A Microscopie Contrel Model
And.Queueing Models

Master Thesis
Huan \Wu




A Study Ot
Single-lane
Roundabouts For

Connected
Automated Vehicles

A Microscopic Control Model
And Queueing Models

by

Student Name Student Number
Huan Wu 4505565

Supervisors:  Prof.dr.ir. G. Jongbloed, Dr.ir.Maria Salomons, and Dr.ir.L.G.H.Fortuijn.
Faculty: Electrical Engineering, Mathematics and Computer Science, TUDelft

o]
TUDelft



Acknowledgement

First and foremost, | would like to express my deepest gratitude to Prof.dr.ir. Geurt Jongbloed. Based
on my research interests, Geurt kindly connected me with Dr.ir. Maria Salomons and Dr.ir. Bertus
Fortuijn from the Faculty of Civil Engineering and Geosciences. | am sincerely thankful to all of you
for providing me with the opportunity to work on the single-lane roundabout optimization project.

During our meetings, Geurt consistently demonstrated profound expertise, identifying the shortcomings
in my research and guiding me towards effective solutions. His insightful feedback significantly enriched
my understanding of statistical analysis, elevating my academic capabilities to a higher standard.

| am equally grateful to Maria for her invaluable guidance. She not only taught me how to write reports
in a more academic style but also patiently explained specialized knowledge in transportation whenever
| needed support. Her encouragement and mentorship were essential throughout this journey.

| would also like to extend my heartfelt thanks to Bertus for sharing his expertise in roundabout opti-
mization. His meticulous attention to detail helped me identify minor errors in my thesis and address
deficiencies in the references | cited. His provision of appropriate literature ensured the academic
integrity of my work.

Moreover, | deeply appreciate the care and concern that Geurt, Maria, and Bertus showed for both my
physical and mental well-being throughout the project. Their humanity and kindness highlighted the
compassionate side of academia, for which | am profoundly grateful.

| am also indebted to my undergraduate advisor, Prof.dr. Richard Boucherie, for his guidance at
the beginning of this project. At that time, | was unfamiliar with the analysis of an M /G/1/k queueing
model, and his provision of relevant literature was instrumental in helping me build a strong foundation
for my research.

In addition, | wish to thank my friend Shikuan Li, a master’s student in Computer Science at TUDelft, for
engaging in fruitful discussions on object-oriented programming, which greatly benefited my project. My
gratitude also goes to Bonan Wu, a master’s student in Civil Engineering at Beijing Forestry University,
for teaching me how to use VISSIM simulation software, which played a crucial role in my research.

Lastly, | would like to extend my deepest appreciation to my parents for their unwavering support and
understanding. Their belief in me has always been a source of strength and motivation.

To all those who have supported and guided me during this journey, thank you for your contributions to
the successful completion of this work.

Huan Wu
Delft, January 2025



Abstract

Abstract

This study focuses on optimizing the efficiency of single-lane roundabouts for connected automated
vehicles (CAVs). While roundabouts are vital for traffic management, their performance declines signif-
icantly under high traffic volumes. By leveraging vehicle-to-vehicle communication and the cooperative
decision-making capabilities of CAVSs, this research develops a microscopic control model that not only
minimizes sojourn times (maximizes efficiency) but also provides precise trajectory control for each
individual vehicle. Besides, a theoretical M/G/1/k queueing model is employed to calculate the ex-
pected sojourn time, serving as a baseline to compare CAV-controlled scenarios with human-driven
conditions.

The results demonstrate that the proposed microscopic control model significantly reduces the ex-
pected sojourn time for vehicles entering the roundabout. For a single-lane roundabout with a capacity
of 17 vehicles per leg, compared to uncontrolled scenarios simulated in VISSIM, the control model
achieves empirical efficiency improvements of 26%, 80%, 91%, and 90% under arrival rates of 200, 400,
600, and 800pcu/h per leg, respectively. These empirical findings align closely with theoretical predic-
tions from the M /G/1/k queueing model, which estimate efficiency gains of 18%, 78%, 89%, and 90%.
Moreover, the control model demonstrates robustness under extreme traffic conditions, maintaining
high efficiency and passenger comfort.

This research provides valuable insights into the integration of CAVs into traffic systems and contributes
both practically and theoretically to the modernization of roundabout traffic management.

Key words: Connected Automated Vehicles, Single-lane Roundabouts, Microscopic Control Model,
M/G/1/k Queueing Model, Sojourn Time Optimization, Efficiency of Roundabouts, Trajectory.
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Abbreviations

Abbreviation Definition

CAVs connected automated vehicles
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LST Laplace-Stiejes transform

AVG automatic vehicle guidance
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pdf probability density function
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Q2 50th percentile of the data

Q3 75th percentile of the data

MM() method of moment estimator

Symbols
Symbol Definition Unit
Vmax maximum speed limit on each leg (m/s)
Gmax maximum acceleration limit on each leg (m/s?)
Grmin minimum acceleration limit on each leg (m/s?)
Uy maximum speed limit in the circulating stream (m/s)
dsafe safety distance on each leg (m)
Zo distance of the leg in the control zone (m)
A AL, A arrival rate to the leg of the roundabout (peu/h)
VL vehicle length (m)
C leg capacity /
i index of vehicle /
j index of leg /
n; total number of vehicles on leg j /
AT the maximum time at which vehicle i from leg j (s)
reaches the entry line
A;“}” the minimum time at which vehicle i from leg j (s)
reaches the entry line

Vi0 initial speed of vehicle i entering the control zone (m/s)
T radius of the single-lane roundabout (m)
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¢ general notation of conflict points, ¢ € OJ’ /

BI¢, A binary variable that equals 1 if vehicle ¢ reaches /
the conflict point ¢ prior to i’; otherwise, it equals 0.

te critical time (s)

ty minimum headway time (s)

tp follow-on time (s)

ai1 vehicle i's acceleration in the first segment of the (m/s?)
Second Phase Optimization
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a2 vehicle i's acceleration in the third segment of the (m/s?)
Second Phase Optimization
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At change in time or time step (s)
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Introduction

1.1. Background and Context

Roundabouts are widely regarded as an effective solution for managing traffic flow at intersections,
especially in urban areas. They help reduce congestion and improve safety by promoting continuous
movement, as opposed to traditional traffic signals or stop signs that cause vehicles to halt frequently.
Single-lane roundabouts, in particular, offer the advantage of efficiently handling moderate traffic vol-
umes with minimal delay[23]. However, as traffic volumes increase, even these roundabouts can be-
come congested, resulting in increased waiting times and reduced efficiency. Therefore, improving the
performance of single-lane roundabouts has become a critical area of research.

Recent advancements in connected automated vehicles (CAVs) technology have introduced new pos-
sibilities for optimizing traffic flow. CAVs are installed with sophisticated communication systems that
allow them to exchange information, such as vehicle position, speed, and intentions, and operate au-
tonomously without the need for human intervention. This ability to share information and make coop-
erative decisions enables vehicles to reduce collision risk and improve the overall efficiency of traffic
networks. When applied to roundabouts, CAVs could potentially optimize the time for them to enter the
roundabout, leading to smoother traffic flow and reduced queueing time[4].

However, the integration of CAVs into traditional roundabout models presents unique challenges. Tra-
ditional traffic flow models for roundabouts typically rely on the assumption that human drivers make in-
dependent decisions, an assumption that may not hold when autonomous vehicles with communication
abilities are introduced. Additionally, existing studies on roundabouts primarily focus on conventional
vehicles without considering the dynamic and cooperative nature of CAV systems. As a result, existing
research lacks sufficient exploration of how CAVs influence the efficiency of single-lane roundabouts
and the optimal strategies for managing their movements to enhance overall performance.

This research aims to address this gap by developing a microscopic control model specifically designed
for CAVs in single-lane roundabouts. By considering vehicle-to-vehicle communication and dynamic
gap acceptance, the model seeks to optimize the time for vehicles entering a single-lane roundabout.
Once the optimal entering time is obtained, it will be used to derive a microscopic control to optimize
the driving experience. Furthermore, this study combines the control model with queueing theory to
assess the expected sojourn times for vehicles (time for vehicles to enter roundabouts) in both con-
trolled and uncontrolled scenarios. The results of this study will provide valuable insights into how
CAVs can be leveraged to improve roundabout efficiency, offering potential solutions for modernizing
traffic management systems.

1.2. Problem Statement

Single-lane roundabouts are a widely used traffic management solution, yet they are susceptible to
inefficiencies as traffic volumes increase. While conventional traffic flow models for roundabouts focus
on driver behavior and interactions, the rise of CAVs introduces new opportunities and challenges for
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optimizing roundabout efficiency which refers to the expected time for vehicles to enter the roundabouts
(also named as expected sojourn time). Traditional roundabout models are often insufficient for fully
capturing the cooperative behavior of CAVs, particularly in scenarios where vehicles can communicate
and make collective decisions in real-time.

The primary challenge addressed in this research is the need to understand how CAVs can be inte-
grated into existing roundabout systems to improve traffic flow, reduce delays, and increase overall
efficiency. Specifically, it remains unclear how CAVs should adjust their speed and acceleration when
entering a single-lane roundabout, how the control of these vehicles within a designated control zone
affects overall roundabout performance, and how the efficiency of such systems gets improved com-
pared to traditional human-driven conditions.

There is also limited understanding of the theoretical and practical implications of integrating CAVs into
single-lane roundabouts, particularly when comparing controlled systems with real-world conditions.
The current gap in literature lies in the lack of quantitative analysis on how CAVs, operating under a
microscopic control model, can reduce waiting times and improve vehicle throughput in a single-lane
roundabout. Furthermore, the comparison between a controlled system and human-driven scenarios
has not been explored in detail, particularly in terms of the expected sojourn times for vehicles.

Thus, the problem lies in effectively designing a system that accounts for the cooperative, dynamic
nature of CAVs, optimizes their entry and movement through roundabouts, and quantifies the improve-
ment in roundabout efficiency under various driving conditions.

1.3. Research Questions

In the controlled scenario for Connected and Automated Vehicles (CAVs), the penetration of CAVs
is 100%, and a typical single-lane roundabout with four entrances and four exits is assumed to be
equipped with a control zone. This control zone includes the four entry legs and the circulating roadway
inside the roundabout. Once a vehicle enters the control zone, the onboard computer will calculate its
optimal sojourn time (the time it takes for a vehicle to move from entering the control zone to merging
into the roundabout). When a new vehicle enters the control zone, it receives information about the
sojourn times and exits of vehicles already within the zone. Using this information, the new vehicle
calculates its own optimal sojourn time. This is how CAVs communicate with each other within the
control zone. All sojourn times are collected by a central CPU, which then issues commands to guide
the vehicles’ trajectories to optimize their driving experience as they enter the roundabout. Specifically,
it determines the acceleration or speed of vehicles within the control zone at any given time. As a
result, no vehicle acts “selfishly”; all vehicles within the control zone follow the commands from the
central CPU to determine their trajectories. However, once inside the roundabout, all vehicles are
controlled to maintain the maximal limiting speed of the circulating roadway. Additionally, it is assumed
that there is no path guidance within the control zone, meaning that all vehicles will travel along the
center of each entry leg and the circulating roadway. Furthermore, vehicles are assumed to arrive at
the control zone according to a Poisson Process and all legs have the same arrival rate. The detailed
assumptions will be introduced in Sec.4.1.1.

To understand how CAVs communicate and are controlled within the control zone, one can refer to
Fig. 1.1. In the figure, vehicles are ordered based on their time of entry into the control zone. For
instance, when vehicle 1 enters the control zone, it will calculate its optimal sojourn time and send it to
the central CPU. Based on this sojourn time, the central CPU will issue commands to guide its trajectory
and ensure the optimal driving experience. When vehicle 3 enters the control zone, vehicles 1 and 2
are already inside. Vehicle 3 then will receive information about the optimal sojourn times and exits of
vehicles 1 and 2. Using this information, vehicle 3 will calculate its own optimal sojourn time and send
it to the central CPU. Afterward, it will follow the commands issued by the central CPU.
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receive optimal sojour
time and exi

- N\
receive commands fron \lhe cerwal

CPU to optimize driving experience_

N ~

receive optimal sojourn
ime and exit of vehicle 2

receive optimal sojourn
time and exit of vehicle 1

Figure 1.1: Concept of how CAVs communicate and are controlled.

To address the identified problem and explore the potential benefits of CAVs in single-lane roundabouts,
this thesis aims to answer the following research questions:

1. Given the arrival speed to the control zone, how to control each vehicle inside the control
zone to maximize the efficiency of a single-lane roundabout and the driving experience of
each driver?

Under the context of this research question, from a macroscopic perspective, the word “control”
refers to determining the optimal sojourn time for each individual vehicle. However, from a micro-
scopic perspective, the word “control” refers to what speed or acceleration should each individual
vehicle take within a designated control zone during a specific period of time. In other words,
from a macroscopic point of view, “control” refers to managing the optimal sojourn time for each
individual vehicle. From a microscopic point of view,“control” refers to managing the trajectory of
each vehicle.

It should be noted that there are several possible control types. For example, under a central-
ized control scenario, a central CPU gathers information from all vehicles and makes decisions
for each individual vehicle. In contrast, under a decentralized control scenario, each vehicle
makes its own decisions using locally collected or shared information. In a cooperative control
scenario, vehicles share data in order to make coordinated decisions. Meanwhile, in a selfish
or non-cooperative control scenario, each vehicle independently optimizes its own performance
without explicitly cooperating or sharing information with others. In this research, we employ a
hybrid control approach. Specifically, when computing the expected sojourn time, an arriving ve-
hicle receives information from vehicles already in the control zone. However, when determining
the speed or acceleration for each individual vehicle, the central CPU issues commands based
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on the information from all vehicles in the control zone.

By considering the ability of vehicles to communicate and cooperate, this research question first
aims to minimize the total sojourn time for all vehicles (maximize efficiency for the single-lane
roundabout) based on each vehicle’s speed upon arrival to the control zone. Its output is the
optimal individual sojourn time. Given the individual optimal sojourn times, we will then focus
on determining the optimal speed and acceleration profiles for CAVs entering and navigating the
roundabout, ensuring a comfortable driving experience for each driver. The output of it is the
driving trajectory for each individual vehicle.

To better understand Research Question 1, Fig.1.2 indicates the input and output of it.

vehicle spee controlled scenario

Input variable [ ;o output optimal sojourn time
individual 4 4" First Phase Optimization ]_’ for each vehicle under

J

used as input
data source i P

trajectory for each

s output
Vissim N vehicle (acceleration and
Simulation ‘ Second Phase Optimization speed during specific

period of time)

Figure 1.2: Explanation of Research Question 1.

2. How to quantify the efficiency improved by controlling all CAVs within the control zone
microscopically?

This question investigates the broader impact of controlling all CAVs within the control zone, as-
sessing whether such control leads to improved roundabout performance in terms of reduced
congestion, shorter sojourn times, and higher vehicle throughput. The comparison will be made
between the control model and an uncontrolled scenario.

To answer this research question, we will calculate the efficiency (expected sojourn time) for the
controlled CAVs and compare it to the one obtained from the uncontrolled scenario. The average
sojourn time can be obtained from the VISSIM simulation, which uses the built-in car-following
model [27]. Although the results from the VISSIM simulation have been validated over the years
and are reliable, it remains a simulation model. Therefore, we will develop a mathematical queue-
ing model to theoretically calculate the expected sojourn time under an uncontrolled scenario.
This motivates the proposal of our next research question.

3. Under human-driven conditions (uncontrolled scenario), what is the theoretical expected
sojourn time for vehicles from entering the control zone to merging into the roundabout
on each leg?

This question examines the theoretical sojourn time for a vehicle under human driving condi-
tions in a single-lane roundabout. The aim is to provide a baseline for comparison, allowing the
expected performance of CAVs under the control model to be evaluated against human-driven
scenarios.

To answer this research question, an M/G/1/k queueing model (Markovian arrival process, gen-
eral service time distribution, single server with system capacity k) will be developed. The key
parameter for calculating the expected sojourn time in this model is the distribution of the head-
way time, which refers to the time interval between consecutive vehicles in the circulating stream.
In principle, headway time data should be obtained from real-world measurements. However,
due to data availability constraints, we will use data from the VISSIM simulation, which mimics
human-driven conditions. The car-following model (Wiedemann 74 model [17]), priority rules, gap
acceptance, yielding behavior, conflict points, merging behavior, and driver behavior parameters
are used by default in VISSIM. More specifically, in the Wiedemann 74 model, factors such as
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vehicle headway times and reaction times help determine how vehicles adjust their speed and
maintain safe distances while circulating in the roundabout. Regarding priority rules, vehicles en-
tering the roundabout must yield to those already circulating, and VISSIM ensures that vehicles
follow these real-world traffic rules. Moreover, gap acceptance is a crucial aspect of roundabout
simulations. Vehicles entering the roundabout must accept a sufficient gap in the circulating traffic
before entering. VISSIM uses parameters such as the critical gap to simulate how vehicles ad-
just to available gaps in traffic. Additionally, VISSIM models conflict points (where vehicle paths
cross) and merging behavior (where vehicles from entry lanes merge into circulating lanes), al-
lowing the simulation to account for delays and congestion at these points within the roundabout.
Furthermore, parameters such as safety distance and follow-on time are also considered in the
VISSIM simulation. Therefore, using the headway time data obtained from the VISSIM simula-
tion to derive the theoretical expected sojourn time under human-driven conditions is considered
reliable. The input and output for solving this research question are presented in Fig.1.3.

theoreticall
Headway oprefice ¥

- - S expected sojourn
Input variable output .
il itrlmn':}fedcl:si:gagi?wn P M/G/1/k queueing model P time under
stream 9 uncontrolled

scenatio

t

l estimated

from data
generated by Vissim

Simulation

data source

Figure 1.3: Explanation of Research Question 3.

These research questions will guide the development of the microscopic control model, the queueing
analysis, and the performance evaluations that are central to this study.

1.4. Scope of Research

This research focuses on optimizing the efficiency of single-lane roundabouts through the integration
of CAVs. The scope of this study is defined by the following key aspects:

1. Modeling Focus:

The primary focus of this study is to evaluate the efficiency of single-lane roundabouts influenced
by CAVs. The research builds upon the development of two main models: a microscopic control
model and an M /G/1/k queueing model. The microscopic control model seeks to reduce the total
sojourn time of all vehicles within the controlled area as well as to enhance the driving experience.
In contrast, the M/G/1/k queueing model aims to determine the theoretical expected sojourn
time under human-driven scenarios. These models incorporate key variables, including vehicle
speed, acceleration, sojourn time, critical gaps, and follow-up times.

2. Comparison;

The research will also compare the performance of CAV-controlled roundabouts with those oper-
ating under human-driven conditions. By developing theoretical queueing models for the human-
driven scenario and comparing the theoretical sojourn time to those gained by the CAV-controlled
model, the study will aim to highlight the efficiency improved through automation and connectivity.

3. Data Sources and Assumptions:
The data used in this research will rely on simulation data, primarily from the VISSIM traffic simula-

tion software, to estimate key parameters such as vehicle headway times in the circulating stream,
waiting times in the entry line, and sojourn times from entering the control zone to merging into
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the roundabout. This is a possible way because results by Vissim is calibrated and validated well
for years. These simulations will serve as a basis for estimating the headway time distribution
and expected sojourn time under a human-driven scenario.

Exclusions:

This research will not address the broader implications of autonomous vehicles outside of the
context of roundabout efficiency. Specifically, the integration of CAVs in other traffic environments,
such as intersections or urban streets, will not be part of the scope. Additionally, the study will not
focus on the societal, legal, or ethical aspects of CAV implementation, as it is solely concerned
with roundabout efficiency optimization.

By focusing on the microscopic control model for single-lane roundabouts, the study seeks to provide
insights into the specific benefits that CAVs can bring to this type of traffic control infrastructure, offering
a detailed analysis of how CAVs can work together to improve efficiency in roundabout systems.

1.5. Main Results

This study presents a comprehensive investigation into the optimization of single-lane roundabouts for
CAVs using a microscopic control model. Additionally, it outlines a systematic procedure for deriving the
theoretical expected sojourn time through queueing theory analysis. The main results are summarized
as follows:

1.

Efficiency Improvements through Microscopic Control Models: The efficiency improvement
achieved by the microscopic control model is calculated by dividing the absolute difference be-
tween the controlled mean sojourn time and the uncontrolled mean sojourn time by the uncon-
trolled mean sojourn time. Empirical improvements are based on the uncontrolled mean sojourn
times generated using VISSIM data, while theoretical improvements are derived from the sojourn
times calculated through the M /G/1/k queueing model.

* The microscopic control model significantly reduces the expected sojourn time for vehicles
entering the roundabout. Compared to uncontrolled scenarios derived from VISSIM simu-
lations, the control model improves the empirical efficiency of a single-lane roundabout by
26%, 80%, 91%, and 90% under arrival rates of 200, 400, 600, and 800pcu/h per leg, respec-
tively. These findings closely align with theoretical predictions of efficiency improvements of
18%, 78%, 89%, and 90% under the same conditions.

 This efficiency gain highlights the potential of integrating CAV-specific control zones into
modern traffic systems, effectively reducing congestion and enhancing overall throughput.

Performance of CAV-Controlled Scenarios vs. Human-Driven Scenarios:

» The M/G/1/k queueing model accurately predicts sojourn times for human-driven scenarios,
which serve as a baseline for comparison.

» Under high traffic volumes, the control model outperforms the human-driven baseline by
maintaining steady throughput and avoiding blockages, even at an arrival rate of 800pcu/h
per leg.

Comfort Optimization: The control model also successfully minimizes acceleration fluctuations,
providing a smoother driving experience for CAV passengers while maintaining efficient traffic
flow.

Pressure Test Outcomes:

+ The control model successfully withstands extreme arrival rates of 1200pcu/h per leg, main-
taining a zero probability of blocking new vehicles from entering the control zone. This is a
significant improvement compared to the theoretical probability of 0.45 under uncontrolled
scenarios.

 This resilience underscores the robustness of the optimization approach, even in high-demand
conditions.

Validation through Simulation and Theoretical Analysis:
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» The alignment between simulation results and theoretical predictions confirms the reliability
of the proposed M/G/1/k queueing model to calculate the expected sojourn time.

» Both the controlled and uncontrolled scenarios were evaluated using the same input arrival
rates, ensuring comparability and accuracy.

These results provide a strong foundation for further research and practical implementation of CAV-
controlled roundabouts, emphasizing their role in advancing smart traffic management systems.

1.6. Significance of the Research

The significance of this research lies in its potential to provide a deeper understanding of how CAVs
can enhance the efficiency of single-lane roundabouts, a critical component of modern transportation
infrastructure. As urbanization increases and traffic congestion becomes more prevalent, roundabouts
offer a promising solution for improving traffic flow. However, their efficiency can be greatly affected by
factors such as vehicle behavior, human-driven decision-making, and traffic dynamics.

By focusing on the optimization of roundabout operations through the control of CAVs, this research
addresses several key issues:

1. Improving Traffic Flow and Reducing Congestion:

The study seeks to develop methods for optimizing traffic flow within single-lane roundabouts.
By minimizing sojourn times, this research can potentially alleviate congestion, especially during
peak traffic hours. Efficient roundabout operations could contribute to reducing overall sojourn
times, improving mobility, and enhancing the experience for all road users.

2. Advancing the Integration of CAVs in Traffic Systems:

With the rise of autonomous vehicles, this research offers valuable insights into how CAVs can be
integrated into existing traffic control systems. The models developed in this study could serve
as a foundation for further research on the broader application of CAVs in various traffic sce-
narios, including intersections, highways, and turbo-roundabouts. Understanding the behavior
of CAVs within a controlled environment in a single-lane roundabout can inform the design and
implementation of future autonomous systems.

3. Contributing to Smart Traffic Management Systems:

The findings of this research could contribute to the development of smart traffic management
systems that leverage CAVs for real-time traffic control and optimization. By incorporating au-
tomated decision-making, such systems can dynamically adjust to changing traffic conditions,
potentially improving efficiency, safety, and sustainability. This research could lay the ground-
work for the deployment of such systems in roundabouts, which could then be expanded to other
traffic management scenarios.

4. Providing Policy and Design Recommendations:

The outcomes of this research can inform policymakers, traffic engineers, and urban planners
about the benefits and challenges of deploying CAVs in roundabout systems. By demonstrating
the potential for enhanced traffic flow, this study may encourage further investment in connected
and automated vehicle technologies. Additionally, the findings could guide the design of more
efficient roundabouts, particularly in areas with high traffic volume, to accommodate the future
needs of transportation systems.

In summary, this research not only aims to improve roundabout efficiency but also contributes to the
larger conversation about the future of transportation, the role of automation, and how intelligent sys-
tems can be employed to address the challenges of modern traffic management.

1.7. Structure of the Thesis

This thesis is organized into seven chapters, with each chapter addressing a distinct aspect of the
research on single-lane roundabouts for CAVs.
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1. Introduction: This is the introductory chapter, which provides the background, context, and mo-
tivation for the study, introducing the significance of roundabouts, especially single-lane round-
abouts, and the potential benefits of CAVs. It defines the problem statement, formulates the
research questions, outlines the research scope, and summarizes the main results and signifi-
cance of the study.

