively. The nodal
momentum is calculated as

(mo)h = Zp(pl(x;)(mv);, ()

and the nodal force as

f1 = Zpl¢r(x)mpb(x,) — Voo, Vi (x;,)], 3)

where b is the body force. The grid momentum can now be updated, as shown in Figure 1c.
The updated momentum is found to be

(mo)|™A = (mo)} + Atf], (4)

~t+At

where ¢, is a predictor velocity. The boundary conditions can now be applied on the

grid, for example, on the boundary nodes I, as (mﬁ)é:‘Af

double mapping to find the grid velocity. Therefore, a predictor velocity is isolated with

= 0. The procedure here uses

the nodal mass first as
ﬁ?‘Af _ (mz?)t+At/m§. (5)
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The updated particle velocity can now be found using a combination of the Particle
in Cell (PIC) method and the Fluid Implicit Particle (FLIP) method, first introduced by
Stomakhin et al. [65] as

o) Y = (L= 0) Drlxp)af ™ 4w, Ko 0} o), ©)

t+At

where 0 < & < 1. The updated grid momenta (mwv);" " are recalculated using (2), but now

with the updated particle velocities. The boundary conditions are reapplied on the grid,
and the nodal velocities are again isolated as in (5). One notices the particle velocity has
now been mapped to the grid twice, hence the name double mapping. The next step is to
use the nodal velocities v?rAt to calculate multiple particle variables, as in Figure 1d. Start
with the gradient velocity, which is found as

LA = 5,V (x0T, @)
which can be used to find the gradient deformation tensor with
EPA = (14 LA E, €
The determinant is used to find the updated volume as

VA = det(F, ) V). )

(d) (e) ()

Figure 1. A schematic representation of the Material Point Method: (a) Initial state. (b) Particles to
Nodes. (c) Grid update. (d) Nodes to Particles. (e) Particle update. (f) New step.

Now, the particle stresses are updated using a constitutive model by

EEAE ot
o, V=0, + Acy. (10)
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The particles are moved to their new positions using
xbFA = b b AP (x) )0l TA (11)
4 4 I¥I\Ap )Y ’

as shown in Figure 1f. The grid is reset (i.e., mtl =0, (mv)tl =0, fIt = 0) and the time is
advanced by t = t + At. The procedure starts again from (1) until the end time is reached.

3.3. MPM Variants

The original MPM formulation used linear basis functions ¢ based on the grid
spacing & as
1—@, if |[x —x;| <h,

pr(x) = (12)

0, else,

where x7 is the nodal position. The gradient basis function V¢ is

%/ ifXI_hS.xSXI,

Vo(x) =4 -4, ifxy <x<x+h (13)

0, else

For higher dimensions, a tensor product of the 1D functions is taken as

V¢I<x>¢1<y>1‘ 1)

¢r(xy) = or(X)p1(y), Vil y) = [¢1(x)v¢1(y)

The original MPM formulation is, however, rarely used without additional sta-
bilization techniques, because it is only CY continuous. The discontinuous deriva-
tive causes cell-crossing instabilities to occur when material points move into a new
cell. This results in erroneous stress solutions and oscillations in the pressure term.
To illustrate spurious oscillations in linear MPM, we consider the Helmholtz problem
V2¢ — ¢ = — (272 + 1) cos(7tx) cos(rry) on the unit square [0,1] x [0, 1], with Dirichlet
boundary conditions prescribed from the exact solution ¢exact(X,y) = cos(7x) cos(my).
The resulting oscillations are clearly visible in Figure 2a. In order to mitigate the cell-
crossing instabilities, improvements to MPM have been proposed. They include higher
order basis functions, such as quadratic or cubic B-splines, the Generalized Improved
Material Point (GIMP) method, Convected Particle Domain Interpolation (CPDI), and the
Total Lagrangian Material Point Method (TLMPM).

