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Abstract

Almost every tissue in the human body is curved in a certain way. Examples are the extracellular matrix
of different tissues such as trabecular bone, different acini and blood vessels. As such, the ability to create
complex curved structures is crucial in the development of biomimetic biomaterials that could be used, for
example, for tissue regeneration purposes. Currently, most of these different curved substrates and porous
materials are fabricated with 3D-printing techniques. These techniques, however, have limitations. The
3D-printed structures, for example, have limited resolution and the production process is not compatible
with planar functionality-inducing processes. A solution for these problems could be the concept of shape-
shifting. Shape-shifting is the process through which an object transforms itself into a different shape under
the influence of an external stimulus, such as temperature or light. A special interest goes to shape-shifting
of initially flat materials (2D) into different complex 3D structures. This method has as main advantage that
planar printing, patterning or other 2D processing techniques can be used on the planar (non-shape-shifted)
state. In this research, the most important principles of shape-shifting of curved hyperbolic surfaces are ex-
plored. With this technique, the benefits of both hyperbolic surfaces and shape-shifting can be combined and
exploited. A new way of hyperbolic shape-shifting is introduced. This is done by using a passive rigid frame
and an active shape memory polymer (SMP). The passive material determines how and where the structure
will fold, while the active SMP generates the force in order to fold and forms a curved (hyperbolic) surface
spanned between the frame. A simple square patch design consisting of four rigid beams and an SMP was
used as the basis of this research. When activated, this patch forms a saddle shaped (hyperbolic) surface.
The design, activation and materials of the patch were changed and manipulated in different ways in order
to perform a parametric study and to analyse different important aspects of the process. In order to quantify
and assess the quality of the different patches and the effects of the manipulations, different test set-ups were
made and the most valuable output parameters were chosen. Lastly, a finite element model of the principle
was developed in order to further analyse the concept.

It has been demonstrated that different changes in the design of the patch have a significant effect on the
shape-shifting process. Hinges can manipulate how the patch folds and to what extent. In general, the fol-
lowing correlation is found: the further the patch folds and thus the more hyperbolic the shape-shifted patch
becomes, the further the surface deviates from a minimal surface (surface with zero mean curvature). An-
other important design parameter is the thickness, and thus stiffness, of the frame. An equilibrium between
the stiffness/thickness of the frame and the shrink force of the sheet has been demonstrated. In order to clar-
ify this principle, a dimensionless parameter is formulated that permits a quantification of this relationship.
Other trade-offs such as the aspect ratio between the corners of the frame, the size of the patch (scaling) and
the activation method have shown to be important design considerations for the shape-shifting of hyperbolic
surfaces. Furthermore, material choice for both the active SMP and the passive frame have shown to be of
great importance. Examples are the shrink percentage, shrink type and thickness of the active material and
the stiffness, temperature resistance and fabrication method of the passive frame material.

This research covers different aspects of the concept of hyperbolic shape-shifting with a passive frame and
a heat shrinkable polymer and substantiates its potential. The research, however, also introduces new prob-
lems and questions that have yet to be solved. New combinations of both the frame (design) and SMP’s
should be tested in order to evaluate if similar effects occur and if the assumptions made in this research
are correct. For future application, larger and more complicated curved structures should be shape-shifted,
by connecting multiple patches. It is likely that larger structures will behave differently compared to a sin-
gle patch and that different aspects such as frame mass and folding sequence will become more important.
Lastly, the scaling of the concept should be elaborated further as the concept of shape-shifting hyperbolic
surfaces has multiple applications in smaller scale (micro-scale) fields.
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1
Introduction

This thesis work introduces a new method for the shape-shifting of complex hyperbolic surfaces. This con-
cept has different interesting and relevant applications in the field of (bio)materials. In the introduction,
first the relevance of curvature in biomaterials will be explained and the shortcomings in the current fabrica-
tion methods will be introduced. Secondly, the proposed solution to these shortcomings will be introduced:
shape-shifting. Subsequently, the research objective with corresponding research questions is given. Lastly,
a general explanation and definition will be given for curvature and curved surfaces, with a focus on minimal
surfaces.

1.1. Porous and curved biomaterials
Research has shown that cells react to various physical cues in their surroundings. Different cellular pro-
cesses such as tissue growth, cell differentiation and cell migration can be influenced and directed by these
cues. Examples are the stiffness of the cell’s surrounding, mechanical stretch and different geometrical cues
[19][53][10]. These physical cues can be exploited when designing different artificial scaffolds and porous
biomaterials. Curvature is known to be an important physical cue. It has been demonstrated in many stud-
ies that (hyperbolic) curved substrates can induce different cell reactions. This reaction of cells to curvature
is called curvotaxis [4][48][3][58][57][35]. Almost every tissue in the human body is curved in a certain way.
Examples are the extracellular matrix of different tissues such as trabecular bone, different acini and blood
vessels. As such, the ability to create complex curved structures is crucial in the development of biomimetic
biomaterials that could be used, for example, for tissue regeneration purposes [31][57]. A special interest goes
to the biomedical/biomaterial possibilities of minimal surfaces structures. These are hyperbolic surfaces with
a zero mean curvature, that locally minimize their surface energy. The definition of minimal surfaces is fur-
ther explained in section 1.5. This type of hyperbolic surfaces is of special interest as it is demonstrated in
previous research, that tissue growth is linked to surface tension [44]. Next to that, the extracellular matrix of
trabecular bone approaches zero mean curvature [30]. By mimicking the (zero mean) curvature of different
tissues or by exploiting other properties of minimal surfaces, they can be of great added value in the develop-
ment of biomaterials (for tissue regeneration) [60][32]. Triply periodic minimal surfaces (TPMS) are a special
type of minimal surfaces that show extra potential in the biomedical field. TPMS consist out of unit cells with
zero mean curvature, which are translational in three dimensions. Porous biomaterials based on TPMS do
not only have the benefit of having zero mean curvature, but also show excellent material properties such as
permeability and elastic moduli for the use of biomaterials [61].

Currently, most of these different curved substrates and porous materials are fabricated with 3D-printing
techniques. These techniques, however, have limitations. The 3D-printed structures have limited resolu-
tion and the production process is not compatible with planar functionality-inducing processes. Examples
of these functionality-inducing processes are planar printing and imprinting techniques. These techniques
could, for example, create (nano)patterns and structures on the surface of the material. These patterns
can, amongst other, improve the optical, osteogenic and antimicrobial properties of the designed surface
[6][20][22]. A solution for the fabrication problems of these structures could be the concept of shape-shifting
(i.e. 4D-printing) [29].

1



2 1. Introduction

1.2. Shape-shifting
Shape-shifting is the process through which an object transforms itself into a different shape under the in-
fluence of an external stimulus, such as temperature or light. This concept has multiple interesting applica-
tions and therefore emerges in different research fields. A special interest goes to shape-shifting of initially
flat materials (2D) into different complex 3D structures. This method has as main advantage that planar
printing, patterning or other 2D processing techniques can be used on the planar (non-shape-shifted) state.
Afterwards, the material can be triggered to shape-shift in its final 3D form. This makes it possible to create
complex 3D folded structures with an increased surface functionality, whereas this would not be possible if
the materials were directly fabricated in their 3D shaped final form [9]. Other benefits are the easy transport
and fabrication of flat materials as well as the fact that the flat material can initially be programmed to make
certain pre-described motions when triggered [42]. Examples of applications for of 2D-to-3D shape-shifting
are self folding furniture and architecture, grippers and robots, different sensors and electrical actuators and
again a wide range of applications in the biomedical field [55] [28][46][51][47]. It has been demonstrated
that cells and tissues react to different mechanical cues in their surroundings on both nano and microscale
[45]. These cues can easily be added to the biomaterials, trough 2D-to-3D shape-shifting. Next to that, the
curvature of the cell’s surroundings also plays an important role in cell behaviour as previously explained in
chapter 1.1 (curvotaxis). With the help of shape-shifting, these curved surroundings (curved biomaterials)
can be fabricated easier, compared to conventional methods. This will be further introduced in chapter 1.3.

1. heating 2. stress induced deformation

3. cooling under stress

4. stress removal

5. recover upon heating

next cycle

Figure 1.1: The complete cycle of programming and recovery of a shape-memory polymer (SMP) is shown. 1 First the material is heated
above its glass transition temperature. 2 An external stress is applied to the material, while the material is continuously heated. By doing
this, the material is deformed. 3 The material is cooled below its glass transition temperature, while the stress is still being applied. 4 The
stress is taken away and the material stays in its deformed shape. 5 When the material is heated again, it will return to its initial shape.
Important to notice is that in order to start the cycle again a new external stress has to be applied. Only changing the temperature would
not be sufficient and this is why the process is irreversible [59]

.

There are different ways to create 2D-to-3D shape-shifting components. In all cases an active material
is needed, that can be triggered by a certain external stimulus. In this work, we will focus on a special type
of active materials used for shape-shifting: shape-memory polymers (SMP’s). SMP’s are polymers that can
store their initial shape and recover it, by applying a heat stimulus. The polymer in its initial shape is first
heated above its glass transition temperature. By doing this, the polymer comes in its rubbery state and can
be deformed easily. This deformation is achieved by applying an external stress to the material. Subsequently,
the deformed material is cooled down, while the stress is still being applied. Now the material is back in its
glassy state and it will maintain its deformed state even when the stress is taken away. This complete pro-
cess is called the programming of the material. When the polymer is heated again above its glass transition
temperature, it will shrink back to its initial shape. This is called the recovery phase of the SMP [62] [59]. A
visualisation of the complete cycle is given in figure 1.1.

It is also important to take the different ways of programming into consideration and how this influences the
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behaviour of different SMP’s. In most cases the SMP’s are strained in one direction during their program-
ming. This means that the material will only shrink unidirectionally when activated. For some applications,
however, an isotropic SMP is more suitable. These materials are strained evenly in all directions during their
programming. This process is more difficult, but can be used for more complex applications. Lastly, there are
also materials that are strained in different directions, but not isotropically. This will result in an anisotropic
shrinking process. Different studies have shown that these differences can have a significant effect on how
the shape-shifting material will behave [17] [42] [63].

SMP’s have the great advantage that they have excellent mechanical properties, when used below their glass
transition temperature. Next to that, there are different bio-compatible and biodegradable SMP’s, which
make them of special interest in the field of (bio)materials [36] [56]. A downside is that the process of shape-
memory polymers is irreversible, without applying a new external stress to the material. This makes it not
suitable for certain shape-shifting applications [42]. On the other hand, in multiple applications, it is not de-
sirable that the design changes again after activation. So this property could also be seen as an advantage in
order to make mechanically strong and robust shape-shifted materials.

In 2D-to-3D shape-shifting, the material should deform out of plane, or in other words, there should be an
out of plane movement in order to create a 3D shape. This can only be achieved if there are differences in the
the shrink ratio of the material of the initial 2D design. If the complete 2D design would have the same shrink
rate, it would of course stay a 2D object and only become smaller when heated. There are multiple methods
to achieve this out of plane deformation using SMP’s. In order to give a clear overview, we have divided these
methods into four main types:

1. The first method makes use of selective or local heating of one single material. With this method, cer-
tain parts of the same material are activated and shrink, while the rest of the material does not shrink
(or to a lesser extent). This can, for example, be achieved by colouring certain parts of the material
black and subsequently heating the material with an IR lamp [38]. The major benefit of this method is
the simplicity of most of the designs and the fact that it can be used on one single material.

2. The second method also uses one single material, but here certain parts of the material itself are ma-
nipulated. The material is, for example, pre-strained in certain regions during its production process.
When the complete design is heated, these pre-strained regions will shrink faster. This creates the de-
sired out of plane motion [41]. Fabrication with this method is in general more complex compared to
the previous method. However, more complex shapes can be accomplished.

The desired out of plane motion can also be created by the use of two or multiple materials, that all have
different shrink rates. One material (or a group of materials) can be seen as active and the other material
(or group of materials) can be considered passive. In general the active shape-memory polymer generates
the force in order to create the deformation and movement, while the passive material determines how and
where the design is going to fold. There is a clear distinction between two groups, listed as shape-shifting
methods 3 and 4 here below:

3. In the first group the passive material forms the largest and most important part of the design, when
shape-shifted. Planar sheets of (semi) rigid materials are triggered to fold in a certain way by the at-
tached SMP. Benefit of this method is its robust folding. However, it is very difficult to create curved
designs as in most cases the planar sheets are only rotated and translated around each other and not
curved.

4. In the second group the active SMP forms the largest and most important part of the shape-shifted
material. Here, the passive material is in general a certain frame or a combination of rigid beams. When
activated, the active material spans itself between this frame. This does not only create the desired out
of plane motion, but also a curved (hyperbolic) surface spanned between the frame. This is exactly what
makes this last method so interesting. With relatively simple 2D designs, complex and highly curved
3D objects can be created. As Callens et al. explained in their paper, you can not create intrinsically
curved substrates from flat sheets, if the material is not expanded or shrunk in a certain way [8]. Using
the last method this difficult problem is resolved.

An overview with examples of the four different methods is given in table 1.1, together with their main advan-
tages and disadvantages.
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Table 1.1: The four different methods in order to create out of plane deformation during shape-shifting from 2D-to-3D are presented
with their corresponding (dis)advantages. For each method examples are given. a: A pre-strained SMP is activated locally, by colouring
certain areas black and activating them with an IR-lamp. As proof of concept a square box is folded [38]. b: Here graphene ink is used
in combination with microwaves. The microwaves heat and activate the parts coloured with graphene ink [17]. c: Polymer chains are
bundled and aligned in different directions. When triggered these differences will create an out of plane deformation. In this example the
bundles are aligned radial, creating a concave shape [25]. d: With the use of simple 3D-printing techniques and different printing char-
acteristics, the printed material can be manipulated. By smart use of this concept certain shape-shifting sequences can programmed.
Here two complex shapes (a leaf and tulip) are folded using this method [41]. e: Shape-shifting is accomplished by planar rigid sheets
combined with active SMP at the creases [16]. f: Again shape-shifting is accomplished with the use of planar rigid sheets and active SMP
at the creases. In this example a shape-shifting cubic and icosahedron box are created [52]. g: A bilayer sample consisting of an active
and a passive material is shown. This results in a convex shape when activated, due to the strain differences. In the table, curvature is
given as a parameter of the strain difference and different dimensions [42][1] h: Shape-shifting with an active pre-strained SMP sheet
constrained by a rigid frame. In this case, the initial frame is a square created by four rigid beams. When activated, it results in a saddle
shaped sample [16].

+ Single material

+ Simple fabrication

+ Dis tinct hinge

- Limited curvature

- Di fficult initiation

- Di fficult for complex and 

larger/repeating structures

- Imperfection sensitive

- Soft materials only

+ Single material

+ Complex small shapes

+ Uni form initiation

- Limited curvature

- Di fficult for larger/repeating 

s tructures

- Complex fabrication 

- Soft materials only

+ Robust folding 

+ Uni form initiation

+ Rigid structures

- Highly l imited curvature

- Di fficult for complex s tructures 

and (3D) larger/repeating 

s tructures

- Complex fabrication

+ Complex curvature possible

+ Repeating/larger s tructures

+ Uni form initiation

+ Rigid structures

- Imperfection sensitive

1. One material local/selective activation

2. One material locally manipulated

3. Two or multiple materials, with passive material as main surface  

4. Two or multiple materials, with active material as main surface  

b

e

a

h

f

g

d

c

1.3. Shape shifting of hyperbolic structures
Until now, complex hyperbolic surfaces and especially triply periodic minimal surfaces (TPMS) are fabricated
with 3D-printing. As discussed earlier, this entails the downside that the surface cannot be manipulated by
planar printing, patterning or other 2D processing techniques. By directly shape-shifting the desired hy-
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perbolic surface from an initially flat 2D configuration, this limitation is avoided. This way, the benefits of
both curved (hyperbolic) surfaces and shape-shifting can be combined and exploited. The earlier introduced
shape-shifting method 4 is most beneficial when shape-shifting these structures. With relatively simple 2D
designs, complex and highly curved 3D objects can be created. The other methods can not create highly
curved surfaces, need complex material programming in order to do so or are only compatible with relatively
soft materials.

