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ARTICLE INFO ABSTRACT
Keywords: Residual stresses and distortions are major barriers to the broader adoption of wire arc additive
Multi-axis additive manufacturing manufacturing. These issues are coupled and arise due to large thermal gradients and phase

Wire arc additive manufacturing
Fabrication sequence optimization
Topology optimization

transformations during the directed energy deposition process. Mitigating distortions may lead
to substantial residual stresses, causing cracks in the fabricated components. In this paper,
we propose a novel method to reduce both residual stresses and distortions by optimizing
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Residual stress the fabrication sequence. This approach explores the use of non-planar layers, leveraging the
increased manufacturing flexibility provided by robotic arms. Additionally, our method allows
for the concurrent optimization of the structural layout and corresponding fabrication sequence.
We employ the inherent strain method as a simplified process simulation model to predict
residual stresses and distortions. Local residual stresses are aggregated using a p-norm function,
which is integrated into distortion minimization as a constraint. Through numerical examples,
we demonstrate that the optimized non-planar fabrication strategies can effectively reduce both
residual stresses and distortions.

1. Introduction

Additive manufacturing has advanced rapidly in the past two decades. An important recent advancement is the introduction of
robotic arms for 3D printing, which enables the production of large parts. In contrast to a fixed build orientation in Cartesian-type 3D
printing, robotic arms provide rotational motion, further increasing manufacturing flexibility. By continuously adjusting the build
orientation, robotic systems enable the deposition of material along non-planar layers, offering the possibility to avoid supports
and improve manufacturing quality. These robotic systems have been employed for printing with both polymers and metals—using
material extrusion for polymers [1,2] and directed energy deposition techniques like wire arc additive manufacturing (WAAM) for
metals [3-5]. WAAM, also known as wire arc directed energy deposition (WA-DED) [6,7], combines traditional welding methods
with modern additive manufacturing principles. It typically uses an electric arc as the heat source to melt a metal wire and deposit
it layer by layer to build 3D components. It offers a cost-effective and efficient solution for producing large, customized metal parts,
often with complex geometries that are impractical to achieve with conventional manufacturing.

However, the adoption of WAAM in critical industries is hindered by several challenges, particularly residual stresses and
distortions [8-10]. As a directed energy deposition process, WAAM involves high energy input, large thermal gradients, multiple
phase transformations, and repeated heating and cooling cycles. These factors result in significant residual stresses and distortions
in the fabricated components. The residual stresses can lead to cracking [11] and large deflections during fabrication as well as
upon unclamping [12]. Consequently, residual stresses compromise the reliability of the parts, while distortions often render them
unusable without extensive and costly post-processing.

From a manufacturing perspective, various strategies have been employed to mitigate residual stresses. These include adjusting
process parameters such as scanning speed, cooling rate, and welding mode [13], as well as implementing in situ temperature
control to reduce temperature gradients [12]. Additionally, post-process treatments such as annealing and rolling [14-17] are also
commonly used. However, these measures often require significant upgrades to the entire system, which can be impractical due to
the large scale of the parts and the constraints of existing manufacturing setups.

Residual stresses are closely related to the structural design. Design guidelines to avoid excessive distortions and residual stresses
have been proposed for relatively simple geometries [5,18,19]. For complex continuum structures, structural optimization has
been pursued to address these issues, primarily for Cartesian-type 3D printing based on powder beds. Allaire and Jakab¢in [20]
proposed a thermo-elastic model to predict the accumulation of residual stress and distortion, and integrated it into shape and
topology optimization. Similarly, Misiun et al. [21] minimized thermal-induced distortion through structural optimization to avoid
recoater collisions and build failures, adopting an inherent strain method for process simulation. Furthermore, Xu et al. [22] included
constraints on residual stresses in topology optimization. Besides structural optimization, residual stresses can be mitigated through
support structure optimization [23-25]. Bruggi et al. [26] concurrently optimized the structural layout and constant build orientation
to design lightweight structures, accounting for the material anisotropy in WAAM [27-29].

In this paper, we propose optimizing the fabrication sequence to mitigate residual stresses and distortions in multi-axis additive
manufacturing. In traditional Cartesian-based 3D printing, the layers are planar, and they are determined by a fixed build orientation.
In multi-axis additive manufacturing, however, the rotational motion allows to deposit material along curved layers. By fabrication
sequence in multi-axis additive manufacturing, we refer to a decomposition of the component into curved layers with varying
orientations that are fabricated one upon another. It thus can be viewed as curved slicing, which, however, has been typically
treated as a geometric problem, focusing on generating smoothly varying layers that the robotic arms can execute without
collisions [1,30-32]. In curved slicing, the material anisotropy due to curved layers has been taken into account [33]. However,
the critical impact of curved fabrication sequences on residual stresses is an open research question, with optimization largely
unexplored. This challenge requires simulating the additive manufacturing process and its underlying physics. Research from the
related field of robotic welding has shown that the joining sequence significantly impacts residual stresses and distortions [34,35].
Building on these insights, Wang et al. [36] demonstrated numerically that fabrication sequence optimization provides a viable and
effective way to minimize thermally induced distortions. However, the reduction of distortions may be accompanied by increased
residual stresses, making it a critical next step to limit residual stresses in fabrication sequence optimization.

While the fabrication sequence for residual stresses in the context of multi-axis printing has not been studied, it is worth
mentioning a few papers that deal with scanning path optimization in Cartesian-based 3D printing. Chen et al. [37] proposed a
scanning path optimization method based on level-set functions. The material anisotropy from the 2D scanning path is explored to
reduce residual stresses. Boissier et al. [38] proposed scanning path optimization based on shape optimization theory, incorporating
the simulation of the manufacturing process to minimize overheating and thus avoid excessive thermally induced residual stresses.
This was later integrated with structural optimization to concurrently optimize the shape and the 2D scanning path [39].
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Our method for reducing residual stresses and thermal-induced distortions is based on space-time topology optimization [40,41].
Its core idea is to represent curved layers using isolines of a scalar field. This scalar field, which is optimized in an iterative process,
defines the pseudo-time at which each spatial point is materialized. From the pseudo-time field, a series of intermediate structures
can be derived, representing the additive fabrication process. This optimization centers on analyzing residual stresses and distortions
arising from the intermediate structures. This pseudo-time field can also be optimized concurrently with the structural layout,
represented by a pseudo-density field as in conventional density-based topology optimization. In this concurrent optimization, in
addition to residual stresses and distortions, the structural performance (e.g., compliance) is also taken into account.