2. Literature Study: This chapter reviews existing models and research related to traffic flow in
roundabouts, including queueing models, driving behaviors, and parameter estimations of head-
way time. It identifies knowledge gaps and establishes the foundation for the models and method-
ologies developed in this thesis.

3. Methodology: This chapter describes the method constructed in the study. It explains the steps
taken to construct and validate the microscopic control model and the queueing model, as well
as the procedures for comparing controlled and uncontrolled scenarios.

4. Model Construction: Being the core chapter of our research, this chapter first explains the
development of the microscopic control model for CAVs, which aims to minimize the sojourn time
and maximize the driving experience, followed by developing a theoretical M/G/1/k queueing
model for calculating the expected sojourn time under human-driven conditions. To the end,
it will introduce the values of parameters used in these two models. It includes assumptions,
optimization modelling, parameter definitions, and some necessary mathematical derivation and
proofs.

5. Headway Time Data Analysis: This chapter analyzes headway time distributions and parame-
ter estimations using simulation data. It evaluates the statistical fit of various models to ensure
reliable input for the queueing analysis.

6. Model Evaluation: The evaluation chapter compares the efficiency and robustness of the control
model against uncontrolled scenarios using both theoretical and simulation data. It also includes
stress tests to assess the performance of the control model under high traffic volumes.

7. Discussions: This final chapter synthesizes the achievements, acknowledges the limitations,
and proposes directions for future research. It connects the findings to broader implications for
traffic management and CAV integration.

Each chapter builds upon the previous one, creating a cohesive narrative that leads to the final conclu-
sions and recommendations for the application of CAVs in single-lane roundabout systems.



Literature Study

2.1. Queueing Models Related to Roundabout

Flannery et al. [13] introduced a significant advancement in analyzing single-lane roundabouts in the
United States by utilizing queueing models based on renewal theory. In contrast to earlier methods,
such as those used in the US Highway Capacity Manual (HCM 2000), which relied on gap acceptance
models developed in Australia and limited US-specific field data, this approach addressed critical limi-
tations related to accuracy and applicability, especially given the unique driving behaviors observed in
the US. The study developed an innovative analytical model capable of calculating both the mean and
variance of service times for vehicles within the circulating stream, independent of the time headway
distribution. These service time metrics were then incorporated into an M /G/1 queueing framework to
estimate key metrics such as average delay and queue length under stable traffic conditions.

While our approach for modeling expected sojourn times under human-driven conditions utilizes the
M /G /1/k queueing system, the method for deriving the mean and variance of service times is adapted
from Flannery’s M/G/1 queueing model, as detailed in Sec.4.2.1. Additionally, Flannery’s study vali-
dated its model through field data collected from six single-lane roundabout sites across the US, show-
casing strong performance in light to moderate traffic conditions. This research not only provides a
robust analytical tool for evaluating roundabout performance but also serves as a foundation for future
studies focusing on multi-lane roundabouts within the US context.

The study from Flannery et al. presents a comprehensive approach to developing a delay estimation
model for single-lane roundabouts in the United States, utilizing queueing theory with a focus on the
M/G/1 queue model[12]. A new model, being an advancement over previous methods in [13], is vali-
dated through direct comparison with field-measured delays and contrasts with earlier queuing models,
particularly focusing on the queuing length, service time, and its variance for vehicles at roundabout
approaches. The data, derived from six different single-lane roundabouts across the U.S., enabled
the formulation of a model that closely mirrors real-world traffic conditions. Notably, the study reveals
that the new model surpasses the Troutbeck model[31][32][2] in accurately predicting system delays,
especially under conditions of increasing conflicting flows, with a mean absolute deviation from field
data of 1.27 seconds and a maximum of 6.95 seconds in 43 tested scenarios.

The difference between the two models lies in their methodologies. Flannery’s model explicitly calcu-
lates the first and second moments of service time (hence variance) using renewal theory and inte-
grates these into an M/G/1 queueing framework, accommodating an unknown (or general) headway
distribution. In contrast, the Troutbeck model assumes service time equals the inverse of the approach
capacity, with either deterministic or exponential distributions, neglecting observed variability. Further-
more, while Flannery et al.’s model incorporates realistic queue dynamics and sensitivity to increasing
conflicting flows, the Troutbeck model uses a simpler approach with assumptions that lead to insensi-
tivity to traffic conditions. These methodological advancements make the Flannery et al. model more
accurate and adaptable under diverse real-world conditions.
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However, the research acknowledges discrepancies due to assumptions of stop-go vehicle movement
and instantaneous service in the queuing model, alongside the use of a lognormal distribution for head-
way representation. These insights not only enhance the accuracy of delay estimation for single-lane
roundabouts but also lay the groundwork for ongoing improvements in traffic modeling and intersection
design.

2.2. Comfortable Driving Acceleration/Deceleration

K. Nandi, Chakraborty, and Vaz studied the optimization of driving strategies for electric vehicles (EVs),
focusing on the efficient use of stored battery energy and enhancing driving comfort[25]. Their research
employs Multi-Objective Optimization (MOO) to address the conflicting goals of minimizing energy con-
sumption and acceleration duration while optimizing comfort, primarily measured by jerk. A key finding
of their study is that comfortable acceleration varies across different speed zones. Specifically, for ve-
locities in the range of 0 —35km/h and 0 — 55km/h, the comfortable accelerations are determined to be
1.03m/s? and 1.02m/s? respectively. The study introduces two multi-objective optimization problems
(MOOPs): one considering jerk as a constraint and the other focusing on minimizing jerk. The latter
approach was found more effective for establishing a Comfortable Optimal Driving Strategy (CODS).
This led to the identification of a Comfortable Optimal Driving Zone (CODZ), a novel concept in EV
driving dynamics. Their work marks a significant contribution to EV technology, highlighting the impor-
tance of integrating multiple objectives, such as efficiency and comfort, to improve the overall driving
experience.

In the field of autonomous vehicle development, significant strides have been made towards enhanc-
ing passenger comfort, a crucial aspect of the success and acceptance of self-driving shuttle services.
Prior research has extensively focused on the mechanical and technological aspects of autonomous
vehicles, highlighting the importance of controlling vehicle dynamics, such as acceleration and jerk, to
ensure passenger comfort. A study has been established by Bae, Moon, and Seo that the comfort
threshold for acceleration lies between 0.9 to 1.47m/s?[3]. This benchmark is instrumental in design-
ing vehicle control strategies that prioritize smooth and comfortable transit experiences. Investigations
have also delved into human factors, emphasizing the need to align technological advancements with
human-machine interface (HMI) considerations to cater to varied personal preferences and percep-
tions of comfort. Furthermore, research has underscored the significance of adopting optimal velocity
planning methods that balance time efficiency, stability, and comfort, particularly in the context of pub-
lic transit vehicles like shuttle buses that operate on predefined routes. The comparative analysis of
these control strategies against conventional methods in real-time, software-in-the-loop (SIL) environ-
ments has provided valuable insights into their efficacy in enhancing passenger comfort while main-
taining safety standards. This holistic approach to studying both the technical and human aspects of
autonomous vehicle operation is pivotal in advancing the field towards more passenger-centric and
comfortable self-driving experiences.

Moon and Yi[24] conducted a research that significantly contributes to the understanding of vehicle
adaptive cruise control systems, particularly in terms of aligning these systems with human driving
behaviors for enhanced comfort and safety. Central to their findings is the identification of the braking
deceleration comfort zone, which is determined to be within —2m/s? based on extensive human manual
driving tests. This insight is crucial for developing adaptive cruise control algorithms that not only align
with human perceptions of comfort but also ensure safety in various driving conditions. Furthermore,
their research establishes the limits of acceleration and deceleration for such systems, with maximum
acceleration capped at 3.07m/s? and maximum deceleration at —5.08m/s?. These parameters are
critical in ensuring that the adaptive cruise control systems can respond effectively in different traffic
scenarios while maintaining a driving experience that feels natural and safe to human drivers. Moon
and Yi’'s work thus lays a foundational basis for future advancements in vehicle automation, particularly
in enhancing driver acceptance and trust in such systems.

When driving around a roundabout or any curve, the lateral acceleration of the vehicle generates a
centripetal force that allows the vehicle to follow the curved path instead of moving in a straight line. In
physics, this centripetal force produced by the vehicle’s lateral acceleration is necessary to change the
vehicle’s direction of motion, allowing it to move along a curved path. Thus, centripetal acceleration
is also referred to as lateral acceleration. The magnitude and direction of this force determine the
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vehicle’s stability and comfort on curves.

In the study of acceleration analysis, Nidzamuddin Md. Yusof et al[38]. analyzed the preferred lat-
eral accelerations for different automated driving styles, categorized as assertive and defensive. They
discovered that lateral acceleration ranged from 0.42¢g to 0.54¢ for assertive driving and from 0.14¢ to
0.33¢ for defensive driving, where g represents gravitational acceleration. The findings highlighted that
drivers tend to be more comfortable with the defensive driving style in automated vehicles. To analyse
the lateral acceleration more precisely, Jin Xu et al.[34] conducted an experimental study in Sichuan
Province, China. They established comfort thresholds as follows: drivers feel comfortable if 0m/s? <
a, (lateral acceleration) < 1.8m/s?; experience relative comfort between 1.8 m/s? < a, < 3.6m/s%
feel discomfort when 3.6 m/s* < a, < 5.0m/s?; and find it unbearable when a, > 5m/s?.

2.3. Driving Behaviour and Related Parameters in Single-lane Roud-

abouts

When a driver wants to perform actions like turning, merging, following, or crossing, he or she has to
estimate the time or space interval to make sure the gap is large enough to make decisions safely.
The Gap Acceptance Theory[18], introduced by Hein Botma, can reasonably explain the logic behind
drivers’ behavior. For a single-lane roundabout, the theory describes how drivers decide whether to
merge into the circulating stream based on the time distance (or time gap) between consecutive vehicles
already in the roundabout. The key parameters that influence people’s driving behavior in a single-lane
roundabout are critical gap tc and follow-on time ¢x[14].

The critical gap t¢ represents the threshold of the time interval between two consecutive vehicles in the
circulating stream that an entering driver perceives as sufficient to enter safely. For drivers travelling
in a single-lane roundabout, it is the value used by them at the entry line to decide whether to proceed
into the circulating flow. If the available time gap in the circulating stream is not less than t¢, drivers
will accept the gap and merge into the roundabout. Otherwise, they will wait.

The follow-on time ¢ refers to the time interval between successive vehicles entering a traffic stream
(such as a single-lane roundabout) when the entering vehicles are following each other closely. In other
words, it is the smallest time required for a vehicle to follow the one in front of it into the circulating traffic
stream once the former has cleared.

The graphical representations of ¢ and ¢t are shown in Fig.2.1. It should be noted that ¢ represents
the time required by the first vehicle on the leg of the roundabout to make a decision to safely enter
the circulating stream. However, ¢ denotes the time needed for subsequent vehicles to follow the first
vehicle into the circulating traffic.
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Figure 2.1: Concept of follow-on time and critical gap.

2.4. Microscopic Optimization Models in Single-lane Roundabouts
for CAVs

There are only limited references that explore the microscopic control for connected and automated ve-
hicles (CAVs) in single-lane roundabouts. However, the work by Ali Danesh et al.[9] provides valuable
insights and serves as a significant reference in this area. The study focuses on optimizing roundabout
control in environments fully populated by CAVs. The authors propose a two-phase optimization mech-
anism. In the first phase, the delay time of the arrival to the entry line is minimized by a mixed-integer
linear programming. The second stage uses these optimal times to further optimize individual vehicle
trajectories through non-linear programming, focusing on minimizing acceleration fluctuations for fuel
efficiency and comfort. The model ensures vehicles traverse the roundabout without stopping and pro-
vides consistent throughput and reduced delay under various traffic scenarios. Sensitivity analyses
reveal the influence of control zone length and roundabout size on system performance, emphasiz-
ing the model's adaptability to real-world geometric and demand variations.This paper inspires the
implementation of two-phase optimization, enabling both the computation of optimal sojourn times and
precise trajectory planning for individual vehicles.

However, the paper has several limitations and observations worth noting. Firstly, the first-phase op-
timization does not account for the critical gap, a key factor influencing vehicle merging behavior at
roundabouts. Secondly, in its analysis of conflict points—Ilocations where vehicle trajectories intersect,
posing collision risks—the model considers only scenarios where vehicles on the same approach reach
the conflict point first, neglecting the reverse situation. Additionally, the global optimization performed
each time a vehicle enters the control zone recalculates trajectories for all vehicles in the zone, signifi-
cantly increasing computational complexity and posing challenges for real-time implementation. Finally,
while the paper provides a detailed flowchart, the absence of open-source code limits reproducibility
and practical application, as implementing the algorithm based solely on the flowchart requires consid-
erable effort and interpretation.

Based on our study of this paper, we adopted its optimization model as a foundation for solving our
Research Question 1 (See Sec.4.1 for the detailed reformulation) and reformulated its mathematical
optimization framework. Notably, in implementing the code, we employed a local optimization approach.
Specifically, whenever a new vehicle arrives at the control zone, we optimize its sojourn time and
trajectory based on the information of vehicles that already exists inside the control zone, and the
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optimized data is stored as attributes of the vehicle in Python language. Importantly, when subsequent
vehicles enter the control zone, we do not re-optimize the vehicles that have already been optimized
(See Appendix A). This method significantly reduces computational overhead compared to the original
reference[9].

2.5. Headway Time Distribution and Parameter Estimations

Headway time, often referred to simply as“headway,” is a critical concept in civil engineering and traffic
engineering. In the context of a circulating stream, such as vehicles in a roundabout or traffic moving
inside a circular route, headway time is defined as the time interval between the passage of the front
of one vehicle and the front of the next vehicle, as observed from a fixed point.

Headway time distribution is a crucial element in the field of traffic flow. It serves as the foundation for
capacity analysis, gap acceptance studies, intersection traffic control, and traffic simulation. Particularly
for traffic flow, the headway time distribution and its computer simulation implementation are crucial for
the simulation capabilities of traffic systems. Based on different traffic characteristics, researchers have
proposed and verified many highly practical models, such as the exponential headway time distribution
model for free flow conditions and the shifted exponential model. With the increase in road traffic load,
to describe the corresponding patterns, models such as the Erlang distribution, lognormal distribution,
and Cowan M3 distribution have been proposed[20].

2.5.1. Exponential Headway
The exponential headway time has a distribution function:

Fit)y=1—¢e?,t>0. (2.1)
and density:
ft)=Xxe M, t>0. (2.2)

This distribution is widely used. However, it is often suitable for situations with low traffic volumes[28]:
for two-way two-lane roads with traffic volumes not exceeding 400 vehicles per hour; for one-way two-
lane roads with traffic volumes not exceeding 800 vehicles per hour, and in situations where there are
no traffic management facilities within 1 kilometer of the observation point in the oncoming direction.

When modeling the headway time distribution for single-lane traffic flow using the exponential distri-
bution, it inaccurately predicts a higher probability of smaller headway times than what is observed
in reality. To address this issue, the shifted exponential distribution is employed. This distribution as-
sumes that the minimum headway time cannot be less than a specified value ¢,; (minimum headway
time). The distribution function for shifted exponential is:

F(t)=1—e M) >ty (2.3)
and the density function is:
Ft) = xe 00 g s gy (2.4)

Zhang et al.[39] utilized the Kolmogorov-Smirnov (KS) test statistic along with 2-D plots to evaluate and
reflect the extent of fithess of their models to the roadway data. While each model demonstrated some
level of practicality, the test results indicated that the shifted exponential distribution model best fits the
traffic flow data on urban highways.

The maximal likelihood estimators (MLE) for A and ¢, are quite simple to derive, so we omit the deriva-
tion. Based on identically independent observations t4,t»,...,t,,, the estimators are:

ty = tay = min{ty, to, ..., tn} (2.5)
n

A= 2.6
i (ti = t)) (2.6)
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2.5.2. M3 Headway

Research has shown that in more congested traffic conditions, some vehicles tend to form platoon
formations. To address this phenomenon, Cowan introduced the M3 distribution model[37]. This model
posits that vehicles exist in two states: a segment of the vehicles travels in platoon formations, while
the remainder moves under free-flow conditions. The distribution function for this model is as follows:

F(t)=(1- aef)‘(tft’”))u(t —trm), (2.7)
where
1 ift >ty
t—ty) = - 2.8
U( M) {0 ift <ty ’ ( )

and:

* « € (0,1] is the proportion of free vehicles((non-clustered traffic).

* tpr € Ris the minimum headway time maintained between vehicles when they are traveling in
platoon formations.

* A > (is a parameter.

The density of the M3 distribution is:

ft) = (1= a)d(t —tar) + ade M=)yt — 1), (2.9)
where §(t — t5s) is the Dirac delta function:
0o ift= t]u
8t —ty) = 2.10
(t=ta) {0 otherwise ’ (2.10)

with
/ §(t —tp)dt = 1. (2.11)
0

The proposal of the M3 distribution model has drew the attention of many researchers and has been
cited in numerous important articles. The model contains many parameters, making estimation rela-
tively difficult. Researchers have conducted extensive studies on this. Luttinen provided the maximum
likelihood estimators (MLE) for the parameters t;;, A, and « without derivation[21]. Here we complete
the steps of how to find the MLE for it. Since the density in Equation (2.9) approaches infinity when
t = tys, it poses a challenge for finding the MLE. Therefore, we redefine the density in the context of
Measure Theory to address this issue. Let

* | :=Lebesgue measure on R, corresponding to the continuous part of the distribution.

* 1y :=point mass measure, which means there is a discrete component at ¢t = ¢;,

* 1 := 1+ vy is the combined measure, which includes both the continuous and discrete parts.

Then the density function of M3 distribution is:

dr

t) = —
="
One can verify that:

/ T duy = [ 1@di+ o))

tmr

(t) = Aae METOL () 4+ (1 — @)Ly, (1) (2.12)

_ [T F)dit) + Oof(t)dVo(t)

tym tn

_ / Aae M0 G 4 f (i) (2.13)

ty
= a/ e Mdu+ (1 — a)
0

=a-1+(1—-a)
=1
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In the third equality, we use the fact that the point mass at ¢ = t;, contributes only at that single point.
The fourth equality is obtained by changing the variable « = ¢t — t;;. The fifth equality holds because

the total probability of an exponential distribution is 1.

Based on identically independently distributed observations of headway times ¢}s, where i = 1,2,...,n

the likelinood function is:

L, tar, M| t1,ta, ... H ( (1-« ﬂ{t —tM}( i)+ CM)\eA(tftM)ﬂ{ti>tM}(ti))

=1

0 if 3i such that ¢; < tyy
T Witz (0= ) Mgy, (A E00) >0 ity > by Vi= 1,2,

Hence the MLE for ¢, is:
ty = tay = min{ty, o, ..., t,}

The log-likelihood function is:

Uo tar, X | t1,ta, .. tn) = log (H (f(ti)))

1

> log(l-a)+ Yo (log(ane 7))

it =t vt >t
= Z log(1 — o) + Z <log(a) +log(A\) — A(t; — tM))
vt =ty vt >tar

Then the partial derivative of £(-) with respect to \ is:

(a,tar, A | t1, o, ..., Z (
= log(M\) — A(t; —tM))
A 8)‘” >fM
= N>y (5 JFtM Z t;,
it >tar
where

Ny, >t,, = the number of observations having values bigger than ¢,,.

Setting the above partial derivative to be zero, one could obtain:
Nti>tM + tM Z t
ity >t

Hence

1
N>ty = > (ti—tM),

vty >t

which implies

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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is the average of observations having values greater than #,;. One can check that the second-order
partial derivative of £(-) is — N, ¢, ;—2 which is smaller than zero for all values of A. This ensures that

¢(-) is maximized at A = ), i.e. A in Eq.(2.21) is the MLE for .

The partial derivative of ¢(-) with respect to « is:

O, tar, N |t to, .t 0
(a,tm a\atl t t);@( S logl—a)+ > log(a))

it =tn ti>tm (223)
EE N
) 1l—a . «
vti=tn vty >t
Let the above partial derivative be zero, we can obtain:
1 1
Nti>t1¥la :Nti:t]\/jl_aa (224)
which implies
Nti>tM = (Nti:tM + Nti>tM)a‘ (225)
Hence the MLE of « is:
& = Nti>£}\/1 _ Nt11>£M _ Nti>t(1) . (226)
NtiZfM n n
It can be easily verified that the second-order partial derivative of I(-) with respect to « is:
1 1
—Nit—ty A—a? Ne>tr—g <0 (2.27)

Hence indeed & in Eq.(2.26) is the global maximum and is the MLE of «.

Additionally, researchers have analyzed the relationship between traffic flow rate ¢ pcu/s and the pa-
rameter a. The 2000 edition of the Highway Capacity Manual from the United States[6] provides the
relationship as follows:

o = e Ptua, (2.28)

where 3 is a parameter and for its values, please see Tab2.1.

tm (s) B
Single Lane 1.5 0.6
Two Lanes 0.5 0.5

Three Lanes or More 0.5 0.8

Table 2.1: Values of t); and 3.

2.5.3. Erlang — k Headway

The Erlang — k(X) distribution is another commonly used headway time distribution. It is the sum of
independent random variables having a common exponential distribution with mean +. The distribution
function is:

J
F(t)=1- (Ai) e Mt >0. (2.29)
=0
and the density is:
k—1
Fo) = A2 x g, (2.30)

(k—1)!
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Let T ~ Erlang — k(\), and X1, Xo, ..., X4 ' Exp(X), then the mean and variance of T are:

k k
E(T) = E(in) =Y E(X) = § (2.31)
=1 =1
k k
Var(1) = Var( 30 X.) " 3" Var(x,) = % (2.32)
1=1 1=1

The parameter A is called the scale parameter, and k is called the shape parameter. As k takes on
different values, different distribution functions can be obtained. Therefore, the Erlang-£ distribution has
a wide range of applications. Specifically, when k& = 1, Eq.(2.29) corresponds to the case where the
headway time follows an exponential distribution. Studies have shown that as the value of & increases,
it indicates that traffic becomes more congested and the randomness of driver behavior decreases[10].

For vehicles traveling on the same lane, the headway time cannot be less than the minimum headway
time. Therefore, it is necessary to modify the model in Eq.(2.29) and introduce the shifted Erlang-%
distribution. The distribution function of shifted Erlang-% is:

it — J
M (t .'tM) e E=t) sy (2.33)
J]:

and the density function is:

k—1(y k—1
f(t) = )\A ((]i _tlA)f) e M) s (2.34)

Based on i.i.d observations ¢4, ¢, ...t,,, the likelihood function and the log-likelihood function are:

Nt — a1 it
k=1

Llta, Nk [t te, o ty) = [[ A (2.35)
i=1

n

tar MK | bty tn) = (k log(\) + (k — 1) log(t: — tar) — At — tar) — log ((k — 1)!)) (2.36)

i=1
One can estimate t,; by using a similar argument in Sec.2.5.2 and get
ty = t(1) (2.37)
To obtain the MLE of A, one can let

Ol(tpr, Ak | t1,to, ... 1n)

D\ =0 (2.38)
and get:
A== —— (2.39)
! Zi:l(ti - t(l))

for each value of k;. Since k is discrete (k is an positive integer), we cannot take the partial derivative
of ¢(-) with respect to k to get the MLE of k. In practice, if k € {1,2,3,...}, one can get the MLE of &
and X by finding the pairs ()\;, k;) that maximize the log-likelihood function £(-):

(\ k) = argmax £(t(1), A\, kj |t to, ... tn) (2.40)

(>‘j7kj)
je{1,2,3,...}
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In practice, the Method of Moment Estimator (MM) can also be applied. The expectation and variance
of a shifted Erlang — k(\) random variable T are:

E(T) = § +tm (2.41)
Var(T) = % (2.42)

Given the sample mean and variance:

I
t:EZti (2.43)

R T (2.44)

as well as the estimator of ¢;,, equating the expectation and variance to the sample mean and variance,
one can get:

Earm

t= + i)

AMM , (2.45)

karar
s2 =

2
)\ZW M

where ks and Ay are Method of Moment Estimators. Solving the above system for Ay, and kg,
the estimators are:

t—1
Avm = 52(1)
. , (2.46)
(f—tw)
knvene = —

The kprar in Eq. (2.46) may not be an integer. To obtain the estimator, one can get the profile estimator
k by minimizing the sum of the following squared difference:

(A, k)= argmin {<§ +ta) — 5)2 + (% - 32)2} (2.47)

A=Amn,kELT

Note that if ¥ € R™, then the Erlang distribution becomes the Gamma distribution. The MLE of A and
k can be obtained by solving the system:

nk
i (ti —ty)

9(k) = 1og(3) + > logts — tr)
i=1

A=
(2.48)

where (-) is the digamma function defined as:

(k) = L log (k) =

= (2.49)

The second equation in system2.48 does not have a closed-form solution. One can solve it by numerical
root-finding techniques like the Newton-Raphson method or other optimization algorithms provided by
libraries such as Scipy in Python.
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2.5.4. Lognormal Headway

In moderate to high traffic volumes, where the interaction between vehicles becomes significant but not
extremely congested, the variability in headway times can be captured well by the lognormal distribu-
tion. This distribution can be particularly useful in conditions where traffic is neither in free flow nor in
complete stop-and-go congestion, but rather in a mixed state where some variability in headway times
is expected[35]. The distribution function is:

F(t) = @(logta_ M)t (2.50)

where ®(+) is the cdf of standard normal distribution. The density function is:

1 (logt — p)?
£(6) = ta@exp( - T) t> 0. (2.51)

Assume that the observations are independent and identically distributed. Lett, = logt; fori =1,2,....n,
then ¢, follows a normal distribution. The MLE are:

1 n
==t (2.52)
=1
o I .
62 = - Z(t; — )2, (2.53)
=1

and the Method of Moment Estimators are:

MM(p) = %Zt (2.54)

n n

MM(0%) = ~ i > (t; - Zt;)Q. (2.55)

i=1 =1

Typically, one can first perform a logarithmic transformation on the observations, and then conduct a
distribution assumption test and goodness-of-fit test on the transformed data.

