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Whiffletree based supports for
self-adjustable hydrostatic bearings

Vincent van Parijs, Joep Nijssen and Ron van Ostayen

Abstract
Hydrostatic bearings are superior in terms of their friction and load carrying characteristics when compared to contact
based bearings, but non-usable in applications with non-constant curvature counter surfaces. A possible solution to this
limitation is the introduction of deformable hydrostatic bearings components that cope with these required deforma-
tions. To reduce the required deformation of a single bearing pad, multiple pads can be connected through a so-called
whiffletree support system. In this work, a symmetric whiffletree based hydrostatic bearing embodiment is introduced.
A 2D quasi-static model is introduced that allows for determining the kinetostatic and path following properties of such
a type of bearing. Design considerations are given regarding the joint rotational-, normal-, and shear stiffness of each
individual joint, as well as basic bearing layout. The potential of a whiffletree suspended bearing is presented through the
use of a case study.
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Introduction

Hydrostatic bearings have the property of obtaining a
high load capacity while maintaining low friction. This
is due to the small fluid film between bearing and coun-
ter surface. Compared to conventional slider and roller
bearings in terms of friction, wear, and load capacity,
hydrostatic bearings are the better option. However,
conventional hydrostatic bearings are limited to appli-
cations that have an external pressure source and con-
stant or zero curvature counter surfaces.1 To eliminate
the second limitation, compliant hydrostatic bearings
could provide a solution. Compliant hydrostatic bear-
ings offer the ability to deform, following the counter
surface while maintaining its desired constant film
height. One approach to design compliant hydrostatic
bearings, is to design the support to be elastic. This has
been used to counter waviness of the counter surface,2,3

to maintain load capacity when the bearing is tilted4 or
to function as an elastic pivot.5 However, these type of

supports are generally limited to small deformations in
the order of the bearing film height.2,6 This results in
an absence of hydrostatic slider bearing use in applica-
tions with non-constant curvature counter surfaces.
Examples of such potential applications can be found
in motors and pumps, in civil structures like lock gates,
and in sliding rooftops of stadiums.3,7,8 A wide variety
of potential applications could thus benefit from
improved path-following functionality. This work will
focus on the design of a large deforming hydrostatic
bearing able to follow a non-constant curvature coun-
ter surface.
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For hydrostatic bearings it is fundamental that the
bearing and the counter surface remain close to paral-
lel.9 This means that, for a non-constant curvature
counter surface, the bearing needs to deform to main-
tain a parallel orientation with respect to the counter
surface. It is expected that the required deformation of
the bearing, in order to maintain a parallel orientation
to the counter surface, decreases as the length decreases.
This is expected, as the curvature of the counter surface
becomes close to linear if the length of the curvature
decreases. However, a decrease in bearing length results
in a decrease in load capacity which is undesirable for
most applications. A solution could be to connect mul-
tiple smaller bearing pads, also called slipper, together
by the use of a support structure.10 This way, the defor-
mation required from each slipper to maintain a close
to parallel orientation with the counter surface, is
reduced while load capacity could be maintained. A
possible suitable support system is the whiffletree.11

Examples of applications that use a whiffletree as sup-
port are dual-arm manipulators and telescopes.11–14 It
is important that conventional contact-based joints are
not used in the support system of the hydrostatic bear-
ing since they would re-introduce wear, friction, and
backlash into the system. Hydrostatic spherical joints15

or compliant joints16,17 could solve these drawbacks,
providing the same motion as conventional contact
joints without these negative properties,18 although in
the case of compliant joints this generally comes at the
cost of load capacity.16 For the design of such a com-
plete whiffletree based system, knowledge is needed
about the kinematics and kinetostatics such that the
potential quasi-static performance can be defined.

Previous research has shown that the use of elastic
support systems allow hydrostatic bearings to follow
surfaces with non-constant curvature.2–6 In this previ-
ous work it was concluded that elastic supports do
improve the deformability of hydrostatic bearings but
only for deformations with an order of magnitude of
the nominal film height. The contribution of this work
is to design a support system that allows deformations
orders of magnitude larger than the nominal film
height.

In this paper, a symmetric whiffletree based suspen-
sion for deformable hydrostatic bearings is introduced.
A 2D quasi-static model based on rigid body mechanics
is presented that can be used to define the general kine-
matics, more specifically the rotational requirements
for individual joints. Design steps are provided to
determine load capacity, normal stiffness, rotational
stiffness, shear stiffness, and pressure profiles of such
symmetric whiffletree based bearing systems. The
model is then implemented in a case study to show the
potential of these type of supports.