The idea of shape-shifting hyperbolic surfaces with this method is relatively new and hardly researched. One
concept of it is introduced by Callens et al [9]. In their paper they describe a way to fold TPMS structures
with the help of a pre-strained elastomer and a rigid frame. A TPMS can be divided into repeating unit cell’s,
which can be seen as the basic ’building block’ of TPMS. Callens et al. show in their paper that these unit
cells subsequently can be divided into relatively simple self folding patches, that can be formed trough 2D-
to-3D shape-shifting. An example of the folding patches and unit cells for a Schwarz P TPMS is given in figure
1.2a. By combining and attaching these patches to each other in certain sequences, unit cells and - in the
end - complete TPMS materials can be folded from an initially flat 2D material. In their paper, Callens et
al. mainly focus on the concept itself and only introduces a small proof of concept, with a rigid frame and a
pre-strained elastomer. The idea is not proven to work for SMP’s, altough SMP’s show great benefits over sim-
ple pre-strained elastomers. They especially have better mechanical properties and in addition, they can be
made bio-compatible and biodegradable [36] [56]. Cui et al. introduced a so called ’minimal surface gadget’
in their paper [16]. Here they show that an initial square patch consisting of four rigid beams in combina-
tion with a pre-strained SMP, forms a (minimal surface) saddle when activated (see figure 1.2b). The concept
is introduced, but further research and elaboration is still missing. In our research, we want to take a step
back and analyse the basic concept of shape-shifting of hyperbolic surfaces with a simple rigid frame and
an SMP. As a basis, the simple square patch design with four rigid beams is chosen. This design is changed
and manipulated in different ways in order to find relevant and important information about the concept.
The idea is that this fundamental research can make a start in the development of shape-shifting of hyper-
bolic surfaces with SMP. Subsequently, this research can contribute to the shape-shifting of more complex
curved (minimal) surfaces and intrinsically curved designs, such as the folding of complex TPMS materials.
The great benefit of using a rigid frame in combination with an active SMP, is that the frame can be used as a
guide that determines how and where the design is going to fold, while the active material is used to activate
the shape-shifting and subsequently spans itself between the rigid frame, creating a curved surface.

a

b

Figure 1.2: a: On the left, the folding from 2D-to-3D of a single patch is shown. The middle image shows a unit cell of the TPMS in green.
In yellow a folded single patch is shown, multiple folded patches can form a unit cell, when they are correctly connected. Subsequently,
when even more patches are connected, larger TPMS structures can be created as shown on the right. Important to notice is that these
patches are connected in their initial 2D flat state and are afterwards shape-shifted into the desired TPMS. This particular example is for
a Schwarz P TPMS, but the idea is also applicable for different other TPMS structures. [9]. b: Shows the folding of the so called ’minimal
surface gadget’ introduced in the paper of Cui et al [16]. A square frame consisting of four rigid beams is glued on a sheet of pre-stretched
SMP. When activated this combination forms a saddle shape.
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1.4. Research objective
In this research, we want to discover the basic and most important principles of shape-shifting of hyperbolic
surfaces. As discussed before, the use of a passive rigid frame and an active SMP is best suited for this appli-
cation of shape-shifting. We have chosen a basic design of a square patch with four rigid beams as the basis
of this research. When activated, this patch will form a saddle shaped surface. The design and materials used
will be changed and manipulated in different ways in order to preform a parametric study and to test the
effects of different input parameters. This will be further explained and elaborated in chapter 2. Examples
include changes in the materials of both the rigid beams and the SMP, different designs of hinges between
the four beams and changes in the patch size. In order to quantify and assess the quality of the patch and
the effects of the manipulations, different test set-ups will have to be made and the most valuable output
parameters will need to be chosen. Lastly, a finite element model will be made in order to further investigate
the concept. The scope and main focus of this thesis can be summarized with the research objective shown
below. Subsequently, this objective is divided into five main research questions. They are each introduced
and briefly explained below.

"The purpose of this research is to explore the combination of rigid frame elements and heat shrink-
able polymer sheets as a basis for hyperbolic shape-shifting, by selecting suitable material combi-
nations, designing and manufacturing the structures, constructing test set-ups for the analysis of
these structures, and lastly by modelling the concept using finite element simulations."

1. What are the different ways hyperbolic shape-shifting with rigid frame can be designed and manufac-
tured, what are the advantages and disadvantages of these different designs? The basic design chosen can
be changed and adjusted in different ways. All these different design solutions will have effects on the final
shape-shifted patch. Also, consideration needs to be given to how this design can be manufactured, what
the most convenient production process is and even whether it is possible at all to manufacture the chosen
designs. Next to that, the activation method is an important parameter in the process. The SMP has to be
activated with the application of heat, which can be done in different ways.

2. What are suitable materials to be used in hyperbolic shape-shifting for both the frame and sheet? As
explained earlier, differences in the chosen SMP can have major effects on the design. Will an anisotropic
SMP, for example, have a different effect compared to an isotropic SMP? Also differences in the passive rigid
material can be tested. Lastly, the choice of materials is also related to the design, manufacturing process and
activation method.

3. How can the quality of the self-folding methods be experimentally quantified, taking into account differ-
ent important aspects of the shape-shifted hyperbolic surfaces? The quality of the patch has to be assessed.
Is it for example even possible to create hyperbolic surfaces with this methods and how close can the special
case of hyperbolic surfaces with zero mean curvature (minimal surfaces) be approached? Decisions have to
be made on how to measure and quantify this. Next to that, other important aspects and parameters have to
be found in order to quantify the complete process.

4. How can the basic patch design be modelled and is it possible to subsequently analyse the shape-shifting
process with this model? This model could be used to do different parametric studies on the basic design,
without the need of creating ’real life’ patches. Next to that, different insight in the concept can be given with
for example a stress analysis.

5. What are the difficulties and important key factors when scaling the concept? The concept of shape-
shifting hyperbolic surfaces has multiple applications in the smaller scale (micro-scale) fields. Production of
the patches on this scale is not yet possible, mainly because of fabrication difficulties. It is, however, of clear
added value to already assess important factors that will play a role, when scaling the concept.
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1.5. Background: Curvature & minimal surfaces
Basic knowledge of curvature is needed in order to understand different aspects of this thesis. Curvature is an
ambiguous concept and a small introduction will be given for a basic understanding of the definition of cur-
vature. Subsequently, a special interesting group of curved surfaces, minimal surfaces, is further explained.
For a more elaborate explanation of curvature, we advise you to read the paper of Callens et al. [8].

1.5.1. Curvature
There are two important measures to define surface curvature on a certain point: Gaussian curvature (K ) and
mean curvature (H). Their equations are stated below (1.1 and 1.2).

K = k1.k2 (1.1)

H = 1

2
(k1 +k2) (1.2)

The k1 and k2 used in both formulas are called the principal curvatures of the surface at a certain point. This
is the minimum and the maximum value of normal curvature of a chosen point in the surface. The concept of
principal curvatures is most easily explained with the help of the normal vector perpendicular to the surface.
Trough this normal vector, multiple normal planes can be plotted. The easiest way to do this, is to choose
a normal plane randomly as a starting point and subsequently to rotate the plane around the normal vector
with a certain step size. Each normal plane has an intersection with the surface and this intersection can
be seen as a curve with a certain ’normal’ curvature. The maximum and the minimum curvature of all the
different curves intersecting the different normal planes, are the principal curvatures. This idea is clearly
visualized in figure 1.3. A flat surface for example has two principal directions of zero, so both the mean and
the Gaussian curvature will be zero. A cylinder on the other hand has one principle direction that is zero and
one principle direction that is positive or negative, depending on whether you take your reference point inside
or outside the cylinder. This means that a cylinder has a negative or positive mean curvature, but a Gaussian
curvature that equals zero. This is explained by the fact that the Gaussian curvature is the multiplication
of the two principal directions. A saddle/hyperbolic surface is a surface with a negative Gaussian curvature
as both principal curvatures are of opposite sign. With these two definitions, every curved surface can be
defined.

𝜅1 = 1/𝑟1

𝑟1

Κ
1

0

−1
𝜅2 = 1/𝑟2

𝑟2

Figure 1.3: This figure visualizes the concept of the maximum and minimum principal curvature for a certain point on a curved surface
(k1 and k2). On the left the chosen point is shown and subsequently the two normal planes trough this point containing the maximum
and minimum ’normal’ curvature are visualized in black. Of course there are more normal planes for this point, but we are only interested
in the two that contain the principal directions. The intersection of each normal plain and the surface is a curve, from this curve the
curvature can be calculated as shown. The maximum and minimum value of all the different curves intersecting the different normal
planes, are the principal curvatures [8].

1.5.2. Minimal surfaces
The concept of minimal surfaces was first described by Lagrange in the 18th century. However, at that time
this discovery was mainly out of mathematical interest. The last decades, the concept of minimal surfaces
regained attention. It shows high potential in different new (metamaterial) fields of study. In our study, a
special interest goes to the biomedical/biomaterial possibilities of minimal surfaces as explained earlier. The
easiest way to define a minimal surface is by its surface curvature. Minimal surfaces can be seen as a special
type of hyperbolic surfaces and have a constant zero mean curvature throughout the surface. In other words,
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they are surfaces with two equal principal curvatures, but of opposite sign. Flat surfaces are officially also
minimal surfaces, because both their principal directions are zero. Such flat minimal surfaces will, however,
be disregarded in this research. The Gaussian curvature of minimal surfaces can change continuously, but
is zero or of negative sign. Minimal surfaces are surfaces that minimize their overall surface energy within a
certain bounded configuration. In order to do this, they create the smallest possible surface area between the
bounded configuration [18]. Due to their surface area minimization, these minimal surfaces have zero mean
curvature. This can be derived from the Young-Laplace equation 1.3 [34]. This equation states that the pres-
sure difference (∆p) on a liquid film is proportional to the mean curvature(H), multiplied with the surface
tension (σ) times two. As the surface tension and pressure difference is equal over the complete surface in
case of a minimal surface, the mean curvature has to be zero. Simple examples of minimal surfaces are soap
bubbles and soap films spanned between a frame, as shown in figure 1.4 [24].

∆p = 2σH (1.3)

Figure 1.4: Example of soap films forming minimal surfaces between different bounded configurations [24].



2
Materials & Methods

This chapter consists out of five main sections. First the basic patch design will be introduced and further
elaborated together with the chosen fabrication method, materials and activation method. This design forms
the basis of this research. In order to completely cover and test all aspects of the concept, this basic design
will be adjusted and manipulated in different ways. This results in different patches all of which are derived
from the basic design. In order to give a clear overview, these patch types are divided in three different groups.
These different groups will be introduced and subsequently for each group the different input parameters per
group will be discussed. These different parameters are summarized in a test matrix for each group, which
can be found in Appendix B. Subsequently, the different experimental set-ups will be explained for the activa-
tion of the different patch groups and for the verification of the chosen pre-strained shape-memory polymers
(SMP’s). Thereafter, the different chosen output parameters will be introduced and it will be explained how
these data are measured and generated. Lastly, the finite element model (FEM) of the concept will be ex-
plained.

Basic patch

Aluminium Discrete patch

Aluminium Continuous patch

3D-printed patch

Initiation: Hot air
Frame: Aluminium  
SMP: Isotropic sheet

Initiation: Hot air
Frame: Aluminium 
SMP: Isotropic sheet

Uni-directional foil
Bi-directional foil 
Isotropic foil 

Initiation: Hot water 
Frame: Polycarbonate
SMP:

Parameters:
• Hinges
• Foil type

Parameters:
• Orientation
• Corner aspect ratio
• Temperature/time
• Beam thickness
• Scaling

Parameters:
• Frame stiffness

Figure 2.1: The basis of our design is called the basic patch and is introduced in section 2.1. From this patch three different groups can
be derived, each with their own characteristics. For each of the three different groups, multiple different aspects (input parameters) of
the concept can be investigated.

2.1. The basic patch
The concept of shape-shifting with a rigid frame and a thermally-activated SMP can of course be carried out
in many different forms. First a study was done to consider and analyse the different possibilities and choices.

9
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An overview of the different ideas has been added to the appendix A. We chose to use a square design based
on the research of Cui et al. as the basis of our research [16]. This design is chosen due to its simplicity,
making it suitable for parametric testing of the concept. Three different groups can be derived from this basic
design, each testing their own aspects (input parameters) of the concept. An overview is given in figure 2.1.
In this section the basic design will be introduced, together with the chosen materials, fabrication methods
and activation methods.

2.1.1. Basic patch design
Our basic patch consists out of four rigid beams with an outer length of each 45 mm. The section area of the
beams will be 3 mm width and 2 mm thick. These four beams will be placed in a square and will be attached
to a pre-strained SMP sheet with an area corresponding to the outer area of this square. At both ends the
beams are cut diagonally at an angle of 45°. This is the reason that the outer length of the beams is 45 mm,
but the inner length is 39 mm. Due to these corners it is possible to correctly fit the four beams into one
single square. In the basic design, the distance between the beams in the corners is taken at 1 mm. At these
locations the beams can rotate around each other, when the patch is activated. This means that in the basic
design, the corners are only restricted by the SMP of 1 mm between the beams as the four beams itself are not
connected. It is important to note that the ’active’ area of the SMP or in other words the area that will form
the curved surface when activated, is smaller compared to the complete area of the SMP. This is due to the
fact that part of the SMP is attached (glued) to the frame and can therefore not be part of the curved substrate
when activated. The complete design of the basic patch is shown in figure 2.2.

Rigid beams Pre-stressed SMP Complete patch

Corner

Top view single beam Side view single beam

Active area SMP sheet
46.41 mm

4
6

.4
1

 m
m

45 mm

4
5

 m
m

3
9

m
m

39 mm

45 mm 45 mm

39 mm 39 mm

3
 m

m

2
m

m

Figure 2.2: The design and dimensions of the basic patch. On the the top left, the four beams are shown in their correct configuration. In
the upper middle the pre-strained SMP sheet is shown. On the top right, the assembled combination of rigid beams and SMP is shown.
In blue the so called ’active’ area of the SMP sheet is marked. At the bottom of the figure, a close-up of the corner design is given and the
design of a single beam is shown in different perspectives.

2.1.2. SMP materials
Different types of pre-strained thermally-activated SMP’s were used. The first distinction can be made be-
tween foils and sheets. foils are thinner materials that have the advantage that their activation temperature
is relatively low. Next to that, they do not completely harden after the shrink process. This means that the
material has to be spanned between a frame in order to create a rigid patch. The foil itself will not create any
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rigidity. The thicker sheet material on the other hand will harden when fully shrunk and thus can itself take
care of the stiffness of the patch. However, these sheet materials typically need a higher activation tempera-
ture. The second important distinction between SMP’s is their shrink type. They can be divided in isotropic
shrink material that uniformly shrinks the same extent in all directions, an uneven bidirectional shrink ma-
terial that shrinks in both directions but to a different extent and lastly a unidirectional material that only
shrinks in one direction. These different types of SMP will have different effects on the shape-shifting pro-
cess. An overview of the final different pre-strained SMP’s used is given in table 2.1.

Table 2.1: The four different pre-stressed SMP materials used in this research. A clear distinction can be made between foils and sheets
and between the different shrink types. Further information about the activation methods and temperatures will be given in the section
2.1.4. The ideal activation temperature is the temperature recommended by the manufacturer.

Name used Type Shrink type Company Material Thickness Ideal activation temp (°C) Activation method Activation temp (°C)
Unidirectional foil foil unidirectional Eshuis PET 45 µm +/- 90 Boiling water 100
Uneven bidirectional foil foil bidirectional Magicwater PVC 25 µm +/- 135 Boiling water 100
Isotropic foil foil isotropic Balore PE 19 µm 90-150 Boiling water 100
Isotropic sheet sheet isotropic Shrinkme PS +/- 0.2 mm 170 Oven 170

2.1.3. Frame materials and fabrication
The choice of frame material depends on the pre-strained SMP they are combined with. The frame material
has to be able to resist the activation temperature of the SMP’s and also provide enough stiffness to act as a
rigid frame. The decision has been made to use two different materials and fabrication methods for the frame.
The isotropic sheets have a higher activation temperature and therefore aluminium is used for the frame. This
frame is cut from an aluminium sheet with the help of a laser cutter. The foils have a lower activation temper-
ature and a different fabrication method for the frame can be used for the frame. They will be 3D-printed with
the help of an ultimaker 2+. With this ultimaker, the design can be changed more precisely and accurately.
Compliant hinges can, for example, be added to the design, where this is not possible with aluminium and a
laser cutter. After testing different materials compatible with an ultimaker, polycarbonate(PC) is chosen as a
material for printed frames. This is because of its relatively high glass transition temperature and its elastic
modulus around 2000 MPa [54]. This elastic modulus makes it suitable for printing compliant hinges. An
overview of both materials is shown in table 2.2.

Table 2.2: The two chosen frame materials are shown. The aluminium frame is laser-cut and can resist high activation temperatures.
The Polycarbonate (PC) frame is printed with an ultimaker 2+ and has a relatively low glass transition temperature [54].

Material Fabrication E modulus (MPa) Glass transition temperature (°C) Key characteristics

Aluminium Laser cutter 69000 -
- High elastic modulus and melting point
- Compatable with sheet SMP material

Polycarbonate (PC) Ultimaker 2+ 2134 112

- Lower elastic modulus
- Relatively high glass transition temperature
- Not compatible with sheet SMP material
- Possibility of more complex designs

2.1.4. Activation methods
In every design process, fabrication, material choice and design choice are inextricably linked to each other.
In our design, however, it is important to note that not only the classic three aspects of fabrication, material
and design play a role. The activation method, or in other words the way the shape-shifting is triggered, is a
fourth aspect that influences the other three. This is visualized in figure 2.3a. In our case, this activation is
heat, but this can of course be applied in multiple different ways. An overview of the different tested possi-
bilities is shown in the appendix in figure A.3. In our case we have chosen to activate the two material types
(sheet and foil) in different ways. The foil materials will be activated by immersing the patch in boiling water.
Because the foils are very thin, other activation methods will not uniformly heat the material resulting in an
unequal shrinkage of the foil. For the thicker sheet material, activation with hot air in an oven was chosen.
Submerging the sheet material in boiling water would not satisfy as the activation temperature of the sheet is
higher than 100 °C. Because of the thickness of the sheet, the non-uniform heating does not occur when heat-
ing it with hot air. For now, these two methods are the most useful as the patches can be heated uniformly. In
the future, however, larger structures will be created by different patches attached to each other. In that case
it would be useful to heat some patches earlier than others, this concept is called sequential folding. In case
of sequential folding method other than hot air and boiling water, would be more beneficial. Both chosen
activation methods are shown in figure 2.3b and 2.3c.
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Basis
patch

Design

Material

Activation 

Fabrication

+ Uniform heating (sheet only)
+ Higher temp possible
- Non uniform heating foil
- No sequential folding

a

+ Uniform heating
- Max  temp 100 °C
- No sequential folding

Hot air (oven)Hot water

b c

Figure 2.3: a: As in most design projects, design, fabrication and material choice are inextricably linked. There is however a fourth
important marker in our design process that influences the others, which is the chosen activation method. b: The first chosen activation
method and its main (dis)advantages. This method will be used for the activation of the foil SMP’s. c: The second chosen activation
method and its main (dis)advantages. This method will be used for the activation of the sheet SMP’s.