The B-splines in MPM [86] are based on a knot vector & = {{1,82, .., {urpy1} with
knots ¢ < &2 < -+ < Guypt1, Where 1 is the number of basis functions and p the
polynomial degree. The zeroth order B-spline p = 0 is given by

1/ if i > i+1s
¢i,p<é>={ H6i <€ < Gi (15)

0, else,

but is only used to determine higher order B-splines. For degrees p > 1, the basis functions
are given by the recursion scheme [87]

§i+p+l -G
Citp+1 — Git1

$ip(8) = iqbi,pfl(é) +

" Ciyp— G Piv1,p-1(8), (16)

https://doi.org/10.3390 /math14050866


https://doi.org/10.3390/math14050866

Mathematics 2026, 14, 866

10 of 24

wherei =1,2,...,¢,1,11 and 0/0 is set to 0. The derivative of the B-spline function is
provided by the recursive

p

p
Vi (&) = ——ip1(8) — ————¢it1p1. 17
¢I,P(g) gi-{-p o gi (PZ,P 1(6) €i+p+] o €i+1 (PH—].,p 1 ( )
The most common B-splines used in MPM are quadratic (p = 2) and cubic

(p = 3), which are at most c?~! continuous at a knot. For a knot with multiplicity k,
(i.e., how many knot values ¢; are equal), the knot is C? —k continuous. Therefore, the B-
splines are less sensitive to cell-crossing errors and oscillation (Figure 2b) as the original
linear basis functions. However, some authors have noted MPM with higher order basis
functions suffer more from early contact issues [88,89]. Early contact arises from the support
domain of the basis functions relative to the background grid resolution. Interacting bodies
or fluid fronts may detect contact once their support domains overlap, which can occur
before the physical surfaces coincide. This effect is more pronounced for coarser grids or
higher order basis functions, where the support radius is larger. Grid refinement reduces
the magnitude of this effect by decreasing the effective support size, but does not eliminate
it entirely. Early contact may be an issue in microelectronics, for instance when simulating
the underfill flowing around the solder joints.

¢ Linear

¢ Cubic Bspline

0.9

08

07

06

04

03

0.2

0.1

0.2 04 06 0.8
X X

@ (b)

Figure 2. Helmoltz equation V2¢ = —k2¢ with MPM: (a) Linear basis function. (b) Cubic B-spline.

GIMP [90] uses linear basis functions, but treats the material points as small domains
Q) inside Q). These domains are squares in 2D and cubes in 3D. With the inclusion of
particle domains, the GIMP weighting function becomes

1

GIMP

_ L X dx, 18

o) = g [ B )
where ¢;(x) is the linear shape function Equation (12). Although it is theoretically possible
to use B-splines, to the best of the authors knowledge, this has not been implemented.
The characteristic function x,(x) is

1, ifxeQy,
Xyx) =4 TR (19)
0, ifx ¢ Qy,
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which automatically satisfies the partition of unity ), X;)(x) = 1, Vx at the initial state.
The gradient weighting function for GIMP is given by

gimp _ 1
vop = o /me X (x) Ve (x)dx. (20)

Unfortunately, GIMP has two major disadvantages. First, shear deformation and
rigid body rotations cannot be computed because the particle domains remain rectangular
throughout the simulation. This limitation may reduce physical relevance for microelec-
tronic processes involving large shear, such as underfill flow around solder joints. Second,
partition of unity is not guaranteed for the whole simulation time. Particle domain may
overlap ), X} (x) = 2 or there may be discontinuities ), X} (x) = 0, introducing significant
errors. Nevertheless, GIMP has significant advantages over the original MPM formulation
and has thus seen frequent use.

The logical next step is to use variable particle domains, so the partition of unity can be
preserved. Sadeghirad et al. [91,92] proposed the Convected Particle Domain Interpolation
(CPDI), which uses quadrilaterals instead of rectangular particle domains. The shape
functions for the second order CPDI are

pCPPL — 1 i{
I %

P a=1

/Q Na(x)gr(x0)d0 |, 1)

4

where « denotes the four corners of the quadrilateral, N, the FEM shape function for
a quadrilateral element, and ¢;(x}) the standard MPM shape functions to interpolate
particle position x;, to corner x,. Usually, the linear shape function Equation (12) is used,
but recently, the B-splines have been implemented [93]. The gradient shape function for
CPDl s given as

1 4
VpCPDI — 7;;,; Uﬂp VN, (x)¢;(x5)dQ2|. (22)

Despite the advantages over GIMP, there are some problems associated with CPDI.
In highly distorted cases, a material point can pass through another without interacting.
This may affect simulations involving extreme deformation or thin material regions. It can
be resolved by particle splitting, that is locally increasing the particles per cell [94].