Methods

The 2D whiffletree based large deforming hydrostatic
bearing is presented in this work as an alternative to
compliant support bearings as shown in Figure 1. In lit-
erature,1 large deformable bearings are defined as bear-
ings that (a) are able to deform ø 10% of the height of
the bearing in its undeformed configuration, and (b)
are able to deform ø 100 times the average film height
of the fluid film. The implementation of compliance to
obtain large deformation in full film bearings is a sig-
nificantly more difficult challenge compared to their
small deforming counterparts, simply because large
compliance and high load capacity are not necessarily
aligned design objectives. If an elastic support, called
slipper in this work, is utilized for these objectives, then
all required motion has to come out of a single geome-
try. This geometry is not necessarily designed for
motion, but to obtain a certain load capacity. A whif-
fletree based bearing support gives a different perspec-
tive to the same design challenge. By introducing
discrete components specifically designed for the load
case, the load can potentially be better distributed while
maintaining deformability. The whiffletree support is
used to reduce the required slipper deformation by
allowing each slipper to rotate, obtaining a better
orientation to the counter surface. This advantage is
one of the principle motivations for introducing the
whiffletree support system and thus will first be ana-
lyzed in detail. Because primary motivation in this
work is to introduce the whiffletree suspension as a

Figure 1. Elasto-hydrostatic bearing in its deformed
configuration to remain parallel with the counter surface (top)
and a whiffletree supported hydrostatic bearing in its deformed
configuration to remain parallel with the counter surface
(bottom).
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design alternative, all modeling performed in this work
will be done in 2D. In accordance with what has been
observed in literature,3,19,20 the counter surface or track
of the system will be represented by a sine wave with
wavelength l and amplitude A. Bearing deformation,
as function of its length, can be expressed as the slipper
compression required to maintain a parallel orientation
with the track as seen in Figure 1. Figure 2 shows a
slipper in its deformed configuration while maintaining
a parallel position with the gradient of the counter sur-
face. The minimum and maximum positions of the
track under the slipper, which is a specific track section
in the slippers reference frame, are required for deter-
mining slipper compression. The specific track section
is obtained by finding the x position of both edges of
the slipper xmin=max described as:

xmin=max= xs 6
1

2
Ls cos (u) ð1Þ

where xs is the x position of the slipper center, Ls is the
slipper length, and u the angle of slipper center point
with respect to the horizontal. The specific track sec-
tion U is now defined by:

U =
x

y

� �
=

x

A sin 2px
l

� �� �
for xmin ł x ł xmax ð2Þ

where A is the amplitude of the track and l is the wave-
length of the track. The specific track section is placed
at the origin defined by:

Utranslated =U � T ð3Þ

where T is the translation matrix defined by:

T =
xs

A sin 2pxs
l

� �� �
ð4Þ

Next, the specific track section is rotated such that the
gradient of the track at position xs is orientated parallel
to the horizontal defined by:

Ufinal =R � Utranslated =
x0

y0

� �
ð5Þ

where R is the rotation matrix described by:

R=
cos(us) sin(us)
�sin(us) cos(us)

� �
ð6Þ

where us is described by:

us = arctan
ys

xs

� �
ð7Þ

Finally, the linear compression c of the slipper to
remain parallel with its track is described by:

c= y0max � y0min ð8Þ

where y0min and y0max are respectively the minimum and
maximum y values of the rotated specific track section.
The slippers maximum required compression over the
whole track is obtained by following the previous steps
for each xs position on the track. Figure 3 shows the
maximum compression required as a function of the
slipper length for a track amplitude of 5%, 10%, and
15% of the wavelength respectively. It can be seen that
the relation between the compression and slipper length
is approximately quadratic. This means that a decrease
in slipper length of factor s will result in a decrease in
compression of factor s2. This beneficial effect can be
captured through the implementation of a whiffletree

Figure 3. Compression required of a single slipper, as function
of the slipper length for a counter track with an amplitude of
5%, 10%, and 15% of the wavelength respectively.

Figure 2. Single slipper compressed to remain parallel to the
track with the corresponding parameters.
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in the bearing suspension and functions as one of the
primary motivations for developing such a support.

Bearing topology

Different embodiments can potentially be envisioned
for these kind of support systems. The advantages for
implementing these suspensions in hydrostatic bearings
is that they allow for the implementation of discrete
rotational components, specifically designed for the
load case, while simultaneously distributing the load
over the support. This, combined with the type of sinu-
soidal counter tracks investigated in this work, directly
impact the topology. The following statements are
made concerning the suspension topology investigated
in this work:

1. The suspension will be used to follow symmetric
variable counter surfaces.

2. The suspension will be used to fully distribute
the load uniformly.

The first statement directly relates to the definition of
using a sinusoidal wave as the basis for counter sur-
faces, and thus the expected type of deformations.

