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This conditional distribution is independent of the original nuisanasonvergence and invertibility of solutions [1], [2]. Nonlinear methods
parameters and has Neyman structure with respect to the sangwmetimes will not converge to invertible models for small sample sizes
variances. The one-sided tests are UMP-similar. N unless the algorithm uses constrained minimization or takes recipro-
Simulations confirm that this similar test is independent of the degreals of estimated noninvertible roots. If estimated poles and zeros can
of correlation and, therefore, has controllable size and controllable tylpe inside or outside the unit circle, they can also be close to it. The
I errors. In contrast, the standaFdtest has a true size smaller than thesingle realizations where invertible solutions do have zeros very close

design size and are consequently more likely to cause cause typtolthe unit circle, with distance less tha/iV', dominate the simulation

errors. average of quality measures for estimated models [1]. Theoretically op-
timal ARMA estimators are based on iterative procedures whose global
ACKNOWLEDGMENT convergence is not guaranteed [3]. However, the statistical accuracy

] ) of computationally simple practical ARMA estimators may be poor in
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distribution. The best achievable accuracy of the simple methods of Durbin is
unknown so far because of the unknown influence of the order of the
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The subject of order selection is extensively treated in linear re-
. - ression with deterministic regressors. The best order for an estimated
Autoregressive Model Ordgrs for Durbin’s MA and ARMA gubset regression model depgends on the intended application, which,
Estimators among others, can be prediction with the model or the accuracy of its
parameters [10]. In this correspondence, the theory for linear regres-
sion will be applied to AR order selection problems encountered in MA
and ARMA processes. The first application is characterized by using
Abstract—Durbin’s methods for moving average (MA) and autoregres- the AR model itself for prediction, and the second one uses the param-
sive-moving average (ARMA) estimation use the parameters of a long AR eters of an estimated long AR model to compute the MA parameters.
model to compute the MA parameters. Linear regression theory is applied  The different optimal AR model orders for both types of application
::)(:’;Igiittirr]lg R%S%Aozgrgﬁg Zg‘gg'eer'gzé"‘f’gr‘ig‘;elrg:;‘Xgerfc;genlev\fﬁgtgi %‘Z‘t will be described foknownARMA processes. Simulations show that
parameter accuracy, as intermediate for Durbin’s estimates. Both orders thOSQ two different, theoretically Op_t'mal’ orders are al_so the best in
increase with the sample size and have no finite limiting value. practice. The accuracy of the resulting ARMA models is close to the
Cramér-Rao lower bound for integrated spectra.
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|. INTRODUCTION

Maximum likelihood estimation of moving average (MA) parame- Il. MODEL ORDERS INLINEAR REGRESSION

ters in pure MA models or as part of autoregressive-moving averagerhe subject of order selection is known as subset selection or as the
(ARMA) models is a nonlinear problem, with possible difficulties inselection of variables in linear regression. The best order for the esti-
mated subset model depends on the intended application of the model
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where To find the subset with the smallest mean square error of all param-
Y N x 1 vector of observations; eters, the minimal requirement for statistical significance param-
Xk N x K vector of deterministic independent variables as reters has been derived as [10]
gressors;
Bk K x 1 true parameter vector; BByt B > 0. (8)
£ N x 1 random vector of independent identically normally

distributed variables with zero mean and varianée For the smallest value of the mean squared error of the estimated pa-
The true process ordéf can be infinite, e.g., for the description of anrameters, any group efestimated parameters is better excluded if the

. . H T —1 . H 2
exponential function with polynomials. The regressKis can be split ias component of the reduction in R3S B, f: is less tharw ™.

into two groupsX, for regressors that are included in a subset modét €omparison of (7) and (8) shows that smaller parameter values will
andX, . which are not. Therefore remain included in the best subset for parameter accuracy; therefore,

the subset size for the best parameter accuracy is always greater than
Xkfk = Xpfp + XeBe, K=p+r. (2) orequal to the best subset size for prediction.

