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1. Introduction

In this paper we study sharp LP-regularity estimates for solutions to stochastic evolution equations. This
we will call stochastic maximal LP-regularity. From a PDE point of view it leads to natural a priori estimates,
and this can in turn be used to obtain local existence and uniqueness for nonlinear PDEs (see e.g. [24,46,
47]). In the deterministic setting [12] Dore has found several stability properties of maximal LP-regularity
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(see also the monograph [46]). A list of results can be found below Definition 2.3. These properties are
interesting to know from a theoretical point of view. In practice one usually checks the conditions of Weis’
theorem which states that maximal LP-regularity is equivalent to R-sectoriality if the underlying space is
a UMD space. If p = 1, p = oo or X is not UMD, then one can not rely on the latter results, and thus
Dore’s theory becomes more relevant. Alternative ways to derive maximal LP-regularity can be to use the
Da Prato-Grisvard theorem (see [16, Theorem 9.3.5]) or put more restrictive conditions on the generator A
(see [22]).

In [40-42] stochastic maximal LP-regularity for an operator A (or briefly A € SMR(p,T')) was proved
under the condition that A has a bounded H*°-calculus (see Theorem 3.6 below). These results have been
applied in several other papers (e.g. [1,18,39]). Recently, extensions to the time and w-dependent setting
have been obtained in [44]. The stochastic maximal regularity theory of the above mentioned papers provides
an alternative approach and extension of a part of Krylov’s LP-theory for stochastic PDEs (see [26] and the
overview [27]).

The aim of the first part of the current paper is to obtain stochastic versions of Dore’s results [12]. In
many cases completely new proofs are required due to the fact that stochastic convolutions behave in very
different way. Assume —A generates a strongly continuous semigroup (S(¢)):>o on a Banach space X with
UMD and type 2. In Sections 3-7, for all p € [2,00) and T € (0, 00|, we obtain the following stability
properties of stochastic maximal LP-regularity:

o the class SMR(p, T) is stable under appropriate translations and dilations;
o independence of the dimension of the noise;

o if A€ SMR(p,T), then S is an analytic semigroup;

o if A € SMR(p,o0), then S is exponentially stable;

« SMR(p, ) € SMR(p,T) = SMR(p,T), for any T € (0,00);

e if A€ SMR(p,T) and S is exponentially stable, then A € SMR(p, 00);

e perturbation results;

o weighted characterizations.

A p-independence result similar to Dore’s result holds as well, but it is out of the scope of this paper to
prove this. Note that in [12] the p-independence in the deterministic case was derived from operator-valued
Calderén—Zygmund theory. A stochastic Calderén—Zygmund theory has been recently obtained in [32] where
among other things the p-independence of SMR(p, T') is established.

The aim of the second part of the paper is to introduce a weighted version of stochastic maximal regularity
(see Section 7). In a future paper we will use the theory of the current paper to study quasilinear stochastic
evolution equations. In particular we plan to obtain a version of [17,18] with weights in time. Because of
the weights in time one can treat rough initial data. This has already been demonstrated by Portal and the
second author in [44] in the semilinear case.

Notation. We write A <p B, whenever there is a constant C' only depending on the parameter P such that
A < CB. Moreover, we write A ~p Bif A<p Band A2p B.

Acknowledgment. The authors would like to thank Emiel Lorist and the anonymous referees for helpful com-
ments. The authors would also like to thank Bounit Hamid for pointing out the reference [5] for Lemma 4.4.

2. Preliminaries

In this section we collect some useful facts and fix the notation, which will be employed through the
paper.
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2.1. Sectorial operators and H-calculus

For details on the H*-calculus we refer the reader to [16,20,29]. For ¢ € (0, 7) we denote by ¥, := {2z €
C : |arg(z)| < ¢} the open sector of angle . Moreover, for a closed linear operator A on a Banach space
X, D(A) and R(A) denote its domain and range respectively. We say that A is sectorial if A is injective,
(A) = D(A) = X and there exists ¢ € (0, 7) such that o(4) C £, and

o)

SuIL||zR(z,A)\\_g(X) < 00.
zeC\X,

Moreover, we w(A) denotes the infimum of all ¢ € (0, 7) such that A is sectorial of angle .

For ¢ € (0,m), we denote by HG°(X,) the set of all holomorphic function f : ¥, — C such that
If(2)] < C|z]7/(1 + |z|*) for some C,e > 0 independent of z € X,. Let A be a sectorial operator of angle
w(A) <v < . Then for f € HF*(X,) we set

1
2

£(A) - / F(2)R(z, A) dz; (2.1)
ox

where the orientation of %, is such that o(A) is on the right. By [20, Section 10.2], f(A) is well-defined in
Z(X) and it is independent of v € (w(A), ¢).

Furthermore, the operator A is said to have a bounded H>°(X,)-calculus if there exists C' > 0 such that
for all f € H§(X,),

If(Dllzx) < Cllflla==,)

where || f||ge(s,) = sup.ex, [f(2)]. Lastly, wpy=(A) denotes the infimum of all ¢ € (w(A),n) such that A
has a bounded H*°(X,)-calculus.

Remark 2.1. Nowadays it is known that a large class of elliptic operators have a bounded H°-calculus. For
instances see [10], [39, Example 3.2], [44, Subsection 1.3], [20, Section 10.8] and in the reference therein.

Let BIP(X) denote the set of sectorial operators which have bounded imaginary powers, i.e. A® extends
to a bounded linear operator on X and supy,<; [[A"||#(x) < oo. Moreover, we set
1

04 := limsup
lt—oo [t]

log | A" || #(x)-

If A has a bounded H° (X, )-calculus for some v € (0,7), then A € BIP(X) and 04 < wy(4).

Let (rp)n>1 be a Rademacher sequence on (2, F,P), i.e. a sequence of independent random variables
with P(r, =1) = P(r, = —1) = } for all n > 1. A family of bounded linear operators 7 C £(X,Y) is said
to be R-bounded if there exists a constant C' > 0 such that for all z1,...,zy € X, T1,..., Ty € J one has

N
=1

N
< C’H rlo:v‘ .
L2(Q:X) ~ ; T L2 ix)

For more on this notion see [20, Chapter 8].
An operator A is called R-sectorial if for some o € (0,7) one has C\ ¥, C p(A) and the set {AR(\, 4) :
A€ C\ X,} is R-bounded. Finally, wr(A4) denotes the infimum of such ¢’s. For more on this see [20,46].
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Remark 2.2. Let X be a UMD Banach space. Then A € BIP(X) implies that A is R-sectorial on X and
wr(A) < 64 (see [46, Theorem 4.4.5]).

For details on UMD spaces we refer to [19, Chapter 4].
2.2. Deterministic maximal LP-reqularity and R-boundedness

Deterministic maximal LP-regularity has been investigated by many authors and plays an important role
in the modern treatment of parabolic equations, see e.g. [11,29,46,47] and the references therein.

If — A generates a strongly continuous semigroup S := (S(t));>0, then wo(—A) denotes the exponential
growth bound of S

wo(—A) :=inf{w € R : supe “"(|S(t)|| < oo}.
>0

Thus wo(—A) < 0 if and only if S is exponentially stable. Moreover, if A is a densely defined operator and

w > wo(—A), then w + A is a sectorial operator on X; thus one can define (w + A)'/2

on X.

as a closed operator

Definition 2.3 (Deterministic mazimal LP-reqularity). Let T > 0 and p € [100]. A closed linear operator A
on a Banach space X is said to have (deterministic) maximal LP-reqularity on (0,T) if for all f € LP(0,T; X)
there exists an unique u € W1?(0,T; X) N LP(0,T; D(A)) such that

u + Au = f, u(0) = 0.
In this case we write A € DMR(p, T).

Stability properties of the deterministic maximal LP-regularity have been studied in [12] (see also the
monograph [46]): For all p € [1,00] and T € (0, c0]

o the class DMR(p, T) is stable under appropriate translations and dilations;
o if A€ DMR(p,T), then —A generates an analytic semigroup;

o if A € DMR(p, c0), then wo(—A) < 0;

« DMR(p,o0) C DMR(p,T) = DMR(p,T) if T, T € (0, 00),

e if A€ DMR(p,T) and wo(—A) < 0, then A € DMR(p, c);

e perturbation results;

e DMR(p,T) € DMR(q,T) for all ¢ € (1, 00) with equality if p € (1, 00).

Finally let us mention that weighted versions of deterministic maximal LP-regularity have been studied in
[45] for power weights and in [7,8] for weights of A,-type.

The following result was proven in [56], it has been very influential and is by now a classical result: for
a UMD space X, p € (1,00) and 0 € p(A) one has A € DMR(p, c0) if and only if A is R-sectorial of angle
< /2.

2.8. ~y-radonifying operators
In this subsection we briefly review some basic facts regarding ~-radonifying operators; for further dis-

cussions see [20, Chapter 9]. Through this subsection (v,)nen denotes a Gaussian sequence, i.e. a sequence
of independent standard normal variables over a probability space (22, A, P).
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Let s be a Hilbert space (with scalar product (-,-)) and X be a Banach space with finite cotype. Recall
that H ® X is the space of finite rank operators from 57 to X. In other words, each T' € H ® X has the
form

N
T=> hy®,,
n=1

for N € N and (h,,))_, C #. Here h ® = denotes the operator g ~ (g, h)z.
For T'e¢ H ® X define

2
< 00}
X

N
ITI2 e ) = SUPE|| D aTh
n=1

where the supremum is taken over all finite orthonormal systems (h,)2_; in J#. Then ||T|| < [T, x)-
The closure of H ® X with respect to the above norm is called the space of ~v-radonifying operators and is
denoted by (2, X).

The following property will be used through the paper.

Proposition 2.4 (Ideal property). Let T € (s, X). If G is another Hilbert space and Y a Banach space,
then for allU € Z(X,Y) and V € Z(G, 5) we have UTV € v(G,Y) and

N1UTV |lycy) < NUllex ) ITlyex) V2@ o)

We will be mainly interested in the case that # = L?(S; H) where (S, A4, i) is a measure space and H
is another Hilbert space. In this situation we employ the following notation:

v(S; H,X) := (L*(S; H), X)

and y(a,b; H, X) := v(L?*(a,b; H), X), if S = (a,b), p is the one dimensional Lebesgue measure and A is
the natural o-algebra. If H = R we simply write y(a, b; X) := v(L?(a,b), X).