Using both statements, this work introduces the sym-
metric whiffletree suspension that can be seen in Figure
4 that will be the basis for the whiffletree support per-
formance presented. For this topology, the height of
the joint on the slipper is equal to half the slipper length
and that the height of each joint in a layer is twice the
length of the joint one layer below. The assumption in
thus topology is that there is no distance between the
slippers, which would not work in a practical embodi-
ment. Since the focus of this work however is on the
support and we minimize the impact of the slippers
themselves, it is an accepted error. It is also avoidable
in future practical embodiments by ensuring the slipper
is smaller then Ls. This topology can be seen as the neu-
tral design state for sinusoidal counter tracks, where the
loads are equally distributed over the joints. Because of
this symmetric positioning of the lower layers and all
slippers design spaces being equal in size, it does not
have any inherent changes in load between the individ-
ual joints in one layer. This means all joints in the same
layer will experience the same load condition, be it with
a phase difference. This topology therefore has equal
load distribution based on its undeformed configura-
tion. It therefore embodies the second statement and
fully distributes the load uniformly.

Figure 4. (a) Layout of a triple layer whiffletree support system with the corresponding layer, joint numbers, and total bearing
height. (b) Whiffletree layer cell configuration consisting of three joints connected by a rigid linkage. (c) Bottom layer cell
configuration consisting of a slipper connected to a single joint by a rigid linkage.
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The next important design dimension is the bearing
height. Bearing height is built up out of the slipper
height and the total joint height in the system as shown
in Figure 4. The length of each joint Lk is defined by:

Lk = 2(n�k)Ls ð9Þ

where Ls is the slipper length and k is the layer in which
the joint is located counted from top to bottom, n being
the total number of whiffletree layers, and k being
n+ 1 for the layer containing the slippers. The height
of a single joint, depending on its location in the whif-
fletree, is defined as:

hj = uLk ð10Þ

where u is the joint height-to-length ratio. The total
bearing height is defined by the sum of all joints as well
as the total slipper height, which is dependent on the
maximum allowed compression, defined as:

hb =
1

e
cmax+

Xn

k = 0

uLk ð11Þ

where n is the number of layers in the whiffletree, u the
joint height-to-length ratio, cmax the maximum required
compression, and e the maximum allowable compres-
sion of the slippers material. Beside the general dimen-
sion of the whiffletree, both its kinematics and
kinetostatics will also be defined.

Bearing kinematics

A whiffletree based support fundamentally consists of
multiple layers. Here, each layer contains a number of
cells equal to the layer number, as shown in Figure 4.

In the proposed topology, each cell except for the
bottom layer, has three joints connected by a rigid link
as shown in Figure 4(b). The cells of the lowest layer
consist of a slipper connected with a rigid link to a joint
which is shown in Figure 4(c). The indexation used for
the introduced topology is shown in Figure 4. As
shown, parts in the top layer of the cell are noted with
an i, and parts in the bottom layer of the cell are noted
with (i, 0) for the left part and (i, 1) for the right part or
(i, j) if both parts are defined.

To allow for an analytical definition of suspension
kinematics, a rigid body based model will be intro-
duced. The whiffletree kinematics are described by the
linkage dimensions, the joint angles with respect to the
horizontal and the joints x and y positions. All angles
with respect to the horizontal are described by u and all
pivot angles of the joints are described by f as shown
in Figure 5.

The x and y position of each joint xi, j and yi, j, as
shown in Figure 4(b), are defined by:

xi, j = xi 6
1

2
Li cos (ui)+

1

2
(hi + hi, j) sin (ui) ð12Þ

yi, j = yi 6
1

2
Li sin (ui)�

1

2
(hi + hi, j) cos (ui) ð13Þ

where Li is the length of the linkage, hi and hi, j are the
joint heights, ui is the joint angle, and xi and yi are the
respective joint x and y position, one layer above. As
seen in equations (12) and (13), the position of each
joint in a layer is described by the joints position in the
ascending layer. The x and y position of the joint con-
nected to a slipper xi and yi, as shown in Figure 4(c),
are defined by:

xi = xs �
1

2
(hi + hs) sin (ui) ð14Þ

yi = ys +
1

2
(hi + hs) cos (ui) ð15Þ

where xs and ys are respectively the x and y position of
the center of the slipper, hi is the joint height, hs is the
slipper height, and ui is the joint angle. This gives the x

