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ABSTRACT

Diamagnetic levitation is a promising technique for realizing resonant sensors and energy harvesters since it offers thermal and mechanical
isolation from the environment at zero power. To advance the application of diamagnetically levitating resonators, it is important to
characterize their dynamics in the presence of both magnetic and gravitational fields. Here we experimentally actuate and measure rigid
body modes of a diamagnetically levitating graphite plate. We numerically calculate the magnetic field and determine the influence of
magnetic force on the resonance frequencies of the levitating plate. By analyzing damping mechanisms, we conclude that eddy current
damping dominates dissipation in mm-sized plates. We use finite element simulations to model eddy current damping and find close agree-
ment with experimental results. We also study the size-dependent Q-factors (Qs) of diamagnetically levitating plates and show that Qs above
100 million are theoretically attainable by reducing the size of the diamagnetic resonator down to microscale, making these systems of inter-

est for next generation low-noise resonant sensors and oscillators.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0009604

Levitation, as the means to defy gravity, has always been a dream
of mankind. This dream has been realized at large scale with the design
of aircrafts, hovercrafts, and maglev trains; however, the potential of
levitation is yet to be fully explored at small scale. Levitation requires
forces that act in the absence of mechanical contact, like optical, acous-
tic, aerodynamic, or magnetic forces." Among them, diamagnetic levi-
tation stands out as the only means of stable levitation at room
temperature that is passive because it can be sustained indefinitely
without feedback control or cooling systems that consume energy.
Although stable levitation in a constant magnetic field may seem to be
impossible, centuries back Lord Kelvin showed that there is an excep-
tion to Earnshaw’s theorem: diamagnetic materials can levitate stably
in a magnetic field.” One of the most renowned experiments in this
respect is the levitation of a living frog using a 16.5 Tesla magnetic
field” That experiment required much power to drive large electro-
magnets; however, at small scale, the story is different because the
magnetic field of permanent magnets is sufficient to overcome gravita-
tional forces and enable levitation. During the last decades, levitation
of liquid droplets,”” cells,” and solid particles’ has been demonstrated
using small permanent magnets. Moreover, this passive levitation

has been used for realizing devices like accelerometers,”” energy har-
vesters, ! viscosity/density sensors, > and force sensors."”

To realize highly sensitive resonant sensors, it is essential to charac-
terize their frequency response and dissipation mechanisms that are
closely linked to the precision with which frequencies of a resonant sen-
sor can be determined and that are intrinsically coupled to the thermo-
mechanical noise floor via the fluctuation dissipation theorem." In
particular, minimization of damping is an essential consideration in the
design of low phase noise oscillators and highly precise resonant sensors.

One of the most important dissipation mechanisms in Micro-
Electro-Mechanical Systems (MEMS) is acoustic loss, which occurs
when mechanical energy leaves the structure as sound waves via
anchors or clamping points. In literature, great efforts are undertaken to
minimize acoustic loss by suspending resonators via thin, high-tension
tethers'” or optimized clamping points.'® However, the ultimate way of
eliminating acoustic losses is levitation in vacuum since acoustic waves
cannot propagate in the absence of matter. For this reason, optical levi-
tation has been applied to obtain high Q resonators.'” Even though
promising, this technique has the drawback that it requires high-power
lasers that can significantly increase the temperature of the levitating
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object and affect its microstructure. In this respect, zero power levitation
of diamagnetic materials at room temperature combined with their vac-
uum compatibility makes them ideal candidates for tackling this chal-
lenge. Moreover, since the main sources of dissipation in diamagnetic
resonators are air and eddy current damping,”' "' by operating the res-
onator in vacuum, one can eliminate air damping, so that the only
remaining dissipative force is eddy current force, which can be mini-
mized to obtain high Q resonators.

