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ABSTRACT
Model-Based Reinforcement Learning (MBRL) algorithms solve se-
quential decision-making problems, usually formalised as Markov
Decision Processes, using a model of the environment dynamics
to compute the optimal policy. When dealing with complex envi-
ronments, the environment dynamics are frequently approximated
with function approximators (such as Neural Netoworks) that are
not guaranteed to converge to an optimal solution. As a conse-
quence, the planning process using samples generated by an im-
perfect model is also not guaranteed to converge to the optimal
policy. In fact, the mismatch between source and target dynamics
distribution can result in compounding errors, leading to poor al-
gorithm performance during testing. To mitigate this, we combine
the Robust Markov Decision Processes (RMDPs) framework and
an ensemble of models to take into account the uncertainty in the
approximation of the dynamics. With RMDPs, we can study the
uncertainty problem as a two-player stochastic game where Player
1 aims to maximize the expected return and Player 2 wants to min-
imize it. Using an ensemble of models, Player 2 can choose the
worst model to carry out the transitions when performing rollout
for the policy improvement. We experimentally show that finding a
maximin strategy for this game results in a policy robust to model
errors leading to better performance when compared to assuming
the learned dynamics to be correct.

KEYWORDS
Reinforcement Learning, Robust MDPs

1 INTRODUCTION
In recent years, Deep Reinforcement Learning algorithms have seen
notable growth in the literature. These methods have accomplished
remarkable results in several fields, ranging from games [26, 38–40]
to robotics [17, 22, 23]. In the literature, we can observe two classes
of Deep RL methods: Model-Free and Model-Based. Model-Free
Reinforcement Learning (MFRL) algorithms learn policies by in-
teracting directly with the real world. Model-Based Reinforcement
Learning (MBRL)methods build an approximatemodel of the source
MDP dynamics1, learning the optimal policy using simulated data.
A well-established approach in MBRL is to implement Dyna-like
architectures [43], where the agent iteratively cycles between im-
proving the policy with artificial data and fitting the model to sam-
ples collected with the improved policy. MFRL methods have long
learning times [16] and, thus, require more environment samples
than Model-Based algorithms to learn the optimal policy. However,

1We will often use the terms "source MDP", environment and "real-world"
interchangeably.

the environment approximation in MBRL methods carries along
several challenges. In tabular methods like R-MAX [4], where the
agent optimistically explores the environment and adjust the ex-
pected value for each transition, we can guarantee the convergence
of the algorithm. When dealing with complex environments, the
dynamics model is often implemented using powerful function ap-
proximators, such as Neural Networks, that are not guaranteed to
converge to the correct probability distribution and the RL agents
might not converge to an optimal policy. While in offline RL the
fixed dataset might limit the learning of the environment dynamics,
leading to an overestimate of the value function [5, 35], in online
RL the overestimation of the value function could be caused by the
uncertainty of the estimates learned by the agent. In fact, despite
being able to visit every state of the domain infinitely often (ideally,
in complex domains this is unfeasible), the function approximators
might not have enough capacity to learn the true dynamics. This is
especially true in MBRL, where we aim to approximate the envi-
ronment transition and reward functions. Therefore, an optimistic
approach might fail due to the approximation errors introduced by
the estimated functions and a pessimistic one might lead to a more
robust policy: by retaining multiple estimates, we can maximize
the expected reward according to the worst one.

The mismatch between the approximated and real-world dy-
namics distribution might also lead to diverging model dynamics
[46] due to errors in the model predictions being propagated and
compounding along a trajectory, ending up in a state that hardly
resembles any state from the environment. Also, the algorithm
could mislead these differences in the distribution to retrieve high
rewards [3, 46] when planning in poorly approximated areas of the
domain: the algorithm will get higher values only in the simulated
environment, while in the real world they will obtain poorer results.

The source-target distribution mismatch is a well-known issue
in the RL literature. Recently, ensembles of models have been em-
ployed to learn policies more robust to approximation errors. Lever-
aging the model uncertainty using an ensemble of models reduces
dynamics overfitting, leading to a more robust policy [6, 24]. In
[33], the agent learns a robust policy by training on the trajecto-
ries producing the worst 𝜖 percentile of returns, generated by an
ensemble of source MDPs2. Ensembles have been employed also
to steer the agent exploration towards more uncertain areas of the
domain. In [37], the agent leverages the models’ disagreement to
compute exploration policies that each round will prefer to visit
unknown areas of the environment, reducing the uncertainty.

Adversarial methods have been used in Deep Learning litera-
ture to train robust classifiers [11]. Both in control and RL theory,
the robustness of the learned policy can be improved against an
2Note that, in this case, the ensemble is made of source MDPs, not target.



adversary. Robust MDPs are a generalisation of the exact MDP
framework to a setting where transition probabilities are uncertain.
The idea is rooted in stochastic zero-sum games, where a player fac-
ing an adversary can compute a maximin strategy to maximize the
minimum gain [10, 13]. Using this game-theoretic formulation, [30]
uses minimax dynamic programming to solve MDPs with adversar-
ially chosen transitions. Robust Reinforcement Learning (RRL) was
introduced in [27], where input disturbance and modelling errors
are considered as adversarial perturbation and captured through
a Model-Free Actor-Disturber-Critic architecture. This approach
has been later extended in [31], using Deep Neural Networks as
function approximators. [34] propose a game theoretical framework
for MBRL between a policy player and a model player: the former
wants to maximize the rewards collected with the learned model,
while the latter aims to minimize the prediction error of the model
under the improved policy.

Based on the Robust MDPs framework, we propose Robust En-
semble AdversariaL (REAL) MBRL. We map the model uncertainty
problem as a two-player game, using an ensemble of models. One
player wants to maximize the expected reward while the other
wants to minimize it by choosing the worst possible model in the
ensemble. This way, the player maximizing the expected reward
will have to take into account the adversary actions by solving a
maximin optimization problem. This leads to a more robust pol-
icy when compared to assuming all transitions of the model to be
correct. Additionally, we study the effect of different 𝜖-greedy ad-
versaries on the resulting policy. We focus on the following research
questions:
• Is the resulting policy more robust to model errors?
• Is the adversary learning meaningful information?
• Is the adversary helping the policy to be more robust to
model errors, or are there other factors influencing the final
result?

2 BACKGROUND
We represent the environment as a Markov Decision Process [1].

Definition 1. A Markov Decision Process (MDP) 𝑀 is a 5-tuple
⟨𝑆,𝐴, 𝑃, 𝑅,𝛾⟩where S is the state space our agent can be into, A is the
set of actions our agent can perform in every state, 𝑃 : 𝑆 ×𝐴 × 𝑆 →
[0, 1] is the transition probability function, 𝑅 : 𝑆 → R is the reward
function and 𝛾 is the discount rate.

When interacting with the environment, at each time step 𝑡 =
0 . . .𝑇 the agent will be in a certain state 𝑠𝑡 and it will perform an
action𝑎𝑡 : as a consequence, it will retrieve the reward 𝑟𝑡 and the new
state 𝑠𝑡+1. Therefore, we think about the experience of the agent as
a sequence of interactions {(𝑠0, 𝑎0, 𝑟0), (𝑠1, 𝑎1, 𝑟1), . . . , (𝑠𝑇 , 𝑎𝑇 , 𝑟𝑇 )},
called trajectory. The agent acts according to a policy 𝜋 : 𝑆 → 𝐴
which, depending on the current state, will compute which action
to perform.

Definition 2. We define the expected return of the agent as the
discounted sum of the rewards obtained in a trajectory
{(𝑠0, 𝑎0, 𝑟0), (𝑠1, 𝑎1, 𝑟1), . . . , (𝑠𝑇 , 𝑎𝑇 , 𝑟𝑇 )} under a policy 𝜋

𝐺𝑡 =
∞∑
𝑖=0

𝛾𝑖𝑟𝑡+𝑖+1 . (1)

Definition 3. The state-action value function 𝑞𝜋 : 𝑆 × 𝐴 → R
under a policy 𝜋 is defined as the expected return starting from a
state 𝑠 and taking action 𝑎 while following the policy 𝜋

𝑞𝜋 (𝑠, 𝑎) = 𝐸𝜋 [𝐺𝑡 |𝑠𝑡 = 𝑠, 𝑎𝑡 = 𝑎] . (2)

Definition 4. The state-value function 𝑣𝜋 : 𝑆 → R under a policy
𝜋 is defined as the expected return starting from a state 𝑠 and
following the policy 𝜋

𝑣𝜋 (𝑠) = 𝐸𝜋 [𝐺𝑡 |𝑠𝑡 = 𝑠] . (3)

RL techniques aim to maximize the expected reward retrieved
by the agent under a policy 𝜋 . This can be achieved by computing
the optimal policy: the policy under which our agent will obtain
the highest cumulative reward.

Definition 5. We define the optimal policy 𝜋∗ as the policy that
maximizes the expected return

𝜋∗ = arg max
𝜋

𝑞𝜋 (𝑠, 𝑎), (4)

for all 𝑠 ∈ 𝑆 and 𝑎 ∈ 𝐴.
Equivalently,

𝜋∗ = arg max
𝜋

𝑣𝜋 (𝑠), (5)

for all 𝑠 ∈ 𝑆 .

Model-Based Reinforcement Learning. Model-Based RL algo-
rithms build a parameterised model𝑀𝜃 approximating the dynam-
ics of the real environment𝑀 : 𝑅𝜃 and 𝑃𝜃 will respectively be the
reward and transition probability functions of𝑀𝜃 . The main advan-
tage of this approach is that the model can be used to plan, without
requiring more samples from the real environment (which might
be difficult or expensive to get in some-real world scenarios):

Definition 6. We define planning as the improvement of the agent
behaviour (policy) by using experience sampled from a model of
the real environment.

Through an iterative sequence of exploration of the environment
and planning with the model fitted to the real experience, MBRL
algorithms improve both their model and policy [43]. A general
template for a MBRL algorithm is described in Algorithm 1 [46]:
the procedure UPDATEMODEL fits the parameterised model to the
data retrieved exploring the environment, while UPDATEPOLICY
procedure solves the given MDP.

However, model learning is not straightforward: usually, a ground-
truth model will not be available to estimate the real dynamics.
Thus, the learning agent will have to rely only on samples from the
environment. The model-based approach brings new challenges
to RL researchers: the most important is the mismatch between
source and target dynamics distribution. The algorithms can exploit
model inaccuracies (a phenomenon known as model exploitation),
computing a policy that performs incredibly well on the target
domain but sub-optimally (or even terribly) in the source domain.
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Algorithm 1Model-Based Reinforcement Learning
1: Input: state sample procedure 𝑑
2: Input: model𝑚
3: Input: policy 𝜋
4: Input: environment 𝜀
5: Get initial state 𝑠 ← 𝜀
6: for iteration ∈ {1,2,...,𝐾 } do
7: for interaction ∈ {1,2,...,𝑁 } do
8: Generate action: 𝑎 ← 𝜋 (𝑠)
9: Generate reward, next state: 𝑟, 𝑠 ′ ← 𝜀 (𝑎)
10: 𝑚,𝑑 ← UPDATEMODEL(𝑠, 𝑎, 𝑟, 𝑠 ′)
11: Update current state: 𝑠 ← 𝑠 ′
12: end for
13: for planning step ∈ {1,2,...,𝑃 } do
14: Generate state, action 𝑠, 𝑎 ← 𝑑
15: Generate reward, next state 𝑟, 𝑠 ′ ←𝑚(𝑠, 𝑎)
16: 𝜋 ← UPDATEPOLICY(𝑠, 𝑎, 𝑟, 𝑠 ′)
17: end for
18: end for

Robust Markov Decision Processes. An MDP formulation of
a Sequential Decision Making problem is convenient for several
reasons. Most importantly, it allows a tractable model for very com-
plex applications. Several algorithms have been proposed to solve
an MDP and compute an optimal policy [2, 7, 21, 25, 32, 36, 42, 48].
However, the transition probability function 𝑃 is unknown in many
applications and the algorithms compute the optimal policy relying
on a function estimated from noisy samples of the environment
dynamics. When generating a trajectory, since the function approx-
imation is not exact, the model can generate transitions that do not
exist in the environment leading to hallucinated states [44, 46]. In
turn, these non-existing states will be used as a starting point to
generate the subsequent transitions, compounding and misguiding
the whole trajectory.

Robust Markov Decision Processes (RMDPs) address the dynam-
ics uncertainty by following a robust optimization approach. The
uncertainty in the model transition probability 𝑃 is considered as
an adversarial selection from a convex set P, called uncertainty set.
The agent aims to maximize the worst-case expected reward, based
on the adversarial choice of 𝑃 ∈ P. Following this game-theoretical
approach the optimization problem in (5) can be redefined as

𝜋∗ = arg max
𝜋 ∈Π

min
𝑃 ∈P

𝑣𝜋,𝑃 (𝑠), (6)

where 𝑣𝜋,𝑃 (𝑠) is the state-value function under policy 𝜋 and
following transitions as specified by 𝑃 . The set of stationary Mar-
kovian Policies Π contains an optimal policy 𝜋∗. Uncertainty can
be defined in different ways, two examples from the literature are
(s,a)-rectangular and s-rectangular uncertainty sets.

Definition 7. We define (s,a)-rectangular uncertainty set as the
Cartesian product of independent subsets P(𝑠,𝑎) ⊆ R |𝑆 |+ for each
(𝑠, 𝑎) ∈ 𝑆 ×𝐴

P = ×
(𝑠,𝑎) ∈𝑆×𝐴

P(𝑠,𝑎) , (7)

where 𝑃 (·|𝑠, 𝑎) ∈ P(𝑠,𝑎) .

For (s,a)-rectangular uncertainty sets, an optimal robust policy
can be computed with value iteration and it exists an optimal policy
that is Markovian, stationary and deterministic [13, 30].

(s,a)-rectangular sets can be generalised to s-rectangular uncer-
tainty sets [9, 49], where the adversarial agent is able to see only
the state.

Definition 8. We define s-rectangular uncertainty set as the Carte-
sian product of independent subsets P𝑠 ⊆ R |𝑆 |× |𝐴 |+ for each 𝑠 ∈ 𝑆

P = ×
𝑠∈𝑆
P𝑠 (8)

With s-rectangular uncertainty sets, a robust optimal policy can
be computed and it exists an optimal policy that is Markovian and
stationary, but that is not guaranteed to be deterministic [49].

3 METHOD
In this sectionwe outline ourmethod, Robust Ensemble AdversariaL
(REAL) MBRL.

We approximate the environment dynamics with an ensemble
𝑀𝜓 composed of 𝑁 models (deep neural networks), thus 𝑀𝜓 =
{𝑀𝜓1 , . . . , 𝑀𝜓𝑁

}, parameterised by𝜓 = {𝜓1, . . . ,𝜓𝑁 }. We define a
(s,a)-rectangular uncertainty setM on the ensemble models such
that

M = ×
(𝑠,𝑎) ∈𝑆×𝐴

M(𝑠,𝑎) ,

whereM(𝑠,𝑎) ⊆ R𝑁+ .
We then consider two players:
• Player 1, following a policy 𝜋 , whose objective is to maximize
the expected return of the actions taken when interacting
with the environment

max
𝜋

𝑣𝜋 (𝑠), ∀𝑠 ∈ 𝑆,

where 𝑣𝜋 (𝑠) is defined as in 4.
• Player 2, whose objective is to minimize the expected return
for Player 1 by choosing the worst model to perform each
transition

min
𝑀 ∈M

𝑣𝜋,𝑀 (𝑠), ∀𝑠 ∈ 𝑆,

where 𝑣𝜋,𝑀 (𝑠) is equivalent to 𝑣𝜋 (𝑠) but the transitions are
carried out following the dynamics of model𝑀 . By defining
the policy for Player 2 as 𝜉 : 𝑆 × 𝐴 → M, we obtain the
equivalent formulation

min
𝜉𝜔

𝑣𝜋,𝜉 (𝑠), ∀𝑠 ∈ 𝑆,

where

𝑣𝜋,𝜉 (𝑠) = 𝑅(𝑠) + 𝛾
∑
𝑠′∈𝑆

𝑃𝜋,𝜉 (𝑠 ′ |𝑠)𝑉𝜋,𝜉 (𝑠 ′)

and

𝑃𝜋,𝜉 (𝑠 ′ |𝑠) =
∑
𝑎,𝑀

𝑃𝑎,𝑀 (𝑠 ′ |𝑠, 𝑎)𝑝𝜋,𝑠 (𝑎)𝑝𝜉,(𝑠,𝑎) (𝑀) .