and y position of the slipper as function of the slipper
angle with respect to the horizontal. Assuming that the
slipper remains parallel with the gradient of the track at
position xs, the angle ui is defined by:

ui = arctan (2pA cos (2pxs)) ð16Þ

where A is the amplitude of the track. Furthermore, the
y position of the center of the slipper is described by:

ys =A sin (2pxs) ð17Þ

When setting equations (16) and (17) equal to zero, so
that they can be solved, the following set of equations
is obtained:

arctan (2pA cos (2pxs))� um = 0 ð18Þ

A sin (2pxs)� ys = 0 ð19Þ

Figure 5. The angle of each linkage with the horizontal u and
the angle with respect to the linkage one layer above f.
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If the joint in the top layer is assumed to have a pre-
scribed x position and a variable y position, the set of
equations consisting of equations (18) and (19) can be
obtained for each slipper. If the assumption holds that
the slippers remain parallel with the gradient of the
track, the system is fully constrained following
Gruebler’s equation resulting in a solvable system of
equations.21 If the system of equations is solved, the
pivot angle f of each individual joint is then defined
by:

fi, j = ui, j � ui ð20Þ

where ui, j is the corresponding joint angle with respect
to the vertical and ui is the joint angle with respect to
the vertical one layer above. Furthermore, the top joint
y position can be obtained. So as described, the kine-
matics can now be obtained using the previously given
equations. Using the top joint y position, the ratio
between the peak to peak value of the top joint and the
counter surface shown in Figure 6(a) and (b) can be
obtained. The effect of different amplitudes compared
to the wavelength and the effect of increased layer
numbers is presented in these figures.

Bearing kinetostatics

Kinetostatic performance of the support is directly
related to the stiffness of each individual joint. The
directions of the rotational-, normal-, and shear stiff-
ness of each joint are shown in Figure 7. In this work,
the linearized rotational stiffness relative to the neutral
configuration of the joint kr being defined as:

kr =
Mr

fr

ð21Þ

where Mr is the moment acting on the joint and fr is
the pivot angle of the joint. The linearized normal stiff-
ness relative to the neutral configuration of the joint kn
is defined as:

kn =
Fn

dn
ð22Þ

where Fn is the normal component of the force acting
on the joint and dn is the allowable normal displace-
ment of the joint. Finally, the linearized shear stiffness
relative to the neutral configuration of the joint kt is
defined as:

kt =
Ft

dt
ð23Þ

Figure 6. (a) Peak to peak ratio of a triple layer whiffletree with a counter surface amplitude A of 5%, 10%, and 15% of the
wavelength. (b) Peak to peak ratio for a single, double and triple layer whiffletree with a counter surface amplitude of 10% of the
wavelength.

Figure 7. Normal-, shear-, and rotational stiffness acting on
each individual joint in the whiffletree.
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where Ft is the tangential component of the force acting
on the joint and dt is the allowable tangential displace-
ment of the joint. As shown, these different types of
stiffness are dependent on the moments and forces act-
ing on each joint. The forces acting on each slipper are
decomposed to correspond to the fixed x and y frame
connected to the upper section of the whiffletree. The
forces in x and y direction acting on each slipper Fx and
Fy are defined by:

Fx = �Ws sin (us) ð24Þ

Fy =Ws cos (us) ð25Þ

where Ws is the load capacity of the slipper and us is the
angle of the slipper with respect to the horizontal. The
load carrying capacity of a single slipper, for an equally
distributed whiffletree support system where the load
carrying capacity of the joints in each ascending layer
doubles, is described by:

Ws =
Wtot

n
ð26Þ

where Wtot is the load carrying capacity of the system
and n is the total number of slippers in the system. The
forces acting on each joint Fx(i) and Fy(i) are then
defined by:

Fx(i) =Fx(i, 0) +Fx(i, 1) ð27Þ

Fy(i) =Fy(i, 0) +Fy(i, 1) ð28Þ

To obtain the normal- and shear force acting on each
joint, a second decomposition is used. The normal force
Fn acting on each joint is defined by:

Fn =Fy cos (u)� Fx sin (u) ð29Þ

where u is the angle of the joint with respect to the hori-
zontal. The shear force Ft acting on each joint is defined
by:

Ft =Fy sin (u)+Fx cos (u) ð30Þ

The moment Mi acting on each joint, except for the
joints connected to a slipper, is defined by:

Mi =Fa(i)
Li

2
+Fb(i)