2.6. Model Selection Criterion

When multiple statistical models with varying numbers of parameters are fitted to a dataset, model
selection can be performed using the Akaike Information Criterion (AIC) or the Bayesian Information
Criterion (BIC).

AIC

The Akaike Information Criterion (AIC), introduced by Hirotugu Akaike [1], is a widely used criterion
for model selection. It evaluates the relative quality of models by balancing goodness-of-fit with model
complexity. AIC aims to identify the model that best describes the data, striking a balance between
maximizing the likelihood and minimizing the number of parameters. The formula for AIC is as follows:

AIC = 2m — 21og(Lmax), (2.56)

where m is the number of estimated parameters in the model, and L. is the maximum value of the
likelihood function for the model.

AIC considers both the likelihood and the number of parameters to balance model performance with
complexity. It encourages the selection of models that fit the data well while avoiding excessive com-
plexity. This approach mitigates the risk of overfitting and helps prevent the model from capturing noise
or irrelevant patterns in the dataset.
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BIC

The Bayesian Information Criterion (BIC), proposed by Gideon Schwarz [29], is a model selection
criterion similar to AIC that assesses both model fit and complexity. Unlike AIC, BIC imposes a stricter
penalty for model complexity. The formula for BIC is as follows:

BIC = log(n)m — 2log(Lmax)- (2.57)

In the above equation, m and L.« retain the same definitions as in AIC, whereas n represents the
sample size. The log(n) term in BIC imposes a stricter penalty for model complexity compared to AIC,
as the penalty grows logarithmically with the sample size. Notably, when n > €2, BIC penalizes complex
models more significantly than AIC.

AIC or BIC?

The behavior of AIC and BIC with respect to sample size significantly influences their model selection
outcomes. AIC’s penalty for model complexity remains constant regardless of sample size, which
means that as the sample size increases, AIC may still favor more complex models if they provide a
better fit to the data. In contrast, BIC’s penalty for complexity increases with the sample size, making it
more conservative. As a result, BIC tends to prefer simpler models, particularly in large datasets, due
to its stronger penalty for model complexity. This difference in behavior means that BIC is more likely
to select simpler models compared to AIC, especially when dealing with large amounts of data.

When selecting between AIC and BIC, the choice depends on the objectives of model evaluation and
the characteristics of the dataset. AIC is best utilized when the primary focus is on maximizing predic-
tive accuracy and when working with smaller sample sizes. Its relatively mild penalty for model com-
plexity allows for greater flexibility in capturing complex patterns within the data, making it suitable for
exploratory analysis and scenarios where a detailed understanding of the data is sought. Conversely,
BIC is more appropriate when the goal is to prefer simpler models, particularly in large datasets. BIC
imposes a stricter penalty for model complexity, which increases with sample size, thus favoring more
parsimonious models as the data volume grows. This makes BIC a more conservative choice in ensur-
ing model generalizability and preventing the risk of overfitting. In summary, AIC is advantageous for
models where predictive accuracy is prioritized, especially for data with a small sample size, while BIC
is preferable when simplicity and model parsimony are critical, especially with larger datasets.



Methodology

In this part, the method of how to conduct this research is explained. As stated in Ch.1, the three
research questions in this thesis are:

1. Given the arrival speed to the control zone, how to control each vehicle inside the control
zone to maximize the efficiency of a single-lane roundabout and the driving experience of
each driver?

2. How to quantify the efficiency improved by controlling all CAVs within the control zone
microscopically?

3. Under human-driven conditions (uncontrolled scenario), what is the theoretical expected
sojourn time for vehicles from entering the control zone to merging into the roundabout
on each leg?

To answer Research Question 1, a control model will be constructed in Sec.4.1. The first objective
aims to minimize the total sojourn time for all vehicles on all legs from entering the control zone to merg-
ing into the roundabout, while the second objective focuses on minimizing the acceleration fluctuation
for each individual vehicle. A natural question is how to quantify the efficiency improved, leading to
the formulation of Research Question 2. A straightforward approach to quantifying the efficiency im-
proved by the control model is to compare the sojourn time from the control model with the theoretical
value under human driving conditions, which is the reason for proposing Research Question 3.

To address Research Question 3, an M/G/1/k queuing model is developed in Sec.4.2 to calculate
the expected sojourn time, defined as the time a vehicle takes from entering the control zone to merging
into the roundabout. In this model, M represents the Markovian (or memoryless) property of the arrival
process; G denotes a general distribution for the service time; 1 indicates a single server in the system;
and k specifies the system’s capacity, meaning the number of vehicles cannot exceed k. It should be
noted that the server can be modeled as the first vehicle at the roundabout’s entry line. To simplify this
concept, imagine a person standing at the entrance of each leg of the roundabout, directing whether
the first vehicle should enter immediately or wait. Calculating the expected sojourn time requires the
coefficient of variation of the service time. Since service time data is difficult to obtain in real-world
scenarios and can only be estimated from software simulation, the coefficient of variation of the service
time can instead be derived from the distribution of headway times. Therefore, a parametric test to
determine the headway time distribution will be conducted in Ch.5. To verify the accuracy of the calcu-
lated sojourn time, in Sec.6.1, we will compare it to the values obtained from an uncontrolled scenario
in the Vissim simulation across different arrival rates (A1, A2, A3, and Ay pcu/h).

Research Question 2 is answered from three different perspectives:

» Comparing the sojourn time obtained from the control model to the one from the Vissim simulation:
across different arrival rates, we will first plot the histograms of the sojourn time for both the control
model and the Vissim simulation and compare them. Secondly, we will compare the descriptive
statistics of the sojourn obtained from the control method to the one from the Vissim simulation.

21
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This will be explained in Sec.6.2. It should be noted that to make the above two sojourn times
comparable, the input data of the control model is from the Vissim simulation. In other words, for
each vehicle, the speed and time of entering the control zone, and the exit are the same for both
scenarios.

+ Comparing the average sojourn time from control models to theoretical value: in Sec.6.3, the
average sojourn time from the control model will be compared to the expected sojourn time from
the M/G/1/k queueing model across different arrival rates.

Pressure Test (See Sec.6.4): In real-world human driving conditions, a control zone does not
exist at a separate entity. A leg of a roundabout may connect to other roads or traffic facilities,
with many vehicles intending to enter the roundabout. All roads connected to this leg can be seen
as potential sources of vehicles entering the roundabout. Therefore, we can model a single-lane
roundabout as an M/G/1 queueing model, meaning that the arrival process is Markovian, the
service time has a general distribution, there is one server, and the system capacity is infinite. In
queueing theory terminology, the /oo after 1 is typically omitted.

To conduct a stress test, we first use the M /G /1 queueing model to calculate the probability that
the control zone is full at an arrival rate of Amax pcu/h. Additionally, at this arrival rate, we will
determine the probability that the control zone is full under the controlled scenario. It should be
noted that the optimization model includes constraints to prevent queues; therefore, the probabil-
ity in the controlled scenario means under the extreme arrival rate, the probability that the control
model will fail. Finally, we will compare these two probabilities. In [26], researchers pointed out
that the maximum arrival rate on each leg of a normal single-lane roundabout was between 1000
and 1200pcu/h. In our research, we will choose Amax to be 1200pcu/h.

In the M/G/1 queueing model, we will use the Laplace—Stieltjes transform of the service time
distribution, Fz(¢), to obtain the probability generating function (PGF) of the number of vehicles
in the system, denoted by P (z). By the Strong Law of Large Numbers, empirical service time
data can be utilized. Next, we can then find the desired probability by making use of the Py (z).

In the controlled scenario (optimization), we will record the number of vehicles on each leg every
0.1 second. The required probability is then estimated by the fraction of time during which any of
the control zone legs exceeds its capacity.

The big pictures of this thesis is presented in Figs.3.1,3.2, and 3.3.

Title: A Study Of A Single-lane Roundabout For Connected
—1 Automated Vehicles-A Microscopic Controlled Model And
Queueing Models

1. Given the arrival speed to the control zone, how to control each
t—= vehicle inside the control zone to maximize the efficiency of a
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Figure 3.1: Big picture 1: Research Questions and how to answer 1.
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2.How to quantify the
efficiency improved by
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Figure 3.2: Big Picture 2: How to answer Research Questions 2 and 3.
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Figure 3.3: Big Picture 3: how to calculate the expected sojourn time and blocking probabilities.



Model Construction

4.1. Single-lane Roundabout Microscopic Control Model

In this section, we will construct a microscopic control model for individual vehicles at the microscopic
level to enhance the efficiency of a single-lane roundabout. The microscopic level refers to determining
the acceleration or cruising speed for each individual vehicle at specific time intervals. In other words,
it involves deciding at what time and with what acceleration or speed each vehicle should be directed
to travel.

The structure of this section and the interconnections between its subsections are illustrated in Fig.4.1.
In Sec.4.1.1, the necessary assumptions for the control model are introduced. Next, the boundary of
the arrival time for individual vehicles, which serves as one of the constraints for the optimization, is
discussed in Sec.4.1.2 as a background knowledge.

Upon a vehicle’s entry into the control zone, an optimization control process is initiated (see Fig.4.2).
The control model is divided into two optimization phases. In the first phase, the objective is to deter-
mine the optimal sojourn time for each vehicle that enters the control zone at each leg of a single-lane
roundabout, using Mixed Integer Optimization techniques. This process is introduced in Sec.4.1.3. It
should be noted that the first phase optimization only determines the optimal sojourn time for each ve-
hicle but does not provide a microscopic control method. This is why the second phase of optimization
is necessary.

Once the optimal arrival sojourn is determined, it is used in the second phase of the optimization. The
goal of the second phase is to ensure a comfortable driving experience by minimizing acceleration
fluctuations, thereby providing a smoother journey for drivers. The second phase of optimization not
only ensures driving comfort but also determines the specific time intervals at which each vehicle should
maintain a particular cruising speed or acceleration, thus achieving the overall objective of this section.

24
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Figure 4.1: Organization of Sec.4.1.
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Figure 4.2: Conceptual figure of control zone and entry line of a single-lane roundabout.

4.1.1. Model Assumptions

Our model operates within an Automated Guided Vehicles (AVG) environment for CAVs, where all
vehicles are interconnected within the control zone. This means that incoming vehicles entering the
control zone can obtain necessary information about the vehicles already present in the zone. This
information includes the predicted sojourn time at the entry line and the speed of each vehicle at any
given moment. A central controller then issues commands to each vehicle, directing it to accelerate,
cruise, or decelerate within a specified time period. These commands are executed by the onboard
computer in each vehicle. When vehicles accelerate or decelerate, they follow a uniformly accelerated
linear motion. We also assume that all CAVs are seamlessly interconnected, ensuring instantaneous
signal and information transmission without any delays.
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In each leg of the single-lane roundabout, the maximum speed limit is vmax, the maximum acceleration
limit is amax, and the minimum acceleration limit is amin, Which is negative. To ensure smoother vehicle
operation within the roundabout, we assume that vehicles reach the roundabout’s internal maximum
speed limit v,. before entering. It is also assumed that vehicles maintain this speed v, while traveling
inside the roundabout until they exit. To prevent collisions between consecutive vehicles on each leg,
a constant safety distance dgafe is maintained. .

Moreover, the distance from the boundary of the control zone to the entry line is assumed to be uniform
across all legs of the roundabout, and is denoted by xy. This assumption simplifies the model by
ensuring that each vehicle, regardless of the leg it enters from, has to travel the same distance before
reaching the entry line. This uniformity is crucial for maintaining consistency in the timing calculations
and ensures that the control strategies applied to each vehicle are comparable.

Besides, for all legs, vehicles arrive at the control zone following a Poisson Process with the same rate
. Here, X is a general notation. When simulating with different arrival rates, we use the values A, Az,
A3, and \g.

Additionally, all vehicles are assumed to be of the same size, with a length V L. This standardization
in vehicle dimensions is important for maintaining a uniform safety distance ds.e between vehicles,
which helps in preventing collisions and ensuring smooth traffic flow. The assumption of identical vehi-
cle sizes also simplifies the modeling of vehicle dynamics and control algorithms, as it eliminates the
need to account for variations in vehicle length that could otherwise complicate the timing and spacing
calculations within the control zone.

On top of that, when vehicles enter the control zone, it is assumed that they experience free flow until
they reach the roundabout. This means that there may be multiple vehicles traveling within the control
zone at the same time, but none of them will come to a stop. Consequently, the number of vehicles

within the control zone on each leg will not exceed its capacity C;, which can be calculated as L#‘}mJ .

Furthermore, we assume that the radius r of the roundabout is measured to the midpoint of the roadway
inside the roundabout. Although the paths of vehicles within the roundabout might slightly deviate from
a perfect arc, we assume that vehicles follow a path that lies on a perfect circle. This simplification helps
in modeling and ensures that the trajectory calculations remain manageable while accurately reflecting
the dynamics within the roundabout.

4.1.2. Range of Possible Individual Arrival Times

In this section, we will determine the range of arrival times to the entry line for each individual vehicle
by calculating the lower and upper bounds of the arrival time. Let ¢ denote the index of vehicles, j
denote the index of the leg of the roundabout, and let n; € N represent the total number of vehicles
onleg j, wherei € {1,2,3,...,n;} and j € {1,2,3,4}. Let Am;“ and A"? represent the minimum and
maximum arrival times of vehlcle 1 from leg j to the entry line. By definition, these boundary times
can be expressed in terms of the speed limit on the leg vmax, the speed limit inside the roundabout
v, maximum acceleration limit amax, Minimum acceleration limit anmin, and the initial speed of vehicle i
entering the control zone, denoted as v; .

Let S{ denote the time that vehicle ¢ sojourns traveling from the boundary of the control zone to the
entry line of the roundabout on leg j, where i € {1,2,3,...,n,}, j € {1,2, 3,4}, and n; € N. According
to C. Yu et al. [36], the time that vehicle i arrive to the entry line of the roundabout from leg j, i.e.,

tio+ SL, is bounded by Am'“ and Amax where ¢; o represents the time at which vehicle i reaches the
boundary of the control zone That i |s

AN < 40+ 5] < AT (4.1)

It should be noted that in order to determine A;Tj;.” and A;‘jj‘x, it is essential to distinguish between cases
based on whether the vehicle can reach the maximum speed vnmax 0N the leg during its journey from
the boundary of the control zone to the entry line. (See cases (a) and (b) in Fig.4.3, where x is the
radius of the control zone).
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Figure 4.3: Two cases during vehicle’s journey to the entry line, modified based on[9].

Boundary Values in Case (a)
Since Uniformly accelerated linear motion is assumed, case (a) in Fig.4.3 can be represented as

(Umax)2 - (Ui,0)2 (Umax)2 - (Ur)2

+ > xg. 4.2
2amax 2|amin| 0 ( )
In this case,
. vy — v vy — Uy
AP 20 12 0 7 (4.3)
’ Amax ‘amin|
where
Uz/' 0= 2amax|amin|To + |amin|(vi0)* + CLmax(Ur)Q. (4.4)
’ Amax + |am7,n|
The upper boundary in this case is:
. [ 2 Vr QAmin
Amax . o0 ) ~ if xo > % and Vi0 < \/2$O‘Gmin| - % ’ (45)
7 St + Ze otherwise
where
{%0 _ amax(vi,O)Q + |amin|(vr)2 - 2amax‘amin|. (4.6)
Qmax + |amin|
Boundary Values in Case (b)
Case (b) in Fig.4.3 is equivalent to
('Umax)2 - (Ui,0>2 + (Umax)2 - (Ur)2 S To. (4-7)

2amax 2|amin |

In this case, A;*_"}" is obtained when the vehicle uses the maximum acceleration amax to reach the maxi-
mum speed vmax- It then cruises at this speed for a certain time before decelerating with the minimum
acceleration an,, to reach the speed v, i.e.

AN =t +to +tq, (4.8)

where t,, t., and t; represent the acceleration time, cruising time, and deceleration time respectively.
The formulas of them are:

Umax — V3,0
ty = —m—m—
Amax
Zo (Umax)2_(vi,0)2 _ (Umax)z_(vr)Z
2 2| ami
tc _ Qmax Iamml . (49)
Umax
_ Umax — VUr
tg = ———m—
|amin‘

However, AT"? is the same as the one in case (a) (see Eq.(4.5) for detail).
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4.1.3. First Phase Optimization

Objective Function

In our model, when vehicles arrive at the entry line of the roundabout, they are assumed to be traveling
at the speed v,.. During their journey from entering the control zone to merging into the roundabout, they
do not stop. Therefore, increasing the efficiency of the roundabout is equivalent to reducing the total
sojourn time from the boundary of the control zone to the entry line of the roundabout. Consequently,
the objective function of this optimization is defined as follows:

nj

4
Min > ") 57, (4.10)

j=1 =0

where Sf is the time that vehicle i spends traveling from the boundary of the control zone to the entry
line of the roundabout on leg ;.

Background Information

Before constructing the constraints of this optimization, some concepts and notations are introduced.
As shown in Fig.4.4, conflict points in a single-lane roundabout refer to the locations where vehicle
paths intersect or merge, potentially leading to collisions or requiring vehicles to yield or stop to avoid

accidents. Let set 07 = {c1,¢2, 3, ¢4} be the set of conflict points for vehicles from leg j and j/, where
j#j andj,j’ € {1,2,3,4}. Let A7, be the time when vehicle i reaches the conflict point ¢ from leg j,

where ¢ € C; Here we will give an example of how to calculate Azﬁj. Recall that ¢; o is the time at which
vehicle i arrives at the boundary of the control zone. If vehicle 3 from leg 1 will exit the roundabout from

leg 4, then

A§T4 =t3,0+ S;
27r
C: 1
Aga = tao+ S5+ - @.11)
2nr
Ay =ts0+ S5+ UQ

T

where r represents the radius of the circulatory lane inside the roundabout. For this particular vehicle,
A§f4 does not exist, since it leaves the roundabout from leg 4 before reaching the conflict point c,.

On top of that, defining the following binary variable:

BIC. — 1 if vehicle i reaches the conflict point ¢ prior to «/ (4.12)
710 otherwise - .

In Equation(4.12), vehicle 7 and " are from different legs. Besides, denote the critical gap and follow-on
time by ¢t and tr respectively.
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Figure 4.4: Conflict points in a single-lane roundabout, modified based on[9].

Constraints for the First Phase Optimization
Having the above variables defined, we can construct our constraints for the optimization problem (4.10)

as follows:

AT <o+ ST AT Wie{1,2,...,n;}, je€{1,2,3,4} (Arrival Time is Bounded)
(4.13)

tio+ S +tp <tiyio+SL,, Vie{l,2,....n;—1}, je€{1,2,3,4}. (Follow-on Time is Considered)
(4.14)

BI;; + BIj; ; =1, (By Definition of Binary Variables)
Vee O, ie{l,2...,n;}, i'e{L2....n}}, (4.15)
j#5, 55 €{1,2,3,4}.

Af i +tc < Aj i, (Collision is Avoided)

Vee O, ie{l2,...,n}, i e{l2... 0}, (4.16)
j?’éjl7 jvj/ € {1727374}7 B‘[zc,z’ =1

Af i +te < A7, (Collision is Avoided)

VeeCl, ie{l,2,...,n;}, i e{l,2,....n}} (4.17)
j#j/7 j)j/€{1527374}7 BIzC;L’:O

Constraint (4.13) ensures that the time at which vehicle i reaches the entry line of the single-lane
roundabout from leg j is bounded by its minimal and maximal arrival times, as explained in Section
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4.1.2. Constraint (4.14) ensures that when consecutive vehicles arrive at the entry line, there is at least
a follow-on time between them. Constraint (4.15) implies that for vehicles i and i’ crossing the same
conflict point, either vehicle i reaches c first, or vehicle i’ reaches c first. Constraint (4.16) ensures
that there is no collision for vehicles reaching the same conflict point from different legs. This can be
explained as follows: if vehicle i from leg j arrives at the conflict point ¢ earlier than vehicle ¢/ from
leg j/, then BI¢, = 1. Consequently, vehicle i’ is only allowed to arrive at the conflict point after the
critical gap time required by the merging behavior in the roundabout. Constraint (4.17) also ensures
no collision at the conflict point but in a symmetric case where vehicle i’ arrives at the conflict point ¢
prior to vehicle 1.

4.1.4. Second Phase Optimization

The output of the First Phase Optimization is the time that individual vehicle spends from the control
boundary to the entry line (57), i.e. what we define as the sojourn time. Therefore, for each individual
vehicle, we can get the time at which it arrives at the entry line, i.e. t; o + Sf Using the sojourn time
Sj as the input for the Second Phase Optimization, we can construct our model for the optimization.
As suggested by Mandava et al. [22] and Feng et al. [11], the trajectory of individual vehicles can be
divided into three segments:

1. Starting with an initial speed v; ¢ upon entering the control zone, vehicle i accelerates at a rate of
a;,1 to reach a cruising speed v; .. This acceleration occurs from t; o, the time at which vehicle
enters the control zone, until ¢; ;, the time at which the vehicle reaches its cruising speed.

2. Vehicle i travels at the cruising speed v; , from ¢, ; to t; 5, at which point the vehicle will undergo
another acceleration, denoted as a; 5.

3. Vehicle i accelerates at a; » from¢; 2 to ¢; o + Sj at which point it reaches the speed v, and enters
the roundabout.

In principle, the trajectory (v-t plot) can be classified into four cases, determined by the signs of «a; 1
and a; 2 (See Fig.4.5). For example, in the bottom-left part of Fig.4.5, the vehicle first accelerates from
the time at which it enters the control zone until time ¢, ;, reaching the cruising speed v; .. The vehicle
then maintains this cruising speed until time ¢; . Finally, it decelerates from ¢; » until ¢; o + SZJ the time
at which it enters the roundabout at speed v,.. It should be noted that if ¢;; = ¢; 2, then the second
segment does not exist.

Let v;(t) denote the speed of vehicle i at time ¢, and let z;(t) represent its position relative to the control
boundary after it enters the control zone. At the next time step ¢ + At, the speed and position can be
determined iteratively:

’Ul(t) + amAt ifo<t< tl‘71
Vi (t + At) = Vi« ifti1 <t <t . (4.18)
’Ui(t) + ai)gAt if tio <t <t;o+ SZJ

zi(t) + v (At + 2a; 1 A fO<t <ty
l‘i(t + At) = Jii(t) + UZ',*At if ti1 <t <to . (4.19)
$1(t) + ’UiAt + %aMAtQ if ti_yg § t S ti,O + Slj

The goal of the Second Phase Optimization is to ensure a comfortable driving experience, which is
equivalent to achieving a smoother trajectory with less abrupt acceleration changes. There are several
approaches to performing this optimization. One can choose either Convex Optimization, with the
objective function defined as the integral of the absolute value of the acceleration over the driving time,
or Quadratic Optimization, where the objective function is the integral of the square of the acceleration
over the driving time (see He et al.[16] for details). In this work, we use Convex Optimization with non-
linear constraints to construct our models because we are implementing this in the Gurobi Optimizer,
which is a software package that can be executed in Python. In Gurobi, Quadratic Optimization requires
the addition of extra constraints, as quadratic expressions are treated as constraints, which increases
computational complexity. Therefore, we opted for Convex Optimization. The objective function is:
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Figure 4.5: v — t plots for vehicle i's trajectory.
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ti1 f/z:,o-‘rsif
Minimize / |ai,1|dt+/ laza|dt ) , (4.20)
tio ti,2

subject to:
0< Vix = Vi0 + ai71(ti71 — ti70) < Umax, Vi€ {1, 2,... ,nj}. (421)

(Cruising Speed is Bounded)

Op = Viw A+ aioltio + 8] —tio), Vie{l1,2,...,n;}, je{1,23,4}. (4.22)

(Reaching Speed v,. When Entering the Roundabout)

1
xo = v,0(ti1 —ti0) + 5%1(7?1',1 - ﬁz‘,o)Q + v« (tia —ti1)

, 1 ,
+vi7*(ti70+Sf —ti72)+§ai,2(ti7o+57? —ti72)2, Vi € {1,2,...,71]‘}, j S {1,2,3,4}.
(4.23)

(Total Travel Distance is xg)

0<ti1<tia<tio+5S!, Vie{l,2,...,n;}, je{1,23,4}. (4.24)

(The Three Segments are Odered)

amin < @1 < amax, Vi€ {1,2,...,n;}. (4.25)

(ai,1 is Bounded)

amin < @i 2 < Gmax, Vi€ {1,2,...,n;}. (4.26)

(@i 2 is Bounded)

Ti(t+ At) — 21 (t+ At) > deae, Vi€ {0,1,2,...,n;}, j€{1,2,3,4}, t€ (tio tio+5S)).
(4.27)

(Collision is Avoided on the Leg)

Constraint (4.21) ensures that vehicle 7 will reach its cruising speed v;, at¢; ; by using acceleration a; 1,
and its cruising speed is bounded between 0 and the maximum speed limit vmax On the leg. Constraint
(4.22) ensures that after the cruising segment, vehicle i will reach the speed v, at time ¢; o + S/ by
using acceleration a; . Constraint (4.23) ensures that, in total, vehicle i travels the distance zy, i.e.,
the distance from the boundary of the control zone to the entry line, by following the three-segment
trajectories mentioned above. Constraint (4.24) ensures the order of the different segments is followed,
transitioning from segment 1 to segment 2 to segment 3. Constraints (4.25) and (4.26) ensure that a; 1
and qa; » are bounded by the maximum and minimum acceleration limits on the leg. Constraint (4.27)
ensures that there is a safety distance between consecutive vehicles, thereby preventing collisions on
each leg. One should note that the output of the Second Phase Optimization is a; 1, t; 1, vi «, ti 2, and
a; o for each individual vehicle :.
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4.2. Queueing Model

To justify whether the microscopic control model in Section 4.1 enhances the efficiency of a single-lane
roundabout, we will develop an M/G/1/k queueing model to derive the theoretical expected sojourn
time. The M denotes the Markovian or memoryless nature of the arrival process, which aligns with
real-world scenarios where vehicles arrive at the roundabout according to a Poisson Process. In the
context of this queueing model,“customers” are vehicles attempting to enter the roundabout. The G
represents the general distribution of service times, reflecting the random time required for the first
vehicle at the entry line to enter the roundabout. The 1 indicates the presence of a single server in
the system. Although no physical server exists, one can imagine a person standing at the roundabout
entrance, deciding vehicle entry based on traffic conditions. Lastly, the &k represents the system’s
capacity, including the server, which in this case corresponds to the number of vehicles that can be
accommodated within each leg of the control zone in our control model. An illustration of our queueing
system is provided in Fig.4.6.

