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Tethered kite technology is one potential means of harnessing energy available in high 
altitude winds.  In an efficient and practical system, the kite is required to fly in cyclic 
patterns that maximize net power produced per cycle.  At the same time, the tether length 
must be controlled to ensure the system does not expend more energy than it produces.  This 
can be a challenging problem when the intermittency of the wind speed and direction, as 
well as unsteady wind components, are taken into account.  This paper is the first of two that 
studies the dynamics and control of a flexible kite.  In this part, a highly simplified dynamic 
model of the kite is derived based on a hinged, two-plate representation. This first 
approximation considers aerodynamic forces produced by the plates as a function of their 
instantaneous angle of attack.  The plates are constrained to have the same yawing angle, but 
are unconstrained in pitch and roll.  The combined pitch and roll of the system is controlled 
by means of moveable attachment points for the tether(s).  Both stationkeeping and time-
varying trajectories are considered, for which feedback control is applied for tracking. 

I. Introduction 
HE development of kite technology is considered to be an important requirement for future wind power 
systems, such as the Laddermill.1-5  The Laddermill is a concept that can enable wind energy to be extracted 

from higher altitudes than can be reached using conventional systems such as wind turbines.  Although there have 
been many proposals for systems that seek to extract the energy prevalent in the wind at higher altitudes,6-28 the 
Laddermill is a concept that has seen much progress in recent 
years.  The advantage of the Laddermill over many other 
schemes is that the power generation equipment is located on 
the ground rather than at altitude.  This saves a tremendous 
amount of effort in placing the system at the desired altitude, 
and also has obvious safety implications.  Instead, the system 
uses a series of light-weight kites attached to a variable length 
tether.  The kites are controlled to produce alternating periods 
of high and low tension in the tether.  This can be achieved by 
flying the kites in the cross-wind direction and changing the 
kite angle of attack.29  A review of high altitude wind power 
concepts, as well as the development of optimal trajectories for 
a simplified system are available in Ref. 29.  However, in this 
previous work, the kite dynamics were not explicitly taken into 
account and it was assumed that the kite angle of attack and roll 
angle could be controlled.  In practice, defining the “kite angle 
of attack” and “kite roll angle” is nontrivial due to the effects of 
kite flexibility. This also raises issues related to the 
implementation of  appropriate tracking controllers. 
 This paper is the first of a two part series.  The objective of 
this series of papers is to focus more attention on certain 
aspects of kite control.  Instead of prescribing the angle of 
attack and roll angle (which are difficult to define properly for the kite), the actual control actuator that has been 
implemented is used directly.  Two different types of actuators have been considered for remotely piloting kite 
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Fig. 1 Sliding mechanism along kite edge. 

Fig. 2 Surf-kite with drag flap actuation.



systems: 1) extendable drag flaps located on the sides of the kite, and 2) movable attachment points for the tethers.  
The use of drag flaps for steering (see Fig. 2) has been found to be of limited success in practice due to the relatively 
poor torque produced by the flaps.  Movable attachments are achieved by utilizing a sliding mechanism on the edge 
of the kite, as shown in Fig. 1.  By moving the attachment points, a torque is produced due to the tension in the 
tether(s), which alters the local angle of attack of the kite.  By changing the angle of attack on both sides of the kite, 
a rolling motion can be produced.  The movement of the attachment points is therefore capable of indirectly 
controlling both the kite angle of attack and its roll angle (more accurately, the tilt of the total lift vector).  Hence, 
this series of papers is aimed at developing a preliminary control strategy for maneuvering the kite by moving the 
tether attachment points.  In this first paper, the dynamics and control of the kite is considered, whereas in the 
second part, state and wind estimation is considered. 
 To enable a theoretical and computational study of attachment point control, a mathematical model of the system 
is required.  The main focus here is on the kite control and therefore detailed modeling of the tether(s) is not 
undertaken.  These aspects are presented elsewhere, for example in Ref. 29.  Instead, a rudimentary tether model is 
employed so that coupling between the kite and tether(s) can be simulated.  Mathematical modeling of the kite is 
challenging due to its flexibility.  Rather than trying to develop a complex finite element model, a highly simplistic 
model suitable for preliminary control work is desired.  Thus, a multibody model incorporating a hinge joint and two 
flat plates has been chosen as a minimal physical model that can be manipulated in a manner that reflects the true 
kite system.  Such a model allows the movement of the tether attachment points to influence each side of the kite, 
but more importantly, approximates the first mode of the system by allowing each side of the kite to have different 
pitch and roll angles.  This type of model can be extended to consider the kite discretized by mutiple plates.  A more 
advanced model is currently being developed, but the details are beyond the scope of this paper. 

II. Simplified Dynamic Model of a Tethered Kite 
The kite is modeled as consisting of two flat plates articulated by a frictionless hinge.  The basic idea of this 

approach is that the kite is completely flexible about the centerline in torsion and bending.  A real kite is extremely 
flexible and holds its shape due to aerodynamic forces and tether tension forces.  The same idea is used in this 
model.  The plates are hinged at the leading edge for convenience, which would physically allow the plates to 
collide for particular configurations.  However, the model is not intended to be a true representation of the physical 
structure, but merely an abstract approximation.  Hence, collisions are allowed to occur.  The tethers are modeled as 
elastic, but straight.  A representation of the model is shown in Fig. 3. The model is considered to be a crude, but 
realistic representation of the kite system. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 Simple tethered kite model approximated with to flat plates. 