2.1.5. Assembly
All frames are glued on the pre-strained SMP’s. For the thicker isotropic sheet, a basic cyanoacrylic adhesive
is used (Bison Super Glue liquid CONTROL 3g). The thinner foils however were not compatible with this
adhesive and a special two component adhesive of Aliphatic amine and cyanoacrylic for plastics was used
(Loctite SuperGlue-3 All Plastics). The frames are first glued on to the pre-strained SMP’s and subsequently
cut out. Every patch is glued in the same rectangular orientation on to the sheet and the four corners are
numbered in the same way. This is necessary to keep the experiments consistent and to be able to read out
the results easily. An example of an assembled patch is given in figure 2.4.

Figure 2.4: This figure shows an example of three patches after their assembly. In this example, an aluminium frame is used in combina-
tion with an isotropic SMP sheet. The number in the middle is used to label the different patches.

2.2. Patch groups
As earlier introduced, three different groups can be derived from the basic patch. With each group, different
aspects (input parameters) of the concept can be tested. In this section each patch group will be introduced
and their different input parameters will be described. A complete overview (test matrix) of the input parame-
ters for every patch group is added in appendix B. A main distinction is made between the thicker SMP sheets
in combination with the aluminium frame and the thinner SMP foils in combination with the 3D-printed
Polycarbonate (PC) frame.



2.2. Patch groups 13

2.2.1. 3D-printed patch
For the 3D-printed PC patch all three types of foil are used. The activation method for this group is to sub-
merge the patches in water. The focus of the printed patch is on testing different hinge designs. In addition,
this patch is also used for testing the effect of different foil shrink types. Important to note is that apart from
the changing parameters, everything else is kept constant (ceteris paribus). The test matrix for this patch
group is added in appendix B.1.

Hinges
As previously shown, the four corners of the basic patch design are only restricted by the small area of SMP
sheet between the adjacent beams. During activation the polymer is heated and becomes weak and due to its
relatively big area, these corners without hinges will have a low stiffness. In order to see the effect of hinges
and to be able to influence the way the patch folds, different hinges have to be added to the design. We have
chosen to use simple compliant hinges of the same material as the rigid beams (PC). These hinges are rela-
tively simple and easy to fabricate. An overview of the various hinge options considered has been added to
appendix A. Three different compliant hinges were used in our design taking into account that they must be
3D-printed. The first hinge can only rotate over a single axis and therefore has one degree of freedom. This
hinge and its so called axis of rotation are indicated in figure 2.5a. This hinge is called the ’slide hinge’ as it
can only slide in plane. The second hinge also rotates over a single axis and has one degree of freedom. This
hinge’s axis of rotation, however, is perpendicular compared to the ’slide hinge’ and can therefore bend out
of plane. This so called ’bend hinge’ is shown in figure 2.5b. The third hinge can rotate in any direction pos-
sible and subsequently has three degrees of freedom, This hinge is called the ’rotation hinge’ and is shown in
figure 2.5c. By making simple derivations of the equation for the hinges based on the Euler–Bernoulli beam
theory [7] [49], the bending stiffness of the hinges can be estimated. The equations are shown under their
corresponding hinge in figure 2.5. For the ’bend hinge’ and the ’slide hinge’ the stiffness around the bend-
ing axis is calculated. For the ’rotation hinge’ however the stiffness is taken as the average of the two main
perpendicular bending axes.

a b c
All rotation hingeSlide hinge Bend hinge

𝑘𝑏 =
2𝐸𝑏𝑡3

𝐿1 + 𝐿2
3𝑘𝑠 =

𝐸𝑡𝑏3

4𝐿3
𝑘𝑎 =

𝐸𝑏𝑡3 + 𝐸𝑡𝑏3

8𝐿3

Figure 2.5: The three single-material hinges that were selected. a: The ’slide hinge’ and its derived stiffness equation. b: The ’bend hinge’
and its derived stiffness equation. In blue the bending axis of both hinge types is shown. c: The ’rotation hinge’ and its derived stiffness
equation.

Once the hinge types were defined, three different 3D-printed frame designs were made. In order to
test the need for hinges, the first printed frame design has no hinges and is exactly the same as the basic
patch design. The second printed frame design uses two types of hinges: the slide hinge and bend hinge.
Important to note is that in this design, diagonally opposite hinges are always of the same type. With this
design, different stiffnesses will be used for both the bend and slide hinge pairs. An overview of the chosen
stiffnesses can be found in the test matrix for 3D-printed patches in appendix B.1. The combination of slide
and bend hinges in a single frame was used, because a frame with only bend hinges or only slide hinges
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would not fold properly. The last frame design has four all rotation type hinges with one stiffness. the three
final frame designs are shown in figure 2.6. For testing all these specific frame designs, only the isotropic foil
will be used.

a b c

‘No hinge’ ‘Slide-Bend’ ‘All rotation’

1 2

3 4

1 2

3 4

1 2

3 4

Figure 2.6: The three final frame designs with the different hinge types are shown. a: This design has no printed hinges and consists out
of four separate beams (NH frame). b: Here the slide hinge and bend hinge are combined in one design. Important to note is that the
opposite hinges are the same. Different stiffness for both hinges will be tested (S-B frame). c: This design has four all rotation hinges (AR
frame). For all three patches only the isotropic foil will be used.

Foil type
As a next step, the different foil types will be tested. An isotropic shrink foil that uniformly shrinks the same
extent in all directions, an uneven bidirectional shrink foil that shrinks in both directions but to a different
extent and lastly an unidirectional foil that only shrinks in one direction. These foil types, also listed in table
2.1, were applied on two types of printed frames: the ’no hinge’ design and the ’all rotation’ design. These
frame types were introduced earlier in figure 2.6.

2.2.2. Aluminium discrete patch

The aluminium discrete patch uses an aluminium frame in combination with the thick isotropic sheet. No
other SMP is used. In this patch group, the four rigid beams from the basic patch design are never connected.
Here too each time a single parameter is adjusted from the basic design, while everything else is kept con-
stant (ceteris paribus). An overview of the complete test matrix for the aluminium discrete patch is added in
appendix B.3.

Orientation
Normally, the patches are always orientated in the same way before activation, as will be explained later in
the experimental set-up. This is done to keep the tests as consistent as possible. Here however, this standard
orientation is changed in order to find out what effect this orientation has on shape-shifting. Next to the
normal orientation, a second orientation is chosen where the patch is turned around and where the frame
is thus located above the sheet. As a third orientation, the patch is aligned under a corner of 45°, instead of
perpendicular. The three different orientations are shown in figure 2.7.

Corner aspect ratio
The corner aspect ratio of the two opposite corners pairs is changed contrary to the basic patch design where
all unfolded corners make an angle of 90°. Three different corners ratio’s are chosen, namely 90°/90°, 70°/110°
and 45°/135°. An example of how the corner ratio is calculated is shown in figure 2.8. Important to note is
that diagonally opposite corners form a pair with the same angle in their unfolded configuration.
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Normal Reverse 450

ca b

Figure 2.7: The three different patch orientations. a: This is the normal orientation used in all other experiments as explained in section
2.3. b: In the second orientation the patch is turned around before activation. c: Here the patch is aligned under a corner of 45°, instead
of perpendicular.
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Figure 2.8: Example of the corner ratio. The angle of opposite corners are always equal. The corner ratio can be calculated by dividing
the angle of one corner pair by the angle of the other opposite corner pair.

Temperature and time effects
In all other tests with of the aluminium discrete patches, the activation temperature is 170 °C and the acti-
vation time is 60 seconds. This will be further elaborated in section 2.3. Here both the activation time and
activation temperature will be changed. By doing this, the robustness of the patch folding process, or in other
words the activation process, can be qualified. The different activation temperature and activation times are
summarized in table 2.3. For the lower temperatures in general a longer activation time is chosen, whereas
for higher temperatures this time is shorter.

Table 2.3: The different combinations of activation temperature and activation time used as input parameter.

Combination # activation temperature (°C) activation time (sec) Combination # activation temperature (°C) activation time (sec)
1 130 120 5 170 60
2 150 60 6 170 120
3 150 120 7 190 30
4 170 30 8 190 60

Beam thickness
Normally the thickness of the beam is 2 mm as shown in the basic design of the patch. Here this thickness
will be used as a parameter and changed. Next to the ’standard’ 2 mm, a beam thickness of 0.1, 0.3, 0.5, 1 and
4 mm is chosen. This parameter can expose two different aspects of the patch folding. The first one is the
effect of the weight of the beam, this weight is of course changed due to the different thicknesses. The second
aspect is the effect of the bending stiffness of the beam, which can be estimated based on the Euler–Bernoulli
beam theory. In order to do this, a simply supported beam with uniform load is chosen as approximation 2.1.
In this equation for the bending stiffness(Sbeam) E is the elastic modulus of the frame material, b the width
of the beam, t the thickness of the beam and L the length of the beam.

Sbeam = 32Ebt 3

5L3 (2.1)
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Scaling
The last changing parameter for the aluminium discrete patch is scale. The complete basic patch design is
scaled by a factor 0.44 and a factor 1.55. The thickness of the SMP however could not be scaled, because
a thinner isotropic sheet was not available. This means that only the area of the SMP is scaled and not the
volume. Next to this ’complete scaling’ the patch is also scaled in a different way. Again the scaling factors of
0.44 and 1.55 are used, but now only the length of the beams and the area of the patch are scaled. The cross
section of the beams remains equal to the basic patch design (2 mm x 3 mm).

2.2.3. Aluminium continuous patch
The aluminium continuous patch could be seen as a variation on the previous two patch groups and a vari-
ation on the basic patch design. Again an aluminium frame and the isotropic sheet SMP are used. However
where the previous two patch groups were based on rigid beams with or without hinges, this design consists
out of a ’continuous’ square frame with the same dimensions as the basic patch. This means that all four
beams form one frame that continues in the corners. For clarification, this continuous design is shown in
figure 2.9. The width, length and thickness of the frame are used as input parameters. Important to notice is
that the thickness is constant for each frame, but will be used as changing input parameter. The idea of this
frame is that it will not act rigid, but will deform together with the SMP to its final shape. This also means that
the complete patch can be seen as the active part. This in contrast to the basic patch design, where only the
SMP will form a curved shape.

Continuous frame Pre-stressed SMP Complete patch

Side view frame

Active area SMP sheet
𝐿𝑓

𝐿 𝑓

𝑤
𝑓

𝐿𝑠

𝐿
𝑠

𝐿𝑓

𝑡 𝑓

Figure 2.9: The design and dimensions of the continuous patch. On the the top left the complete frame is shown. In the upper middle
the pre-strained SMP sheet is shown. On the top right the assembled combination of the continuous frame and SMP sheet is shown. In
blue the active area of the patch is marked. At the bottom a side view of the frame is given. Frame thickness (t f ), frame width (w f ) and
Length L will all be used as input parameters. Note that the length of the frame (L f ) and the length of the sheet (L f ) are equal.

As previously explained, different combinations of the frame thickness, frame length an width will be used
as input parameters. When activated, a trade-off is expected between the force the sheet can generate and
the stiffness of the frame. In order to give a clear overview of this concept, the dimensionless parameter Cd

is composed. Its equation consists out of the stiffness of the frame based on the Euler-Bernoulli beam theory
divided by the elastic modulus and thickness of the sheet. In this equation t f ,w f and E f are respectively the
thickness, width and elastic modulus of the sheet. ts and Es are the thickness and elastic modulus of the SMP
sheet and L is the length of the frame and sheet. In this research both elastic moduli and the thickness for
the sheet are constants, as the same SMP is used for all continuous patches and all frames are made from
aluminium. For this sheet a thickness of 0.2 mm was taken and the elastic modulus of the sheet was based on
the research of Mailen et al [39] [40]. An overview of all different input combinations and their corresponding
Cd is shown in table 2.4. This table is also added to Appendix B.2.

Cd =
E f b f t 3

f

Es ts L3 (2.2)
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Table 2.4: An overview of all different input parameter combinations for the continuous aluminium patch and their corresponding Cd .
Cd is based on equation 2.2

Combination # Length (mm) Thickness frame (mm) Width frame (mm) Cd

1 45 0.5 3 7.95 ·10−4

2 60 0.5 4 4.48 ·10−4

3 80 0.5 5 2.36 ·10−4

4 100 0.5 6 1.45 ·10−4

5 45 0.1 3 6.37 ·10−6

2.3. Experimental set up
For our research, three different experimental set-ups were needed. One set-up for the printed patches, one
for both aluminium patch groups and one for the verification of the different pre-strained SMP’s. In this
section, every experimental set-up and the different steps taken during the experiments will be introduced.
The verification of the pre-strained material has not been previously introduced, but will be explained in this
section and is done to check how the four different SMP’s behave without a frame. Important to note is that
for every test i.e. for every set of different parameters, three samples were created. In other words, every test
consists out of three identical patches.

2.3.1. 3D-printed group
As previously explained, the printed patches with their corresponding foils are activated by hot water. For this
experiment a large bowl, a gripper and a normal kettle is used. The bowl has to be relatively large in order to
influence the activation process as little as possible. The experiment can be broken down into the following
three steps.

1. The patch is placed in the middle of the bowl in such a way that the frame is on the downside and the
foil on the upside.

2. Boiling water is poured into the bowl in a calm but smooth motion until the water level has a height of
70 mm. The patch has to stay submerged in the water for 60 seconds, while the activation process takes
place.

3. Subsequently, the patch is carefully removed from the water with a pair of pliers and laid on a flat and
dry surface. After the activation process, the patch is cooled in the open air for two minutes.

2.3.2. Both aluminium groups
The aluminium patch groups, both the discrete and the continuous patches, are activated in an oven by hot
air. The activation process for the aluminium discrete patch group and aluminium continuous patch group
is the same. For this experiment, a Nabertherm air circulation chamber oven and thin and flat aluminium
bowl are used. Here too the experiment can be broken down into the three steps shown below. Important to
note is that in the given example the standard perpendicular orientation, an activation temperature of 170 °C
and an activation time of 60 seconds are used. This is the case for most of the patches, unless these values are
changed as an input parameter as explained earlier.

1. The oven is pre-heated to 170 °C, when it reaches the desired temperature the aluminium bowl is placed
in the oven. This aluminium bowl also has to be pre-heated for 3 minutes before the next step.

2. The patch is placed in the middle of the bowl in a perpendicular orientation (aligned with the oven
walls) and with the frame on the downside and the isotropic sheet on the upside. The oven is closed
and the patch is heated for 60 seconds during which the activation process takes place.

3. The complete aluminium bowl with the patch on top is taken out of the oven and is cooled in the open
air for two minutes. When starting a new activation process, the aluminium bowl has to be pre-heated
again for 3 minutes.

2.3.3. Pre-strained SMP verification
In order to know how the four different SMP’s will behave when they are activated and not connected to
a frame, an SMP verification experiment is done. In this experiment, the different materials are cut into
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square sheet samples of 45 mm x 45 mm and are activated. Afterwards, the length of the horizontal and
vertical direction can be measured and the amount of shrinkage can be determined. The activation is done
at different temperatures starting from 30 °C until 210 °C with intermediate steps of 20 °C. The experiment is
done in a Nabertherm air circulation chamber oven for all four SMP’s. The experiment can be broken down
in the following five steps.

1. In the oven an aluminium framework with a height of 0.5 mm is placed. This is done in order to prevent
the SMP sample from coiling and bending during activation. This framework is shown in figure 2.10a.

2. The pre-strained material is cut in a square sample of 45 mm x 45 mm, an example is shown in figure
2.10b.

3. The oven with the framework is pre-heated to the desired temperature, for every SMP multiple temper-
atures are tested as previously explained.

4. The square sample is placed under the framework and the oven is closed. The sample will be heated
for 60 seconds.

5. The sample is taken out of the oven with a gripper and cooled in the open air on a flat surface for two
minutes. After finishing the activation process, the length of the vertical and horizontal directions can
be measured with the help of a caliper.

4
5

 m
m

b
45 mm

a

Figure 2.10: a: Drawing of the aluminium framework used in the SMP verification experiment. This framework prevents the SMP samples
from coiling and bending during the activation process. b: An example of a square 45 mm x 45 mm sample cut out of a pre-strained SMP.

2.4. Data generation and Measurement
After the patch activation, the effects of different parameters need to be measured. There is however no
protocol or previous research done that shows how to measure and quantify different important aspects of
curved shape-shifted patches. This is why all chosen ’output parameters’ and the process of data measure-
ment and generation will be explained in this section. In figure 2.11 an overview of the complete process
is given. This process is divided and explained in 5 different subsections. At the outset, it was not known
whether every output parameter would actually contain useful information as this kind of data measurement
was not performed before. The data generation process is equal for every patch group.