An H-strongly measurable function G : S — Z(H, X) (i.e. for each h € H the map s — f(s)h is strongly
measurable) belongs to L?(S; H) scalarly if G*(s)x* € L?(S; H) for each * € X*. Such a function represent
an operator R € v(S; H, X) if for all f € L?(S; H) and 2* € X* we have

/ (G(s)f(s),2") ds = (R(f), z").

S

It can be shown that if R is represented by GG; and G5 then G; = G almost everywhere. It will be convenient
to identify R with G and we will simply write G € v(S; H, X) and ||G||y(s;,x) = | R|ly(s;m,x)- By the
ideal property, if S =57 U S5 and S; and Ss are disjoint, then

Gy s;m,x) S NGllysmx) + 1Glly(sy;m,x)- (2.2)
Another consequence of the ideal property is that for G € v(S; H, X), ¢ € L*°(S) and Sy C S, we have
10Gly(s31,x) < Bl G llyssaxys 1Ls0Gllyisimx) = G llysosm,x) (2.3)

To conclude this section, we recall the following embedding:
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Proposition 2.5. Let X be a Banach space with type 2, then
L*(S57(H, X)) = (L*(5),~7(H, X)) = v(L*(S; H), X).

Proof. Since X has type 2, also v(H,X) has type 2, because it is isomorphic to a closed subspace of
L2(€%; X) (see [20, Proposition 7.1.4]). Now the first embedding follows from [20, Theorem 9.2.10]. The second
embedding follows by considering finite rank operators and applying [20, Theorem 7.1.20] with orthonormal
family {77, : 4, € N}, where 7; and 7; are defined on probability spaces Q and Q respectively. O

2.4. Stochastic integration in UMD Banach spaces

The aim of this section is to present basic results of the stochastic integration theory in UMD Banach
spaces developed in [38]. Let (2, o7, P) be a probability space with filtration .# = (%;);>0 and throughout
the rest of the paper it is fixed. An #-adapted step process is a linear combination of functions

(Lax(s,g ® (h®@x))(w,t) = 1ax(sy(w, t)(h®@x),

where 0 < s <t < T and A € F,. Let T > 0, we say that a stochastic process G : [0,T] x Q@ — Z(H, X)
belongs to L*(0,T; H) scalarly almost surely if for all z* € X* a.s. the G*z* € L?(0,T; H). Such a process
G is said to represent an L?(0, T'; H)-strongly measurable R € L°(;~(0,T; H, X)) if for all f € L?(0,T; H)

and z* € X™* we have
T
- [1Gtw)r0.a) .
0

As done in Subsection 2.3, we identify GG and R in the case that R is represented by G. Moreover, we say that
G e LP(;v(0,T; H, X)) if R € LP(Q2;~v(0,T; H, X)) for some p € [0,00). We say that R: Q — ~(0,T; H, X)
is elementary adapted to % if it is represented by an .#-adapted step process G. Lastly,

L% (Q;7(0,T; H, X))

denotes the closure of all elementary adapted R € LP(Q;~(0,7; H,X)). In the paper we will consider
cylindrical Gaussian noise.

Definition 2.6. A bounded linear operator Wy : L2(R; H) — L*(Q) is said to be an .% -cylindrical Brownian
motion in H if the following are satisfied:

o forall f € L?(Ry; H) the random variable Wy (f) is centered Gaussian;

o forallt € Ry and f € L?(R,; H) with support in [0,t], Wg(f) is .#;-measurable;

for all t € Ry and f € L?(R,; H) with support in [t, 00], Wg(f) is independent of .%;
o for all fl; f2 S L2(R+; H) we have ]E(WH(fl)WH(fg)) = (fl, f2)L2(R+;H)~

Given an .%-cylindrical Brownian motion in H, the process (Wg (t)h)¢>0, where
WH(t)h = WH(l(O,t} ® h) 5 (24)

is an .#-Brownian motion.
At this point, we can define the stochastic integral with respect to an % -cylindrical Brownian motion in
H of the process 14y (s ® (h ® 2):
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o0

/1A><(s,t] R h@x)(s)dWgh(s) =14 Wg(t)h — Wg(s)h) z, (2.5)
0

and we extend it to F-adapted step processes by linearity.

Theorem 2.7 (It6 isomorphism). Let T > 0, p € (0,00) and let X be a UMD Banach space, then the mapping
G— fOT G dWy admits a unique extension to a isomorphism from L. ($;~(0,T; H, X)) into LP($; X) and

P
EOE?ET H /G(s) dWH(S)HX ~ox EIGI 0 7.0y

If G does not depend on {2, then the above holds for every Banach space X and the norm equivalence
only depends on p € (0, c0).

For future references, we make the following simple observation. To state this, we denote by L% (2 x
(0,T);v(H, X)) the closure in LP(2 x (0,T);v(H, X)) of all simple .%-adapted stochastic process.

As a consequence of Proposition 2.5 one easily obtains the following;:

Corollary 2.8. Let T > 0, p € (0,00) and let X be a UMD Banach space with type 2. Then the mapping
Gw— fOT G dWy extends to a bounded linear operator from LY (Qx (0,T);v(H, X)) into LP(%; X ). Moreover,

P
. W < p
N ozltlgir H / 8) AW ( ’X ~pXT IE||GHL2((LTW(H,X))'

3. Stochastic maximal LP-regularity

Throughout the rest of the paper we assume that the operator —A with domain D(A) is a closed operator
and generates a strongly continuous semigroup (S(¢));>0 on a Banach space X with UMD and type 2.

8.1. Solution concepts

For processes F' € L, (2 x (0,T); X) and G € L% (Q x (0,T);~v(H, X)) for every T' < oo, consider the
following stochastic evolution equation

{dU + AUdt = Fdt + GdWy, on Ry, 51)

U(0) = 0.
The mild solution to (3.1) is given by

t

Ult)=S*F(t)+ SoG(t) ::/S(t—s)F(s)ds—l—/S(t—s)G(s)dWH(s),
0

0

for t > 0. It is well-known that the mild solution is a so-called weak solution to (3.1): for all z* € D(A*),

for all £ > 0, a.s.
t t t
+/ ), A*z*) s:/<F(s>,x*>ds+/G(s>*x*dWH(s).
0 0 0
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Conversely, if U € L (R4;X) a.s. is a weak solution to (3.1), then U is a mild solution. Moreover, if

U € L _(Ry; D(A)), then additionally U is a strong solution to (3.1): for all t > 0 a.s.

loc

U(t)—l—/tAU(s)dsz/tF(s)ds—i—/tG(s)dWH(s).

For details we refer to [9] and [54].
3.2. Main definitions

Definition 3.1 (Stochastic maximal LP-regularity). Let X be a UMD space with type 2, let p € [2,00),
w > wo(—A) and let J = (0,T) with T € (0,00]. The operator A is said to have stochastic mazimal
LP-regularity on J if for each G € L (Q x J;v(H, X)) the stochastic convolution S ¢ G takes values in
D((w + A)Y?) P x dt-a.e., and satisfies

1S © Gl Lo (x1;D((wra)1/2)) < ClG Lo@x gy (H,x)) 5 (3.2)
for some C > 0 independent of G. In this case we write A € SMR(p, T).

Note that, the class SMR(p,T) does not depend on w > wy(—A). Indeed, for any w,w’ > wo(—A),
D((w + A)'/?) = D((w' + A)'/?) isomorphically.
Some helpful remarks may be in order.

Remark 3.2. In Definition 3.1 it suffices to consider G in a dense class of a subset of L (Q x Ry ;v (H, X))
for which the stochastic convolution process (w + A)'/2S o G(t) is well-defined for each ¢ > 0. For example,
the set of all adapted step processes with values in D(A) (or the space L' (2 x J;y(H, D(A)))) can be used.
Indeed, if G € L% (Q x J;v(H, D(A))), then s — (w+ A)/2S(t — s)G(t) belongs to LP(2 x J;v(H, X)) for
each t € J. Thus for t € J,

t t
E / (w0 + A)Y2S(t = )G ()P ) ds < M2]E/ (w0 + A)M2GS . ds
0 0

< ¢ MP||G|| (@5 7 (H,D(A)))>

where M := sup,, [|S(t)||. Therefore, for each t € J, the well-definedness of (w + A)Y2S 6 G(t) follows from
Corollary 2.8.

Remark 3.3. In the setting of Definition 3.1, for a € [1/2, 1], one could ask for

1S © GllLr(@x 7;D((wta)>)) < ClIG| (3.3)

Lo (Qx Jy(H,D((w+A)*~2)))’

for each G € L (2 x J;~v(H, D((w + A)*~2))). One can easily deduce that A satisfies (3.3) if and only if
A € SMR(p, T).

Before going further, we introduce an homogeneous version of stochastic maximal LP-regularity:

Definition 3.4 (Homogeneous stochastic mazimal LP-reqularity). Let X be a UMD space with type 2 and
let p € [2,00). The operator A is said to have homogeneous stochastic mazimal LP-regularity if for each
G € L% (Q x Ry;y(H, X)) the stochastic convolution S o G takes values in D(A'/2) P x dt-a.e. and
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|AY2S 6 Gllraxryix) < ClGlLo@xR y A(H, X)) (3.4)
for some C' > 0 independent of G. In this case we write A € SMR’(p, 00).

There is no need for the homogeneous version of SMR(p,T') for J = (0,T) with T' < oo, since in this
situation by Corollary 2.8 we have

1S 0 Gl Lrx:x) < e |Gl e @x g5y (H, X))

Moreover, it is clear that if A € SMR’(p, cc0) for some p € [2,00) and 0 € p(A) (thus 0 € p(A'/?)) then
A € SMR(p, ). The converse is also true as Corollary 4.9 below shows.

We will mainly study the class SMR(p,T') (for T € (0, oc]). However, many results can be extended to
the class SMR(p, 00) without difficulty.

In order to state the following result we introduce the following condition:

Assumption 3.5. Let X be a UMD Banach space with type 2 and let p € [2,00). Assume that the following
family is R-bounded

{Js}s>0 € L (L% (Q x Ry;y(H, X)), LP(Q x Ry X)),
where Js f(t) := % f(ﬁ:—é)vo f(8)dWg(s).