𝑝𝜋,𝑠 (𝑎) and 𝑝𝜉,(𝑠,𝑎) (𝑀) are the probabilities of taking actions
𝑎 and𝑀 under policies 𝜋 and 𝜉 .

3



This leads to a two-player zero-sum game, where the adversary
(Player 2) selects the worst possible model in the ensemble. Player
1 can find an optimal policy by solving the following maximin
problem:

𝜋∗ (𝑠) = arg max
𝜋

min
𝜉
𝑣𝜋,𝜉 (𝑠) ∀𝑠 ∈ 𝑆. (9)

In practice, to solve the maximin problem, we implemented the
policies of both players as Deep Neural Networks 𝜋𝜃 : 𝑆 → 𝐴 and
𝜉𝜔 : 𝑆 ×𝐴→ {1, . . . , 𝑁 } parameterised by 𝜃 and 𝜔 . Our algorithm
iteratively repeats two steps in a Dyna-style fashion:

(1) Fitting the models in the ensemble to the samples collected
from the environment using policy 𝜋𝜃 , using the MSE loss
function.

(2) Improving the policies of Player 1 and 2.
The pseudocode is provided in Algorithm 2. The algorithm can

easily be adapted to work with s-rectangular uncertainty sets by
making the adversarial policy dependent only on the state 𝑠 (i.e.,
𝜉 : 𝑆 → M).

Algorithm 2 Robust Ensemble AdversariaL (REAL) MBRL - Gen-
eral sketch
1: Input: Empty dataset buffer 𝐵
2: Input: Random policy 𝜋𝜃
3: Input: Initialized model parameters𝜓𝑖
4: for ensemble𝑀𝜓={𝑀𝜓1 , . . . , 𝑀𝜓𝑁

}
5: Input: Initialized adversary parameters 𝜔𝑖 for adversary 𝜉𝜔
6: Input: number of iterations 𝐾
7:
8: for k ∈ {0, ...,𝐾 } do
9: ⋄ Collect new observations from the environment
10: 𝐵 ← COLLECT(𝜋𝜃 )
11: ⋄ Update models using the gathered samples
12: 𝜓𝑖 ← TRAIN_MODEL(𝑀𝜓𝑖

, 𝐷)
13: ⋄ Update the main and adversarial policies
14: 𝜋𝜃 , 𝜉𝜔 ← IMPROVE(𝜋𝜃 , 𝜉𝜔 , 𝑀𝜓 )
15: end for

We also study the effects of an 𝜖-greedy adversary on the optimal
policy 𝜋∗

𝜃
, to encourage the exploration of more adversarial actions.

The 𝜖-greedy adversary will select a random action (i.e., a random
model index) to carry out the transition with probability 𝜖 . With
probability (1− 𝜖) the action will be chosen according to the adver-
sarial policy 𝜉𝜔 . The pseudocode for the 𝜖-greedy adversarial policy
is given in Algorithm 3. Both the REAL and the vanilla (without
adversary) ensemble MBRL algorithm are specific instances of the
𝜖-greedy REAL, respectively with 𝜖 = 0 and 𝜖 = 1.

4 EXPERIMENTS AND RESULTS
In this section we empirically evaluate our method and discuss
the obtained results. Through our experiments, we want to show
that, by playing against an adversary choosing adversarial transi-
tions, the main player can compute a policy that is more robust
to model errors. We evaluate the behaviour of our agent on three
environments of the OpenAI Gym suite: Frozen Lake, Cartpole and

Algorithm 3 𝜖-greedy Adversarial policy 𝜉𝜖,𝜔
1: Input: 𝜖 s.t.: 0 ≤ 𝜖 ≤ 1
2: Input: Adversary policy 𝜉𝜔
3: Input: Current state 𝑠
4: Input: Action 𝑎 taken by Player 1
5: Input: Size of ensemble 𝑁
6:
7: Function 𝜉𝜖,𝜔 :
8: ⋄ Sample from uniform distribution
9: 𝑝 ← Unif(0, 1)
10: ⋄ Apply 𝜖-greedy policy
11: if 𝑝 < 𝜖 :
12: return Random(0, 𝑁 − 1)
13: else:
14: return 𝜉𝜔 (𝑠, 𝑎)

Parameter Value
Buffer size |𝐵 | 1000
# environment samples 100
# model samples 5000
Model rollout length 𝐿 min(100,TF)
Discount factor 𝛾 0.99
Ensemble size 𝑁 3
Learning rate 𝛼 0.1
Exploration probability 𝜖𝜋 0.1
Models layers 1x16
Starting state probability 𝛿 0.5

Table 1: Algorithm hyperparameters for the Frozen Lake en-
vironment. TF stands for Termination Function.

Parameter Value
Cartpole Pendulum

Buffer size |𝐵 | 1500
# environment samples K 1000

# model samples 20000
Model rollout length 𝐿 min(300,TF) min(200,TF)

Discount factor 𝛾 0.99
Ensemble size 𝑁 3
Policy layers 3x32
Models layers 3x256

Reward net. layers 1x64
Critic layers 2x128

Adversary layers 2x32
Starting state probability 𝛿 0.5

Table 2: Algorithm hyperparameters for the Cartpole and
Pendulum environments. TF stands for Termination Func-
tion.

Pendulum. Frozen Lake is a grid-world environment where the
agent has to reach the goal tile from a starting point without falling
in holes spread across the field. In Cartpole, a pole is attached to a
joint on a cart: the agent must prevent the pole from falling down
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by moving the cart along the track. Finally, in the Pendulum envi-
ronment the goal of the agent is to learn how to keep a pendulum
upright by applying the right amount of force on the joint. As a
baseline, we use the "vanilla Model-Based" version of our algorithm
(i.e., without the adversary). For the Frozen Lake environment we
used a probabilistic model, while for the Cartpole and Pendulum
environments the model was deterministic.

4.1 Frozen Lake
The Frozen Lake environment has discrete state and action spaces:
we chose to work on a 4x4 grid world, and the actions are Up, Down,
Right and Left. An illustration of the environment is provided in
Figure 1. The low dimensionality of the state-action space allows
us to examine more in detail the behaviour of our agent and to
zoom-in on the actual contribution of the adversary. This is why
we employ Q-Learning to improve the policies of the main player
and of the adversary: a tabular method gives us the chance to
easily visualise the values of each state-action pair and interpret
the decisions taken by the two players. First, we focus on what the
model and the adversary are learning. Figures 3a, 3b and 3c show
the transition probabilities predicted by the ensemble models when
the agent is in state 7 and takes action "Down", after gathering 900
samples from the environment. By comparing them with the true
probability, represented in Figure 3d, we can see that they are far
from correctly representing the correct transition. When examining
the Q-values learning from the adversary (Figure 3e), we observe
that at this stage it has learned that choosing model 2 leads to the
worst outcome for the main player. This choice can be intuitively
explained by looking at the single transition probabilities: despite
all three models predicting with a high probability that the agent
would fall into a hole (worst possible outcome), model 2 is the only
one that does not give the agent an opportunity to get closer to the
goal tile.

When examining the average return, we can see that all the
instances of REAL behave quite similarly, and they all except 𝜖 = 0.9
improve on the baseline in early iterations, converging faster to
the optimal policy. When 𝜖 = 0.9, our agent behaves more similarly
to the baseline. This is expected, since a (almost) random choice
of the models in the ensemble should converge in expectation to
the average of the models (which is the baseline). The results are
reported in Figure 2. In Figure 2b, we compare the 𝜖 = 0.3 agent to
the plain Model-Based baseline, since it has a more stable learning
curve when compared to the others. We can also observe that
the learning curves contains several spikes, despite having a low
variance as if the agent was forgetting the information learned in
the past: increasing the number of samples collected to improve
the policy might help mitigating this problem. A summary of the
algorithm hyperparameters is provided in Table 1.

4.2 Cartpole
With the Cartpole environment, we want to test how our agent
performs with continuous observations. The action space is still dis-
crete, the agent can move the cart in the left or right direction. Since
the state space is continuous, we cannot rely on tabular planning
methods: we improve the two players’ policies through Proximal

Figure 1: An illustration of the 4x4 map used in our experi-
ments with the Frozen Lake environment. The S represents
the starting point, while the G is the goal state. The black
tiles represent holes in the gridworld which will determine
the failure of the task for the agent. Tiles that are not black
are "frozen" tiles, on which the agent can safely step.
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Figure 2: Frozen Lake environment. Comparison of REAL
instances with 𝜖 ∈ {0, 0.3, 0.6, 0.9} (figure a) and comparison
between REAL with 𝜖 = 0.3 and the Model-Based baseline
(figure b). Bold lines represent the average return over 10
runs, shaded areas evidence the performance for one stan-
dard deviation over and below the average.
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(c) Output of model 3
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Figure 3: True and predicted distributions 𝑝 (𝑠 ′ |𝑠 = 7, 𝑎 = ”Down”) according to each model in the ensemble and Q-values for
the adversarial agent, after collecting 900 samples from the environment. Note that state enumeration starts from 0.

Policy Optimization (PPO), a state-of-the-art policy gradient algo-
rithm. The algorithm is based on an actor-critic architecture to
compute an optimal policy: the critic (i.e., the value function) evalu-
ates the decisions made by the actor (i.e., the policy), which in turn
leverages this feedback to improve its behaviour. The adversary
agent is also trained using a policy gradient method called REIN-
FORCE, which computes Monte-Carlo estimates of the expected
return to update the policy parameters.While state-of-the-art imple-
mentations of PPO rely on multiple actors, collecting independent
samples from multiple instances of the environment, we imple-
mented a simpler version of PPO, using just one actor. This way,
we reduced the number of hyperparameters to fine-tune while still
being able to achieve an optimal behaviour. When performing roll-
outs with the ensemble of models, we use a fixed horizon length 𝐿.
This way, we reduce the impact of the compounding errors when
planning, but we also decrease the amount of states visited by the
actor. To overcome this limitation, with probability 𝛿 the rollout
will start from a state sampled from the buffer, and with probability
1 − 𝛿 from the environment starting state. This way, we can gather
samples from different areas of the domain, converging faster to
the optimal policy.

Results are presented in Figure 4a and a detailed illustration of
the algorithm hyperparameters is available in Table 2. As a baseline
we used a version of Algorithm 2 without the adversary, where the
model transitions are carried out using the average of the ensemble
outputs (i.e., 𝑠 ′ = 1

𝑁

∑𝑁
𝑖=1 𝑀𝜓𝑖

(𝑠, 𝑎)). In figure 4b we compare REAL
with 𝜖 = 0 to the Model-Based baseline since it outperforms the
other instances in the first few iterations (and then converges to
more or less the same value). We can see that the adversarially

trained agent heavily outperform the ensemble-based algorithm,
which results to be more vulnerable to the models approximation
mistakes.

4.3 Pendulum
With the Pendulum environment, we extend REAL to environments
with continuous action spaces. As we did for the Cartpole envi-
ronment, we use PPO to improve the policies since it would be
unfeasible to use tabular planning methods. To evaluate the robust-
ness to model errors of our algorithm, we analyse the performance
of different instances of our agent and compare it with the plain
Model-Based approach, where the output of the model ensemble
𝑀𝜓 is the average of the outputs of each component𝑀𝜓𝑛

. We con-
sider instances of the REAL agent with an 𝜖 random adversary
where 𝜖 ∈ {0.3, 0.6, 0.9}. In figure 5a, we can see the average per-
formance of each agent over 10 different runs. Despite behaving
all very similarly, we observe that the agent playing against an
adversary with 𝜖 = 0 has an improved performance in the early
stages of the training process, later converging to the same per-
formance as the other agents. In figure 5b we compare the 𝜖 = 0
REAL agent with the Model-Based baseline. We can see that the
adversarial choice of the model enables for slightly more efficient
early planning.

5 RELATEDWORK
The prediction accuracy of the model is of critical importance in
MBRL algorithms since planning relies on it. Using a model to
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Figure 4: Cartpole environment. Comparison of REAL in-
stances with 𝜖 ∈ {0, 0.3, 0.6, 0.9} (figure a) and comparison be-
tween REALwith 𝜖 = 0 and theModel-Based baseline (figure
b).

generate new data, through which it will be possible to plan fur-
ther without interacting with the environment, can be critical for
applications where there is limited data availability [23].

In the literature, we can observe two kinds of models that will
approximate the environment dynamics: non-parametric and para-
metric. The non-parametric approach has seen successful applica-
tions in low-dimensional environments with Gaussian Processes
(GP) [8, 12, 18–20, 29]. However, these models make assumptions
on the underlying system distribution that will reduce the accuracy
in complex domains. On the other hand, the parametric approach
has seen a wild growth in popularity in recent years thanks to the
constant improvements of functions approximators, such as Neural
Networks (NN) [6, 14, 15, 28, 45]. Parametric models have more
flexibility, allowing them to represent more complex functions,
while non-parametric models are more efficient when few data
samples are available. When using powerful approximators like
Neural Networks, however, there is no guarantee that the learned
transition function will converge to an optimal solution. Often,
MBRL algorithms must settle for a sub-optimal representation of
the environment dynamics, but a poor model may lead to faults in
planning or an overestimate of the expected reward that will, in
turn, compromise the accuracy of the policy computed by the algo-
rithm [3, 14, 24]. Algorithms like R-MAX [4] overcome this problem
by leveraging a tabular representation of the environment transi-
tions and optimistically exploring the state-action space, estimating
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Figure 5: Comparison of the instances of REAL with 𝜖 ∈
{0.3, 0.6, 0.9} in the Pendulum environment (figure a).We can
observe that for 𝜖 = 0, the agent learns more efficiently at
first and we compare it to the Model-Based baseline in fig-
ure b.

the probabilities similarly to Monte-Carlo methods. However, tab-
ular representations do not scale well to complex domains and it
would be unfeasible to use them in most real-world applications.

A first approach to improve the model accuracy is to choose
the appropriate exploration strategy: if the model lacks data to
compute a reliable estimate of the real dynamics, the algorithm will
take advantage of it during planning, converging to a policy that
is optimal for the model but inadequate to act in the environment.
[37] introduce Model-Based Active eXploration (MAX), an active
exploration algorithm that leverages on the models’ ensemble dis-
agreement (i.e., uncertainty) to compute exploration policies that
each round will visit unknown areas of the environment, solving
the disagreement.

Ensembles of models have been widely used in the recent lit-
erature to improve the approximation of the dynamics in MBRL
methods. In [6], the authors propose PETS, a MBRL architecture
combining particle-based propagation and ensembles of parametric
models to take into account the aleatoric (the variance of the data it-
self) and epistemic uncertainty (uncertainty of the dynamics model)
of the learned dynamics. [24] use model ensembles to prevent over-
fitting the model during planning: during policy validation, the
algorithm leverages the different models to evaluate the outcome
of the policy on a diversified set of futures.