A key element in the optimization is to predict residual stresses efficiently. The inherent strain method has gained popularity as
a simplified process model to predict distortions and residual stresses [42-46]. The inherent strain method simplifies the complex
thermo-mechanical interactions as an inelastic inherent strain field, which can be calibrated from experimental tests. It is an
attractive alternative to high-fidelity methods for its computational efficiency. This is particularly useful for optimization problems
that require repeated process simulations. For simplicity, in this research, we assume that the inherent strain field is homogeneous
and isotropic and its value does not change with respect to different fabrication sequences. These assumptions serve the purpose of
demonstrating the effectiveness of the presented workflow. We expect more accurate process models [47-50] can be integrated as
well, albeit with the trade-off of more demanding computation. After obtaining the accumulation of residual stress layer by layer
from the inherent strain method, we formulate the residual stresses as a constraint function in the optimization framework.

To incorporate residual stresses into optimization, we refer to general approaches dealing with stress constraints in topology
optimization. Topology optimization with stress constraints has been extensively studied over the past decades, leading to the
development of effective solutions for overcoming key challenges. The first challenge is the local nature of stress, resulting in
a large number of constraints. A typical approach to managing a large number of local constraints is to aggregate them into a
single global constraint using either p-norm or p-mean [51] or Kreisselmeier-Steinhauser function [52]. An alternative to this
is based on augmented Lagrangian formulations [53,54], which transform the original constrained optimization problem into a
sequence of unconstrained subproblems. The second challenge is the ‘singularity’ problem: the feasible solution space of a stress-
constrained problem contains degenerate subspaces with a lower dimension. This makes it difficult to find the global optimum using
gradient-based algorithms. Relaxation of the stress constraints using e-relaxation [55] or gp-approach [56,57] has proven effective
in alleviating this problem. In addition, Verbart et al. [58] has demonstrated that aggregating the local constraints using a lower
bound aggregation function also effectively relaxes the feasible space. In this research, we build on these established methods for
dealing with the local residual stresses. Specifically, local residual stresses are relaxed using the gp-approach and then aggregated
into a global constraint using the p-norm function.

The remainder of the paper is organized as follows. Section 2 elaborates the mathematical model of the proposed method in detail.
Section 3 validates the effectiveness of the proposed method with a series of numerical examples. Lastly, Section 4 summarizes the
key findings and conclusions.

2. Methodology

In the methodology section, we first introduce the basis of space-time topology optimization, where the fabrication sequence
is optimized, optionally together with the structural layout. We then present the evaluation of residual stresses and distortions in
additive manufacturing, using an inherent strain method. Building on these key ingredients, we formulate a constraint function to
restrict the maximum residual stress. Finally, we elaborate on the formulation of space-time topology optimization incorporating
the residual stress constraint.

2.1. Space-time parameterization

In space-time topology optimization, the 3D printing sequence for fabricating a component is optimized simultaneously with
the component’s structural design. The fabrication sequence is represented by a scalar field, referred to as the pseudo-time field
(or simply time field), which is defined over a finite element discretization of the component. This element-wise representation is
analogous to density-based topology optimization, where each element is assigned a pseudo-density value. However, unlike the ideal
binary density values (p, € {0,1}) that indicate whether an element is solid or void, the time field is continuous (¢, € [0.0, 1.0]),
with smaller time values corresponding to elements materializing earlier in the manufacturing process.

From the density and time fields, one can derive a series of intermediate structures during fabrication. This is essential
for simulating the additive manufacturing process and the physics involved in fabrication. Fig. 1 illustrates the calculation of
intermediate structures. Fig. 1(a) shows the density field, representing the structural design of a component, while Fig. 1(d) illustrates
a continuous time field, whose isolines represent the fabrication sequence. An intermediate structure from this fabrication sequence
is shown in Fig. 1(e). Fig. 1(b)-(c) represent intermediate steps for computing the time field, and will be explained shortly. At a
time point 7, elements with time values smaller than r have been fabricated, while elements with time values larger than r have
not. The intermediate structure at time point 7, denoted by p!?}, thus consists of

p., ift,<r,
PS,T) - e e i (1)
0, otherwise.

To facilitate gradient-based optimization, this conditional equation is replaced by an element-wise multiplication of the density field
and a modified time field,

plth = p,ileh, @)
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Fig. 1. Illustration of representations in space-time topology optimization. (a) The structural layout, represented by a density field p. (b) A pseudo thermal
diffusivity field, serving as optimization variables. For illustration purposes only, a random thermal diffusivity field is shown here. (c) The temperature field T
obtained by solving the heat equation. (d) The time field ¢ obtained from the temperature field using ¢t = 1 —T. Its isolines partition the component into 20
layers. (e) The 12-th intermediate structure during the manufacturing process, i.e., 12 layers have been manufactured and 8 layers are yet to be manufactured.

Specifically, the time field is modified by converting time values smaller than the threshold value 7 to 1, and conversely, time values
larger than 7 to 0. This is implemented using a smoothed Heaviside function,
Heh g tanh(p,7) + tanh(p,(z, — 7))
e tanh(8,7) + tanh(8,(1 — 7))’

3

where g, determines the sharpness of the step function. A continuation scheme is applied to g, during optimization. It starts with a low
value for reduced nonlinearity and gradually increases to achieve distinct layer segmentation by the end of the optimization process.
Later in the results section, we compare simulation results using the differential formulation (Eq. (2)) and binary classification
(Eq. (1)).

To simulate the additive manufacturing process, a series of intermediate structures is computed. Let the fabrication of the
component consist of N layers, where N is specified by the user. The component is divided by time points that are evenly spaced
over the interval [0, 1], 7; = %, where j =0,1,..., N. We use p'/! to indicate the j-th intermediate structure, i.e., corresponding to
the time point 7;. For example, the intermediate structure shown in Fig. 1(e) is p!12} where the total number of layers is N = 20.
The intermediate structure pl/} for j = 1,..., N — 1 is calculated using Eq. (2), while p{®} =0, and p!N} = p.