The above holds for p € (2, 00) if X is isomorphic to a closed subspace of an L7(S) space with ¢ € [2, 00).
If ¢ = 2, one can also allow p = 2. The following central result was proved in [40-42]; see also Remark 7.13.

Theorem 3.6. Suppose that Assumption 5.5 is satisfied. If A has a bounded H -calculus with wge(A) < 7/2,
then A € SMR(p, 00).

3.8. Deterministic characterization and immediate consequences

In the next proposition we make a first reduction to the case where G does not depend on 2.

Proposition 3.7. Let X be a UMD space with type 2, let p € [2,00), let J = (0,T) with T € (0,00] and fix
w > wo(—A). Then the following are equivalent:

(1) Ae SMR(p,T).
(2) There exists a constant C such that for all G € LP(J;~v(H, D(A))),

T
A2 P i) <
([ 115 (w+ A28 = GO g sy @) < CIGogrinar -
0

Proof. (1) = (2): For G € LP(J;~v(H, D(A))), Theorem 2.7 provides the two-sides estimates
[(w+ A28 0 G(t) || Lo(aix) ~px s = (w + A)V2S(E = 5)G(5)[|y 0,00, x)-
Now the claim follows by taking LP(J)-norms in the previous inequalities.

(2) = (1): As in the previous step, we employ Theorem 2.7. Indeed, for any ¢ € J and G an adapted step
process, we have
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(w + A28 0 GO, 5 Box Ells = (w 4+ A) 25t = GG 0 111

Integrating over t € J, we get

l(w+ 4)728 0 G2 e sx) Px / s (w4 A)2S(t — )G g 1arx)

< CPJE/ IG5 (11,x) 4 = CPNGI Lok 517 (21,

where in the last we have used the inequality in (2) pointwise in Q. The claim follows by density of the
adapted step process in L7, (Q x J;v(H, X)). O

Proposition 3.8. Let X be a UMD space with type 2, let p € [2,00). Let J = (0,T) with T € (0,00] and
assume A € SMR(p,T'). Then:

(1) If T < oo and X € C, then A+ X € SMR(p,T).
(2) If T =00 and A € C is such that Re\ > 0, then A+ A € SMR(p, ).
(3) If T € (0,00] and A > 0, then AA € SMR(p, T/ ).

Proof. (1): Note that —A — \ generates (e *S(t))¢~0. Then, fix w > wo(—A — ) (thus w + A > wo(—A4))
and let G € LP(J;~v(H, D(A))). By (2.3) one has
s (w+ XA+ A)2e 207Gt — $)G(8)|y (0,1, %)
< Mrplls = (w+ A+ A)V2S(t = $)G () |y 0,00,%);

where M\ = SUuP{ocsciary e~ (ReM)(t=5)  Therefore, taking the L?(J)-norms, Proposition 3.7 implies the
required result.

(2): Follows by the same argument of (1) but in this case Moo x = SUpgo< <4y e~ (ReM)(t=9) jg finite if and
only if Re A > 0.

(3): Note that —AA generates (S(\t))i>o0. Fix G € LP(0,T/X;v(H,D(A))) and w > wo(—AA) (thus
w/A > wo(—A)), one has

s = (w+ AA)ZS(A(E = $))G ()|l (0.0501,%)
= lls = (w + M) 2SQS)G(t = 8) (0,11, %)

w s
= lls = (54 AVES()GE = Pl x)-

Then integrating over 0 < ¢t < T'/A, one has
Z
/ s = (w+AA)ZS(A(E = )G .11 x) Ut
0

s
/ l|s — ( +A )/2S(s)G(t — X)”Zy)(o,)\t;H,X) dt
0
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T—S

T
w
;A/”S’—) (X +A)1/25(3>G( b\ )”:(O,T;H,X) dr
0

T by
S
< Cupa [ 1G85 = Con [ IGON x
0 0

where in the last inequality we have used that A € SMR(p,T). Thus Proposition 3.7 ensures that AA €
SMR(p,T/\). O

In Corollary 5.3 we will see a refinement of Proposition 3.8.
3.4. Independence of H

Theorem 3.9. Let X be a UMD space with type 2, let p € [2,00) and let J = (0,T) with T € (0,00]. The
following are equivalent:

(1) A€ SMR(p,T) for H=R.
(2) A€ SMR(p,T) for any Hilbert space H.

Proof. It suffices to prove (1)=-(2), since the converse is trivial. Assume (1) holds. Without loss of generality
we can assume H is separable (see [20, Proposition 9.1.7]). Let T : Ry — LP(€; X) be defined by I'(s) =
Y n>1 YnG(s)hy,, where (hy,),>1 is an orthonormal basis for H and (v,) on Q) is as in Section 2.3. Then by
the Kahane-Khintchine inequalities and the definition of the y-norm we have

1G() ) = I 2@y = 1T @ (3.5)

By Proposition 2.5

s+ (w+ A)2S(t = $)G(8) |10, %)
Sx s e (w4 A)Y2S(t = $)G(8) |0, (11,%))
|l > (w+ )25t = TG 010260

(%)
= lls = (w+ )25t = )T(5) 12 (@005

< s = (w+ 4)72S(t = TS | o (000

where we applied the «-Fubini’s theorem (see [20, Theorem 9.4.8]) in (*). By Fubini’s theorem and Propo-
sition 3.7 we obtain

/ IIs —(w + A)I/QS(t - S)G(S)Hs(qt;H,X)dt
J
SE [ s et 47250 - )
J

< C’pI[*:||F||ZL)P(J;X) - CPHFHZL),P(J;LP(Q;X)) ~p Cp”GHllp(J;”Y(lﬁﬂX))7

“—

where in “~,” we used (3.5). Now the result follows from Proposition 3.7. O
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4. Analyticity and exponential stability

The main result of this section is the following.

Theorem 4.1. Let X be a Banach space with UMD and type 2 and let p € [2,00). Let J = (0,T) with
T € (0,00]. If A € SMR(p,T), then —A generates an analytic semigroup.

The proof consists of several steps and will be explained in the next subsections.
4.1. Square function estimates

Next we derive a simple square function estimates from SMR(p,T'). In order to include the case T = oo
we need a careful analysis of the constants.

Lemma 4.2. Let X be a UMD space with type 2, let p € [2,00), let J = (0,T) with T € (0,00] and let
w > wo(—A). If A€ SMR(p,T), then there is a constant C such that for all x € X,

s = (w + A)Y25(s)all,x) < Clla]. (4.1)

Proof. First assume T < oo and fix h € H with ||h|| = 1. Let G € L?(J;~v(H, X)) be given by G(t) = 1 ;h®z.
Then for t € [T/2,T] one can write

s+ (w+ A)Y28(8)z]ly0,0/2:x) < Nls = (w+ A)V2S(8)|0,4x)
=ls— (w+ A)l/ZS(t — 8) 2|y (0,6:x)
=|ls+— (w+ A)l/ZS(t — 8)G(3)|ly(0,6:1, %)

Therefore, taking p-th powers on both sides integration over ¢ € J, and applying Proposition 3.7 yields

Tlls = (w+ A)M28(5)al 0 72,5, < /HS|—> (w -+ A2t~ 5)G(S) P g )

< CPHGHLP (Jiy(H,X)) — CpTHpr'
Therefore,
I|s — (w + A)l/QS(s)xHV(O’T/Q;X) < Clz|, =€ X. (4.2)
By the left-ideal property and (4.2) we see that

Is = (w + A)V2S()2 iz 2mix) = lls = S(E)w + A)Y2S(s = T)allyryzmix)
< IS s = (w+ A28 ()2l 07/2:5)
< IS Nl

Combining this with (4.2) and (2.2) yields

(w+ 4)72S (s (i)
< [(w + 4)2S(8)lly 0,772 + w + A)V2S()2ll iz jomx)

< Csrllz|.
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Next we consider 7' = oo. Applying Proposition 3.7 with G1jy g} with R > 0 fixed and (2.3) gives that

R
1/p
([ s w4772 = 9)G(6) 2 ) ) < CUGl oot
0

where C' is independent of R. Therefore, arguing as in (4.2) we obtain that for all R < oo,
ls = (w + A)2S(s)z||y0,m/2:x) < Cll]|-
The result now follows since (see [38, Proposition 2.4])

I+ (w+ A)/28(3)all @) = s0p 18 = (w0 4+ 4 2S(5)e 02 O
>

4.2. Sufficient conditions for analyticity

To prove Theorem 4.1 we need several additional results which are of independent interest. The next
result is a comparison result between y-norms and LP-norms of certain orbits for spaces with cotype p.
Related estimates for general analytic functions can be found in [55, Theorem 4.2], but are not applicable
here.

Lemma 4.3. Let X be a Banach space with cotype p. Let wo(—A) < 0. Then for all ¢ > p there exists a
C > 0 such that for all z € D(A?),

It — Al/qS(t)xHLq(RJr;X) < C|t — Al/QS(t)x||,y(R+;X).
Moreover, if p =2, then one can take ¢ = 2 in the above.

The right-hand side of the above estimate is finite. Indeed, for z € D(A?), we have AY/2S()ax =
S()AY2x € C'([0,T]; X), thus it follows from [20, Proposition 9.7.1] that AY2S(-)z € v(0,T; X). Now
since S is exponentially stable we can conclude from [43, Proposition 4.5] that A'/2S(-)z € v(R; X).
Proof. By an approximation argument we can assume z € D(A3%). Let (¢,)n>0 be a Littlewood-Paley
partition of unity as in [4, Section 6.1]. Let f : R — X be given by f(t) := AY4S(|t|)z. Then f'(t) =
sign(t)Af(t) for t € R\ {0}. Let f, := ¢, = f for n > 0. Let ¢ be such that ¢y = 1 on supp¢; and
b € C(R\{0)). Set G (€) = G1(2- " D¢) for n > 1. Then fu = o * fo.