Other approaches mitigate the effects of the model inaccuracy,
reducing the impact of compounding errors on the policy improve-
ment. In fact, because of the recursive nature of MBRL approaches, a
single prediction error will generate another slightly bigger error at
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the next step and so on, leading to a failure in the learning process.
[44] proposes a regularization technique to make the model more
robust to compounding errors. This method, called hallucinated
replay, consists in adding samples from the model to the training
data set. More specifically, once a trajectory is generated from the
environment, there is a chance that it will be replaced by an hallu-
cinated duplicate: that is, one or multiple subsequent observations
along the trajectory are substituted by the ones generated by the
model for that same transition. With this approach, the model will
be trained with some samples that are generated by itself, while
the others will still come from the environment, giving the model a
way to adjust its predictions. A different approach is to change the
plan backwards [14]: when planning forward, the value of a real
state might be updated taking into account misleading values of
hallucinated states. However, in backward planning, after observ-
ing a transition (𝑠𝑡 , 𝑎𝑡 , 𝑟𝑡+1, 𝑠𝑡+1) the model will be used to generate
the transitions (𝑠𝑡−𝑛, 𝑎𝑡−𝑛, . . . , 𝑟𝑡 ) that led to it and to update

𝑄 (𝑠𝑡−𝑛−1, 𝑎𝑡−𝑛−1) ← 𝑄 (𝑠𝑡−𝑛−1, 𝑎𝑡−𝑛−1)+
𝛼 (𝑟𝑡−𝑛 + 𝛾 max

𝑎
𝑄 (𝑠𝑡−𝑛, 𝑎) −𝑄 (𝑠𝑡−𝑛−1, 𝑎𝑡−𝑛−1)) .

This way, the algorithm will update values for states generated by
the model by using real and generated transitions. The damage from
the compounding error is therefore reduced, since it would mislead
the value of hallucinated states that will never be encountered in
the environment.

Other approaches, closer to ourmethod, develop a game-theoretical
framework to compute more robust policies. In [41], the authors
propose a pessimism principle for offline RL, to maximize the ex-
pected reward according to the worst estimate of the value func-
tion. In [33], the authors propose EPOpt-𝜖 , an algorithm combining
model ensembles and adversarial training to learn policies robust
to model errors. In EPOpt-𝜖 , the model approximates a distribution
over the true environment parameters (e.g., mass, ground friction,
joint damping). This distribution is then used to sample multiple
instances of the environment (i.e., the ensemble): the policy will
be improved over the worst 𝜖 percentile of the rollouts performed
using the ensemble. While in this work the EPOpt-𝜖 agent acts pes-
simistically w.r.t. the distribution on the parameters that regulate
the environment physics, our REAL agent acts pessimistically w.r.t.
the estimate of the transition probability function. In [34], the au-
thors propose a Model-Based RL formulation of a two-player game.
More specifically, they cast the problem as a Stackelberg game [47]:
an asymmetric game where a specific order of the players is im-
posed. In this approach, the policy player wants to maximize the
expected reward within the current approximated model, while
the model player wants to minimize the prediction error under the
state distribution induced by the policy. A Model-Free approach is
followed by [31], where policy learning is formulated as a zero-sum
game between a protagonist player and an adversary: the adver-
sary corrupts the transitions experienced by the protagonist, trying
to minimize the expected reward, while the protagonist aims to
maximize the expected reward (as usual in RL settings) by learning
a policy robust to the adversarial inputs. Compared to the previous
literature, we also cast the MBRL problem as a two-player game,
following the Robust Markov Decision Processes (RMDPs) Frame-
work. Unlike previous methods, we leverage an actual second player

that, through its policy, adversarially picks the transitions at each
timestep 𝑡 by choosing the model of the ensemble that will carry
out the transition.

6 CONCLUSIONS AND FUTUREWORK
With our work we present Robust Ensemble AdversariaL (REAL)
MBRL, an ensemble-based algorithm leveraging the use of an Ad-
versarial agent to compute a policy more robust to model errors. We
propose two adversarial approaches: one with a greedy adversary,
always exploiting what it has learned, and one with an 𝜖-random
adversary, exploring other actions with probability 𝜖 .

When using powerful function approximators to estimate the
environment dynamics, we are not guaranteed that the learned
transition probabilities will converge to the correct distribution and
therefore we cannot guarantee that the policy improvement will
converge to an optimal solution either. Through the Robust Markov
Decision Processes (RMDPs) framework, we cast the Model-Based
Reinforcement Learning problem as a two-player game where the
adversary can pick which model in the ensemble will carry out the
transition at time 𝑡 . The optimal policy will be the solution to the
resulting maximin optimization problem.

With our experiments, we empirically show that:

• The policy learned by the agent is more robust to the model
errors and can achieve a better return than the "single-player"
ensemble-based MBRL approach,
• The adversary is learning meaningful information about
which model can better interfere with the main player ob-
jective,
• The improvement over the single-player baseline depends
only on the presence of the adversary,
• Our approach can scale to continuous state-action spaces.

For future work, it would be interesting to study the perfor-
mance of our algorithm on more complex environments that can
increase the challenges for both the main and adversary player.
Another research direction would be studying ways to ensure that
the networks in the ensemble have meaningful differences in what
they learn, to grant the adversarial agent meaningful choices that
can interfere with the learning process of the main player. Finally,
since we used deterministic models for the Cartpole and Pendulum
environments, future work could involve extending the algorithm
with probabilistic models (such as Bayesian NNs).
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Appendix

2.1. Introduction
When human beings learn, they interact with the world. We do it through our own life experience, by com-
bining knowledge from other people, making mistakes and many more ways. In Reinforcement Learning
(RL), an agent interacts with the environment to learn its dynamics by retrieving experience samples [89]. As
humans, we know the consequences of throwing a ball to a wall: we can easily predict which direction it will
bounce towards, even if we saw that happening only once. Similarly, when playing video-games, even if the
environment does not equal our world (e.g., in pixel-art games) we are still able to generalize our knowledge
to understand the dynamics of the game. Sequential decision-making problems like this can be modelled
as Markov Decision Processes: a way to solve these problems is using RL algorithms if the dynamics of the
environment are not known in advance in their integrity (e.g., video-games). RL agents will need several in-
teractions with the environment to learn its dynamics and, more generally, how to behave to accomplish one
or more tasks.

RL algorithms use interactions with the environment to compute a policy determining the agent’s ac-
tions to accomplish a predefined task. In the literature, we can observe two classes of methods to exploit
the interplay between our agent and the real world: Model-Free Reinforcement Learning (MFRL) and Model-
Based Reinforcement Learning (MBRL) algorithms. The former learn directly from data retrieved from the
environment. The latter build an approximate model of the environment which will generate new simulated
experience to adjust and refine their behaviour. In this paper, we will deal with the latter methods: MBRL
results to be more appealing in theory, since it requires fewer interactions with the environment, which in
many practical applications are often scarce or costly to retrieve. However, they may not always achieve the
best solution.

MBRL methods struggle to make their way in real-world scenarios due to some flaws in their decision-
making process. When dealing with complex environments, the dynamics are often estimated with powerful
function approximators, such as Neural Networks. A drawback of these methods is that they are not guar-
anteed to converge to an optimal solution, and they might not accurately resemble the true environment
dynamics. As a consequence, the planning process is not guaranteed to result in an optimal policy. This leads
to several problems. For example, the policy might exploit inaccuracies of the learned model to retrieve high
rewards [10, 97] in poorly approximated areas of the domain: the algorithm will get higher values only in the
simulated environment, while in the real world they will obtain poorer results. Another major issue in MBRL
algorithms is the possibility of the model dynamics to diverge from the ones of the environment [97] due to
errors in the model predictions being propagated and summing up along a trajectory, ending up in a state
that hardly resembles any state from the environment. These two phenomena are known in the literature
respectively as model exploitation and compounding errors. Nonetheless, Model-Based methods are very
appealing with respect to Model-Free approaches since using a model to approximate the environment has
the potential to lead to better sample efficiency: instead of retrieving samples from the real world, they can
be generated by the model.

Based on the Robust MDPs framework, we propose Robust Ensemble AdversariaL (REAL) MBRL. We map
the model uncertainty problem as a two-player game, using an ensemble of models. One player wants to
maximise the expected reward while the other wants to minimise it by choosing the worst possible model in
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the ensemble. This way, the player maximising the expected reward will have to take into account the adver-
sary actions by solving a maximin optimisation problem. This leads to a more robust policy when compared
to assuming all transitions of the model to be correct. Additionally, we study the effect of different ε-greedy
adversaries on the resulting policy. We focus on the following research questions:

• Is the resulting policy more robust to model errors?

• Is the adversary learning meaningful information?

• Is the adversary helping the policy to be more robust to model errors, or are there other factors influ-
encing the final result?

2.2. Background
The environment in which RL agents act can be formalized as a Markov Decision Process [4].

Definition 1. A Markov Decision Process (MDP) M is a 5-tuple 〈S, A,P,R,γ〉 where S is the state space our
agent can be into, A is the set of actions our agent can perform in every state, P : S × A → S is the transition
probability function, R : S × A →R is the reward function and γ is the discount rate.

When interacting with the environment, at each time step t = 1. . .T the agent will be in a certain state
st and it will perform an action at : as a consequence, it will retrieve the reward rt and the new state st+1.
Therefore, we think about the experience of the agent as a sequence of interactions {(s0, a0,r0), (s1, a1,r1), . . . ,
(sT , aT ,rT )}, called trajectory. The agent acts according to a policy π : S → A which, depending on the current
state, will compute which action to perform.

Definition 2. We define the expected return of the agent as the discounted sum of the rewards obtained in a
trajectory {(s0, a0,r0), (s1, a1,r1), . . . , (sT , aT ,rT )} under a policy π

Gt =
∞∑

i=0
γi rt+i+1 (2.1)

and the state-action value function under a policy π qπ : S×A →R as the expected return starting from a state
s and taking action a while following the policy π

qπ(s, a) = Eπ[Gt |st = s, at = a]. (2.2)

RL techniques aim to maximize the expected reward retrieved by the agent under a policy π. This can be
achieved by computing the optimal policy: the policy under which our agent will obtain the highest cumula-
tive reward.

Definition 3. We define the optimal policy π∗ as the policy that maximizes the expected return

π∗ = argmax
π

qπ(s, a), (2.3)

for all s ∈ S and a ∈ A

Several algorithms have been proposed to solve an MDP and compute an optimal policy [9, 17, 44, 57, 70,
77, 86, 103]. We will briefly introduce the two classes of RL algorithm: Model Free Reinforcement Learning
(MFRL) and Model Based Reinforcement Learning (MBRL). The difference between the two categories of
models is that the latter builds an internal model approximating the dynamics of the MDP to solve. In figure
2.1 it is presented a taxonomy of some of the most known RL algorithms.

2.2.1. Deep Reinforcement Learning
Tabular RL methods allows the usage of exact planning algorithms that guarantee the convergence to an op-
timal policy for an MDP, keeping track of the visited state-action pairs in a table. However, these methods do
not scale well to large problems where it is unfeasible to explore and store all the possible pairs. This prob-
lem led researchers to find solutions using function approximation. In fact, it is possible to estimate several
functions involved in RL problems, such as the Q-(or state-) value function, the MDP dynamics (reward and
transition probability functions) or the policy. Employing function approximators allows for a more efficient
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Figure 2.1: A (non-exhaustive) taxonomy of Reinforcement Learning algorithms, from [2].

representation of the state-action space. More specifically, significant accomplishments have been achieved
using Deep Neural Networks (DNNs). DNNs are non-linear function approximators that can be used to rep-
resent any smooth function, but they are not guaranteed to converge to a local optimum. In the following
sections, when considering approximated functions we will represent them with a subscript indicating their
parameters (e.g., πθ is a policy parameterised by parameters θ). When not specified, the reader can assume
that the function approximator employed is a Deep Neural Network.

2.2.2. Model-Free Reinforcement Learning
MFRL algorithms aim to solve an MDP by directly approximating the value function, without making use of
the transition and reward function of the MDP. It can be seen as a trial-and-error process where the agent
explores the environment gathering more experience to understand which states have the highest value. An
example of MFRL algorithm is Q-Learning [104], which stores the values of each state-action pair and, after
taking action at in state st (according to the current estimate of Q) and observing rt and st+1, updates them
according to the Bellman equation

Qnew (st , at ) = Q(st , at )︸ ︷︷ ︸
old estimate

+α
update factor︷ ︸︸ ︷

(rt +γmax
a

Q(st+1, at+1)︸ ︷︷ ︸
target estimate using rt

− Q(st , at )︸ ︷︷ ︸
old estimate

), (2.4)

The Q-Learning algorithm is guaranteed to converge to the optimal solution Q∗ if every state-action value
is constantly updated. However, this solution is impractical in large domains (e.g., where the state space is
continuous) due to the large amount of memory required to store all the Q-values.

This inability of scaling to large domains was addressed with Neural Fitted Q-Learning (NFQ) [74] by ap-
proximating the Q-value function with Neural Networks. This way, instead of a look-up table, the agent uses
a function to determine the value of each state-action pair, saving a considerable amount of space. Nonethe-
less, NFQ requires to retrain a brand new neural network at each iteration, which is a computationally ex-
pensive procedure for complex architectures as Convolutional Neural Networks [45]. Also, the deep neural
network used in NFQ introduces new instabilities: the algorithm is not guaranteed to converge to an optimal
solution, due to the possibility of divergence in NN architectures, and the max operator (as in equation 2.4)
might lead to overestimates of the values [96], due to a phenomenon called moving target. Deep Q-Learning
(DQN) [57] proposes an improvement over NFQ by implementing memory replay: the transitions samples
are stored in a buffer, and the NN is updated through regression steps over mini batches drawn from it, re-
ducing the variance in the network outputs. DQN also introduces a target network to select the best action
and its weights are updated only once every few iterations: this way, the target is "moving slower" and the
bias of the values estimate is reduced. [96] propose Double DQN (DDQN), where two different networks are
used to estimate the values and to compute the next best action: this way the target estimate from equation
2.4 becomes

rt +γQθ− (st+1,maxaQθ(st+1, a)), (2.5)
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reducing the overestimation of state-action values.
Other Model-Free approaches that proved to be effective are policy gradient and actor-critic methods.

In policy gradient methods, the policy is approximated by a function with parameters θ (e.g., with a neural
network). The expected return of the policy πθ can then be written as

V πθ (s0) =
∫

S
ρπθ (s)

∫
A
πθ(s, a)R ′(s, a)d ad s (2.6)

R ′(s, a) =
∫

s′∈S
T (s′|s, a)R(s, a, s′), (2.7)

where ρπθ (s) is the discounted state distribution

ρπθ (s) =
∞∑

t=0
γt Pr {st = s|s0,πθ}. (2.8)

The Policy Gradient Theorem (PGT) states that the gradient of the value function w.r.t. the parameters θ can
be expressed as follows

∇θV πθ (s0) =
∫

S
ρπθ (s)

∫
A
∇θπθ(s, a)Qπθ (s, a)d ad s. (2.9)

Through this theorem, the policy parameters can be updated by using the experience retrieved from the real
world, as θ← θ+α∇θV πθ , where α is the learning rate. To compute equation 2.9, it is required an estimate of
the state-action value function Q, since the algorithm does not have access to it. A common approach is to
use actor-critic methods, where the actor is the policy (i.e., the one taking decisions) and the value function is
the critic (i.e., analyzing whether the decisions are good). Both the policy and the value function are usually
approximated by some parametric model. The former is updated using the PGT according to the feedback of
the critic which, in turn, is updated following the directions of the actor.