2.4.1. Basic measurements
These are the measurements that can be done without the interference of a computer and are relatively sim-
ple. The first one is the folded corner angle, where the corner angle between the adjacent beams is measured
after activation as shown in figure 2.12a. This is done for all four corners of the patch. Every corner of every
patch is numbered in the same way in order to keep the measurements consistent. The other two measure-
ments are qualitative. First, the patch is analysed with the naked eye and by observing its rigidity. Next to
that, a grid analysis is done. Before activation, a 10 mm x 10 mm grid is drawn on the SMP as shown in figure
2.12b. After activation, the shrinking behaviour (strain) of the SMP is mapped on the basis of this grid.
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Figure 2.11: Overview of the complete data generation and measurement process.

Diagonal of initial grid≈ 14.14 𝑚𝑚

a b

Figure 2.12: a: Example of measured folded corner angle of one corner of a patch after activation. b: 10 mm x 10 mm grid for grid analysis
drawn on the SMP.

2.4.2. Scanning and cleaning
The surface of the patch is scanned with a 3D scanner (SCAN in a BOX) and is then converted to a point cloud
with the help of the corresponding software program Idea. Because the SMP of many patches is transpar-
ent, which inhibits the scanning process, the folded patches are sprayed with metal paint before scanning.
Afterwards the point cloud is meshed in Idea and can be uploaded into Meshlab. This program is a mesh pro-
cessing and editing tool with various capabilities [13]. Irregularities on the edges of the scanned patch can be
removed as it is important that only the active area of the patch is used in further calculations. Afterwards the
patch is smoothed with a simple laplacian smoothing function. This function calculates the average position
of the vertex based on surrounding vertices [26]. This is done in order to smooth out small disturbances due
to the scanning process. Afterwards the area of the scanned patch can be calculated. The process of scanning
and cleaning/smoothing is shown in figure 2.15.
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2.4.3. Rotation, distance and global principal curvatures algorithm
The cleaned and smoothed point cloud can be exported and uploaded into Matlab. Here an algorithm is
written that rotates the point cloud into an upright position in order to perform its calculations correctly.
Subsequently, the saddle point of the point cloud is calculated by selecting the point which is lowest in direc-
tion of the upper opposite corner pair and highest in direction of the lower opposite corner pair. When this
saddle point is calculated, the algorithm calculates the length from this saddle to the corners of the patch.
This is done both in the horizontal projected plane and the vertical projected plane, called distance to saddle
and height to saddle. In order to get an overview on how the patch is curved on a large scale and to know
how the patch is folded into different directions, a 8 mm radius circular area of the patch is selected. This
radius can be seem as the neighbourhood over which the local curvature is calculated. The middle point of
the circular surface is the saddle point. Through this surface, the two principal curvatures(K1 and K2) can
be calculated. From now on these two principal curvatures will be called the global principal curvatures of
the patch in order to to avoid confusion with other output parameters introduced later. The term global is
chosen as the principal curvature are calculated over a relatively large area (radius of 8 mm). An example of
every step of the Matlab algorithm is shown in figure 2.13.

a b c

d e

f

Figure 2.13: Example of the patch processing steps in Matlab. a: Shows the initial point cloud imported from Meshlab. b: The patch is
rotated into an upright position and the saddle point of the patch is calculated. c: The height of the saddle point to the corners in the
vertical projected plane is calculated. d: The distance of the saddle point to the corners in the 2D horizontal plan is calculated. e: The
8 mm radius circle with the saddle as middle point is shown in red. f: The two global principal curvatures plotted trough this circular
surface are shown.

2.4.4. Surface evolver and Hausdorff distance
Surface evolver is a software for modelling the influence of various forces and constraints on the shape of (liq-
uid) surfaces. In this research, the software is used to numerically minimize the surface energy of a surface
between given constraints [5]. As explained earlier in section 1.5, a surface with minimized area, and there-
fore minimized surface energy, is called a minimal surface. By entering the outer border of the scanned patch
as a constraint in surface evolver, the minimal surface between this outer border can be calculated. An exam-
ple of such a calculated minimal surface is shown in figure 2.14a. This ’ideal surface’ can be exported back
to Meshlab, where it can be placed over the original scanned patch. By doing this, the difference between
the ’idealized’ patch and the real patch can be compared. This can be seen as a measure of how close the
real patch approaches a minimal surface. This difference was calculated by the Hausdorff distance filter in
Meshlab [12]. In this algorithm, the surface is sampled and the closest point over to the other surface is found
for every point [2]. An example of the Hausdorff distance between the ’idealized’ and real patch is shown in
figure 2.14b.
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2.4.5. Scan correction and curvature calculations
In Meshlab the mean and Gaussian curvature can be calculated for every vertex of the meshed surface with
the pseudoinverse quadratic fitting algorithm. The mesh used is created between all the points of the initial
scanned point cloud. Because the pseudoinverse quadratic fitting algorithm uses the surrounding vertices in
order to calculate the local curvature of each point, the distance between these vertices should be approxi-
mately equal. This is necessary in order to consistently calculate the curvature of each point and to be able to
compare the curvature of different patches. In the initially scanned point cloud, the distance between these
points is not equal and the distribution is not uniform. This is why the initial patch is re-sampled according
to the Poisson-disk distribution with an explicit radius of 0.3 mm. By doing this, a uniform distributed point
cloud is created with a nearly constant distance of 0.3 mm between the points [15]. Subsequently, the sur-
face is reconstructed (remeshed) with the ball pivoting algorithm available in Meshlab [33]. Now the mean
and Gaussian curvature for every vertex of every patch can be calculated in a consistent manner with the
pseudoinverse quadratic fitting algorithm. In order to do this first the principal curvatures of every vertex
are calculated, the difference with the previously introduced global principal curvatures, is that the neigh-
borhood used in this calculation is significantly smaller (0.3 mm). The resampling and reconstruction of the
patch’s mesh is shown in figure 2.15. The curvature information of each vertex can be used to calculate two
important measures namely the average Gaussian curvature and the root mean square of the mean curva-
ture. The average Gaussian curvature is calculated by taking the average of the Gaussian curvature of every
vertex and can be seen as a measure for how much the patch is intrinsically curved. The root mean square of
the mean curvature is a measure for how much the mean curvature differs from zero. As a minimal surface
has zero mean curvature, this can again be seen as a measure for how close the patch’s surface approaches an
ideal minimal surface. Both values are made dimensionless in order to make it possible to compare the val-
ues for patches of different sizes. This is done by multiplying the RMS mean curvature with the length of the
patch(L) and the average Gaussian curvature with L2. These calculations are done in matlab, both formulas
are shown below (2.3 and 2.4). kn is the Gaussian curvature for each vertex and hn the mean curvature for
each vertex.

Kav g = L2

n
(k1 +k2 + ...+kn) (2.3)

HRMS = L

√
1

n
(h2

1 +h2
2 + ...+h2

n) (2.4)

a b

Figure 2.14: a: Example of a minimal surface created by surface evolver, spanned between the outer boundaries of the real patch. b: The
Hausdorff distance between the ’idealized calculated patch’ and the real patch. This distance is projected on to the real patch.
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Real Scanned Cleaned Resampling Reconstruction

Figure 2.15: The complete scanning and mesh processing steps. First the surface of the patch is scanned and converted into a point
cloud. Afterwards, the patch is cleaned and smoothed with the laplacian smoothing algorithm. In order to fairly calculate the curvature
of the surface, the patch is resampled into an uniform point cloud. subsequently the surface of the patch needs to be reconstructed.

2.4.6. Statistical significance
In order to assess if there are statistically significant differences between the shape-shifted patches, unpaired
two-sided t-test’s will be preformed between the measured output parameters of different patch types. This
t-test is used as the measured output is independent for every patch. Next to that, it is assumed that the mea-
sured parameters of each patch have a normal distribution and that the values will have the same standard
deviation. Two significance levels were chosen: 0.05 and 0.01.

2.5. FEM model
In order to predict and further explore the behaviour of the patches, a finite element model was constructed.
The finite element analysis software Abaqus version 2017 was used [50]. This model tries to simulate the real
aluminium discrete patch, originally based on the research of Cui et al [16]. The frame is based on aluminium
and the SMP on the isotropic sheet material.

2.5.1. Design and assembly
For the design of the FEM model, a simplified version of the basic patch introduced in figure 2.2 is used. The
four rigid beams are modelled as four separate deformable wire parts and the SMP sheet is modelled as a
deformable shell part. The cross section of the beams is set at 3 mm x 2 mm similar to the basic patch design.
The area of the modelled SMP sheet is taken at 39 mm x 39 mm. This is the same area as the active part of
the SMP in the basic patch design. The thickness of the sheet material is set on 2 mm, this is similar to the
thickness of a completely shrunken isotropic sheet. In this simplified model, the beams also have a length of
39 mm, again similar to the inner/active length of the basic patch. Here the beams are not cut in a 45° angle
at both ends, but have two perpendicular endings. When the model is ’activated’, the SMP shows excessive
non-linear behaviour in the corners. In order to prevent the model from diverging, a small triangular area has
been left out in all four corners of the SMP sheet. The final simplified FEM design of the aluminium discrete
patch is shown in figure 2.16. The beams are connected to each other in the corners with a kinematic coupling
constraint. This constraint inhibits translation, but allows rotation in all directions. Subsequently, the four
modelled beams are connected to the SMP sheet with a tie constraint.

a b

Figure 2.16: The simplified FEM design of the aluminium discrete patch. a: The SMP sheet(red) and beams(blue) are shown as shell and
wire parts and a close-up of the corner design is given. b: The SMP sheet(red) and beams(blue) with their modelled dimension.
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2.5.2. Material properties
Most material properties for the SMP sheet are based on the previous research of Mailen et al. and are shown
in table 2.5 [39], including the prony series coefficients in order to model viscoelastic behaviour. The linear
thermal expansion however is based on our own findings. In the SMP verification experiment, it is found that
an unrestricted isotropic sheet shrinks approximately 45 % in length. In this model the patch is heated from
20 °C to 170 °C. This means that the total temperature difference during activation is 150 °C. assuming that
the SMP shrinks linearly the same amount for every degree, the sheet will shrink approximately by a factor of
0.0054 per °C (2.5). For the aluminium frame an elastic modulus of 150 Gpa is defined, which is more than
twice the real E modulus of aluminium. This is done in order to make sure that the four beams will act as
rigid parts and will not bend. When the real elastic modulus of aluminium was used in the model, the frame
showed an unrealistically large deformation. The Poisson ratio of aluminium is based on literature [14]. It is
assumed that temperature will not have any effect on the beams. This is why other material properties were
not implemented int the model for the aluminium.

(1−0.0054)150 ≈ 0.45 (2.5)

Table 2.5: In the left table the material properties for the SMP material and frame material in the finite element model are shown. In the
right table the prony series coefficients for the SMP material are shown in order to model viscoelastic behaviour. All values are based on
the research of Russel et al. except the values with an *, which are based on own research and assumptions [40] [39].

SMP material Frame material gi ti (s)
Young’s modulus (Pa) 1.78 ·109 150 ·109* 1 0.2089 1.182
Poisson’s ratio 0.33 0.33* 2 0.3654 14.77
Conductivity (W /mK ) 0.14 - 3 0.3037 114.8
Density (kg /m3) 1050 - 4 0.1011 402
Linear thermal expansion (K −1) -0.0054* - 5 0.01243 3096
Specific heat (J/kg K ) 1300 - 6 0.004661 25680

2.5.3. Mesh
For the modelled SMP sheet material a 2D quad-dominated thermally coupled mesh was used with an ap-
proximate global size of 0.7 mm. This was done in order to model the part as a shell and to make it possible
to model temperature and displacement effects. For the beams, a conventional 2D linear beam mesh was
used as the beams are modelled as wires and will not be affected by temperature differences in the model.
The approximate global size of the beam mesh was set at 0.175 mm, which means there is a 1/4x difference
between the SMP mesh size and beam mesh size. The complete meshed assembly consists out of 6712 nodes
and 6553 elements. In order to test the converge of the model, the model will be also run with different num-
bers of nodes. The lowest amount of nodes is 400 and the highest 17940 with eight intermediate steps. The
total strain energy will be monitored in order to test this convergence. The max von Mises will also be taken
in to account, to make sure no irregular high stress peaks occur in the model. A maximum difference of 5% ,
between two consecutive steps, is chosen as the convergence boundary for both values. Important to note is
that the 1/4 difference between the SMP mesh size and the beam mesh size, stays constant for every number
of nodes.

2.5.4. Activation
The activation of the patch is modelled by three consecutive non-linear coupled temp-displacement steps.
These different steps are visualized in figure 2.17. Important to notice is that the starting temperature of the
model is pre-defined at 20 °C.

1. In the first step a small perturbation is applied to the patch. This is done to initiate out-of-plane folding.
The perturbation is applied by fixing one opposite corner pair, while moving the other opposite corner
pair up with a small distance of 7 mm. The step time is set at 6 seconds.

2. In the following step the boundary conditions from the first step are propagated and the patch is heated
with an uniform surface radiation of 100 °C for a short time period of 5 seconds. This causes the SMP
to shrink to a small extent and ensures that the patch will not fold back when the boundary conditions
are removed.
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3. In this step both boundary conditions are removed and the patch is heated with a uniform surface
radiation of 170 °C for a time period of 200 seconds.

Step 2Step 1 Step 3

Time period = 6 s Time period = 5 s Time period = 200 s

100 °C
170 °C

Figure 2.17: The three consecutive steps used to model the activation process. step 1: A small perturbation is applied to the patch. This is
done by fixing one opposite corner pair(orange), while moving the other corner pair up with a small distance(red). step 2: The boundary
conditions of the first step are propagated and the patch is heated with a uniform surface radiation of 100 °C for a short time period of
5 seconds. step 3: The boundary conditions are removed and the patch is heated with a uniform surface radiation of 170 °C for a time
period of 200 seconds.

2.6. Abbreviations & Acronyms
To provide clarity to the reader a list of most important abbreviations and acronyms, of earlier explained
terms and concepts, is introduced. These abbreviations will be used in the remainder of the report.

Al continuous patch Aluminium continuous patch
Al discrete patch Aluminium discrete patch
AR frame All rotation frame
Cd Dimensionless parameter to define aluminium continuous patch
FEM model Finite element method model
HRMS Dimensionless Root Mean Square of the mean curvature
Kav g Dimensionless average Gaussian curvature
NH frame No hinge frame
PC Polycarbonate
Sbeam Bending stiffness of the beams of aluminium discrete patch
S-B frame Slide-Bend frame
SMP Pre-stressed Shape-Memory Polymer
TPMS Triply periodic minimal surfaces



3
Results

In this section, first the results of the experiments qualifying the different unrestricted SMP’s will be discussed.
Next, the shape-shifting of the printed patches is discussed and the effects of their corresponding input pa-
rameters. Subsequently, the same is done for the shape-shifting experiments with the AL discrete patches
and the Al continuous patches. Lastly, The stress and strain analysis and the convergence of the FEM model
is introduced and the model is compared to the real experiments and to its corresponding ’idealized’ surface.

3.1. Shape memory polymer behaviour

The shrink percentage for every chosen SMP was measured for different activation temperatures starting
from 30 °C until 210 °C with intermediate steps of 20 °C and is shown in figure 3.1a. The foil SMP’s started to
melt above a threshold temperature, which is the reason why there is no data measured for the foils at higher
temperatures. It is clearly demonstrated that most materials do not shrink until a certain temperature and
subsequently completely shrink in one temperature step. The isotropic foil is an exception and keeps shrink-
ing with increasing temperatures. Interestingly, this foil shrinks isotropically until a certain temperature (110
°C), after which a difference between the shrink percentage of both the horizontal and vertical direction is
visible (figure 3.1b). In the other experiments, we selected the activation temperature of patches with this foil
to be below 110 C, which is within the isotropic range and therefore this difference in shrink percentage does
not occur. Figure 3.1c shows the shrink percentage of the SMP’s at the chosen activation temperature, which
is 100 °C for the foils and 170 °C for the sheet material. The isotropic materials shrink by almost the same ex-
tent in horizontal and vertical directions. The uneven bidirectional foil, however, shrinks to a different extent
in both directions. The uniform foil only shrinks in one direction, while in the other direction it even extends
with a small percentage. There is also a difference in the shrink percentage of the area. The foils typically
shrink less compared to the isotropic sheet(≈ 80%). The isotropic foils shrinks the least with a percentage of
approximately 29 %.
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Figure 3.1: a: Area shrink percentage of different SMP’s as a function of temperature. b: Shrink percentage of horizontal and vertical
directions of Isotropic foil material as a function of temperature. c: Shrink percentage of different SMP’s at their chosen activation
temperature.

3.2. Behaviour of 3D-printed patches
Three patches of every printed patch type were fabricated and activated. In total 10 different patch types were
created, which therefore results in a total of 30 printed patches. First, the effect of different hinge types on
patches with isotropic foil will be presented. Subsequently, the effect of different foils on the printed patches
will be shown.