Step 1: We will first show that for all o € (0,1), there is a constant C' such that for all n > 0

[ fnlly < €27 A% fu [, (4.3)

where we write || - ||, := || - [|r(r;x)- As a consequence the estimate (4.3) holds for an arbitrary o > 0 if
one takes r € D(A™2) (where a < r € N). For n = 0 the estimate is clear from 0 € p(A%). To prove the
estimate for n > 1 note that by the moment inequality (see [13, Theorem I1.5.34]) and Holder inequality,

[Afally < CIA® fullp™" A2 fullp = (4.4)

Using fn, = ¥n * f, and the properties of S we obtain

SN ()Afn = o = U * fo (4.5)
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Therefore, by Young’s inequality

142 fully = 195, * Afally < [¥nllillAfally < Cp2" | Afallp.
Combining this with (4.4) we obtain
1Afallp < C2" =DA% fy]l,. (4.6)

Next we prove an estimate for || f||,. Let d; = 4 and set Jg = (1—d?)%/? for 8 € R. Then Jg, Jg, = J3, 44,
for 81, B2 € R. Recall from the proof of [2, Theorem 6.1] that for any g € L?(R; X) and 8 € R, we have

176%n * gllp < Cp.u2"" 14on * gll,-

Therefore,

[ fullp = 190 * on * fllp = [[T-2%n * (J2pn) * fllp < CwQ_Q"Hi/)n * (Jaon) * fllp-

Now since Jo = 1 — d? we can estimate

Hwn * (JQ‘pn) * f”p < Hwn * Pn ¥ f”p + ||dt2<¢n * Pn ¥ f)”P
< Cyllfallp + 19 * n * fllp-

By Young’s inequality

195 % @n x f'llp < Inllallen * fllp < Cu2"[[(fn) llp = Cu2" [ Afnllp,

where in the last equality we have used (4.5). Thus we can conclude

[fally < Cp27" ([ fallp + [AS0llp) < Cypa27"[[Afullp, (4.7)

where in the last step we used the fact that A is invertible.
Now (4.3) follows by combining (4 6) and (4.7).

Step 2: By Step 1 with o := 4 — 1 and [49, Lemma 4.1] we can estimate

1fally < C277)A% fullp < Cpx27"*25 75 A fully i)

Multiplying by 27 ~ 4 and taking ¢-norms and applying [21, Lemma 2.2] in the same way as in [21, Theorem
1.1] gives

91,33 gy < Cox (14"l )7

P ’ n>0

< Cp x4 fllymix) < 2C, x|t = AV2S ()|l R, :x)s

1
BP
By,

where in the last step we used (2 2).

It remains to note that Bz‘ip “(R; X) «— L9(R; X) (see [36, Theorem 1.2 and Proposition 3.12]).
The final assertion for p = 2 is immediate from Proposition 2.5. 0O

Next we show that certain LP-estimates for orbits implies analyticity of the semigroup S.
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Lemma 4.4. Let X be a Banach space and let w > wo(—A). If for some T € (0,00], C > 0, p > 2, the
operator A satisfies

[t = (w+ A)PS()a| Lo o.r:x) < Cllalx, e D(A), (4.8)
then —A generates an analytic semigroup.

Tt seems that the above result was first observed in [5, Proposition 2.7]. The proof below is different and
was found independently.

Proof. Clearly, we can assume T' < co. Moreover, without loss of generality, one can reduce to the case that
S is exponentially stable and w = 0. Finally, we can also assume that p > 2 is an integer. Indeed, fix n € N
such that n > p. By the moment inequality (see [13, Theorem I1.5.34]) for all ¢ € [0,T], we have

l(w + Y S @] Spoae 1@l w + )75 (0)al|?
Snpar el (w + A)/PS ().

Therefore,

T T
/ I(w + )" S| dt Snparw ||g;H""’/ I(w + A)VPS@)a|Pdt < C|lz]".
0 0

To prove that (S(t)):>0 is analytic, it suffices by [13, Theorem II.4.6] to show that {tAS(¢) : t € (0,T]} C
Z(X) is bounded. To prove this fix x € D(A). Let M = sup,> [|S(¢)]|. Let ¢, = pgln for n > 0. Then for
all t € [tpy1,tn] we have ||AYPS(t,)z| < M| AYPS(t)z| and thus integration gives

1
§tn||A1/pS(tn)$||p = (tn — oy AV S (tn)x

< Mp/ AP S(8)z|Pdt < MPCP|z|P.
J

Now fix ¢t € (0,7/p]. Choose n > 0 such that ¢ € [t,,11,t,]. Then we obtain
tAYPS ()2 ]|P < 2MPt i1 | AVPS (tya)z|P < AMPPOP || |P.

By density it follows that S(t) : X — D(A'Y?) is bounded and tY/?||AY/PS(t)|| < 4Y/PM>C for each
t € (0,7/p]. We can conclude that for all ¢ € (0,7],

[EAS(#)]| = [I(£/P AP S (t/p))?|| < ¢ AVPS(t/p)|IP < 4pM*PCP. O

Proposition 4.5. Let X be a Banach space with finite cotype. Let J = (0,T) with T € (0, 00]. Let w > wo(—A).
If there exists a ¢ > 0 such that

[t~ (w+ Y250 ix) < cllzll, @ € X, (49)
then —A generates an analytic semigroup.

Proof. By rescaling we can assume that S is exponentially stable, thus we may take w = 0. Moreover, by
[43, Proposition 4.5] we can assume T' = co. Now the result follows by combining Lemmas 4.3 and 4.4. 0O
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Proof of Theorem 4.1. By Lemma 4.2 the estimate (4.9) holds. Moreover, since X has type 2, it has finite
cotype (see [20, Theorem 7.1.14]). Therefore, by Proposition 4.5, —A generates an analytic semigroup. O

From the proof of Theorem 4.1 we obtain the following.

Remark 4.6. Assume A € SMR(p,T), wo(—A) < 0 and X has cotype pg. Let p > pg. Then there is a
constant C' such that for all x € X,

[ 1aiesaipa < 7ol
Ry

This type of estimate gives the boundedness of some singular integrals.
4.3. Exponential stability

Proposition 4.7 (Stability). Let X be a UMD space with type 2, let p € [2,00). If A € SMR(p, ), then
wo(—A) < 0.

Proof. Let w > wo(—A). Let y € X be arbitrary. Taking z = (w + A)~*/?y in Lemma 4.2 one obtains

Is = S(8)yllo(m,:x) < Cll(w + A)72y[| < C[ly].
Thus from [15, Theorem 3.2] it follows that there is an ¢ > 0 such that {(A\ + A)~! : A > —¢} is uniformly
bounded. From Theorem 4.1 it follows that A generates an analytic semigroup, and hence 0 > so(—A) =

wo(—A) (see [13, Corollary IV.3.12]). O

By combining Theorem 4.1 and Proposition 4.7 we now obtain that every A € SMR(p, 00) is a sectorial
operator. Therefore, choosing w = 0 in (4.2) in Lemma 4.2, we obtain the following:

Corollary 4.8. Suppose that A € SMR(p,00), wo(—A) < 0 and set ¢(z) := z'/2e™*, then there exists a
constant ¢ > 0 such that

[t = e(tA)z| g, 2. x) < cllz,
forallz e X.
As announced in Section 3 we now can prove the following:
Corollary 4.9. Let A € SMR®(p, 00). Then A € SMR(p, 00) if and only if 0 € p(A).
Proof. It remains to show that A € SMR(p, c0) implies 0 € p(A) and this follows by Proposition 4.7. O
Remark 4.10. The assertion of Proposition 4.7 does not hold if instead we only assume A € SMR® (p, T).

Indeed, —A satisfies SMR(p, T') on L9(R?) with ¢ € [2,00) (see [40, Theorem 1.1 and Example 2.5]), but
of course wp(A) = 0.
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5. Independence of the time interval
5.1. Independence of T

It is well-known in deterministic theory of maximal LP-regularity that maximal regularity on a finite
interval J and exponential stability imply maximal regularity on R . We start with a simple result which
allows to pass from R, to any interval (0,7).

Proposition 5.1. Let X be a UMD space with type 2, let p € [2,00) and let J = (0,T) with T € (0,00). If
A € SMR(p, ), then A € SMR(p,T).

Proof. Let w > wo(—A). Let G € L%, (Q x J;y(H, X)) and extending G as 0 on (T, 00) it follows that
15 o GHLP(QXJ;D((w+A)1/2)) <[Se G||LP(Q><R+;D((1U+A)1/2))
< C|Gllr@xr v a,x)) = CllGllr@x sy (1,x))- O

Next we present a stochastic version of [12, Theorem 5.2] of which its tedious proof is due to T. Kato.
Our proof is a variation of the latter one.

Theorem 5.2. Let X be a UMD Banach space with type 2 and let p € [2,00). If A € SMR(p,T) and
wo(—A) <0, then A € SMR(p, ).

Proof. Tt suffices to check the estimate in Proposition 3.7(2) with w = 0. Let J = (0,T) and for each j € N
set T, := jT/2 and G, := 17, 1;,,)G- In this proof, to shorten the notation below, we will write

”G”’y(a,b) = ”GH'y((a,b);H,X)-

It follows from the triangle inequality and (2.2) that

=

(/Hs o AV2S( = $)G(s)| g, )
0

T
< ([ s> 428 = GO )
0

Tjta

(X / s = AV2S(t = $)G(s) 2 g 1) )

22 g,

=

T
<( / s+ AV2S(t = $)G(5) 7 g 0 dt)”
0

Tjt1

1/p
+ (Z / s s AY2S8(t — $)G()5 01, 1) dt)

j>2
J=Z T;

Tjta

> / s = AV2S(t = 5)(Gj1(5) + Gy, )

j>2
JZ T;

=: R + Ry, + Rs.