2.2.3. Model-Based Reinforcement Learning
In MBRL, we build a parameterized model Mθ approximating the dynamics of the real environment M : Rθ

and Pθ will respectively be the reward and transition probability functions of Mθ. The main advantage of this
approach is that the model can be used to plan, without requiring more samples from the real enviornment
(which might be difficult or expensive to get in some-real world scenarions):

Definition 4. We define planning as the improvement of the agent behaviour (policy) by using experience
sampled from a model of the real environment.

Through an iterative sequence of exploration of the environment and planning with the model fitted to
the real experience, MBRL algorithms improve both their model and policy [87]. A general template for a
MBRL algorithm is described in Algorithm 1 [97]: the procedure UPDATEMODEL fits the parameterized
model to the data retrieved exploring the environment, while UPDATEAGENT procedure solves the given
MDP.

However, model-learning is not straightforward: most of the times a ground-truth model will not be avail-
able to estimate the real dynamics, and the learning agent will have to rely only on samples from the envi-
ronment. The model-based approach brings new challenges to RL researchers: the most important is that
the algorithms can exploit model inaccuracies (a phenomenon known as model exploitation), computing a
policy that performs incredibly well on the model but sub-optimally (or even terribly) in the environment.

2.2.4. Robust Reinforcement Learning
Using complex function approximators like DNNs has led to remarkable advances in the field of Reinforce-
ment Learning. Employing Neural Networks, algorithms can achieve a (super-) human level of ability in per-
forming certain tasks. However, a critical drawback of these powerful architectures is their dependency on
data: a huge amount of samples is required to obtain significant results. This is a major bottleneck in a field
like Reinforcement Learning, where collecting new samples from a simulator can be highly time expensive,
while collecting them from the real world could even be dangerous. Model-Free RL approaches usually rely
on the former: learning a policy from a simulator which should then be deployed in real-world scenarios.
However, if the algorithms are not robust to modeling errors, the gap between reality and simulators often
makes this transfer unsafe. In previous chapters we discussed how Model-Based RL methods try to mitigate
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Algorithm 1 Model-Based Reinforcement Learning

1: Input: state sample procedure d
2: Input: model m
3: Input: policy π
4: Input: environment ε
5: Get initial state s ← ε

6: for iteration ∈ {1,2,...,K } do
7: for interaction ∈ {1,2,...,N } do
8: Generate action: a ←π(s)
9: Generate reward, next state: r, s′ ← ε(a)

10: m,d ← UPDATEMODEL(s, a,r, s′)
11: Update current state: s ← s′
12: end for
13: for planning step ∈ {1,2,...,P } do
14: Generate state, action s̄, ā ← d
15: Generate reward, next state r̄ , s̄′ ← m(s̄, ā)
16: π← UPDATEAGENT(s̄, ā, r̄ , s̄′)
17: end for
18: end for

this data request: using some real world samples to learn an approximated model of the dyanamics of the
MDP allows to generate more artificial data to use during planning. Still, MBRL approaches are not free from
problems. Using a learned dynamics model further exacerbates the gap between reality and the experience
provided to the planning agent.

When interacting with the true MDP we can rely on optimistic exploration, knowing that our (Q-)value
function and policy estimates will eventually converge to an optimal solution. However, when using function
approximation to model the dynamics of the MDP, this is no longer guaranteed since we are planning on an
imperfect model. Therefore, MBRL algorithms must be robust to model errors to achieve good performance.

Robust Markov Decision Processes (RMDPs) address the dynamics uncertainty by following a robust op-
timisation approach. The uncertainty in the model transition probability P is considered as an adversarial
selection from a convex set P, called uncertainty set. The agent aims to maximise the worst-case expected
reward, based on the adversarial choice of P ∈P. Following this game-theoretical approach the optimisation
problem in (3) can be redefined as

π∗ = argmax
π∈Π

min
P∈P

vπ,P (s), (2.10)

where vπ,P (s) is the state-value function under policyπ and following transitions as specified by P . The set
of stationary Markovian Policies Π contains an optimal policy π∗. Through this formulation, it is possible to
take into account the modelling imperfections as adversarial attacks that meddle with each transition output.
In the literature, this approach has been used both for Model-Based and Model-Free algorithms to improve
their robustness to approximation errors. In [52], the authors combine Optimism in the Face of Uncertainty
(OFU) with the Robust MDPs framework, detecting adversarial inputs in an online manner and computing
a provably optimal minimax policy. However, their approach requires to sample all the state-action space,
which is unfeasible for large domains.In [71], the authors present Ensemble Policy Optimization (EPOpt). In
this Model-Based approach, using an ensemble of simulators, the agent learns a robust policy by planning on
the worst ε percentage of trajectories experienced. In this work, the algorithm does not learn the dynamics of
the simulated environment, but a distribution on its parameters (e.g.: gravity, friction, mass): this is feasible
for a small parameter spaces, but will require more computational power for more complex environments. A
Model-Free approach is followed by [69], where policy learning is formulated as a zero-sum game between
a protagonist player and an adversary: the adversary corrupts the transitions experienced by the protago-
nist, trying to minimise the expected reward, while the protagonist aims to maximise the expected reward
(as usual in RL settings) by learning a policy robust to the adversarial inputs. In [72], the authors propose a
Model-Based RL formulation of a two-player game. More specifically, they cast the problem as a Stackelberg
game [102]: an asymmetric game where a specific order of the players is imposed. In this approach, the pol-
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icy player wants to maximise the expected reward within the current approximated model, while the model
player wants to minimise the prediction error under the state distribution induced by the policy.

2.3. Model Accuracy in MBRL
The prediction accuracy of the model is of critical importance in MBRL algorithms since planning relies on it.
A poor model may lead to faults in planning or to an overestimate of the expected reward which will, in turn,
compromise the accuracy of the policy computed by the algorithm [10, 33, 48]. We will first cover a straight-
forward approach to improve the accuracy when learning: choosing the appropriate model. Then we will
go through techniques to reduce the dimensionality of the domain through abstraction and representation
learning, and to explore the environment more efficiently.

2.3.1. Model Choice
Model-Based Reinforcement Learning algorithms have always been compelling due to their data efficiency.
Using a model to generate new data, through which it will be possible to plan further without interacting with
the environment, can be critical for applications where there is limited data availability [46]. For example, the
Dyna architecture [87] relies on the model built during the learning phase to generate new experience and
adjust the learned policy during planning. With this approach, the required amount of data requested is
greatly reduced and it is still possible to use Model-Free techniques in the planning section to have a better
asymptotic performances. Therefore, choosing the appropriate model to improve the algorithm performance
might seem a simple task, but it is not always straightforward to accomplish.

In the literature, we can observe two kinds of models that will approximate the environment dynam-
ics: non-parametric and parametric. The non-parametric approach has seen successful applications in low-
dimensional environments with Gaussian Processes (GP) [20, 29, 39, 41, 42, 61], but these models make as-
sumptions on the underlying system distribution that will reduce the accuracy in complex domains. On
the other hand, the parametric approach has seen a wild growth in popularity in recent years thanks to the
constant improvements of functions approximators, such as Neural Networks (NN) [16, 33, 37, 59]. Para-
metric models can rely on more flexibility, allowing them to represent more complex functions, while non-
parametric models are more efficient where few data samples are available, as is the case for GP.

PILCO [19] is an example of MBRL algorithm using a non-parametric model. In fact, PILCO uses Gaus-
sian Processes to implement a probabilistic dynamics model of the environment reducing model bias and
improving sample efficiency. Two main issues with this solution are the sensitiveness to noise in the states
and the ability to deal only with fairly simple environments, due to the curse of dimensionality affecting
Gaussian Processes. The former problem was addressed by [55], where the authors extended the algorithm to
Partially Observable environments while keeping the same sample efficiency, while the latter was addressed
by [16], by employing Neural Networks ensembles to model the uncertainty, achieving the state of the art in
high dimensional domains.

[75] show that the good planning performance obtained when acting with the learned approximated dy-
namics might not match the performance in the real environment. This is because the exploration policy
(used to collect samples) usually differs from the policy computed during planning, leading to a state distri-
bution shift. Because of this, the model will end up underestimating the cost of less-explored regions of the
domain and the optimized policy will lean towards them, causing poor performance of the algorithm. [75]
formally guarantee that by using Data Aggregation (DAgger) [76] when learning the model, either the algo-
rithm computes a good policy or it does not exist an accurate model for this domain (and must be found in
another class of models). During the learning phase, at each iteration n of the algorithm, DAgger proceeds
by:

1. With probability 1
2 , collecting new trajectories using the current policy πn . Otherwise, transitions are

sampled from the exploration distribution.

2. Aggregating the newly acquired data into the training dataset.

3. Fitting the model to the training dataset.

4. Solving the model, computing the new policy πn+1.

This way, the agent will not focus solely on the state distribution arising from the optimized policy. How-
ever, since DAgger does not guarantee the improvement of the policy (i.e., it might be that Eπn [Gt ] ≥ Eπn+1 [Gt ]),
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Figure 2.2: From [99]. On the right it is illustrated the Data as Demonstrator process: the predicted transitions are adjusted by using the
ones observed in the real environment and then added to the dataset. The model can therefore adjust its predictions.

the algorithm has to keep track of the best policy found so far and accordingly updates it at each iteration. A
scheme illustrating this procedure is provided in Figure 2.2.

The DAgger approach can suffer from the compounding errors resulting from multi-step rollouts (used
to sample trajectories). [99] explore a way to improve the learning process of models using multi-step pre-
dictions, leveraging Data as Demonstrator [100] and DAgger. With single-step predictions, given a state s and
an action a, the model fits the environment dynamics in a supervised learning fashion: minimizing the loss
between the output f (st , at ) = s̃t+1 of the model and the true value st+1 from the environment. Differently,
when using multi-step predictions, samples are collected from the environment along N trajectories ξn , then
minimizing the loss [1]

L =
T∑

t=1

T∑
i=t

||si − s̃i |t ||22, (2.11)

Where s̃i |t is the output of the model after i roll-out steps starting from st , following the trajectory ξn . How-
ever, this loss is very hard to optimize and, when performing roll-outs, the output of the model is recur-
sively fed as input to the next step, so the prediction errors can compound and cause serious inaccuracies
[1, 98, 100]. To improve the robustness to compunding errors of the multi-step model, [99] propose to use
the data from the environment as a guide for the algorithm (Figure 2.2). This means that, after generating the
roll-out steps, each artificial data sample (s̃t , at , s̃t+1) will be adjusted by substituting true data (previously
sampled from the environment) to the output state. The new triplet (s̃t , at , st+1) will then be added to the
dataset on which the model will be trained, to correct compounding errors.

The experiments conducted by [99] prove that the addition of DaD enables the model to learn more stable
multi-step dynamics. In fact, when using a random exploration policy, the DAgger approach rarely learned a
stable policy, as opposed to the DAgger+DaD algorithm. Moreover, when DAgger and DaD are combined, a
good performance is obtained even without adding samples to the training set from the exploration distribu-
tion (while this is a requirement for the DAgger only performance to be guaranteed). However, in noisy envi-
ronments, combining the two algorithms did not bring substantial improvements with respect to the DAgger
baseline, due to the variation of the sampled trajectories limiting the learning ability of the algorithm.

Recently, Model-Based Reinforcement Learning was employed in the Atari games domain [37]. The au-
thors proposed Simulated Policy Learning (SimPLe), summarized in Algorithm 2. Using deep convolutional
model, the algorithm is based on video prediction and was able to outperform the learning speed of Model-
Free state-of-the-art methods. The SimPLe architecture was trained on the Atari games domain, a very chal-
lenging environment due to the high dimensional state space. After initializing the model by training it on
trajectories collected through a random policy, the dataset is subsequently extended through further interac-
tions with the environment, and the model is accordingly updated. When planning, the policy is improved
using Proximal Policy Optimization (PPO) [80]. Since PPO performs rollouts using the model, to reduce the
impact of compounding errors the authors reduced their length. As it will be discussed in Section 2.4.2, reduc-
ing the planning horizon can help preventing overfitting the data: in SimPLe, the authors not only fine-tuned
the γ parameter, but also truncated the roll-out at a certain depth. This technique may not allow the algo-
rithm to access rewards after a certain time step, preventing it from getting a complete experience along the
trajectory: to solve this problem, after stopping the roll-out, the authors added to the trajectory evaluation
the value estimate of the final state. However, the final scores were still favoring the Model-Free approach and
the performance of the algorithm varied substantially for different runs on the same game. SimPLe also uses
a Data as Demonstrator approach to mitigate the effect of compounding errors when performing roll-outs,
due to imperfections of the model.
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Algorithm 2 SimPLe

1: Input: Empty dataset D
2: Input: Random policy π
3: Input: Initialized model parameters θ for model Mθ

4: Input: number of iterations N
5: Input: procedure TRAIN_MODEL to fit the model to the dataset
6: Input: procedure TRAIN_POLICY to update the policy using the model
7:

8: for n ∈ {0, ...,N } do
9: ¦ Collect new observations from the environment

10: D ← COLLECT(πn)
11: ¦ Update model using the extended dataset
12: θ← TRAIN_MODEL(Mθ,D)

13: ¦ Update policy using the updated model
14: π← TRAIN_POLICY(π, Mθ)
15: end for

While in SimPLe (as in many other MBRL architectures) the model predicts the next observed state,
MuZero [79] predicts three different quantities: the (expected) value function, the immediate reward and
the policy (i.e., the next action to take). The intuition behind MuZero internal structure is that the dynam-
ics model simulates an MDP where the states do not represent actual states of the environment: they can
be seen as an inner layer of a Neural Network, since they only have the purpose of correctly approximate
the three aforementioned functions. An advantage of this approach is that the model is not constrained to
capture a specific state semantic nor to accurately learn all the environment dynamics, but only the most
relevant features to predict the policy and state values. MuZero uses Monte Carlo Tree Search (MCTS) [13],
which computes the policy to follow and the expected value at each iteration by repeating three steps (the
search process) for every simulation:

• Selection: starting from the root node of the internal model s0, at each simulation the algorithm per-
forms an n-steps roll-out, until reaching a leaf node sn . The roll-out is performed by choosing actions
that minimizes an Upper Confidence Bound (UCB)

• Expansion: after reaching the leaf node, the reward, expected value and state sn are predicted using the
model and stored for future iterations. Then, sn is expanded by creating a number of successors equal
to the number of possible actions (which are the edges connecting them to sn).

• Backup: the expected value of the simulated trajectory is propagated back to the ancestors of sn , up-
dating the (approximated) state-action value function.

The authors proposed also a variation of the MuZero algorithm, called MuZero Reanalyze, that re-experiences
past trajectories by performing the search operation using the most updated model, improving the quality of
the policy. Also, the algorithm parameters were fine-tuned to increase sample reuse and reduce overfitting.
The MuZero algorithm (and its variation) proved to achieve better scores than state-of-the-art MFRL algo-
rithms in the challenging domain of Atari Games.

However, as shown by [5], having a great accuracy on the model does not guarantee efficiency when plan-
ning. The authors propose Generative Adversarial Tree Search (GATS), an algorithm combining Generative
Adversarial Networks (for the model) and Monte Carlo Tree Search (for planning). A downside of the MCTS
algorithm is the heavy computational cost to perform hundreds of rollout steps. The authors hypothesized
that by having an accurate model, the number of steps could have been reduced: their results proved that
short rollouts can fail even when used in combination with perfect models, therefore requiring more data
(i.e., rollouts) to improve the accuracy. The authors further claimed and empirically tested the fact that, with
short rollouts, negative actions can be avoided but the information is not efficiently propagated, slowing the
learning process.

