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UNIQUE WAVELET SIGN RETRIEVAL FROM SAMPLES
WITHOUT BANDLIMITING

RIMA ALAIFARI, FRANCESCA BARTOLUCCI, AND MATTHIAS WELLERSHOFF

(Communicated by Dmitriy Bilyk)

ABSTRACT. We study the problem of recovering a signal from magnitudes of
its wavelet frame coefficients when the analyzing wavelet is real-valued. We
show that every real-valued signal can be uniquely recovered, up to global sign,
from its multiwavelet frame coefficients

{Wg, f(@™Bn,a™)| i €{1,2,3},m,n € Z}

for every o > 1,8 > 0 with fln(a) < 4n/(1 + 4p), p > 0, when the three
wavelets ¢; are suitable linear combinations of the Poisson wavelet P, of order
p and its Hilbert transform J#P,. For complex-valued signals we find that
this is not possible for any choice of the parameters o > 1,8 > 0, and for
any window. In contrast to the existing literature on wavelet sign retrieval,
our uniqueness results do not require any bandlimiting constraints or other a
priori knowledge on the real-valued signals to guarantee their unique recovery
from the absolute values of their wavelet coefficients.

1. INTRODUCTION

Wavelet phase retrieval refers to the inverse problem of reconstructing a square-
integrable function f from its scalogram; that is, from the absolute value of its
wavelet transform:

W f(b,a) = —%/f ( b)d;v beER, a€R,.

The wavelet transform emerged from research activities aimed at developing new
analysis and processing tools to enhance signal theory and has proved to be ex-
tremely efficient in various applications such as denoising and compression. We
refer to [7LA3L[I5] for a thorough overview of wavelet analysis. However, there is
still limited knowledge of the problem of reconstructing a function from the ab-
solute value of its wavelet transform. This inverse problem arises in audio anal-
ysis and processing, and has recently received an increasing amount of attention
[2 1111411619

More precisely, wavelet phase retrieval aims at determining for which analyzing
wavelets ¢, and which choices of sets A C R x Ry and subspaces M C L? (R) the
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forward operator
(L1 Ag: M/~ [0,400)%  Ay(f)(b,a) = Wy f(ba)l, (ba) €A,

is injective, where f ~ g if and only if f = e'®g for some a € R. In the following,
we distinguish between continuous wavelet phase retrieval, meaning the recovery of
f (up to a global phase) from Ag(f) when A has the cardinality of the continuum;
and sampled wavelet phase retrieval, i.e., the recovery of f (up to a global phase)
from Ay when A is a discrete subset of R x R.

We emphasize that in this paper we treat real-valued analyzing wavelets and
point out that whenever ¢ is real-valued the map

L*(R)/~> f = (IWsf(b,a)])(b,a)crxR,

is not injective. To see that, we consider a function f € L?(R) with Re f # 0 and
Im f #£ 0. Then, the functions f and ¢ = Re f —iIm f are not equal up to a global
constant phase, i.e., f «¢ g, but satisfy

|W¢f(b’ a)| = ‘Wlf?g(bv a’)|a (bv a) eERx RJr'

Therefore, we cannot hope to have a uniqueness result in L?(R)/~ when the ana-
lyzing wavelet is real-valued and the restriction to the space of real-valued square-
integrable functions L?(R,R)/~ is optimal. In this latter case, f ~ g if and only if
f = £g, and we refer to this problem as wavelet sign retrieval.

1.1. Prior work: Sampled wavelet sign retrieval with bandlimiting. The
existing literature on sampled wavelet sign retrieval only includes uniqueness re-
sults which require either the analyzing wavelets or the signals to be bandlimited.
In [2] the authors show that every real-valued function f € L?(R) that has expo-
nential decay at infinity is uniquely determined (up to a global sign) by its wavelet
coefficients
{Wsf(27"Bn,27™)| : m e N,n € Z}

if ¢ is a real-valued bandlimited wavelet and 5 > 0 is a sampling parameter ex-
plicitly determined by the bandwidth of ¢. Examples of real-valued bandlimited
wavelets are the Meyer wavelet and the Shannon wavelet.