For hierarchical models where the sequence of regressors is ixed, IIl. AR ORDERS FORMA AND ARMA PROCESSES
always contains the firgt regressors. Generally, arbitrary regressors L . . .
can be included in subset models, but regressors can always be renyfp®Me notation is required to apply those results to time series. An
bered such that the firgtare in the subset. This gives a considerabl@RMA (. ¢) process can be written as
§|mp||f|cat|0n in thg notation without loss of generality. The question A(2)%n = B(2)en ©)
is whether estimating only the parameters

. T 1. with A(2) = 1 +a1z7" + -+ a,272, B(2) = 1 +biz7" +
bp = (Xp Xp) X, Y () . 48,277 andz e, = wa_1. 2, represents a series of indepen-
) ) o _dent, identically distributed stochastic variables, which is a white noise
of the subset in (2) can give a bettgr model than estimation dtall o cess that generates the datais the variance of the process, and
parameters of t_he _c_omplete m_odﬁl, denotes the transpose 4&f. o2 is the variance of the innovations . The roots ofd(z) andB(z)
The statistical significance of higher model orders can be measureddy, | pe within the unit circle to guarantee a stationary and invertible
the influence on the residual sum of squares (RSS) defined s, cess, respectively. The theory of regression analysis will be applied
to the long AR model of &inownARMA process (9), which is defined

RSS, = (Y - XPBP)T(Y - pr)p)~ 4 by
The increase of RSS by excluding the parameters for the laste-

gressors from the model, is given by [10] C(z)xn = 2n (10)

) with the parameter polynomial given by(z) = A(z)/B(z) and
with the same innovation variane€ as (9).C(z) has orderc. A
whereb? is the transpose of thex 1 parameter that belongsX,, and  finite number of parameters 6f (=) can be determined with any de-
#>B. is the appropriate x r submatrix of the total covariance matrix Sired accuracy by computing the theoretical covariance function of the
> (XEXk)™" for estimatingk’ = p + r parameters. The statistical ARMA process [7], [12] until that finite order and by transforming

expectation of (5) is given by the sum of a bias and a variance termth0se covariances to AR parameters or to reflection coefficients
with the Levinson—Durbin algorithm [3]. The theoretical R§%n) of

E {f)rTB;lf)r} = 4TB 4, + 1o’ 6) all AR(m) models from order ARL) to AR(sc) for aknownARMA
process can be defined for a sample sizé/obbservations as
Therefore, the expected increase in the residual sum of squares by

RSS, — RSS,.: = bl B,,'b,

m

leavingr regressors from the subset is minimally the variance contri- RSSin(m) = No2 H (1-K?)
bution+? if there is no bias and all true values &f are zero. i—1
Requirements for optimality can be formulated either for true pa- )
rameters values, or for estimated valueb, in (6) by addingra?. = Ng2 H (1-X}) (12)
Depending on the precise use of the estimated model, two different re- i=m+1

quirements foT B,,! 3. have been defined [10] that make the com- . ) .
plete model of ordei’ = p + r better than the subset model of ordefVith RSSk (0) = Nov.. The true valueg;, for i > m, describe the

p. The first requirement for the inclusion sfextra parameters is given bias cpntribution in all finite-ordzer AR models. The asymptotical ex-
by pression RSS (o) becomesVo:.

Applying the subset theory of Section I, it can be derived with
AIBLY B > ro? (7) (5)—(7) and (11) that the best AR orderfor prediction is found, for
given N, as the ordel with the property that for arbitrary values of

if accurate prediction with the model is the purpose. Therefore, the re=> 0:
duction with the bias term must be greater than the expected contribu-
tion o of the variance term. Prediction forms the basis of almost all RSSn(L +1) > RSS¢n (L) — ro?
existing order selection criteria. Regressors have to be excluded from RSSin(L —r) > RSSin(L) + ro2. (12)
the best estimated subset model, and opdisrpreferred above order
p + r if the  true process parameters that belong to those regressadiserefore, the reduction of R§Ss greater thans 2 for r orders below
give a reductiorI B! 3, that is less thans? or, equivalently, with I and smaller thans? abovel simultaneously for all values of This
(5) and (6), that is, less thar o in RSS,. This factor 2 can be recog- unique order can be found easily for knownARMA process and
nized in the subset selection criteri6f in regression [10] and in the given NV with the order selection criterion AIC by using the penalty 1
AIC selection criterion of Akaike for time series [11]. instead of 2 [7].
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The AR order with the best parameter accuracy is found as the order
for which the theoretical RS§( M ), due to bias of incomplete models,
is only o2 greater than RS§(oc); therefore, the greated with