 
The hinge couples the motion of the two plates through translation as well as rotation.  The orientation of each of 

the plates is specified using the conventional yaw-pitch-roll sequence, shown in Fig. 4.  The yaw angles of each 
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plate are constrained to be the same, since there is little physical ability for the two sides of a real kite to face in 
different directions.  This is due to the presence of tension in the leading and trailing edges that tend to keep the kite 
straight.  The shape of the kite is approximated by allowing the pitch and roll angles of each plate to be different.  
The actual roll angles of the plates are determined by the positions of the tether attachment points and the 
aerodynamic forces, as well as the tether tension(s).  The pitch of the plates are similarly determined.  Because of the 
coupling between the plates, the equations of motion are derived using Lagrange’s equations for simplicity.  It can 
also be noted that it might be possible to construct a semi-rigid version of this abstract model in practice by utilizing 
a hinge point on the kite. 

 
 
 
 
 
 
 
 
 
 

Fig. 4 Orientation of plate relative to inertial coordinate system, a) yaw, b) pitch, c) roll. 

 
The hinge point is used as the reference point for the translational motion of the kite.  Its position is defined by 

the cartesian coordinates ( , , )x y z .  The inertial axes are defined such that the x -axis points predominantly into the 
direction of the wind, the z -axis points vertically down, and the y -axis completes the right-handed triad.  Body 
frames are also used, which are attached to the centers of mass of each plate, as shown in Fig. 3.  The positions of 
the center of mass of the plates relative to the hinge point expressed in the respective body frames can be written as 
 cm

1 1 1 1 10.5 0.5W L=− +r i j  (1) 

 cm
2 2 2 2 20.5 0.5W L=− −r i j  (2) 

where the unit vector ( , , )j j ji j k  defines the direction of the body axes for plate j , and jW  and jL  are the width and 
length of the plate j , respectively.  Similarly, the positions of the tether attachment points and aerodynamic centers 
of the plates relative to the hinge point are expressed as 
 a a

1 1 1 1 1 1 2 2 2 2 2 2,uW L uW L= − + = − −r i j r i j  (3) 

 ac ac
1 1 1 1 1 2 2 2 2 2,a a a acW l L cW l L= − + = − −r i j r i j  (4) 

where ju  is the percentage (fraction) movement of the j th attachment point from the leading edge of the kite, and 

ac  and al  are the chordwise and spanwise locations of the aerodynamic center.  The chordwise and spanwise 
locations of the aerodynamic center are assumed fixed in this paper. 
 The two tethers that are attached to the kite are joined at a bridle, which is modeled as a lumped mass, denoted 
bm  in Fig. 3.  The complete system of tethers are modeled as extensible springs following Hooke’s law.  Without 

loss of generality, the equilibrium position of the kite assumes that the hinge point is located at the origin in the 
inertial system.  In the general configuration, the hinge point is displaced from the origin by the coordinates ( , , )x y z .  
The position of the mass bm  is denoted by the coordinates ( , , )b b b bx y z=R .  Furthermore, denote the position of the 
main tether on the ground as ( , , )g g g gx y z=R .  The rationale for including the bridle mass in the model is that it 
enables all tethers to be modeled as springs.  Hence, it is primarily for simplication in the modeling, rather than 
having a significant practical purpose. 
 The body frame is related to the inertial frame via the orthogonal transformation 
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Hence, the inertial positions of the center of mass, attachment points, and aerodynamic center for each plate are 
obtained via 
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The velocity of the center of mass of plate j  is given by 
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where X  and Y  are the components of the vector to the center of mass in the body frame.  The kite is assumed 
symmetrical in the following developments so that 1 2L L L= = , 1 2W W W= = .  The kinetic energy of the kite 
can be written as 

 [ ] [ ]cm cm cm cm
1 1 1 2 2 2 1 1 2 2

1 1 1 1
2 2 2 2

T TT m m= ⋅ + ⋅ + +R R R R I Iω ω ω ω  (8) 

where diag[ , , ]xx yy zzI I I=I  is the inertia matrix of the plate about its center of mass.  The angular velocity vector 
of plate j  is given by 
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The effects of tether tension and gravity are incorporated into the generalized forces on the plates rather than via 
potential energy terms.  Thus, the equations of motion for the plates are obtained by applying Lagrange’s equations 
in the form 
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The complete equations of motion are too lengthy to be presented here.  They are inertially coupled and hence 
require a matrix inversion for the solution of the second derivatives of the generalized coordinates.  The generalized 
forces are also quite complex due to the coupling between translations and rotations.  However, the actual forces 
applied to the kite, expressed in the inertial frame, are relatively simple.  The important forces acting on the plates 
are the aerodynamic forces, gravity forces, and tether tension forces.  These are derived in the following subsections. 

A. Aerodynamic Forces 
As a first approximation, the aerodynamic forces are computed by using the relative wind velocity at the center 

of the plate.  Thus, the lift and drag coefficients are based on the relative wind velocity at a single point on each side 
of the kite.  The total lift and drag forces are applied at the aerodynamic center of the plate.  The relative inertial 
wind speed at the center of the plate is obtained as 
 rel

wind
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j j= −V R V  (11) 

Using Eq. (5), the components of the relative wind in the body frame of the plate are obtained as 
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The angle of attack and sideslip angles are 
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with the plate dynamic pressures defined by 

 2rel1
2j j jq ρ= v  (14) 

The lift and drag coefficients of the plates are approximated via the following common expressions 
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Alternatively, lookup tables of experimentally derived force coefficients can be used.  Pure flat plate lift and drag 
coefficients are not used because the kite is a finite wing.  The body force coefficients can be related to the lift and 
drag coefficients via a simple rotation by the angle of attack as follows 
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From these definitions, the body forces are obtained in the standard way 
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where jS  is the plate area.  Finally, the aerodynamic forces applied in the inertial frame are given by the vector 
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Note that these forces are applied at the aerodynamic center of each plate, whose position is defined by ac
jR  in Eq. 