The last variant of MPM to be discussed here is the Total Lagrangian Material Point
Method (TLMPM), originally proposed by Renaud et al. [95] and later developed by De
Vaucorbeil [96]. In TLMPM, the stresses and strain are determined with respect to the
reference configuration. This eliminates any problems with cell-crossing instabilities or
numerical fracture. Currently, linear, B-splines, and Bernstein basis functions have been
implemented in TLMPM, allowing for accurate and stable simulations. However, when
spatial coordinates are required (e.g., contact), the material reference frame needs to be
mapped to the spatial frame. Contact now demands additional algorithms to satisfy the
non-penetration condition [97].

4. The Material Point Method for Microelectronics

The Material Point Method has several advantages which make it attractive for simulat-
ing microelectronic systems. Many processes in microelectronics involve complex, transient
phenomena such as large material deformations, evolving interfaces, and strongly coupled
multiphysics interactions, which pose significant challenges for conventional mesh-based
methods. MPM provides a flexible and robust framework for addressing these challenges,
but has not seen much use in microelectronics. Table 2 shows that it is a common topic in
geomechanical applications and studies on numerical improvement (i.e., improving the
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method without a specific application in mind). The following paragraphs discuss the key
advantages of MPM in the context of microelectronic applications.
Robustness in the presence of large deformations

Many processes in microelectronics involve materials undergoing large deformations,
including flow during encapsulation, solder reflow, and displacements during manufac-
turing and operation due to thermo-mechanical effects. Mesh-based methods often suffer
from a loss of accuracy in such regimes due to mesh distortions and frequent remeshing.
One of the most significant benefits of MPM is its robustness in the presence of large
deformations. Since the computational grid is reset each step, MPM avoids mesh distortion
and numerical instability typical of mesh-based methods. This is especially relevant for
processes such as encapsulation, where the wire sweep causes significant mesh distortion,
or crack propagation, where sudden discontinuities appear. However, the traditional MPM
algorithm suffers from cell-crossing instabilities. While its variants discussed in Section 3.3
mostly resolve these instabilities, they come at an increase in computational cost because of
the increased particle support domain. Nevertheless, these variants remain widely used
in practice, including in the studies summarized in Table 2. Additionally, if the particle
density is not sufficient, numerical fracture may occur. This is when the distance between
material points can exceed the particle support domain. It can be mitigated by increasing
the particle domain, for example, by using BSMPM. In extreme cases, it will require particle
redistribution. TLMPM was developed in part to resolve the problem of numerical fracture.

Table 2. The topic addressed in MPM literature from different research groups.

Interfaces &

Group MPM Variant Physics Boundaries Contact Algorithm Application
Soga [98-100]  BSMPM, TLMPM  Fluid, Solid, FSI Free surface Standard MPM Numerical,
contact geomechanical
] Additive
Lian [66,101,102] MPM, MPM-FEM Thermo-FSI Free surface Hertz .
manufacturing
Molinos [100,103— LME-MPM, Solid Fractur Standard MPM Numerical
105] TLMPM ot ctures contact ence
Qian[106-110]  BSMPM, LESCM Fluid, FSI Free surface Sta“foalfai\fPM Offshore
Pei Free surface Contact force
GIMP, MPM-DEM  Fluid-particle, FSI . ’ with ghost Geomechanical
Zhang [111-115] slip-boundary DEM particle
Point-to-point,
Sang [89,116-118] GIME, BSMPM, Solid, particle Free surface point-to-segment, Geomechanics
MPM-FDM
penalty method
Sun [119-123] BSMPM FSI Eree surface, ngrange .multlph.ers Geomechf?mlcal,
slip boundary with Greville abscissa numerical
Moutsanidis [58, . . . . L. .
124-127] BSMPM, TLMPM Solid, fluid Free surface Velocity discontinuity Numerical
Tran [128-131] GIMP, ICE-MPM  Fluid, FSI, Thermal Free surface Coulomb Geomechanical
Vaucorbeil [18,52, TLMPM Solid Fracture Particle-to-particle Numerical