3.2.1. Effect of hinge type

Even though all patches were fabricated using the same isotropic foil, clear differences could be observed
between the saddles formed with different frame types. The frame that consists out of four separate beams
without hinges (NH frame), does not form a saddle. This frame forms an irregular, collapsed shape with little
stiffness as shown in figure 3.2a. Therefore it was not possible to further analyse this patch. The other two
frame types both form a clear saddle, although the AR frame shows irregular wrinkles on the surface as shown
in 3.2b. The different stiffness variations of the S-B frame, clearly show that the stiffness of the bend hinge is
a dominant factor in determining saddle formation. If the bend hinge stiffness is lower, the frame folds more.
The stiffness of the slide hinge has a similar effect, but to a much lesser extent as shown in figure 3.2c.

In case of the AR frame, figure 3.3a shows that both opposite corner pairs bend to the same extent. There
is a significant difference, however, between the opposite corner pairs of the S-B frames, if the bend corner
pair has a lower stiffness. For a higher stiffness of the bend pair, there is no significant difference between
the folded corner pairs and the patch almost does not fold as shown in figure 3.2c. The bending corner pair
is clearly dominant since changing the stiffness of the slide corner has a smaller effect. These corner angle
measurements confirm the observations introduced previously. Investigating the angle of the folded corners
separately as shown in figure 3.3b, it is clearly visible that opposite corners always fold similarly and show no
significant difference. This indicates that the average angle of a folded corner pair is a good representation of
opposite corners.
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1. Bend hinge: 44400 N/m Slide hinge: 9400 N/m 
2. Bend hinge: 44400 N/m Slide hinge: 1400 N/m
3. Bend hinge: 9400 N/m  Slide hinge: 9400 N/m 
4. Bend hinge: 9400 N/m   Slide hinge: 1400 N/m

b

4321
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a b

Figure 3.2: The folded printed patches with different frames(hinge types), all with isotropic foil. a: Folded patch with four separate
rigid beams (NH frame). b: Folded patch with AR frame, note the wrinkles on the sheet. c: Folded patch with S-B frame, four different
variations of hinge stiffness are shown.
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Figure 3.3: a: The average folded corner angle for opposite corner pairs for different printed frame types. S-B frames are numbered
based on figure 3.2c. b: The folded corner angle of each corner for different printed frame types. c: Example of S-B frame with numbered
corners. Corner 1 and 4 form the opposite (slide) corner pair and corner 2 and 3 form the opposite (bend) corner pair. d: Example of AR
frame with numbered corners. Corner 1 and 4 form an opposite corner pair as do corner 2 and 3. ∗p < 0.01.
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Figure 3.4 shows the calculated mean and Gaussian curvature for the different frame types. The mean
curvature of the AR patch is relatively close to zero and therefore predominantly green in the figure. Large
disturbances can, however, be seen on the sides due to the wrinkled surface. The Gaussian curvature is pre-
dominantly negative for the ’all rotation’ patch. This indicates that the ’all rotation’ patch clearly forms a sad-
dle (negative Gaussian). The S-B patches are closer to a zero mean curvature compared to the ’all rotation’
patch. Also there is less disturbance and a clear peak is shown around zero in the histogram of the patches.
The further the patches fold due to the lower stiffness of the hinges, the more the mean curvature deviates
from zero mean curvature. It is noteworthy that the first S-B patches fold to a very small extent, which means
that they are close to a flat surface (which has zero mean curvature). So although the mean curvature is close
to zero and therefore close to a minimal surface, this is not meaningful as the patch is almost not folded. The
Gaussian curvature substantiates this. As the Gaussian curvature becomes more negative (red in the figure),
the patch is folded more. This means that the patch becomes more hyperbolic. This clearly shows a trade-off
between mean and Gaussian curvature, when the patches are folded. For a Gaussian curvature that is more
negative, the mean curvature deviates more from zero.

All rotation

S-B 1 S-B 2

S-B 3 S-B 4
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b c

d e

Mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2)

Mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2) Mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2)

Mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2) Mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2)

Figure 3.4: The mean curvature(mm−1) and Gaussian curvature(mm−2) for the different frame types of the printed patches, all with
isotropic foil. The mean curvature is shown on the left in RGB colours and the Gaussian curvature on the right in RWB colours.

This trade-off is also visible in the different curvature measurements. The HRMS rises, when the patch is
folded more, while the Kav g becomes more negative as shown in figure 3.5a. Interestingly the ’all rotation’
patch shows a higher HRMS , but an Kav g that is less negative compared to the S-B patches. Although the pic-
tures clearly show that the ’all rotation’ patch is folded further. This could be due to the irregularities on the
surface as shown earlier. The two global principal curvatures also show an upward trend when folded more
as shown in figures 3.5b and 3.5c. A significant difference occurs between k1 and k2 for the S-B patches with
a lower bend hinge stiffness, which is probably due to the different hinge types used. The ’all rotation’ patch
also shows a difference between the two global principal curvatures, but this difference is smaller (figure
3.5d). Figure 3.5e shows the area of the different patches with different frames and is subsequently compared
with the maximum shrink percentage of the isotropic foil. It is thus compared with how much the foil would
shrink if it was not restrained by a frame. A downward trend in area is shown, when the patch is folded more.
There is however a significant difference between the area of every patch and the maximum shrinkage of the
isotropic foil. This shows that due to the frame, the shrinkage of the isotropic foil is opposed.
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Figure 3.5: a: HRMS and Kav g for different printed frame types. b: Global principal curvature k1 for different printed frame types. c:
Global principal curvature k2 for different printed frame types. d: Normalized ratio between k1 and k2 for different printed frame types.
e: Area shrink percentage of the SMP for different printed frames compared with area shrinkage of isotropic foil without constraints.
∗∗p < 0.05,∗ p < 0.01.
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Figure 3.6a shows that for all frame types that use the isotropic foil, the height of the saddle is significantly
lower than the middle point. We therefore assume that this is not caused by differences in hinge types and
has a different cause. Figures 3.6b and 3.6c show that, although the differences in distance are significant,
the saddle point is relatively close to the middle of the patch in the horizontal projected plane for all printed
patches.
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Figure 3.6: a: Normalized ratio of height of the saddle point to the corners in the vertical projected plane for all printed patches. b:
Normalized ratio of distance of the saddle point to corners 1 and 4 in horizontal projected plane for all printed patches. c: Example of
distance of saddle point to corners calculated in horizontal plane. d: Example of height of saddle point to corners calculated in vertical
projected plane. e: Normalized ratio of distance of the saddle point to corners 2 and 3 in horizontal projected plane for all printed
patches. ∗∗p < 0.05,∗ p < 0.01.

3.2.2. Effect of foil type
The three different foil types were applied on two types of frames. A frame without hinges, consisting out of
four separate rigid beams (NH frame) and the so called AR frame. For every foil type, the frame without hinges
does not create a clear saddle. The created surfaces are completely irregular and the patches are not rigid as
shown in figures 3.7a-c. Therefore, these three patches will not be taken into account in further measure-
ments. The different foil types all form a saddle in combination with the AR frame as shown in figures 3.7d-e.
There are, however, clear irregular wrinkles visible on the surface. For the isotropic foil these disturbances
remain limited to the sides of the frame. The distortions for the uneven bidirectional and especially the uni-
directional foil are visible over the complete frame. In addition, the unidirectional foil clearly skews the frame
during folding. It is noteworthy that due to these irregularities, only the patches with uneven bidirectional foil
and isotropic foil could be scanned. This means that for the unidirectional foil not all measurements could
be performed. The first measured effects are visible in the previously introduced figure 3.6, where also the ’all
rotation’ patch with uneven bidirectional foil is incorporated. When the uneven bidirectional foil is used, the
height of the saddle point lies almost perfectly in the middle, in contrast to the patches that use isotropic foil.
This could be due to the difference in foil or due to the wrinkled disturbances on the surface of the uneven
bidirectional foil patch. In the horizontal projected plane the saddle point of the uneven bidirectional patch
is, similarly to the isotropic patches, relatively close to the middle point. Figure 3.8 shows that the mean cur-
vature of the uneven bidirectional foil patch shows major disruptions on the spanned surface. This differs
from the ideal situation, where the mean curvature would be zero everywhere. The mean curvature of the
isotropic foil is closer to zero, but still a disturbance can be seen due to the wrinkled surface. The Gaussian
curvature is predominantly negative for both patches. This indicates that both patches clearly form a saddle
(negative Gaussian). For the uneven bidirectional foil patch however, this Gaussian curvature is more nega-
tive, which indicates that it is more hyperbolic. This is substantiated by the measured HRMS and Kav g . The
HRMS is higher for the uneven bidirectional patch and the Kav g is more negative as shown in figure 3.9d.
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Figure 3.7: The folded printed patches with different foil types. a: Folded patch with unidirectional foil and frame without hinges b:
Folded patch with uneven bidirectional foil and frame without hinges c: Folded patch with isotropic foil and frame without hinges d:
Folded patch with unidirectional foil and AR frame. e: Folded patch with uneven bidirectional foil and AR frame. f: e: Folded patch with
Isotropic foil and AR frame.

Bi-directional foil Isotropic foil

a b
mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2) mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2)

Figure 3.8: The mean curvature(mm−1) and Gaussian curvature(mm−2) for different foil types in combination with the AR frame. The
mean curvature is shown on the left in RGB colours and the Gaussian curvature on the right in RWB colours.

The measured average of the opposite folded corner pairs shows clear differences for different foil types.
As shown in figure 3.9a, the isotropic foil does not show a significant difference between both corner pairs.
For the uneven bidirectional foil a small but significant difference is shown and for the unidirectional foil
this difference increases. Note that the AR frame is used. This means that all four hinges are similar and
the difference in between the corner pairs must be due to the different foil types. Again it is shown in figure
3.9b, that opposite corners bend similarly and show no significant difference. This shows that the average
corner pair is a good representation of opposite corners for the printed patches with different foils. Next
to the previously introduced difference in RMS mean and Kav g , the two global principal curvatures also
show major differences. The k1 and k2 are larger for the uneven bidirectional foil compared to the isotropic
foil. This could again be seen as an indication that shows that the uneven bidirectional foil is curved more.
Furthermore, it is shown that there is no difference between k1 and k2 for the uneven bidirectional foil, where
for the isotropic foil a significant difference is visible (figures 3.9c and 3.9f). Figure 3.9d shows the shrink
percentage of the area of both the isotropic patch and uneven bidirectional patch, compared to the shrinkage
of both foils without boundaries. Again it clearly demonstrates a significant difference between the patches
and the unrestricted foils. This means that also the uneven bidirectional foils shrinkage is restrained by the
frame. Note that the different observed effects can occur due to the difference in shrink type, but could also
arise due to the difference in area shrink percentage of the different foil materials.



32 3. Results

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

Uni-d
ire

ct
io

nal
fo

il

0

20

40

60

80

100

D
eg

re
es

(°
)

Average corner 1-4
Average corner 3-2

✱✱

ns

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

Uni-d
ire

ct
io

nal
fo

il

0

20

40

60

80

D
eg

re
es

(°
)

Corner 1
Corner 4

Corner 2
Corner 3

ns

ns

✱✱ ✱

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

0.0

0.5

1.0

N
o

rm
al

iz
ed

k
1
/k

2
(-

)

k1
k2

✱

Is
otro

pic
fo

il

Shrin
ke

d
is

otro
pic

fo
il

Bi-d
ire

ct
io

nal
fo

il

Shrin
ke

d
Bid

ire
ct

io
nal

fo
il

0

20

40

60

80

100

S
h

ri
n

ka
g

e
(%

)

✱

✱

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

0

2

4

6

8 -2.5

-2.0

-1.5

-1.0

-0.5

0.0

HRMS(-)
Kavg (-)

✱

✱

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

Is
otro

pic
fo

il

Bi-d
ire

ct
io

nal
fo

il

0.00

0.05

0.10

0.15

0.20

M
ag

n
it

u
d

e
p

ri
n

ci
p

al
cu

rv
at

u
re

(m
m

-1
) k1

k2
✱

✱

a b c

d e f

Figure 3.9: a: The average folded corner angle of opposite corner pairs for the AR frame with different foil types. b: The folded corner
angle of each corner separately for the AR frame with different foil types. c: Normalized ratio between k1 and k2 for the AR frame and
the uneven bidirectional and isotropic foil. d: Area shrink percentage of the different foils in combination with the AR frame compared
with area shrinkage of isotropic and uneven bidirectional foil without constraints. e: HRMS and Kav g for the AR frame in combination
with isotropic and uneven bidirectional foil. f: global principal curvatures k1 and k2 for the AR frame in combination with different foil
types. ∗∗p < 0.05,∗ p < 0.01.

3.3. Behaviour of aluminium discrete patches

Three patches of every Al discrete patch type were made and activated. In total 21 different Al discrete patch
types were created, which resulted in a total of 63 Al discrete patches. First the general effects will be presented
and subsequently the effects of orientation, corner aspect ratio, temperature and time, beam thickness and
scaling.

The folded Al discrete patch shows that the two opposite corner pairs bend in a different way, as shown in
figure 3.10a. One pair slides towards each other, but stays (almost) in the same plane, while the other corner
pair clearly bends out of plane. These different corner pairs are subsequently called the sliding and bending
corners. Their axes of rotation are shown in figure 3.10b. It is arbitrary, which of the opposite corners will
form the bending corner pair and which of the corners will form the sliding corner pair as shown in figure
3.10c. In other results, it will be shown that in general this bending corner pair folds further, compared to the
sliding corner pair. It is visible that the patch forms a smooth saddle without distortions. Additionally, the
folded patches are substantially stiffened due to the hardening of the SMP after cooling. For both examples
below, the basic Al discrete patch design is used. This is the patch without any parameter differing from the
basic Al discrete design and basic activation process.
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Figure 3.10: a: Example of folded Al discrete patch with two different corner types. Namely the sliding and bending corner. b: Example
of folded Al discrete patch, where the two different axes of rotation are shown. c: Which of both opposite corner pairs forms the bending
corner pair for all different square Al discrete patches Ntot al = 52.

The grid analysis of the basic Al discrete patch, shown in figure 3.11, shows an interesting effect. In the
corners of the patch, the diagonal length of the grid stays almost similar in the direction towards the saddle
and does not shrink. In the opposite direction, however, the length is 5.4 mm. Because the diagonal of the
grid was initially 14.14 mm, this means that in this direction the grid shrinks approximately 61%. This is more
than the 55% of length shrinkage that an unrestricted isotropic sheet would have. This difference shows that
in the corners, the isotropic sheet is compressed in one direction, while the length stays almost constant in
the other direction. Around the saddle, the grid has shrunk approximately 55% and 47% in both diagonal
directions. These differences could be due to the the fact that the grid is not perfectly in the middle of the
saddle. However, it shows that the isotropic sheet in the middle shrinks approximately the maximum amount
in length, or in other words, the same amount as an unrestricted isotropic sheet. Note that this measurement
is qualitative and slightly distorted due to the curved surface.

1

2

1
4

.1
 m

m

5.4 mm

6
.4

 m
m

7.4 mmDiagonal of initial grid ≈ 14.14 𝑚𝑚

a b c d

Figure 3.11: Grid analysis of the Al discrete patch. a: The grid applied on a patch before activation. b: Folded Al discrete patch after
activation. The two locations focused on are marked (corner ans saddle). c: Zoomed in picture of the grid in the corner area. d: Zoomed
in picture of the grid in the saddle area.

3.3.1. Effect of orientation

Figure 3.12 shows that the orientation of the patch before activation does not have an effect on the folding
process, as no significant differences are shown between the patches with these different orientations. Figure
3.12a shows that there is a clear difference between the folded corner angle of the bending and sliding corners,
as previously introduced. This is remarkable since the Al discrete patch has no hinges in the corners and
therefore all corners are the same before activation. This difference in folded corner angle subsequently
results in a difference in the two global principal curvatures as shown in figure 3.12b. Lastly, there is difference
between the height above and under the saddle for the Al discrete patch in the vertical projected plane (figure
3.12c). This means that the formed saddle point is situated below the middle of the patch. This significant
difference is noteworthy, as for an ideal patch the saddle would lie exactly in the middle.
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Figure 3.12: Results for different orientations of the Al discrete patch. a: Folded corner angle for different orientations of the Al discrete

patch. b: Average global principal curvature for different orientations of the Al discrete patch ( k1+k2
2 ). c: Height to saddle in the vertical

projected plane for different orientations of the Al discrete patch. ∗p < 0.01.

3.3.2. Effect of corner aspect ratio

For the corner aspect ratio, it is shown that the opposite corner pair with the smallest angle (corner 1 and 4)
always forms the bending corners. In other words, if the ratio between the two corner pairs is smaller than 1,
the smaller corner pair will form the bending corners and the bigger corner pair will form the sliding corners
(figure 3.13c). Figure 3.13a shows that the corner aspect ratio has a significant effect on the sliding corner pair.
Its folded corner angle is lower if the corner aspect ratio is lower, or in other words, the sliding corner pair folds
further in case of a lower aspect ratio. The average folded bending corner pair, however, shows no significant
difference for different aspect ratio’s. This means that the difference between the two folded opposite corner
pairs increases, if the corner aspect ratio of the patch becomes lower. For this reason, one would expect
the global principal curvatures to show an increased difference for a lower aspect ratio. However, this is not
the case and the two global principal curvatures get closer to each other until for the lowest aspect ratio
no difference is visible anymore. There are no significant differences shown for the shrunken area, HRMS and
Kav g for the patches with different aspect ratio’s as shown in figures 3.13d and 3.13f. Figure 3.13f also indicates
that the area shrink percentage of the isotropic sheet material of the patches is approximately 60 %. This
again shows a clear difference with the maximum area shrinkage of 80 %, that an unrestricted isotropic sheet
would shrink. This means that the Al discrete frame inhibits the shrinkage of the isotropic sheet material.
Lastly, figure 3.13e shows that saddle of the patch becomes lower (closer to the bending corner pair) if the
corner aspect ratio becomes lower.