1

1
l4———— control zone leg 1
|

l:>_ ..... _| > | first vehi@lI
ry

I
| at most k vehicles in the control zone |

1
o I
! M/G/1/k queueing system .

Single Lane Roundabout

the server gives command to
the first vehicle

Figure 4.6: lllustration of the M/G/1/k queueing system model.

The term“sojourn time” S in a queueing system refers to the total time a customer spends within the
system. This time is the sum of the waiting time W in the queue and the service time B. In our
model, it represents the time a vehicle takes to travel from entering the control zone to merging into
the roundabout. The goal of this section is to theoretically derive an approximation for the expected
sojourn time E(S). To achieve this, we need to determine the expected number of customers E(L) in
the system. This can be done either purely theoretically using an embedded Markov Chain, provided
the service time distribution function Fiz(t) is known, or by using an approximation formula (see Section
4.2.3). Once E(L) is determined, we can apply the well-known Little’s Law, E(S) = %, where X\ is
the arrival rate of vehicles. The proof of Little’s Law will be provided in Section 4.2.4. If we opt to use
the approximation formula, the squared coefficient of variation of the service time C? is required. To
calculate this, the first and second moments of the service time must be derived. It should be noted that
even if the distribution function Fz(¢) is unavailable, the moments E(B) and E(B?) can still be obtained
from the circulating headway time distribution, which is often accessible through data. This process
will be explained in Section 4.2.1. The structure of this section and the interconnections between its

subsections are illustrated in Fig.4.7.

Deriving moments of B by the
headway time distribution in the
circulating stream

Sec.4.2.1

" for

Sec.4.2.2 { Fiding SCV of B } used|in

.

Approximation Formula

J approximates

Sec.4.2.3 .- { E) =

use Little's Law

theoretically calculate

Proved in [ E(S) | \ Embedded Markov Chain

Sec.4.2.4

Figure 4.7: Organization of Sec.4.2.
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4.2.1. Moments of the Service Time
In this section, we will derive the moments of service time in our M/G/1/k model. To facilitate this
derivation, we will first introduce some essential background information.

» Non-Delayed Renewal Process: A Non-Delayed Renewal Process is a counting process N (t) :=the
number of events happening in (0, t] with inter-arrival (inter-event) times A; 1 F(t).

» Delayed Process: A Delayed Process is a process in which the distribution for the first inter-arrival
time A, is F4, distributed, while the sequence {4, : n = 2,3,4, ...} follows the distribution F4
independently. The relationship of the distribution function F4, (equilibrium distribution) and F4
is associated as:

Fa,(t) = é /0 "(1— Fu. (u))du, with a — E(A,). (4.28)

If the inter-arrival time in a Non-delayed Renewal Process follows an exponential distribution, then the
process is a Poisson Process. A Delayed Process contains an Equilibrium Process with an equilibrium
distribution function F4, associated with the distribution F4, (Eq.(4.28)) in the subsequent Non-Delayed
Renewal Process. The relationship between the Non-Delayed Renewal Process and the Delayed
Process is illustrated in Fig.4.8.

«Equilibrium Process+—Nom-DeIayed Renewal Process

A, Ao Ae A;

e o " o @ - o e ' o o o

0 L

Delayed Proces

Figure 4.8: The relationship between Delayed Process and Non-delayed Renewal Process.

As suggested by Flannery et al.[13], when the first vehicle on the approach is trying to enter the round-
about, the arrival process of the circulating stream to the conflict point is assumed to be a Delayed
Process, denoted as {C(t)}, with inter-arrival times C;(t), where i = 1,2,3,.... One should note that
the inter-arrival time in this Stochastic Process is essentially the same as the headway time, since the
time between events of vehicles passing the same reference point is identical to the time gap between
consecutive vehicles.

First Moment of the Service Time

Let F-, be the distribution function of the headway times for the circulating traffic inside the roundabout
associated with the equilibrium distribution Fio,; let tc € R be the critical gap for drivers arriving at the
entry line of the roundabout seeking to join the circulatory stream; let 1 € R be the mean headway time
for the circulating stream under the distribution F, ; let the random variable B be the service time in
our queueing model, which is the random time required for service for the vehicle in the first position
at the entry line; let the random variable Bj be the time that the first vehicle at the entry line has to
wait under the Non-Delayed Renewal Process of the circulating stream; let the random variable C; be
the first inter-event time under the equilibrium distribution Fio, when the first vehicle is trying to enter
the roundabout; and let the random variable Cs be the second inter-event time under the Non-Delayed
Renewal Process (it is the Non-Delayed part of {C(t)}).

Considering the situation in which the first vehicle on the approach is trying to enter the roundabout,
if the time gap between the upcoming vehicle in the circulating stream and the conflict point is large
enough (greater than t¢), then the first vehicle at the entry line can enter the roundabout immediately.
Therefore, the conditional expectation of B given that C; = ¢, is E(B | C; = t;1) = 0. However, if the
gap is too small, the first vehicle on the approach needs to wait until the first vehicle in the circulating
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stream crosses the conflict point, meaning the conditional expectation of Bis E(B|Cy = t1) = t; +E(By).
Therefore,

E(B|Cy = t,) = {gl +E(Bo) :: 2 iii | (4.29)
Applying Tower Property to Eq.(4.29), we get
E(B) = E(E(B|C1))
= /tc E(B|Cy = t1)dFe, (t1) + /OC 0dFe, ()
, e (4.30)

:/0ctlchl(tl)-l-E(Bo)(FCl(tC)_F01(0)>

_ /O * hdFe, (t1) + B(Bo) Fe, (o).

In Eq.(4.30), E(By) is unknown. Using a similar approach, by conditioning on the next inter-event time
Cy = tq, if to is greater than the critical gap t¢, then E(By | Cy = t2) is zero, meaning the first vehicle on
the approach does not have to wait after the first vehicle in the circulating stream passes through the
conflict point. Otherwise, it has to wait again for the second vehicle in the circulating stream to cross
the conflict point. To conclude,

tg + ]E(Bo) if t2 S tc
E(By|Cy =ta) = 4.31
(Bo|Cy = 12) {0 . (431)
Using the Tower Property in Eq.(4.31), we obtain the following result:
E(Bo) = E(E(Bo|C2))
to [e%e]
= / (t2 + E(Bo))dFc, (t2) + / 0dFc, (t2)
0 tc
to (4.32)
= / thFCn (tg) —+ E(B()) (Fcn (tc) — Fcn (0))
0
tc
- / tadFe, (t2) + E(Bo) Fe, (tc).
0
Simplifying Eq.(4.32), we get
o€ tadFe, (t2)
Substituting Eq.(4.33) into Eq.(4.30), we get
to ' tydFe, (t
E(B) = / tdFe, (t) + MFQ (tc). (4.34)
0 1-Fg,(tc)

Recall the relationship between the equilibrium distribution and the inter-event distribution as stated in
Eq.(4.28), in our case

Feu(t) = 1 [ (1= Fe,w)au. (4.35)

h
where h = fooo (1 — Fe, (u))du is the expectation of the inter-event time (mean headway time) in the
Non-Delayed part of the Delayed Process. Thus

1—Fg, (t1)

P, (4.36)

dFe, (t1) =
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which can be derived by Eq.(4.35) by using the Fundamental Theorem of Calculus. Then the first part
of the RHS in Eq.(4.34) can be calculated as:

tc 1 tc
/ t1dFc, (tl) = E/ tl(l — Fe, (t1)>dt1. (4.37)
0 0
Using Eq.(4.35), we can also get

tc
Fe,(te) = %A (1 - Fe, (u))du (4.38)

Plugging Eq.(4.37) and Eq.(4.38) into Eq.(4.34), we can get

to tc todF, 3 ty te
E(B) = %/0 t1(1 = Fe, (t1))dty + fol_FCC(t(c))lll/o (1 - Fe, (u))du
1 tc ftc t2dFCn (752) to
- E(/o t1(1— Fe, (t1))dt: + Ol—FW (tc - /o Fe, (u)du)) (4.39)
= %(%(tc)Q - /0 ’ tFe, (t)dt + (1 — Fo, (to)) ™ (tc - /0 : Fe, (u)du) /O - tdFc, (t)).

Second Moment of the Service Time

When the first vehicle on the approach tries to enter the roundabout, the circulating stream follows
a Delayed Process. The service time B is zero if the first inter-event time of the circulating stream
is sufficiently large. Otherwise, the first vehicle on the approach must wait for the first vehicle in the
circulating stream to pass and then wait for an acceptable gap under the Non-Delayed Renewal Process
of the circulating stream. Recall that

t1 +E(By) ifty <tc

4.40
0 ift1 >t . ( )

E(B|C) = ) = {

Then the conditional second moment of B given Cy = t;is

E((Bo)?) + 20 E(Bo) + (t1)* ift1 < to

. (4.41)
0 ift, > te .

E(B?|C, =t) —{

By Eq.(4.31), the conditional second moment of B, given Cy =t is

E((Bo)?) + 26:E(Bo) + (t2)° ift2 < tc

. (4.42)
0 ifto >t .

E((Bo)? | Co = t2) = {

Applying Tower Property to Eq.(4.41), we get

E(B?) = E(E(B* | C)))

tc

E(32 | i = tl)dFCl (tl) —|—/ 0dFe, (tl)
tc

to

((t1)* + 201E(Bo))dFe, (t) + /0 ) E((Bo)?)dFc, (t1) (4.43)

((t1)? + 2t:E(Bo))dFe, (t) + E((Bo)?) (Fe, (te) — Fe, (0))

tc

((t1)* + 202E(By) ) dFe, (t1) + E((Bo)*) Fe, ().

Il
— T S —
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Using a similar technique to Eq.(4.42),
E((Bo)*) = E(E(B)? | C2)
= /Otc E((Bo)? | C2 = ta)dFc, (t2) + /: 0dEc, (to)
= [ (@ 2B are, @) + [ E(B) i, 2 @.48)
= [ (" + 20 aFe, (1) + BB (Fo, 1) - Fo, 0)
= [ (0 + 2B e, 1) + BB Fo 1)
Simplifying Eq.(4.44), we can derive
E((Bo)?) = (1 - Fe,(tc) " /0 (42 + 2B (Bo))dFe, (1) (4.45)

Substituting Eq.(4.45) into Eq.(4.43) yields

E(B%) = / (0 + 21 E(Bo)) dFes (1) + Fos (te) (1 — Foo, (1)~ / () 4+ 20E(Bo)) dFer (1)

(4.46)
Making use of Eq.(4.36), the first integral involving ¢, in Eq.(4.46) is
oo L [fe
| wrdre ) = [ @) (- Fo w)dn, (4.47)
0 0
and the second integral w.r.t. ¢; in Eq.(4.46) is
te 2E(By) ['¢
/ 2t1E(By)dFc, (t1) = (h 0)/ t1(1 — Fe, (t1))dt. (4.48)
0 0

Thus
e 1l 3 I
| (@ BB R ) = 3 () +EG) ) = [ (2 +2E(B0) Fe, ()at). (@.49)
Substituting Eq.(4.38) into the integral w.r.t ¢t5 in Eq.(4.46), we can obtain

Fo,(to) (1 — Fg, (tc))i1 /Otc ((t2)* + 2t2E(By))dF, (t2)

- /O (1= Fo () du) (1 - Fe, (t0) /0 7 (t2)? + 20E(Bo))dFe (1) (4.50)

- %(tc - /0  Fe, (dt) (1 - Fo, (t)) ™" ( /O " 12aF, (1) + 2E(Bo) /0  are, O}

Plugging Eq.(4.49) and Eq.(4.50) into Eq.(4.46), we can find the expression of the second moment of
E(B?):

E(B?)

1/1 9 te
- g(g(tC)S +E(By)(tc)” — /O (t* + 2tE(By)) Fo, (t)dt) (4.51)
+1(tc—/tc Fo (t)dt)(l—FC (tc))‘l(/tc 2dFe (t)+2JE(BO)/tC tdFe (t))

h 0 n n 0 n O n )

where E(By) was found in Eq.(4.33).
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4.2.2. Squared Coefficient of Variation of the Service Time
According to the definition,

2

Var(B) = E(B*) — (E(B))". (4.52)
Using the information of Eq.(4.39) and Eq.(4.51), the variance of the service time is

1/1 )

Var(B) = f( (tc)® + E(Bo)( (2 + 2tE(By)) Fe, ()dt)
h\3 0

1 tc 1 tc ) tc
+ E(ﬁc —/ Fc ( )dt(l — FC,L tC ) )(/ t dFC ( )+ 2E(Bo)/ tchn(t)) (453)
0 0

tc te te i
_ {;L(;(tcf - /0 tFe, (t)dt + (1 — Fo, (tC))A(tC - /0 Fo, (“)du) /0 tdFe, (t))}

Inan M/G/1/K queue, the squared coefficient of variation (SCV) of the service time, denoted as C?,
plays a crucial role in determining the performance and behavior of the system. The SCV measures the
relative variability of service times compared to their mean, influencing several key performance met-
rics. Higher C? indicates greater variability, typically resulting in longer waiting times, higher average
queue lengths, and an increased probability of the system being full. This variability affects the overall
stability and efficiency of the system. For instance, in systems with high C2, the queue is more likely
to experience significant fluctuations. Conversely, lower C? (indicating more consistent service times)
generally leads to better performance, with shorter queues and reduced waiting times. Additionally,
the expected system size is highly dependent on the SCV and is calculated differently depending on
whether C2 > 1 or not. The SCV can be expressed as follows:

o2 Var(B)

RN (4.54)
(E(B))

where Var(B) and E(B) has already been derived in Eq.(4.53) and Eq.(4.39) respectively.

4.2.3. Expected Number of Vehicles in the Approach

In this section, we will determine the expected number of vehicles in the queue, E(L,), excluding
the one currently being serviced, as well as the expected number of vehicles in the system, E(L),
including the one in service. There are two methods to determine this. The first method provides an
analytical solution by analyzing the Embedded Markov Chain, which requires the distribution function
of the service time, Fz(t). The second method approximates E(L,) using the approximation formula
proposed by Smith [30]. This method can be utilized if the squared coefficient of variation of the service
time is known.

Embedded Markov Chain
Considering an M/G/1/ system, let L¢ be the number of vehicles left behind after the kth vehicle
departs the system (enters the roundabout), and let A, be the number of vehicles that arrive during the
service time of the kth vehicle. Then, at the next departure epoch,
d H d
Lk+1 {ik L+ A, !f LZ i 0 (4.55)
k41, if Lk =0.

This is because if there are already some vehicles in the system after the kth vehicle departs, the
number of vehicles left in the system after the departure of the k + 1th vehicle is equal to the number of
vehicles left after the kth departure minus one (since the k + 1th vehicle itself leaves the system) plus
the number of vehicles that enter the system during the service time of the k£ + 1th vehicle. If there are
no vehicles left in the system after the kth departure, then the number of vehicles left behind by the
departure of the k£ + 1th vehicle is exactly the same as the number of vehicles arriving during its service
time.
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The sequence {L{}?°, forms a Discrete Time Markov Chain (DTMC) because, given the information
of all the previous stages L{, L{ |, L _,,..., the status of the next stage L{ , , is only dependent on the
status of L¢. This Markov Chain is called an Embedded Markov Chain as we observe it at embedded
time points, i.e., at the departure epochs.

The transition probability is this Embedded DTMC is

pij =P(Li =4 | Lg=1) (4.56)
Let

ay, := P(there are n arrivals during a service time B) (4.57)

Given that the state is zero, there are no vehicles left after the departure of the kth vehicle, so the
probability of having j vehicles in the system at the next departure epoch for the & + 1th vehicle, po ;,
is the probability that j vehicles arrive during its service time, i.e., a;. For j < i — 1, the transition
probability p; ; = 0, since at the next departure epoch, the lower bound for the state is i — 1, meaning
no vehicles arrive during the service time of the k + 1th vehicle. For j > i — 1, p; ; is the probability that
exactly j — i + 1 vehicles arrive during the service time of the k + 1th vehicle, since the k + 1th vehicle
departs from the system itself. The above argument gives the transition probability matrix:

Qo Q1 2 O3
ap (1 G2 Q3

Prjcriy = 8 060 3(1) Z? e (4.58)

However, in an M/G/1/k system, the capacity is limited to  (including the one in service). Therefore,
the transition probability matrix must be truncated at level £ — 1. This is because, before a departure
epoch, the system might be full, but after the departure epoch, the system can have at most £ — 1
vehicles. Thus, the transition probability matrix of the Embedded DTMC {L{};Z} in an M/G/1/k
system is adjusted to:

oy o1 oo Qs 1-— ZZLZE o,
oy o1 o Qs 1-— Z%;g o,
0 o o1 o 1= _gan
Py, = [ 4.59
M/G/1/k 0 0 oy o 1_222?)&” ) ( )
o 0 o0 0 -- 1—ap
with the transition probability
o, = P(there are n arrivals during a service time B)
= / P(there are n arrivals during a service time B | B = ¢)dFp(t) (4.60)
0 .

= /00 MdFB(t),
0

n!
where the last equality follows from the fact that the Arrival Process is a Poisson Process with rate A.
With the help of Balance Equation 7 Py;/¢/1/, = m, where
T = (o, Ty ooy Th—1) (4.61)
represents the stationary probability vector, we can derive the following system of linear equations:

. 7T00(Z‘+E;-1117Tjai,j+1, i:(O,l,Q,...7k—2>

i = - 4.62
" {1_2533% i=k—1, (462)
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and solve for 7;, the probability of having ¢ vehicles in the system where i = 0,1,...,k — 1. Then the
expected number of vehicles in the system is

k—1
E(L) =Y nm, (4.63)
n=0

and the expected number of vehicles in the queue (excluding the one in service) is

E(Lg)

E(L) — E(number of vehicles in service)
-1 (4.64)

NTn = P,
0

>~

3
I

where p = AE(B) is the utilization of the server, also representing the expected number of vehicles in
service.

Approximation Formula

If the distribution function of the service time F'z(t) is unknown, but the first moment E(B) and the
squared coefficient of variation of the service time C? are known, the following approximation formula
can be used:

First, one can approximate the blocking probability, which is the probability that a new vehicle enters
the system and finds that the system is full, by:

p(VPCE=Vp+2k) /(24 VBCI =) (p — 1)
Pk = 0 /0= R [+ CE o) — 1

(4.65)

where p is the utilization of the system, defined by p := AE(B), with X being the arrival rate of vehicles.

Then, the expected number of vehicles in the system can be approximated by:

ﬂ(ln(l/ﬂH—m In (Pk/(l—l)"l‘l)kl))) +pk ln(p)> <2+\/ p/eCiC?—y/ ﬂ/ec-g>
c?<1
21n(p)(p—1) s =
E(L) ~ o (4.66)
p<1n(1/p)+m In (m/(l—p+pkp)) +pk ln(p)> <2+\/ p/eC,f—\/p/e)
() (= T) L<Cf.
Finally, the expected number of vehicles in the queue can be found by:
E(Lg) =E(L) — p, (4.67)

as indicated in Eq.(4.64).

4.2.4. Little's Law
Once the expected number of vehicles E(L) in the system is known, the expected sojourn time E(.5)
can be determined using Little’s Law. Little’s Law, first proposed by Cobham [8], is stated as follows:

Theorem 1 (Little’s Law). In a queueing system, let E(L) denote the expected number of customers in
the system, including the one in service, E(S) the expected sojourn time of a customer (which includes
both the expected waiting time in the queue and the expected service time), and )\ the average arrival
rate to the system. If the system is stable, meaning there exists a steady state, then

E(L) = AE(S). (4.68)

Proof. Firstly, we define the following:

* L(t) := the number of customer in the system at time .
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+ S; :=the time that customer i spends in the system.

 T; := the arrival time of customer i to the system.

* N(t) := the number of customers that have arrived in the system up to time ¢
» D, := the departure time of customer i from the system.

The expected number of customers in the system is:

(L) = tim * [ L(u)du. (4.69)

t—oo t 0

The expected sojourn time of a customer can be expressed by:
N(t)

E(S) = th ZSZ, (4.70)

t—o0

and the average arrival rate to the system can be calculated as:

A= lim YO, (4.71)

t—oo

The limits in Eq.(4.69), (4.70), and (4.71) exist and are finite. They can be derived immediately by the
Ergotic Theorem for strictly Stochastic Process ([7], pp 465 and 551).

Secondly, we can find the expression of L(u) given a fixed u. At time u, customer i is in the system if
and only if it arrives at or before u and leaves after u, meaning 7; < u < D;. Let 1{-} be the indicator
function, then L(u) can be written by:

Lw) = Y 1{D;>u}. (4.72)

T <u
Since the departure time of customer i is
D, =S, +1T;, (4.73)
Eq.(4.72) can be written as:

Lw= Y YL+8>ub= > 1{S>u—T}. (4.74)

T <u T <u

Therefore,

/OtL(u)du

:/0 (s ]l{5¢>u—Ti}}du:/ { > 18> u-T}}du

T <u 0 "im<t
T, (4.75)
= Z / 1{S; >u—T}du Z / 1{S; >s}ds}
T <t T <t
= > min{S;,t - T;}.
T <t

In Eq.(4.75), the second equality holds because we integrate over u from 0 to ¢, allowing us to change
the sum fromi : T; < wtoi: T; < t. Each item i starts contributing to the sum from its arrival time T;
and continues contributing until time ¢. When we change the order of summation and integration, we
recognize that the integral for each item i should only consider the time period from its arrival time T;
to the end of the interval ¢. Therefore, the integration over time u runs from 7; to ¢, which explains why
the third equality holds. The fourth equality utilizes the change of variable s = u — T;. The indicator



4.2. Queueing Model 42

function 1{S; > s} = 1if s < S;, meaning fg_Ti 1{S; > s}ds is the length of the interval (0, S;) or
(0,t — T;), depending on whether S; > t — T; or not. Thus the final equality holds.

Thirdly, the boundary of fot L(u)du can be derived. The upper bound can be obtained immediately:

t N(t)
/ Lwydu= Y min{S;,t—T;} < > S <> S (4.76)
0 Ty <t Ty <t i=1

To obtain the lower bound, we can split the sum into two cases: the first case is the sum over indices in
which customers arrive and depart before time ¢, and the second case is the sum over indices in which
customers arrive before t but leaves after t. Therefore,

/tL(u)du = > min{S;t—T;}
0

@ T; <t
= Y min{S;,t—T}+ > min{S;,t— T}
T <t,D; <t Ty <t,D;>t
= Y S+ Y -7 (4.77)
Ty <t,D; <t Ty <t,D;>t
> S;
T; <t,D;<t
= Si7
i:D;<t

where the third equality is reasoned by D; = T; + S;, and the final inequality holds because we sum
over fewer indices. Combing the inequality in (4.76) and (4.77), we can obtain

t N(t)
> sig/ L(u)du < ) S;. (4.78)
i:D; <t 0 i=1

Next, multiplying the right part of the inequality in (4.78) by % and taking the limit as t — oo, we can
derive the following RHS.