Then, in our recent paper [1], we prove that, for every choice of the sampling
parameters « > 1, 3 > 0, and for every wavelet ¢ € L?(R) with finitely many
vanishing moments all real-valued bandlimited functions f € L?(R) are uniquely
determined (up to a global sign) by the measurements

{Wsf(a™™Bn,a”™)|: m e N,n € Z}.
This uniqueness result can be restated as the injectivity of the operator Ag, cf.
(1), for the choices
M={feL*R): supp f s compact } and A =aN(BZ x {1}),

whenever ¢ has a finite number of vanishing moments. Examples of real-valued
(nonbandlimited) wavelets with a finite number of vanishing moments include the
Poisson wavelets and the nth Hermitian wavelet, i.e., the nth derivative of the

I'We say that a wavelet has a finite number of vanishing moments if there exists an £ € N such
that

Elg%s*%(f) €C\{0}.
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Gaussian function, for every n € N5g. In particular, n = 2 corresponds to the
Mexican hat wavelet.

1.2. Our contribution: Wavelet sign retrieval without bandlimiting. The
above-mentioned results always make a bandlimitedness assumption either on the
unknown signals or on the analyzing wavelets. In contrast to prior work, our
results here guarantee the unique recovery of real-valued signals from the absolute
value of their wavelet transform without bandlimiting constraints or other a priori
knowledge on the signals. While uniqueness results on sign retrieval from samples
for M = L?(R,R) are missing to date, the current paper proposes that a positive
uniqueness result can be established when, instead of a single wavelet, three wavelets
are employed.

We first prove Theorem Bl which guarantees injectivity of Ay if A is a subset of
the upper half-plane with positive measure and ¢ is such that Ran W, C &/ (C"),
where o7 (C") denotes the space of real-analytic functions on the upper half-plane.
Our theorem applies to the Poisson wavelet, a classical real-valued wavelet [12]
Chapter 1, §7].

However, Theorem B.I] does not apply to the more challenging case where A is
a discrete set, and we address this problem in Theorem B.3] with a multi-wavelet
approach. A hyperbolic lattice in the upper half-plane is a countable and discrete
set of the form

A(Ba Oé) = {(amﬂna am)}MﬂLEZ’
with a > 1 and 8 > 0; see Figure [ for an example. Theorem [B.3] shows that the
magnitudes of the multi-wavelet frame coeflicients

(1‘2) {|W¢if(b7 a)‘ S {17273}7 (bv a) € A(B,Oé)}

uniquely determine f up to a global sign if the analytic windows ¢1, ¢2, ¢3 are
suitable linear combinations of the Poisson wavelet, defined in the Fourier domain
by

Py(&) == @m)PtI2fpre >l e R, p>0,

and its Hilbert transform P, and if A is a hyperbolic lattice satisfying 5 In(a) <
47 /(144p). For instance, we can choose ¢1 = Py, ¢po = HP,, and ¢35 = P,+ I P,.
As a consequence of Proposition 2.4] the set

(1.3) {TyDaPp}v,0)en8,0) Y{To Dol Py} (b,a)en(8,0)

forms a frame for L?(R, R) if and only if S1In(a) < 27 /p, where T, and D,, denote
the translation and dilation operators