3.3.3. Temperature and time effects

For the temperature and time effects, boundaries have been chosen for the average folded corner angle and
the average global principal curvatures. Between these boundaries, the patch can be seen as a correctly folded
patch. These conditions were based on the results of the initial Al discrete patch without any changed pa-
rameter, as previously introduced in figure 3.12. The boundaries were set on 25° and 28° for the folded corner
angle and 0.19 mm−1 and 0.2 mm−1 for the average global principal curvatures. Both boundaries are shown
in black in figures 3.14a and 3.14b and show similar results. For the average folded corner angle, the ’opti-
mal’ area is shown to be around an activation temperature of 170°C and an activation time of +/- 60 seconds.
When a higher temperature is used, the patch should be initiated shorter and for a lower activation tempera-
ture the patch should be initiated longer. Under an activation temperature of 150°C, the patch will not fold at
all. It shows that the ideal and most robust temperature is 170 °C. For this activation temperature, the patch
will always fold correctly as long as the activation time is longer than 60 seconds. The measured global prin-
cipal curvatures show a similar effect and a similar ideal temperature. For an activation time longer than 30
seconds in combination with an activation temperature of 190 °C, the global principal curvatures could not
be measured. This was due to the fact that the patch collapsed and no saddle was formed as shown in figure
3.14c. This again proves that an activation temperature of 190 °C is not ideal.
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Figure 3.13: Results for different corner aspect ratio’s of the Al discrete patch. A visualisation and explanation of the corner aspect ratio
is given in section 2.2.2. a: The average folded corner of opposite corner pairs for different corner aspect ratio’s. b: The global principal
curvatures k1 and k2 for different corner aspect ratio’s. c: This figure indicates which opposite corner pairs forms the bending corner
pair. In this case only patches with corner aspects ratio’s lower than 1 were selected (Ntot al = 6). d: HRMS and Kav g for different corner
aspect ratio’s. e: Normalized ratio of the height of the saddle point to the corners in the vertical projected plane for different aspect ratio’s.
f: Area shrink percentage of the isotropic sheet materials for different aspect ratio’s. ∗∗p < 0.05,∗ p < 0.01.

a b c

Figure 3.14: a: Activation temperature and activation time effect on the average folded corner angle of the Al discrete patch. b: Activation

temperature and activation time effect on the average of the global principal curvatures of the Al discrete patch ( k1+k2
2 ). c: Example of

collapsed patch due to an activation temperature of 190°C in combination with an activation time longer than 30 seconds.



36 3. Results

3.3.4. Effect of beam thickness
For a beam thickness lower than 0.1 mm, the Al discrete patch did not form a single saddle and a wrinkled
and irregular surface was created as shown in figure 3.15e. A beam thickness of 0.3 mm did form a single
saddle, but still the beams are clearly bend as shown in figure 3.15f. This is undesirable for the Al discrete
patch, as the frame should act as a rigid constraint to the sheet. Therefore, in the measured results, we started
with a beam thickness of 0.5 mm. With this beam thickness, a clear saddle was formed and the beams did
not bend. Noteworthy is that the differences between the folded corner pairs, global principal curvatures and
saddle height all disappear for a beam thickness lower than 1 mm as shown in figures 3.15a, 3.15c and 3.15d.
The HRMS shows no clear difference for different beam thicknesses and the Gaussian curvature shows an
unexpected peak for a beam thickness of 4mm thickness. This is attributed to the thicker beams that caused
distortion during the scanning process.
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Figure 3.15: a: Average folded corner angle of combined corner pair for different beam thicknesses of the Al discrete patch. b: HRMS
and Kav g for different beam thicknesses of Al discrete patch. c: Normalized ratio between the global principal curvatures k1 and k2 for
different beam thicknesses of Al discrete patch d: Normalized ratio of the height of the saddle point to the corners in vertical projected
plane for different beam thicknesses of Al discrete patch. e: Picture of folded patches with beam thickness of 0.1 mm. f: Picture of folded
patch with beam thickness of 0.3 mm. ∗∗p < 0.05,∗ p < 0.01.

3.3.5. Scaling effects
The patch scaled with a factor of 0.44x formed a clear saddle similar to the normal scale patches (1x). The
1.55x scale patch, however, did not form a saddle for two of the three tests. In these two cases the patch
collapsed and therefore not all measurements could be performed for these patches. It is clearly shown that
the difference between the bending corner pair and sliding corner pair increases if the scale increases (figure
3.16e). For the scale factor of 0.44x no difference is shown between the corner pairs at all. However, the 1.55x
scaled patch shows an increased difference between both folded corner pairs. Interestingly, when the cross
cross section of the beam is kept constant, while the rest of the patch is scaled, different results are shown. For
these 0.44x scaled patches a significant difference between the folded corner pairs is shown. The 1.55x scaled
patches, with a constant cross section, still show a significant difference between both folded corner pairs,
but to a much lesser extent compared to the completely scaled 1.55x patch (figure 3.16d). The HRMS clearly
increases for an increasing scale, although for the 1.55 scale only one patch was scanned as discussed earlier.
The Kav g showed a clear difference between the different scales as shown in figure 3.16f. The area of the
patch obviously increases as the patch scale increases, there is however also a difference in shrink percentage
noticed as shown in figure 3.16g.
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Figure 3.16: a: Al discrete patch scaled with a factor of 0.44x. b: Al discrete patch with normal scale. c: Al discrete patch scaled with
a factor of 1.55x. d: Average folded corner angle of combined corner pairs for different scale with or without scaled cross section of
the beam. e: Average folded corner angle of combined corner pairs for different scales of the Al discrete patch. f: HRMS and Kav g for
different scales of the Al discrete patch. g: Area and area shrink percentage for different scales of the Al discrete patch. Note: # Indicates
that only one patch has been included in the calculation, as the other two patches collapsed. ∗∗p < 0.05,∗ p < 0.01.
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3.4. Behaviour aluminium continuous patches
The Al continuous patch clearly shows different effects for different values of the CD coefficient introduced in
the methodology. For a higher CD the patch does not fold and the isotropic sheet material annihilates itself
during activation. For a lower CD the frame is bent and a saddle is formed. At a certain point, however, the
CD becomes too low and an irregular and warped surface is created. The results of the patch for different
CD are shown in figure 3.17a. Only the patches that form a clear saddle, or in other words the patches with
a CD of 2.63·10−4 and of 1.45·10−4, will be taken into account. For CD = 2.63·10−4, the corners of the folded
Al continuous frame are all equal as shown in figure 3.17b. For CD = 1.45·10−4, however, differences between
the corners are shown and a great deviation is found in the measurements. It should be noted that the SMP
in the corners of these patches is damaged, as shown in figure 3.17d. This could explain the difference and
inconsistency between the folded corner angles. The damage is probably caused by a too high tension in the
material. For CD = 2.63·10−4, this problem does not occur. Therefore, this patch will be taken into account
in further measurements. Interestingly, all four corners of this patch show a similar bending effect and no
differences can be seen between the folded corner pairs in contrast to the Al discrete patches. All corners
bend outwards to the same extent and have a similar axis of rotation as shown in figure 3.17c.

7.95 ⋅ 10−4 4.48 ⋅ 10−4 2.63 ⋅ 10−4 1.45 ⋅ 10−4 6.37 ⋅ 10−6

a

2.63 1.45

0

20

40

60

Cd (*10-4)

D
e

g
re

e
s

 (
°)

Corner 1
Corner 2
Corner 3
Corner 4

ns

ns

b c d

Figure 3.17: a: The folded Al continuous patch for different CD ’s. b: Folded corner angle of the Al continuous patch with CD = 2.63·10−4

and CD = 1.46·10−4. c: Example of bending axis for the Al continuous patch with CD = 2.63·10−4. d: Example of damaged isotropic
material in the corners of the continuous discrete patch with CD = 1.46·10−4.
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3.5. FEM model

3.5.1. Convergence

For a nodal distribution smaller than 6721 nodes, a time increment failure will occur and the model will
not converge. For a higher amount of nodes, the model clearly converges. There is a maximum difference
of 2.14% for the maximum von Mises stress and a maximum difference of 2.04% for the total strain energy,
between all model runs with a nodal distribution higher than 6712. This is shown in figure 3.18. These per-
centages are clearly between the chosen maximum boundary of 5% and therefore a nodal distribution of 6721
nodes can be seen as sufficient for this model.
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Figure 3.18: Maximum von Mises stress and maximum total strain energy of the Abaqus FEM model for different number of nodes.

3.5.2. Analysis of stress and strain distribution

In figure 3.19 the von Mises stress distribution during the simulated activation process is shown. When the
folding process starts, a stress peak can be seen in the corners of the patch. Note that one opposite corner
pair encounters a higher stress compared to the other opposite corner pair. This is attributed to the small per-
turbation applied in the beginning in order to initiate the folding process, as explained in the methodology.
These corner differences disappear as the folding process progresses. The stress increases and slowly moves
towards the middle of the patch, while the highest stress remains in the corners and the lowest stress occurs
around the saddle. After approximately 70 seconds the stress in the patch starts to decrease slowly. When the
folding process is almost finished the stress in the patch further decreases and a small area of higher stress
arises around the saddle, which means that the stress in this area decreases more slowly compared to its sur-
roundings. The process of relaxation after approximately 70 seconds can also be seen in figures 3.20a and
3.20b. The von Mises stresses in both the corner of the patch and around the saddle point of the patch show a
clear peak and relaxation afterwards. Although this peak occurs earlier in the corner and the von Mises stress
in the corner is significantly higher. The total strain energy of the model, shown in figure 3.20c, substantiates
this relaxation and clearly shows a peak around 70 seconds. Afterward, the total strain energy decreases and
becomes constant.
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Figure 3.19: Changes in von Mises stress in the SMP of the Abaqus FEM model during activation. Note: stresses in the rigid frame are not
taken into account.
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Figure 3.20: a: von Mises stress and engineering strain in a corner element of the Abaqus FEM model during activation. b: von Mises
stress and engineering strain in a saddle element of the Abaqus FEM model during activation process. c: Total strain energy of the
complete Abaqus FEM model during activation. d: Visualisation of the corner element used in 3.20a. e: Visualisation of the saddle
element used in 3.20b.

In figure 3.21 the logarithmic strain, or so called true strain, during the activation process of the FEM
model is shown. This logarithmic strain is linked to ’general’ engineering strain with the equation shown
below (3.1). Where εl og is the logarithmic strain, εeng the engineering strain and λ the extension ratio.

εlog = ln(εeng +1) → εeng =λ−1 (3.1)

In the beginning, a small extension can be seen in the corners. Again, this is the result of the small pertur-
bation applied in the beginning. Subsequently, during the activation process the sheet material around the
corners shows an increasing positive logarithmic strain, which means that this part of the sheet is extended.
This is interesting as the SMP itself is programmed to shrink with increasing temperature. Towards the mid-
dle of the patch, an opposite effect is demonstrated and the logarithmic strain becomes increasingly negative,
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which means that the sheet shrinks at this location. There is a transition area from the corners towards the
middle, where the sheet extension turns into sheet shrinkage. This area is shown in light green. This result is
substantiated by graphs a and b of figure 3.20, where the engineering strain in a corner element and a saddle
element are shown. In the corner element the strain clearly is increasingly positive, until it becomes constant
when the patch is completely shrunk. The saddle elements shows an opposite effect and the strain becomes
increasingly negative, during the activation process. In the beginning, however, there is a small positive strain
shown in the saddle element. This is due to the initial perturbation.
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Figure 3.21: Changes in logarithmic strain in the SMP of the Abaqus FEM model during activation process. Note: strain in the rigid frame
is not taken into account.

3.5.3. Validation

First the FEM model is compared with the Al discrete patch as the model is based on this design. The first
notable difference between the model and the experiment patch is the activation time. The activation time
of the experiment patch is approximately 60 seconds at a temperature of 170 °C, while activation of the FEM
model takes 160 seconds. This difference is attributed to the chosen sheet thickness of the model. The thick-
ness of the real isotropic sheet material starts around 0.2 mm and increases to 2 mm during activation. The
thickness of the sheet in the FEM model was immediately set on 2 mm. This means that heating this material
takes longer compared to the experiment patch. The folded corner angles and saddle height of the activated
model are compared with the ’standard’ Al discrete patch with a beam thickness of 2 mm and with the thin-
ner Al discrete patch with a beam thickness of 0.5 mm. As shown in figure 3.22, the FEM model shows a great
resemblance with the ’thinner’ Al discrete patch for both the folded corner angles and the saddle height.
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Figure 3.22: a: Folded corner angle of the Abaqus FEM model and the Al discrete patch with a beam thickness of 2 mm and 0.5 mm. b:
Normalized ratio of height of saddle point to the corners in the vertical projected plane for the Abaqus FEM model and the Al discrete
patch with a beam thickness of 2 mm and 0.5 mm. ∗p < 0.01.

This resemblance is further shown in figure 3.23. In this figure the scanned Al discrete patch, with 0.5
mm beam thickness, is superimposed over the final FEM model and compared using the Hausdorff distance.
Around the saddle and at the sides of the patch clear differences are shown. However, with a RMS Hausdorff
distance of 0.71 mm, the FEM model fairly resembles the real Al discrete patch.

Min: 0.00 Max: 1.42 RMS: 0.71

a b

Figure 3.23: a: Hausdorff distance between activated Al discrete patch (with 0.5 mm beam thickness) and the Abaqus FEM model, the
distance is projected on to the Al discrete patch. b: The 0.5 mm beam thickness Al discrete patch superimposed over the Abaqus FEM
model.

Lastly, the outer boundaries of the activated FEM model were imported as a constraint into Surface
evolver. The surface area between these boundary conditions is numerically minimized, which results in
the surface shown in figure 3.24b. Subsequently, this ’idealized’ surface is compared with the surface created
with the FEM Model. While the saddle height and the edges of the patch show great resemblance, clear dif-
ferences are shown in the areas between the corners and the saddle. The comparison shows that the surface
of the ’idealized’ patch rises steeper towards the saddle, compared to the surface of the FEM model.
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Figure 3.24: a: Hausdorff distance between the ’idealized’ surface created in surface evolver and the FEM model, the distance is projected
on to the surface of the FEM model. b: The ’idealized’ surface created in surface evolver superimposed over the surface created with the
FEM model.





4
Discussion

4.1. Patch design for hyperbolic shape-shifting
In this research, it is demonstrated that the frame design has different major influences on the shape-shifting
process of the patch. First, the specific design and the stiffness of the hinge could influence the folding pro-
cess. Lowering the stiffness of the hinges ensures that the patch has a higher folding angle. Subsequently, this
results in the patch being more hyperbolic. This was shown by an Kav g that became more negative and by the
increase of both global principal curvatures, when the the patch was folded more. The downside of the lower
hinge stiffness was, however, that the further the patches were folded, the more their HRMS increased and
deviated from zero. This result shows a trade-off: On the one hand, it is important for the shape-shifted patch
to be curved in order to be able to create various hyperbolic surfaces, but on the other hand the HRMS needs
to be as close to zero as possible. The latter is desirable because the lower HRMS means that the substrate is
closer to a minimal surface. The patches with an average folded corner angle of +/- 88°, for example, have a
very low HRMS . The surface is, however, close to a flat surface and therefore this low HRMS is not valuable.
This trade-off is substantiated in figure 4.1, where the average global principal curvatures, Kav g and HRMS

are given as a function of the folded corner angle of the patch. The average folded corner angle is seen as
an indication for how much the shape-shifted patch is folded. An unfolded patch obviously has a an average
corner angle of 90°: the further the patch is folded, the lower this average corner angle will be.
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Figure 4.1: a: Average global principal curvature as a function of folded corner angle for every printed patch ( k1+k2
2 ). b: Kav g as a

function of folded corner angle for every printed patch. c: HRMS as a function of folded corner angle for every printed patch.

Next to the stiffness of the hinges, the hinge type also has a major influence on the shape-shifting of the
patch. For the 3D-printed patches, a frame with hinges is needed in order for the patch to form a saddle. This
was demonstrated since the NH frames formed an irregular, collapsed shape with little stiffness. Which also
means that the SMP foil itself, used in case of the printed frames, cannot provide this rigidity to the patch.
The frames with hinges create differences in the folding process of the patch. The 3D-printed AR frame shows
that all corners fold to the same extent, when all four hinges of the patch are equal. The 3D-printed S-B frame,
however, clearly induces a difference between the folded opposite corner pairs. The bend hinge pair folds to
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a large extent, while the slide hinge pair shows a small degree of folding. This indicates that with different
hinge combinations, a difference between the opposite folded corner pairs can be created as shown in figure
4.2a. In order for the patch to fold with an equal degree for every corner, the bending axis at the hinges has
to change during the folding process. The AR frame and the aluminium discrete and continuous frame allow
this change in bending axis, while the S-B frame does not. Both the slide and bend hinges have one single
bending axis, that does not change during the folding process. Therefore, a difference between the folded
opposite corner pairs can be observed for the folded S-B patches. A kinematic approach of how the patch
folds, assuming that all corner angles remain equal, is added to appendix D.1. This approach confirms that
the bending axes of the corners change during the folding process. It is not determined whether the patches
actually fold this way, as only the start and end point of the folding process is reviewed for the experimental
patches. The FEM model, however, shows a similar folding pattern as this kinematic approach.