1 t
tli>nolo¥ ; L(u)du = E(L)
R
SR ; i (4.79)
N(t)
s N(t) 1
= (M) (5t 250}
= AE(9).
Finally, we can obtain the LHS by using a similar manner:
AE(S)
N(t)
N(t) 1
= (M) (505 2 9)}
N(t) (4.80)
= lim *ZSz‘— lim — Z S
oot i b Di<t
t
< lim - [ L(u)du=E(L)

Hence AE(S) < E(L) < AE(S). This implies AE(S) = E(L) and proves the theorem. O



4.3. Parameter Values 43

To determine the expected waiting time for a vehicle in the queue, E(W), using the expected number
of vehicles in the approach, E(L,), one should apply the alternative version of Little’s Law.

Theorem 2 (Alternative Version of Little’s Law). In a queueing system, let E(L,) denote the expected
number of customers in the queue, excluding the one in service, E(W) the expected waiting time of
a customer until he or she get served, and \ the average arrival rate to the system. If the system is
stable, meaning there exists a steady state, then

E(L,) = AE(W). (4.81)

Proof. Let B denote the service time in a queueing system. Then p := A\E(B) is the utilization of the
system, hence representing the probability that the server is busy. Moreover

p=1-p+0-(1-p) (4.82)
is also the expected number of customers in service. By Little’'s Law

E(L) = AE(9). (4.83)
Subtracting p in both sides, we can get

E(L,) = E(L) ~ p

= AE(S) —p
= AE(S) — A\E(B) (4.84)
= ME(S) — E(B))
= \E(W),
where we use the fact that sojourn time is the sum of waiting time and service time. O

4.3. Parameter Values

The values of the parameters to be used in the control model and the M/G/1/k queueing model are
presented in Tabs. 4.1 and 4.2. It should be noted that, in the M /G/1/k queueing model, when deriving
the expected sojourn time E(S), we use the notation )\ to represent the arrival rate on each leg as a
general notation. However, when calculating E(.S) at different arrival rates, the values of A\, A2, A3, and
A4 Will be used.

Parameter Definition Value Reference

M arrival rate on all legs 200pcu/h [19]

Ao arrival rate on all legs 400pcu/h [19]

A3 arrival rate on all legs 600pcu/h [19]

A arrival rate on all legs 800pcu/h [19]
Gmax maximal acceleration on all legs 3.6m/s? Default Values from Vissim
Gmin minimal acceleration on all legs —3.6m/ s> Default Values from Vissim
VUmax maximal speed on all legs 50km/h  Speed Limit Rules in Dutch Cities
Uy maximal speed on the circulating road  30km/h  Speed Limit Rules in Dutch Cities
dsafe safety distance 2m Default Values from Vissim

x control zone distance on all legs 100m Designated

tr follow-on time 1.12s [15]

to critical gap 2.24s [15]

VL vehicle length 4.76m Default Values from Vissim
CL leg capacity within the control zone 17 v ]

At time step 0.1s Designated

Table 4.1: Parameter values in the control model.
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Parameter Definition Value Reference
A1 arrival rate on all legs  200pcu/h [19]
Ao arrival rate on all legs  400pcu/h [19]
A3 arrival rate on all legs  600pcu/h [19]
bV arrival rate on all legs  800pcu/h [19]
te critical gap 3.15s [15]
k system capacity 17 The Same as Cf,

Table 4.2: Parameter values in the M/G/1/k queueing model.



Headway Time Data Analysis

To approximate the expected sojourn time in our M/G/1/k queueing model, which represents the
average time a vehicle spends traveling from entering the control zone to merging into the roundabout,
we first approximate the blocking probability p, using Eq. (4.65). Then, we use Eq. (4.66) to estimate
the expected number of vehicles in the system, E(L). Finally, by applying Little’s Law, we calculate the
expected sojourn time, E(5), as:

where )\ is the arrival rate of vehicles. The key element in this approximation is the coefficient of
variation of the service time, which can be calculated using the first and second moments of the service
time. These moments can be estimated empirically from the service time data. It should be noted that
in the simulation software, the service time can only be estimated by subtracting the time when the
vehicle’s tail crosses the entry line from the time when the vehicle’s head crosses the entry line, and
further subtracting the time obtained by dividing the vehicle length by the speed at which it enters the
roundabout. However, in realistic driving scenarios, not all vehicles enter the roundabout at a constant
speed (some vehicles might accelerate or decelerate to enter the roundabout), making this estimation
less accurate. Nevertheless, as discussed in Sec.4.2, even if the service time is not explicitly known,
these moments can still be obtained from the distribution of the headway time within the roundabout
(see Egs.(4.39) and (4.51)). Therefore, the goal of this section is to determine the distribution and its
parameters for the headway time in the circulating stream.

5.1. Data Sources

Vissim, developed by the PTV Group, stands for “Verkehr In Stadten-Simulation”, which translates
to “Traffic In Cities-Simulation” in English. It is a comprehensive and widely used microscopic traffic
simulation software that simulates and analyzes various types of traffic flow, including urban streets,
highways, intersections, and roundabouts.

The headway time data in the circulating stream of a single-lane roundabout was derived from Vissim
simulations to model the scenario of human-driven vehicles entering and exiting a single-lane round-
about. In this simulation, vehicles arrive at each leg according to a Poisson Process with rates of
200, 400, 600, and 800pcu/h, respectively, over a duration of 3600 seconds. It should be noted that he
distribution of headway time in the circulating stream is evidently highly dependent on the arrival rate.
Higher arrival rates tend to result in shorter headway times, and vice versa. The difference in each
arrival rate is set at 200pcu/h. This is because, when analyzing the distribution of circulating headway
times, Li et al.[19] classified the headway time distribution in increments of 200pcu/h and observed that
each 200pcu/h increase could result in significant differences in the distribution or its parameters. In

45
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other words, with each 200pcu/h increase in the arrival rate, either the distribution of the headway time
changes or the parameters within the same parametric distribution family are altered.

The maximum arrival rate of 800pcu/h per leg was chosen because, at this rate, by 2000 seconds of
simulation time, the number of vehicles within the control zone on the right leg reaches its capacity.
This capacity represents the maximum number of vehicles that can travel on the leg of the control zone
while maintaining a safe distance between each other, given by:

Zo
Ci=|—F+—| =11,
! \‘L“"dsafeJ

if zo = 100, L = 4.76, and dsafe = 2 meters.

5.2. Distributions of the Circulating Stream Headway Time

To find an appropriate distribution that fits the circulating headway time data, we will begin by creating
histograms to provide an initial estimate. Next, we will calculate the descriptive statistics for the data,
followed by determining the estimators based on different classes of distributions (shifted exponential,
Erlang-k, M3, and lognormal). Additionally, we will conduct a Kolmogorov-Smirnov (K-S) test to eval-
uate the goodness of fit for each distribution. If more than one distribution fits the data set, we will
calculate the AIC or BIC values to determine the best-fitting distribution.

5.2.1. Histograms and Descriptive Statistics

To provide an initial estimate of the distribution of circulating stream headway times under different
arrival rates, we plot the corresponding histograms and analyze the potential distribution types. The
histograms are presented in Figs.5.1 and 5.2. The shapes of the histograms for arrival rates at 200 and
400pcu/h appear to resemble shifted exponential distributions, whereas those for arrival rates at 600 and
800pcu/h exhibit a lognormal-like shape. However, distinguishing between the density shapes of the
M3 and shifted Erlang-k distributions is not straightforward. To further determine the most appropriate
distributions, we will perform the Kolmogorov-Smirnov (K-S) tests. It should be noted that the power
of the K-S test depends on the number of observations. If the distribution under the null hypothesis of
the K-S test does not exactly match the data distribution, the p-value will converge to 0 as the number
of observations approaches infinity. However, the number of observations for these arrival rates is not
too large, with a maximum of 368, making the K-S test a feasible choice in our case.

Histogram of Circulating Stream Headway Time For Arrival Rate At 200pcu/h Histogram of Circulating Stream Headway Time For Arrival Rate At 400 pcu/h
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Figure 5.1: Histogram of the circulating stream headway time for arrival rates at 200 and 400pcu/h.

The descriptive statistics for the circulating stream headway time at various arrival rates are shown in
Table 5.1. These statistics highlight important trends in vehicle behavior. As the arrival rate increases,
the number of observations rises accordingly, ranging from 175 at 200pcu/h to 368 at 800pcu/h. This
increase reflects the higher frequency of vehicles passing through the system as traffic volumes grow.
However, at arrival rates of 400, 600, and 800pcu/h, the count values remain relatively stable, indicating
that the roundabout may have reached its capacity. Based on the observation from Vissim simulation,
this suggests that the legs of the roundabout are likely saturated at these arrival rates, and the number
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Histogram of Circulating Stream Headway Time For Arrival Rate At 600 pcu/h Histogram of Circulating Stream Headway Time For Arrival Rate At 800 pcu/h
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Figure 5.2: Histogram of the circulating stream headway time for arrival rates at 600 and 800pcu/h.

Arrival Rate (pcu/h) 200 400 600 800

Count 175 362 362 368
Mean (s) 19.84 994 951  9.64
std (s) 16.10 8.15 889 8.72
Min (s) 171 170 171 171
Q1 (s) 733 441 431 4.16
Q2 (s) 1599 757  6.92 7.0
Q3 (s) 26.35 13.02 10.92 12.57
Max (s) 96.18 63.16 57.58 70.09

Table 5.1: Descriptive statistics of the circulating stream headway time at different arrival rates.

of vehicles entering the roundabout has reached the roundabout’s capacity (referring to how many
vehicles the roundabout can handle per unit time).

The mean headway time decreases as the arrival rate increases. For instance, at 200pcu/h, the mean
is 19.84 seconds, while at 800pcu/h, it drops to 9.64 seconds. This aligns with the expectation that as
traffic volume increases, the time intervals between consecutive vehicles reduce. However, at an arrival
rate of 800pcu/h, the mean is slightly higher than that at 600pcu/h, where the mean is 9.51 seconds.
This increase could be attributed to the presence of outliers, as indicated by the higher maximum value
observed at 800pcu/h compared to 600pcu/h.

The standard deviation of headway time also shows a decreasing trend as the arrival rate increases.
For instance, it drops from 16.10 seconds at 200pcu/h to 8.72 seconds at 800pcu/h. This reduction
in variability can be explained by the fact that with more vehicles circulating in the roundabout, the
freedom of movement for each individual vehicle decreases, leading to more consistent headway times.
Additionally, at arrival rates of 400, 600, and 800pcu/ h, the standard deviation values are relatively close
(8.15, 8.89, and 8.72 seconds, respectively). This suggests that at these arrival rates, the headway time
becomes less variable, reflecting a more stable and consistent flow of traffic within the roundabout.

The minimum headway time remains relatively stable across all arrival rates, with values ranging from
1.70 to 1.71 seconds, indicating that the shortest time intervals between consecutive vehicles do not
change significantly as traffic increases. Quartile values, however, show a clear decreasing trend. The
first quartile (Q1) drops from 7.33 seconds at 200pcu/h to 4.16 seconds at 800pcu/h, while the median
(Q2) decreases from 15.99 seconds to 7.00 seconds over the same range, reflecting shorter intervals
between vehicles as traffic volumes grow. Similarly, the third quartile (Q3) declines from 26.35 seconds
at 200pcu/h to 12.57 seconds at 800pcu/h. These consistent reductions in quartile values indicate that
as arrival rates increase, headway time becomes shorter and more compressed, reflecting a denser
flow of traffic through the roundabout. This observation is quite natural, as higher arrival rates typically
lead to increased traffic density, thereby reducing the gaps between vehicles. As more vehicles attempt
to enter the roundabout, the available space between consecutive cars decreases, resulting in shorter
headway times.

The maximum headway time shows notable fluctuations across different arrival rates. At 200pcu/h,
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the maximum headway time is 96.18 seconds, significantly higher than the values observed at other
arrival rates. This large gap likely reflects the lower traffic density, where fewer vehicles pass through
the system, leading to longer intervals between consecutive vehicles. As the arrival rate increases,
the maximum headway time decreases, reaching 57.58 seconds at 600pcu/h. However, an interesting
observation is made at 800pcu/h, where the maximum headway time rises slightly to 70.09 seconds.
This increase, despite the higher arrival rate, could be attributed to the extended periods of vehicles’
queueing time at the legs of the roundabout. The instability of the maximum headway time is natural,
given that maximum values are particularly sensitive to outliers and unusual traffic conditions, which can
be influenced by driver behavior, temporary delays, or other random factors. Consequently, maximum
headway times tend to be less consistent compared to average or quartile measures.

5.2.2. Maximum Likelihood Estimators

After analyzing the datasets and their descriptive statistics in Section 5.2.1, this section focuses on de-
termining the Maximum Likelihood Estimators (MLE) of the circulating stream headway time for each
arrival rate (200, 400, 600, and 800pcu/h). These estimators will be calculated under the assumptions
that the headway time follows shifted exponential, M3, Erlang-k, and lognormal distributions respec-
tively.

An important assumption in calculating the MLE is that the data is independently and identically dis-
tributed (i.i.d). The headway time in the circulating stream is defined as the time interval between the
point at which one vehicle passes a specific reference point inside the roundabout and when the next
vehicle passes the same reference point. In a situation that the traffic situation is not too crowded inside
the roundabout, if we have three vehicles inside the roundabout, we can observe two headway times,
t; and t2. In principle, ¢, is influenced by the behavior of the second vehicle, while ¢, largely depends
on the third vehicle. Thus, the circulating headway times can be considered approximately i.i.d. if the
traffic condition inside the roundabout is not too crowded, making the calculation of MLE a feasible
approach in our situation.

Assuming A Shifted Exponential Distribution

As discussed in Section 2.5, if the headway time follows a shifted exponential distribution, we can utilize
Equations (2.5) and (2.6) to calculate the estimators. Under the assumption that the headway time is
shifted exponentially distributed, the cumulative distribution function and density function are given by:

F(t)=1—eMt=ta) 454, (5.1)

Ft) = xe 00 g5 gy (5.2)

Examples of the shifted exponential density functions with different parameters are presented in Fig.5.3.
The estimated value§ of t5; for various arrival rates are 1.71, 1.70, 1.71, and 1.71, respectively. The
estimated values of \ for these stream rates are 0.0552, 0.1214, 0.1281, and 0.1260, respectively.
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Figure 5.3: Examples of shifted exponential density functions with different parameters.
Assuming an M3 Distribution
If the headway time follows an M3 distribution, it is defined by the distribution function:
F(t) = (1 - ae_)‘(t_tM)> u(t — tar), (5.3)
where the unit step function u(t — t,/) is given by:
1 ift >ty
t—1tm) = B 54
U( M) {0 ift < tar- ( )
Then density function of this distribution is defined as:
Ft) = (1 —a)d(t —tar) + axe N0yt — 1), (5.5)
where §(t — tps) is the Dirac delta function:
oo ift= tM
ot —ty) = , 5.6
( 2 {0 otherwise (56)
with
/ S(t— ta)dt = 1. (5.7)
0
Here:

* « € (0,1] is the proportion of free vehicles((non-clustered traffic).

* tpr € Ris the minimum headway time maintained between vehicles when they are traveling in

platoon formations.
* A > 0 is a parameter.

To avoid the trouble caused by the Dirac delta function, the alternative form of the M3 density is ex-

pressed as:

_dF

= @(t) =Xae ML () + (1 — @)Ly, (8).

ft)

(5.8)
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Fig.5.4 shows some examples of the density functions of M3 distributions with different parameters. It
should be noted that The density functions of the M3 distribution and the shifted exponential distribution
look similar because they share a similar mathematical structure. Both involve an exponential decay
starting at a threshold ¢,,. The difference is that the M3 distribution adds a scaling factor « to the
exponential decay.

Lo- Combined M3 Density Functions with Customized Axes and Colors
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Figure 5.4: Examples of M3 density functions with different parameters.

To estimate t,,, one can either apply the Maximum Likelihood Estimation (MLE) method as in Equation
(2.15) or refer to Table 2.1. The parameter )\ can be estimated using the MLE method as in Equa-
tion (2.21). To estimate a, one can use either the MLE method described in Equation (2.26) or the
relationship:

o= e Ptua, (5.9)
where ¢ is the flow rate in pcu/s, and 3 can be found in Table 2.1. For simplicity, we restrict ourselves
to the MLE method. The estimated values of tys for various arrival rates are 1.71, 1.70, 1.71, and
1.71, respectively. The estimated values of \ are 0.0548, 0.1177, 0.1235, and 0.1216, respectively. The
estimated values of & are 0.9943, 0.9696, 0.9641, and 0.9647, respectively.

Assuming a Shifted Erlang-k Distribution
If the headway time follows a shifted Erlang-k distribution, then distribution and density functions are
described by:

J(t — J
F(t) =1- MeiA(tftM)’ t>ty, (510)
7]

(Ap)r!

— At
G o (5.11)

ft) =

Examples of the density functions of this distribution can be seen in Fig.5.5.
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Figure 5.5: Examples of shifted Erlang-k density functions with different parameters.
The parameter ), can be estimated using the MLE method described in Equation (2.37). To estimate

(A, k), one can either use the MLE method as described in Equation (2.40) or the following described
estimator:

k > [k 2
- , B )
= s, { (5 ee0-0) + (5-) 512
where
t—t
AMMm = 32(1) (5.13)

is the Method of Moments estimator. In practice, the value of k is typically 2 or 3 [5].

Using the MLE method and restricting &k to & € {1, 2,3}, the estimated values of i, for various flow
rates are 1.71, 1.70, 1.71, and 1.71, respectively. The estimated values of (), k) for these flow rates are
(0.0552,1), (0.1214, 1), (0.1281, 1), and (0.1260, 1), respectively.

Assuming a Lognormal Distribution
If the headway time follows a lognormal distribution, the distribution function is given by:

1 —

F(t) = & (Ogt“) >0, (5.14)
g

where ®(-) denotes the cumulative distribution function (cdf) of the standard normal distribution. The

density function of lognormal is given by:

1 (logt — p)?
= wmexp( 557 >7 t>0. (5.15)

Some examples of the density functions following Lognormal distributions with different parameters are
presented in Fig.5.6.

ft)
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Log-Normal Density Functions
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Figure 5.6: Examples of lognormal density functions with different parameters.

The estimators (1, 5%) can be obtained using either the Maximum Likelihood Estimation (MLE) method,
as described in Equations (2.52) and (2.53), or the Method of Moments (MM) method, as described in
Equations (2.54) and (2.55).

Using the MLE method, the estimators (i, 62) for different circulating flow rates are found to be (2.6347,0.8162),
(2.0306, 0.5298), (1.9584,0.5495), and (1.9659, 0.5841), respectively.

Summary of the Estimators

A summary of the Maximum Likelihood Estimators (MLEs) for circulating headway time under different
distribution assumptions at various arrival rates is presented in Tab.5.2. First, the estimator ¢,; under
the shifted exponential, M3, and shifted Erlang-k distributions is identical, being the minimum value of
the observed data. This explains why ¢,; is the same across these distributions for the same arrival
rates.

Furthermore, the estimators % under the shifted Erlang-# distribution are equal to 1 for all arrival rates.
Notably, the other two estimators, #,, and )\, are identical to those under the shifted exponential dis-
tribution. This occurs because when k = 1, the shifted Erlang distribution simplifies to the shifted
exponential distribution.

Additionally, in the M3 distribution, the values of & is close to 1 for all arrival rates. It is important to
note that when o« = 1, all vehicles move freely (without clustering), and the headway time follows a
shifted exponential distribution, or equivalently, a shifted Erlang-1 distribution, as shown in Eq.(5.3).
This explains why, for the same arrival rates, the values of A under the M3 distribution are similar to
those under the shifted exponential and shifted Erlang-1 distributions.

Moreover, for arrival rates of 400, 600, and 800pcu/h, the estimators are quite similar within the same
distribution. This may be due to the fact that for arrival rates greater than 400pcu/h, at least one leg
of the roundabout becomes saturated, leading to the roundabout reaching its capacity. As a result,
the situation of vehicles inside the roundabout or the time gaps between consecutive vehicles remains
relatively stable. On top of that, for the same arrival rate, the similarity in estimator values between the
shifted exponential, M3 with « close to 1, and shifted Erlang-1 distributions supports the correctness of
the MLEs.

However, comparing the estimators from the lognormal distribution with those from the shifted expo-
nential, M3, or shifted Erlang-k distributions is not meaningful, as the density function of the lognormal
distribution does not have a clear relationship with those of the other three distributions. It is not imme-
diately evident whether the circulating headway time follows a lognormal distribution for a given arrival
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rate. Therefore, a Goodness-of-Fit test will be necessary for further analysis.

Arrival Rate (pcu/h)

Assumed Distribution 200 400 600 800
and Parameters
Shifted Exponential

(tar, N) (1.71,0.0552) (1.70,0.1214) (1.71,0.1281) (1.71,0.1260)

M3

(Far, N, @) (1.71,0.0548,0.9943) (1.70,0.1177,0.9696) (1.71,0.1235,0.9641) (1.71,0.1216,0.9647)
Shifted Erlang-%

(Ear, A k) (1.71,0.0552, 1) (1.70,0.1214,1) (1.71,0.1281,1) (1.71,0.1260, 1)
Lognormal

(f1,62) (2.6347,0.8162) (2.0306, 0.5298) (1.9584,0.5495) (1.9659,0.5841)

Table 5.2: Maximum Likelihood Estimators for circulating headway time under different distribution assumptions at various
arrival rates.

5.2.3. Goodness of Fit Test

After obtaining the estimators for the circulating headway time under different distribution assumptions
at various arrival rates (see Tab.5.2), we can now perform the well-known Kolmogorov-Smirnov (K-S)
goodness-of-fit test to determine which distribution best fits the circulating headway time.

The K-S test is a non-parametric test that compares the empirical cumulative distribution function (CDF)
of a sample with a hypothesized distribution. The test assesses whether the sample data follows the
hypothesized distribution. Recall that the shifted Erlang-% distribution simplifies to the shifted exponen-
tial distribution when k& = 1. Since, for our data, given that the data is shifted Erlang-£ distributed, the
estimator k is 1 across all arrival rates, we will focus the test on determining whether the circulating
headway time data follows the shifted exponential, M3, or lognormal distribution for each arrival rate.

Hypothesis
Given a set of independent and identically distributed (i.i.d) observations ¢4, to, . .., t,, the three groups
of null hypotheses H, and the alternative hypothesis H; are:

HSP :F e FSP ={F,:0¢c 0} . B

{ HYE . P g FSE_ (g eo) o Wit Folt) = Fua() (5.16)
HMY . FeFM ={F,:0¢c 0} . B

{ Hllu : F ¢ fM _ {Fg : 0 c 6} 5 W|th Fg(t) — Ft[yj,/\,a(t) (517)
HN Fe FIN = {F,:0 € 0} . _

{ HILN : F ¢FLN — {F9 . 9 E @} 5 W|th Fe(t) — Fp,az(t)v (518)

where the F' denote the distribution function of the observations, and SE, M, LN in Eqs.(5.16), (5.17),
and (5.18) represent shifted exponential, M3, and lognormal distribution, adapted to the composite
hypotheses setting, respectively.

Test Statistic

The test statistic for the K-S tests for the three groups of hypotheses is defined as the infinity norm of
the difference between the ecdf F,,(¢) (empirical cumulative distribution function) of the sample data
and the hypothesized cdf Fj(t). Let KS5F, K5, and KS™V be the test statistic for the hypothesis
test in Eqs.(5.16). (5.17), (5.18), respectively. Then
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KSSE .— |Fy — Fulloo = sgp 1F;,, 5 (8) — Fu(D)], (5.19)
KSM = ||Fé - Fn”oc = Slip |F£M,5\’@(t) - Fn(t)|7 (520)
KSH i [[Fy = Falloo = 5up | 02(0) = Fa(0)], (521)

where 6 represents the MLE of the parameter ¢ based on our sample, and F; is the CDF with the

estimated parameter 6. Specifically, for the shifted exponential, M3, and lognormal distributions, the
parameter @ corresponds to (tas, \), (tar, A, ), and (i, o?), respectively, and the MLE 6 corresponds
to (tar, A), (tar, A, &), and (1, 52), respectively. The values of § are provided in Tab.5.2.

Bootstrap Procedure for p-value Approximation
The p-value is approximated using a bootstrap procedure as follows:

1. Compute the test statistic:

(a) Compute the MLE 6 based on the original data ¢y, ¢, ..., for each type of distribution in
the parametric family, which has already been done in Sec.5.2.2. (See Tab.5.2 for detail).

(b) Compute the K-S test statistics |F; — F, |« in Eqs.(5.19) (5.20), and (5.21) (See Tab.5.3 for
K S statistics in different distribution hypotheses).

Arrival Rate (pcu/h) 200 400 600 800

KSSE 0.0604 0.0594 0.0628 0.0493
KSM 0.0609 0.0779 0.0755 0.0496
KSLN 0.0733  0.0325 0.0345 0.0320

Table 5.3: K-S Statistics for different types of distributions under different arrival rates.

In Tab.5.3, for each arrival rate, the K-S statistics under the M3 distribution and the shifted ex-
ponential distribution do not have a big difference. This is because, for each arrival rate, the
estimator & under the M3 distribution is close to 1, the estimator ¢,; is identical to that in the
shifted exponential distribution, and the estimator \ is similar to the one in the shifted exponential
distribution. However, for arrival rates of 400, 600, and 800pcu/h, the K-S statistic for the lognormal
distribution is much smaller than that for the M3 or shifted exponential distributions. This suggests
that the approximated p-value (which will be explained later) for the lognormal distribution may
be larger than that for the other two distributions.