(6).  This is only of relevance to the computation of the moments on the plates.  The generalized forces appearing in 
Eq. (10) due to aerodynamic effects are computed as 
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Simple aerodynamic damping moments are also applied to each plate in the form 

 ,
j jm j j j j m j j j jQ C q SW Q C q SW

θ φθ φθ φ= =  (20) 

The aerodynamic moments provide damping to the kite because of the relatively large ratio of air mass to kite mass 
for most kite systems.  It must also be noted that side forces, and unsteady forces have been neglected in this model, 
but can be added relatively easily when these are known.  These forces are likely to be extremely important.  
However, system identification procedures using experimental data must be performed to derive an adequate 
representation of them.  This is also an avenue of research that is currently being pursued vigorously.  However, for 
the time being, simple lift, drag, and damping forces are used in the model. 

B. Gravity Forces 
Gravitational forces are applied at the center of the plates according to 

 0, 0,
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j jm g⎡ ⎤= ⎣ ⎦F  (21) 

The generalized forces are calculated via 
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C. Tension Forces 
The tension forces acting on the plates give rise to both applied forces and moments.  The moments are 

particularly important because control of the system is sought by moving the positions of the tether attachment 
points on the kite.  Here, the pitch and roll of the plates can be indirectly controlled by moving the attachment point 
in the appropriate manner.  This is challenging, in light of the limited movement that is available.  We will begin by 
first defining the equations of motion of the bridle mass.  For simplicity, we have ignored aerodynamic forces on the 
mass and will only treat tension and gravity forces.  Thus, 
 3 1 2b b bm m g= − − +R T T T k  (23) 

The directions of the tension force vectors are defined in Fig. 5.  The tensions acting on the attachment points of the 
kite can be defined by 
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where EA  is the longitudinal stiffness of the tether, and 
js
L  is the unstrained length of the j th tether. 



The tension vector from the main tether line is defined by 
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Fig. 5 Tension vector defintion for bridle mass equations of motion. 

 
Hence, by specifying the time evolution of the position of the attachment points, and with knowledge of the current 
position of the bridle mass, the tension vectors are determined.  The tension forces acting on the kite give rise to 
pitch and roll moments, which are accounted for in the kite dynamics by the following generalized forces 
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1 2j

a a

q
j j
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The entire set of equations of motion are constructed in state-space form and numerically integrated using a 
variable-step stiff integration routine. 

III. Equilibrium Configuration for Stationkeeping 
 One of the features of kite-flying, as well as the mathematical model presented in the previous section, is that it 
can be difficult to establish an equilibrium configuration.  In practice, the difficulty can be that the wind speed is 
unsteady, whereas in the mathematical model, the challenge is to find a configuration that gives the correct balance 
between lift/drag forces, gravity, and tether tension.  In this paper, equilibrium configurations are determined as a 
function of the wind speed by specifying the coordinates of the hinge point and treating the yaw, pitch, and roll 
angles of the plates as unknowns.  The unstrained lengths of the tethers are specified, and the position of the bridle 
mass is determined to ensure that the system is not accelerating.  As mentioned previously, the equations of motion 
are highly nonlinear and extremely complicated.  Hence, analytic solutions for equilibria are not possible in general.  
The position of the tether at the ground is a function of the length of tether 3.  It does not alter the equilibria of the 
kite in any way and hence is only incorporated once a solution has been obtained.  The equilibrium configurations 
are solved using the solver SNOPT30 with finite differences used to approximate the Jacobians. 
 The unknowns that feature in the equilibrium problem are the yaw, pitch and roll of the plates, the position of the 
bridle, and the position of the attachment points.  Symmetry is enforced so that the pitch of both plates are equal (in 
addition to the yaw), and that the roll angles are antisymmetric.  However, this still does not give a unique solution.  
Various combinations of attachment point positions were found to give different equilibrium positions.  To make the 
equilibrium solutions unique, we seek to drive the attachment point to the quarter chord position.  This is somewhat 
arbitary, because in this paper the primary goal is to keep the kite close to the zenith position.  In practice, one might 
want to position the attachment points such that the maximum lift/drag ratio is obtained.  Thus, all of the results in 
the following are for the attachment points at quarter chord.  The nominal system parameters used to compute 
equilibria are given in Table 1. 
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Table 1 Nominal system parameters. 

Parameter Value 
Plate width, W 0.5 m 
Plate length, L 3 m 
Plate mass, m 0.25 kg 
Chordwise location of a.c. 30 % 
Spanwise location of a.c. 50 % 
Air density 1.225 kg/m3 
LC α

 6 /rad 

0D
C  0.03 
k  0.1 
Bridle mass, bm  0.1 kg 
Length of grounding tether 300 m 
Tether stiffness, EA  10000 N 
Length of bridle tethers 20 m 

 
 Fig. 6 shows the equilibrium pitch angle of the plates as a function of the wind speed, which is assumed to be 
parallel to the x-axis.  As might be expected, for low wind speeds, the pitch angle must be large to generate a 
sufficient angle of attack to support the system.  As the wind speed increases, the pitch angle decreases nearly 
quadratically (although it is also a function of the roll angle and magnitude of the tether tension).  Fig. 7 shows the 
roll angle of the plates (note that one plate has a negative roll angle) as a function of the wind speed.  This illustrates 
that the roll angle increases as the wind speed increases, although the change is only on the order of two degrees.  
The change in the roll angle affects the direction of the lift forces on the plates.  Because the attachment point 
position remains fixed, the kite must reorient itself to ensure that the moments generated by the tethers are balanced 
properly.  Fig. 8 shows a scale plot of the plate and tether equilibrium positions as a function of wind speed.  This 
shows that the system orientation becomes more vertical as the wind speed increases.  This result depends on the 
break-up of the lift and drag forces.  Typically, the higher angle of attack configuration generates larger drag 
coefficients, and the influence of kite mass decreases compared to the aerodynamic forces at high wind.  For low 
wind speeds, a larger angle to the vertical is required to adequately balance the moments on the plates. 
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Fig. 6 Plate pitch angle vs. wind speed with attachment points at the quarter chord position. 
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Fig. 7 Plate roll angle vs. wind speed with attachment points at the quarter chord position. 