It is worth noting that instead of directly optimizing the time field and thus the fabrication sequence, it is solved through a
partial differential equation (PDE), where the coefficients in the equation are optimization variables [41]. This approach avoids
discontinuities in the time field that could arise from direct optimization. Specifically, this PDE describes the heat diffusion from
the baseplate where the fabrication starts. The element-wise thermal diffusivity (4) determines the temperature distribution (7°),

V(puVT) — a;T = 0. Q)

Here V is the vector differential operator. a; denotes a constant drain rate. The boundary of the component adjacent to the baseplate
is set as the heat source with a constant temperature of T' = 1, while the other boundaries of the component are insulted. This heat
equation is introduced to obtain a scalar field that monotonically varies from the baseplate toward the distant boundary of the
component. It should not be confused with the thermal process in metal additive manufacturing. The heat equation takes into
account the evolving structural layout during iterative optimization by including the density field p. The optimization variables u
are restricted between 0 and 1. The constant drain term is selected such that the temperature field smoothly varies from 1 to 0. After
solving the heat equation, the temperature field is transformed by

t=1-T 5)

to obtain a pseudo-time field ¢. By this transformation, elements adjacent to the baseplate, with a constant temperature of 7 = 1,
are assigned ¢ = 0, correctly serving as the starting point of fabrication.

2.2. Residual stresses calculation using the inherent strain method

The inherent strain method is a computationally efficient approach to predict deformations and residual stresses in metal com-
ponents produced by additive manufacturing. It simplifies the complex thermal-mechanical phenomena in additive manufacturing
by decoupling the thermal and mechanical problems, focusing on deformation without performing a full thermal analysis. For
computational efficiency, the inherent strain method is often applied layer by layer by assigning inherent strain values to each
newly deposited layer, and predicting the deformation of the component due to the equivalent mechanical load acting on this layer.

In this study, we adopt the assumptions of geometric and material linearity to ensure computational efficiency in calculating the
mechanical response. While nonlinear analysis could improve simulation accuracy under significant residual stresses and distortions,
we find it computationally prohibitive for optimization purposes. The premise of our approach is that by optimization we will reduce
residual stresses and distortions to a level where linearity assumptions remain valid. As pointed out by Munro et al. [45], under the
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Inactive
layers

Fig. 2. Illustration of the inherent strain method in space-time topology optimization. (a) The 12-th intermediate structure, with deformation resulting from
manufacturing the first 12 layers. (b) When the 13-th layer is deposited, the inherent strain field on this new layer is activated from its stress-free state. (c)
The activation of the strain field on this new layer results in further deformation of the current intermediate structure. The inactive layers that have not been
manufactured yet stay undeformed.

linearity assumptions, the total deformations and residual stresses of the entire component are the superposition of all increments
due to the deposition of each layer.

Uthermal = Z AUV, (6)
J

o= 2 AcUl, 7)
J

Here the superscript {;} indicates the increment in the displacement or residual stress due to the deposition of the j-th layer. We
explain the calculation of the increments in the following.

In space-time topology optimization, a newly added layer is identified by the difference between two consecutive intermediate
structures,

nlil = pll = pli=ll j=12 . N. ®

By activating the inherent strain in each new layer, the incremental deformation and residual stress on the intermediate structure can
be calculated. This is illustrated in Fig. 2. Fig. 2(a) shows an intermediate structure p!/~!!, with j — 1 layers already manufactured.
The intermediate structure is already deformed due to previous manufacturing steps. Fig. 2(b) highlights the deposition of a new
layer. The inherent strain of this new layer is then activated, creating equivalent nodal forces on each element within this new layer,

F, = / B'De*dQ,, 9)
Qe
where B is the strain-displacement matrix, D is the constitutive matrix, £* is the inherent strain vector. In this study, we use
an isotropic inherent strain to simplify the analysis by disregarding directional effects resulting from fabrication sequences. This
approach ensures that the inherent strain field is independent of fabrication sequences, providing a consistent basis for comparing
the effects of different sequences. While anisotropic inherent strain could be integrated into the framework — by deriving local
material deposition orientation from the gradient of the time field — we focus on the role of fabrication sequence in this work,
leaving the exploration of anisotropic effects as a natural extension for future studies.
The nodal forces on each element are then assembled to obtain a global force vector for the entire component,

FUl = Y 4UI"F,, (10)
e

where ), represents the assembly over all elements. Note that the forces are scaled by a factor that depends on the new layer 7.
This is because in space-time topology optimization, the structural layout, represented by the density field, is optimized along with
the sequence optimization. To account for this, the density distribution is factored in as a scaling factor with a penalization «, in
line with the power law relation between the stiffness and density in SIMP (Solid Isotropic Material with Penalization) [59]. This
power law reduces the equivalent forces from elements with intermediate densities that appear in the optimization process before
convergence. In this research, we choose x = 3.

The incremental displacement of the entire domain induced by the inherent strain of the j-th layer is calculated by solving the
linear elastic equation,

KUl gyl = pU, (11
Consequently, the residual stress corresponding to this displacement is calculated by

46,1} = )V DBAU, V) — 51 De. (12)
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Fig. 3. Simulation of the layer-based manufacturing process, with the accumulation of residual stresses and distortions.

The residual stress consists of two parts. The first corresponds to the stress associated with the deformation induced by the new
layer. It affects the intermediate structure p!/!. The second accounts for the release of the inherent stain. It mainly concerns the
new layer nl},

It should be noted that the layers that have not been produced yet are also included in the analysis for calculating the distortion.
Elements in the inactive layers are assigned a small density or Young’s modulus to avoid the stiffness matrix from becoming singular.
During manufacturing, each new layer is added in a stress-free state. To account for this stress-free initial state of a new layer, the
first part in the residual stress (Eq. (12)) is scaled by the density, with a power law relation in consistency with that for the inherent
strain.

The above formulations are applied to simulate the component and fabrication sequence illustrated in Fig. 1. Fig. 3 shows the
accumulated deformations and residual stresses in a series of intermediate structures. To enhance visibility, a scaling factor is applied
to exaggerate the displacements. Individual elements in the intermediate structures are colored by their von Mises residual stress.
Significant residual stresses are observed at the bottom of the component, particularly on both sides, where it is attached to the
baseplate. Additionally, a smaller stress concentration is noticeable around the right-angled corner in the middle of the component.