96,97,132-135]

History-Dependent Behavior

Materials and processes encountered in microelectronics exhibit strongly history-
dependent behavior, such as plastic deformation, viscoelasticity, damage evolution,
and temperature dependent material response. Accurate simulation of these phenom-
ena requires the consistent tracking of internal state variables over time. Storing all material
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properties on the material points enables the tracking of history-dependent variables such
as stress, plastic strain, temperature, and damage [132]. This allows for highly localized and
physically consistent modeling of material behavior, which is critical in devices where fail-
ure often initiates in small regions due to stress concentration or thermal gradients and CTE
mismatch. However, one should be careful with the storage and computational overhead
required for tracking all these historical variables. The modeling of a thermomechanical fail-
ure may include storing temperature history, plastic strain, and damage variables for each
particle. For high-resolution simulations, this can have significant memory requirements.
Moving Interfaces and Evolving Boundaries

In addition, MPM naturally accommodates moving interfaces and evolving bound-
aries, such as free surfaces in fluid mechanics, without requiring remeshing or complex
interface elements. This is reflected in the research summarized in Table 2, where free-
surface problems are commonly addressed. MPM has a long history with modeling fluid
mechanics. Originally based on PIC, which was intended for fluids, modeling fluids with
MPM goes back to its roots. There are, however, still issues limiting the application of MPM
for fluids, so it is a popular topic of research, as shown in Table 2. Spurious oscillations
present in the original MPM can cause instabilities and errors, so a lot of recent work
has been done to improve the performance of MPM when simulating fluids. While some
of the problems of the original MPM implementation can be mitigated with improved
variants, such as GIMP or CPDI, and more advanced basis functions (e.g., B-spline [136]),
there are authors working on improving the flow properties themselves. Stabilization tech-
niques are implemented to reduce the pressure oscillations, such as a polynomial pressure
projection [137], assumed gradient method with volumetric averaging [138], the Varia-
tional Multiscale (VMS) method [98], operator splitting with hourglass dampening [139],
and fractional-step [99], which are employed to stabilize the pressure in MPM. It should be
noted that while these stabilization techniques improve the results, they can significantly
increase the computational time.

In MPM, the advancing flow front is represented directly by the distribution of parti-
cles [119], which naturally conforms to the domain geometry and evolves over time [127].
While the pressure on the free surface can be enforced with a Dirichlet boundary condi-
tion [140], in [139], a level set function is used to apply the pressure boundary condition
and improve the tracking of topological changes on the free surface. He et al. [141] uses
the ghost fluid method to enforce the pressure boundary at the free surface. Generally,
MPM does not demand dedicated methods for tracking the free surface because of its
Lagrangian nature, but it benefits from more stable pressure results (i.e., fewer spurious
oscillations), as shown in [105], which uses a Local Maximum-Entropy with a predictor—
corrector scheme to mitigate pressure oscillations. Another difficulty that MPM experiences
with simulating advancing flow front has to do with the Lagrangian nature of the material
points. They tend to cluster along streamlines, which can lead to significant errors and even
violate conservation of mass and momentum [98]. In SPH, this is often resolved by using
Particle Shifting Techniques (PST) [15], which can also be applied to MPM [16]. However,
as Chandra et al. [98] note, this is not desired in MPM, as the nearest neighbor search
algorithm required will significantly increase the computational cost. The J-correction
scheme proposed by Baumgarten et al. [17] seems to reduce the particle clustering in MPM
at a reduced cost when compared to PST.
Contact

Another important advantage of MPM is its handling of contact. Since particle infor-
mation is mapped to the background grid, contact between different bodies is automatically
detected and resolved through their shared use of grid nodes. This implicit treatment
often leads to stable, non-penetrating, and non-slip contact behavior without the need for
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explicit interface tracking or contact detection algorithms. Table 2 shows the standard MPM
contact is frequently used. However, dedicated contact algorithms are used because in
some cases, the standard contact algorithm can suffer from premature contact. This is when
particles from different bodies influence the same grid nodes before true physical contact
occurs [100]. This effect is more pronounced for advanced interpolation functions, such as
CPDI and B-spline, because nodes further away from the material point are affected [89].
Although early contact can be mitigated by decreasing the grid spacing, it will increase
computational cost. Various enhancements have been proposed, a DEM-based contact
algorithm in [141], inclusion of boundary vertices in [142], particle-particle contact [97],
and a distance-based criterion [123]. These extensions make MPM more robust and reliable
when simulating contacts in microelectronics.
Multiphysics