 
Fig. 8 Kite model and tether equilibrium positions for various wind speeds. 

 
A stability analysis of the open-loop system reveals, intuitively, that the system is unstable.  That is, any disturbance 
of the system away from equilibrium will cause the system to diverge unless some kind of active control is used.  
For this reason, we first investigate the possibility of stabilizing the system automatically by moving the tether 
attachment points based on feedback of the system dynamic states. 
 
 

Wind speed = 5 m/s 

Wind speed = 15 m/s 



A. Stationkeeping Control 
In this subsection, the capability of maintaining the desired position and orientation of the kite is considered 

using state feedback.  Here, full state feedback is assumed.  The dynamics of the kite will be difficult to measure 
directly, and hence, some form of estimator must be developed.  This is considered in Part II of this paper series.  
Although nonlinear controllers would be possible for stabilizing the kite, only a linear feedback controller is 
considered here for simplicity.  A linear receding horizon strategy is used to develop the feedback control gains for 
the system.  Such an approach reduces to a linear quadratic regulator (LQR) for infinite horizon problems.  In the 
general case, the tracking controller needs to be capable of tracking the time-varying reference trajectories that 
produce maximum power output.  Although some energy must be expended in actuating the kite, we do not focus on 
this cost.  In the optimal control formulation, however, the variation in the control inputs is minimized, but this is 
done here to achieve stability rather than a desire to limit actuation energy.  Future work will necessitate calculating 
the energy required to implement the control actuators. 

1. Control Gains For General Time-Varying Trajectories 
 One of the challenges with using a kite-type system for extracting wind energy is that it is likely to be sensitive 
to gusts and turbulence.  In other words, variations in the wind speed could disturb the system significantly, causing 
it to enter into an unrecoverable spin, dive, or collapse.  Later, time-varying trajectories will be developed for the 
system, and it is necessary for the feedback controller to track these more general trajectories.  Stationkeeping can 
be considered as a simplified tracking control problem.  The control gains used to implement the feedback control 
are determined by solving the following optimization problem in state-space form: find the controls ( )tδu  that 
minimize the quadratic performance index 

 *1 1
( ) ( ) ( ) ( ) ( ) ( )  d

2 2

ht T

h f h
t

J t T t T t t t t tδ δ δ δ δ δ δ
+

⎡ ⎤= + + + +⎣ ⎦∫x S x x Q x u R uF F F  (27) 

subject to the linearized state equations 
 ( ) ( )t tδ δ δ= +x A x B u  (28) 

the initial conditions 
 *( ) ( ) ( )t t t tδ = = −x x x  (29) 

and possibly the terminal constraints 
 *( ) 0ht t Tδ = + =x  (30) 

where xnδ ∈x  are the perturbed state variables, unδ ∈u  are the perturbed controls, x xn n×∈A is the time-
varying system state influence matrix, x un n×∈B  is the time-varying control influence matrix, x xn n×∈Q  is a 
positive semi-definite weighting matrix that penalizes the deviations of the perturbed states, u un n×∈R  is a positive 
definite weight matrix that penalizes the deviations of the perturbed controls, and x xn n

f
×∈S  is a positive semi-

definite terminal weight matrix that penalizes the deviations of the perturbed states at the end of the future horizon 
hT . 

 The solution of the above optimization problem is obtained using a Gauss-Lobatto31 or Legendre pseudospectral 
discretization32 combined with standard results from quadratic programming.  The final result is a feedback 
controller of the form 
 ( ) ( ; , ) ( )ht t N T tδ δu K x  (31) 

The control gains are stored along with the reference trajectory and must be interpolated during implementation.  In 
the case of stationkeeping control, the control gains and reference trajectory are fixed. 

2. Simulations with Unsteady Winds 
To conduct a full simulation, the grounding tether must be incorporated into the system and equilibria.  The 

grounding tether is selected to be 300 m long, so the scale of the system is much reduced from the large-scale wind 
power production systems envisaged in Refs. 3-5.  In the following results, the weighting matrices were selected as: 
Q = diag[5,5,5,1,5,5,5,5,1,1,1,1,1,1,1,1,1,1,1,1,1,1], R = diag[200,200], where the state vector is defined as 

 1 1 2 2 1 1 2 2[ , , , , , , , , , , , , , , , , , , , , , ]b b b b b bx y z x y z x y z x y zψ θ φ θ φ ψ θ φ θ φx  (32) 



The rationale for these choices is that the position of the kite should be kept as close to the zenith as possible, with 
penalties on the variation of the pitch and roll angles.  All other state variables are weighted equally.  The control 
penalty is selected to be large enough to limit the movement of the attachment points.  Saturation of the attachment 
points causes a loss of full control authority assumed in the calculation of the feedback gains, which can cause the 
system to become unstable.  Future controllers will need to consider constrained feedback control to fully exploit the 
system’s capabilities. 