2.3. Residual stress constraint

We formulate residual stresses in a constraint in space-time topology optimization. Specifically, we consider the residual stress
distribution after the entire component has been fabricated in this research. As our simulation results will show later, the residual
stress during the manufacturing process will not significantly exceeds the final residual stress value. For future work, it also makes
sense to further include layer-wise residual stresses constraints.

We follow established methods for handling the ‘singularity’ and large number of stress constraints in topology optimization.
‘Singularity’ refers to the situation where the global optimum is located in a lower dimensional subspace within the solution space,
and cannot be reached using gradient-based optimization [55]. To cope with this problem, the idea is to relax the stress definition
and thus the solution space. In our work, we adopt the gp-relaxation [56,57]:

6 =plo, 13)

where 6 is the relaxed stress. o is the residual stress as calculated from Eq. (7). g is a relaxation parameter, and is set as ¢ = 0.5.
We use the von Mises stress as the yielding criterion. For general plane stress condition, the von Mises stress (6, ) is evaluated
at each element

~ _ /a2 A2 A2 ~ ~
OyM,e = \/0-11,3 + 622’6 + 3612,8 ~011,022,¢> (14)

where 6, ,,65,,,6),, are components of the relaxed stress tensor. This equation is rewritten in matrix format to simplify sensitivity
analysis:

Bome = (ajvae)l/z, (15)
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where 6, is the vectorized residual stress tensor of element e, and matrix V is defined as

1 -1/2 0
v=|-1/2 1 ol (16)
0 0 3

Stress is a local measure and thus a constraint on stress shall be applied to each element. To reduce the large number of stress
constraints, we use the p-norm to aggregate the residual stresses into one single global value o, p:

1
P
Cywp = (Z 65M£> < Glim» a7
e

where p is the aggregation parameter. o}, is the stress limit, e.g., the yield stress of the material. A large p value leads to a
more accurate approximation of the maximum stress. However, it also implies a high nonlinearity. In this research, we choose
p = 10 as a trade-off between ensuring adequate smoothness for good performance of the optimization algorithm and an adequate
approximation.

To improve the approximation accuracy between the maximum stress and the p-norm, we adopt the normalization procedure as
suggested by Le et al. [57]. A normalization parameter A’ is defined as follows,

max Gy,

Al =qa +(1-a)A T, (18)

OyM,P
where « is a control parameter, chosen as 0.5 in this research. The parameter A’, with the superscript indicating the Ith iteration, is
updated at every iteration, partially using the information from the last iteration (1 — 1). The constraint on the normalized residual
stress is written as

g = Aloyp — ol < 0. (19)
We note that A’ is not differentiable and is considered as a constant in each iteration. As the optimization progresses, the design
changes between successive iterations become smaller. Consequently, the normalization parameter A’ stabilizes.

2.4. Residual stress-constrained space—time topology optimization

The constraint on residual stresses is incorporated into two optimization settings. In the first setting, only the fabrication sequence
is optimized, while the structural layout of the component remains fixed. This is typical in the manufacturing industry where
component designs are provided externally. In the second setting, both the structural layout and the fabrication sequence are
optimized simultaneously. This approach reflects a more integrated design and fabrication process, offering greater flexibility.

2.4.1. Sequence optimization
The fabrication sequence optimization is formulated as follows,

Minilr‘nize: fo = ©1Cthermal + @2/ geo (20)
Subject to: K AaUUY =FU},  j=12... N, (21)
K;T =b, (22)

: j )
gj:Zp‘['“Ue_FVOSO’ j=12,...,N, (23)
& = AIGVM,P = Olim <0, 2
0<pu, <1 (25)

The objective function comprises two terms, scaled by weight coefficients w; and w,. The first term evaluates the deformation
of the component caused by the successive release of layer-wise inherent strains. For demonstration purposes, we take inspiration
from the static compliance used in conventional compliance minimization problems, and define this term as:

_ T
Cthermal = Uthermal  KUthermal, (26)

where K is the stiffness matrix of the complete component. Uy,e;ma is the accumulated displacement vector as defined in Eq. (6). This
measure accounts for the deformation of all elements, and thus can be viewed as a global metric. Alternative distortion measures,
such as the flatness of edges or surfaces that are important for assembly, can also be employed [36,41].

The second term in the objective function concerns variations in the layer geometry. The layers in the optimized fabrication
sequence are typically curved, with a large variation of height (or thickness) within each layer. The large variation is less favorable
from a manufacturing perspective. The term fg, measures variations in each layer, by

N
; — i1\ 2
faeo= 2, 2 (1ve =TV ), @)
j=1 e
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where |V1,| is the magnitude of the gradient of the time field at an element, and |Vt|m is the averaged magnitude of gradients
within the j-th layer, i.e.,

K
—1 Zent v,
i) = sele e
E ”(J}

e 'le

It should be noted that f,., does not guarantee a uniform layer thickness. In fact, variations in layer thickness offer the flexibility
needed to form non-planar curved layers.

The optimization problem is subject to two sets of PDEs, both of which are discretized using finite element methods. Eq. (21)
analyzes the incremental displacement on the intermediate structure under the equivalent load of inherent strains in each newly
deposited layer. Eq. (22) is the discretized version of the virtual heat equation (Eq. (4)). In addition to the PDE constraints, g ; is the
volume constraint for each layer, assuming a constant manufacturing speed — the same amount of material volume is processed at
each time interval. Vj, is the total material volume. g, is the global residual stress constraint as discussed in Section 2.3.

(28)

2.4.2. Concurrent optimization of structural layout and fabrication sequence

In the concurrent optimization setting, the structural layout is optimized as well. Here we consider design optimization of
lightweight load-bearing structures. The structural performance and total material consumption are added to the formulation as
constraints.

Subject to: KU =F, (29)
g =UTKU — ¢y, <0, (30)
8=, P, — Vs <0, (31)
0<¢, <1 (32)

Eq. (29) is the static equilibrium equation for the complete structure under external loads in its service condition. g, sets an
upper bound for the mechanical compliance, cj;,,. Alternatively, this constraint can also be added into the objective function, with
an additional weight coefficient. Lastly, g, is the global volume constraint, which limits the total amount of material used for the
entire structure.