M
RSS;,(M) = No?2 H (1-ki) > (N+1)0? (13)

i=1
for N observations, or the highest order with as residual variance more
than(1 + 1/N)o2, which is the same. This shows that the best order
obviously increases with the number of observatidhdnspection of
(12) and (13) shows that! > L. This theory has been applied suc-
cessfully to Durbin’s method for MA processes [4], where a similar
order has been derived, and simulations have corroborated the theo-
retical derivation [7]. The ordeM is important in Durbin’'s ARMA
method because tiparameterf the long estimated AR modél(z)
are used as intermediate to estimate the MA parameters. Simulations
with known ARMA processes are necessary to validate all approxima-
tions that have been made because the application of subset results of
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Z(a-a*)? : accuracy of AR parameters for ARMA(3,2)

4 -

regression theory witeterministiocegressors tetochastidime series
observations requires a verification.

IV. BESTAR ORDERS INARMA SIMULATIONS
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Fig. 1. Average mean squared parameter ef¢e — a)? between the
AR(7) model and the true parameters of the (AB0) approximation of the
RMA (3, 2) process as a function of the AR model ordelV = 100, average

A
In evaluating the statistical accuracy of estimation methods, it is N€$-10 000 simulation runs.
essary to have an objective measure for the quality of models. A log-

ical choice for time series models is the prediction error PE, which

is

defined as the variance of the one step ahead prediction in applytegs. Hence, it may also be expected that the best result for Durbin’s
a model to new data. The Cramér—Rao lower boundary for unbiadéé and ARMA models is obtained for an AR order with a small value

ARMA (p', ¢') models isv2{1 + (p’ + ¢')/N}. Models can be unbi-
ased ifp’ > p andq’ > ¢. The quality measure for ARMA modeling

of &(a — a)2.
Fig. 2 shows the ME of AR models of the ARMA process (15). The

[the model error (ME)] has been defined [12] as a scaled transforrmainimum is found for AR order 7, which is equal to the theoretical

tion

ME = N (PE /o? - 1). (14)

Scaling withe? and subtraction of 1 gives the minimum value zerg

for ME if process and model are identical. Multiplication with in
(14) makes the numerical value of ME largely independentVof

An efficient algorithm for computation of ME is available [12]. The

Cramér-Rao boundary for ME of ARM&’, ¢') models iy’ + ¢'.
The best AR orders for Mfy) and ARMA(p, q) processes have
been established in numerous simulations, with differeabd¢ and

with N between 20 and 50000. Fig. 1 gives the sum of squared 8

resultL of (12). No examples have been found in simulations with AR,
MA, or ARMA processes where the results were very different from
those orderd. andA/; the calculated AR ordek is the best order for
AR models used for prediction, and orddr gives the best parameter
accuracy.

To find initial parameters for an ARMA model with Durbin’s esti-
mator, a long AR modeC(z) is used to reconstruct residuals [5].
Previous values:, 1, @n—2,...&n—p @Ndén_1,...,én_q are used
to estimate the + ¢ parameters of the ARM®&, ¢) model with least
squares, as in linear regression. The ME results of this initial step are
ot reported here because several simulation runs produced MA models

rors of parameters as a function of the AR order for AR models of éﬂat are not invertible. Moreover, the ME is always improved by the

ARMA(3, 2) process given by

Xn + 0.2xn_1 — 0.4X_2 + 0.3xn_3

=cn—0.4s,_1 — 0.5c,_3. (15)