The following results are for a nominal wind speed of 5 m/s, with white-noise fluctuations superimposed in the 
x- and y-directions.  Numerical results from a 5-minute simulation are shown in Fig. 9.  Fig. 9a shows the 
components of the unsteady wind.  The cross-wind components have larger variations than the wind component 
parallel to the nominal wind direction.  This can be interpreted as a wind that changes in magnitude and direction as 
a function of time.  Using this interpretation, the wind speed fluctuates by up to 1 m/s and the direction fluctuates by 
up to 30 deg.  Throughout this paper, the mean of any perturbations is assumed to be zero, so that the controller 
remains valid.  Changes in the mean wind speed would at least require an integrator to compensate for steady-state 
errors.  The results for the position control are shown in Fig. 9b, which gives the hinge point position as a function 
of time.  It can be seen that the x- and z- positions of the hinge have both low and high frequency components as a 
result of the disturbances.  The high frequency components are due to the high frequency changes in the wind 
speeds.  The y-position of the hinge is dominated by the changes in the cross-wind speed, or wind direction.  It can 
be seen from Fig. 9b that the position of the kite is maintained extremely well by movement of the attachments, with 
the maximum Euclidean error peaking at 3.5 m and a mean of approximately 1.0 m.  The yaw angle of the kite is 
shown in Fig. 9c, which illustrates fluctuations of up to 25 deg.  The pitch angles of the plates, shown in Fig. 9d, 
vary by approximately ±8 deg from the nominal.  In addition, the results clearly show that the pitch of the two plates 
are slightly different.  The roll angle on the other hand, shown in Fig. 9e, shows that the kite maintains close 
symmetry around the y-axis, although some asymmetry is required in order to maintain the hinge point at the desired 
location.  Note that because one roll angle is the negative of the other, the result is mirrored around the mean value.  
The symmetry can be seen by examining the peaks of the roll angle for each plate.  Finally, the attachment point 
position as a fraction of the chord is given in Fig. 9f.  The mean movement of the attachment is approximately 5 % 
from the equilibrium position.  The maximum movement of the attachements is on the order of 25% of the chord, 
where attachment 2 saturates at the lower bound.  Because the nominal attachment point position is 0.25, the lower 
bound of 0 is the critical one.  Larger disturbances can cause saturation, which obviously limits the effectiveness of 
the actuator.  If it is found that such saturation is critical, it might be necessary to incorporate additional control 
actuators, such as the drag flaps discussed in the Introduction.  However, this adds more cost to the system, as well 
as complexity and cost. 

B. Classical PID Control for Small-Scale Test Kite 
In the previous section, a controller based on full state feedback was implemented under the assumption that the 

kite model can be refined enough to be representative of a real system.  In this section, an additional controller that 
will be used in initial testing of the kite is presented based on classical PID control.  Although this controller is tuned 
based on the two-plate model, it does not assume full state feedback, and should be capable of being tuned to the 
real kite during operation.  The objective of the kite is to maintain the kite as close to the zenith as possible.  The 
only measurements that are assumed to be available are the kite position (hinge point), and mean pitch angle of the 
kite.  Here, the mean pitch angle is taken as the average pitch of the two plates.  The structure of the controller is 
shown in Fig. 10.  The controller is implemented as a discrete time controller running at a sampling frequency of 
100 Hz.  The motion of each attachment point is controlled based on symmetric and antisymmetric demands.  
Symmetric demands are used to control the kite altitude and pitch angle, whereas antisymmetric demands are used 
for controlling the lateral kite position.  The kite lateral position is controlled using the lateral position of the hinge 
point and its velocity.  Steady-state errors in height and lateral position are handled using trapezoidal integrators.  
Furthermore, for better stability, a PI controller for the mean kite pitch angle is also used.  The feedback control is 
combined with a feedforward control term, which in this case is the trim position of the attachments. 
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Fig. 9 Stationkeeping simulation results with unsteady winds, a) Wind time history, b) Hinge point position, 
c) Kite yaw angle, d) Pitch angle of plates, e) Roll angle of plates (plate 2 is shown as negative roll angle), f) 

Attachment point position as fraction of chord. 

a) b) 

c) d) 

e) f) 
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Fig. 10 Control block-diagram for kite PID control. 

The small-scale test system consists of the same size kite shown in Table 1, but the grounding tether is 30 m 
long, and the bridle tethers are both 5 m long.  The controller is simulated with a demanded step input of y = 1 m 
after 200 sec. Results are shown in Fig. 11 for a 500 sec simulation. The results show that the kite position is 
maintained to within approximately 20 cm in downwind position, 10 cm in height, and approximately 2 cm errors in 
lateral position for the given wind perturbations. The lateral position error increases slightly at the time of the step 
input, but it is clear that the controller adequately stabilizes the kite in the unsteady wind.  The effect of an 
asymmetric position demand can be seen in the response of the plate roll angles.  The mean difference in roll angles 
is on the order of 5 deg after 200 sec.  Prior to this, the roll angles share a similar mean and are generally symmetric.  
Fig. 11f shows that the lateral position offset is achieved with a mean difference in attachment point positions of 1.5 
%. 
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Fig. 11 Simulation results of PID controller with unsteady winds, a) Wind time history, b) Hinge point 