Ty f(x) = f(z —b) and D, f(z) = a3 f (a '),

respectively. Theorem [B3|states that by taking (1+4p)/2p times the necessary den-
sity for (L3)) to constitute a wavelet frame for L?(R,R), we can achieve uniqueness
in the recovery of real-valued signals from the set of measurements (I.2]). Therefore,
we need roughly 3(1 + 4p)/4p times more samples than required for signal recon-
struction using wavelet coefficients when the phases are not available. For example,
if p = 1, we would need 3.75 times more samples to obtain uniqueness. It is still
an open question whether three wavelets are indeed necessary or whether one—or
two—of the analytic wavelets P, and P, (or a linear combination of the two)
could also be sufficient to obtain uniqueness.
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1.3. Other related literature. In [I6] the authors prove that the magnitude of
the Cauchy wavelet transform of a signal f € L?(R) uniquely determines its analytic
representation
f"t‘(g) = 2f(§)1£>0a 5 € Ra

up to a global constant phase factor. Here, 1= denotes the characteristic function
of the set =. Since real-valued functions are uniquely determined by their ana-
lytic representation, one would be tempted to conclude that the magnitude of the
Cauchy wavelet transform uniquely determines real-valued signals up to a global
sign. However, the analytic representation f up to a global phase factor does not
uniquely determine the real-valued signal up to a global sign. Indeed, it is possible
to construct real-valued functions f,g € L%(R) which do not agree up to a global
sign but satisfy g, = e’ f, for some a € R; see [, Remark 12]. In contrast with
[16], our uniqueness theorem guarantees the unique recovery of the real-valued sig-
nals themselves, instead of their analytic representations. Moreover, the result in
[16] is a uniqueness result in the semidiscrete regime, while our main result is in
the fully discrete setting.

Building on the results in [I6], in [I] we restrict the signal class to analytic
bandlimited signals to obtain a uniqueness result from sampled Cauchy wavelet
transform measurements. Again, the bandlimitedness assumption plays a crucial
role to obtain a full sampling result.

Finally, we point out that our result is reminiscent of the recent work in [9], where
the authors prove uniqueness results from magnitudes of multi-window Gabor frame
coefficients. In particular, the argument in the proof of Theorem [3.3] to obtain
equation (B.]) has been inspired by the results in [9].

Notation. We set R} := (0, +00). For any p € [1,+00], we denote by LP(R) the
Banach space of functions f : R — C which are p-integrable with respect to the
Lebesgue measure, and we use the notation || - ||, for the corresponding norms. The
Fourier transform on L*(R) is defined by

fle) = / f@e e dr, R,

and it extends to L?(R) by a classical density argument. Finally, we denote by
& — sgn(€) the sign function.

2. PRELIMINARIES

2.1. Frames in Hilbert spaces. The notion of a frame, which generalizes that
of a Riesz basis in Hilbert spaces, is due to Duffin and Schaffer [§]. Let H be
a separable Hilbert space with inner product (-,-) and norm | - |. A countable
sequence of vectors {f;}ier in H is a frame for H if there exist constants A, B > 0
such that for all f € H

AJFIP < DI 1P < B
i€l
A direct consequence of the lower inequality is that every f € H is uniquely deter-
mined by its frame coefficients {{f, f;) }icr, that is

<f>fi>:07 Viel = fZO
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If a frame is obtained via translated and scaled versions {13 D40} (5qa)er of a fixed
function ¢, the analyzing wavelet, we call it a wavelet frame. A generalization of
wavelet frames is obtained by considering £ € N, k > 1, analyzing wavelets instead
of a single one. In this latter case, we talk about multi-wavelet frames. We refer to
[6L[7] for an introduction to frame theory and an overview on wavelet frames.

2.2. Weighted Bergman spaces. We denote by C* the upper half-plane,
Ct={z€C:Imz > 0},

and by O(CT) the space of holomorphic functions on CT. For every w > 1, we
define the weighted Bergman space By, (CT) by

xRy

B, (CH) == {F cOo(Ch): /]R |F (2 +iy)|*y* 2 dedy < oo} .

We say that a discrete subset A of CT is a set of sampling for B,,(C™) if there exist
positive constants A and B such that

A/ Fla+ i) Py 2dedy < S0 |Fla; +igy) Py
RXxR+ zj=wxj+iy; EA

<B [ IFaripPydedy,
RXR+

for every F € B, (C").

