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Summary 
 
We compare two data-driven internal multiple reflection elimination schemes derived from regular Marchenko 
equations and Inverse Scattering Series (ISS). The scheme derived from regular Marchenko equations creates a 
new data set without internal multiple reflections. The scheme derived from ISS is equal to the result after the 
second iteration of the Marchenko-based scheme. It can attenuate internal multiple reflections with residuals. We 
evaluate the success of two schemes with a 2D complex numerical example. It is shown that Marchenko-based 
data-driven scheme is relatively more robust for internal multiple reflection elimination. 
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Introduction 
 
Internal multiple reflections can be very strong and cause artefacts in the migration image from land 
and marine data. Much effort has been devoted to their removal in data domain and several schemes 
have been developed. The Inverse Scattering Series (ISS) internal multiple reflection elimination 
scheme (Weglein et al., 1997) and its derivatives (Ten Kroode, 2002; Löer et al., 2016) are examples. 
These schemes predict all orders of internal multiple reflections in one step without model 
information. Adaptive subtraction can be used to subtract the predicted internal multiple reflections 
from the measured data because of the approximate amplitude of the predicted events. Unfortunately, 
adaptive subtraction has two major problems. One is that only an overall amplitude correction is 
carried out. The other is that the primary reflections will also be removed when they overlap with 
internal multiple reflections.  
 
Van der Neut and Wapenaar (2016) and Zhang and Staring (2018) propose a data-driven internal 
multiple reflection elimination scheme to account for all orders of internal multiple reflections without 
adaptive subtraction. It is derived from the regular Marchenko equations (Slob et al., 2014; Wapenaar 
et al., 2014) and no model information is required. Zhang and Slob (2018) extend the scheme to 
include the elimination of free-surface multiple reflections. In that scheme free-surface and internal 
multiple reflections are eliminated successfully in one step without model information or adaptive 
subtraction. The performance of this scheme in 2D numerical examples has been illustrated, but the 
validation on field data has not been shown yet.  
 
In this abstract, we compare the data-driven internal multiple reflection elimination schemes derived 
from regular Marchenko equations (van der Neut and Wapenaar, 2016; Zhang and Staring, 2018) and 
from ISS (Ten Kroode, 2002; Löer et al., 2016). The comparison covers the theory and performance in 
a complex numerical example in detail. The abstract is organized as follows. In the theory section, we 
analyse the difference and relation between the two schemes. In the numerical example section, we 
test both schemes in a complex numerical example to compare their performance and investigate the 
consequences for the migration image. Finally, we end with conclusions. 
 
Theory 
 
We indicate time as t  and a spatial location as ( , )zx x  with ( , )x y x , where z  denotes depth 

and x  denotes the vector containing the horizontal coordinates. We express the acoustic impulse 

reflection response as 0 0( , , )R tx x , where 0x  denotes the receiver position and 0x  denotes the source 

position at the surface 0D . The surface 0D  is defined at 0z  . We assume the medium is lossless. 

 
Marchenko multiple elimination (MME) 
The MME scheme is derived from the regular Marchenko equations (Slob et al., 2014; Wapenaar et 
al., 2014) with the help of projection scheme presented by van der Neut and Wapenaar (2016). The 
details of the derivation can be found in van der Neut and Wapenaar (2016) and Zhang and Staring 
(2018). The equation can be given as 

*
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where R  indicates a convolution integral operator of the reflection response R  with any wave field 
and *R  indicates a correlation integral operator. t 


  is the truncation operator to exclude values 

outside of the window ( , )t  ,   is a positive value to account for the finite bandwidth of the data, 

and tR  denotes the retrieved multiple-free primary reflections. The first term in the right-hand side of 
equation (1) is the original reflection data with internal multiple reflections. Consequently, the second 
term in the right-hand side of equation (1) can be seen as an operator to eliminate all orders of internal 
multiple reflections in the original reflection data. The first update of the second term in the right-hand 
side of equation (1) can be given in the integral form as 
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where 1M  indicates the predicted result of the first update and H  indicates the Heaviside function to 
impose the truncation. As discussed by van der Neut and Wapenaar (2016), equation (2) predicts all 
orders of internal multiple reflections at once with approximate amplitude, and the following updates 
of the second term in the right-hand side of equation (1) improve the amplitude of internal multiple 
reflections predicted in the first update.  
 