position, c) Kite yaw angle, d) Pitch angle of plates, e) Roll angle of plates (plate 2 is shown as negative roll 
angle), f) Attachment point position as fraction of chord. 
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IV. Optimal Maneuvering Control 
 Stationkeeping control is a relatively simple problem if the kite equilibrium configuration is known and the 
system states can be measured.  A more difficult problem involves trying to maneuver the kite along, or near, 
desired trajectories.  This is more difficult because first a set of suitable reference trajectories need to be generated.  
The reference trajectories should satisfy some particular requirements for the system, but should also enable 
efficient tracking.  For example, if the reference control actuator input is bang-bang, then this would be extremely 
difficult to track due to system uncertainties and disturbances.  One way around this is to use conservative 
constraints on the actuator inputs to allow room for uncertainties.  Another way is to incorporate some measure of 
tracking ability into the system design. 
 Ultimately, the kite is desired to move along trajectories that maximize the power generated by a ground 
station.29  A preliminary analysis of optimal trajectories for power generation is presented in Ref. 29, which 
employed a simple point mass model of the kite controlled via angle of attack and roll angle (tilt of the lift vector).  
The means for generating optimal power is a very important problem, but this is not the focus of the current paper.  
Instead, we will generate arbitrary time-varying periodic trajectories for the system.  We will then attempt to track 
these trajectories using the state-space tracking controller described in the previous section.  To deal with the issue 
of tracking ability, we treat the control inputs into the system as the attachment point velocities rather than the 
attachment point positions.  We then utilize an optimal control algorithm to minimize a weighted cost that includes 
the L2-norm of the attachment point velocities.  The rational for this is that the optimal control input in such a case is 
continuous, smooth, and one of minimal variation.  This implies a smooth variation in attachment point position and 
should improve the trackability of the reference trajectories. 

A. Trajectory Generation Method 
 To generated trajectories that move close to a prescribed path, a nonlinear optimal control problem is solved.  
The basic problem is posed as follows: Find the time history of the attachment point velocities ( )tu  that minimize 
the cost 

 ( ) ( ) ( )
0

0

2 2 2 2 2
1 2 3 1 2  d

t T

h h h h h h
t

J W x x W y y W z z u u t
+ ⎡ ⎤= − + − + − + +⎢ ⎥⎣ ⎦∫  (33) 

subject to the dynamic constraints 
 ( ( ), ( ), )t t t=x f x u  (34) 

where ( ( ), ( ), )t t tf x u  are the equations of motion of the kite, and the subscript h in Eq. (33) represents the hinge 
point position.  The overbars in (33) denote an idealized reference path for the variables.  The following periodicity 
constraints are also enforced 
 0 0( ) ( )t t T= +x x  (35) 

The position of the attachment points are obtained by integrating the rates, a =x u .  Both the positions and the rates 
are subject to inequality constraints 
 min max0 ( ) 1, ( )a t t≤ ≤ ≤ ≤x u u u  (36) 

The above optimal control problem basically trades the error of the kite from the idealised reference path with the 
control variation required to achieve it.  The coefficients , 1,2, 3jW j =  provide a means for weighting particular 
requirements.  For example, cross-wind motion may take precedence over vertical or downwind motion, in which 
case 2W  would be set to a high value and 1W  and 3W  would be set small.  The weighting terms should also be 
scaled relative to the desired penalty to be placed on the actuator inputs, since the absolute value of the cost is not 
important (although it makes a difference in numerical computations due to scaling).  The optimal control problem 
is solved numerically using the Legendre pseudospectral method described in the following section. 

B. Numerical Method 
The optimal control problem defined in the preceding subsections is solved using the Legendre pseudospectral 

method.33,34  Essentially, this approach discretizes the states and controls using Lagrange interpolating polynomials 
expanded at the Legendre-Gauss-Lobatto points for a specified order-N polynomial.  The consequence of this choice 
is that the optimization parameters are the values of the states and controls themselves, as opposed to polynomial 
coefficients that usually do not have a physical meaning.  In addition, the cost function is easily discretized by 
means of Gauss-Lobatto quadrature.  The state equations are enforced in an approximate fashion by differentiating 



the interpolating polynomials for the states and employing an equality constraint at each LGL point.  The equality 
constraints require the state derivatives to be equal to the vector field at the corresponding LGL point.  Mathematical 
details are given in the following subsection. 

1. Discretization and Solution Method 
 The states and controls are expanded based on Lagrange interpolating polynomials 

 
0 0

( ) ( ), ( ) ( )
N N

N N
j j j j

j j

t t t tφ φ
= =

≈ ≈∑ ∑x x u u  (37) 

The coefficients ( ), ( )j j j jt t= =x x u u  in Eq. (37) are the values of the states and controls at the Legendre-Gauss-
Lobatto (LGL) points, which are the zeros of the derivative of the N th order Legendre polynomial NL  defined on 
the interval [ 1,1]τ ∈ − .  The Lagrange interpolating polynomials are defined by 
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 The state derivatives are approximated by analytically differentiating Eq. (37) and evaluating the result at the 
LGL points with the result expressible in terms of the differentiation matrix D , whose components are defined by 
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 (39) 

The derivatives are easily expressed by the following relationship 

 1
ξ≈x Dx  (40) 

where 0[ ,..., ]Nx x x  is the discretized state vector across all nodes, and ξ  is the transformation metric defined by 
the relationship between the computational domain τ  and the physical time domain t  

 ( ) ( )0 0/2 /2f ft t t t tτ= − + +  (41) 

 ( )0

d
/2

d f

t
t tξ

τ
= −  (42) 

Finally, the integral cost function is discretized via a Gauss-Lobatto quadrature rule so that 
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where jw  are the Legendre-Gauss-Lobatto weights defined by 
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 (44) 

The process mentioned above is automated in the software DIDO, as well as in the software DIRECT written by 
the first author.  This software is a MATLAB interface to the solver SNOPT, which implements a quasi-Newton 
algorithm.  