T =
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By Proposition 3.7, to prove the claim, it is enough to estimate R; for ¢ = 1,2,3. By assumption, A €
SMR(p, T'), then by Definition 3.1 one has

= ([ lls = A25(t = G gy &) < UG 1) < CIG om0
0

Since t —T/2 > T;_4 for t € [T}, T;41], by (2.3) the second term can be estimated as,

Tjt+1

Ro= (Y / Is o AY2S(t — )G 7, )"
=

< ([lls = 4250 =96 g, g r)
T

By Theorem 4.1, (S(¢))¢>0 is exponentially stable and analytic. Therefore, there are constants a, M > 0
such that for all t € R, one has ||AY2S(t)|| < Mt=/2e=*/2. By Proposition 2.5, for t > T one has

s = AY2S(t — $)G ()]l 00— 1

< mxls = AV2S(t - 5)G ()l 22 (0,6 Ty, x))

<mx|s— Mt - 5)_1/2€_a(t_s)/2G(3)||L2((o,t—g)w(H,x))

—a(t— 2
<L|s—e alt=9)/ G(S)||L2((0,t—§);v(H,X))

t
1/2
<1( [ NGB v d5)
0

= L(k*g)'/?,

where L = 15 x M(T/2)"/2, k(s) = 1r, (s)e™* and g(s) = 1g, (s)||G(s )HW(H x)- Taking LP(T, co)-norms
with respect to ¢, from Young’s inequality we find that

Ry < L||(k * )"/ o () < LIIKl|x{g) 9] oz gy = La™"/?

Lo/2(R Gl Lo @® (a1, x))-

To estimate R3, writing Gj_1,; = G;—1 + G for each j > 2 we can estimate
Tjt1

Ry = / s> AYV2S(t = )G (), 1y d
T;

Tjt1

s = AV2S(t — s = Tj_1)Gio1i(s + T-1)|2 o, g, ) di
T

/Hyﬁmﬂﬂﬁwmju@+nlm

~(0, t)
T/2
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< /||s»—>Al/QS(t—s)Gj,l,j(s+Tj,1))||z(0,t) dt

< OpHGj—lJ(' + Tj—1)||ip(J;fy(H7X))7

where in the last step we have used the assumption and Proposition 3.7. Thus, for the third term we write

Ry = (ZR@;‘)% < C(Z 1Gj—1,5(: +Tj—1>||]2p(Jw(H,X))>

S =

i>2 i>2
1
< QC(Z Gl R, iy, x) ) < 2C|Gl Lo Ry iy(H,X)) 5
7>1

in the last step used that the G;’s have disjoint support. This concludes the proof. O
Now we can extend Proposition 3.8.

Corollary 5.3. Let X be a UMD space with type 2, let p € [2,00). Let Ty < oo and suppose that A €
SMR(p,T1), then the following holds true:

(1) For any A > wo(—A) one has A+ A € SMR(p, ).
(2) For any Tz > 0, A € SMR(p, T5).
(3) If T € (0,00] and A > 0, then NA € SMR(p, T).

Proof. (1): By Proposition 3.8(2) A+ A € SMR(p,T1) if A > wo(—A). Since wo(—(A+A)) < 0 for A > wp(A4),
by Theorem 5.2, we obtain that A + A € SMR(p, 00).

(2): By (1) we know that there exists w such that A + w € SMR(p, o). Now applying Proposition 5.1
we find w + A € SMR(p, Tz), and thus the result follows from Proposition 3.8(1).

(3): Proposition 3.8(3) ensures that AA € SMR(p, T/A). Now (2) implies AA € SMR(p,T). O

5.2. Counterexample

In this final section we give an example of an analytic semigroup generator — A such that A ¢ SMR(p, T).
Proposition 5.4. Let X be an infinite dimensional Hilbert space. Then there exists an operator A such
that —A generates an analytic semigroup with wo(—A) < 0, but A ¢ SMR(p,T) for any T € (0,00] and

P E [2,00).

Proof. Let (e,)nen be a Schauder basis of H, for which there exists a K > 0 such that for each finite
sequence (a,,)N_; C C and

H Z Qanén <K( Z || )1/2

1<n<N 1<n<N

sup{ |ozn|2 H Zanen
n>1
for the existence of such basis see [51, Example I1.11.2] and [20, Example 10.2.32]. Then, define the diagonal
operator A by Ae, = 2"e,, with its natural domain. By [20, Proposition 10.2.28] A is sectorial of angle zero

& o}
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and 0 € p(A). This implies that —A generates an exponentially stable and analytic semigroup S on X. In
[30, Theorem 5.5] it was shown that for such operator A there exists no C' > 0 such that for all z € D(A),

[t = AYV2S()a L2, x) < Cllzll, =€ X.

If A € SMR(p,0), for some p € [2,00), then Lemma 4.2 for w = 0 provides such estimate (recall that for
Hilbert space X one has y(R;;X) = L?*(Ry; X)), this implies A ¢ SMR(p, 00) for all p € [2,00). Since
wo(—A) < 0, then Theorem 5.2 shows that A ¢ SMR(p,T) for any T € (0,00]. O

Remark 5.5. The adjoint of the example in Proposition 5.4 gives an example of an operator which has
SMR(2, o), but which does not have a bounded H>°-calculus (see [3, Section 4.5.2], [30, Theorems 5.1-5.2]
and [20, Example 10.2.32]). Note that in the language of [30] for the Weiss conjecture, A € SMR(2, 00) if
and only if A'/? is admissible for A. See [32] for more on this.

6. Perturbation theory

Combining the results of [41] (cf. Theorem 3.6) with additive perturbation theory for the boundedness of
the H°°-calculus, in many situations, one can obtain perturbation results for stochastic maximal regularity.
Perturbation theory for the boundedness of the H-calculus is quite well-understood. It allows to give
conditions on A and B such that the sum A 4+ B has a bounded H°-calculus again. Unfortunately, if B is
of the same order as A, then a smallness condition on B is not enough (see [34]). Positive results can be
found in [10,23]. In this section, we study more direct methods which give several other conditions on A and
B such that the stochastic maximal regularity of A implies stochastic maximal regularity of A:=A+B.

Fix w > wo(—A4) and let X, := D((w + A)®) with ||z||x, = |[(w + A)%z|| for a« > 0, and X, is the
completion of X with ||z||x, = |[(w + A)%z| for & < 0 and Xy := X. These spaces do not dependent
on the choice of w, and the corresponding norms for different values of w are equivalent. Moreover, for
each 8, € R, (w+ A)* : D((w + A)*) — R((w + A)®) extends as to an isomorphism between Xz,
to X and, with a slight abuse of notation, we will still denote the extension by (w + A)“. Lastly, define
A, : D(A,) € X, — X, where D(A,) = {z € X, : Az € X,} the operator given by A,z = Az for
x € D(A,); see e.g. [23,28] for more on this. Then if —A generates a strongly continuous semigroup on X,
then —A, generates a strongly continuous semigroup (S (¢))t>0 on X,.

Lastly, in case w + A is sectorial, consider the following condition for fixed a € [1/2,1]:

(H)o D((w+ A)*) = X, and D((w+ A)*~2) = X

N[

a—2L-

In Theorem 6.1(1) and (2) below the smallness assumption already shows that D(A) = D(A). Therefore,
in the important case o = 1 condition (H), reduces to the condition D(A'/?) = D(A'/?).
The following is the main result of this section.

Theorem 6.1. Let X be a UMD space with type 2, let p € [2,00), a € [1/2,1] and let J = (0,T) with

€ (0,00). Assume that A € SMR(p,T), B € £ (Xo, Xa-1) and set A := (Aq—1+ B)|x. Then A generates
an analytic semigroup and A € SMR(p,T) if (H), holds and at least one of the following conditions is
satisfied:

(1) A€ DMR(p,T). Moreover, for some € > 0 small enough, some C > 0 and all x € X, one has

1Bxllx, . <ellzlx, + Cllzllx,.;

(2) B € £ (Xa, Xa—1+s) for some § € (0,1];
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(3) —A generates a strongly continuous semigroup on X and the operator ga_l = A,_1+B: X, C
Xa-1 = Xa—1 belongs to DMR(p, T).

Recall that DMR(p, T') stands for deterministic maximal LP-regularity. The result in (1) is a relative
perturbation result. In (2) no deterministic maximal regularity is needed. The perturbation result in (3)
avoids an explicit smallness assumption of B with respect to A. This result is inspired by [44, Theorem 3.9]
where a more general setting is discussed in the case & = 1, but where a slightly different notion of stochastic
maximal LP-regularity is considered since there the spaces X/, are assumed to be complex interpolation
spaces (see [44, Definition 3.5]).

Proof of Theorem 6.1(1). Step I: First we prove the result under the additional condition C' = 0. This part
of the argument is valid for T' € (0,00]. If T = oo, then Proposition 4.7 yields wo(—A4) < oco. If T' < o0,
then by Proposition 3.8 we may assume wo(—A) < 0. It follows from [28, Theorem 8, Remark 17] that
— A generates an analytic semigroup; which we denote by (S (t))e>0. Moreover, for € small enough, we have
wo(—A) < 0. By Remark 3.3 and condition (H)a, we have to prove that there exists C' > 0 such for all for
each G € L', (Q x J;y(H; Xo_1/2)),

150 Gllrrxrxe) < CNGILo@xm (X0 2))- (6.1)

To do this, fix G € L (Q x J;7(H, Xo_1/2)). Let us denote with L the map from L% (€ x J; X,,) into itself
given by

Lu=-S,_1*Bu+S,_1°G.

To see that L maps L, (2 x J; X,) into itself, note that S oG € L% (2 x J; X,,) since A € SMR(p, T). By
assumption A € DMR(p,T) we also have A,_1 € DMR(p,T). Thus for u,v € L% (Q x J; X,),

HL(’U) - L(U)HLP(QXJ;XQ) = ||So¢71 * B(U - U>||LP(Q><J;XQ)
< CA,pHB(U - U)HLT’(QXJ;XQ,l)
< Capellu— U||LP(Q><J;XQ)~

Therefore, if ¢ < 1/C4 p, then L is a strict contraction, and by Banach’s theorem L has a unique fixed
point u. This yields

U= —S4_1*%Bu+SoG, (6.2)
and
lullLe@xg:x0) = 1L L (@x 7ix0)
< || L(u) — L(0) || rox 7ix.0) + 1L(0) || Lo (2 i x0)
< CA,pEHUHLP(QxJ;XQ) + MHG”L%(QXJ;W(H,XQ_N‘Z))'
Therefore,

HUHLF’(QXJ;Xa) <(1- CA,p5)_1M||G||L;(Q><J;V(H,Xa_1/2))~ (6.3)

To conclude, note that (6.2) and “mild solutions = strong solutions” (see Subsection 3.1) implies that
for all t € J ass.
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t

u(t) + / Au_1u(s) + Bu(s) ds = / Gls) AW (s).