It should be noted that the pseudo-density field, p, is not directly treated as design variables. Instead, we adopt the three-
field approach commonly used in density-based topology optimization [60]. The design variables are represented by the design
field ¢, which is then smoothed through a convolution filter to obtain a filtered field, ¢. This filtering prevents the occurrence
of checkerboard patterns in the optimized structure. The filtered field ¢ is subsequently transformed using a smoothed Heaviside
function to promote a black-and-white design. This yields the pseudo-density field p = ¢, which is used in the structural analysis
that follows. For details about the transformations of optimization variables, readers are referred to Wu et al. [29],Wang et al. [41].

Both optimization problems are solved using gradient-based methods, specifically the method of moving asymptotes (MMA) [61].
A detailed sensitivity analysis is provided in Appendix A and Appendix B.

3. Numerical examples

In this section, we validate the proposed method using multiple numerical examples. We start with fabrication sequence
optimization on an L-shaped component (Section 3.1) and a bracket (Section 3.2). Following that, we extend to simultaneous
optimization of the structural layout and fabrication sequence, allowing for more flexibility (Section 3.3). The material used in
these examples is titanium, with Young’s modulus £ = 110 GPa and Poisson’s ratio v = 0.3. The residual stress limit is set as
Olim = 1200 MPa, while the inherent strain value is ¢; = exx,eyy,exy]T = [-0.00375,-0.00375,0]", unless otherwise specified. The
method is implemented in MATLAB, and the code has not been specifically optimized for computational efficiency. All simulations
were executed on a single CPU core of a workstation equipped with an Intel Xeon E-2630v4 processor and 256 GB of RAM.

3.1. Fabrication sequence optimization for a V-shaped component

The first example for fabrication sequence optimization is a V-shaped component, shown in Fig. 4(a). The resolution of
the background mesh is 100 x 100 elements. The baseplate for fabrication is located at the bottom of the component. In the
manufacturing process simulation, the component is fixed at the bottom. The prescribed number of layers is 40. On average, each
iteration in the optimization process takes 275.2 s.

Fig. 4 (top) presents simulation results for the component manufactured using planar layers. Fig. 4(b) displays the von Mises
stress distribution of the total residual stresses in the final structure. It reveals a maximum residual stress of 6,,,, = 2551.1 MPa, which
is 112.6% above the limit. The corresponding structural distortion is shown in Fig. 4(c), with a total thermal-induced compliance of
1.565 x 103 mJ. By comparison, the optimized fabrication sequence (Fig. 4, bottom) employs curved layers to mitigate these effects.
The maximum residual stress is reduced to oy,,,, = 1200.4 MPa, numerically satisfying the stress constraint, while distortion decreases
significantly to 8.327 x 10* mJ, a 46.8% reduction in compliance compared to the planar case.

From the residual stress distributions, high residual stresses can be observed at the two ends of the bottom and around the
right-angled corner in the middle (marked as P, P,, and P; in Fig. 4(a)). The histories of residual stresses at these three locations
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Fig. 4. Comparisons between planar and non-planar fabrication of a V-shaped component. (a) The dimensions of the V-shaped component. (b) The resulting
residual stresses from planar fabrication. Elements with stresses exceeding the limit (o}, = 1200MPa) are colored in black. (¢) The corresponding structural
distortion. (d) The optimized time field. Its isolines segment the component into curved layers. (e, f): Using curved fabrication, the resulting residual stresses (e)
and distortion (f).
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Fig. 5. The accumulation of residual stresses at three sampling points during the manufacturing process, according to the planar layers (a), and the optimized
curved layers (b) shown in Fig. 4.

are plotted in Fig. 5, with the horizontal axis indicating the increasing number of layers during the manufacturing process. The
subfigure on the left represents fabrication with planar layers, while the one on the right shows fabrication with optimized curved
layers. When the component is manufactured using planar layers (Fig. 5(a)), the residual stresses at Point 1 and Point 2 increase
gradually, both exceeding the stress limit of 1200 MPa after 5 layers. The stress at Point 3 appears after 19 layers and stops increasing
at around 940 MPa until the end of fabrication. In contrast, when manufactured using optimized fabrication sequences (Fig. 5(b)),
the increases of residual stresses at Point 1 and Point 2 are suppressed. The residual stress at Point 1 remains below the stress limit,
with a margin of 40 MPa. While the residual stress at Point 2 increases to slightly over the stress limit after 20 layers, it returns to the
limit onwards. The stress at Point 3 appears after 21 layers and reaches around 750 MPa at the end of fabrication. This demonstrates
the effectiveness of the residual stress constraint. We note that this constraint is applied to the residual stresses at the completion
of fabrication (i.e., after 40 layers). During the manufacturing process, the maximum residual stress does not significantly exceed
the limit, so the residual stress history is not included in the optimization. However, in principle, it could be included, though at
the cost of increasing the number of residual stress constraints by considering the stresses of all intermediate structures.
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Table 1
Results of the V-shaped component with different fabrication sequences.
Optimization result with differential layers Post-analysis with binary layers
Maximum stress Thermal compliance Maximum stress Thermal compliance
N =40 Planar layers 2551.1 MPa 1.565 x 10° mJ 2709.3 MPa 1.435% 10° mJ
Optimized curved layers 1200.4 MPa 8.327 x 10* mJ 1276.0 MPa 8.396 x 10* mJ
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Fig. 6. Comparisons between planar and non-planar fabrication on a symmetric bracket, with 30 layers. (a) The geometry of the bracket. (b, c): Using planar
fabrication, the resulting residual stresses (b) and distortion (c). (d) The optimized time field. Its isolines segment the component into curved layers. (e, f): Using
curved fabrication, the resulting residual stresses (e) and distortion (f).

We further analyze the effects of approximating discrete manufacturing processes with a differential formulation that facilitates
gradient-based optimization. To this end, we perform a post-optimization analysis of the optimized sequence, adopting the binary
layer description defined in Eq. (1). The maximum residual stresses and thermal-induced compliances in the optimization and the
post-analysis are summarized in Table 1. Specifically, for the optimized layers, post-analysis reveals an increase in the maximum
residual stress from 1200.4 MPa to 1276.0 MPa, i.e., an increase of 6.30%. The thermal-induced compliance is increased from
8.327 x 10* mJ to 8.396 x 10* mJ, i.e., an increase of 0.83%. A similar trend is observed for the planar layers, which in the continuous
formulation were defined by a height field, i.e., 7, = %, where y, is the y-coordinate of the element’s centroid, and Y is the
height of the component. The difference between the differential and binary layer descriptions comes from grey elements in the
intermediate structures p'/}. The discrepancies are small, thanks to the continuation scheme for the projection parameter §, in the
smoothed Heaviside projection. To account for the unavoidable discrepancies due to the continuous approximation of a discrete
manufacturing process, one could set a tighter residual stress limit in the constraint, i.e., reducing oy;;, to e.g., 1100 MPa.