2.3.2. Abstraction and Representation Learning
In real-world scenarios the amount and complexity of states and actions greatly increase. While deep (MF)RL
algorithms become sample hungry, requiring more data to accurately estimate the value function and an
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optimal policy, MBRL offers an appealing alternative thanks to the learned model. However, as explained
in previous sections, MBRL do not always learn a good representation of the environment: these algorithms
are usually forced to explore a very restricted part of the domain, due to its complexity, which might not be
enough to fully understand the true dynamics. This can be seen as an instance of the curse of dimensionality
[8].

An effective solution to this problem is representation learning (i.e., dimensionality reduction), where
agents learn how to act in an environment simpler than, but equivalent to, the real one. States and actions
can be mapped to a different domain but with dynamics similar to the ground truth environment, so that
the learning process can be simplified while not reducing the quality of the policy computed (which can
be "translated" back to the original domain). A renown algorithm in ML is Principal Component Analysis
(PCA) [66], which has also been applied in the RL setting [63]. However, the most common (and successful)
approach to learn abstract representations resides in Neural Networks, by using parameterized functions:

1. f enc
θ

(st ) : S → Z , encoding states from the original space and mapping them to the abstract domain Z ;

2. Aθ(at ) : A → A, encoding actions from the original space and mapping them to the abstract domain A;

3. Rθ(rt ) : R → R, encoding actions from the original space and mapping them to the abstract domain R;

4. T θ(zt , at ) : Z × A → Z , approximating the transition function of the abstract domain;

5. f dec
θ

(zt+1) : Z → S, decoding abstract states and mapping them to the original state-space.

An important aspect of representation learning is the loss function. Since the agent plans in the abstract
space, the abstract dynamics should be guaranteed to be close to the original ones. Therefore, when taking an
action at in the abstract state zt , the resulting state zt+1 should be very close to the encoding of the ground-
truth state f enc

θ
(st+1). One approach would be to implement pixel reconstruction, using a loss that simply

penalizes states that different from the encoding of the true next state [105]. However, these kind of losses
are computationally expensive due to the reconstruction process. In the most recent literature the focus has
moved on contrastive losses. A contrastive loss measures the similarity with other observations, instead of
computing the difference between single data points. Some works focus solely on the prediction of the state
following a transition, but this can result in incorrect mappings where states are considered to be the same
(in the latent space) despite having a very different value. [94] propose a loss to learn equivariant mappings,
where the dynamics of the abstraction are equivalent to the ones from the environment. To avoid an erro-
neous state mapping, they included the reward function into the loss, to better distinguish states. However, in
case of sparse rewards the learned representation could collapse to a trivial solution (all states mapped to the
same one). To prevent this, they added a contrastive loss computing the distance between the predicted state
and the encoding of a set S′ of other states sampled along the trajectory. Given N ground truth sample transi-
tions in the form (st+1, st , at ,rt ) and the corresponding latent-space approximations (zt+1, zt , at ,r t ), the loss
can be expressed as follows

L = 1

N

N∑
n=1

 d
(
zn+1,T θ(zn , at )

)
︸ ︷︷ ︸

Distance for (predicted) next state

+
Distance for (predicted) reward︷ ︸︸ ︷

d
(
rn ,r n

) + ∑
s∈S′

d−
(

f enc
θ (s),T θ(zn , at )

)
︸ ︷︷ ︸

Contrastive loss to avoid embedding collapse

 ,

(2.12)

where d−(z, z ′) = max(0,ε−d(z, z ′)) is a negative distance function. The contrastive loss grows if the predicted
state is similar to the others sampled states: since the algorithm is minimizing L, it will lean towards learning
embeddings that do not oversimplify the original domain.

The authors finally proved that when minimizing 2.12, the abstraction resulted in an MDP homomor-
phism, meaning that the dynamics in the embedded MDP are equivalent to the true ones. More formally

Definition 5. A (deterministic) MDP homomorphism from a deterministic MDP M = 〈S, A,T,R〉 to an MDP
M = 〈Z , A,T ,R〉 is a tuple h = 〈 f enc

θ
, Aθ〉 with

• f enc
θ

: S → Z being the state embedding function

• Aθ : A → A being the action embedding function
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such that the two following identities hold

T ( f enc
θ (s), Aθ(a)) = Z (s′) ∀s,s′∈S,a∈A (2.13)

Rθ( f enc
θ (s), Aθ(a)) = R(s, a) ∀s∈S,a∈A (2.14)

where s′ = T (s, a).

A critical property of MDP homomorphisms is that an optimal policy for the abstract MDP M is also
optimal in the original MDP M . Therefore, if the loss presented in equation 2.12 is minimized and the abstract
space is small, exact planning algorithms (like Value Iteration) can be employed so that the computed policy
is guaranteed to be optimal. However, as the authors of the paper state, their paper only covers the case for
deterministic MDPs: the application of this algorithm to stochastic environments is still unexplored.

2.3.3. Exploration
Another way to improve the model accuracy is to choose the appropriate exploration strategy: if the model
lacks data to compute a reliable estimate of the real dynamics, the algorithm will take advantage of it during
planning, converging to a policy that is optimal for the model but inadequate to act in the environment.

All the previous approaches make use of greedy exploration. That is, they select the policy π that greedily
maximizes the expected return over the model uncertainty, which is an optimal strategy only in a few cases,
as the Linear Quadratic Regulators [54]. Provably optimal exploration strategies have been implemented as
variations of Thompson Sampling [92], where a set of actions is sampled from the posterior distribution over
the MDP. A first approach of this technique was proposed by [85], with the Posterior Sampling for Reinforce-
ment Learning (PSRL) algorithm. Another common heuristic is the Optimism-in-the-Face-of-Uncertainty
(OFU), where the agent assigns to each action an optimistic estimate of the expected reward, and select the
option with the highest future value. This way, if the action value is overestimated, the agent can fine-tune its
expectations and learn from the experience gained. An example of algorithm using this approach is R-Max
[11], described in Algorithm 3 (from [73]). In R-Max, the agent maintains an optimistic estimate of a state-
action pair until it is experienced a certain amount of times m. After m times, the estimated value for the
state-action pair is set to its expected valued, considering the experience gained in the past.

Thompson Sampling (TS) has been proven to reach better statistical efficiency, while also having a lower
regret bound [65]. However, TS can be applied successfully only when the posterior distributions is tractable,
which is a big limitation when dealing with complex domains. On the other hand, tabular OFU algorithms
like R-Max do not scale well either to more complex domains, where the number of states and actions dra-
matically increase.

[18] propose an OFU algorithm to reduce from optimistic exploration (which is generally intractable) to
greedy exploration. They propose a variation of Upper Confidence Reinforcement Learning (UCRL) [34].
UCRL optimizes the following criterion in a tabular MDP setting:

πUC RL
t = argmax

π∈Π
max
f̃ ∈Mt

J ( f̃ ,π). (2.15)

The UCRL algorithm is intractable, since it jointly optimizes over policies Π and over the set of statistically-
plausible models Mt = { f̃ s.t. | f̃ (s, a)−µt (s, a)| ≤ βtσt (s, a)∀s, a ∈ S × A}, where µ and σ are the expected
value and variance of the models’ dynamics at time t . Therefore, [18] propose Hallucinated-UCRL (H-UCRL),
where the policy is obtained as follows:

πH−UC RL
t = argmax

π∈Π
max

η(·)∈[−1,1]p
J ( f̃ ,π) =µt−1(s, a)+βt−1Σt−1(s, a)η(s, a), (2.16)

which is tractable when choosing Lipschitz-continuous bounded functions η(·). The η function allows to
select the best policy by controlling the degree of confidence on the output of the dynamics (i.e., decides
the most appropriate amount of variance in the output of the function). Through η, the model is able to
optimistically choose the dynamics output while still taking into account the confidence interval. Also, this
way the uncertainty of the model is propagated step by step (as represented in Figure 2.3) and not over the
whole trajectory.

[81] introduce Model-Based Active eXploration (MAX) to solve both the model accuracy and model ex-
ploitation problem. MAX is an active exploration algorithm that leverages on the models ensemble disagree-
ment (i.e., uncertainty) to compute exploration policies that each round will visit unknown areas of the envi-
ronment, solving the disagreement. To do so, the authors compute the exploration policy that maximizes the
following utility function
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Algorithm 3 R-MAX

1: Input: S, A, γ, m, ε1, Rmax

2:

3: S ← S ∪ {z} where z is a fictitious state
4: for (s, a) ∈ S × A do
5: n(s, a) ← 0
6: r (s, a) ← 0
7: Q̃(s, a) ← Rmax

(1−γ)

8: R̃(s, a) ← Rmax

9: for s′ ∈ S do
10: n(s, a, s′) ← 0
11: T̃ (s, a, s′) ← 0
12: end for
13: n(s, a, z) ← 0
14: T̃ (s, a, z) ← 1
15: end for
16: for t = 1,2, . . . ,3 do
17: Observe state s
18: Execute action a := argmaxa′∈A Q̃(s, a′)
19: Observe immediate reward r and next state s′
20: if n(s, a) < m then
21: n(s, a) ← n(s, a)+1
22: r (s, a) ← r (s, a)+ r
23: n(s, a, s′) ← n(s, a, s′)+1
24: if n(s, a) < m then
25: R̃(s, a) ← r (s,a)

m

26: for s′′ ∈ S do T̃ (s, a, s′) ← n(s,a,s′)
m

27: Q̃ ← Solve MDP (S, A, R̃, T̃ ,γ,ε1) using Value Iteration
28: endif
29: endif
30: end for

Figure 2.3: From [18]. At each step of the trajectory, the following state is chosen within an uncertainty region (dark grey) of the domain
(light grey) using η.
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u(s, a) = JRD(p1(s′|s, a), p2(s′|s, a), . . . , pN (s′|s, a)) (2.17)

= H2

(
1

N

N∑
i

pi (s′|s, a)

)
− 1

N

N∑
i

H2(pi (s′|s, a)) (2.18)

Hα(X ) = 1

1−α ln
∫

p(x)αd x (2.19)

where N is the number of models implemented in the ensemble, each of which approximates a transition
probability pi , JRD is the Jensen-Rényi Divergence and Hα(X ) is the Rény entropy of a random variable X .
The JRD express the disagreement of the models on the transitions, therefore the policy maximising this
utility function will be prone to explore the uncertain regions of the model, to collect new information. The
JRD is used so that there is a tractable solution for the continuous state space: the authors chose to model the
ensemble as a mixture of Gaussians, and with α= 2 equation 18 has a closed-form solution.

2.4. Model exploitation in MBRL algorithms
The model learned by MBRL algorithms is what makes these methods more appealing than model-free so-
lutions and, unfortunately, also what makes them less reliable. [37] show that MBRL can learn environment
dynamics in a much more efficient way than model-free methods. The experiments set was the Atari video
games domain [7]. Despite the higher data-efficiency, their method still obtained lower scores than the state-
of-the-art model-free methods when trained with more iterations. Also, as reported by the authors them-
selves, the scores obtained by the model-based architecture were not consistent over multiple runs on the
same game. The instability of MBRL methods resides in the inaccuracies of the model used [97].

Model inaccuracies are defined as differences between its dynamics and the ones of the real environment,
which the model tries to approximate. The dynamics of the model are said to diverge when the model may
lead to a state distribution other than the environment one. This prediction mistakes will then sum up if the
output will in turn be the input to the model to generate a trajectory, a phenomenon known as compounding
errors.

According to the recent literature [97], the model accuracy is affected by the so-called deadly triad [88].
The term deadly triad indicates the combination of bootstrapping, function approximation and off-policy
learning in the same model. These three components can be identified in MBRL algorithms as follows: the
parameterized model equals function approximation, since it is basically a regression task on the environ-
ment dynamics. Bootstrapping, which means improving the policy using estimates of the future rewards and
not only real data, is applied when planning (i.e., the third for-loop in algorithm 1). Off-policy learning in
MBRL methods is another consequence of using a parameterized model. In fact, during planning, MBRL
agents use a policy improved according to the model: this policy does not reflect the one used to generate
new real data and this is the definition of off-policy learning.

The problem of model inaccuracies exploitation is well-known in the literature [10, 36, 51] and it is closely
related to the problem of model accuracy. The agent might exploit these model faults to compute very high
expected reward policies in the simulated environment, which will nonetheless obtain low rewards in the real
one due to different dynamics. A good illustration of this problem is presented by [10], which is provided to
the reader in the rightmost image of figure 2.6. In a complex environment like Half-cheetah the expectation
of the agent’s utility is very different from the real one (bottom-right plot).

In the next sections we will cover how the planning direction, horizon length and regularization can in-
fluence the convergence of the algorithm to an optimal policy. Afterwards, we will see how some of these
techniques have been applied in the literature to prevent compounding errors. Finally, we will cover some of
the most recent approaches to counter the objective mismatch in MBRL algorithms.

2.4.1. Planning Direction
When planning, the optimization objective is to maximize (or minimize) the policy expected reward (or cost).
The planning algorithm should suit the approximated model [58]: some require the model to be differentiable
[19, 24, 56, 93], others do not [26, 49, 78, 82, 83, 87]. In addition to the algorithm itself, the planning result can
be improved by appropriately choosing the planning direction.

Two planning directions can be distinguished: forward and backward. In forward planning [30, 31, 38, 87],
the algorithm predicts which state st+1 will follow from taking an action at in a certain state st , updating the
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Figure 2.4: From [15]. A graphic representation of Channelling, Broadcasting, Fan-in and Fan-out definitions.

current state expected value. Backward planning works the opposite way, predicting which action-state pair
(st−1, at−1) generated a certain state st , updating the previous state expected value.

[15] explore the implications of planning direction in a credit assignment setting, based on the environ-
ment structure. In credit assignment, the objective is to assign the correct reward to each state (or state-action
pair) through the delayed rewards obtained for each transition. Forward models, once a transition (s, a, s′,r )
has happened, compute the TD-error between the experienced and expected value of the state s and prop-
agate the new value estimate to the states preceding s in the trajectory. This can be a non-trivial task due
to the complexity of searching for a predecessor of s that has to be updated. Also, due to model errors, the
states previously generated by the model might not correspond to actual states from the environment: incor-
rectly updating these imaginary states can lead the model to overestimate the reward and to a sub-optimal
policy. Both these problems can be addressed by using backward models, since they predict and update pre-
decessors states. If the Q-Value function is represented by a look-up table and these states do not exist in the
environment, the update will not influence the value of real states. If instead the value function is approxi-
mated by a parameterized model (e.g., a NN), the parameters update will affect all the state-action pair values,
but the overestimation is expected to be reduced. In fact, experiments performed by the authors showed that
in a stochastic setting, the impact from model errors was lower in backward models. This can be related
to counterfactual learning, where the agent uses experience to predict what would have happened if it had
taken another action in the same state. Backward models can be interpreted in the same way: by propagating
back the reward experienced in the present, the agent can reconsider actions taken in the past. However, for
highly stochastic rewards backward models are still unable to accurately capture the environment dynamics.

[15] also studied the effectiveness of backward and forward planning in different kinds of environments.
They characterized the environments according to two features: fan-in, the number of states leading to a
certain state, and fan-out, the number of states that can be reached from a certain state. Using these two
quantities, we can define channelling (high fan-in, low fan-out) and broadcasting (low fan-in, high fan-out)
environments, as represented in Figure 2.4. Backward planning was more effective in the former, where many
previous states can be updated at once (high fan-in) and with lower variance (low fan-out). In contrast, for-
ward planning achieved lower loss scores in broadcasting environments.