Apart from the effect on the folding process, the hinges have another notable effect. The 3D-printed patches
(with hinges) all show that their saddle point lies closer to the middle in the horizontal projected plane as
shown in figure 4.2b and 4.1c. Both aluminium patch types, however, show a significant deviation from the
saddle to the middle point. This measure, the location of the saddle point, could be seen as a quantification of
how uniform the folding process of the patches took place. Seemingly, the hinges of the 3D-printed patches
ensure a more uniform folding process, compared to the aluminium patches (which have no hinges). How-
ever, this difference could also be caused by the difference in SMP of the 3D-printed and aluminium patches
and the difference in activation method of both patch types. The isotropic sheet SMP, used for all aluminium
patches, shrinks more compared to the isotropic foil (used for the 3D-printed frames). This increase in shrink
percentage could also cause the deviation of the location of the saddle point.

Interestingly, the folding process could also be changed by the corner aspect ratio without the need of hinges.
Our experiments have shown that this corner aspect ratio, for example, could determine which corner pair
forms the bending corners and which corner pair the sliding corners for the Al discrete patch, and could in-
duce changes in the curvature of the folded patch. For an overview of the corner aspect ratio effects, reference
is made to figure 3.13.
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Figure 4.2: a: Folded corner angle for different patch types. b: Normalized ratio of distance of the saddle point to corners 1 and 4 in
horizontal projected plane for different patch types. c: Normalized ratio of distance of the saddle point to corners 2 and 3 in horizontal
projected plane for different patch types. p<0.05,p<0.01 . Note: for the S-B patch, the frame with a stiffness of 9400 N/m for both hinge
types was selected and for the Al discrete patch the frame with a thickness of 2 mm and 0.5 mm. The Al continuous patch with Cd =
2.63·10−4 is shown . For all patches in this figure the isotropic foil or isotropic sheet SMP was used.

From the different experiments, it can also be concluded that the thickness, and thus stiffness, of the
frame plays an important role in the shape-shifting process. For the Al discrete patch, it was shown that with
a beam thickness under a certain threshold, the stiffness of the frame became too low and an irregular and
warped surface was created (beam thickness < 0.3 mm). For all Al discrete patches with a higher beam thick-
ness, a single saddle was formed. There are, however, still significant differences between these patches with
a higher frame thickness. For the beam thicknesses of 2 mm and 4 mm, differences between the opposite
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folded corner pairs were formed. Subsequently, differences between the global principal curvatures and sad-
dle height were observed. This difference, however, disappeared for a beam thickness of 0.5 mm and 1 mm
and all folded corner angles became equal (figure 3.15). A possible explanation for his difference might be the
effect of gravity on the frame. For a higher beam thickness, the beams have an increased mass. Because of
this mass, the frame collapses to a small extent during the folding process. For thinner frames this effect does
not occur. This could also explain why the FEM model corresponds to the Al discrete patch with a thickness
of 0.5 mm and not to the patch with a thickness of 2 mm. In the FEM model, gravitational effects are not
taken into account. This line of thought can be extended to the effects observed during the scaling of the Al
discrete patches. The SMP thickness is constant, which means that the SMP is only scaled by its area. The
frame, however, is scaled by its volume. This means that when the patch is scaled with a factor of 0.44, the
volume of the sheet increases compared to the volume of the frame. This has the consequence that the shrink
force of the sheet increases compared to the mass of the frame. This could substantiate why for the patch,
scaled with factor 0.44, no difference between the folded corner angles is shown as the influence of mass
diminishes. For the patch, scaled with factor 1.55, this concept works the other way around and the shrink
force of the sheet becomes smaller compared to the mass of the frame. Subsequently, the difference between
the opposite folded corner pairs becomes larger for this patch, as previously shown in figure 3.16. This also
explains why this effect is opposed, when the cross section of the frame is kept constant during scaling. Now
the mass of the frame is scaled with its length, while the SMP is still scaled with its area. In this case the patch
scaled with a factor of 0.44 shows an increased difference between the opposite corner pairs, while the patch
scaled with a factor of 1.55 shows a decrease in this difference. This is shown in figure 3.16f.

The differences observed between the Al continuous patches can be explained in a similar way. The constant
parameter Cd , introduced in the methodology and repeated below (equation 4.1), contains the thickness of
the sheet and the stiffness of the frame. For a lower Cd , the stiffness of the frame decreases compared to
the volume of the sheet. In other words, the shrink force of the complete sheet increases compared to the
stiffness of the frame. Subsequently, for a high Cd the patch does not fold and for a lower Cd the frame does.
Under a certain threshold the Cd becomes too low and the shrink force of the sheet is too high compared to
the stiffness of the frame. This results in a patch that forms an irregular and warped surface, when activated.

Cd =
E f b f t 3

f

Es ts L3 (4.1)

This result shows similarities to the research of Giomi et al [24]. In this research, a so-called Euler-Plateau
equation is formulated for a minimal surface bounded by elastic lines. The physical realisation of this idea
is a soap film bounded by a deformable wire frame as shown in figure 4.3a. This equation links the surface
tension of the soap film to the stiffness of the wire frame and is noted below 4.2. In this equation σ is the
surface tension of the soap film, L the length of the wire frame, E is the Young modulus and I is the area
moment of inertia of the wire frame. If the value Ce increases, the surface tension becomes larger compared
to the stiffness of the wire frame. This results in a surface that becomes more hyperbolic as shown in figure
4.3b. As mentioned above, this is similar to what is shown for the Al continuous patches, only in this case
the shrink force generated by the SMP is considered, instead of the surface tension. In order to substantiate
this resemblance, aluminium circular frames were designed with an increasing diameter. These frames were
combined with an isotropic sheet SMP and activated. For a larger diameter, the trade-off between the shrink
force and the stiffness of the circular frame increases, which corresponds to a higher Ce . These shape-shifted
frames indeed follow the same trend and become more hyperbolic for larger diameters as shown in figure
4.3c.

Ce = κL3

E I
→ κ=

√
3σ

4
(4.2)
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Figure 4.3: a: Different examples of soap films bounded by a deformable wire frame [24]. b: Solutions of the Euler-Plateau problem for
increasing values of Ce [24]. Shape-shifted aluminium circular frames with an increasing diameter, as SMP the isotropic sheet material
is used.

A last important finding considering the frame design for hyperbolic shape-shifting, is that seemingly the
orientation of the frame does not influence the shape-shifting process. This is a positive outcome considering
the different future applications of the hyperbolic shape-shifting concept. When larger structures of different
connected patches are created, these patches will be orientated in different ways. It seems that these different
orientations will not influence the folding process of the single patches. However, it is expected that mass will
play an increasing role in these larger structures and this probably will influence the folding process.

4.2. Material selection for hyperbolic shape-shifting
An important trade-off needs to be made, when selecting the SMP and frame material for the shape-shifting
process. In order to prevent melting or softening of the frame material, it should be able to withstand the
activation temperature needed to activate the SMP. Aluminium, for example, could be seen as an ideal frame
material as its melting point is far above the activation temperature of SMP’s. The downside of an aluminium
frame is, however, that the fabrication of compliant hinges is difficult and that it is a relatively heavy mate-
rial compared to plastics. Therefore in our experiment, we chose the more complex frames to be 3D-printed
with Polycarbonate. This material has a glass transition temperature around 112 °C and was therefore only
compatible with the SMP foil’s and not with the isotropic sheet. Metal 3D-printers could solve this problem
and it is shown that, for example, compliant hinges can be made with this fabrication method [11] [43]. Un-
fortunately, during our research no metal printer was available and the simple compliant hinges used in our
research probably cannot be realized in metal, let alone with metal 3D-printers.

Interesting differences were observed between the foils and the sheet material. This section first addresses
the difference between the isotropic sheet and the isotropic foil (the other two foils will be discussed later).
The first main difference is the rigidity of the SMP after activation. It is shown that the foil on itself cannot
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maintain the stiffness of the frame and that a foil patch without hinges forms an irregular collapsed shape
with little stiffness. When the frame has hinges, the foil can tighten itself between the frame which results in
a higher stiffness and a saddle formation. The isotropic sheet does not need hinges, as the SMP sheet itself
can provide the rigidity of the patch. This difference is probably caused by the difference in thickness of both
materials, as the sheet is approximately ten times thicker than the foil. Next to that, the elastic modulus of the
SMP sheet material (PS) is also approximately four times larger than the elastic modulus of the foil material
(PE) [21]. Another interesting difference is the wrinkled surface created on some isotropic foil patches. The
patches with the isotropic sheet material never exhibited this effect. As shown in the grid analyses and in the
strain analysis of the FEM model, the complete sheet does not shrink to the same extent. In the corners of the
patch the sheet is, for example, compressed, while around the saddle point maximum shrinkage of the SMP
takes place. This strain difference in the sheet could induce this wrinkling (buckling) of the sheet material.
The reason that the foil buckles and the sheet material does not, is again attributed to the thickness of the
material. Since the sheet SMP is thicker. it can resist this buckling of the sheet more easily and, therefore, no
wrinkled surface is formed.
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Figure 4.4: a: HRMS and Kav g for different patch types. b: The dimensionless global principal curvatures k1 ·L and k2 ·L for different
patch types, the global principal curvatures are made dimensionless by multiplying them with the patch length. c: Area shrink percent-
age of different patch types compared with maximum area shrinkage of isotropic foil and isotropic sheet. d: Normalized ratio of height
of saddle point to the corners in the vertical projected plane for different patch types. p<0.05,p<0.01 . Note: for the S-B patch, the frame
with a stiffness of 9400 N/m for both hinge types was selected and for the Al discrete patch the frame with a thickness of 2 mm and 0.5
mm. The Al continuous patch with Cd = 2.63·10−4 is shown . For all patches in this figure, the isotropic foil or isotropic sheet SMP was
used.

Figure 4.4a and 4.4b show that the global principal curvatures are higher for the aluminium patches, com-
pared to the printed patches. Next to that, the Kav g is approximately 25x more negative for the aluminium
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patches. Both measures indicate that the folded aluminium patches are more hyperbolic. This difference
can be attributed to the different SMP’s used for both patches. The SMP sheet has a higher shrink percentage
compared to the foil. The aluminium patches, that all use an SMP sheet, therefore fold further compared
to the printed patches, that all use an SMP foil. It is also shown that the HRMS increases for the aluminium
patches. This corresponds to previous results, that show that the HRMS increases, when patches are folded
further (figure 4.1). Figure 4.4d shows that the saddle point for the printed patches, that all use isotropic foil,
lies lower than the middle of the patch. For most aluminium patches, that all use an isotropic sheet, the sad-
dle point is almost in the middle. A possible explanation for this difference might again be the foil and sheet
material used. The printed frames have hinges and the used foil is relatively thin. When the printed patches
fold, the foil tightens itself between the frame. This presumably results in a high tension in the foil. The com-
bination of this high tension and thin foil, ensures that the foil is slightly stretched. Subsequently, the saddle
point of the patches with foil becomes lower. The SMP sheet is thicker and will therefore be stretched less,
therefore the saddle point is not lowered for the aluminium patches. This idea is substantiated by the results
shown in figure 4.4c. In this figure the different area shrink percentages of the patches are compared with the
maximum shrink percentage of their corresponding SMP. As demonstrated, the maximum shrink percentage
of the foil is approximately two/four times larger than the shrink percentage of the printed patches (that use
foil). The difference between the aluminium patches and the maximum shrink percentage of the SMP sheet
is much lower. This indicates that the shrinkage of the foil patches is indeed opposed more, compared to the
shrinkage of the sheet patches. This substantiates that the foil is stretched.

A last notable difference between the SMP sheet and the SMP foil, is that the sheet material tore itself in
some cases as previously shown in figure 3.17c. The patches that used foil, however, never showed this effect.
Especially for SMP sheet patches with a large sheet area, this tearing effect was shown. It is assumed that the
stresses in the sheet become too high locally and subsequently, the sheet ruptures. The foil does not show this
effect as the foil has a lower shrink force, moreover the foil can behave more elastic as the foil is significantly
thinner. This allows the foil to better absorb these stress peaks.

The use of different foil types than isotropic foil, showed negative results. The unidirectional foil completely
skews the frame and creates a wrinkled surface. The uneven bidirectional foil also creates a wrinkled surface,
but to a lesser extent. Because of these wrinkles, the HRMS of these patches is larger compared to the same
patches with isotropic foil. As discussed earlier, an increase in HRMS is undesirable. Interestingly, the uneven
bidirectional foil also induces a difference in the folded opposite corner pairs. By using this effect, the folding
of the patches can be manipulated in different ways, without the need for hinges. The undesired wrinkled sur-
face is probably again caused by the relatively low thickness of the foils in combination with the anisotropic
behaviour explained earlier. This anisotropic behaviour increases the strain differences in the SMP and thus
increases the wrinkling of the surface of the SMP. It would be interesting to test whether anisotropic sheet
SMP’s show similar behaviour. Unfortunately, anisotropic sheet SMP could not be obtained and therefore
was not used in this research.

4.3. SMP shape-shifting and the “idealized” minimal surface
Significant differences are shown between the ’idealized’ surfaces created with surface evolver and all exper-
imental patches, as shown in figure 4.5. The printed patches have saddle points that are lower compared to
their ’idealized’ patches (4.5a and 4.5b). As discussed, this could be attributed to the stretching behaviour of
the foils. The aluminium patches have a saddle point that lies in the middle of the frame, which explains their
lower RMS and max Hausdorff distance as shown in figure 4.5c. Still, however, both the aluminium discrete
and continuous patches show a deviation from their ’idealized’ surface. This deviation is shown in figures
4.5d and 4.5e. Although the saddle point of the aluminium patches is in the middle, their ’idealized’ surface
rises steeper towards the saddle. The FEM model showed a similar deviation from its ’idealized’ surface as
shown earlier in figure 3.23. Since the FEM model also shows this deviation, there is little chance that an
external factor is responsible for this observation. This in fact shows that with this shape-shifting method an
ideal minimal surface can be approximated, but the surface will never form an exact minimal surface. An
explanation for this difference is the fact that a minimal surface has a constant surface tension for the com-
plete surface [23] [27]. This constant surface tension can be created in thin liquid films such as soap films.
This constant surface tension can, however, not be created in the solid SMP’s that are constrained by a frame,
which subsequently results in the observed deviation. This explanation is substantiated by the FEM model,
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whose stress analysis clearly shows that the tension in the surface of the SMP is not constant (section 3.5.2).
Next to the Hausdorff distance, this deviation from a perfect minimal surface could also be observed by the
earlier discussed HRMS . For a minimal surface, the HRMS would be zero everywhere. The ’idealized’ patches
indeed show a mean curvature of zero for the complete patch (shown in appendix D.2).
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Figure 4.5: a: Hausdorff distance between the S-B isotropic foil patch and its ’idealized’ surface. b: Hausdorff distance between the AR
isotropic foil patch and its ’idealized’ surface. c: Max and RMS of the Hausdorff distance for different patch types, both distances are
made dimensionless by dividing them with the length of the patch. d: Hausdorff distance between the Al discrete patch and its ’idealized’
surface. d: Hausdorff distance between the Al continuous patch and its ’idealized’ surface. p<0.05,p<0.01. Note: for the S-B patch, the
frame with a stiffness of 9400 N/m for both hinge types was selected and for the Al discrete patch the frame with a thickness of 2 mm and
0.5 mm. The Al continuous patch with Cd = 2.63·10−4 is shown . For all patches in this figure the isotropic foil or isotropic sheet SMP
was used.

4.4. Measuring hyperbolic shape-shifted patches
The value of the different chosen output parameters was previously unknown. Fairly simple output param-
eters such as the folded corner angle and the grid analyses are self-evident. Other parameters, however, are
more difficult to understand showing similarities as well as irregularities. Firstly, the sensitivity for human
error is a problem for all values that are derived from the scanned patches. During the 3D-scanning pro-
cess, the consistency of scanning will influence the results. Next to that, the scanned frame was deleted in
the computer in order to only take the SMP surface into account. This cleaning process could influence the
final results. This is why a measure such as patch area, which is completely based on the scanned patch, is
quite rough and shows large deviations. It could be used to quantify the patch, but only for patches that show
major differences. Quantifying differences between almost similar patches could not be accomplished with
this measure. The same applies for the Hausdorff distance, the boundaries used in surface evolver in order to
calculate the ’idealized’ patches are coded manually into the script. Although this is done as consistently as
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possible, this process could still be influenced by human error.

Next to the human error, there are similarities between different measures. Both the Kav g and the global
principal curvatures can be considered a measure of how (hyperbolic) curved the patch’s surface is. In most
cases, this resemblance is also reflected in the results. An increase in both global principal curvatures, also
showed a Kav g that is more negative. The difference between both measures and what makes them both im-
portant, however, is that the global principal curvatures can be seen as a measure of the complete patch. The
Kav g can be seen as a zoomed-in measure of intrinsic curvature, since the Gaussian curvature is calculated
for every point over a 0.3 mm radius sampled point cloud of the patch. In other words, this Kav g provides a
quantification of intrinsic curvature with a smaller neighbourhood. By doing this, the intrinsic curvature can
be measured on two completely different scales. A similar resemblance between different measures occurs
for the HRMS and the Hausdorff distance to the ’idealized’ patch. Both are a measure of how much the patch
deviates from a minimal surface with zero mean curvature. The Hausdorff distance, however, does this on a
large scale for the complete patch, while the mean curvature is again calculated for every point over a 0.3 mm
radius and provides a more zoomed-in value of this minimal surface deviation.