Microelectronics often involves interactions between mechanical, thermal, fluids,
and other physics. The facilitating of multiphysical domains in MPM is done through its
modular formulation. A material point is assigned a material type, such as a solid, a dif-
ferent solid, or a fluid. The material type can even be changed during the simulation [66],
which is relevant for melting or solidification. Since all material points share a mutual
computational grid, the interaction between different materials is automatically completed.
It should be noted, however, that in some cases, solids and fluids are not interpolated
to the same grid. This approach is commonly referred to as the two-phase two-point
MPM [141,143,144], but only sees use in porous media flow. While such formulations
improve phase separation, they increase algorithmic complexity and computational cost.
Furthermore, their applicability beyond porous media remains relatively limited, restricting
their adoption in broader microelectronics multiphysics simulations. Several groups have
incorporated thermo-mechanical and fluid—structure interaction, as summarized in Table 2.
Since the temperature is stored at the material points and interpolated to the same grid,
MPM can include thermomechanical effects [145-147]. However, the explicit time stepping
in MPM requires very small time steps. To avoid this, more complicated fractional step
algorithms [148,149] or iterative solvers [150] must be used. Thus, MPM can investigate
common reliability problems such as cracking caused by temperature cycling or thermal
shock [151]. Similarly, fluid-structure interaction (FSI) can be captured by representing both
fluids and solids as separate particles interacting via the shared grid. Here, the automatic
no-slip contact inherent to MPM comes in handy, so MPM has been frequently used for
solving FSI without any additional contact algorithms [106,110,152]. However, prema-
ture contact may become a problem when using a coarse grid distribution. Additionally,
when one opts for a coupled MPM-FEM solver, the automatic contact disappears and an
algorithm, such as weighted tracing points [101] or immersed boundaries [140,153], is
required to track the fluid—structure interface. Despite these advantages, achieving robust,
accurate, and computationally efficient multiphysics coupling in MPM remains an ongoing
research challenge.

To demonstrate the usability of MPM for microelectronic devices, the next part de-
scribes the use case of voiding in underfill materials.

Use Case: Voids in Underfill

The Material Point Method has certain advantages over other meshless methods, and
significant improvements have been made to its stability, efficiency, and accuracy. It can
simulate fluids, flow fronts, contacts, multiphysics, and dynamic loading. This gives the
impression that MPM is a mature method with few changes happening to it. However,
the development of MPM is continuing and is a frequent subject of research. To illustrate
the continuing need for MPM improvements, we present a step-by-step simulation of
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Underfill

the capillary underfill process that highlights the method’s challenges. Underfill is used
to protect the connection between a semiconductor device and the printed circuit board.
The underfill process starts with a chip mounted to the substrate with solder joints. The un-
derfill is dispensed along the sides of the chip, where it flows underneath the chip through
capillary action, as illustrated in Figure 3a. For a successful filling, the underfill needs to
navigate around all the solder joints and completely fill the gap between chip and substrate
without leaving any voids. An example of an unsuccessful underfill is shown in Figure 3b.
Once filled, it is placed in an oven where the underfill material solidifies, a process known
as curing [154].

Solder joint

(a) (b)

Figure 3. Underfill process: (a) Underfill dispensing with capillary flow front. (b) Result of an
incomplete underfill where voids are present.