2. Generate bootstrap samples and compute bootstrap test statistics: For j = 1 to B (B =
10, 000):

(a) Draw a bootstrap sample t1,15,...,t;, from the distribution F;. In particular, the bootstrap
sample is drawn from the shifted exponential, M3, and lognormal distribution, for the hypoth-
esis tests in (5.16), (5.17), and (5.18), respectively.

(b) Compute the MLE 6’ based on the bootstrap sample drawn from each distribution.
(c) Compute the K-S statistic for the bootstrap sample:

KSSE = ||F;, — F5F||, (5.22)

KSM = |[Fy — FM |, (6-23)
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KSEY = ||F, - FEY' |, (5.24)

where FSF' M’ and FEV' are the ECDFs of the bootstrap sample drawn from the expo-
nential, M3, and lognormal distribution, respectively.

3. Approximate the p-value: The p—value for each hypothesis test is approximated by:

B
1 /
SE __ SE SE
pt = E;H{KS]- > KS5FY, (5.25)
1 B
M __ M’ M
p = E;H{Ksj > KSMY, (5.26)
1 B
LN __ LN’ LN
P = E;]l{KSJ > KS*V}, (5.27)

where 1{-} is the indicator function. The results are presented in Table 5.4. In this table, N3, .,
1>
N;"}@J,_LZKS, and N}L(g’J,ZKS denote the number of bootstrap KS statistics that are greater than or

equal to the KS statistic from the original data, under the M3, shifted Erlang-k, and lognormal
distributions, respectively.

Arrival Rate (pcu/h) 200 400 600 800

p°F 0.4176 0.1299 0.0950 0.2930
pM 0.2351 0.0574 0.0662 0.5009
ptV 0.2473 0.7940 0.7275 0.7947

Table 5.4: p—values of each hypothesis test under different arrival rates.

As discussed in Tab.5.3, for arrival rates of 400, 600, and 800pcu/h, the p-value for the lognormal dis-
tribution is significantly larger compared to the shifted exponential or M3 distributions. This is because
the K-S statistic for the lognormal distribution is considerably smaller than those for the other two dis-
tributions and the p-values are approximated by the fraction of K-S statistics from bootstrap samples
that are not smaller than the K-S statistic obtained from the original data.

If we consider a significance level of 0.05, the results in Table 5.4 indicate that none of the null hypothe-
ses in tests (5.16), (5.17), and (5.18) should be rejected. In other words, there is sufficient evidence to
support the hypotheses that the circulating headway time follows a shifted exponential, M3, or lognor-
mal distribution across all arrival rates should not be rejected. Therefore, we can proceed to select the
best-fit distribution for the data across all arrival rates.

Model Selection

Our objective is to select the most accurate model (distribution) among the shifted exponential, M3,
and lognormal distributions for the circulating headway time data across all arrival rates (200, 400, 600,
and 800pcu/h). To determine the best model, we will use either AIC or BIC. Both AIC and BIC quantify
the quality of a model relative to others by balancing model complexity and maximum likelihood.

As discussed in Sec.2.6, AlIC prioritizes predictive accuracy and generally favors more complex models,
particularly when the sample size is relatively small, as it imposes a less stringent penalty for additional
parameters compared to BIC. Conversely, BIC applies a stricter penalty for model complexity, favoring
simpler models, and is particularly useful when the sample size is large. Given that the sample sizes
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Arrival Rate (pcu/h) 200 400 600 800
AIC-SE 1368.15  2254.61 2215.83 2264.42
AIC-M3 1376.68 2308.41 2275.95 2324.56
AIC-LN 465.08  801.37  814.54  850.49

Table 5.5: AIC values of different distribution models for circulating headway time under different arrival rates.

for the headway time data at these arrival rates are 175, 362, 362, and 368, which are moderate in size,
and considering our aim of selecting the best-fit model, we have chosen to use AIC for model selection.

Since we select the model with the smallest AIC value for the circulating headway time at each arrival
rate under different models, Tab.5.5 suggests that the lognormal distribution fits the data best across
all arrival rates.

The comparison between the histogram of headway time and the corresponding fitted model’s den-
sity, with MLEs as parameters, is presented in Fig.5.7. It should be noted that in principle, other data
(especially the real data) should be used to test our distributions’ fitting statuses. Because of the un-
availability of the real headway time data, we here use the same data to test the fitting conditions.
The figure shows the empirical density of headway time for different arrival rates, overlaid with the fit-
ted lognormal distribution for each case. Each subfigure compares the observed headway time data,
displayed as green histograms representing the empirical density, with the theoretical lognormal prob-
ability density function (plotted as a blue line). To show how well the lognormal distribution fits the data,
we take sub-Figs.5.7a and 5.7¢ as an example:

* In sub-Fig.5.7a, the fitted lognormal distribution with parameters as MLEs overall provides a good
fit to the empirical density. However, some deviations are noticeable. For headway times less
than 4 seconds and greater than 35 seconds, the lognormal distribution underestimates the den-
sity, predicting fewer very short and very long headway intervals than observed in the empirical
data. Between 4 and 15 seconds, the lognormal distribution noticeably overestimates the density,
indicating that the model predicts more frequent headway intervals in this range than are present
in the actual data. This overestimation can be attributed to the sharper peak of the lognormal
curve compared to the flatter empirical density in this region.

In sub-Fig.5.7c, the fitted lognormal distribution provides a very fit overall, significantly better than
in sub-Fig.5.7a. The fit is relatively accurate around the peak, with only very slight deviations
observed. However, between 10 and 20 seconds, the lognormal distribution overestimates the
density, predicting more headway intervals than the data in this range. In the far right tail, around
56 seconds, the lognormal distribution underestimates the density, failing to capture the larger
headway time observed in the empirical data.

Arrival Rate (pcu/h) 200 400 600 800
Distribution Lognormal Lognormal Lognormal Lognormal
Parameter (f1,6%)=(2.6347,0.8162)  (f1,5%)=(2.0306,0.5298)  (f1,62)= (1.9584,0.5495) (i1, 62)= (1.9659,0.5841)

Table 5.6: Fitting distributions for the circulating stream headway time at different arrival rates.

To conclude this section, the distribution models, among shifted exponential, M3, and lognormal distri-
butions, that best fit the headway time data are summarized in Table 5.6.
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Model Evaluation

In the preceding chapters, we explored the mathematical optimization strategies for CAVs and the the-
oretical foundations for the expected sojourn time under human-driven conditions. Specifically, we
developed a microscopic control model to optimize vehicle behavior within the control zone and de-
rive the formulas for finding expected sojourn time under human-driven conditions within the frame of
M/G/1/k queueing system. These studies lay the groundwork for understanding how CAVs can be
effectively controlled to enhance a single-lane roundabout’s efficiency.

This chapter focuses on model evaluation to validate and quantify the proposed control and queueing
models. We will conduct a comprehensive analysis involving multidimensional comparisons, including
theoretical and observed average sojourn times, the sojourn times between the control model and
empirical VISSIM simulation data, and the sojourn times between the control model and the theoretical
M/G/1/k queueing model. Additionally, stress tests are performed under high-pressure conditions.

Through these analyses, this chapter aims to provide deeper insights into the performance of the pro-
posed model across various arrival rates and operational scenarios.

6.1. Evaluating the Correctness of the Expected Sojourn Time from
the M /G/1/k Queueing Model

In this section, to evaluate the accuracy of the theoretical sojourn time under an uncontrolled scenario
with a control zone existing, which is related to Research Question 3, we will first calculate the nu-
merical value of the expected sojourn time within the context of the M/ /G/1/k Queueing Model across
different arrival rates (200, 400, 600, and 800pcu/h). We will then compare the expected value to the
average sojourn time from the Vissim simulation, which represents the simulated average sojourn time
under human-driving conditions.

Calculating the Expected Sojourn Time under the M//G/1/k Queueing Model

As derived in Chap. 4.2, knowing the headway time distribution in the circulating stream, analyzed in
Chap. 5, allows us to calculate the expected sojourn time E(S) within the M/G/1/k queueing model.
The complete procedure for deriving E(S) from the headway time distribution in the circulating stream
is illustrated in Fig. 6.1.

First, we can use Egs. (4.39) and (4.53) to calculate the expectation and variance of the service time B,
where t¢ is chosen to be 3.15s based on Fortuijn and Salomons’ research[15]. The squared coefficient
of variation of the service time C?2 is then determined by its definition. Next, the blocking probability
pi, is estimated using Eq. (4.65). Following this, the expected number of customers (vehicles) E(L) is
approximated using Eq. (4.66). Finally, the expected sojourn time E(.S) is obtained through Little’s Law,
as shown in Eq. (4.68).

58
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Figure 6.1: Procedure of finding the expected sojourn time.

Across different arrival rates, the numerical values of the above quantities are presented in Tab.6.1.
The result can be interpreted as follows:

» E(B), pr, E(L), and E(S) have an increasing trend as the arrival rate grows. This is reasonable,
as higher arrival rates generally lead to more vehicles entering the system, resulting in longer
service time, higher blocking probability (probability that an arriving vehicle finds the system is
full), longer queues, greater congestion, and higher sojourn time.

+ At an arrival rate of 200pcu/h, Var(B) is relatively small (2.17). This is because, at such a low
arrival rate, most vehicles are in free-flow state, experiencing relatively consistent and shorter
service time. However, when the arrival rate increases to 400, 600, and 800pcu/h, Var(B) rises
to the values around 4. This is nearly double the value observed at 200pcu/h and can be attributed
to the mixed traffic conditions at higher arrival rate. In the beginning, vehicles are in a free-flow
state with very short service time. When congestion occurs, the service time becomes significantly
large. This explanation aligns well with observations from the Vissim simulation.

Interestingly, the values of E(.S) under arrival rate 600 and 800pcu/h are nearly the same. This
may be because, at an arrival rate of 600pcu/h, the roundabout has already reached a heavily
congested situation, almost reaching its limit for handling traffic. As a result, further increases in
the arrival rate have less significant impact on E(S).

« C? decreases as the arrival rate grows. This trend may be attributed to the fact that, as the number
of vehicles increases in the system, the variability in service times becomes relatively smaller
compared to the overall scale of the service times. In other words, as congestion increases,
service times tend to stabilize around longer durations, reducing the relative variability.

Arrival Rate (pcu/h) E(B)(s) Var(B)(s?) C? p. E(L) E(S)(s)

200 0.51 2.17 8.34 0.01 1.47 26.54
400 0.97 4.03 4.28 0.06 10.58 95.18
600 1.21 4.18 2.88 0.50 3449  206.92
800 1.73 4.22 1.40 0.54 47.33  213.00

Table 6.1: Numerical values of E(B), Var(B), C2, px, E(L), and E(S) across different arrival rates under M/G/1/k queueing
model.

Comparing E(S) from the Queueing Model to the One from Vissim Simulation
Let Avg(Sy) denote the average sojourn time for vehicles from entering the control zone to merging into
the roundabout in the Vissim simulation. To evaluate the accuracy of E(S) obtained from the M /G/1/k
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queueing model, we compare these two values across different arrival rates. Tab.6.2 presents the

numerical comparison, where W indicates the extent to which E(S) deviates from Avg(Sy).

Arrival Rate (pcu/h) E(S) (s) Avg(Sy)(s) AvaSv)-ES)]

Avg(Sv)
200 26.54 28.23 6%
400 95.18 106.94 11%
600 206.92 232.49 11%
800 213.00 231.52 8%

Table 6.2: Numerical comparison between E(.S) and Avgy (S) across different arrival rates.

Two interesting results can be analyzed from the above table. Firstly, the values of E(.S) are not exactly
the same as Avg(Sy ). This discrepancy arises because, on the one hand, Avg(Sy ) is a simulation re-
sult, so it is not surprising that it differs from the theoretical results. On the other hand, the headway
time distribution used in calculating E(B) and Var(B) (Egs. (4.39) and (4.53)) is an estimated distribu-
tion from statistical models rather than the exact distribution. Additionally, the formula for calculating
E(L) (Eq. 4.66) is an approximation.

Secondly, for all arrival rates, E(.S) is smaller than Avg(Sy). This difference occurs because, in the
Vissim simulation, the travel time Sy is recorded based on both the traffic situation on the leg and
within the roundabout. In contrast, from the queueing perspective, the sojourn time for vehicle n is
calculated using the following relationship:

Sn=Y_B, (6.1)

where B; only depends on the traffic situation inside the roundabout. Nevertheless, the maximal devi-
ation is 11%, which is acceptable.

6.2. Comparison between Controlled Sojourn Time and Uncontrolled

(Vissim) Sojourn Time
As introduced in Chap.3, to partially answer Research Question 2 — that is, to evaluate the efficiency
improvements provided by the control model — we will compare the histograms and descriptive statis-
tics of the controlled sojourn time from the control model with the uncontrolled sojourn time from the
Vissim simulation across different arrival rates (200, 400, 600, and 800pcu/h). The empirical efficiency
improvement provided by the control model is quantified by the following equation:

| mean uncontrolled sojourn time — mean controlled sojourn time |

efficiency improved = - -
mean uncontrolled sojourn time

. (6.2)

Comparison under an Arrival Rate of 200pcu/h

At an arrival rate of 200pcu/h, the histograms of the sojourn time under the control model and uncon-
trolled simulation are presented in Fig.6.5. As shown in Fig.6.2, the controlled sojourn time is narrowly
distributed around a specific central value of roughly about 21s, indicating a high level of consistency
and small variability in the controlled scenario. In contrast, the sojourn time from the uncontrolled sce-
nario (Fig.6.3) exhibits a broader spread with a higher mean, suggesting more variability and higher
overall sojourn time in the human-driving conditions.

The descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival
rate of 200pcu/h are presented in Tab. 6.3. The controlled sojourn time demonstrates remarkable
consistency, with a mean of 20.97, an exceptionally small standard deviation of 0.03, and a narrow range
from 20.92 to 21.08. This indicates that, as long as the optimization approach described in Sec. 4.1.3
has a feasible solution, all vehicles experience similar sojourn times under the controlled scenario,
regardless of the traffic congestion conditions. Conversely, the sojourn time observed in the Vissim
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Figure 6.2: (a) Histogram of controlled sojourn time. Figure 6.3: (b) Histogram of Vissim sojourn time.
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Figure 6.4: (c) Histogram of both controlled and Vissim sojourn time.

Figure 6.5: Histograms of sojourn Time under controlled and uncontrolled (Vissim) scenarios at an arrival rate of 200pcu/h.
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Statistics Controlled Sojourn Time Uncontrolled Sojourn Time

Count 747 747
Mean (s) 20.97 28.23
STD (s) 0.03 3.50

Min (s) 20.92 22.32

Q1 (s) 20.94 25.75

Q2 (s) 20.96 27.62

Q3 (s) 21.00 29.88
Max (s) 21.08 45.20

Table 6.3: Descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival rate of 200pcu/h.

simulation exhibits significantly greater variability, with a mean of 28.23 and a standard deviation of
3.50, spanning a range from 22.32 to 45.20. This disparity arises because, at the start of the simulation,
only a few vehicles occupy the control zone, resulting in shorter sojourn times. As time progresses
and more vehicles attempt to enter the roundabout, the sojourn time increases significantly. Broadly
speaking, the control model improves the roundabout’s efficiency by approximately 28:23-20-97 ~ 26%
under an arrival rate of 200pcu/h.

Comparison under an Arrival Rate of 400pcu/h

Fig. 6.9 illustrates notable differences in the sojourn time distributions under controlled and uncontrolled
scenarios at an arrival rate of 400pcu/h. The characteristics of these distributions are consistent with
those described in the analysis for an arrival rate of 200pcu/h. The disparity between the distributions
indicates that the control model effectively mitigates delays, while the uncontrolled simulation exhibits
greater variability due to increasing congestion over time.

Statistics Controlled Sojourn Time  Uncontrolled Sojourn Time

Count 1448 1448
Mean (s) 20.91 106.94
STD (s) 0.22 75.28
Min (s) 20.80 24.68

Q1 (s) 20.83 44.00

Q2 (s) 20.86 78.76

Q3 (s) 20.89 151.38
Max (s) 22.64 416.43

Table 6.4: Descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival rate of 400pcu/h.

As shown in Tab.6.4, the disparity in the descriptive statistics between controlled and uncontrolled
scenarios follows a similar pattern to that discussed for Table 6.3. This similarity arises because the
underlying reasons behind the descriptive statistics are roughly the same as those discussed at an
arrival rate of 200pcu/h. It should be noted the control model improves the efficiency of the roundabout
by 80% at an arrival rate of 400pcu/h.

Comparison under an Arrival Rate of 600pcu/h

The histograms of sojourn time under controlled and uncontrolled scenarios at an arrival rate of 600pcu/h
are presented in Fig.6.13. As shown in Fig.6.10, the sojourn time is concentrated within a narrow in-
terval, roughly from 21.30 to 23.25, with a higher frequency of values at the head and tail of the range.
This suggests that the controlled sojourn time exhibits low variability. In contrast, the Vissim sojourn

time, shown in Fig.6.11, spans a wider range. This broader spread may be attributed to increasing
congestion over time at this arrival rate.

The descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival
rate of 600pcu/h are shown in Tab.6.5. The controlled sojourn time has a mean of 22.08 with a relatively
low standard deviation of 0.71, indicating low variability in the sojourn times. The values range from a
minimum of 21.32 to a maximum of 23.26, with the inter-quartile range (IQR) between 21.39 (Q1) and
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Figure 6.6: (a) Histogram of controlled sojourn time. Figure 6.7: (b) histogram of Vissim sojourn time.
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Figure 6.8: (c) Histogram of both controlled and Vissim sojourn time.

Figure 6.9: Histograms of sojourn time under controlled and uncontrolled (Vissim) scenarios at an arrival rate of 400pcu/h.
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Figure 6.10: (a) Histogram of controlled sojourn time. Figure 6.11: (b) Histogram of vissim sojourn time.
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Figure 6.12: (c) Histogram of both controlled and Vissim sojourn time.

Figure 6.13: Histograms of sojourn time under controlled and uncontrolled (Vissim) scenarios at an arrival rate of 600pcu/h.
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Statistics Controlled Sojourn Time Uncontrolled Sojourn Time

Count 1491 1491
Mean (s) 22.08 232.49
STD (s) 0.71 96.65

Min (s) 21.32 25.27

Q1 (s) 21.39 147.75

Q2 (s) 21.80 250.98

Q3 (s) 22.87 306.37
Max (s) 23.26 437.86

Table 6.5: Descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival rate of 600pcu/h.

22.87 (Q3). In contrast, the uncontrolled sojourn time exhibits much greater variability, with a mean
of 232.49 and a much higher standard deviation of 96.65. The range of values is significantly broader,
from a minimum of 25.27 to a maximum of 437.86, with an IQR spanning from 147.75 (Q1) to 306.37
(Q3). This indicates a much larger spread and higher uncertainty in the uncontrolled scenario, with a
higher degree of congestion influencing the sojourn time. Notably, the efficiency of the roundabout at
this arrival rate is improved at a level of 91% by the control model.

At an arrival rate of 600pcu/h, the descriptive statistics of the controlled sojourn time are slightly higher
than those at an arrival rate of 400pcu/h. This suggests that the control model can still manage all
vehicles efficiently at an arrival rate of 600pcu/h. In contrast, the descriptive statistics (except for Count)
of the uncontrolled sojourn time at this arrival rate are significantly larger than those at 400pcu/h, with
the mean doubling. This indicates that an increase of 200pcu/h in the arrival rate from 400pcu/h to
600pcu/h results in considerable traffic congestion in the uncontrolled scenario.

Comparison under an Arrival Rate of 800pcu/h

The histograms and the descriptive statistics of the controlled and uncontrolled sojourn time at an arrival
rate of 800pcu/h are presented in Fig.6.17 and Tab.6.6, respectively. At this arrival rate, the distribution
and descriptive statistics of the uncontrolled sojourn time are quite similar to those under an arrival rate
of 600pcu/h. This suggests that an arrival rate of 600pcu/h is already quite high for the roundabout. In
other words, an arrival rate of 600pcu/h already pushes the roundabout to its limit in handling traffic
flows, meaning that traffic conditions will not change significantly when increasing the arrival rate from
600 to 800pcu/h.

Similarly, at an arrival rate of 800pcu/h, the distribution and descriptive statistics of the controlled sojourn
time are nearly the same as those at an arrival rate of 600pcu/h. This is because the input for the first
phase optimization in the control model is collected from the traffic conditions of the Vissim simulation.
If the traffic conditions are similar for arrival rates of 600 and 800pcu/h, the output of the first phase
optimization in the control model should not change significantly.

The patterns of the difference between the controlled and uncontrolled sojourn time histograms, as
well as between the controlled and uncontrolled sojourn time descriptive statistics, at an arrival rate
of 800pcu/h are similar to those observed at an arrival rate of 600pcu/h, with the underlying reasons
having been explained previously. The improved efficiency is also similar to that at an arrival rate of
600pcu/h, at a level of approximately 90%.

Conclusion

After comparing the histograms and descriptive statistics of the controlled and emprically uncontrolled
sojourn times (representing the sojourn time in human-driving conditions) across different arrival rates,
we conclude the following:

+ The control model can effectively mitigate traffic congestion across arrival rates from 200pcu/h to
800pcu/h.

» The controld model significantly improves the efficiency of the single-lane roundabout, especially
under high traffic volumes (high arrival rates). At arrival rates of 200, 400, 600, and 800pcu/h, the
efficiency of the roundabout is improved by the control model at a level of 26%, 80%, 91%, and
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Figure 6.14: (a) Histogram of controlled sojourn time. Figure 6.15: (b) histogram of Vissim sojourn time.
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Figure 6.16: (c) Histogram of both controlled and Vissim sojourn time.

Figure 6.17: Histograms of sojourn time under controlled and uncontrolled (Vissim) scenarios at an arrival rate of 800pcu/h.
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Statistics Controlled Sojourn Time Uncontrolled Sojourn Time
Count 1497 1497
Mean (s) 22.15 231.52
STD (s) 0.73 96.85
Min (s) 21.33 25.47
Q1 (s) 21.39 145.12
Q2 (s) 22.03 253.93
Q3 (s) 22.89 302.82
Max (s) 23.28 409.38

Table 6.6: Descriptive statistics of the sojourn time under controlled and uncontrolled scenarios at an arrival rate of 800pcu/h.

90%, respectively.

6.3. Comparing the Average Traveling Time from the Optimization
Model to the One from the M/G/1/k Queueing Model

The theoretical efficiency improvement achieved by the control model can be quantified using a similar
method as in Eq.(6.2). The difference is that, for calculating the theoretical efficiency improvement, we
use the mean uncontrolled sojourn time from the M/G/1/k queueing model, whereas the empirical
efficiency improvement is based on the mean uncontrolled sojourn time from the VISSIM simulation.

Let E(S..) denote the mean controlled sojourn time from the control model, and let E(S2%) represent the
mean uncontrolled sojourn time calculated from the M/G/1/k queueing model. The comparison be-
tween the mean controlled and mean uncontrolled sojourn times, as well as the efficiency improvement,
are presented in Table 6.7.

Arrival Rate (pcu/h) E(S.) (s) E(S) (s) efficiency improved

200 20.97 25.64 18%
400 20.91 95.18 78%
600 22.08 206.92 89%
800 22.15 213.00 90%

Table 6.7: Comparison between the mean controlled sojourn time and the mean uncontrolled sojourn time from the
M/G/1//k queueing model across different arrival rates.

From the data presented in Table 6.7, it is evident that the control model significantly reduces the mean
sojourn time compared to the theoretical uncontrol model, as represented by the M /G/1/k queueing
model. Specifically:

+ At an arrival rate of 200pcu/h, the control model achieves an 18% efficiency improvement, reduc-
ing the mean sojourn time from 25.64 seconds to 20.97 seconds.

+ Atan arrival rate of 400pcu/h, the efficiency improvement increases to78%, with the mean sojourn
time dropping from 95.18 seconds to 20.91 seconds.

+ At an arrival rate of 600pcu/h, the improvement further rises to 89%, with the sojourn time de-
creasing from 206.92 seconds to 22.08 seconds.

+ At the highest arrival rate of 800pcu/h, the control model achieves a 90% efficiency improvement,
reducing the mean sojourn time from 213.00 seconds to 22.15 seconds.

These results demonstrate the robustness and effectiveness of the control model in significantly en-
hancing the roundabout’s efficiency, particularly under high traffic volumes.

6.4. Pressure Test

As introduced in Chap.3, to complete answering Research Question 2, we will conduct a pressure
test in this section. Specifically, we will compare the probability that the control zone is full under
controlled and uncontrolled scenarios at an extreme arrival rate of 1200pcu/h. To achieve this, we
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assume that the roundabout, with one of its legs, forms an M/G/1 Queueing Model. In this model,
vehicles arrive according to a Poisson Process, the service time is generally distributed, there is one
server in the system (modeled as the first vehicle attempting to enter the roundabout), and the capacity
of the queueing system is infinite. One can also imagine a traffic coordinator standing at the entrance
of the roundabout, making decisions on whether to allow the first vehicle to enter based on the current
traffic conditions.