In this Letter, we study the rigid body resonances and dissipation
mechanisms of a diamagnetic resonator that levitates above permanent
magnets at different pressures. The diamagnetic material used in our
experiments is pyrolytic graphite, which has large negative magnetic
susceptibility and, thus, can levitate easily above permanent magnets.
In contrast to studies on conventional microelectromechanical resona-
tors, these levitating resonators allow us to study the dynamics of
nearly free-body objects in the absence of mechanical clamping or
anchor effects. Interestingly, the restoring force, which is generally pro-
vided by a compliant mechanical spring, is here provided by magnetic
and gravitational forces. By using a laser Doppler vibrometer (LDV),
three rigid body translational and two rotational modes of the plate are
detected and their resonance frequencies and Qs are characterized
experimentally. To understand the effect of air damping on our resona-
tor, we perform experiments over a pressure range of 10~#-~1000 mbar.
This pressure-dependent study also allows us to study the effect of
eddy current damping on plates of different sizes in vacuum. To get a
deeper insight into the magnetically induced stiffness and eddy current
damping of the resonator, numerical finite element method (FEM)
models are used to simulate the magnetic force and eddy currents on
the levitating plate. With our FEM model, the effect of plate size on the
Q is studied, from which we conclude that the Qs of rigid body modes
for diamagnetically levitating objects increase at small dimensions.

Pyrolytic graphite (from Magnetladen Seiler GmbH) is cut into
square plates of different side lengths L using a laser cutter after which
their surfaces are slightly polished using fine sand paper (5 um grain)
to a thickness of 280 pm. The literature values of the material proper-
ties of the pyrolytic graphite resonator used for experiments and simu-
lations are given in Table I. Our diamagnetic pyrolytic graphite plates
are levitating above a checkboard arrangement of 4 cubic NdFeB ferro-
magnets (side length D= 12 mm) with alternating magnetization [Fig.
1(a)]. The remanent magnetic flux density of the cubic magnets is
B, = 1.4T. The magnetic field gradient in the z-direction provides an
upward force on the plate to compensate the gravitational force.
Together with the lateral magnetic gradients, it provides a stable
energy minimum that determines the plate’s rest position. The figure
shows that we define x and y-axes parallel to the plate edges.

To probe the motion of the levitating resonator, we use the exper-
imental setup shown in Fig. 1(b). It includes an MSA400 Polytec LDV

TABLE |. Material properties of the levitating pyrolytic graphite.

Property Symbol Value Unit
Density P 2070 kg/m?
Susceptibility 1’ Lz —450 x107¢
Susceptibility ||’ Yay —85 x107°
Conductivity 1" o, 200 S/m
Conductivity || Ory 200 000 S/m
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FIG. 1. The levitating resonator and experimental setup. (a) Levitating pyrolytic
graphite plate above 4 cubic Nickel coated NdFeB magnets with alternating magne-
tization, where N and S stand for north and south poles of the magnet, respectively.
The origin of the coordinate system is at the center of the plate. (b) Schematic of
the measurement setup comprising a MSA400 Polytec LDV for the readout and
electrostatic excitation method. The actuation voltage is generated by the LDV junc-
tion box and is amplified by a 40x voltage amplifier that drives the levitating plate
into resonance using electrostatic actuation. The electrostatic force is generated via
two electrodes beneath the levitating plate. By focusing MSA laser beam on the
plate, the vibration signal is detected, and the acquired velocity is transferred to a
PC for frequency response analysis.