A simulation of this process must be able to predict: (1) how long it takes to fill
the gap between chip and substrate, (2) if voids occur during the process, including
their position size and shape, (3) the residual stress left behind on the solder joint and
substrate after curing, and (4) the fracturing of the underfill during the lifetime of the
microelectronic device. It must also be able to simulate this with reasonable efficiency.
A mesh-based simulation of a simplified package was conducted in [155], but it requires
extensive remeshing and is not always accurate. To the best of the authors” knowledge,
a fully coupled MPM simulation of the complete underfill process has not yet been reported
in the literature. The following discussion therefore evaluates MPM capabilities in terms of
the individual physical phenomena required for underfill prediction and assesses which
components have been demonstrated and which remain open research challenges. An
MPM simulation can improve the flow results because, as already discussed previously,
it can simulate fluids and the free surfaces, as well as the contact between underfill and
solder joints. It can do this without the need for remeshing. The capillary flow is driven by
a pressure gradient between flow front and inlet given by the equation [155]

_ 20cos®

where ¢ is the surface tension, 6 the contact angle, and / the distance between chip and
substrate. Accurate prediction of the surface tension ¢ requires accurate stress, and thus
pressure, results throughout the simulation. Implementing stabilization techniques, such
as VMS [98], can greatly reduce the spurious pressure oscillations. It should be noted
that (23) assumes steady-state capillary equilibrium with constant surface tension and a
static contact angle. Extensions of MPM toward more advanced wetting descriptions have
been reported in the literature. For example, contact angle specification through surface
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tension ratios has been implemented in [156], while surface tension values consistent
with prescribed contact angles have been explored in [157]. Furthermore, non-Newtonian
flow has been modeled with MPM (e.g., [158]). Fully coupled thermo-capillary effects,
including temperature dependent surface tension and dynamic contact angle hysteresis,
would require additional thermomechanical coupling and dynamic wetting models. While
feasible within the MPM framework, such extensions increase model complexity and are
beyond the scope of the present review.

Stabilized MPM might be sufficient to predict filling times, but that still leaves the
question of void predictions. The literature shows voids in the underfill most commonly
form due to merging flow fronts. The underfill flows around the solder joints and merges
behind it, so that is where most voids are found. From a numerical perspective, this re-
quires a finer discretization close to the solder joints and coarser resolution further away to
reduce computational cost, so increasing the adaptivity of MPM is desired here. Truncated
Hierarchical B-splines [159] (THB) can be a solution here. Hierarchical splines allow the
background grid to be refined locally. Truncation maintains partition of unity, ensuring that
conservation properties are preserved across refinement levels. In typical implementations,
hierarchical refinement is performed dyadically, such that each refinement level reduces
the element size by a factor of two relative to the coarser grid. This enables local resolution
enhancement where the merging flow fronts and void formation occurs without refining
the entire computational domain. Consequently, THB refinement can reduce the overall
computational cost compared to a uniformly fine discretization while still resolving the
characteristic void length scales. While MPM has demonstrated free surface tracking, pre-
dictive void formation in realistic underfill geometries remains an open research problem.
Once the filling time and void formation have been predicted, the underfill is cured. Heat is
applied solidifying the underfill, which shrinks during the process. Any MPM simulation
of the curing needs to include this phase change. Within MPM, the phase change can be
incorporated by assigning temperature-dependent constitutive behavior to material points,
allowing viscosity, stiffness, and density to evolve with temperature. In [66], the material
properties in a given cell are determined by § = atpgq + (1 — a)l[)liquid, where ¥ is any
material property and a the volumetric fraction. Intermittent stages can be included as well,
for example, the glass transition phase. However, the underfill does not shrink uniformly,
or more accurately, the temperature increases first at the outer edges and then conducts
inwards. Part of the underfill solidifies and shrinks, moving the still liquid underfill into
the created space. It is important to include this effect because it will have a significant
effect on the eventual size and shape of the voids and the resulting stresses. Simulating this
requires solving thermal—fluid-structure interactions with phase changes. This introduces
additional numerical challenges, particularly near the moving solidification front, where
strong contrasts between liquid and solid behavior can lead to increased time step sensitiv-
ity. The critical time step for solid mechanics problems is much smaller than for fluid and
heat transfer problems. Hybrid MPM-FEM formulations could be advantageous in this
context, using MPM for the liquid underfill and FEM for lightly deforming regions such as
the already solidified underfill. This can reduce computational cost while leveraging the
strengths of both methods [102]. MPM has shown promise in solving similar multiphysics
problems in additive manufacturing [66], suggesting feasibility for underfill curing.