0

Writing Ay—1u + Bu = Zu, “strong solutions = mild solutions” yields that
u(t) = SoG(t), vt e J.

This together with the inequality (6.3) concludes the proof of Step 1.

Step 2: Next assume C' > 0. We will show how one can reduce the proof to the case C' = 0. In this part of
the proof we use T' < co. As before we can assume wy(—A) < 0 and w = 0. Thus, A is a sectorial operator
and for each s € [0,1], the families of operators {A%(A+ A)~% : A > 0} and {A\*(A+ A)~% : X > 0} are
uniformly bounded in .Z(X) by a constant M depending only on A, w and s (see [28, Lemma 10, Remark
17]). The assumption can be rewritten as

|A* I BA™ x| < ¢l|z|| + C|A 2|, =€ X. (6.4)
For each A\ > 0 and for x € X, one has
A4+ A TBOA+ A) x| = |[(A+ A AT (AT BA™) A (A 4+ A) x|
S I(Am BA) A (34 A) o]
(? e|A*(N 4 A) x| + C|| AN+ A) ||

iit)

Saellzl + Cll(A+ A) "

|
) ~
Saellzf + CA™ =],

where in (i) we used the uniform boundedness of A*(A + A)~ and A*(A\ 4+ A)~ for A > 0. In (ii) we
used (6.4). In (4i¢) we used that 0 € p(A) and —1 + a < 0. If we choose & small enough and A > 0 large
enough, then the condition of Step 1 holds, with the operator A replaced by A + A. Therefore, by Step 1 we
obtain A + A generates an analytic semigroup and A+re SMR(p, 00). Therefore, A generates an analytic
semigroup and Proposition 3.8 implies that Ae SMR(p,T). O

If the perturbation is of a lower order, than the assumption that A has deterministic maximal
LP-regularity can be avoided.

Proof of Theorem 6.1(2). As in the proof of (1) one sees that A generates an analytic semigroup. As in
(1), due to Remark 3.3 and the hypothesis (H),, we have only to show the estimate (6.1). Thanks to
Corollary 5.3(2), we can prove the estimate (6.1) where J is replaced by any other interval J; := (0,71),

where 77 will be chosen below.
Fix G € L, (Q x Ji;v(H, X,_1)). Let L on L (Q x J1; X,,) be defined by Lu = —So_1 * Bu+S©G. By
assumption we have SoG € Lfi; (2 x Jy; X,). Moreover, by the analyticity of S,_1, for u € Lpg(ﬂ x J1; Xo)

we obtain

[|Sa—1 * Bu(t)]

t
o = [ w0 A0St = s)w + Aamr)Bus) ds|
5 a—1
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< Cusl B / D uf)]x, ds.

Therefore, taking LP-norms and Young’s inequality yields

(w + Aq—1)Sa—1 * Bu(t)|| Lz xsyix0) < CasTL Bl Lz, @ syix.)-

Analogously for u,v € L% (2 x Ji; X,,), one has

1L(w) — L) Lr@xJi:x0) = [[Sa—1* B(u —v)||Lr@x 1 x0)
< CA,6T16HB|| [u — UHLP(QXJl;Xa)-

Therefore, if T} is such that C s|B||T¢? < 1/2, then L is a contraction, and by Banach’s theorem L has a
unique fixed point u. This yields

u=—S4y_1*Bu+SoG, (6.5)
and
”u”LP(Qle;Xa) = HL(U)”LP(Qle;Xa)
< 1 L(u) = L(O)|| Lo (s g1 x0) + 1L(0) || Lo(@xi:x0)
< Sl o) + CasTINBN G @xintrr Xos o0y
Therefore,

lull v (2x 73 x0) < QCA,éTfSHBH||G||L?;,(QxJ1;7(H,XQ_1/2))-
Now the proof can be completed as in the final part of Step 1 of the proof of (1). O

Proof of Theorem 6.1(3). This part of the proof also holds for T' = oc.
By assumption —A generates a strongly continuous bemlgroup S on X. Moreover, since A,_1 €

DMR(p, T, then —Ayq generates an analytlc semigroup Se_1 0n Xa_ 1; see Subsection 2.2 or [12, Corollary
4.2 and 4.4]. Of course, if & = 1, then Sa 1= = S and the first assumption is redundant.

By Proposition 3.8 we may assume wo(—A) < 0, J =Ry and we set w = 0. From here, the argument
is the same performed in [44, Theorem 3.9] with minor modifications, so we only sketch the main step. To
begin let G € L, (Q x Ry, wa;v(H, X4_1/2)), since A € SMR(p, 00), if V := S,_1 ¢ G then

Ve @xryixa) Sea l|Gllor@xrim(HiX01)2))
Moreover, one can readily check that U := SeG=V-— §a_1 * BV, since U is the unique weak solution to
dU + AUdt = GdWy,  U(0) = 0;

cf. Subsection 3.1. Since A,_; € DMR(p, o0), one has

HU”LP(QxR+;D(ﬁa)):a,A,A||UHLP(Q><JR<+;X(,)

< [[Sa-10 Gl Lr@xRr,:x0) + 1Sact * BV | LoaxRr, x0)
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SA,,Z,a,pHSa—l oGl rr(axRyix.) T 1BV Lr@xRy ix0 1)
< |Sa—1 0 GllLr@xry:x0) + IBIIV e xR, x0)
SapBllGllLr@xRy (B X0 1)2))
:a,A,A,p,B”G”LP(QxR+;W(H,D(Aa—l/z))a

where in the first and last step we have used (H),. The conclusion follows by Remark 3.3 and Theo-
rem 4.1. O

Remark 6.2. Theorem 6.1(3) is also valid for T' = co. If C' = 0, then Theorem 6.1(1) also holds for T = oco.
7. Weighted inequalities
7.1. Preliminaries

In this section we recall some basic fact about vector-valued Sobolev spaces and Bessel potential spaces
with power weights. We refer to [31,36] for details. Let 7 C R4 be an open interval and let X be a Banach
space. For p € (1,00), @ € R and w,(t) := t* we denote by LP(I,wy; X) (or LP(a,b,ws; X) if I = (a,b))
the set of all strongly measurable functions f : I — X such that

1/p

1l (raes) = / 1O wa(tydt | < oo
I

It is of interest to note that w, belongs to the Muckenhoupt class A, if and only if & € (—1,p — 1). For
k€ N, let W*P(I wy; X) denote the subspace of LP(I,w4; X) of all functions for which 87 f € LP(R, wq; X)
for 5 =0,...,k.

As usual, S(R; X) denotes the space of X-valued Schwartz functions and &'(R; X) = Z(S(R); X)
denotes the space of X-valued tempered distributions. Let Js; be the Bessel potential operator of order
seR,ie.

Tof =F (L +[-P)2F(). feSR);

where F denotes the Fourier transform. Thus, one also has J; : §'(R; X) — §'(R; X). For s € R, p € (1, 00),
a€(—1,p—1), H¥?(R,wys; X) C S’ (R; X) denote the Bessel potential space, i.e. the set of all f € §'(R; X)
for which Jsf € LP(R, Wes X) and set ||fHHS,p(]R}wa;X) = ||jsf||Lp(R’wa;X).

To define vector valued weighted Bessel potential spaces on intervals, we use a standard method. Let
D(I; X) = C°(I; X) with the usual topology and let D'(I; X) = Z(D(I), X) denote the X-valued distri-
butions.

Definition 7.1. Let p € (1,00), a € (—1,p — 1) and I C R, an open interval. Let
HP(I,bwe; X)={f € D'(I;X) : 3g € H*P(R,wqy; X); s.t. glr = [},

endowed with the quotient norm || f{| gs.r(1,w.;x) = Inf{||gllmor®waix) © glr = f}-
Let Hy? (R4, wa; X) be the closure of C°(R4; X) in HSP(Ry, we; X).

To handle Bessel potential space on intervals we need the following standard result, which can be proved
as in [31, Propositions 5.5 and 5.6], where the case I = R was treated.



A. Agresti, M. Veraar / J. Math. Anal. Appl. 482 (2020) 123553 25

Proposition 7.2. Let p € (1,00), a € (—=1,p — 1), and let X be a UMD Banach space. Let I C R, be an
open interval.

(1) For every k € N there exists an extension operator Ey : H*P(I,wq; X) — H¥P(R,wqa; X) such that
Exflr = f for all f € H*P(I,wa; X) and for each s € [0,k] and Ey, : C*(I; X) — C*(I; X).

(2) If k€N, p e (1,00), then H*P(I,wy; X) = WEP(I wy; X).

(3) Let 0 € (0,1) and sp,s1 € R and set s := so(1 — 0) 4+ 0s1. Then

[H**P(Ry,we; X), HVP(Ry, we; X))o = HYP(Ry, we; X).

In the case I = (0,T) with T' € (0, 00) it is possible to construct Ej, such that its norm is T-independent
(see [35, Lemma 2.5]).

The following density lemma will be used several times. Let I denote an interval. We write C¥(I; X)
for the space of X-valued functions f : I — X such that the derivatives up to order k are continuous and
bounded with compact support. Note that C*(I; X) = C*(I; X) if I is bounded.

Lemma 7.3. Let X and Y be Banach spaces such that Y < X densely. Let k € N, s € [k, k], p € (1,00),
a € (=1,p—1). Then C*(I)®Y is dense in H*(I,wy; X) and in H*(I,we; X) N LP(I;w,;Y).

Proof. By Proposition 7.2 it suffices to prove the statements in the case I = R. The density of C¥(R) ® X
in H*(R, wq; X) follows from [31, Lemma 3.4]. Now since Y is densely embedded in X the result follows.

To prove the density in E := H*(R,wy; X) N LP(R;w,;Y), let f € E. Let ¢ € C°(R) be such that
¢ > 0and |||l = 1. Let p,(z) =n"tp(nz). Then ¢, * f — f in E. Therefore, it suffices to approximate
g = @p * f for fixed n. Since g € HSP(R,w,;Y) and H*P(R,w,;Y) — F it suffices to approximate g in
H*P(R,wq;Y). This follows from the first statement of the lemma. 0O

The following deep result follows from [31, Proposition 6.6, Theorems 6.7 and 6.8]. The scalar unweighted
case is due to [50].