that measures the out-of-plane speed of the plate. In our experiments,
the excitation voltage is generated by an LDV junction box that drives
the levitating plate into resonance using electrostatic forces. These
forces are generated via two electrodes [thin copper tapes isolated
from the magnets, not shown in Fig. 1(a)] beneath the levitating plate.
When a voltage is applied between the two electrodes [Fig. 1(b)], the
levitating plate acts as a floating electrode between the two electrodes,
thereby forming a capacitive divider. In the area at which the plate
overlaps with the electrodes, an electrostatic downward force is exerted
that depends on the overlapping area, voltage difference, and gap size.
In order to efficiently excite different modes of the plate, an asymmet-
ric arrangement of the electrodes is used as shown in Fig. 1(b). Due to
this asymmetry, the electrostatic forces between each of the electrodes
and the plate are different, and generate both a translational force and
a rotational moment on the plate. A periodic chirp voltage signal
(Vac=1.0 V) is superposed on an offset voltage (Vpc= —1.2 V) and
amplified by a voltage amplifier (40x) that applies the voltage across
the electrodes. The DC offset voltage is used to make sure that the elec-
trostatic force that is proportional to the square of the voltage has a
component of the same frequency as the chirp signal. With the LDV,
the frequency response curves are measured, and by scanning the laser
over the plate, the mode shapes are obtained using the Polytec soft-
ware. The LDV measurements are conducted in a vacuum chamber
over a pressure range of 10~#-1000 mbar.

Since there are three translational and three rotational degrees-
of-freedom, the plate is expected to exhibit six different rigid-body res-
onances. In Fig. 2(a), the levitating plate is driven from 8-25 Hz, and
five of these six rigid body modes are observed. These mode shapes, as
obtained by LDV and from camera movies, are schematically shown
in Fig. 2(a). Movies of the detected mode shapes are also shown in
supplementary material S1. The rotational mode around the z-axis is
not observed, probably because it is not efficiently excited by the
employed electrode configuration. Even if it was excited, it would not
be efficiently detected by the LDV that is only sensitive to motion in
the z-direction. The frequency responses shown in Fig. 2(a) are deter-
mined at an off-centered point on the plate such that also the
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FIG. 2. Dynamic characterization of the levitating resonator in its rigid body modes. (a) Frequency response curve of a 4.28 x 4.14 x 0.28 mm? levitating graphite plate. The
lowest frequency peaks have been multiplied by a factor 50 for visibility. Observed mode shapes are shown schematically near the corresponding resonance peaks. (b)
Simulated and measured levitation height with different plate lengths (the thickness of all plates is 0.28 mm). (c) Experimental and simulated resonance frequencies at different
plate lengths. All dimensions and material parameters used for the simulations are found in the text and in table without free parameters.

rotational modes 3 and 4 can be measured. Even though the ampli-
tudes are small, it is surprising that modes 1 and 2 are detected using
the vibrometer since their motion is in-plane, whereas the LDV is
mainly sensitive to out-of-plane motion. It is likely that the in-plane
motion of the plate is accompanied by an out-of-plane rotation or
translation related to the shape of the magnetic potential well. We also
note that both modes 1 and 2 as well as modes 3 and 4 are degenerate
with almost identical resonance frequencies and similar mode shapes
[Fig. 2(a)].

To investigate the plate size dependence of the observed effects
and for model verification experiments are carried out on larger plates
of 6.28, 8.14, and 10.25 mm. After placing the plates of different sizes
above the magnet array, the levitation height of the plate is determined
with a Keyence digital microscope (VHX-6000) using the defocus
method [Fig. 2(b)]. Using the LDV, the resonance frequencies of
modes 2, 4, and 5 of the plate are determined and are shown in Fig.
2(c). A clear reduction in the resonance frequency with increasing
plate size is observed. We will analyze these observations in more
detail using quantitative models.

In the static levitating state, only the gravitation force and mag-
netic force act on the plate. A model for the magnetic field generated
by the 4 cubic NdFeB magnets is constructed and used to determine
the levitation height. The FEM and analytical modeling results for the
magnetic field,”"*" forces and levitation height, and its comparison to
experiment can be found in supplementary material S2. The total
magnetic force from the field on the plate Fp is determined as

Fp = VJ M.-Bd7 = %J V(iH: + 1, Hy + 2.H)d7, (1)
a s

where 7" is the volume of the plate, H, ;. are the components of the
magnetic field strength, M is the magnetization, and B is the magnetic
flux density. In this analysis, it is assumed that the plate does not sig-
nificantly affect the magnetic field since its relative magnetic perme-
ability is close to 1. The results of the FEM simulations that determine
the height at which the z-component of Fg is equal and opposite to
the gravitational force are shown in Fig. 2(b). The dependence of the
levitation height on plate size L is well captured.