(hi + hi, j)

2
+Mi, 0 +Mi, 1 ð31Þ

where hi and hi, j are the joint heights and Li is the link-
age length as shown in Figure 4(b) and Fa(i) and Fb(i)

are defined by:

Fa(i) =Fy(i, 0) cos (ui)� Fx(i, 1) sin (ui) ð32Þ

Fb(i) =Fy(i, 0) sin (ui)� Fx(i, 1) cos (ui) ð33Þ

where ui is the angle of the joint with the horizontal.
The moment acting on the joints connected to the slip-
per is defined by:

M =

ð
xPdx ð34Þ

where P is the distributed load acting on the slipper.
The rotational stiffness of each individual joint can now
be obtained. Furthermore, the normal- and shear stiff-
ness of each individual joint is given as a function of the
maximum allowable displacement in the normal and
tangential direction.

With the rotational stiffness of each individual joint
known, the relation between the tilt stiffness of each
slipper and their corresponding bottom layer joint is
found. The linearized tilt stiffness relative to the neutral
configuration of the slipper krs is defined by:

krs =
Ms

fs

ð35Þ

where Ms is the moment acting on the slipper and fs is
the slipper angle with respect to the gradient of the
track at position xs. The tilt stiffness of the slipper is
modeled as a hinge joint between the slipper and the
bottom layer joint as seen in Figure 8. The maximum
tilt stiffness of the slipper is related to the maximum
pivot angle of the slipper fsmax which is defined by:

fsmax = arcsin
2hmax

Ls

� �
ð36Þ

where hmax is the maximum allowable deviation in the
film height and Ls is the slipper length. The maximum
allowable angle of the slipper prevents solid to solid
contact between the slipper and track due to tilting of
the slipper. However, it is desired that the influence of
the tilt stiffness of the slipper on the system is negligibly
small. Meaning the hinge joint between the slipper and
bottom layer joint in Figure 8 can be seen as a rigid

Figure 8. Representation of a slipper with a hinge joint
connecting the slipper and bottom layer joint together and the
corresponding parameters.

van Parijs et al. 7



connection. To assure this, a high tilt stiffness of the
slipper is required with respect to the rotational stiff-
ness of the bottom layer joint. This relation is depen-
dent on the angle of the slipper and the angle of the
bottom layer joint which is defined by:

krs =
krjfj

fs

ð37Þ

where fj is the bottom layer joint pivot angle and krj is
the bottom layer joint rotational stiffness. With the
given equations, the kinetostatics of the whiffletree can
now be obtained. To position the whiffletree in every
configuration that is required to follow the track, at
every step a difference in load capacity on each slipper
is required. The difference in load capacity on the slip-
pers generates a moment acting on each joint, resulting
in a rotation of the joint. This difference in load capac-
ity is obtained by changing the film height under each
slipper. The relation between the load capacity and film
height can be found in the 1D Reynolds equation,9

showing that a decrease in film height results in an
increase in load capacity. Since the focus of this work is
on the support, the modeling of the slipper load capac-
ity is not further discussed as it falls outside of the
scope. The total change in film height of each slipper is
dependent on the joints that are related to the slipper
and the rotational direction of these joints. For a joint
to rotate counter clockwise (ccw), the corresponding
slippers right of the joint should have a higher load
capacity compared to the corresponding slippers left of
the joint. For a joint to rotate clockwise (cw), the corre-
sponding slippers left of the joint should in combination
exert a higher force moment compared to the corre-
sponding slippers right of the joint. As an example,
looking at Figure 4, for joint 11 to make a ccw rotation,
slipper 3 and 4 need a decrease in film height while slip-
per 1 and 2 remain an equal or have an increase in film
height. It is important that the total change in film
height should not exceed the minimum film height
under each slipper in the undeformed configuration,
since this would re-introduce solid-solid contact.

Design rules

The sections before presented the general model for the
symmetric whiffletree bearing consisting out of the fol-
lowing components: bearing design dimension, kine-
matics, and kinetostatics. Based on this model, the
following rules of thumb can be introduced to aid
designers in their design process, given the large degree
of design freedom this whiffletree based support offers.
Based on the previous models, the following rules
should be followed:

1. Minimize the slipper length given the maximum
slipper compression, number of whiffletree
layers, and bearing length for the smallest bear-
ing design dimension.

2. Increase the number of whiffletree layers given
an increase in bearing length for smallest bear-
ing design dimension.

3. Minimize the joint rotational stiffness.
4. Maximize the joint normal- and shear stiffness.
5. Maximize the ratio between slipper tilt stiffness

and bottom layer joint rotational stiffness.