The organization of this section is presented in Fig.6.18. At an extreme arrival rate of 1200pcu/h, to
determine the probability that the control zone is full under an uncontrolled scenario, we will first derive
the PGF (Probability Generating Function) of the number of vehicles in the system, which will be used
to calculate the desired probability. Next, we will estimate the probability that the control zone is full
under a controlled scenario based on the control model simulation. Finally, we will compare these two
probabilities.

how?|

v v

[ Finding the PGF of the number of vehicles L in the system ’

Esimating the probability that the
¥ control zone is full under control

‘ Using PGF to find P(control zone is full without control) ’

w

Compare those probabilities ’

Figure 6.18: Organization of Sec.6.4

PGF of the Number of Vehicles in M//G/1 Queueing System
Define the following:

» L := the number of customers in the system.

. Lg := the number of customers in the system after the k—th departure.

» Ay := the number of arrivals during the service time Bj,.

* p, := P(L = n), representing the probability of having n customers in the system.

* a, := P(L* = n), representing the probability of having n customers upon arrival.

* d, :=P(L? = n), representing the probability of having n customers upon departure.

Then, the relationship between L¢ |, L{, and A, is:

J {Lg +Apa—1 if L¢ > 0, 6.3)

i, = ,
P 041 =1+ Apyy = Apyy ifLE=0.

Clearly, {L{}?2, forms an embedded Discrete Time Markov Chain, with transition probability and tran-
sition matrix being:

pij =P(Li, =3 | L§=1), (6.4)

Qo Q1 Q2 O3
Qp 1 G QA3

P = 0 Qg 1 Qg - , (65)
0 0 o) «p -
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where

ay, : = P(there are n arrivals during a service time B)

_ /OO e_)‘t(/\t)" dFB(t) (66)
0

n!
The derivations of Egs.(6.3), (6.5), and (6.6) can be seen in Sec.4.2.3.
The the probability generating function of the random variable L;QH can be expressed by:

> d . .
Py (2) = ZE(ZLM | Ld = Z)P(Lg =)

=0

— E(zA’““)}P’(LZ —0)+ iE(zi—1+Ak+1)P(Lg — ) (6.7)

=1

— PAkH(z)IP’(Lz — ()) + ZE(Zi_l"_Ak“)P(LZ =1).

=1
It should be noted that

Apnn £ 4, £ A, (6.8)

where < represents ‘has the same distribution as’. The first equality in Eq.(6.8) is very obvious. The
second equality follows from the PASTA property which states: For queueing systems with Poisson
arrivals, so for M/ - /- systems, the very special property holds that arriving customers find on average
the same situation in the queueing system as an outside observer looking at the system at an arbitrary
point in time [33].

Let A be the arrival rate. Since the number of customers up crossing equals the number of customers
downcrossing, the rate of L(¢) from n to n + 1 equals the rate of L(¢) from n + 1 to n. Therefore

Aay, = Ady,. (6.9)
Thus a,, = d,,. By PASTA property, a,, = p,, SO
dn = pn. (6.10)
Hence we conclude
I (6.11)
Using Eqgs.(6.8) and (6.11), Eq.(6.7) changes to
Pr(z) =P(L=0)Pa(z) + »_ ="' Pa(2)P(L =1). (6.12)
i=1
Multiplying by z on both sides, one can get
2PL(2) = poPa(2)z + Y 2'P(L = i)Pa(2)
=1
= poPA(Z)Z + PA(Z) (PL(Z) — poZO)
= poPa(2)z + Pr(2)Pa(z) — poPa(2).

Let p be the utilisation of the system, by definition, p = AE(B) = 1 — py, thus by Eq.(6.13), the PGF of
L can be expressed by
(1—p)(1 = 2)Pa(2)

P = s (6.14)

(6.13)
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Using Eq.(6.6) and the Tower property, the PGF of A can be calculated as:

> (AZ) e fi(t)di (6.15)

where B(-) represents the Laplace-Stietjes transform (LST). Substituting Eq.(6.15) into Eq.(6.14), one
can express the PGF of L in terms of the LST of B:

(1= p)(1-2)BO -\
Pp(z) = Ty (6.16)

Probability that the Control Zone is Full under an Uncontrolled Situation

In a single-lane roundabout without traffic control (human-driven), we model it as an M/G/1 queuing
system. Vehicles arrive at the roundabout according to a Poisson Process, while the distribution of
service times is generally distributed. There is one server in the system, represented by an imaginary
traffic coordinator stationed at the entry line of the roundabout, who allows the first vehicle on the leg
to either enter the roundabout or wait based on traffic conditions. The system has infinite capacity,
meaning there is no limit to the number of vehicles that can queue on the leg.

The service time is defined as the duration the first vehicle waits to enter the roundabout. This time is
measured from the Vissim simulation as follows:

» Let ¢t; and t; be the times when a vehicle’s head and tail cross the entry line, respectively.
* The maximum speed at which vehicles can travel inside the roundabout is denoted as v...
» The service time is then estimated by t = ¢, — ¢, — UL where V' L is the length of the vehicle.

Since the service time of the current vehicle depends only on the conditions inside the roundabout,
rather than on the service time of the previous vehicle, the service time data B; can be assumed to be
approximately i.i.d.

Since E(B;) < o0, Vi € {1, 2,...,n} from the data, by the Strong Law Of Large Numbers,

=1

- —2)L 3 AN B; 1—p)(1—2)E(eP*=MB
(L)1 =)L 50, OB, (1= )1 = 2B )

% >, ePemNBi o ]E(e(AZ—X)B> —z 6.17)
_ (lfp)(lfz)B()\f)\z) B ;
B B\ —\2) — 2 = Frl2).

If the control zone has a leg distance zy of 100m, the length of vehicle VL = 4.76m, and the safety
distance between consecutive vehicles dsae = 2m, then the capacity of each leg within the control zone
C; is 17. Under an uncontrolled situation, the probability that the control zone is full is:

16
P,.(control zone is full) = P(L > C)) = 1 — Y P(L = i)
=0
o (6.18)
—1-p0)-S =L p
£(0) 271 L(2) =
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where the last equality uses the property of PGF. As derived in Eq.(6.17), one can use the data to
approximate the PGF of L empirically. Thus

6140 (1= p)(1 = 2) L T, OV,

P,.(control zone is full) =~ 1 — P (0) — —— = . 6.19
( ) 1O -2 g Iy coem 6

Filling in estimated service time data, we get:
P..(control zone is full) ~ 0.45. (6.20)

It should be noted that this blocking probability is an estimated value since the service time data is
estimated from the Vissim simulation.

Probability that the Control Zone is Full under the Controlled Situation

In the First Phase Optimization simulation, the number of vehicles within the control zone on each leg is
recorded every 0.1 seconds. Under controlled conditions, the probability that the control zone is full on
each leg is estimated by the fraction of time during which the number of vehicles in each leg exceeds
C; in the simulation. More specifically,

time during which there are more than 17 vehicles on leg j
total simulation runtime

PP/ (control zone is full) , (6.21)

where j represents the index of the leg. In the simulation, the number of vehicles on each leg does not
change until a new vehicle enters the control zone or a vehicle already inside the control zone merges
into the roundabout. Therefore, during the interval between consecutive vehicle entries into the control
zone on the same leg, the number of vehicles on that leg will not increase.

Since presenting all data at 0.1-second intervals is not feasible within this thesis, we provide piecewise
examples in Tab.6.8 for the number of vehicles inside the control zone at some moments when the
maximal number of vehicles within the control zone on each leg is attained under the extreme arrival rate
of 1200pcu/h. These numbers can be regarded as the global maxima between each two consecutive
times when new vehicles enter the control zone. From the table, we can conclude that at the extreme

Simulation Time (s) #vehiclesinleg1 #vehiclesinleg2 #vehiclesinleg3 #vehiclesinleg4

2851.2 6 2 2 2
3095.3 2 8 2 2
3516.5 1 1 10 10
3520.2 2 3 10 10

Table 6.8: Under an arrival rate of 1200pcu/h, the number of vehicles on each leg at the time when the maximal number of
vehicles in the control zone on each leg is attained during a simulation time of 3600s.

arrival rate of 1200pcu/h, PJ(control zone is full) = 0 Vj = 1,2,3,4, thus we can conclude that the
probability that the control zone is full under the controlled scenario P.(control zone is full) = 0 for the
extreme arrival rate.

6.4.1. Comparison

If the distance from the boundary of the control zone to the entry line of the roundabout is xy = 100m,
and all vehicles have the same length V' . = 4.76m, with a safety distance of dgse = 2m, then under
an extreme arrival rate of 1200pcu/h, the probability that the control zone is full under human-driven
conditions is 0.45. This means, from a long-run perspective, there is a 0.45 probability that a new
vehicle, upon arrival, will find the control zone full and will not be able to enter. In other words, 45% of
the vehicles will be unable to enter the control zone.

However, under the controlled scenario, the probability that the control zone is full is estimated to be
0, indicating that, from a long-run perspective, no vehicles will be blocked. In other words, the control
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model never fails, as the mathematical optimization always provides feasible solutions. Thus, the
control model can effectively manage the traffic.

Therefore, our control model for connected and automated vehicles (CAVs) can significantly reduce
the probability of congestion, even under the extreme arrival rate of 1200pcu/h.



Discussions

7.1. Achievements

This research achieved notable advancements in optimizing the performance of single-lane round-
abouts through a microscopic control of CAVs. The findings demonstrated significant improvements in
roundabout efficiency, system reliability, and scalability. These achievements contribute to addressing
critical challenges in modern traffic management. Key results include:

Effectiveness of the Microscopic Control Model

The microscopic control model formulated in Sec.4.1 significantly reduces the average sojourn time
compared to human-driven scenarios, highlighting its effectiveness in enhancing single-lane round-
about efficiency. Empirical results reveal reductions of 26%, 80%, 91%, and 90% across various arrival
rates (200, 400, 600, and 800pcu/h on each leg). These findings closely align with theoretical predictions
of reductions of 18%, 78%, 89%, and 90% under the same conditions. This agreement between empir-
ical and theoretical results underscores the robustness and reliability of the proposed model. These
improvements in sojourn time not only mitigate traffic congestion but also establish the model as a
scalable and effective solution for real-world applications.

Furthermore, while maximizing the efficiency of the single-lane roundabout, the proposed microscopic
control model also ensures driving comfort by providing precise trajectories for individual vehicles.
Tabs.7.1, 7.2, 7.3, and 7.4 illustrate examples of how each vehicle within the control zone is guided to
follow a specific trajectory. Recall that S/ represents the sojourn time for vehicle i from leg j, defined as
the time required for the vehicle to travel from entering the control zone to merging into the roundabout,
and v,. denotes the speed of vehicles circulating within the single-lane roundabout. These tables can
be interpreted as follows: when vehicle i from leg j enters the control zone at time ¢, , with an initial
speed v; o, it is controlled using acceleration a; ; to travel from ¢; o to ¢; ;. At this point, it reaches its
cruising speed v; . and continues traveling from ¢, ; to ¢; . Subsequently, the vehicle is commanded
to accelerate at a, » from ¢, 5 to ¢; o + Sf at which it attains the speed v, required to merge into the
roundabout (see Fig.4.5).

It should be noted that if ¢; ; = ¢, 2, the cruising segment depicted in Fig.4.5 does not exist. In such
cases, vehicle i from leg j uses acceleration a; ; to travel from ¢; , to ¢; 1 (or ¢; 2) and then uses accel-
eration «; 5 to travel from ¢; o (or t; 1) to ¢; 0 + Sf Examples of this scenario include vehicle 256 from
leg 2 and vehicle 253 from leg 4 in Tab.7.3, as well as vehicle 316 from leg 2 and vehicle 339 from leg 3
in Tab.7.4.

Integration of Queueing Theory

The research developed an M/G/1/k queueing model to analyze and compare traffic efficiency under
controlled and uncontrolled scenarios. For a single-lane roundabout with finite leg capacity (i.e., the
maximum number of vehicles that can travel on each leg is limited), the M/G/1/k model provided a
critical theoretical baseline. This was achieved by incorporating headway time distributions and service

73
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i j vio(m/s) tio(s) aia (m/s?)  ti1(s) wvix (m/s) tia(s) a2 (m/s?) tio+ S?(s)
33 1 114 846.1 —2.15 849.7 3.74 863.10 1.50 867.1
36 2 12.0 864.5 —2.24 850.2 3.69 864.4 1.52 867.5
43 3 13.7 862.2 —2.63 866.0 3.47 880.0 1.60 883.1
45 4 12.1 866.7 —2.26 870.4 3.68 884.7 1.52 887.7
Table 7.1: Examples of the trajectories of controlled vehicles under an arrival rate of 200pcu/h.
i j vio(m/s) tio(s) aix (m/s?) ti1(s) vi.(m/s) tia(s) aio(m/s?) tio+ S (s)
61 1 11.6 755.7 —2.27 759.8 2.27 765.6 0.55 776.5
67 2 11.8 761.11 —-1.73 766.8 1.88 772.0 0.64 782.0
90 3 11.8 769.8 —-1.73 775.6 1.88 780.7 0.64 790.6
73 4 12.5 786.6 —2.35 790.4 3.66 804.4 1.54 807.5

Table 7.2: Examples of the trajectories of controlled vehicles under an arrival rate of 400pcu/h.

time variability to calculate the expected sojourn times. Using the queueing model developed in Sec.4.2
and the estimated distribution for the circulating headway derived in Sec.5.2, we conclude that for arrival
rates of 200, 400, 600, and 800pcu/h on each leg of the single-lane roundabout with a leg capacity of
17, the expected sojourn times are 25.64, 95.18, 206.92, and 213 seconds, respectively. These values
closely align with those under human-driven conditions (simulated by Vissim), which are 28.23, 106.94,
232.49, and 231.52 seconds for the corresponding arrival rates, with a maximum deviation of 11%.

The model was also adapted to the M /G/1 queueing system for stress testing under an extreme arrival
rate (e.g., 1200pcu/h per leg). The results demonstrated the robustness of the control model, maintain-
ing a zero probability of control zone saturation. This indicates that the control model proposed in
Sec.4.1 still provides a feasible solution at such a high arrival rate. In contrast, under human-driven
conditions, the probability of new vehicles failing to enter the control zone reached as high as 45%. This
is calculated by analyzing the M /G/1 queueing model and using the estimated service time data from
Vissim simulation. These findings confirm the scalability and reliability of the proposed control model
in high-demand traffic environments.

Proposed Models are Validated
For the proposed control model and M/G/1/k queueing model, the following aspects are of interest
for validation:

(i) Is the control model proposed in Sec.4.1 stable and reliable?

(ii) Are the trajectories of controlled vehicles reasonable? In other words, under the controlled situa-
tion, can we ensure that vehicles do not collide with each other from entering the control zone to
merging into the roundabout?

(iii) Is the expected sojourn time calculated by the M/G/1/k queueing model reliable?

Validation for (i) is conducted through a stress test at an extreme arrival rate of 1200pcu/h. Results show
that even under this high-demand traffic intensity, the optimization still produces feasible solutions (see
Tab.6.8), demonstrating the stability and reliability of the control model.

Validation for (ii) is inherently ensured by the control model itself, as Eq.(4.27) in the Second Phase Opti-
mization serves as a constraint to prevent collisions on all legs of the single-lane roundabout. Therefore,
if the optimization model produces a feasible solution, it guarantees that vehicles will not collide from
entering the control zone to merging into the roundabout. Additionally, trajectory plots (distance-time
plots) provide supplementary evidence. If there are no overlapping lines in the trajectory plot, it indi-
cates no collisions. Since plotting all vehicles’ trajectories in a single plot may not be visually clear, we
randomly select 10 consecutive vehicles on a random leg to plot their trajectories for various arrival
rates as representative examples. Details can be found in Appendix B.

Validation for (iii) involves comparing the expected sojourn time calculated using the M/G/1/k queue-
ing model with the average sojourn time simulated by Vissim across different arrival rates. Although the
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i Jovio (m/s) tio(s) aix (m/s?) ti1(s) wix (m/s) tia(s) a2 (m/s?) tig+S! (s)
288 1 10.7 2356.0 —1.95 2359.6 3.76 2374.4 1.48 2377.5
256 2 1.4 2370.5 0.25 2391.9 6.87 2391.9 0.98 2393.4
275 3 7.4 2333.8 —1.15 2336.7 4.06 2352.4 1.35 2355.6
253 4 1.8 2358.3 0.22 2379.4 6.47 2379.4 1.10 2381.1

Table 7.3: Examples of the trajectories of controlled vehicles under an arrival rate of 600pcu/h.

i j wio(m/s) tio(s) ain (m/s®) tia(s) wis(m/s) tia(s) aiz(m/s*) tio+ S} (s)
335 1 4.9 2752.7 —0.40 2754.5 4.17 2771.6 1.28 2774.9
316 2 1.5 2850.0 0.25 2871.3 6.77 2871.3 1.01 2872.9
339 3 1.7 3008.5 0.23 3029.7 6.57 3029.7 1.07 3031.4
372 4 4.7 3384.4 —0.32 3386.0 4.18 3403.4 1.27 3407.9

Table 7.4: Examples of the trajectories of controlled vehicles under an arrival rate of 800pcu/h.

results show a maximum deviation of 11%, a reasonable explanation for this discrepancy is provided
(see the text around Eq.(6.1)). Thus, we conclude that the proposed M /G/1/k queueing model for
calculating the expected sojourn time is reliable.

These validations reinforce the accuracy and applicability of the proposed models, ensuring their rele-
vance for real-world implementations.

Other Contributions

An in-depth analysis of headway time distributions has been carried out, leveraging statistical models
like shifted exponential, lognormal, M3, and shifted-Erlang distributions. This analysis enriches the un-
derstanding of headway time distribution under different arrival rates. Besides, our research advances
smart traffic management by proposing an innovative framework for integrating CAVs into existing in-
frastructure. The developed models and methodologies can serve as a foundation for future studies
and the implementation of autonomous traffic systems.

7.2. Limitations

While this study achieved significant advancements in optimizing the efficiency of single-lane round-
abouts with all vehicles being CAVs, several limitations should be acknowledged:

Algorithm Efficiency

One of the major limitations of the proposed control model is its computational efficiency. Although,
compared to Danesh’s work[9], we reformulated the programming method from global optimization to
local optimization (see Sec.2.4 and Appendix A), the Second Phase Optimization, which minimizes
acceleration fluctuations to enhance driving comfort, remains computationally intensive. For example,
simulating an arrival rate of 200pcu/h on each leg over a 3600-second period on a supercomputer
(e.g., Delft Blue) requires at least 8 hours of processing time. This level of computational demand
indicates that the control model is impractical for real-time applications in real-world traffic systems.
Further efforts are required to optimize the algorithm’s efficiency to ensure its feasibility in operational
environments.

Reliance on Simulated Data

The research heavily relies on data generated by VISSIM simulations to evaluate the performance of the
proposed models. For example, we did comparison of the sojourn time between the control model and
the Vissim simulation, we derived the moments of service time based on the headway time generated
by Vissim, and we calculate the blocking probability that the control zone is full under an uncontrolled
scenario using the service time data estimated from Vissim simulation. Although VISSIM is a widely
recognized and validated tool, simulation-based results may not fully capture the complexities of real-
world traffic dynamics. Factors such as driver behavior, environmental variability, and unexpected
disruptions in real-world scenarios are not accounted for, potentially limiting the generalizability of the
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findings.

Simplified Traffic Assumptions

The M/G/1/k queueing model and microscopic control model operate under several simplified as-
sumptions, such as Poisson Process arrival, uniform vehicle size, constant safety distance, idealized
control zones, the same arrival rates on each leg, and no path guidance. These assumptions, while
necessary for analytical tractability, may not fully reflect the diversity of traffic conditions in real-world
applications, particularly in heterogeneous traffic environments.

The Used Maximal Acceleration and Minimal Acceleration Might be Uncomfort-
able

In the literature study, different researchers have proposed their own comfort thresholds for maximal
acceleration amax and minimal acceleration amin. A summary of their findings, as discussed in Sec.2.2,
is presented in Tab.7.5. To implement the Python code for our control model, we adopt the values of
amax = —amin = 3.6m/s2. This is because, when using Vissim to simulate the human-driven condition,
the default values for these two parameters are 3.6m/s* and —3.6m/s?, respectively. To ensure that
our control model is comparable to the uncontrolled scenario (human-driven condition simulated by
Vissim), we use these default values provided by the Vissim software.

However, if some vehicles are controlled to use amax OF amin in their trajectories, it may cause discomfort
for the driver. Additionally, it should be noted that reducing the absolute values of amax and amin could
lead to an increase in sojourn time. Intuitively, given the arrival speed of a vehicle i to the control zone
v; 0 and the speed of merging into the roundabout v,, for a fixed distance z(, a higher absolute value
of acceleration results in shorter travel times. Thus, a trade-off exists between the driving comfort and
the roundabout’s efficiency.

amax (m/s?) amin (Mm/s?) Reference
1.02 Not Mentioned [25]
0.9 ~1.47 Not Mentioned [3]
Not Mentioned -2 [24]

Table 7.5: Comfort thresholds for amax and anmi, from different references.

Lack of Experimental Validation

Although theoretical and simulation-based results are promising, the proposed models have not yet
been validated through field experiments or pilot implementations. Without such real-world validation,
the practical applicability and robustness of the models under varying traffic conditions remain uncer-
tain.

Limited Scope of Application

This study focuses exclusively on single-lane roundabouts with 100% CAV penetration. In mixed traffic
conditions, where human-driven vehicles coexist with CAVs, the performance of the proposed models
may differ significantly. Moreover, the findings may not directly extend to other traffic scenarios, such
as multi-lane roundabouts, turbo-roundabout, intersections, or urban street networks.

Assumption of Perfect Communication

The microscopic control model assumes flawless communication and cooperation among CAVs, fa-
cilitated by a central control system. In reality, communication delays, system failures, or security
vulnerabilities could affect the model’s effectiveness and reliability.

Sensitivity Analysis to High Traffic Volumes and Local Failures

While the pressure tests demonstrate the robustness of the control model at high arrival rates, fur-
ther analysis is required to explore its performance under extreme congestion (arrival rate more than
1200pcu/h) or network-wide traffic disruptions. The potential cascading effects of localized failures on
the broader traffic system remain unexamined.
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7.3. Future Research Direction

This study has laid a solid foundation for understanding the optimization of single-lane roundabouts
with CAVs. However, further research is essential to address unresolved challenges and explore new
opportunities. Key future research directions include:

Building a Bridge between Mathematics and Civil Engineering

In our control model, the parameter values t< (critical gap) and ¢ (follow-on time) are adopted from
Fortuijn and Salomons’ thesis[15]. Therefore, it is of interest to compare our results with their findings.
Their research indicates that the capacity of a single-lane roundabout (i.e., the number of vehicles a
single-lane roundabout can handle per unit time until one of its legs becomes saturated) is roughly
doubled for AVG through headway time optimization.

In contrast, our study focuses on minimizing the sojourn time (i.e., improving efficiency), achieving
reduction levels of 18%, 78%, 89%, and 90% for arrival rates of 200, 400, 600, and 800pcu/h, respectively,
compared to human-driven conditions (simulated by Vissim). It is important to note that the capacity of
a single-lane roundabout and its efficiency, as defined by sojourn time, are two distinct measures for
evaluating roundabout performance. This difference makes a direct comparison between our results
and those of Fortuijn and Salomons infeasible.

Thus, establishing a connection between mathematics and civil engineering is of great interest. Future
work is recommended as follows:

 Deriving a formula that establishes a relationship between the sojourn time and the capacity of
the roundabout.

* Plotting the probability that our control model fails to provide feasible solutions across different
arrival rates, followed by deriving a regression line for these points and identifying the 90% quan-
tile.

» Exploring additional metrics to evaluate the interplay between capacity and efficiency under vary-
ing traffic conditions.

Validation Through Real-World Experiments

While this research relies on theoretical models and simulations, real-world experiments are necessary
to validate the proposed methods. Pilot studies involving single-lane roundabouts with varying levels
of CAV penetration could provide valuable insights into the practical challenges and effectiveness of
the models in real traffic scenarios.

Complicated Traffic Conditions

Future work should investigate the performance of the microscopic control model and the M/G/1/k
queueing framework under complex traffic conditions, where human-driven vehicles coexist with CAVs
and the arrival rates at different legs are uneven. This includes exploring the impact of varying CAVs
penetration rates and differing arrival rates at each leg on system efficiency, as well as identifying
strategies to ensure the seamless integration of autonomous and conventional vehicles.

Application to Multi-Lane Roundabouts

Expanding the scope of the study to multi-lane roundabouts would enable a broader understanding of
CAV-based traffic optimization. Multi-lane roundabouts introduce additional complexities such as lane-
changing behavior and higher traffic volumes, which require advanced models and control strategies.

Robustness to Communication Failures

The current models assume perfect communication among CAVs and the central control system. Future
research should address the robustness of the control strategies in the presence of communication
delays, failures, or cybersecurity threats. This could involve developing decentralized or hybrid control
methods to enhance system resilience.
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Integration with Broader Traffic Systems

To fully realize the potential of CAVs, future studies should explore their integration into larger traffic
networks, such as urban intersections and highways. Investigating how CAV-controlled roundabouts
interact with surrounding traffic systems and developing multi-node optimization frameworks could sig-
nificantly enhance traffic efficiency on a city-wide scale.