2.4.2. Horizon Length
When planning in a MDP, we define evaluation and planning horizon, respectively represented by γeval and
γ. The former is used to evaluate the policy by discounting future rewards (see equation 2.1), while the second
determines the impact of future rewards when computing the optimal policy. While γeval is usually defined
by the problem, γ is a parameter of the planning algorithm and can be fine-tuned to improve the performance
of the policy. Greater values of γ will result in accurate policies and increase the computational cost, while
smaller values will lighten the computational expenses but will result in sub-optimal policies [40, 43]. There-
fore, when choosing an appropriate value for the planning horizon we incur in a trade-off between accuracy
and computational cost.

[35] study this trade-off and show that the planning horizon controls the policy overfitting to the problem.
In supervised learning settings, overfitting occurs when the complexity of the model is too high and does not
generalize well to unseen data. This results in low loss values in the training dataset but poor performances
when evaluating the model with the test dataset. Limiting the model complexity is a way to reduce overfitting.
[35] state and prove the following theorem

Theorem 1. For any fixed state space S, action space A, and reward function R, define

ΠR,γ = {π : ∃ P s.t. π is optimal in 〈S, A,P,R,γ〉}

Then the following claims hold:

1. |ΠR,0| = 1.

2. ∀γ,γ′ : 0 ≤ γ≤ γ′ < 1,ΠR,γ ⊆ΠR,γ′ .
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Figure 2.5: From [35]. Here the loss is represented as a function of γ, for training and testing. It can be observed a trend very similar
to the one of supervised learning: the training loss is constantly decreasing as we increase γ, while the test loss is U-shaped (the model
approximates a larger number of functions, and therefore overfit). The best value of γ is therefore at the bottom of the U-shaped test loss.
When we increase the number of sample, the best γ value increases, meaning that the model can afford to fit a larger set of functions.

3. ∃γ ∈ [0,1), |ΠR,γ| ≥ |A||S|−2

if ∃ s, s′ ∈ S,maxa∈A R(s, a) > maxa′∈A R(s′, a′).

The first claim ensures that, if there is a single optimal action (i.e., no ties in the reward obtained for each
state), the optimal policy is unique for γ = 0. The second claim states that the optimal policies obtained for
a certain value of γ can be obtained also with a higher value γ′. The third claim sets a lower bound of |A||S|−2

for the size of the policy class ΠR,γ, if the maximum reward is not available in every state. As a whole, this
theorem shows that increasing the value of γ will also increase the size of the policy class (second claim), up
to at least |A||S|−2 (third claim), which is slightly smaller than the total possible policies |A||S|. As the number
of available policies can be matched with the concept of complexity of the model for supervised learning (i.e.,
the number of functions that can be represented), γ can be used to balance the model overfitting. Figure 2.5
explicitly represents this phenomenon. The authors also proved that the value loss ||V ∗

π∗ −V ∗
π̃∗ ||∞ is upper

bounded, with probability at least 1−δ, by

||V ∗
π∗ −V ∗

π̃∗ ||∞ ≤ γeval −γ
(1−γeval )(1−γ)

Rmax + 2Rmax

(1−γ)2

√
1

2n
log

2|S||A||ΠR,γ|
δ

, (2.20)

where V ∗
π∗ is the true optimal value and V ∗

π̃∗ is the optimal value obtained after planning and computing
the optimal policy π̃∗ in the approximated model. The second term depends on the complexity |ΠR,γ|, which
will increase with γ, while making the second term larger while the first one will tend to zero. This effect can
be mitigated by increasing the number of available samples n, which allow greater values for γ: again, this
resembles the classical machine learning algorithm behaviour, where having more data available will allow
more complex functions to be used.

2.4.3. Regularization
To prevent model exploitation, regularization can be applied to act in ways similar to what it has observed in
the past. However, this solution brings a trade-off with the exploration of the agent: when penalizing unfamil-
iar trajectories, the agent might settle for highly sub-optimal solutions. For example, KL-divergence has been
widely used to regularize the objective function of MBRL algorithms [6, 46, 51, 67, 68]. The Kullback–Leibler
(KL) divergence DK L(p||q) is a measure quantifying the difference between probability distributions defined
as

DK L(p||q) =
∫ ∞

−∞
p(x)log

(
p(x)

q(x)

)
.
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Figure 2.6: Experiments results from [10]. The red line represents the agent expected utility in the approximated environment, while the
black one is the utility achieved in the real one. In the leftmost figure, the objective function has been penalized with DAE.

The KL is a natural expression of the distance between the actions generated by the policy when exploring
the model and the ones observed when exploring the environment. Using this as a penalization term will lead
the algorithm to prefer policies generating data that is likely to happen in the environment (i.e., that were
observed in previous exploration). However, as pointed out by [10], when using KL divergence as a constraint
for the action distribution, the algorithm will be less prone to experience unfamiliar states, which might harm
performances in high-dimensional environments.

Denoising Autoencoders (DAE) [101] have also been employed to perform trajectory optimization, pe-
nalizing the objective function [10]. By using DAE, the authors approximate the derivative of the probability
distribution of observing a given trajectory given the past experience. In fact, when the trajectories are far
from the training distribution, the error value computed by the DAE will be larger, indicating that the dynam-
ics are less accurate in that area due to the scarcity of samples in the training dataset. This way, the model
will explore trajectories that are more familiar and will not have any constraints on the states. In leftmost
image of figure 2.6, we can see that adding Denoising Autoencoders regularization significantly improves the
algorithm performances in the environment. However, as stated by the authors, this method penalizes ex-
ploration for the algorithm which will lean towards trajectories experienced in the past. This might prevent
the algorithm to improve its performances after a certain training time.

2.4.4. Preventing Compounding Errors
In Model-Based Reinforcement Learning, we can observe compounding errors in two different steps of the
algorithms during planning: when approximating the value function (due to bootstrapping) and when gener-
ating trajectories with the learned model (due to its imperfections). Because of the recursive nature of MBRL
approaches, a single error will generate another slightly bigger error in the next step and so on, leading to a
failure in the learning process.

When using bootstrapping, the Q-value of each state-action pair is updated using equation 2.4. With this
formula, we are updating the old value based on the difference between our previous estimate of the state
action value pair and a new target estimate. This last new estimate is more accurate since it is computed
using the observed reward rt . Bootstrapping happens when we use an estimate to update another estimate
(i.e, when using maxa Q(st+1, at+1)).

A possible approach to overcome compounding errors in the value function is using multi-step returns
in the target estimate. This way, the model dynamics will diverge less [95], as we can see in figure 2.7. This is
because when using n-step returns, the target estimate in equation 2.4 is computed as

n∑
i=0

γi ri +γn+1 max
a

Q(st+1, at+1). (2.21)

Note that when n = ∞, this becomes the definition of expected return (equation 2.1), as the second term
will tend to 0. So, in the case of infinite-step returns we update our value estimate towards the true expected
return, which would be ideal. However, in many cases we must settle for a finite value of n due to the envi-
ronment complexity and this leads to a reduction in the divergence of the models instead of eliminating it
completely.

When generating trajectories (rollouts) with the learned model, we also experience compounding errors:
since the approximation is not exact, the model can generate transitions that do not exist in the environment
creating hallucinated states [91, 97]. In turn, these non-existing states will be used as a starting point to
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Figure 2.7: Experiments results from [95]. When increasing the multi-step returns size, all models experience a divergence rate reduction.

Figure 2.8: From [91]. In this game, the ball (cross) should hit the wall and bounce back. On the right image is represented the true
sequence of frames. On the left is the sequence of states generated by the model: it can be seen how just one wrong pixel in the second
frame can cause a disastrous chain of errors ending up in a completely different (and non-existing) state.

generate the subsequent transitions, compounding and misguiding the whole trajectory. A graphical example
of this phenomenon is provided in figure 2.8.

[91] proposes a regularization technique to make the model more robust to compounding errors. This
method, called hallucinated replay, consists in adding samples from the model to the training data set. More
specifically, once a trajectory is generated from the environment, there is a chance that it will be replaced
by an hallucinated duplicate: that is, one or multiple subsequent observations along the trajectory are sub-
stituted by the ones generated by the model for that same transition. With this approach, the model will be
trained with some samples that are generated by itself, while the others will still come from the environment,
giving the model a way to adjust its predictions.

However, increasing model prediction accuracy and robustness is not enough to completely overcome
compounding errors in Dyna architectures. [31] study how the model mistakes compromise learning even
when there is an effort to minimize them. Using longer rollouts can bring benefits since the model will expe-
rience unexplored states, but even if the model imperfections are reduced, errors will catastrophically com-
pound as the rollout length grows.

A different approach is to change the planning direction [33]: when planning forward, the value of a
real state might be updated taking into account misleading values of hallucinated states. However, in back-
ward planning, after observing a transition (st , at ,rt+1, st+1) the model will be used to generate the transitions
(ŝt−n , ât−n , . . . , r̂t ) that led to it and to update1

Q(ŝt−n−1, ât−n−1) ←Q(ŝt−n−1, ât−n−1)+α(r̂t−n +γmax
a

Q(ŝt−n , a)−Q(ŝt−n−1, ât−n−1)). (2.22)

This way, the algorithm will update values for states generated by the model by using real and generated
transitions. The damage from the compounding error is therefore reduced, since it would mislead the value
of hallucinated states that will never be encountered in the environment.

Several works have studied the effects of modelling the uncertainty of the model and including it in the

1Equation 2.22 represents a single-step update: to obtain the equation for the multi-step approach, equation 2.21 can be adapted to the
backward setting and plugged in equation 2.22.
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planning and policy evaluation phases of the algorithm, to make learning and planning more robust to com-
pounding errors [16, 19, 21, 27, 28, 48]. Probabilistic models naturally model their uncertainty: since they
approximate a probability distribution function, by definition, they express the uncertainty of their output.
Then, during planning, it will be possible to estimate how far off the approximated trajectory is when com-
pared to executing the same actions in the environment.

A common planning method is to model the choice of each action along a trajectory as a function of the
current state, that is modelling a policy π : st → at . Alternatively, using a Model Predictive Control (MPC)
approach, the algorithm optimizes with respect to the sequence of actions taken: given a set of actions
{at , . . . , at+n} and a starting state st , the algorithm computes a probability distribution over the trajectories
st :t+n . At each time step, the algorithm applies the action maximising the expected reward. Since MBRL
methods use the model to predict the evolution of states after n actions (i.e., over a horizon of length n),
the uncertainty of a single prediction must be propagated over the same horizon during planning, when
estimating the expected reward. Depending on the method used for state representation, there are several
approaches in the literature to approximate uncertainty propagation. Deterministic methods take the mean
prediction without relying on uncertainty estimation, particle methods generate Monte Carlo samples along
the given trajectory, while parametric methods include Gaussian (Mixture) Models. Particle methods proved
to be competitive with respect to parametric methods [47], both in terms of accuracy and computational cost
while also having the advantage of not making assumptions on the modelled distribution.

Algorithm 4 PETS

1: Input: Dataset D initialized with data from a random exploration policy
2: Input: The horizon length H
3: for round k ∈ {1,2, ...,K } do
4: Train a Probabilistic Ensemble dynamics model f̃ on D
5: Initialize P starting states (particles) sp

τ to the same initial state s0, where p ∈ {1,2, ...,P }
6: for time step t ∈ {0,1, ..., H } do
7: for sample i ∈ {1,2, ..., N } do
8: Sample actions at :t+T ∼ CEM(·)
9: Propagate state particles sp

τ using TS and the ensemble f̃ , along the sampled trajectory at :t+T

10: Evaluate the trajectory according to the expected value
∑t+T
τ=t

1
P

∑P
p=1 r (sp

τ , aτ)
11: Update CEM(·) distribution
12: end for
13: Select the optimal trajectory a∗

t :t+T among the N samples and select the first action a∗
t

14: st+1 = f̃ (st , a∗
t )

15: D ← D ∪ (st , a∗
t , st+1)

16: end for
17: end for

An example of architecture combining particle-based propagation and ensembles of parametric models
to model uncertainty is PETS [16], summarized in Algorithm 4. The model incorporates uncertainty by using
an ensemble of bootstrapped models. By using bootstrap aggregation (i.e., training each model on a sampled
subset of the original training dataset), the variance of the model can be greatly reduced while also diminish-
ing overfitting [12]. The authors train N models fθn , where θn are the parameters for the nth model, that are
then aggregated in a final model f such that f = 1

N

∑N
n=1 fθn . To generate a trajectory, the PETS algorithm uses

Trajectory Sampling. That is, at each time step t , the transition from a state s is carried out by one of the N
bootstrapped models chosen according to a function b(s, t ). The model choice for Trajectory Sampling (TS)
can therefore be expressed as a function of time, depending on the implementation. The authors explore two
different TS strategies, namely TS1 and TS-∞. With TS1, the models are uniformly resampled at each time
step, while in TS-∞ each trajectory is carried out by the same model. An advantage of the second approach
is that the model can take into account two different kinds of uncertainty, aleatoric and epistemic, without
fine-tuning additional hyperparameters. The former is the variance of the data itself (e.g., noise from the
generating process), while the latter is the uncertainty of each model about the real dynamics functions (due
to scarce data) and it is given by the disagreement between the models (Figure 2.9). The PETS algorithm was
able to reach a performance similar to the one of state-of-the-art Model-Free methods, proving that taking
uncertainty into account during learning and planning is a critical factor for MBRL methods.

[48] use model ensembles to prevent overfitting the model during planning: during policy validation the
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Figure 2.9: From [16]. We can observe how the predictions of the two models diverge in areas where less data is available (epistemic
uncertainty). The variance of the prediction (red and blue shaded areas) models aleatoric uncertainty.

algorithm leverages the different models to evaluate the outcome of a certain policy on a diversified set of
futures. In fact, Kurutach et al. take into account the ratio of models φk in which the policy πθ improves

1

K

K∑
k=1

1[η̂(θnew ;φk ) > η̂(θol d ;φk )],

where K is the number of models used by the ensemble and η̂(θ;φ) is the function computing the perfor-
mance of the policy πθ on model φ. This ratio is used in the algorithm to evaluate when the policy has con-
verged to a (local) optimum.

2.4.5. Objective Mismatch
MBRL algorithms consists of the following steps (cyclically repeated): gaining experience samples with the
current policy, adjusting the environment model using the experience collected and improving the policy
through planning with the approximated model. Due to this modular structure, in MBRL we can distinguish
between model accuracy and planning performance [50]. The former defines how close the model is to the
environment itself, while the latter quantifies the agent’s performance in the environment. These two opti-
mization problems can be addressed separately but, as shown by [50], it will negatively affect performances
as the environment becomes more complex, creating an objective mismatch.

The MBRL approach assumes a strong correlation between the two losses used for the model fitting and
planning steps: it is expected that when improving the model, so will the optimal policy computation. This
assumption is inherited from System-Identification (SI) theory, where a model is fitted to a set of sampled
trajectories from the environment and then employed to fulfill a certain task. However, SI approaches also
rely on three more assumptions that grant a positive result from the optimization of two different losses,
which do not hold true for MBRL [50]:

1. The presence of virtually infinite data: this is explicitly in contrast with MBRL where algorithms try to
be data efficient (i.e., make use of less data from the environment and still be very accurate).

2. The collected trajectories cover the entire state-action space: this does not hold for MBRL, since models
focus on specific tasks, and therefore will favour exploration of regions useful to its accomplishment.

3. The model resulting from SI approach is global and generalizable: this is prevented by the fact that
MBRL models are usually biased towards the task they have to accomplish.

[50] experimentally show that the two losses optimized in MBRL algorithms are actually uncorrelated,
originating the objective mismatch phenomenon. To confirm this assumption, the authors studied the impact
of model accuracy on the final performance. By performing an adversarial attack on the dynamics model,
they lowered the experienced rewards by a large amount when observing a drop in the validation likelihood.
The attacked model resulted having a mildly increased accuracy with respect to the non-attacked model, but
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computed a notably under-performing policy. Thus, the higher model accuracy does not imply an improve-
ment in performance.