The theoretically computed optimal model orders }or= 100 are
seven forL with (12) and 19 forM with (13) for prediction and pa-

next stage of Durbin’s method, where MA and AR parameters are up-
dated sequentially [5]. By filtering out the initial estimate of the AR
parameters from the long estimated AR moGék), an improved es-
timate of the MA parameters can be computed. After filtering out this
estimated MA model from the observations, an improved AR estimate
can be computed. Durbin’s method always gives invertible MA models
because AR parameters are used as data in the Yule—Walker algorithm

rameter accuracy, respectively. The accuracy of the AR parameterstfofind the MA model, which ensures invertibility. Likewise, the AR

model ordef is approximated by using the AR00) approximation as
the true representation of the ARMA process

da—-a)w ) (aj— 4+
j=0 j=1

100

2
a;.

j=it1

(16)

parameters are obtained with Burg’s method [3], which ensures sta-
tionary models. In Fig. 2, the intermediate AR order is the order of
C(z), which is varied between 5 and 50. The best accuracy of the
ARMA (3, 2) model is found with the intermediate AR ordes 20,
which is close to the theoretical value 19 that is foundibmwith (13).
Small differences in the precise location of the minimum in this type of

Fig. 1 shows that the minimum of this criterion is found at order 2&imulation can be expected and explained because the minimum ME

which is very close to the theoretical value of 19 far that follows

of the ARMA(3, 2) model as a function of the AR order is generally

from ordinary regression theory. In addition, for many different exanflat, and the variance of simulation results may shift it somewhat. The
ples, it has been verified that the best accuracy for parameters westimmon phenomena with many other examples are a clear minimumin

Y(a—a)? isfound atan order close fd of (13). Durbin’s methods for

the fit of AR models for prediction and a flat minimum for the best in-

MA parameters use the firgt4- 1 terms of the covariance of estimatedtermediate long AR order for ARMA models. Moreover, taking lower

AR parameters 4451k, k = 1,...,¢q to computeg MA parame-

order AR models in Durbin’s method can be much worse than taking
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L\QE of AR(j) model and ARMA(3,2) estimated from AR(i) V. CONCLUDING REMARKS
/25"’ Theoretical values for two different best orders of a long AR
f model for MA and ARMA processes have been derived. The first
ot y4 1 one is the AR order that gives the best predicting AR model, and
,f the second is characterized as the order yielding parameter estimates
wl / | with the smallest mean square error. The second order is also the best
5 7 intermediate AR model order in Durbin’s MA and ARMA algorithms.
qt, / Simulations show that MA and ARMA models calculated from the
3 30 E/ . parameters of that long AR model are quite efficient. The use of the
g Q// well-known best AR order for prediction as intermediate for Durbin’s
o 5 —- AR(model methods yields inefficient MA and ARMA models.
= %0} L — ARMA3,2) Durbin i
I
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higher orders. Durbin’s method gives considerably better models with
the new AR orded/ defined in (13) than with the usual AR ordér

of (12). According to simulation studies, the approximations that have
been made to derive the best AR orders for prediction in (12) and for
parameter accuracy in (13) are justified for AR models of ARMA pro-
cesses. The (higher) order for best parameter accuracy should be used
for ARMA estimation with Durbin’s method.

The accuracy of the AR orders and the ME of the ARMA2)
models for (15) have been studied in simulations for different sample
sizes. Table | gives the results. The theoretically best ordeand
M depend on the number of observatia¥is L' and M’, which are
the best values for AR models in the simulations, are very clode to
and M, respectively, for allV. In addition, the best valug/”’ found
for ARMA(3, 2) models is close tdZ. The Cramér—aRao bound for
the ME value of an ARMA3. 2) process is 5, which is equal to the
number of estimated parameters [12]. It is seen that the ME of Durbin
with long AR orderM is rather close to that lower bound. The re-
sult in this example shows that this lower bound is almost reached
for N = 50000. MA examples have also been used in simulations
[7], as well as many different ARMA processes. Every time, two dif-
ferent optimal AR approximations were found, with orders given by
(12) and (13). For increasing, the results of Durbin’s MA method
[4] and his ARMA method [5] are close to the optimal efficiency of the
Cramér—Rao bound.