3.2. Fabrication sequence optimization for a bracket

The second example is a bracket, shown in Fig. 6(a). The resolution of the background mesh is 200 x 88. During manufacturing,
the component is fully fixed at the bottom, where the fabrication starts. Fig. 6(b) and (c) show the resulting residual stress and
distortion, respectively, if the component is fabricated with 30 planar layers. The maximum residual stress in the final structure
is 0pax = 1950.5MPa, exceeding the stress limit by 62.54%. The thermal-induced compliance is 6.786 x 10* mJ. The bottom row of
Fig. 6 shows, from left to right, the optimized curved layers, corresponding residual stress distribution, and distortion. The curved
layers are optimized to minimize the thermal-induced compliance under a constraint on residual stresses. With the curved layers,
the maximum residual stress is reduced to o, = 1199.6 MPa.

To help understand how the curved layers avoid high residual stresses, Fig. 7 presents the sequence of the first 8 layers. From the
first layer, it can be seen that the fabrication starts from the two sides at the bottom. Compared to a planar first layer, this reduces
the length of the material deposition area, and thus leads to less accumulation of residual stress on the left and right corners.

It is noticed that while the residual stress is effectively constrained by the curved layers, the corresponding thermal-induced
distortion increases by 7.38%, to 7.287x 10* mJ. It shall be noted the bracket is considered suitable for planar fabrication thanks to its
symmetric geometry and the presence of only a small overhang at the top of the inner ring. In planar fabrication, the thermal-induced
distortion of the bracket is rather smaller than that of the L-shaped component. The symmetry of the bracket allows distortions from
both sides to cancel each other out. However, this suppression of distortion through symmetry results in high residual stresses, which
must be mitigated. Curved fabrication offers an effective solution for reducing these stresses.

Fig. 8(a) plots the history of residual stresses at three critical points when the component is fabricated with the curved layers.
The locations of these three points are marked in Fig. 6(a). The residual stresses at all three points monotonically increase during
manufacturing, with the point on the end at the bottom showing the highest residual stress. In addition, the convergence history

10
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Fig. 7. Illustration of the first 8 layers in manufacturing the bracket according to the optimized fabrication sequence.
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Fig. 8. Data analysis for the bracket component. (a) The accumulation of residual stresses at three sampling points during manufacturing. (b) Convergence of
the objective function (dotted line in light blue) and the constraint functions. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Table 2
Results of the bracket with planar and curved fabrication.
Optimization result with differential layers Post-analysis with binary layers
Maximum stress Thermal compliance Maximum stress Thermal compliance
N =30 Planar layers 1950.5 MPa 6.786 x 10 mJ 1997.1 MPa 6.147 x 10* mJ
- Optimized curved layers 1199.6 MPa 7.287 x 10* mJ 1250.8 MPa 7.119 x 10* mJ
N =10 Planar layers 1649.3 MPa 5.313x 10*mJ 1655.6 MPa 5.097 x 10* mJ
- Optimized curved layers 1201.0 MPa 5.592 x 10* mJ 1251.5MPa 5.124 x 10* mJ

of the objective function and the constraint functions are shown in Fig. 8(b). All the constraint functions converge to zero, and
the objective function converges stably. The initial time field is solved from a uniform heat conductivity field, leading to a low
objective value but significant violations of the constraints. As the constraints are gradually satisfied, the objective value increases.
Notably, abrupt changes in the convergence curve occur every 50 iterations, which are due to the continuation scheme applied to
the projection parameter f§,.

To investigate the influence of the number of layers, we also optimized the fabrication sequence with a reduced number of
layers, i.e., from 30 to 10. Consequently, the average computation time per iteration is reduced from 228s to 84s, achieving a
2.7-fold speedup, which aligns with the threefold reduction in the number of mechanical analyses. The simulation results of the
planar layers and optimized curved layers are shown in the top and bottom rows of Fig. 9, respectively. The maximum residual
stress and thermal-induced compliance are summarized in Table 2. With 10 planar layers, both the maximum residual stress and
the thermal-induced compliance were reduced, in comparison to 30 planar layers. The optimized curved fabrication, with 10 layers,
is again effective in restricting the maximum residual stress. However, when the number of layer divisions decreases, the design
freedom for fabrication sequence is restricted. The entire bottom edge has to be built within the first single layer, as there are only
10 layers in total. The appropriate number of layers shall be chosen based on the experimental setup, particularly considering the
layer thickness.

11
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Fig. 9. Comparisons between planar and non-planar fabrication on a symmetric bracket, with 10 layers. (a) The planar layers. (b, ¢): Using planar fabrication,
the resulting residual stresses (b) and distortion (c). (d) The optimized time field. Its isolines segment the component into curved layers. (e, f): Using curved
fabrication, the resulting residual stresses (e) and distortion (f).
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Fig. 10. Structural optimization of the L-shaped component. (a) The design domain and boundary condition of the L-shaped component. (b) The optimized
structure when the structural layout and fabrication sequence are simultaneously optimized. (c¢) The optimized structure from standard topology optimization.

3.3. Concurrent structural and sequence optimization for the L-shaped component

In our last example, we validate the concurrent optimization of the structural layout and the fabrication sequence. The L-shaped
component shown in Fig. 10(a) serves as the design domain. The domain is discretized using a grid of 180 x 120 elements. In
structural optimization, the material volume ratio is restricted to 0.5, and an external force is applied on the top right corner.
As the total amount of material is reduced by half, less energy is introduced into the structure during fabrication, and thus small
residual stresses and distortions. To demonstrate the effectiveness of the optimization, we doubled the inherent strain value in order
to amplify the resulting residual stresses: eé = [exx,eyy,exy]T = [-0.0075, —0.0075,0]". In the simulation of the fabrication process,
the component is fixed at the bottom. The total number of layers is prescribed to 20. The average computation time per iteration is
240s.