Theorem 2.1 ([I8, Theorem 1.1)). Let w > 1. For every a > 1 and B > 0, the
discrete set

L(B,a) ={a™(Bn+1i)}mnez
is a set of sampling for B,,(CT) if and only if
Bln(a) < 47 /(w —1).

Furthermore, we say that a discrete subset A of C* is a uniqueness set for
B,,(C™) if for every F € B,,(C") it holds that

FAN)=0,VAeA = F=0.
Clearly, sampling sets are also uniqueness sets.
Theorem 2.2 ([I8]). Let w > 1. For every choice of & > 1 and 8 > 0 satisfying
Bn(a) = dr/(w - 1),
the discrete set

I'(8,a) = {a™(Bn+ 1) }tmmez

is a uniqueness set for By, (CT).

A general treatment of sets of sampling for weighted Bergman spaces can be
found in [I7].

The weighted Bergman spaces appear in the characterization of the range of
the wavelet transform for a special choice of the analyzing wavelets: the so-called
Cauchy wavelets.
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FIGURE 1. The lattice A(S, ) with 8 = 47/5In(2) and o = 2
constitutes a uniqueness set for the weighted Bergman space

Be(CH).

2.3. Cauchy wavelets. The Cauchy wavelets are progressive wavelets, i.e., wave-
lets with only positive frequencies, with real-valued Fourier transforms defined by

bp(€) 1= (2m)PH/2ePe 2™, € ER,

where p > 0. We abbreviate the case p = 1 by ¥ = ;. The wavelet transform with
respect to any Cauchy wavelet is referred to as the Cauchy wavelet transform and
is defined by

W, f0.0) i= (2ma)d7 [© FQ@ 0T erdg,  (ba) e Rx Ry,
0
The Cauchy wavelets satisfy the admissibility condition
oo |7 2
pr = / Mdg < o0,
0 £
and consequently, the Cauchy wavelet transform is a multiple of an isometry from
H(R) into L*(R x Ry, dbda/a?),
(2.1) ||W1/1pf||%2(]R><]R+,dbda/a2) = prHfH%,
where H (R) denotes the Hardy space,
He(R) = {f € L*(R) : ¥ < 0, f(¢) =0}

The weighted Bergman spaces relate to the Cauchy wavelet transform as the Barg-
mann—Fock space does to the Gabor transform. Indeed, the map

(2.2) Hi(R)> frs F:CH = C, F(b+ia)=a"ETPW, f(b,a),
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defines a multiple of an isometry from #H, (R) onto the weighted Bergman space
B2P+1(C+)7

/ [F(b -+ ia)2a® " dbda = Cy, | /|2,
RXR+

see [10, §3.2] and the references therein.

2.4. Poisson wavelets. The Poisson wavelet is a real-valued wavelet with real-
valued Fourier transform given by

(2:3) P(&) = Varlgle™™l, ¢ eR,

see, e.g., [12, Chapter 1, §7]. Equation (23] implies that the Poisson wavelet is
related to the Cauchy wavelet via

Np = Py, = P +iAP,

where 7 denotes the Hilbert transform. We recall that the Hilbert transform is a
unitary operator on L?(R) defined by

()" (§) = —i sgn(§)@(§), forae. &R,

In particular, the Hilbert transform of a real-valued function remains real-valued.
In general, for every p > 0, we can define the Poisson wavelet of order p as

By(e) = (2mprt/2glre "8l ¢ eR,
which is equivalent to
(2.4) 2, = P, + 15 P,.

Proposition 23] shows that the wavelet transform of any real-valued signal with
respect to a Poisson wavelet corresponds to the real part of its Cauchy wavelet
transform. Analogously, the wavelet transform of any real-valued signal with re-
spect to the Hilbert transform of a Poisson wavelet relates to the imaginary part of
its Cauchy wavelet transform.