The objective mismatch has also been tackled with differentiable architectures [3, 64, 84]: this way, the
planning loss can be backpropagated through the model as well. However, these solutions are not always
possible to implement (e.g., due to intractability), and other methods rely on implementing heuristics to
optimize the model dynamics with respect to the faced task.

[25] propose Value Aware Model Learning (VAML), a technique to link learning and planning in MBRL.
The idea is that the policy optimization process should impact the approximation of the model. When just
considering model estimation, the cost to optimize could be expressed as

c =
∣∣∣∣∫ [

P (d x ′|x, a)− P̂ (x ′|x, a)
]

V (x ′)d x ′
∣∣∣∣ ,

where the distance between the transitions computed by the true model P and its approximation P̂ is weighted
by the value V of that same transition. A first problem with this cost function is that we do not know either the
true value or probability function. Moreover, the cost function is a pointwise measure (since it is computed
for a fixed value of x and a), while it would be best to consider a continuous function in the space X × A. The
authors propose a new loss to estimate the model while taking into account also the value function V of the
task, given a dataset of samples Dn = {(Xi , Ai , X ′

i )}n
i=1:

c2
2,n(P̂ ) = 1

n

∑
(Xi ,Ai )∈Dn

sup
V ∈F

∣∣∣∣V (X ′
i )−

∫
P̂ (x ′|Xi , Ai )V (x ′)d x ′

∣∣∣∣2

,

where P̂ is the transition probability function approximated by the model, assumed to be an exponential with
features φ′ : X × A×X →Rd and weights w . So P̂ = P̂w such that

P̂w = exp(φ′(x ′|x, a)T w)∫
exp(φ′(x ′′|x, a)T w)d x ′′ . (2.23)

The authors proved that the gradient of this cost function is, with respect to the parameters vector w

∇w c2
2,n(P̂w ) = 2B 2

n

n∑
i=1

[
EX ′∼P̂w (̇|Xi ,Ai )[φ(X ′)]−φ(X ′

i )
]T ·CovX ′∼P̂w (̇|Xi ,Ai )(φ(X ′),φ′(X ′|Xi , Ai )), (2.24)

where φ : X → Rp is the feature mapping for the value function Vθ(x) = φT (x)θ and ‖θ‖2 ≤ B (the features
extracted with φ are assumed to be different from φ′ ones). The first term of the gradient computes the
difference between the value experienced and its expectation, whereas with with a regression approach we
would have the difference between transition probabilities. The second term of the gradient weights the
difference using the covariance between the transition probability and the state value.

Despite bringing awareness of the task in the model, by introducing a "value term" both in the cost func-
tion and its gradient, this approach also introduces new technical difficulties: the normalizing factor in equa-
tion 2.23 will not have a closed form in most of the cases, and computing the gradient of this loss is not trivial.
The first problem can be solved by using Monte Carlo methods or with variational inference [53], while for the
second the authors propose to estimate the gradient by using a few samples from the probability distribution,
as in contrastive divergence learning [14].

[22] introduce Gradient Aware Model-Based Policy Search (GAMPS), mainly exploring the batch setting.
When considering the batch setting, the agent learns the model by using only a dataset consisting of previ-
ously collected trajectories (following a known behavioural policyπb) that is not extended through additional
interactions with the environment. Policy-search algorithms then learn a parameterized policy πθ , that max-
imizes the expected return. The gradient of the expected return, computed w.r.t. parameters θ, is defined by
the Policy Gradient Theorem [89, 90] (see equation 2.9). Since in batch policy optimization the gradient is
computed for a policy πθ different from the behavioural policy πb , the mismatch between the distributions
is addressed by using importance sampling, re-weighting the experienced transitions according to the prob-
ability of observing them under policy πθ. The importance weight for the transitions happening in trajectory
τ from time t ′ to t ′′ is defined as

ρπθ ,πb (τt ′:t ′′ ) =
t ′′∏

t=t ′

πθ(at , st )

πb(at , st )
. (2.25)
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The gradient of the expected return, computed w.r.t. parameters θ, is defined by the Policy Gradient Theorem
[89, 90]. The authors propose an improvement over the Policy Gradient Theorem (PGT), called Model-Value-
based Gradient (MVG) by approximating the action-value function Q(s, a) through the model p̂

∇MVG
θ J (θ) = 1

1−γ
∫

S

∫
A
δ
π,p
µ (s, a)∇θlogπ(a|s)×Qπ,p̂ (s, a)dsda. (2.26)

This way, the variance is reduced with respect to the PGT, where Q(s, a) is approximated using samples from
the environment, and the model bias is limited to the Q-function estimate since the model is not used to
sample transitions in δπ,p

µ (s, a). The authors proved that not all the state-action pairs are critical to compute
a good estimate of the gradient: the agent should prioritize those that are likely to be experienced when
following the policy from pairs with greater gradient-magnitude. In fact, the magnitude ||∇θlogπ(a|s)|| can
be seen as quantifying how much can the policy be improved in that area of the state-action space.

In GAMPS, presented in Algorithm 5, the agent can evaluate which dynamics of the environment are
critical to learn with respect to the task and which are not: when learning the model, transition probabilities
are re-weighted using the "awareness" of the environment given by the current agent’s policy. More formally,
after generating a dataset of transitions τi following a behaviour policy πb , the model p̂ is computed in the
following way

p̂ = argmax
p̄∈P

1

N

N∑
i=1

Ti−1∑
t=0

ωi
t p̄(xi

t+1|xi
t , ai

t )

ωi
t = γtρπ/πb (τi

0:t )
t∑

l=0
||∇θlogπ(ai

l |si
l )||q ,

where P is the class of models approximating the environment dynamics, π is the currently estimated
policy and T i is the length of the i th trajectory τi . The transitions are re-weighted using ωi

t , which is defined
by three components: the discount factor γt makes later transitions less important, ρπ/πb (τ0:t ) is larger for
transitions occurring often under current policy π and

∑t
l=0 ||∇θlogπ(al |sl )||q will favor the transitions with

highest accumulated reward under the current policy.

Algorithm 5 Model-Value-based Policy Search

1: Input: Trajectory dataset D
2: Input: behavior policy πb

3: Input: initialized parameters θ0

4: Input: step size α
5:

6: for k ∈ {0, ...,K −1} do
7: ¦ Learn model p̂ using experience samples from D
8: ωi

t ← γtρπθk
/πb (τi

0:t )
∑t

l=0 ||∇θlogπθk
(ai

l |si
l )||q

9: p̂k ← argmaxp̄∈P
1
N

∑N
i=1

∑Ti−1
t=0 ωi

t p̄(xi
t+1|xi

t , ai
t )

10: ¦ Approximate the Q-value function using the model p̂k

11: Generate M trajectories for each (s,a) using p̂k

12: Q̂k (s, a) ← 1
M

∑N
j=1

∑T j −1
t=0 γt r (s j

t , a j
t )

13: ¦ Improve the parameterized policy
14: ∇̂J (θk ) ← 1

N

∑N
i=1

∑Ti−1
t=0 γtρπθk

/πb (τi
0:t )∇θlogπθk

(ai
t |si

t )×Q̂k (si
t , ai

t )

15: θk+1 ← θk +αk ∇̂θ J (θk )
16: end for

While the previous approaches rely on the reward labels retrieved from the environment, [60] approach
the objective mismatch problem in a self-supervised MBRL setting (i.e., without reward labels). In this set-
ting, an MDP is defined as M = 〈S, A, p,G ,γ〉, where G is the set of goal states sg . Given a set of trajectories
[τ1, . . . ,τN ] where τ = [(s0, a0), (s1, a1), . . . , (sT )] and a distance measure C : S × S → R, the MBRL agent must
minimize the (expected) cost C (sT , sg )2. The intuition behind Nair et al. work can be described as follows.

2The approach and intuition can be easily extended to the reward-based setting.
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In MBRL, when optimizing the model, the errors are uniformly distributed across the whole dynamics do-
main: this can lead to catastrophic performance, since the algorithm can exploit mistakes in certain areas
of the domain during planning. However, the model does not have to be equally accurate on all transitions:
the problem can be reduced to have a high accuracy in areas of the domain that are critical to accomplish the
task, while dynamics unrelated to the problem can be approximated with lower precision. In fact, the authors
state and prove the following theorem

Theorem 2. Let a policy π be used to select N action sequences ai
1:T when interacting with the model. Let

c∗i = Ep,ai
1:T

[C (sT , sg )] be the expected cost of the i th action sequence under the true dynamics of the system

(unknown to the agent), and ĉ∗i = Epθ ,ai
1:T

[C (ŝT , sg )] the expected cost under the learned model. Then the policy

will remain ε-optimal, that is

c∗i ′ ≤ c∗1 +ε, i ′ = argmin
i

ĉi , (2.27)

if the following two conditions are met:

1. the model prediction error on the best action sequence a1
1:T is bounded such that |c∗1 − ĉ1| < ε,

2. the errors of sub-optimal actions sequences ai
1:T are bounded by |c∗i − ĉ1| < (c∗i − c∗1 )−ε.

These two conditions imply that the model error should be low for good (ε-optimal) trajectories, but that
a higher error is acceptable for the others. So, while usually the model learning redistributes the model error
uniformly (along all trajectories), the authors propose to stir the model to have accurate predictions along
relevant trajectories. With an accurate cost function C (sT , sg ), weighting transitions in the training loss by the
inverse cost would encourage the model to focus on low-cost trajectories (that would carry a greater weight).
However, this approach would not be as effective for high-dimensional states (e.g., video prediction), since
the cost function would be very sparse. Therefore, the authors introduce goal-aware prediction (GAP). That
is, a technique through which the model reconstructs the difference between the goal and the next state
p((sg − st−1)|st , sg , at ), by setting the final state of a trajectory as its goal. This way the model only needs to
learn components useful for the task, since it is approximating only the difference between states, and it will
predict more accurately states that are closer to the goal.

2.5. Method
In previous sections we went through the challenges brought by introducing a model of the dynamics of an
MDP. In tabular methods like R-MAX, where the agent optimistically explores the environment and adjust the
expected value for each transition, we can guarantee the convergence of the algorithm. When dealing with
complex state-action spaces, we need to rely on function approximation to represent transition probabilities
and value functions. However, powerful function approximators like Neural Networks are not guaranteed to
converge to the correct probability distribution and the RL agents might not converge to an optimal policy.
Robust Markov Decision Processes grant the possibility to deal with the uncertainty in the MDPs dynamics
and reward function by casting the decision problem as a two-player game. With RMDPs, we can mitigate the
impact of the incorrect dynamics on the policy learned by the agent, which will be more robust to the model
errors and closer to the optimal policy.

2.5.1. Robust Markov Decision Processes
In Robust Markov Decision Processes (RMDPs), the transition probability P is considered to be an element
of the convex set P, called uncertainty set. We can define different structures for the uncertainty set: s-
rectangular, (s, a)-rectangular and nonrectangular.

Definition 6. We define s-rectangular uncertainty set as the Cartesian product of independent subsets Ps ⊆
R
|S|×|A|
+ for each s ∈ S

P= ×
s∈S
Ps (2.28)

Definition 7. We define (s,a)-rectangular uncertainty set as the Cartesian product of independent subsets
P(s,a) ⊆R|S|+ for each (s, a) ∈ S × A

P= ×
(s,a)∈S×A

P(s,a) (2.29)
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With s-rectangular uncertainty sets, a robust optimal policy can be computed and it exists an optimal
policy that is Markovian and stationary, but that is not guaranteed to be deterministic [106]. (s, a)-rectangular
uncertainty sets are a specific instance of s-rectangular sets [23, 106], where an optimal robust policy can be
computed with value iteration and it exists an optimal policy that is Markovian, stationary and deterministic
[32, 62]. Uncertainty sets that are neither s- nor (s, a)-rectangular are said to be nonrectangular, for which
exact robust policy evaluation and improvement is intractable.

In the RMDPs framework, we assume each transition probability to be chosen adversarially from the un-
certainty set P. So, an optimal policy can be obtained by solving

π∗ = argmax
π∈Π

min
P⊂P

vπ,P (2.30)

where vπ,P is the value function under policy π and following the adversarial transitions P .

2.5.2. Robust Ensemble AdversariaL (REAL) MBRL
When using function approximation to represent the environment dynamics, we cannot guarantee the con-
vergence of the model to the true distribution. In this section, we propose Robust Ensemble AdversariaL
(REAL) MBRL, a Model-Based algorithm leveraging the RMDPs framework to compute a policy more robust
to modeling errors. We will introduce two methods: the first approach will use a greedy adversary to choose
the worst transitions, while the second algorithm will have an ε-random adversarial agent to increase the ad-
versarial exploration.3

In REAL, we approximate the environment dynamics using an ensemble of N models Mψ = {Mψ1 , . . . , MψN }
where p(s′|s, a) = 1

N

∑N
i=1 Mψi (s, a). By leveraging equation 2.30 and definition 7, we can cast the policy im-

provement problem as a two-player game. In fact, we can define a (s, a)-rectangular uncertainty set on the
ensemble of models so thatM= ×

(s,a)∈S×A
M(s,a). The main player following a policy π will have as objective to

maximise the expected return under the current dynamics M ⊂M, which is

argmax
π

vπ,M (s), ∀s ∈ S. (2.31)

The adversary will choose the dynamics to minimise the expected return of the main player, so

min
M⊂M

vπ,M (s), ∀s ∈ S. (2.32)

By representing the behaviour of the adversary as a policy ξ : S × A →M, we obtain the equivalent defini-
tion of the adversarial optimization problem

min
ξ

vπ,ξ(s), ∀s ∈ S. (2.33)

By combining equations 2.30, 2.31 and 2.33 we obtain the two-player game

π∗ = argmax
π

min
ξ

vπ,ξ(s) ∀s ∈ S. (2.34)

To compute the optimal policy, our reinforcement learning agent continuously iterates between a model-
learning and policy improvement phase. At each iteration t , when performing model-learning, we fit our
approximated model to samples gathered in the true environment by using the current policy πt . We then
improve the policies πt and ξt by generating new transition samples with the approximated dynamics, re-
sulting in the new policies πt+1 and ξt+1. In algorithm 6, we provide a generic pseudocode for the algorithm.
The IMPROVE function uses the main and adversarial policy to perform rollouts in the approximated model,
where each transition is performed by the model chosen by the adversary. The gathered samples are then
used to improve both policies.

To encourage adversarial exploration, we propose a version of our algorithm involving an ε-random ad-
versary. The ε-random adversary will select a random action with probability ε. With probability (1− ε), the
adversary will exploit what it has learned so far and choose the action according to the policy ξω. When ε= 0,
we obtain the REAL algorithm with a greedy adversary always choosing the action according to the policy.

3Notice that the former case is a specific case for the latter, where ε= 0.
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Algorithm 6 Robust Ensemble AdversariaL (REAL) MBRL - General sketch

1: Input: Empty dataset buffer B
2: Input: Random policy πθ
3: Input: Initialized model parameters ψi for ensemble Mψ={Mψ1 , . . . , MψN }
4: Input: Initialized adversary parameters ωi for adversary ξω
5: Input: number of iterations K
6:

7: for k ∈ {0, ...,K } do
8: ¦ Collect new observations from the environment
9: B ← COLLECT(πθ)

10: ¦ Update models using the gathered samples
11: ψi ← TRAIN_MODEL(Mψi ,D)
12: ¦ Update the main and adversarial policies
13: πθ,ξω← IMPROVE(πθ,ξω, Mψ)
14: end for

G

S

Figure 2.10: An illustration of the 4x4 map used in our experiments with the Frozen Lake environment. The S represents the starting
point, while the G is the goal state. The red tiles represent holes in the gridworld which will determine the failure of the task for the agent.
Finally, black tiles represent the "frozen" tiles, on which the agent can safely step.