Fig. 10(b) shows the structural layout from space-time topology optimization. As a reference, the layout from the standard
topology optimization (i.e., no consideration of the manufacturing process) is shown in Fig. 10(c). Both optimizations lead to clear
structural layouts. The external boundaries of the two designs are fairly similar, while the internal structures from the standard
topology optimization are less complex. In standard topology optimization, the objective is to minimize compliance, which is reduced
2170.4 m] in this case. Taking this value as a reference, the compliance limit is set to 2200.0 mJ in space-time topology optimization,
in which compliance is treated as a constraint (Eq. (30)). This constraint function is numerically satisfied in the optimization process,
leading to a compliance of 2202.8 mJ.

The corresponding fabrication sequence optimized from space-time topology optimization is shown in Fig. 11(g). For comparison,
two planar fabrication sequences for the same structural layout are included: horizontal layers (a), and layers inclined at 45°(f).
The residual stress distributions for all three sequences (horizontal, inclined, and optimized) are shown in the middle column of
each row, while thermal-induced distortions are illustrated on the right. As summarized in Table 3, both horizontal and inclined
layers result in the maximum stress above the limit, while by the optimized curved layers the maximum is reduced to 1211.1 MPa.
Converting the grey values in the differentiable layer formulation to binary layers, the maximum residual stresses are 1352.3 MPa,
1410.9 MPa and 1189.0 MPa for the three fabrication sequences respectively. The optimized sequence reduces the maximum residual
stress by more than 12%. More pronouncedly, the thermal-induced distortion is reduced from 5.207 x 10° mJ to 2.168 x 10° mJ, a
reduction of 58.36%.

12
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Fig. 11. The simultaneously optimized structure (Fig. 10(b)) and sequence are compared to the same structure but with planar layers. (a) The horizontal planar
layers. (b, ¢): Using horizontal layers, the resulting residual stresses (b) and distortion (c). (d, e, f): The inclined layers and corresponding stresses and distortion.
(g, h, i) Curved layers from the simultaneously optimized time field, and the corresponding stresses and distortion.

Table 3
Results of the L-shaped component with different structural layouts and fabrication sequences, N = 20.
Compliance Fabrication sequence Maximum stress Thermal compliance
Differential Binary Differential Binary
Horizontal layers 1324.7 MPa 1352.3 MPa 5.819 x 10° mJ 5.207 x 10> mJ
Simultaneous optimization 2202.8 mJ Inclined layers 1308.4 MPa 1410.9 MPa 3.204 x 10° mJ 2.794 x 10° mJ
Curved layers 1211.1 MPa 1189.0 MPa 2.284 x 10° mJ 2.168 x 10° mJ
Horizontal layers 1369.2 MPa 1410.6 MPa 6.041 x 10° mJ 5.422 x 10° mJ
Sequential optimization 2170.4 mJ Inclined layers 1263.1 MPa 1359.5MPa 2.831 x 10° mJ 2.592 x 10° mJ
Curved layers 1200.1 MPa 1200.8 MPa 2.139 x 10° mJ 1.957 x 10° mJ

A further comparison is made on the structural layout from the standard topology optimization, shown in Fig. 10(c). The first
two rows show results for horizontal and inclined layers (45°). The bottom row shows the results of the fabrication sequence
optimization of the topology-optimized structure—The sequence optimization is performed after the structural optimization, rather
than concurrently. Compared to planar manufacturing strategies, the optimized fabrication sequence effectively reduces both the
maximum residual stress and thermal-induced distortion, aligning with trends observed in earlier examples.

An interesting observation arises from comparing the sequential optimization (Fig. 12, bottom) with the concurrent optimization
(Fig. 11, bottom). The numerical values for these two scenarios, summarized in Table 3, differ only marginally, which was
somewhat unexpected but not entirely surprising. This can be attributed to the large number of variables involved in sequence
optimization, which results in a vast solution space even when the structure is fixed. Additionally, the search within the even larger
solution space in concurrent structural and sequence optimization is mathematically more complicated. Furthermore, structural
and fabrication sequence optimizations have distinct objectives, which are integrated into the concurrent optimization in a mixed
approach—structural compliance in a constraint, while distortion is part of the objective.

Lastly, the convergence history in the concurrent optimization for the L-shaped beam is plotted in Fig. 13. The layouts at the
100-th, 200-th, 300-th, 400-th iterations are included, to depict its evolution during optimization. The structural layout converges
to a black-and-white design after about 300 iterations. The constraint functions all reduce to zero. The objective function reduces
gradually, despite spikes due to a parameter continuation as previously explained. The layer-by-layer manufacturing process of the
optimized L-shaped component is displayed in Fig. 14.

13
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Fig. 13. Convergence of the objective and constraint functions in simultaneous optimization of the structural layout and fabrication sequence. The evolving
structural layouts at the 100-th, 200-th, 300-th, 400-th iterations are included.

4. Conclusion

This paper introduces a novel method for reducing residual stresses in wire arc additive manufacturing. Our method optimizes the
fabrication sequence, represented as isolines of a pseudo-time field. The optimization integrates residual stresses as a constraint while
minimizing thermally induced distortions. The resulting sequences are predominantly curved, with smoothly varying orientations.
Compared to traditional planar layers, the optimized curved layers significantly reduce distortion and effectively control excessive
residual stresses. Additionally, the method allows for simultaneous optimization of both the fabrication sequence and the structural
layout, offering valuable insights into how these factors influence residual stresses.

This work introduces fabrication sequence optimization as a new approach for enhancing the quality of WAAM and opens up
several avenues for future exploration. Firstly, the inherent strain model could be replaced with high-fidelity process models to
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Fig. 14. Illustration of the fabrication process of the optimized structure with curved layers. For simplicity, only odd-numbered layers are included.

enhance the accuracy of residual stress and distortion predictions. Additionally, application-specific criteria (such as the Tsai-Wu
failure criterion instead of von Mises stresses, or distortion metrics targeting critical geometric features like the flatness of assembly
surfaces) could refine optimization outcomes. Furthermore, future work could explore tailoring the residual stress distribution,
to improve the component strength under in-service mechanical loads. Last but not least, a key next step is the transition from
numerical simulations to experimental validation, which is critical for industrial adoption. While the numerical results demonstrate
considerable promise, practical realization through robotic systems for curved layer fabrication presents new challenges. For
instance, while layers with varying thickness can be achieved by adjusting manufacturing process parameters, manufacturing
practice favors curved layers with minimal thickness variation to ensure consistent print quality. Furthermore, the varying process
parameters need to be incorporated into the process model. By addressing these challenges, this framework holds the potential to
advance WAAM as a robust and reliable technology, enabling innovative applications across industries.
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Appendix A. Sensitivity analysis of the residual stress constraint

The residual stress constraint g, is determined by optimization variables ¢ and u via two intermediate fields, the density field
p = ¢, and the time field t:

& (. ) =g, (p.t(p. ). (33)
The time field depends on both the density field p and the thermal diffusivity field u by solving the heat equation.