Theorem 7.4. Let p € (1,00), a € (—1,p — 1) and let X be a UMD space. Then the following holds true:
(1) Ifk € No and k + 15 < s <k +1+ 422, then
Hy?(Ry,wa; X) = {f € HP(Ry,wa; X) s t2(f) = 0, tr(f) = 0}
(2) Let 6 € (0,1) and sg,s1 € R, define s := so(1 — 0) + 0s1. Suppose so,s1,s ¢ No + (1 + «)/p, then
[H? (R wai X), By (R was Xl = H? (R i X).

(3) The realization of 8, on LP(R,wa; X) with domain HyP(Ry,wa; X) has a bounded H*-calculus of
angle 7/2. In particular, D((0;)%) = Hy" (R4, wq; X) provided s ¢ No + (1 + «)/p.

Let A be a sectorial operator on a Banach spaces X and assume 0 € p(A). As usual, for each m € N, we
denote by D(A™) the domain of A™ endowed with the norm || - [[p(am) := [[A™ - || x. Then for each ¥ > 0
and p € (1,00) we define

Da(0,p) := (X, D(A™)) jm.p;

where ¥ < m € N and (-,-)y/m,p denotes the real interpolation functor (see e.g. [4,33,53]). It follows from
reiteration (see [53, Theorem 1.15.2]) that D4 (u,p) does not depend on the choice of m > ¢, moreover
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(X, Da(9,p))v,qg = Da(v9,q),

for all v > 0 and ¢ € (1,00). We refer to [53, Chapter 1], [33, Chapter 1] and [46, Chapter 3] for more on
this topic.

The following trace embedding is due to [37, Theorem 1.1] where the result was stated on the full real
line. The result on R is immediate from the boundedness of the extension operator of Proposition 7.2 and
the density Lemma 7.3.

Theorem 7.5. Let A be an invertible sectorial operator with dense domain and let p € (1,00), a € (—1,p—1)
and k > s > (1 + «)/p, where k € N. Then the trace operator (trf) := f(0) initially defined on
Ck([0,00); D(A¥)), extends to a bounded linear operator on H*P(Ry, we; X) N LP(Ry, wa; D(A®)). More-
over,

tr HP(R ., wa; X) 0 IRy, wa; D(A%)) = Da(sip),
where p:=s — (1 + a)/p.

The following proposition, besides its independent interest, will play an important role in the proof of
Theorem 7.16 below. There, for a Banach space X and an interval I, Cy(I; X) denotes the Banach space of
all continuous functions on I with values in X which vanish at infinity.

Corollary 7.6. Let p € (1,00), a € [0,p — 1) and let X be a UMD space and define I :== (0,T) C R4 where
T € (0,00]. Let A be an invertible sectorial operator on X. Then the following assertions hold:

(1) If s > (a+1)/p, then

H*P(I,wa; X) N LP(I,wa; D(A%)) = Co(I, Da(p, p)),
where =8 — "‘Tfl.
(2) If s> 1/p and 6 > 0, then

(I, wa; X) 1 LP (I, a3 D(A%)) = Co(Ts; Das — L,p),
where Is := (6;T).

By similar arguments as in [37] using embedding theorems into Triebel-Lizorkin spaces one can avoid
the use of the UMD property in the above result. We do not require this generality here and we only proof
the special case.

Proof. By Proposition 7.2 it suffices to consider I = R.

(1): To prove the required embedding by the density Lemma 7.3 it suffices to check that
suP;so | f ()| D (up) < Cllflle for every f € CE(I; D(A¥)), here B := H*P(Rt, wa; X)NLP (R, wa; D(A®)).
To prove this we extend a standard translation argument to the weighted setting. Let (T'(t))¢>0 the left-
translation semigroup, i.e. (T'(t)f)(s) := f(t +s) on LP(R4; X). Since @ > 0, T(t) is contractive on
LP(Ry,wqe; X) as well. Since T'(¢t) commutes with the first derivative 95 it is immediate that (7(¢)):>0
defines a contraction on W*P(R, ,w,; X). By complex interpolation and Proposition 7.2 it follows that
there exists a constant M such that ||T(¢)|| 2 zsr®. wa;x)) < M for t € Ry, and consequently the same
holds on E. Now by Theorem 7.5 we obtain
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1f O Dager) = IT OO Daup) < CITOfle < CM| f]e,

as required.
(2): As before it suffices to estimate sup,~ || f()|| D, (u.p)- Since a > 0,

H?P(I5,we; X) N LP(Is,we; D(A®)) — H>P(Is; X) N LP(I5; D(A®)).

Therefore, since (1) extends to any half line [9,00) C [0,00) the required result follows from (1) in the
unweighted case. O

7.2. Weighted stochastic maximal LP-reqularity

As before, in this section X is a Banach space with UMD and type 2.

For p € [2,00) and a € R and T € (0,00], let L (2 x (0,T), wq; X) denote the closure of the adapted
step processes in LP(§; LP((0,T), wq; X))).

First we extend Definition 3.1 to the weighted setting:

Definition 7.7. Let X be a UMD space with type 2, let p € [2,00), w > wo(—A), T € (0,00] and o € R. We
say that A belongs to SMR(p, T, o) if there is a constant C' such that for all G € L (2x (0,T), wa;v(H, X))
one has

[5© GllLr(@x (0,1)wa; D((w+a)172)) < ClIGl L2 (@ (0,7) wa iy (5, X)) -

Remark 7.8. Note that for every G € L7 (2 x (0,T), wq; v(H, D(A))) the stochastic integral (w+ A)Y/2SoG
is well-defined in X. Indeed, since a < § — 1 by Hélder’s inequality one obtains that for all 7' < oo

LP(0,T,wa; X) € L*(0, T3 X);
and the claim follows as in Remark 3.2.
The main result of this subsection is a stochastic analogue of [45, Theorem 2.4].

Theorem 7.9. Let X be a UMD space with type 2, let p € [2,00) and o € (—=1,5 —1). Then the following

assertions are equivalent:

(1) A € SMR(p, ).
(2) A € SMR(p,o0,q).

As a consequence SMR(p, 0o, ) = SMR(p, 00) for all a € (—1,5 —1).
To prove the result we will prove the following more general result, which can be viewed as a stochastic
operator-valued analogue of [52].

Theorem 7.10. Let p € [2,00), a € (=00, 5 — 1) and let X be a Banach space and let Y be a UMD Banach
space with type 2. Let Xy be a Banach space which densely embeds into X. Let A = {(t,s) : 0 < s <t < o0}
and let K € C(A; Z(X,Y)) be such that |K(t,s)|| < M/(t —s)Y/? and |K(t,s)z|| < M|z|x, for all
t > s> 0. For adapted step processes G let TG be defined by

TeG(t) = K o G(t) = / K(t,)G(s) AW (s), te€R,.
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Let p € [2,00) and o € (— —1). The following assertions are equivalent:

p
0075

(1) Tk is bounded from L% (Q x Ry, wa;v(H, X)) into LP(Q2 X Ry, wa;Y).
(2) Tk is bounded from L' (Q x Ry;~v(H, X)) into LP(Q2 x R4;Y).

As a consequence the boundedness of Tk does not depend on «a € (—oc0, £ —1).

To prove the theorem we prove a stochastic version of a standard lemma (see [52], [25] and [45, Proposition
2.3]).

Lemma 7.11. Let X be a Banach space and let Y be a UMD Banach space with type 2. Let p € [2,00) and

B e (—o0, 35— ;) Let A = {(t,s) : 0 < s < t < oo}. Let K be as in Theorem 7.9. Then the operator

Tw g L% (Q x Rosy(H, X)) — LP(Q x Ry:Y) defined by
B F

Ty 5G(1) /K (t/5)° — 1)G(s) AW (s)

is bounded and satisfies | Tk g|| < CpyCpM.

Proof. By density it suffices to bound Tk gG for adapted step processes G. Note that for all ¢ > s > 0 one
has

1K (8, 8)((t/)” = DI* < Mk (2, ),
where kg : {(s,t) € (0,00)% : s <t} — Ry is given by ks(t,s) = ((t/s)® — 1)2/(t — s).
By Corollary 2.8 we have

p/2
E|T sG (1) < C2yE /Mtsﬁs DIZIG) 1rx, ds)
t

» » p/2
<CPLM ]E ks (t, 5)|1G ()12 11.x) ds) .
0

To conclude, it suffices to prove that

t
[ ([rstwoisoras)” a< s,
0

Ry
for any f € LP(R). Let us set g(s) = | f(s)s'/?|? for s > 0, then
¢

[ st s = o [ nataysrgte) 2 = P22,
0

t2/p
0

where the convolution is in the multiplicative group (x, Ry \ {0}) with Haar measure du(s) = % and

hg(z) = 1(1,00)() (IZ:P2 x?/? for & > 0. Taking L-powers and integrating over ¢ € Ry and applying
Young’s inequality yields
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/2 2 2 2
J ([ rstes)lo? as)™ de = s =gl o < sl 9125 ce

= sl 12 g, -

Finally, one easily checks that

oo

)2 p dz
sl = [ C 1 e &
1

is finite if and only if § < £ — 1. This concludes the proof. O
y 27 p

Proof of Theorem 7.10. By density it suffices to prove uniform estimates for Tx G where G is a Xy-valued
adapted step process.
(1) = (2): Set G(s) := s?G(s) where 8 = a/p. Observe that

T G(t) = Tk Gs(t) + Tk sGa(t), (7.1)
where Tk g is as in Lemma 7.11. By (1) one has
1Tk Gsllr@xr.y) < ClGallLr@xr v(m,x)) = CllGllr@xRy waiy(H, X))
Moreover, by Lemma 7.11 one has
ITx,8GsllLroxRyv) < ClGsllLr@xRyivym,x)) = CIG Lr@xR 4 wasy (X))

Then by (7.1) and the previous estimates,

1Tk Gl Lo (@xRy wasy) = It = tPTiG(1)]| Loxryv)
<N TkGpllrroxryy) + 1Tk 8Gsll Lr@xRL:Y)

< 2C|GllLr xRy wasy (H,X))-

(2) = (1): Let F_p(s) = s7PG(s) where 8 = a/p. Similarly to (7.1), one has
T F(t) =t°Tx F_g(t) — T s F(t).
As before, applying the assumption to F__g and Lemma 7.11 gives that