2.6. Experiments and results
In this section, we will describe the experiments performed to evaluate our REAL algorithm. We focused on
three environments, namely: Frozen Lake, Cartpole and Pendulum. All these environments are part of the
OpenAI Gym suite. Frozen Lake is a grid-world environment, where the agent has to learn how to reach the
goal state by moving towards the four cardinal directions. In Cartpole, a pole is connected to a cart moving
on a frictionless track: the pole is set upright at the beginning of each episode, and the agent has to learn how
to keep it balanced and prevent it from falling down. In the Pendulum environment, the agent can learn how
to swing a pendulum up (and keep it upright) by applying the correct amount of force to it.

2.6.1. Frozen Lake
In the Frozen Lake environment, the agent moves the character on a gridworld. The character can move
towards the four cardinal directions: up, down, right and left. The objective is to reach the goal cell, situated
on the opposite side of the map. Some cells of the gridworld are "holes" that when entered will result in the
termination (and failure) of the episode. An illustration of the environment is presented in Figure 2.10. The
transition function of the environment is stochastic and upon taking an action a, the agent might slip and
move in one of the perpendicular directions with a non-zero probability p, hence the name Frozen Lake4. In
our experiments, the probability to move in one of the perpendicular directions is 0.2 and the probability to
move in the correct one is 0.6.

The low complexity of this task allows us to properly evaluate the efficacy of our algorithm, by examining
in detail the moves of both the main player and the adversary. To increase the interpretability of our method,
we are using Q-learning to plan and compute the optimal policy. Through a tabular planning method we can
observe and evaluate the choices of our agents, since we have access to the value estimate for each state-
action pair.

4The dynamics can also be set to be deterministic (i.e., p = 0).
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Parameter Value
Buffer size |B | 1000
# environment samples per iteration 100
# model episodes per iteration 5000
Model rollout length L min(100,termination function)
Discount rate γ 0.99
Ensemble size N 3
Learning rate α 0.1
Exploration probability επ 0.1
Models layers 1x16
Starting state probability δ 0.5

Table 2.1: Algorithm hyperparameters for the Frozen Lake environment

Algorithm details
In the Frozen Lake environment, we approximate the dynamics using an ensemble Mψ where |Mψ| = 3.

We use a probabilistic model, estimating the probability over the next state p(s′|s, a). In other words, we
define the dynamics learning problem as a classification task, where the output class is the index of the next
state s′. Since the state-action space is small, we can afford to use tabular methods to perform planning and
improve the policies πθ and ξω. For our experiments, we used Q-Learning and we improved the policies by
following the update rule

Qnew(st , at ) =Q(st , at )+α · (rt +γ ·max
a

Q(st+1, at )−Q(st , at )),

where α is the learning rate, γ is the discount factor and st ,at ,rt are the state, action and reward gathered
at time t . Note that for the adversarial agent we would substitute st with sadv

t = (st , at ) and at with aadv
t ∈

[1, . . . , |Mψ|]. When gathering samples from the true environment we performed ε-greedy exploration with a
fixed επ.5 In table 2.1 we provide a more detailed insight on the algorithm hyperparameters.

Results
Since the Frozen Lake environment has a small state-action space, and we are using tabular methods to

compute the optimal policies, we can inspect what is being learned by the algorithm more in detail. First,
we focus on what the model and the adversary are learning. In figure 2.11a, 2.11b and 2.11c are presented
the transition probabilities predicted by the ensemble models when the agent is in state 7 and takes action
"Down", after gathering 900 samples from the environment. By comparing them with the true probability,
represented in Figure 2.11d, we can see that they are far from correctly representing the correct transition.
When examining the Q-values of the adversary (Figure 2.11e), we observe that at this stage, it has learned that
choosing model 2 leads to the worst outcome for the main player. This choice can be intuitively explained
by looking at the single transition probabilities. Despite all three models predicting with a high probability
that the agent would fall into a hole (worst possible outcome), model 2 is the only one that does not allow the
agent to get closer to the goal tile.

By examining the average return of our algorithm, we can observe that for different values of ε the learning
process is quite similar, except for ε= 0.6, where the average return is significantly lower up until 4k samples.
We chose to compare the ε= 0.3 agent to the plain Model-Based baseline since it has a more stable learning
curve when compared to the others. The results are reported in Figure 2.12 and Figure 2.13. We can see that,
in the first few iterations, the presence of an adversary enables the agent to learn a policy that is more ro-
bust to model errors and achieves better average results. Since a faster improvement of the dynamics model
could cause the increased average return, we inspect the average cosine similarity of the ensemble predicted
distributions. We compared it for each instance of REAL to the plain model-based ensemble in Figure 2.14.
We can see that all models improve at the same pace, and the adversary is the only discriminant between the
methods helping to compute a more robust policy.

2.6.2. Pendulum
Through this experiment, we aim to show that our algorithm can scale to more complex environments with
continuous observation and action spaces.

5We named it επ to distinguish it from the adversarial ε.
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Figure 2.11: Predicted distribution p(s′|s = 7, a = "Down") according to each model in the ensemble and Q-values for the adversarial
agent, after collecting 900 samples from the environment. Note that state enumeration starts from 0.
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Figure 2.12: Comparison of REAL with ε ∈ {0,0.3,0.6,0.9} in the Frozen Lake environment. Bold lines represent the average return over 10
runs, shaded areas evidence the standard error.



36 2. Appendix

0 10 20 30 40 50 60
# of samples (×10)

0.0

0.2

0.4

0.6

0.8

Av
er

ag
e 

Re
tu

rn

MB Ensemble
MB Ensemble + Adversary ( = 0.3)

Figure 2.13: Comparison between REAL with ε= 0.3 and the vanilla Model-Based baseline in the Frozen Lake environment.
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In this environment, the goal of the agent is to learn how to keep a Pendulum upright by applying the
right amount of force on the joint. In the Pendulum environment, transitions are deterministic, observations
o ∈R3 and actions a ∈R. Since this environment has a continuous state-action space, it is not feasible to em-
ploy a tabular planning algorithm as we did in Frozen Lake: we decided to compute the optimal policy using
Proximal Policy Optimization (PPO), a policy gradient algorithm. Policy Gradient methods model the policy
directly, through a parameterised functionπθ , and optimize it according to the Policy Gradient Theorem (2.9).
PPO imposes a KL-divergence constraint to limit the size of the policy updates. The algorithm is based on an
actor-critic architecture to compute an optimal policy: the critic (i.e., the value function) evaluates the deci-
sions made by the actor (i.e., the policy), which in turn leverages this feedback to improve its behaviour. The
adversary agent is also trained using a policy gradient method called REINFORCE, which computes Monte-
Carlo estimates of the expected return to update the policy parameters. The pseudocode of the algorithm is
presented in Algorithm 7.

Algorithm 7 Robust Ensemble AdversariaL (REAL) MBRL

1: Input: Empty dataset D
2: Input: Random policy πθ
3: Input: Initialized model parameters ψi for ensemble Mψ={Mψ1 , . . . , MψN }
4: Input: Initialized adversary parameters ωi for adversary ξω
5: Input: number of iterations K
6:

7: for k ∈ {0, ...,K } do
8: ¦ Collect new observations from the environment
9: D ← COLLECT(πθ)

10: ¦ Update models using the extended dataset
11: ψi ← TRAIN_MODEL(Mψi ,D)
12: ¦ Update adversary using "inverse" REINFORCE
13: L = 1

T

∑T
t Gt ln(ξω(Mi ,t |st ))

14: ω←ω+α∇ωL
15: ¦ Update πθ carrying out transitions with an adversarially chosen model
16: πθ ← PPO(πθ, Mψ,ξω)
17: end for

Algorithm details
For the Pendulum environment we approximate the domain dynamics using an ensemble Mψ where

|Mψ| = 3. The model is deterministic, so it directly approximates the output state of the transition. While
state-of-the-art implementations of PPO rely on multiple actors, collecting independent samples from mul-
tiple instances of the environment, we implemented a simpler version of PPO, using just one actor. This
way, we reduced the number of hyperparameters to fine-tune while still being able to achieve an optimal
behaviour. When performing rollouts with the ensemble of models, we use a fixed horizon length L. This
way, we reduce the impact of the compounding errors when planning, but we also decrease the amount of
states visited by the actor. To overcome this limitation, with probability δ the rollout will start from a state
sampled from the buffer, and with probability 1−δ from the environment starting state. This way, we can
gather samples from different areas of the domain, converging faster to the optimal policy. A more detailed
view of the algorithm hyperparameters is presented in Table 2.2.

Results
To evaluate the robustness to model errors of our algorithm, we analyse the performance of different in-

stances of our agent and compare it with the plain Model-Based approach, where the output of the model
ensemble Mψ is the average of the outputs of each component Mψn . We consider instances of the REAL
agent with an ε random adversary where ε ∈ {0.3,0.6,0.9}. In figure 2.15, we can see the average performance
of each agent over 10 different runs. We observe that the agent playing against an adversary with ε= 0 has an
improved performance in the early stages of the training process, later converging to the same performance
as the other agents. In figure 2.16 we compare the ε = 0 REAL agent with the Model-Based baseline. We can
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Parameter Value
Cartpole Pendulum

Buffer size |B | 1500
# environment samples K 1000

# model samples 20000
Model rollout length L min(300,TF) min(200,TF)

Discount factor γ 0.99
Ensemble size N 3

Policy layers 3x32
Models layers 3x256

Reward net. layers 1x64
Critic layers 2x128

Adversary layers 2x32
Starting state probability δ 0.5

Table 2.2: Algorithm hyperparameters for the Cartpole and Pendulum environments. TF stands for Termination Function.

see that the adversarial choice of the model enables for more efficient early planning.

2.6.3. Cartpole
In the Cartpole environment, a pole is attached to a joint on a cart. The goal is to keep the pole upright and
prevent it from falling down by moving the cart along the cart track. The action space is discrete: the agent
can apply a force of +1 or −1 to the cart, moving it right or left. The observation space is continuous, where
o ∈ R4. As for the Pendulum environment, we used a simplified version of PPO to improve the policy and
REINFORCE to train the adversary agent.

Algorithm details
For the Cartpole environment, we use the same approach as we do for the Pendulum one. We use a

deterministic model where |Mψ| = 3 to approximate the state transitions, PPO to improve the policy of the
main player and REINFORCE for the adversarial policy. When gathering new transition samples with the
learned model, we use a fixed horizon of length L to reduce the effect of compounding errors on the predicted
trajectory. To mitigate the negative impact of using a fixed horizon on the planning step, the starting state of
model rollouts is sampled from the buffer B with probability δ. In table 2.2, we provide a more in-depth view
of the hyperparameters.

Results
We evaluate the policy robustness to model errors by examining the average return of different algorithm

instances over multiple runs. We consider instances of the REAL agent with ε ∈ {0.3,0.6,0.9}. The perfor-
mance of the algorithm on the Cartpole environment is presented in Figure 2.17. We can observe that using
a ε-random adversary with ε = 0 results in a policy outperforming the other instances in the first iterations.
When compared to the vanilla Model-Based agent, our method achieves a consistently better performance,
as presented in Figure 2.18.

2.7. Conclusions
Model-Based Reinforcement Learning (MBRL) algorithms solve sequential decision-making problems, usu-
ally formalized as Markov Decision Processes, using a model of the environment dynamics to compute the
optimal policy. MBRL algorithms have been an appealing alternative to Model-Free methods due to their po-
tential sample efficiency but have been successful only in simple domains. Having a model to generate new
samples for planning reduces the number of interactions with the environment, but it brings new challenges
to the research community. When dealing with large state-action spaces, algorithms rely on complex func-
tion approximators that are not guaranteed to converge to the correct dynamics. As a result, the convergence
of the policy to an optimal solution is also not guaranteed. In this thesis, we investigated a new approach
leveraging model imprecisions to learn a policy more robust to approximation errors.
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Figure 2.15: Comparison of the instances of REAL with ε ∈ {0.3,0.6,0.9} in the Pendulum environment. We can observe that for ε = 0,
the agent learns more efficiently at first, and then converges to the same average return as the other instances. Bold lines represent the
average return over 10 runs, shaded areas evidence the standard error.
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Figure 2.16: Comparison of the Model-Based algorithm and the REAL instance with ε= 0 for the Pendulum environment.
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Figure 2.17: Comparison of the instances of REAL with ε ∈ {0.3,0.6,0.9} in the Cartpole environment. We can observe that for ε = 0, the
agent learns more efficiently at first.
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Figure 2.18: Comparison of the Model-Based algorithm and the REAL instance with ε= 0 for the Cartpole environment.

Before diving into the details of our method, to understand the consequences of an imperfect model, we
went through two important problems of MBRL methods and some of the most recent techniques address-
ing them. Model errors prevent MBRL from being a feasible solution in real applications with very complex
environments also because prediction mistakes can be exploited by the algorithm during planning, overes-
timating the expected reward of the computed policy and leading to sub-optimal results when executed in
the real environment. In Section 2.3 we discuss the problem of model accuracy and some of the techniques
commonly employed to increase it. Since in MBRL algorithms the model is used to generate new experi-
ence for planning and improving the policy, it is desirable for its predictions to be as close as possible to the
real environment dynamics. A first way to improve the prediction accuracy is to choose a model that can
appropriately approximate the environment (Section 2.3.1). However, the dynamics domain may be very
complex to represent and the samples provided to the model might not be enough to cover it entirely (curse
of dimensionality): this would lead to sub-optimal performance when acting in unobserved areas of the do-
main, despite the model being very accurate in predicting observed dynamics. This is why researchers have
been exploring other techniques to improve the domain approximation in the Model-Based setting. For in-
stance, with abstraction and representation learning (Section 2.3.2), the domain space dimension is reduced
so that it is easier to learn with a smaller amount of data (an approach similar to dimensionality reduction).
Also, by choosing an appropriate exploration strategy (Section 2.3.3), the algorithm can collect samples more
efficiently and represent a wider area of the domain. In Section 2.4, we discussed how faults in dynamics
approximation can lead to disastrous results when acting (i.e., model exploitation) and how these effects can
be mitigated. Choosing a different planning direction or horizon length (sections 2.4.1 and 2.4.2) and regu-
larization (Section 2.4.3) have been proved to be successful to reduce the impact of model errors on planning
(Section 2.4.4). With Section 2.4.5 we covered the problem of objective mismatch, which has only recently
catch researchers attention: this problem originates from the fact that the two losses used in MBRL (one for
learning the model, and one for planning) are independently optimized, while they are in fact closely related.

Based on the previous literature, we decided to approach the problem of learning a policy robust to model
errors from a game-theoretical point of view. By applying the Robust MDPs theory to Ensemble-Based MBRL,
we derived Robust Ensemble AdversariaL (REAL) MBRL, a formulation of the problem where the adversarial
player should choose the worst model in the ensemble for carrying out each transition. We also extended this
approach with an ε-random adversary, exploring the action space more than the greedy one.

To test our algorithm, in section 2.6 we evaluated it on different environments from the OpenAI gym suite.
In every task, REAL was able to outperform the vanilla (Ensemble) Model-Based agent. In the Gridworld
environment, due to the small state-action space, we were able to evaluate and interpret the decisions taken
by the adversarial agent, proving that it was learning to contrast the main player. Through the Gridworld
environment, we were able to show that the model accuracy improves at (more or less) the same rate for
every instance of the algorithm, including the vanilla Model-Based one: this means that the only feature
distinguishing them and leading to policy robustness is the adversarial agent.
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