C. Numerical Results for Cross-Wind Motion 
 Previous work has established the importance of using cross-wind kite motion to generate large tension forces 
for power generation.29  In this section, several different paths that move the kite across the wind (y-direction) are 
generated.  In all cases, the period for the maneuver is fixed at 30 sec and the wind speed is nominally 10 m/s.  Once 
a suitable reference trajectory is obtained, closed-loop simulations are conducted with unsteady winds.  The wind 



time history is similar to that shown in Fig. 9a, and is the same for all the simulation results shown in the following 
subsections.  The kite properties are the same as those given in Table 1. 

1. Case 1 
In this example, the desired trajectory to be followed by the kite is given by 

 ( )2
300, 20 sin , 0t

h h hx y zπ= = =  (45) 

which attempts to keep the kite within single plane.  Note that this trajectory would be physically unrealizable, and 
hence the optimal control algorithm attempts to find the closest match to the trajectory while keeping the change in 
the attachment point position small.  This is an example of an idealized reference trajectory – one that we desire the 
kite to move along, but which it is unlikely to, even in simulations.  In addition, the reference trajectories could be 
specified in terms of the angle of the tether relative to the vertical position.  However, for simplicity, the hinge point 
position is used as the reference for specifying the trajectories. 
 Closed-loop simulations with unsteady winds, together with the reference trajectories, are shown in Fig. 12.  The 
time-varying trajectories are tracked extremely well, as shown in Fig. 12a.  It can be seen that the kite is maintained 
reasonably close to x = 0, with a mean of -2 m, and a variation of approximately 1 m.  The yaw angle of the kite, 
shown in Fig. 12b, illustrates that the kite changes heading by ±23 deg.  In other words, the kite points generally into 
the wind to generate most of its lift.  The pitch of the plates varies by approximately 1 deg over the trajectory, 
whereas the roll of the plates varies by up to 6 deg.  Fig. 12e shows that the reference variation in attachment point 
motion is very smooth, with a variation of approximately 5%.  The two attachment points essentially move 180 deg 
out of phase with each other, which gives the optimal yaw and roll torques.  The closed-loop trajectories show that 
the control input is never saturated, and that all variables are well-controlled. 

2. Case 2 
In this example, the desired trajectory to be followed by the kite is given by 

 ( ) ( )2 4
30 300, 50 sin , 50 sint t

h h hx y zπ π= = =  (46) 

which attempts to fly a figure-of-eight in the vertical plane.  Unfortunately, because the main tether is fixed in 
length, the variations in altitude to match the desired trajectory cannot be flown. This means that the idealized 
reference trajectory is also unlikely to be matched closely.  Closed-loop simulations with unsteady winds, together 
with the reference trajectories, are shown in Fig. 13.  The trace of the trajectory in the x-y plane is shown in Fig. 13a, 
which shows that the trajectory is actually closer to a figure-of-eight in the horizontal plane.  In this example, the 
velocity of the kite is larger than in the previous case, which means that the same changes in the wind speed have 
less impact on the motion.  Hence, the tracking ability is increased.  The yaw angle of the kite, shown in Fig. 13b, is 
substantially increased, with variations of ±100 deg.  The pitch of the plates shows high frequency variations, 
combined with sudden drops every half cycle.  In other words, this trajectory is not as smooth as the previous one, 
but the tracking behavior is very good.  The nominal variation in attachment point position is again shift 180 deg out 
of phase on each side of the kite.  The closed-loop actuator inputs show some saturation for a limited time on rare 
occasions. 

 
 
 
 
 
 
 
 
 
 
 



-30 -20 -10 0 10 20 30
-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

y (m)

x 
(m

)

 

 

Ref. Traj.
Disturbed

0 50 100 150 200 250
-30

-20

-10

0

10

20

30

40

Time (sec)

Ya
w

 A
ng

le
 (d

eg
)

 

 Ref. Traj.
Disturbed

 

0 50 100 150 200 250

0
5

10
15

Pi
tc

h 
An

gl
e 

1 
(d

eg
)

 

 

Ref. Traj.
Disturbed

0 50 100 150 200 250
40

50

60

Time (sec)

R
ol

l A
ng

le
 1

 (d
eg

)

0 50 100 150 200 250

0
5

10
15

Pi
tc

h 
An

gl
e 

2 
(d

eg
)

 

 

Ref. Traj.
Disturbed

0 50 100 150 200 250
-60

-50

-40

Time (sec)

R
ol

l A
ng

le
 2

 (d
eg

)

 

0 50 100 150 200 250
0.1

0.2

0.3

At
ta

ch
m

en
t 1

 (%
)

 

 

0 50 100 150 200 250
0.1

0.2

0.3

Time (sec)

At
ta

ch
m

en
t 2

 (%
)

 
Fig. 12 Closed-loop simulations of cross-wind kite motion, case 1: a) Hinge point position in x-y plane, b) 

Kite yaw angle, c) Pitch and roll of plate 1, d) Pitch and roll of plate 2, e) Attachment point positions.  
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Fig. 13 Closed-loop simulations of cross-wind kite motion, case 2: a) Hinge point position in x-y plane, b) 

Kite yaw angle, c) Pitch and roll of plate 1, d) Pitch and roll of plate 2, e) Attachment point positions. 

3. Case 3 
In this example, the desired trajectory to be followed by the kite is given by 

 ( ) ( )2 4
30 3020 sin , 50 sin , 0t t

h h hx y zπ π= = =  (47) 

which attempts to fly a figure-of-eight in the horizontal plane, with the majority of the motion parallel to the wind 
direction.  Closed-loop simulations with unsteady winds, together with the reference trajectories, are shown in Fig. 
14.  Fig. 14a shows that the reference trajectory of the kite approximates the figure-of-eight, but has a difficult time 
trying to maneuver with the wind due to the drop in relative wind speed.  Therefore, the kite must fly more in the 
cross-wind direction to generate enough lift.  This is reflected by the differences in the yaw angle of the kite, shown 



in Fig. 14b.  Tracking control of the kite position is achieved reasonably well.  However, at approximately 150 sec, 
the attachment points saturate, which leads to some high frequency oscillations in the pitch, roll, and yaw of the kite. 