Proposition 2.3. Let p > 0. For every f € L*(R,R),
(2.5) prf = QRG[WwPf], ijppf = —ZIm[Wd,pf].
In particular, Wp, f and Waep, f are real analytic functions on the upper half-plane.

Proof. Let p > 0 and f € L*(R,R). By equation (24]), and the definition of the

wavelet transform, we obtain
2Wy, f(b,a) = 2(f, Ty Datp)
= (f, Ty D, (P, + 17 P,)),
= (f,TyDaPp) — i(f, Ty D7 Pp),
=W, f(b,a) —iWp, f(b,a),

for (b,a) € R x Ry, which implies equation (2.35]). Equivalently, for every (b,a) €
R x R, we have that

We, f(b,a) = 2a>PRe[a~ = TPW,, f(b,a)],
Warep, f(b,a) = —2a2 PImla~ G TPIW, f(b, a)],

which, together with equation (2.2)), shows that Wp, f and W ¢p, f are real analytic
functions on the upper half-plane. O
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As a consequence of Theorem 2.I] and Proposition 2.3] the Poisson wavelet and
its Hilbert transform give rise to discrete frames for L?(R,R). More precisely, we
have Proposition 2.4

Proposition 2.4. The set
(2.6) {ToDaPp}v,a)er(s,0) YU{ToDaH Ppl(b,0)en(5,0)
constitutes a frame for L*(R,R) if and only if B1In(a) < 27/p.

Proof. The set in equation ([Z.6) is a frame for L?(R,R) if and only if there exist
constants A, B > 0 such that

@7)  AlflIE< > (We () + Warr, (b, a)]*) < B I3,
(b,a)eA(B,a)
for every f € L?(R,R). By Proposition 23] equation (Z7) is equivalent to
A B
(28  LoE< D> W, fla) < - IIfI3, for all f € L2(R,R).
(b,a)EA(B,a)

We recall that any real-valued function satisfies

f=)=1©. ¢er
Consequently, L?(R,R) is isomorphic to the Hardy space H (R) via the mapping
LQ(RvR) > f = f+ € H-‘r(R)a

which satisfies
I f+12
Il = 1222

Furthermore, we can see that the wavelet transform with respect to a Cauchy
wavelet satisfies

Wa, f (bs0) =a- | F(€)Dy(ag)e™™<" dg
= Va- / 7€) B ag)emis de
=t [T BT agene ag

= 5 ' W1/)pf+(b7 CL),

where the first equality follows by Plancherel’s theorem. Therefore, equation (2.8])
is equivalent to

A
29 SABS Y M SG.aP <5515 forall f € Ho(R).

(b,a)EA(B,a)

Now, since the map

Hi(R)> frs F: CY = C, F(b+ia)=a ETPW, f(b,a),
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is a multiple of an isometry from H,(R) onto the weighted Bergman space

Bop+1(CT1) (cf. equation (22))), equation (2.9) becomes

(2.10)
A

— |F(x + iy)|*y*~ ' dady < |F(z + iy) Py !
20111;7 /]RXR+ Z

z+iy€l(B,a)

B
< o / |F(z + iy)|*y*~ ' dzdy,
2C'¢)p RXR+

for every F € Bgp1(CT1), where I'(8,a) denotes the image of A(8,a) via the
isomorphism R? > (z,y) — = + iy € C. Finally, Theorem 2] allows us to conclude
that equation (ZI0) is satisfied if and only if S1n(a) < 27 /p. O

With this preparatory result, we now work towards establishing our main result.
For this, we say that a frame ® = {; };¢cs of a separable Hilbert space H does phase
retrieval if the nonlinear map