4.5. Outlook & applications
This research covers different aspects of the concept of hyperbolic shape-shifting with a rigid frame and a
heat shrinkable polymer. The research, however, introduces new problems and questions that have yet to be
solved. In this research, the trade-off between shrink force and the frame stiffness is introduced. However,
no quantification is done for this shrink force and the precise working principle is not clear. The assumption
has been made that a larger area and thickness of the SMP result in an increased shrink force. But the exact
relation between those parameters remains unclear. In the research of Lui et al., it was shown that the force
generated by an isotropic SMP sheet was not linearly proportional to the area of the material [37]. All samples
had a height of 7.62 cm, while the width of the sheet was increased. For a doubling in sheet area, the maxi-
mum force did increase, but it did not double as shown in figure 4.6. Especially for larger areas, this increase
declines. Lui et al. were the first to quantify the shrink force of sheet SMP and further study could provide
more insight into the shape-shifting process.

a b

Figure 4.6: Results from the work of Liu et al [37], For an isotropic sheet SMP. During the tests, the samples are heated with a heat gun from
a fixed distance. All samples have a height of 7,62 cm and a width that increases. a: The average force curve for different sample widths
against time is given b: This graph shows the average maximum force generated by different sample widths. The standard deviation is
given based on 10 samples.

New combinations of both the frame and SMP’s should be tested in order to evaluate if similar effects oc-
cur and if the assumptions made in this research are actually correct. The thickness of the SMP could, for ex-
ample, not be changed in this research, although it is expected to be of large influence on the folding process
of the patch. This thickness will probably influence the scaling effects observed as well as the Euler-Plateau
equilibrium. Another interesting effect of a change in SMP is that unidirectional and uneven bidirectional
SMP sheets (i.o. foils) could influence the folding process. Today, however, these different materials are not
yet commercially available and should be produced specifically for this application.
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Analysing the effects of scaling, was one of the main objectives of this research as the concept has mul-
tiple applications in smaller (micro-scale) fields. The patch could, however, not be completely scaled as the
SMP’s thickness remained constant. Therefore, the SMP could only be scaled over its area, while the frame
was being scaled completely by its volume. This resulted in the previously discussed scaling effects. It is ex-
pected that these effects would not occur, if the SMP was also scaled completely and not only by its area. In
this case, the volume ratio between the SMP and the frame would remain constant and thus the ratio be-
tween the shrink force and the frame mass would stay constant, assuming that the shrink force of the SMP
is proportional to the SMP’s volume. Hans Goosen, assistant professor at the department of Precision and
Microsystems Engineering at the TU Delft, also uncovered other important effects of scaling. First, the fab-
rication and especially the assembly of the patches would become more difficult on smaller (micro) scales.
A solution for this problem could be to directly print the frames on top of the SMP’s by using a 3D-printer.
Another interesting aspect is the stiffness of the frame and the hinges. The stiffness of both will increase com-
pared to the shrink force of the sheet, when down-scaling the concept. This will, in all probability, influence
the folding effect of the patches as previously is shown that hinge and frame stiffness has a major influence
on the shape-shifting process.

Furthermore, in this research the patch is only measured after activation. It remains unclear, however, what
happens during the folding of the patch. This could, for example, be accomplished with a digital image
correlation analysis (DIC). This is, however, challenging as the patch folding process takes place in a very
short time span and in an oven or in boiling water. A small insight in the folding process was given by the
FEM model, but it cannot be concluded with certainty that this corresponds to the folding process of the
real patch. Information of this folding process could, however, be valuable for some applications of shape-
shifting.

As discussed earlier, this research showed that a minimal surface can be approximated with SMP shape-
shifting in combination with a rigid frame. A real minimal surface, however, can never be created with this
process, because of the non-liquid behaviour and thickness of the SMP. A solution to this problem could
be to separate the folding process and the minimal surface folding process by the use of two materials. One
material can be responsible for the folding of the patch, while the other material is responsible for the forming
of the surface. In this case the surface forming material does not need to have a high shrink force and can be
relatively thin. By doing this, the shape-shifted surface could more closely approximate a minimal surface. A
proof-of-concept of this idea is given in figure 4.7.

Figure 4.7: Example of two different SMP’s used for the shape-shifting of hyperbolic surfaces. The strong yellow SMP is responsible for
the folding of the patch, while the thin transparent SMP is responsible for the formation of the (curved) surface.

Larger and more complicated curved structures can be shape-shifted, by connecting multiple patches. In
this study, effects and problems for the shape-shifting of one single patch have been revealed. It is likely that
larger structures will behave differently and that different aspects such as frame mass and folding sequence
will become more important. Two examples of the shape-shifting of multiple connected patches are shown
in figures 4.8 and 4.9. In figure 4.8 multiple Al discrete patches are connected together and form, when acti-
vated, an extensively curved surface. The example in figure 4.9 shows that the idea introduced in the paper of
Callens et al., can also be realised with the use of sheet memory polymers. Callens et al. shows in his research
that TPMS structures can be created by connecting relatively simple self-folding patches, that can be formed
trough 2D-to-3D shape-shifting [9].
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Figure 4.8: Multiple Al discrete patches connected in a square set-up form an extensively curved surface when activated.

a

b

c

Figure 4.9: a: Realisation of the idea of Callens et al. Different complex TPMS structures can be folded by the 2D-to-3D shape shifting
of relatively simple connected patches [9]. b: Example of one single shape-shifted patch with the use of a rigid frame and a SMP, based
on the research of Callens et al. c: Example of multiple shape-shifted patches connected to each other, in the end large complex TPMS
structures can be formed.



5
Conclusion

In this research the basic and most important principles of shape-shifting of hyperbolic surfaces are explored.
This is done with the use of a passive rigid frame and an active shape memory polymer (SMP). The active SMP
generates the force in order to create the deformation and movement, while the passive material determines
how and where the patch will fold. A simple square patch design consisting of four rigid beams and an SMP
was used as the basis of this research. When activated, this patch forms a saddle shaped surface. The design,
activation and materials of the patch were changed and manipulated in different ways in order to perform
a parametric study. In order to quantify and assess the quality of the patch and the effects of the manipula-
tions, different test set-ups were made and the most valuable output parameters were chosen. Lastly, a finite
element model of the concept was developed and analysed.

1. What are the different ways hyperbolic shape-shifting with rigid frame can be designed and manufac-
tured, what are the advantages and disadvantages of these different designs? A simple square patch design
consisting of four rigid beams and an SMP was used as the basis of this research. The design can be manip-
ulated and changed in different ways. Firstly hinges can be added to the design. These hinges have a clear
effect on the folding process. They not only influence how the patch folds, but also to what extent. In general,
the following correlation is found: the further the patch folds and thus the more hyperbolic the shape-shifted
patch becomes, the further the surface deviates from a minimal surface. Furthermore, it is shown that hinges
ensure that the patch folds more uniformly, compared to patches that do not have hinges. This research also
demonstrated that by changing the corner aspect ratio of the unfolded frame, the folding process can also
be influenced without the use of hinges. Another important input parameter is the thickness of the frame.
Below a certain thickness threshold, the frame is not stiff enough and an irregular and wrinkled surface will
be formed. Inversely, when the thickness becomes too high its mass will influence the folding of the patch.
When using a continuous frame (i.e. a frame that extends in the corners) an equilibrium between the stiffness
of the patch and the shrink force of the sheet was created. In order to clarify this principle, a dimensionless
parameter (Cd ) is formulated that permits a quantification of this relationship. Lastly, the activation method
forms an important consideration when fabricating shape-shifted hyperbolic surfaces. Different activation
methods were discovered, each with their own (dis)advantages. In conclusion, it can be stated that it is pos-
sible to approximate a perfect minimal surface with this shape-shifting method. However, this research also
shows that it is not possible to exactly resemble a minimal surface. This is attributed to the non-liquid be-
haviour of the SMP’s.

2. What are suitable materials to be used in hyperbolic shape-shifting for both the frame and sheet? The
distinction can be made between the active SMP’s and the rigid passive materials, also called the frame in
this research. For the active materials two different main aspects play a role. Firstly, the shrink type of the
material is important, or in other words, how the patch shrinks. The SMP can show uni-directional, uneven
bi-directional or isotropic shrink behaviour. In this research, it is shown that in most cases the uni-directional
SMP and bi-directional SMP show undesirable behaviour. A wrinkled surface is formed and the patch is
skewed. The isotropic SMP’s, however, let the patch fold consistently and uniformly, unless influenced by
certain frame designs. The other main aspect when considering the active SMP, is its material type. The first
group consists out of SMP’s which are relatively thick with a high shrink percentage and a high activation tem-
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perature. In this research they are called sheets. The high shrink percentage of such sheets generally results
in patches that are more hyperbolic. The other materials used were foils, that are approximately ten times
thinner and have a lower shrink percentage and lower activation temperature. The thinner foils alone are not
able to sustain the rigidity of the patch itself. The foils can only tighten themselves between a rigid frame
with hinges. Without hinges, an irregular and collapsed shape with little stiffness is obtained. The sheet ma-
terial itself is strong enough to give rigidity to a patch without hinges. When selecting the frame material for
the shape-shifting process, an important trade-off needs to be made. The frame material should be able to
withstand the activation temperature needed to activate the SMP, in order to prevent melting or softening of
the frame material. Aluminium shows to be a good example of such a material. However, fabrication of more
complex frames is difficult and aluminium is relatively heavy. Therefore, in some cases it is more convenient
to use other materials.

3. How can the quality of the self-folding methods be experimentally quantified, taking into account dif-
ferent important aspects of the shape-shifted hyperbolic surfaces? Different qualitative and quantitative
measurements are introduced in order to assess the shape-shifting process. Fairly simple output parameters
such as the folded corner angle, the grid analyses and the distance to the saddle point are self-evident. Other
parameters, however, are more difficult to understand and show some similarities. It is shown that both the
Gaussian and mean curvature of the surface can be quantified in different ways. First a zoomed-in quantifi-
cation with a small neighborhood is introduced for both values, the HRMS and Kav g . Next to that, a more
global quantification is introduced to quantify both values for the complete patch. These are the global prin-
ciples curvatures and RMS Hausdorff distance to the ’idealized’ surface. It is expected that all four measures
can also be used for surface curvature research other than shape-shifting. The limitation of all measurements
used, is that the patch is only assessed after the activation. It is not taken into account what happens during
the folding process. Another limitation is that the measures are sensitive for human error which could have
an important undesired influence.

4. How can the basic patch design be modelled and is it possible to subsequently analyse the folding pro-
cess with this model? The basic patch can be modelled in the finite element method program Abaqus. This
FEM model resembles the real shape-shifted patches. The model makes it possible to analyse the stress and
strain in the sheet. Large stress differences were shown in the modeled SMP surface. Around the saddle,
the stress was relatively low and the negative strain almost reached its maximum shrink percentage. In the
corners of the modeled patch, however, the stress was high and the strain positive, indicating that the mate-
rial extends at this location. This strain analysis shows again a large resemblance tot the grid analyses of the
experimental patches. The stress differences found in the modeled sheet, also substantiate why a minimal
surface can be approximated, but not mimicked, with the shape-shifting method. A perfect minimal surface
should have a constant surface tension over the complete surface. This model makes it also possible to anal-
yse what happens during the folding of the patch itself, as this was not possible for the experimental patches.

5. What are the difficulties and important key factors when scaling the concept? The patch could not be
completely scaled as the SMP’s thickness was constant. Therefore, the SMP could only be scaled over its area,
while the frame was being scaled completely. This inconsistent scaling resulted in a change in volume ratio
between the frame and the SMP. For a smaller scale (< 1), the volume of the sheet increased compared to the
volume of the frame. This resulted in a stronger SMP and less influence by the mass of the frame. When the
scale increased (> 1) , the opposite effect was shown and some patches even collapsed under the mass of the
frame. It is expected that this effect would not occur, if the SMP was also scaled completely and not only by its
area. In this case the volume ratio between the SMP and the frame would remain constant. Other difficulties
of scaling the concept would be difficulties in assembly and fabrication as well as changes in the design such
as the hinges. This because, hinge stiffness will scale differently compared to the sheet force.



A
Decisions for basic design

Basic patch in order to 
research and analyze 
minimal surface shape 
shifting methods with a 
rigid frame and a heat 
shrinkable polymer

Deterministic

Semi deterministic

Random

CLP patch

D patch

P patch

Square

Polygon

Other

Different 
distributions 
and sizes

Design Initiated

Figure A.1: Different ideas for design of the basic patch, final design is outlined in black.
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58 A. Decisions for basic design

One material 
compliant hinge

Multiple material 
compliant hinge

Ball-socket joint

Possible to print in ultimaker 2+. No multi material printer available for
this scale.

Tested in ultimaker 2+ and formlabs 2.
Does not work on this scale.

Figure A.2: Three main ideas for hinges in the basic patch. The one material compliant hinge is chosen as it is the only one that can be
3D printed in this scale.

+ Uniform heating
- Max 100 °C
- No sequential folding

+ Uniform heating 
(thick patches)

- No sequential folding

+ Possibility sequential 
folding

- Uniform heating difficult

+ Easy sequential folding
- Uniform heating not 

possible

Hot air (oven)Submerge in water Hot air (heat gun) IR lamp

Figure A.3: four main ideas for activation of the pre-stressed shape memory polymer sheets, with their main advantages and disad-
vantages. For our experiments the decision is made to use "the submerge in water" or "oven method", Depending on the SMP sheet
used



B
Test matrix for different patch groups

Table B.1: Here the complete test matrix for the printed patch is shown. All changing input parameters are documented. All other
constant values for the experiment can be found in the methodology.

Combination # Hinge type (1-4) Hinge type (2-3) Hinge stiffness (1-4) (N/m) Hinge stiffness (2-3) (N/m) Pre-stressed SMP material
1 bend slide +-9400 +-9400 Isotropic foil
2 bend slide +-9400 +-1400 Isotropic foil
3 bend slide +-44400 +-9400 Isotropic foil
4 bend slide +-44400 +-1400 Isotropic foil
5 rotation rotation +-1300 +-1300 Isotropic foil
6 rotation rotation +-1300 +-1300 Bi-directional foil
7 rotation rotation +-1300 +-1300 Uni-directional foil
8 no hinge no hinge - - Isotropic foil
9 no hinge no hinge - - Bi-directional foil
10 no hinge no hinge - - Uni-directional foil

Table B.2: An overview of all different input parameter combinations for the continuous aluminium patch and their corresponding Cd .
All changing parameters are documented. All other constant input values for the experiment can be found in the methodology.

Combination # Length (mm) Thickness frame (mm) Width frame (mm) Cd

1 45 0.5 3 7.95 ·10−4

2 60 0.5 4 4.48 ·10−4

3 80 0.5 5 2.36 ·10−4

4 100 0.5 6 1.45 ·10−4

5 45 0.1 3 6.37 ·10−6
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Figure C.1: Initially five isotropic sheet materials were found. In order to find the most ideal isotropic sheet material for the experiments
all sheets were initiated at their ideal temperature. The experiment was conducted in the same way as the other SMP validation tests
explained in the methodology 2.3.a-e shows the shrunken length of the different isotropic sheets. It clearly shows that the length of the
’Shrinkme matt white’ material is the most constant and the closest to each other. This is also shown in f were the differences between
the vertical and horizontal axis are shown for each material. This is why the Shrinkme matt white is chosen as the optimal isotropic sheet
material and is used in the rest of the paper. For the foil materials this validation was not needed as only one material for each type was
found. g shows how the different length’s are measured.
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62 C. Additional experiments

                

   

Figure C.2: Simple hinge with different thicknesses made for aluminium basic patch. Shows that only one hinge pair will bend, while
the other pair stays 90°. This shows that slide-bend hinges are needed and is due to the fact that the basic patch has a different bending
axis. By changing the thickness of this hinge, the extent the corner pair bends can be changed. For higher thicknesses the patch does not
bend at all.
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Other

a b c

d e f

1

2
3

4
𝜃

∡1 = 0,0,0

∡4 = − sin 𝜃 , cos 𝜃 , 0

∡2 = sin 𝜃 , cos 𝜃 , 0

∡3 = 0,
cos 2𝜃 − sin2 𝜃

−cos 𝜃
+ cos 𝜃 , 1 − sin2 𝜃 − ∡3𝑦 − cos 𝜃

2

∡3𝑦 =
cos 2𝜃 − sin2 𝜃

−cos 𝜃
+ cos 𝜃*

*

Figure D.1: Kinematic approach of basic patch with 4 equal corners in every position.
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64 D. Other

mean curvature (𝑚𝑚−1) Gaussian curvature (𝑚𝑚−2)

Figure D.2: Example of mean curvature(mm−1) and Gaussian curvature(mm−2) of “idealized patch”, constructed in surface evolver.
This example is based on outer boundaries of the bend-slide hinge 3D-printed patch (Bend hinge: 9400 N/m, Slide hinge: 9400 N/m). It
substantiates that the mean curvature is indeed zero, for every element on the ’idealized’ patch.
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