Tk Fllo@xry vy < It = T F_g(t) | Lo @xryiv) + [Tk 8F || Lr (xR )
= T F_gllLr (@xRy wasv) + 1T o Fllor xRy y)
S ONF-gllLr@xRy waiy(mx) + CINF | Lr(@xRy iv(H,X))
= (C+ CF | zr@xRy i (H,x))5

from which the result follows. O

Proof of Theorem 7.9. If (1) holds, then by Theorem 4.1 the semigroup S generated by A is analytic. To see
that (2) also implies analyticity of S, note that the statement of Lemma 4.2 still holds if instead we assume
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A € SMR(p, 0o, @). To see this one can repeat the argument given there by using o > —1. Therefore, if (2)
holds, then Proposition 4.5 implies that S is analytic.
By the analyticity of S, the operator-valued family K : A — £ (X) defined by

K(t,s):=A25(t — s)

satisfies || K (t,s)|| < C/(t — s)"/? for t > s > 0. Therefore, the equivalence of (1) and (2) follows from
Theorem 7.10 with Xo = D(A). O

7.8. Space-time regularity results

To state the last results of this section, we introduce a further class of operators. From now on we will
assume (S(t));>0 is exponentially stable. For 6 € [0,1/2) we set

—8
Sy(t) = ﬁsa), >0,

Definition 7.12. Let X be a UMD space with type 2, let p € [2,00), and § € [0,1/2) and assume wo(—A) < 0.
We say that operator A belongs to SMRg(p, o0) if for each G € L7 (Q x Ry;v(H, X)) the stochastic
convolution process

t

Sp o G(t) = / Se(t — $)G(s) AW (s),

0

is well-defined in X, takes values in D(A'/279) P x dt-a.e. and satisfies

1156 <>GHL,,(QX]R+;D(A%79)) < CllGllLe xRy (a1,3))
for some C > 0 independent of G.

By definition, we have SMRg(p, 00) = SMR(p, 0).
The following important remark gives sufficient conditions for A € SMRy(p, 00) which reduces to Theo-
rem 3.6 if § = 0.

Remark 7.13. It was shown in [40-42] that, if X satisfies Assumption 3.5, 0 € p(A) and A has a bounded
H®-calculus of angle < 7/2 then A € SMRy(p,0) for any 6 € [0,1/2) and p € (2,00). In addition, if
q = 2, then A € SMRy(p,o0) for any p € [2,00). Lastly, the assumption 0 € p(A) can be avoided using a
homogeneous version of SMRy(p, o0) (see [40, Theorem 4.3]).

Before going further, we make the following observation:

Proposition 7.14. Let X be a UMD space with type 2 and let p € [2,00). Let A € SMRy(p, o0) be such that
wo(—A4) < 0 and A is an R-sectorial operator of angle wr(A) < w/2. Then, for any 0 < ¢ < 0 < 1/2, we
have A € SMRy,(p, c0).

Proof. First observe that an analogue of Proposition 3.7 for SMRy(p, co) holds and we will use it in the
proof below. By [23, Lemma 3.3] (or [20, Proposition 10.3.2]) the set {(sA)?~%S(s/2) : s > 0} is R-bounded
and hence y-bounded (see [20, Theorem 8.1.3(2)]). Therefore, by the y-multiplier theorem (see [20, Theorem
9.5.1]) we obtain
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s = AY27V S (t = $)G(8) |l 0,0,x) < Clls = AY27Sp((8 = 5)/2)G () |y (0,001, 5)

Taking LP-norms on both sides we find that
/ IIs — Al/zf’l’Sl/,(t - 5)G(s)||f{(07t;H7X) dt
0

<0 [ s 42080 (0 = /DO
0

cr [ 1/2-0 P
=5 Is+— A So((27 — 8)/2)G($)||7(O,2T;H7X)d7—
0

oo

2%—1cp/ o > AV205,(r — 0)G(20)
0

IN

B 0,7, )97

< 2%*ICpr||GHLP(Q><R+;7(H,X))’

where we only used elementary substitutions and in the last step we used the assumption applied to the
function G(2-). O

The following proposition is the analogue of Theorem 7.9 for the class SMRy(p, 00).

Proposition 7.15. Let X be a UMD space with type 2. Assume wo(—A) < 0 and S is an analytic semigroup.
Letp € [2,00), a € (=1,5 —1) and 0 € [0,1/2). Then the following are equivalent:

(1) A € SMRy(p, o).
(2) There is a constant C' > 0 such that for all G € L' (XX Ry, wa;y(H, X)) we have SgoG(t) € D(Az79)
P x dt-a.e. and

HS@ © G||L”(Q><R+7wa;D(A%_e)) < C”GHLP(QXR%MQ;W(H’X))'

Proof. Let Ky : A — Z(X) be defined by Ky(t,s) = A2~?(t—s)~?S(t—s). By analyticity of the semigroup
(S(t))¢>0, one has || Kp(t,s)|| < C/(t —s)/? for t > s > 0, and thus the result follows from Theorem 7.10
in the same way as in Theorem 7.9. O

We are ready to prove the main result of this section. Recall from Remark 7.13 that all the conditions
are satisfied if X is isomorphic to a closed subspace of LY with ¢ € [2,00), 0 € p(A) and A has a bounded
H-calculus of angle < /2.

Theorem 7.16. Let X be a UMD space with type 2. Assume wo(A) < 0, A € BIP(X) with 04 < 7w/2. Let
p€(2,00), let e (—1,5—1) (orp=2and a=0) and let 6 € [0, 1). Assume that A € SMRy(p, o0).

(1) (Space-time regularity) If 6 # (1 + «)/p, then

P P p
E”S<>G||Ha,p(R+,wa;D(A%—9)) < CPE|GILr @, wasmi,x)):
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(2) (Maximal estimates) If « > 0 and 0 — (1 + «)/p > 0, then

p p
E SUp HSOG(t)”DA(%_HJp) S Cp]EHGHLP(RJMWQTY(H’X)).

teR L P

(3) (Parabolic regularization) If & > 0 and 6 — 1/p > 0, then for any 6 > 0

E sup [|SoG(®)|" < CPE||G|?, .
oop I ()HDA(%?% ) G » (R, i (r1,50))

In all cases the constant C is independent of G.

Proof. To prepare the proof, we collect some useful facts. Let o7 be the closed and densely defined operator
on LP(R4,wy; X) with domain D(#) := LP(R ., we; D(A)) defined by

(7 f)(t) == Af(D);

since A € BIP(X) then also &/ € BIP(LP(Ry,w,; X)) and 0, = 64 < 7/2. Moreover, 0 € p(&/) since
0 € p(A). Let & be the closed and densely defined operator on LP(R,,wy; X) with domain D(%) =
WyP(Ry,wa; X) given by

By Theorem 7.4, % has a bounded H-calculus of angle wy~ (%) = 7/2; in particular 84 < 7/2. Since
O + 0% < 7, by [48, Theorems 4 and 5] the operator

€ =+ A, D(¥):=DF)NDAB),

is an invertible sectorial on LP(R,wq; X ), moreover has bounded imaginary powers with 64 < 7/2. By [6,
Proposition 3.1] one has

(Tt :%/t—s'y LS(t —s)f(s)ds. (7.2)
0

Moreover, for all v € (0, 1] one has (see [14, Lemma 9.5(b)])

D(Cg“l) = [LP(R+vw(X7X)7D(‘@)]’Y n [LP(R-HILUOMX%D(JZ{)}’Y

(7.3)
= Hy" (R4, wa; X) N LP (R, wa; D(A7)),
provided v # (1 + «)/p, (the last equality follows from Theorem 7.4(2)). To prove (1) and (2), by a density
argument, it suffices to consider an adapted rank step process G : [0,00) x Q — v(H, D(A)).
(1): By the Da Prato-Kwapien—Zabczyk factorization argument (see [6] and [9, Section 5.3] and references
therein), using (7.2) for v = 6, the stochastic Fubini theorem and the equality

one obtains, for all ¢ € Ry,
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¢ (A8, 0 G)(t) = A37056 G(t) almost surely. (7.4)
Then,

1_ ®) 1
[427%S 0 G|l oo mor® . wax)) < CIEPA270S 0 Gl LoxRr, waix)

(i4) 1
= C|lAT0Sp 0 Gl LoaxR e x)

< CNGllor@xRy waiy(H,X))»

where in (i) we have used (7.3) (recall that by assumption § # (1 + «)/p), in (i4) (7.4) and in (i4i) we used
Proposition 7.15.
(2): By Corollary 7.6(1), we have

HOP(R o, wa; X) N L (R wa; D(A%)) < Co ([o,oo>;DA (e— ! *%)) .
p

Moreover, since A € BIP(X) with 0p < 7/2 then wr(A) < 7/2 thus —A generates an analytic semigroup
on X (see Remark 2.2). Setting ¢, = A*S o G, by Proposition 7.15 and the fact that 0 € o(A), one has

HC%—H”LP(Q;CO([O,OO);DA( )
< K¢l o192 (10,00) wasx)) + KIC1 6l Lo(euLr (R swasD(49))
= K¢y —ollpr@umor @, waix)) + KlICy r@xmy waix))
< CK||Glr@xRoy jwaiy(H, X))

Since A2% : DA(1/2— (14 a)/p,p) = Da(0 — (14 a)/p,p) is an isomorphism (see [53, Theorem 1.15.2
(e)]), we have

||S<>GHLP(Q;CO([O’OO)?DA(%*H—Ta,p))) SA0p HC%_GIILP(Q;CO([O’oo);DA(ef“—",p)))

p

< CK||Gl|Lr(@xR 4 ywa iy (H,X))}

where in the last inequality we have used (7.5).
(3): This follows from the same argument as in (2) using Corollary 7.6(2) instead of Corollary 7.6(1). O

Remark 7.17. Similar to [40, Remark 5.1] (see also the references therein), Theorem 7.16 can be local-
ized via a standard stopping time argument. For future references, we give the explicit formulation for
Theorem 7.16(3).

Let 0 > 1/p, 0 < a < p/2 —1, A € SMRy(p,o0) and let 7 > 0 be an .Z-stopping time then for any
G € L (4 LP((7,00), wa; v(H, X)),

soae 1t (s (imoon 0 (5 - 1))).
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