For validation, the models and design rules will be
implemented in a case study.

Design case study

To validate the model and show the potential of this
type of support a case study is used. A potential appli-
cation that currently is not able to make use of the per-
formance characteristics of hydrostatic bearings, is the
radial piston pump. Especially the variant where cam
rings are implemented,7 which have counter surfaces
with a sinusoidal shape, use roller bearings exclusively
because of this constantly varying track. An example of
such a pump topology can be seen in Figure 9.

A case study is presented based on the general
dimension and performance criteria of an experimental
water pump used in the power train of a water hydrau-
lic wind turbine.7,22 The objective of this case study is
to show the effect of design choices for the whiffletree
support, while simultaneously providing the reader
with the required kinematic and kinetostatic criteria
that should be strived for when implementing this

Figure 9. Schematic overview of the radial pump used in the
case study where the conventional roller bearing and the newly
obtained whiffletree supported hydrostatic bearing are shown.
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support in comparable applications. The operating
conditions as well as geometrical constraints are
defined in Table 1. The main components are the cam
ring, piston, and pressure supply source that define this
design case. As seen in Figure 9, the bearing is con-
nected to a piston and follows the path described by
the cam ring surface. The fluid pressure in the piston is
also used as the bearing pressure supply. To simplify
this case study, the output pressure is assumed to be
equal for the entire stroke cycle. This represents the
highest load case. Since this is a case study that solely
investigates the kinematics and kinetostatics of the
potential support, an example joint is implemented of
which the joint to height ratio, the allowable normal

displacement, and the tangential displacement are
defined. For the slipper solely the maximum compres-
sion criteria is defined. These characteristics are depen-
dent on the joint used and primarily depend on its
failure criteria, which fall outside the scope of this
work. This example will compare a single, double, and
triple layer whiffletree support. The visualization of the
three embodiments are presented in scale in Figure 10.
To obtain the desired piston stroke Lstroke that needs to
be followed, in accordance to Figure 6(a), the total
bearing length is chosen to be 0:5l. The maximum
allowable film height deviation allowed in this case
study equals 40%.

The final parameter that effects the dimension of the
whiffletree support is the bearing to wavelength ratio.
The effect of this parameter is visualized in Figure 11.
A sole slipper with rotational hinge is added as
reference.

The way this model is set up is such that it can be
used by designers to determine the maximum total bear-
ing dimension, required joint rotations, shear and nor-
mal stiffness given this set of input parameters.

Model validation

To validate the model, a comparison is made between
the analytical model and a Finite Element Model
(FEM) using Comsol Multiphysics and the multibody
dynamics module. The linkages are modeled as rigid
beams, using the rigid domain function and the joints
are modeled as hinge joints. The top joint has a pre-
scribed x position, a variable y position and is con-
strained in rotation. The slippers have a prescribed ys

Table 1. Parametric values used in the case study.

Description Parameter Value Unit

Piston diameter Ds 0.06 m
Cam ring wavelength l 0.45 m
Piston stroke Lstroke 0.03 m
Cam ring radius Rc 0.5 m
Cam ring amplitude A 0.023 m
Supply pressure Ps 80E5 Pa
Bearing load W 17 kN
Joint height to

length ratio
u 1 –

Max compression
slipper

cmax 0.1 –

Allow. normal
displacement joints

dn 0:01hj m

Allow. tangential
displacement joints

dt 0:01hj m

Total bearing length Ltot 0:5l m

Figure 10. To scale dimensionless comparison between the three proposed whiffletree embodiments. The increased number of
layers has a positive influence on the total bearing height, given equal bearing length.

van Parijs et al. 9



position and angle u as function of its xs position,
which are given by equations (16) and (17). In the simu-
lation, the top joint travels for a full wavelength. The
validation will solely be performed on the triple layer
whiffletree configuration, since this is the highest geo-
metrical order model analyzed in this case study.

Results

Following the presented method of determining the
bearing topology, the design dimension for all three

embodiments of the symmetric whiffletree support can
be seen in Table 2. Please note that any rigid connec-
tion members do not have a dimension in this work
and therefore do not effect the total design dimension.

Based on these dimensions, both kinematic and kine-
tostatic performance of all three embodiments are pre-
sented in Figure 12(a) and (b). Figure 12(a) shows the
comparison of the FEM model with the analytical ver-
sion presented in this work for a triple layer symmetric
whiffletree. Only the leftmost joint angle of each layer is
shown since the remaining joints in the same layer show
equal behavior with the difference of a phase shift. The

Table 2. Minimum rotational stiffness and maximum normal
and shear force acting on each individual joint in their
corresponding layer.