The scheme uses only the measured reflection responses and a time truncation operator to remove all 
orders of internal multiple reflections. Therefore, we claim that equation (1) presents a scheme that 
runs in an automated unsupervised way without model information or adaptive subtraction. 
 
Ten Kroode and Löer internal multiple attenuation (TKL) 
The scheme derived from the third term of ISS by Ten Kroode (2002) and Löer et al. (2016) can also 
predicts all internal multiple reflections. The equation is given by 
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where TKLM  indicates the prediction of internal multiple reflections. Note that equation (3) is slightly 

different from the equation in Löer et al. (2016) because different normalization has been used and 1  

and 2  have been replaced by the half wavelength   of the source wavelet here. The TKL scheme can 
be formulized as 

0 0 0 0 0 0( , , ) ( , , ) ( , , ).TKL TKLR t R t M t       x x x x x x                                            (4) 

where TKLR  indicates multiple-attenuated data set.  
 
Equation (3) is exactly the same as equation (2). It means that all internal multiple reflections are 
predicted with approximate amplitude by equation (3). The retrieved data TKLR  in equation (4) 
contains primary reflections and residuals of internal multiple reflections. Hence, the TKL scheme is 
an internal multiple reflection attenuation scheme. 
 
Example 
 
In this section, we apply both schemes to a complex numerical example to test the performance and 
investigate the consequences for imaging. Figures 1(a) and 1(b) give the velocity and density values of 
the model. Absorbing boundary conditions are applied around the model. Sources and receivers are 
positioned at the top surface of the model and the spacing is 10m. A Ricker wavelet with 20Hz centre 
frequency is emitted by the sources. We have computed the reflection responses for 601 shots and 601 
traces per shot, one of the modelled reflection responses is shown in Figure 2(a). Note that the direct 
wave has been removed from the modelled data. The red arrows in Figure 2(a) indicate some of the 
internal multiple reflections. We use the modelled reflection responses as inputs to solve equations (1) 
and (4) for tR  and TKLR , respectively. The corresponding retrieved data sets are shown in Figures 2(b) 
and 2(c). It can be seen that internal multiple reflections, which are present in Figure 2(a), have been 
totally removed and primary reflections well preserved in Figure 2(b). It illustrates the success of 
MME scheme for internal multiple reflection elimination without model information or adaptive 
subtraction. The data set shown in Figure 2(c), which is retrieved by the TKL scheme, contains 
primary reflections and residuals of internal multiple reflections. It illustrates that TKL scheme can 
reduce the strength of internal multiple reflections. We migrate the modelled and retrieved data sets to 
image the medium and investigate the consequences for imaging. The correct velocity model is used 
for the three data sets. The images are obtained using a one-way wave equation migration scheme and 
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shown in Figures 3(a), 3(b), and 3(c). The image shown in Figure 3(a) is from the modelled reflection 
responses. It contains artefacts arising from internal multiple reflections. However, the image shown 
in Figure 3(b), which is from the resulting data set of MME, clearly show the primary reflectors 
without artefacts due to internal multiple reflections. The image shown in Figure 3(c), which is from 
the resulting data set of TKL, contains artefacts arising from residuals of internal multiple reflections. 
Although the artefacts in Figure 3(c) are weaker compared with those in Figure 3(a), they are still 
strong enough to possibly cause erroneous interpretation. 
 

    
(a)    

 
(b) 

 
Figure 1 The (a) velocity and (b) density values of the model.  

 

                     
(a)                                       (b)                                         (c)           

Figure 2 The (a) modelled reflection response and the (b) retrieved data set by MME and the (c) 
retrieved data set by TKL. Red arrows in (a) and (c) indicate multiples and residuals. 
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(a)                                                                              (b)             

 
       (c) 

Figure 3 (a) Image retrieved from the modelled reflection responses and (b) image retrieved from the 
resulting data set of MME and (c) image retrieved from the resulting data set of TKL. Red arrows in 
(a) and (c) indicate artefacts due to internal multiple reflections and residuals. 
 
Conclusions  
 
We have compared two data-driven internal multiple elimination schemes from theory to performance 
in a numerical example. MME is derived from Marchenko equations and TKL from ISS. The relation 
between the two schemes is analysed, showing that the TKL scheme is equal to carrying out one 
iteration of the MME scheme. The numerical example shows that the MME scheme has an excellent 
performance in removing internal multiple reflections and that the TKL scheme attenuates the internal 
multiple reflections but leaves residuals. These residuals can cause artefacts in the migration image. 
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