We also obtain the resonance frequencies of the plate numeri-
cally. The undriven free-body dynamics of translational modes 1, 2,

and 5 can be modeled by the differential equation mg + ¢q + kq = 0,
where q is the translational displacement and m, ¢, and k are the mass,
viscous damping coefficient, and stiffness of that degree-of-freedom,
respectively. Similarly for the rotational modes 3 and 4, the dynamics
can be modeled by 10 + I'0 + u0 = 0, where 0 is the rotational angle
around the x or y-axis and I, I, and u are the moment of inertia, rota-
tional viscous damping coefficient, and torsional stiffness of the mode,
respectively.

Since the gravitational force is independent of position, the stiff-
ness of the resonant modes is solely determined by the derivative of the
magnetic force Fg, or magnetic torque, with respect to translational or
rotational motion around its equilibrium position. When the plate
translates or rotates, the spatial volume ¥~ over which the integral (1) is
taken changes, and it results in a restoring force or moment. For the tor-
ques, the integral in (1) is taken over the torque per volume element
r x dFg, where r is the position of the element with respect to the rota-
tional axis. Using these integrals, the translational stiffness and torsional
stiffness of the rigid body modes of the plate are numerically obtained.

From the FEM simulations, the resonance frequencies are com-
puted using 27tf,es = /k/m and 27tf,es = \//I for the translational
and rotational modes, respectively. The FEM results are shown in Fig.
2(c) and show close agreement with the experimental results. The
observed reduction in the resonance frequency is less than what would
be expected for a fixed stiffness system for which f,.s oc L™". This indi-
cates that the stiffness of the system increases with plate size despite
the higher levitation height, which can be attributed to the larger
volume over which integral (1) is taken.

For the rigid body modes of diamagnetically levitating resonators,
many types of dissipation are negligible. In particular, mechanical fric-
tion, radiation loss, and surface and material damping are all expected
to be negligible or absent during rigid body vibrations. Air damping is
still significant and can be eliminated by performing experiments at
low pressure. In Fig. 3(a), it is shown that the resonator’s Q signifi-
cantly increases and saturates at lower pressures. The saturation shows
that at a pressure of 10~% mbar, the damping of the rigid body modes
is dominated by another mechanism, which is eddy current damping.
To verify this, we compare the measured Qs on plates of different sizes
in Fig. 3(b). Included in the figure are also our FEM simulations of
eddy current damping.
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FIG. 3. Damping of levitating resonators. (a) Pressure-dependent Q of a 8.03 x 8.24 x 0.28 mm® levitating plate. (b) Experimental and simulated Qs of the levitating resona-
tors of different plate lengths L (thickness t=0.28 mm). All measurements have been performed at room temperature and low pressure (0.001 mbar). (c) and (d) Eddy current
density simulations for modes 4 and 5, respectively. The color map indicates the eddy current density and the arrows show the trajectory of the eddy currents. (e) Simulation
of the Q as a function of plate length L down to the microscale. In this simulation, the plate thickness t and magnet size D are also scaled down (D = 1.2L and t = 0.03L).

To quantify the eddy current damping of the levitating resonator,
we have developed a FEM model to evaluate the eddy current damp-
ing force. When a conductor moves with velocity vector v through a
magnetic flux density field B, the charge carriers inside the conductor
feel an electric field v x B due to the Lorentz’ force in addition to the
field from the electric potential V, that generates an eddy current den-
sity J given by

J=—-0VV.+0(vxB), (2)

where ¢ is the electrical conductivity matrix that has nonzero diagonal
elements c,, o), and ¢_. By combining Eq. (2) with the current conti-
nuity condition V - J = 0 and the boundary condition J - n =0 (n is
the unit vector perpendicular to the boundary), the eddy current den-
sity distribution J and potential V, can be determined numerically for
known v, g, B, and plate dimensions. The simulated current density J
distribution through the plate for the rotational mode 4 and transla-
tional mode 5 is shown in Figs. 3(c) and 3(d), respectively.