Sensitivity w.r.t design variable ¢. The design field ¢ is filtered and then projected to obtain the density field p. According to the
chain rule, we have
P) dg, od; o,
=y 2 % aﬁ, (34)
¢e ic Ne Pi a¢; ¢e

The sensitivity regarding the filtering and projection operations is routine. We focus on the derivative of the constraint function g
with respect to the density p.
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The residual stress constraint g, contains p explicitly, as well as implicitly through the time field. The density field is involved
in defining the time field using a heat equation. An adjoint analysis is thus performed:

dg, g, 0K
8 _ 98 08 ot +;~TT<6b Top Kﬂ)

dp; — dp; ot dp; i op op
0 7] oK
=% 08 T hp' <__TT KT6T>
dp; ot dp; 9p; 9p;
ags 08; 0T T aKT
=—= - MK A —T. 35
9p; < ot Thr B 6/}, T 9p; 5
The Lagrange multiplier A is solved from
9
agts +Mp Ky =0, (36)

The calculation of > will be presented shortly. With that, the sensitivity of the constraint function is simplified into

dg, 0 T K.
8 _ % byl —LT.
dp;  dp 9p; )

The residual stress contains the accumulation of AU!!, which is solved from the linear equation of each intermediate structure

as in Eq. (21). A set of adjoint analyses is needed accordingly for the calculation of Zﬁ:

i

37)

g =g + Z AU (KU 4UU) —FUYY (38)
J
Its derivative with respect to the density of the ith element p; is:
98 _ 98 3 ) <MAUU) LKl 04Uy oFU) ) . (39)
op; i ; op; op; op;

Substituting g, using Eq. (24) gives

1-p

eon(zan) " (T “

where 0%’"{“ is derived according to Eq. (15)
N 5Ty 9.
00—vM,e _ o-‘; 9p; ) (41)
0/7,' OyM,e
Here the relaxed stress 6, is calculated according to Eq. (13), and thus
26 Jo 0
e 9,4, 0, (42)
ap; dp; op;

The next key step is to calculate the derivative of the stress ¢, with respect to the density p;, according to Egs. (7) and (12),

04
; c,

0/7, 9p;
()AU BR JR
—Z DB RE(p )+ DBAUY! £ - D¢* () (43)
dp; 9p; dp;
By summarlzmg the above equations, Eq. (39) can be rewritten:
1-p
X . U GORE(Y) L oRz()
<Z vMe) Z |: €M2e < TVDZ( RE(/’ )+BAU f) - — € . PZ
% Pi op;
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There are N Lagrangian equations to be solved in total:

Al <z AV”M8> <2 8Tt P IRE(GY)) - 6 DB> +AVIKU) = 0. (46)

e
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After calculating the Lagrangian multipliers A/}, Eq. (39) is further simplified,

{J}
<Z&vMe> ZZ [A‘V’Mze ¢ a;TVD<BAU ‘)Rgiffe >_E*0Rz:);7e >>] (47)
(Z vMe> Z(Gﬁwfe”TV" ) 2w < ‘”—f;”)- (48)

e i

Sensitivity w.r.t design variable u. The sensitivity analysis of the pseudo heat diffusivity variable u is similar to that of the density
field. An adjoint analysis is also needed for the heat equation,

) a oK
ﬁ=ﬁ£+)~T 9b _ TT—KTE ,
op; ot oy ou;  op ou;
9g, oT 10Ky
= +M 'K — A —T. 49
( a T T) o om “

The Lagrangian multiplier Ay is the same as that in Eq. (35).

Lagrangian multiplier A. In order to solve for the Lagrangian multiplier Ay in Egs. (35) and (49). The derivative of the residual stress
constraint with respect to the time field is needed. By substituting g, using Eq. (24), we get

1-p

<Z vME> Z[Aé’;“‘ <51 (50)

e

do,

>, is obtained according to Eqgs. (7) and (12),

do, oauY 1 ORE(p!)) IRz
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7, Z( 7, £ o e (51)

The sensitivity of the time field can also be rewritten in an augmented form:
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Therefore, by using the same Lagrangian multipliers as in Eq. (46), the above equation is simplified,
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Appendix B. Sensitivity analysis of the objective function

The objective function consists of two parts: the thermally induced distortion cerma1, and variations in the layer geometry fgeo-
The sensitivity analysis of the first part can be found in Wang et al. [41]. We here focus on the second part. Similar to the stress
constraint, fge, is also related to optimization variables ¢ and p via the density field p = ¢, and the time field t.

Sensitivity w.r.t density p. The sensitivity of fg, in relation to density is

dfgeo _ afgeo +afgeoﬂ+x <Bb aKT K ﬂ)

dp; — ap; ot 9p o, op - “op
af, af, oK
=8 _( 2 LVTK, —AT=IT (54)
9p; ot 0/5 op;

The calculation of the sensitivity of the objective function f,, is also divided into two parts. The first part fg, is explicitly
related to the density field by treating the time field t as constant, while the second part fg, is related to the density field through
the time field. The mathematical formulations of fge, and fge, are the same as fg.,. With the formulation of fg., in Eq. (27), the
first part of the above equation is calculated as

1k =012
afgeo_idze'?é” (1veel =191

=l

s

9p; 9p;
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The derlvatlve of the gradlent average |Vt|( s with respect to the density p; is derived from Eq. (28):
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Sensitivity w.r.t design variable p. The sensitivity of f,, in relation to the filtered thermal diffusivity p is calculated by using the

adjoint analysis as well:
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Lagrangian multiplier A. To solve for the Lagrange multiplier A, the derivative of fgeo With respect to the nodal time field is needed,
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Here the derivative of the gradient average |Vt|m with respect to the nodal time field is given by
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