Improving Algorithm Efficiency

Future research should focus on enhancing the computational efficiency of the control model to facilitate
real-time applications. Potential strategies include developing more efficient optimization algorithms,
leveraging parallel computing, and utilizing high-performance hardware such as GPUs or TPUs. Addi-
tionally, employing machine learning techniques to approximate optimization results could significantly
reduce computational overhead while maintaining acceptable accuracy. These improvements would
make the model more suitable for deployment in practical traffic systems.

Addressing Extreme Traffic Scenarios

Future research could also explore the performance of the control model under extreme conditions,
such as traffic surges or network-wide disruptions. Investigating adaptive mechanisms to manage
sudden changes in traffic flow could enhance the robustness and scalability of the proposed solutions.
Additionally, studying the boundary value of the arrival rate at which the control model fails to produce a
feasible solution would provide valuable insights. This boundary can be considered the limiting arrival
rate of the model, offering a critical metric for evaluating its operational capacity.
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Codes for Microscopic Control Model

The codes are divided into three parts: Executer, First Phase Optimization, and Second Phase
Optimization. The mathematical formulations for the First Phase Optimization and the Second Phase
Optimization, as described in Sec. 4.1.3 and Sec. 4.1.4, are encapsulated into two Python objects,
namely First_Phase_Optimization and Second_Phase_Optimization. The attributes of these ob-
jects are accessed and utilized in the Python script Executer.

Executer

import os

import First_Phase_Optimization as ot
import Second_Phase_Optimization as st
import pandas as pd
class Vehicle:
def __init__(self, id, approach, destination, position, speed, arrivaltime, start_time,
arrived) :

self.id = id

self .approach = approach
self.destination = destination
self.position = position
self.speed = speed
self.arrivaltime = arrivaltime
self.start_time = start_time
self.arrived = False

# add attributes to for the second stage
self.al = None

self.a2 = None

self.tl = None

self.t2 = None

self.v_star = None

self.x_t0_t1 = 0

self.x_t1_t2 = 100
self.current_speed = speed
self.isoptimized = False

def __repr__(self):
return f"Vehicle(ID={self.id}, Approach={self.approach}, Dest={self.destination}, Pos
={self.position}, Speed={self.speed}, ArrTime={self.arrivaltime}, StartTime={self
.start_time }Arrived= {self.arrived})"
# Road destinations mapping

road_destinations = {
1: [|b|’ 'C" |d|]’
2: [|a|’ 'C', Id!],
3: [|a|’ lbl’ |d|],
4: [|a|’ lbl’ Ic|]
}
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# read csv
df = pd.read_csv('1200roaddata.csv')
df ['arrived'] = False

# create vehicle object
vehicles = [Vehicle(**row) for index, row in df.iterrows ()]

# Categorize vehicles by approach or destination

active_vehicles = {road: [] for road in road_destinations}

for vehicle in vehicles:
active_vehicles[vehicle.approach].append(vehicle)

# Print the categorized vehicles
for approach in active_vehicles:
print (f"Approach {approach}:")
for vehicle in active_vehicles[approach]:
print (vehicle)

# Initialize global variables
v_max = 50/3.6

amax = 3.6
dec_max = 3.6
x_cd = 100 #control distance

vr = 30/3.07
x_dest = 100

# Initialize optimizers

optimizer = ot.TrafficOptimizer (v_max, amax, dec_max, x_cd, vr)
second_stage_optimizer = st.SecondStageOptimization(optimizer.T, v_max, amax, dec_max, vr,
x_cd)

# # Initialize dictionaries to track positions and speeds
# vehicle_positions = {(vehicle.approach, vehicle.id): [] for vehicle in vehicles}

def compare_dicts(dictl, dict2):
win
Compare two dictionaries to determine if they are equal.
This function handles nested dictionaries as well.

Args:
dictl (dict): The first dictionary to compare.
dict2 (dict): The second dictionary to compare.

Returns:
bool: True if both dictionaries are equal, False otherwise.
if dictl is dict2:
# Check if both references point to the same object
return True
if not isinstance(dictl, dict) or not isinstance(dict2, dict):
# Ensure both are dicts, otherwise, they're not equal
return False
if len(dictl) != len(dict2):
# Different number of keys means they are not equal
return False
for key, vall in dictl.items():
if key not in dict2:
# Key is not present in both dicts
return False
val2 = dict2[key]
if isinstance(vall, dict) and isinstance(val2, dict):
# If the value is a dict, perform a recursive call
if not compare_dicts(vall, val2):
return False
elif vall != val2:
# Check value equality
return False
return True
def update_vehicle_arrivals(current_vehicles, current_time):
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for road, vehicles in current_vehicles.items():
for vehicle in vehicles:
if vehicle.arrivaltime >= current_time:
vehicle.arrived = True # set the situation that vehicle has arrived

def clear_first():

to_be_first_optimize = {road: [] for road in road_destinations}
to_be_first_optimize_privious_t = {road: [] for road in road_destinations}
current_vehicles_t = {road: [] for road in road_destinations}
# Simulation loop
t =1

while t <= 3600:

# update the information of vehicle at current time

for road in road_destinations:
# only include the vehicle that are already in the control zone
current_vehicles_t[road] = [vehicle for vehicle in active_vehicles[road] if vehicle.

start_time <= t]

# for road in road_destinations:
# Check each road and each vehicle on that road
to_be_first_optimize = {road: [] for road in road_destinations}
for road, vehicle_list in current_vehicles_t.items():

for vehicle in vehicle_list:

if vehicle.start_time <= t and vehicle.arrived == False:
to_be_first_optimize[road].append(vehicle)

else:
pass

# print(f"current t is: {t}")

# print (f"Current vehicles: {to_be_first_optimize.items()}")

# print(f"priviou vehicles:{to_be_first_optimize_privious_t.items()1}")

# print (compare_dicts(to_be_first_optimize,to_be_first_optimize_privious_t))

if (compare_dicts(to_be_first_optimize, to_be_first_optimize_privious_t) == True):
print (f"At time {t},skipped &&&&&&&L&&L&&&LELLLLLEELLLLLLLELL")

optimizer.optimize(to_be_first_optimize, t)
optimizer.print_optimization_results(to_be_first_optimize)
to_be_first_optimize_privious_t = to_be_first_optimize
print (f"current t is {t}")

H* O OH

if (compare_dicts(to_be_first_optimize, to_be_first_optimize_privious_t) == False):
optimizer.optimize(to_be_first_optimize, t)
optimizer.print_optimization_results(to_be_first_optimize)
to_be_first_optimize_privious_t = to_be_first_optimize
print (f"current t is {t}")

data = []
vehicle_countl = len(to_be_first_optimize[1])
vehicle_count2 = len(to_be_first_optimize[2])
vehicle_count3 = len(to_be_first_optimize[3])
vehicle_count4 = len(to_be_first_optimize[4])
data.append ({
'current_t': t,
'v_count_rl': vehicle_countil,
'v_count_r2': vehicle_count2,
'v_count_r3': vehicle_count3,
'v_count_r4': vehicle_count4,
1)

df = pd.DataFrame(data)
df .to_csv('current_count.csv', mode='a

"),

', header=not os.path.exists('current_count.csv

index=False)
# update_vehicle_arrivals (current_vehicles_t, t)
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to_be_second_optimized = {}
for road, vehicles in to_be_first_optimize.items():
not_optimized_vehicles = [vehicle for vehicle in vehicles if not vehicle.

isoptimized]

if not_optimized_vehicles:
to_be_second_optimized[road] = not_optimized_vehicles
print ("$$3SS$FESSSFTESSEEE$$3888 ")

print (f"Current state of to_be_second_optimized: {to_be_second_optimizedl}")

second_stage_optimizer.optimize(to_be_second_optimized)
second_stage_optimizer.print_optimization_results(to_be_second_optimized)

# update_vehicle_arrivals(to_be_first_optimize,t)
# clear_first ()

for road, vehicles in to_be_first_optimize.items():
for vehicle in vehicles:
if not vehicle.isoptimized:
vehicle.isoptimized = True
else:
pass

for road, vehicles in current_vehicles_t.items():
for vehicle in vehicles:
if not vehicle.arrivaltime > t:
vehicle.arrived = True
else:
pass

First Phase Optimization

from gurobipy import Model, GRB
import math
import pandas as pd
import os

class TrafficOptimizer:

def __init__(self, v_max, amax, dec_max, x_cd, vr):
self.v_max = v_max
self.amax = amax
self.dec_max = dec_max
self.x_cd = x_cd
self.vr = vr
self .model = None
self.T = {}

def optimize(self, active_vehicles, t):
self._initialize_model ()
self._define_decision_variables(active_vehicles)
self._add_constraints(active_vehicles)
self._set_objective ()
self .model.optimize ()
self._update_vehicle_arrival_times(active_vehicles)

def _initialize_model(self):
self .model = Model('TrafficOptimization')
self.T.clear ()

def _define_decision_variables(self, active_vehicles):
for road, vehicles in active_vehicles.items():
for i, vehicle in enumerate(vehicles):
self .T[(i, road)] = self.model.addVar(vtype=GRB.CONTINUOUS, name=f"T_{i}_{
roadl}")
self .model.update ()

def _add_constraints(self, active_vehicles):
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for road, vehicles in active_vehicles.items():
for i, vehicle in enumerate(vehicles):
T_var = self.T[(i, road)]
# calculating T_min and T_max
if (self.v_max **x 2 - vehicle.speed ** 2) / (2 * self.amax) + (self.v_max *x*
2 - self.vr **x 2) / (
2 * self.dec_max) > self.x_cd:
v_1i = math.sqrt ((
2 * self.amax * self.dec_max * self.x_cd +
self.dec_max * vehicle.speed ** 2 + self
.amax * self.vr *x 2) / (
self.amax + self.dec_max))

T_min = (v_1i - vehicle.speed) / self.amax + (v_1i - self.vr) / self.
dec_max
if self.x_cd > self.vr *x 2 / (2 * self.amax) and vehicle.speed < math.
sqrt (
2 * self.x_cd * self.dec_max - (self.vr ** 2 * self.dec_max /

self.amax)):
T_max = GRB.INFINITY

else:
T_max = (vehicle.speed - v_1i) / self.dec_max + (self.vr - v_1i) /
self .amax
else:
delta_t1 = (self.v_max - vehicle.speed) / self.amax
delta_t2 = (self.x_cd - (self.v_max ** 2 - vehicle.speed **x 2) / (2 *
self.amax) - (
self.v_max ** 2 - self.vr **x 2) / (2 * self.dec_max)) / self.
v_max

delta_t3 = (self.v_max - self.vr) / self.dec_max
T_min = delta_tl + delta_t2 + delta_t3
T_max = GRB.INFINITY # infinity

# add constraints
self.model.addConstr(T_var >= T_min, f"T_min_{road}_{il}")
self .model.addConstr(T_var <= T_max, f"T_max_{road}_{il}")
tf = 1.12 #
for road, vehicles in active_vehicles.items():
for i in range(len(vehicles) - 1):
T_i_j = self.T[(i, road)]
T_il_j = self.T[(i + 1, road)]
car = vehicles[i]
car_next = vehicles[i + 1]

# arrival time difference constraint
self .model.addConstr(T_i_j + car.start_time + tf <= T_il_j + car_next.
start_time,
f"departure_interval_{road}_{il}")

omega = {}
# define omega
for road, vehicles in active_vehicles.items():
for i, vehicle_i in enumerate(vehicles):
for road_prime, vehicles_prime in active_vehicles.items():

if road_prime == (road + 2) ) 4 or road_prime == (road + 3) % 4:
for i_prime, vehicle_i_prime in enumerate(vehicles_prime):
omega[(i, road, i_prime, road_prime)] = self.model.addVar(vtype=

GRB.BINARY,
name=f"omega_{i}_{road}_{i_primel}_{road_primel}")
self .model.update() # update

# constraint
for (i, road, i_prime, road_prime), omega_var in omega.items():
x = 100 if road_prime == (road + 2) % 4 else 50
self .model.addGenConstrIndicator (omega_var, True,
self.T[(i, road)] + x / self.vr <= self.T[(
i_prime, road_prime)],
name=f"omega_true_{i}_{road}_{i_prime}_{road_primel}")

# constraint on conflict point
t_C = 2.24 # critical time
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M = 1000 # sufficient large number
for (i, road, i_prime, road_prime), omega_var in omega.items():
self .model.addConstr(self.T[(i, road)] + t_C <= self.T[(i_prime, road_prime)] + M
* (1 - omega_var),
name=f"conflict_{i}_{road}_{i_prime}_{road_primel}")

def _set_objective(self):
self .model.setObjective (sum(self.T.values()), GRB.MINIMIZE)

def _update_vehicle_arrival_times(self, active_vehicles):
if self .model.status == GRB.OPTIMAL:
for road, vehicles in active_vehicles.items():
for i, vehicle in enumerate(vehicles):
vehicle.arrivaltime = self.T[(i, road)].X + vehicle.start_time

def _calculate_T_min_max(self, vehicle):
T_min = vehicle.position / max(vehicle.speed, 1)
T_max = GRB.INFINITY
return T_min, T_max

def print_optimization_results(self, active_vehicles):

if self.model.status == GRB.OPTIMAL:
print ("Optimization results:")
data = []

for road, vehicles in active_vehicles.items():
for i, vehicle in enumerate(vehicles):
T_var = self.T[(i, road)] # decision variable
vehicle.arrival_time = T_var.X # optimal arrival time
data.append ({
'Vehicle_ID': vehicle.id,
'Approach': road,
'Target_Exit': vehicle.destination,
'Tij': vehicle.arrival_time,
'starttime': vehicle.start_time,
'arrivaltime': vehicle.arrivaltime
1)
# print (
# f"Vehicle {vehicle.id} at approach {road} has target exit {vehicle.
destination} and optimized arrival time: {vehicle.arrival_timel}")
# # Create a DataFrame
df = pd.DataFrame(data)
df _cleaned = df.drop_duplicates()

# print (df_cleaned)

# Append DataFrame to a CSV file
df _cleaned.to_csv('optimization_results.csv', mode='a', header=not os.path.exists
('optimization_results.csv'),
index=False)
else:
print ("No optimal solution found.")

Second Phase Optimization

import os

from gurobipy import Model, GRB
import gurobipy as gp

import math

import pandas as pd

class SecondStageOptimization:

def __init__(self , T, v_max, amax, dec_max, vr, x_cd):
self . T = T
self.v_max = v_max
self.amax = amax

self.dec_max = dec_max
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def

def

self.vr = vr
self.x_cd = x_cd
self .model = Model("SecondStageOptimization")

_define_variables(self,active_vehicles):
for road, vehicles in active_vehicles.items():
for i, vehicle in enumerate(vehicles):
# define decision variables
vehicle.al = self.model.addVar(name=f"al_{vehicle.id}_{road}", lb=-self.
dec_max, ub=self.amax)
vehicle.a2 = self.model.addVar (name=f"a2_{vehicle.id}_{roadl}", lb=-self.
dec_max, ub=self.amax)
vehicle.tl = self.model.addVar (name=f"t1_{vehicle.id}_{roadl}", 1b=0)
vehicle.t2 = self.model.addVar (name=f"t2_{vehicle.id}_{roadl}", 1b=0)
vehicle.v_star = self.model.addVar (name=f"v_star_{vehicle.id}_{road}", 1b=0,
ub=self.v_max)

self .model.update ()

_add_constraints(self,active_vehicles):
for road, vehicles in active_vehicles.items():
for vehicle in vehicles:
# speed constaint
self .model.addConstr(vehicle.v_star == vehicle.current_speed + vehicle.al * (
vehicle.tl - vehicle.start_time),
name=f"v_star_{vehicle.id}_{roadl}")
self .model.addConstr(vehicle.v_star + vehicle.a2 * (vehicle.arrivaltime -
vehicle.t2) == self.vr,
name=f"v_end_{vehicle.id}_{road}")

# time constraint on tl t2

self .model.addConstr(vehicle.tl >= vehicle.start_time, name=f"tl_start_{
vehicle.id}_{roadl}")

self .model.addConstr(vehicle.tl <= vehicle.t2, name=f"t1_t2_{vehicle.id}_{
road}")

self .model.addConstr(vehicle.t2 <= vehicle.arrivaltime, name=f"t2_Ti_j_{
vehicle.id}_{road}")

# al a2 constraint

self .model.addConstr(vehicle.al >= -self.dec_max, name=f"al_min_{vehicle.id}_
{road}")

self .model.addConstr(vehicle.al <= self.amax, name=f"al_max_{vehicle.id}_{
roadl}")

self .model.addConstr(vehicle.a2 >= -self.dec_max, name=f"a2 _min_{vehicle.id}_
{roadl}")

self .model.addConstr(vehicle.a2 <= self.amax, name=f"a2_max_{vehicle.id}_{
roadl}")

#Gurobi constraint (for square)

car_t_diff_sqr = self.model.addVar(name=f"car_t_diff_sqr_{vehicle.id}_{roadl}"
)

car_ij_t2_sqr = self.model.addVar(name=f"car_ij_t2_sqr_{vehicle.id}_{roadl}")

# components of distance constraint

aal = vehicle.current_speed * (vehicle.tl - vehicle.start_time)
aa2 = 0.5 * vehicle.al * car_t_diff_sqr

aa3 = vehicle.v_star * (vehicle.t2 - vehicle.tl)

aa4 = vehicle.v_star * (vehicle.arrivaltime - vehicle.t2)

aab = 0.5 * vehicle.a2 * car_ij_t2_sqr

aa6 = aal + aa2 + aa3 + aa4 + aab

# Gurobi language for square

self.model.addConstr(
car_t_diff_sqr == (vehicle.tl - vehicle.start_time) * (vehicle.tl -

vehicle.start_time),

name=f"car_t_diff_sqr_constr_{vehicle.id}_{road}")

self .model.addConstr(car_ij_t2_sqr == (vehicle.arrivaltime - vehicle.t2) * (
vehicle.arrivaltime - vehicle.t2),

name=f"car_ij_t2_sqr_constr_{vehicle.id}_{road}")

# distance constraint
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self .model.addConstr(aa6 == 100, name=f"dynamic_constraint_{vehicle.id}_{road

")

#Collision Avoidance Constraint
for i in range(len(vehicles) - 1):

current_vehicle = vehicles[i]

next_vehicle = vehicles[i + 1]
current_v_position = current_vehicle.position
next_v_position = next_vehicle.position

if current_v_position >= current_vehicle.x_tO_t1:

current_v_next_t_position = current_vehicle.position -
current_vehicle.current_speed*0.5 - 0.5 * current_vehicle.al
*(0.5%%2)

elif current_vehicle.x_tO_t1l >= current_v_position > current_vehicle.

x_tl_t2:
current_v_next_t_position = current_vehicle.position -
current_vehicle.v_star
else:
current_v_next_t_position = current_vehicle.position -
current_vehicle.current_speed*0.5 - 0.5 * current_vehicle.a2
*(0.5%%2)

if next_v_position >= next_vehicle.x_tO_t1:
next_v_next_t_position = next_vehicle.position - next_vehicle.
current_speed*0.5 - 0.5 * next_vehicle.alx*(0.5%%2)

elif next_vehicle.x_tO_t1l >= next_v_position > next_vehicle.x_t1_t2:

next_v_next_t_position = next_vehicle.position - next_vehicle.v_star
else:
next_v_next_t_position = next_vehicle.position - next_vehicle.
current_speed*0.5 - 0.5 * next_vehicle.a2*(0.5%%2)
self .model.addConstr (next_v_next_t_position - current_v_next_t_position
>= 2)

self .model.update ()

def _set_objective(self,active_vehicles):
# Initialization
objective = 0

for road, vehicles in active_vehicles.items():
for vehicle in vehicles:

objective += vehicle.al * vehicle.al + vehicle.a2 * vehicle.a2

objective += (vehicle.v_star - self.vr) * (vehicle.v_star - self.vr)

self .model.setObjective (objective, GRB.MINIMIZE)

def _update_vehicle_parameters(self,active_vehicles):
if self .model.status == GRB.OPTIMAL:
print ("Optimization results:")
for road, vehicles in active_vehicles.items():
for vehicle in vehicles:
# update decision variable
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vehicle.al = vehicle.al.X
vehicle.a2 = vehicle.a2.X
vehicle.tl = vehicle.tl1l.X
vehicle.t2 = vehicle.t2.X
vehicle.v_star = vehicle.v_star.X
# print

print (£"Vehicle ID: {vehicle.id}, Approach: {roadl}")
print(f" al: {vehicle.al}, a2: {vehicle.a2}")
print (£" +t1: {vehicle.tl1}, t2: {vehicle.t2}")

print (f" v_star: {vehicle.v_star}\n , arrivaltime:{vehicle.arrivaltimel}"

)

else:

print ("Optimization was not successful. Parameters are not updated.")

def print_optimization_results(self,active_vehicles):
print ("Second Stage Optimization results:")
data = []
for road, vehicles in active_vehicles.items():
for vehicle in vehicles:
data.append(
{'Vehicle_ID': vehicle.id,
'Approach': road,
'Target _Exit': vehicle.destination,
'Tij': vehicle.arrival_time,
'starttime': vehicle.start_time,
'arrivaltime': vehicle.arrivaltime,
'v_0': vehicle.speed,
'al':vehicle.al,
'a2':vehicle.a2,
'tl':vehicle.tl,
't2':vehicle.t2,
'v_star':vehicle.v_star
}
)
df = pd.DataFrame(data)
df _cleaned = df.drop_duplicates()
print (df _cleaned)
# Append DataFrame to a CSV file

df _cleaned.to_csv('optimization_results_second_stage.csv', mode='a',

path.exists('optimization_results_second_stage.csv'),
index=False)

header=not os.




Examples of Trajectories of Controlled
Vehicles

The constraint (4.27) in the Second Phase Optimization guarantees that vehicles on the same leg will
not collide with each other. Consequently, as long as the optimization model yields feasible solutions,
collisions between vehicles are inherently avoided. Since plotting the trajectories of all vehicles in
the control model is not visually practical, we provide examples by randomly selecting 10 consecutive
vehicles from a randomly chosen leg. These examples serve as supporting evidence to demonstrate
the effectiveness and reliability of our optimization model.

Distance-Time (Trajectories) Plot

Vehicle 147
—— Vehicle 148
—— Vehicle 149
—— Vehicle 150
Vehicle 151
—— Vehicle 152
—— Vehicle 153
Vehicle 154
Vehicle 155
—— Vehicle 156

Entry-Line to the Roundabout

Boundary of the Control Zone

3180 3200 3220 3240 3260 3280 3300 3320
Time (seconds)

Figure B.1: Examples of controlled vehicles’ trajectories on leg 1 at an arrival rate of 200pcu/h.
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Distance-Time (Trajectories) Plot

Entry-Line to the Roundabout |

Boundary of the Control Zone

1660 1680 1700 1720 1740 1760
Time (seconds)

Figure B.2: Examples of controlled vehicles’ trajectories on leg 2 at an arrival rate of 400pcu/h.

Distance-Time (Trajectories) Plot
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Figure B.3: Examples of controlled vehicles’ trajectories on leg 3 at an arrival rate of 600pcu/h.
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Distance-Time (Trajectories) Plot

Entry-Line to the Roundabout |
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Figure B.4: Examples of controlled vehicles’ trajectories on leg 4 at an arrival rate of 800pcu/h.

Vehicle 331

—— Vehicle 332
—— Vehicle 333

Vehicle 334

—— Vehicle 335

Vehicle 336
Vehicle 337
Vehicle 338
Vehicle 339
Vehicle 340



	Preface
	Abstract
	Nomenclature
	Introduction
	Background and Context
	Problem Statement
	Research Questions
	Scope of Research
	Main Results
	Significance of the Research
	Structure of the Thesis

	Literature Study
	Queueing Models Related to Roundabout
	Comfortable Driving Acceleration/Deceleration
	Driving Behaviour and Related Parameters in Single-lane Roudabouts
	Microscopic Optimization Models in Single-lane Roundabouts for CAVs
	Headway Time Distribution and Parameter Estimations
	Exponential Headway
	M3 Headway
	Erlang-k Headway
	Lognormal Headway

	Model Selection Criterion

	Methodology
	Model Construction
	Single-lane Roundabout Microscopic Control Model
	Model Assumptions
	Range of Possible Individual Arrival Times
	First Phase Optimization
	Second Phase Optimization

	Queueing Model
	Moments of the Service Time
	Squared Coefficient of Variation of the Service Time
	Expected Number of Vehicles in the Approach
	Little's Law

	Parameter Values

	Headway Time Data Analysis
	Data Sources
	Distributions of the Circulating Stream Headway Time
	Histograms and Descriptive Statistics
	Maximum Likelihood Estimators
	Goodness of Fit Test


	Model Evaluation
	Evaluating the Correctness of the Expected Sojourn Time from the M/G/1/k Queueing Model
	Comparison between Controlled Sojourn Time and Uncontrolled (Vissim) Sojourn Time
	Comparing the Average Traveling Time from the Optimization Model to the One from the M/G/1/k Queueing Model
	Pressure Test
	Comparison


	Discussions
	Achievements
	Limitations
	Future Research Direction

	References
	Codes for Microscopic Control Model
	Examples of Trajectories of Controlled Vehicles 