The total damping contribution due to eddy currents can now be
evaluated for the translational modes by integrating the eddy current
forces J x B to obtain Feddy.22 Similarly for the rotational modes, the
torques r X (J X B) can be integrated to obtain the total torque Teddy-
Since for thin plates and motion under consideration, the eddy cur-
rents run mainly in-plane and the motion is out-of-plane, it is the
in-plane component of B that contributes mainly to the relevant out-
of-plane force Feqqy o< (v X B) X B. Since the in-plane component of

the B field is largest near the boundary between the magnets, it is
expected that these regions contribute most to Feqqy.

As expected, the eddy current damping force Feqqy is found to be
proportional and in the opposite direction of the velocity g, and simi-
larly the torque t.qq, is opposite and proportional to the rotational
velocity 0. From the proportionality constants, the coefficients ¢ and I"
for the translational and rotational modes can be determined. Using
our FEM simulations and the material parameters given in Table I, we
found the Qs associated with modes 4 and 5 for different plate lengths
L as follows:

27fres

c 0
The simulated Q corresponds well to the experimental values as
shown in Fig. 3(b). This provides evidence that eddy current damping
can account largely for the observed Qs and their size dependence for
the rigid body modes of diamagnetically levitating plates. A difference
is observed between the simulated and measured Q of mode 4, which
is attributed to the fact that the actual experimentally obtained rotation
is observed to occur not exactly around the x or y-axis. Figure 3(b)
shows a steep increase in Q with decreasing plate length L for transla-
tional mode 5. A reduction of plate length L by a factor of 2 results in
an increase in Q by a factor of ~4. For the rotational mode 4 such an
increase in Q is not observed. The observed experimental trend sug-
gests that very high Qs might be achieved in diamagnetically levitating

(©)
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plates of microscopic dimensions. To test this hypothesis, we simulate
the Q of the z-direction translational mode 5 for levitating graphite
plate resonators with L=10""-10" mm. Besides scaling the lateral
dimensions of the plate, also the dimension of the magnets D = 1.2L
and plate thickness t = 0.03L are scaled proportionally. For each value
of L, first the magnetic field and levitation height are calculated, and
then the resonance frequency, eddy currents, and Q are determined
according to the procedure outlined before. The result is plotted in Fig.
3(e). For a reduction of L by a factor 10 the Q increases by a factor
3.8 x 10°. For plate sizes on the order of 1 um, Qs above 100 million
might be achievable, competitive to the Q of the best mechanical reso-
nators currently available.'” This suggests that levitating nano/
microparticles could be interesting candidates for realizing high-Q res-
onators for accurate sensors and for studying quantum mechanics at
room temperature. 1923725

In conclusion, we experimentally study the rigid body motion of
diamagnetically levitating resonators at different pressures. By levitat-
ing graphite plates above magnets we eliminate external mechanical
effects, such that their dynamics is solely governed by magnetic field.
The levitation height, resonance frequencies, and Qs are measured as a
function of plate size by laser Doppler vibrometry and are modeled
effectively using FEM simulations. In particular, the Q of the out-of-
plane translational mode is found to increase significantly with reduc-
ing dimensions. Using simulations, evidence is provided that this
increase in Q continues at smaller dimensions, where Q factors above
100 million might be attainable, making levitating diamagnetic resona-
tors an interesting candidate for high-Q, low-noise oscillators and
SEnsors.

See the supplementary material for (S1) movies of the rigid body
modes of a diamagnetically levitating resonator and (S2) simulation of
the magnetic levitation height.
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