MPM is a good candidate for the prediction of crack propagation in the underfill. It has
been used extensively for fracture simulations in a variety of problems. Recently a study was
made on crack propagation in the underfill using MPM. Underfills with voids of different
sizes and relative distances were modeled using a Johnson—-Cook damage model [160].
Figure 4 clearly shows the stress concentrations due to the presence of the voids. These
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concentrations shift when a crack appears, which causes the crack to propagate further into
the underfill, eventually leading to the failure of the device.

Simulating the underfill process with MPM involves multiple length scales, from the
mm-scale package and solder joints down to micron-scale voids. Capturing fine features
such as voids behind solder joints therefore requires high spatial resolution locally, which
can dramatically increase memory and processing requirements. Adaptive or hierarchical
grid strategies, such as THB splines, allow refinement only in regions of interest, reducing
the total point count while maintaining accuracy in critical areas. Despite these strategies,
fully resolving all relevant scales in a realistic package remains computationally chal-
lenging, and multiscale MPM simulations of industrial underfill processes are currently
in development.

@)

(b)

Figure 4. Stress concentrations in the underfill, based on simulation results reported
in [161]: (a) Initial stress state of the underfill. (b) Stress state after fracture. (c) The fracture
propagating through the underfill.

5. Conclusions

This review assessed the suitability of MPM for addressing the simulation challenges
in the microelectronics industry, beginning with an overview of the strengths and weak-
nesses of prominent meshless methods. SPH, EFG, peridynamics, RBF-FD, and MPM
were compared in five areas: (1) convergence, consistency, and stability, (2) boundary
enforcement, (3) adaptivity, (4) coupling, and (5) industrial applicability.

Regarding convergence, consistency, and stability, all reviewed methods demonstrate
reliable performance in specific applications, though formal analysis remains challenging
due to moving integration points or nonlocal formulations. Stabilization strategies have
been developed across methods, with recent MPM variants (e.g., BSMPM, CPDI, TLMPM)
significantly improving robustness. For boundary enforcement, purely particle-based
methods such as SPH and peridynamics face greater challenges due to the absence of fixed
boundary nodes, often requiring additional techniques. Methods with background grids,
such as EFG and MPM, benefit from structured integration frameworks, although boundary
treatment remains more involved than in classical FEM.

In terms of adaptivity, meshless discretizations naturally allow nonuniform node or
particle distributions. However, practical implementation varies: SPH and peridynamics
require additional refinement strategies, while grid-based approaches such as MPM can
leverage established adaptive mesh refinement techniques. With respect to coupling, all
methods have demonstrated hybrid formulations, most commonly with FEM. MPM has
been coupled to a comparatively wide range of numerical schemes, reflecting its flexibility
in multiphysics settings. Concerning industrial applicability, all meshless methods face bar-
riers to widespread adoption due to the dominance of established mesh-based tools. While
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implementations exist in research and selected commercial environments, broader indus-
trial integration requires continued improvements in computational efficiency, robustness,
benchmarking, and validation.

The second part of the review examined MPM variants, including BSMPM, GIMP,
CPDI, and TLMPM, which were developed to mitigate spurious oscillations and improve
consistency and stability. These advancements have enabled MPM to address increas-
ingly complex multiphysics problems involving large deformations, evolving interfaces,
and phase changes. The underfill process was used as a representative microelectronics
use case to illustrate how MPM'’s characteristics align with simulation challenges, such as
free surface flow, void formation, thermomechanical coupling during curing, and residual
stress development. While these capabilities suggest that MPM is a promising framework
for such applications, full scale simulations remain computationally demanding. In partic-
ular, rigorous benchmarking against established mesh-based approaches and experimental
validation for microelectronics applications are still limited in the literature.

Overall, MPM offers a framework capable of handling large deformations, mov-
ing interfaces, history-dependent material behavior, and multiphysics coupling within
a single formulation. Continued development in theoretical analysis, adaptive refine-
ment, and large-scale computational efficiency will be essential to transition MPM from
promising research methodology to a widely adopted industrial tool in microelectronics
reliability analysis.
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