4. Case 4 
In this final example, the desired trajectory to be followed by the kite is given by 

 ( ) ( )4 2
30 3050 sin , 50 sin , 0t t

h h hx y zπ π= = =  (48) 

which attempts to fly a figure-of-eight in the horizontal plane, with the majority of the motion in the cross-wind 
direction.  Closed-loop simulations with unsteady winds, together with the reference trajectories, are shown in Fig. 
15.  Fig. 15a shows that even in this case the idealized trajectories must be approximated by the kite.  Although the 
shape of the trajectory is very close to a figure-of-eight, the amplitude of the x-component of the motion cannot be 
matched.  The yaw angle of the kite, shown in Fig. 15b, varies by approximately ±45 deg for the trajectory.  The 
pitch of the plates show more substantial changes over the trajectory, peaking at about 25 deg.  The plate roll angles 
vary by approximately 20 deg.  Finally, the attachment point variation is the most extreme for this trajectory.  In no 
case does the reference trajectory saturate on the lower bound, but the peak position is at close to half the chord of 
the kite.  The results of Fig. 15 show the need to provide an adequate margin for feedback, since the actuators tend 
to saturate when the reference attachment point is close to its minimum.  This has an obvious adverse effect on the 
dynamics.  Hence, some improvements to the control algorithms will be necessary before the kite can be flown 
autonomously in a robust manner. 

V. Extension of Model to Multiple-Plates 
The two-plate model is capable of being extended to the case where the kite is modeled by multiple plates.  In 

such a case, it is necessary to utilize torsional springs to adequately couple the pitch and roll motions of each of the 
plates.  A central hinge point is used at the center of the kite at the leading edge.  An even number of plates are used 
so that the left and right wings of the kite are symmetric.  The derivation of equations of motion can proceed using 
Lagrange’s equations in the same fashion as presented earlier in this paper with additional terms for each plate.  The 
inertial vector to the center of each plate must be used to calculate the inertial velocities.  Additional potential 
energy terms must also be added to account for the effects of the torsional springs that constrain the relative 
pitch/roll angles between each plate. 

To demonstrate the approach, consider the case where the kite is modeled using four plates.  The parameters 
used to perform a simulation of the system are mplate = 2.5 kg, W = 2 m, L = 5 m.  The spring stiffnesses for relative 
pitch are 10-5 Nm/rad, and 10-6 Nm/rad for relative roll between the plates.  No spring stiffnesses are used at the 
centerline of the kite.  The wind speed is 7 m/s, and all other parameters are the same as used previously.  Numerical 
results are shown in Fig. 16 and Fig. 17.  Fig. 16a shows the equilibrium position of the four-plate model.  This 
shows that the center of the kite stays relatively straight compared to the elements closest to the attachment points.  
This is because lift dominates the forces at the center of the kite, whereas the side plates are dominated by the tether 
tension.  This reflects the approximate shape of a real kite system, as shown in Fig. 1.  Fig. 16b shows the results of 
a simulation with closed-loop control and unsteady winds.  This illustrates that the system modeled with higher 
fidelity than the two-plate system can also be stabilized by movement of the attachment points.  Fig. 17 shows the 
time histories of the key kite variables.  The hinge point position is maintained very close to the zenith position.  
Disturbances of up to 2 m can be seen for the lateral position due to the peaks in the cross-wind velocity.  The 
attachment point positions do not saturate, and require movements of up to 10 % from the equilibrium position. 
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Fig. 14 Closed-loop simulations of kite motion, case 3: a) Hinge point position in x-y plane, b) Kite yaw 
angle, c) Pitch and roll of plate 1, d) Pitch and roll of plate 2, e) Attachment point positions. 
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Fig. 15 Closed-loop simulations of cross-wind kite motion, case 4: a) Hinge point position in x-y plane, b) 

Kite yaw angle, c) Pitch and roll of plate 1, d) Pitch and roll of plate 2, e) Attachment point positions. 



 
Fig. 16 Four-plate kite model, a) Equilibrium position for 7 m/s wind, b) Closed-loop stationkeeping 

control in unsteady winds. 
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Fig. 17 Simulation results for four-plate kite model in unsteady winds, a) Wind time history, b) Hinge point 

position, c) Attachment point position as fraction of chord. 



VI. Conclusions 
A simplified representation of a flexible kite on a tether has been developed for approximating the motion and 

investigating aspects of control.  A two-plate representation is able to capture the essential influence of movement of 
the tether attachment points for control.  Kite control is based on simultaneously adjusting the tether attachment 
points so as to alter the pitch of each side of the kite, and hence, change the angle of attack.  By judicious choice of 
control, rolling motion can also be induced to alter the tilt of the total lift vector.  Stationkeeping control of the kite 
about a reference point proves to be relatively easy, whereas tracking time-varying trajectories is generally more 
difficult.  This is largely the result of variations in the actuator inputs, which become more likely to saturate in the 
time-varying case.  The two-plate model is easily extended to higher fidelity by using multiple plates.  Control of a 
multiplate system can also be achieved using moveable attachment points.  The ability to feedback dynamic states of 
the kite is dealt with in Part II, which implements a nonlinear dynamic observer for the system. 
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