Type Description Parameter Value Unit

Single
layer

Joint height (top) ht 0:113 m
Joint height (1) h1 0:056 m
Slipper length Ls 0:113 m
Slipper height Hs 0:154 m
Total dimension LtotHtot 0:073 m2

Double
layer

Joint height (top) ht 0:113 m
Joint height (1) h1 0:056 m
Joint height (2) h2 0:028 m
Slipper length Ls 0:056 m
Slipper height Hs 0:039 m
Total dimension LtotHtot 0:0531 m2

Triple
layer

Joint height (top) ht 0:113 m
Joint height (1) h1 0:056 m
Joint height (2) h2 0:028 m
Joint height (3) h3 0:014 m
Slipper length Ls 0:028 m
Slipper height Hs 0:01 m
Total dimension LtotHtot 0:497 m2

Figure 11. Percentage wise effect of increasing the number of
whiffletree layers as function of the bearing length/wavelength
has on the total bearing height.

Figure 12. (a) Joint pivot angles of the FEM and analytical model compared for a triple layer whiffletree. (b) Slipper pivot angle of a
triple layer whiffletree with a rotational stiffness ratio of 10, 100, and 1000.
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comparison shows no difference between the analytical
and FEM model in terms of kinematic performance,
thus validating the presented model. The results of the
required joint slipper rotational stiffness with respect to
the rotational joint directly connected to the slipper can
be seen in Figure 12(b). If the ratio between the rota-
tional stiffness of the slipper and that of the first joint
connecting to the slipper is high, this means the angular
rotation the slipper makes can be neglected in the total
performance of the system.

The validated kinematic model can thus be used to
determine the difference between the three different
embodiments (Figure 13). Again, only the leftmost joint
angle of each layer is shown since the remaining joints
in the same layer show equal behavior with the differ-
ence of a phase shift.

The obtained kinematics are used to find the rota-
tional stiffness, maximum normal force, and maximum
shear force acting on each individual joint. The result-
ing determination of stiffness cases for the embodi-
ments can be seen in Table 3.

Discussion

The results concerning the use of the design model and
results from the case study will be both discussed.

Case study

A case study has been presented to show how the
design model can be implemented, and what kind of
performance can be expected by adding a whiffletree as
bearing support. The model consists of defining the
dimensions, kinematics, and kinetostatics given a

certain whiffletree layer set. Given a pre-defined total
bearing length of Ltot = 0:5l, with l being the cam ring
wavelength, it can be seen in Figure 11 and Table 2
that the whiffletree positively influences the Bearing
Kinematics. This can be seen in the fact that the total
height decreases of the bearing when increased whiffle-
tree layers are implemented. It however also shows that
in the given design case, the increase from a double to
triple layer whiffletree only marginally improves the
footprint and kinematic performance. Figure 13 shows
the joint pivot angles for the FEM and analytical
model. The results obtained from the FEM and analy-
tical models have no noticeable difference, thus validat-
ing the design model presented in Sec.

From the results presented in Figure 13 it can be
seen that the whiffletree behaves differently when mov-
ing through the concave and convex configurations of
the track. Looking at the joint pivot angles shown in
Figure 13, it is shown that the addition of whiffletree
layers has a negligible small impact on the change in
magnitude of the joint pivot angles for the different
layers. This means that the top joint in a single layer
whiffletree more or less rotates in a similar order of
magnitude compared to a whiffletree support with sev-
eral layers. This can be explained by looking at the
angle of the corresponding linkage with the horizontal.
The angle of the linkage is approximately equal to the
angle of the gradient of the track at equal position. An
increase in whiffletree layers does not change this orien-
tation. Thus, no significant change in joint pivot angle
is noted due to an increase in whiffletree angles. The
top joint thus retains the largest rotational angle and
will always be a limiting component in a deformable
bearing design. The ratio between the rotational and
normal stiffness17 gives some indication on the severity
of the design challenge. These have subsequently
been calculated for the different embodiments, seen in
Table 4. The results described here show that the

Figure 13. Joint pivot angles of a single, double, and triple layer
whiffletree compared.

Table 3. Minimum rotational stiffness and maximum normal
and shear force acting on each individual joint in their
corresponding layer.

Description Parameter Layer Double Triple Unit

Rotational
stiffness

kr Top 750 639 Nm/rad
1 236 185 Nm/rad
2 103 79 Nm/rad
3 — 38 Nm/rad

Normal
stiffness

kn Top 5:92E7 5:81E7 N/m
1 6:92E7 6:64E7 N/m
2 8:00E7 7:43E7 N/m
3 — 8:28E7 N/m

Shear
stiffness

ks Top 1:69E6 3:69E6 N/m
1 0:73E6 0:68E6 N/m
2 0 0:27E6 N/m
3 — 0 N/m
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increased number of layers in the whiffletree positively
influences the top stiffness ratio, which comes at the
cost of a higher required performance at the third layer.
Depending on the type of joints used, this stiffness
requirement may prove to be critical. The required
stiffness ratio described in this example would be at the
limits of compliant joints as seen in literature,17 and
may require the development of alternatives. On the
other hand, the minimum required shear stiffness is
lower then the minimum required normal stiffness.

Finally, it is shown that an increase in whiffletree
layers results in a decrease in slipper length, and thus a
decrease in required compression of each slipper. The
slipper pivot angle is shown in Figure 12 for a rota-
tional stiffness ratio between slipper and bottom layer
joint for one, two, and three orders of magnitude. It is
shown that for a ratio of three orders of magnitude, no
noticeable change in slipper pivot angle is noted.
Meaning that a rotational stiffness ratio between slip-
per and bottom layer joint of at least three orders of
magnitude is desired.

Model limitations

The design model provides a method to design a 2D
whiffletree supported large deforming hydrostatic bear-
ing. There are a few limitations to this design. Firstly,
conventional hinge joints are used in the model com-
pared to the preferred compliant joints. This is done
for modeling purposes and the friction that occurs in
conventional contact joints is neglected in this study.
This is done since rigid body mechanics can be used in
combination with the conventional hinge joints.
Furthermore, it is assumed that the center of rotation
stays at the same place while using compliant joints in
the system. Since the scope of this project is to find a
general solution regarding the kinematics and kineto-
statics, and this simplification is valid. Secondly, the
total perimeter of the bearing increases when multiple
smaller slippers are connected together compared to a
single slipper of equal length and width. The increase in
bearing perimeter results in an increase in fluid losses
of the bearing. The perimeter of the bearing, and thus
the fluid losses, can be reduced by connecting all

slippers together thereby creating a single slipper that
consists of multiple segments connected by elastic
joints. This will also change the pressure profile from
the single slippers as shown in Figure 10 to a continues
pressure profile which can be described by a higher
order polynomial. It is recommended to look into the
behavior of this single continuous slipper in future
research. Thirdly, the total joint length is restricted by
the total linkage length. This is shown in the assump-
tion that the bottom layer joint has a length of half the
slipper length and each ascending joint is twice
the length of the joint one layer below, resulting in the
maximum allowable bearing length on each linkage.
Fourthly, this work gives an explanation for the static
and quasi-static state of a whiffletree supported hydro-
static bearing. Further research can be conducted to
find the possible changes in results when perturbations
and stability parameters in the dynamic state are taken
into account. Finally, the slippers are geometrically not
limiting the model and thus placed directly next to each
other. In reality, when the bearing moves into a con-
cave configuration, the slippers need to pass through
each other which results in jamming. This can be solved
by either using less of the maximum bearing design
space or adding a gap between the slippers large
enough such that the slipper can pass without contact.
The latter option needs to follow from an extension of
the model, to determine this exact gap dimension with-
out influencing the bearing dimensions to much.

Conclusions

This work shows the potential of a whiffletree support
system to increase the capability of 2D compliant
hydrostatic bearings to follow non-constant curvature
counter surfaces. An approximately quadratic relation
is found between the slipper compression and length,
and thus the required slipper compression is reduced
for a decrease in slipper length. It is shown that an
increase in whiffletree layers does not greatly affect the
joint pivot angles of the ascending layers. However, the
addition of extra layers in the whiffletree does lower
each individual slipper length, reducing the required
compression of the slipper. A ratio of at least three
orders of magnitude between the slipper tilt stiffness
and bottom layer joint is required to show no notice-
able influence caused by the tilting of the slipper.
Finally, the whiffletree can be used to rotate smaller
slippers reducing their required compression while
maintaining load capacity.
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Table 4. Dimensional normal to rotational stiffness that gives
an indication of the required performance for the contact-free
joint implementation.

Layer Double layer bearing Triple layer bearing

Top (rad=m2) 7:89E4 9:09E4
First (rad=m2) 29:32E4 35:82E4
Second (rad=m2) 77:67E4 94:05E4
Third (rad=m2) — 217:89E4
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