Ao: H/~—= R, As([f]) = {I(f, o) biex

is injective, where f ~ g if and only if f = e¢’®g for some a € R. Building on
Proposition [2.4] our main theorem shows that the multi-wavelet frame
{TvDaPp}v,0)en8,0) Y{To Dol Py} (b,0)en(8,0)
U{ToDa(p1 Py + 127 Py) } (b,0)en(8,0)

does phase retrieval in L?(R,R) if A(3,«) is a hyperbolic lattice with ZIn(a) <
47 /(1 + 4p), and if the collection of vectors

{(17 O)a (07 1)v (:uh ﬂ2)}
satisfies the complement property whose definition is recalled in Section

2.5. Sign retrieval in RM. Given a collection of vectors ® = {v,}N_; in RM we
consider the map

./4<1>IRM/’\’—> Rf7 A@(U):{K'van”}rlyzlv

where v ~ w if and only if v = +w. The term “sign retrieval in R™” refers to
the study of necessary and sufficient conditions on ® under which the map Ag is
injective. It is well known that the map Ag is injective if and only if the collection
® has the complement property.

Definition 2.5. Let M, N € N and let ® = {v,}_; be a collection of vectors in
RM . We say that ® has the complement property if, for every subset S C {1,..., N},
either span{v, : n € S} = RM or span{v, :n € {1,...,N}\ S} = R™.

Proposition 2.6 ([4]). Let M,N € N and let ® = {v,})_, be a collection of
vectors in RM. Then, the map

(2.11) Ag: RM/{£1} — Rf, As(v) = {|(v, v)|}_,,
is injective if and only if ® has the complement property.

Proposition immediately implies that the map in equation ([ZII]) is not in-
jective if N < 2M — 2. A natural question is, therefore, whether N = 2M — 1
vectors are sufficient to yield injectivity of Ag. This question has been answered

in [4] where the authors show that a collection of vectors ® = {v, }2Y 1 C RM
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has the complement property if and only if ® is full spark, which means that every
subcollection of M vectors of ® spans R

The complement property can be stated in the more general setting where ® is
a collection of vectors in a separable Hilbert space H.

Definition 2.7 ([5]). Let ® = {¢;}icr be a collection of vectors in a separable
Hilbert space H. We say that ® has the complement property if, for every subset
S C I, either span{y; : i € S} = H or span{p; : i € I \ S} = H.

Analogously to the finite dimensional setting, if H is a Hilbert space over R,
a collection ® does phase retrieval if and only if ® has the complement property.
If H is a Hilbert space over C, we only know that the complement property is a
necessary condition for uniqueness of the phase retrieval problem; see [3[5].

3. MAIN RESULTS: WAVELET SIGN RETRIEVAL WITHOUT BANDLIMITING

This section is devoted to presenting our contributions to wavelet sign retrieval.
The novelty of our results with respect to the existing literature lies in the fact
that we do not need any a priori knowledge about the real-valued square-integrable
signals to guarantee their unique recovery from the absolute values of their wavelet
transforms.

Recall that we distinguish between continuous wavelet sign retrieval, meaning
the recovery of f (up to a global sign) from (|Wgf(b, a)|)(s,qa)cq, Where € has the
cardinality of the continuum, and sampled wavelet sign retrieval, i.e., the recovery
of f (up to a global sign) from (|Wgf(b, a)|)(s,q)en, where A is a discrete subset of
R xRy.

3.1. Continuous wavelet sign retrieval. We recall that </(C*) denotes the
space of real-analytic functions on the upper half-plane.

Theorem 3.1. Let Q C Rx R, be a set with positive measure and let ¢ € L*(R,R)
be an analyzing wavelet such that RanW, C &/ (C"). Then, the following are
equivalent for f,g € L*(R,R):

(i) f=*g,
(i) [Waf| = [Weg| on Q.

Proof. Tt is clear that item (i) implies item (ii). Let us, therefore, assume that
f,g € L*(R,R) satisfy

W f(b,a)] = Weg(b,a)],  (b,a) €.
If we consider the subset
S ={(ba) € Q: Wy f(b,a) =Wsg(b,a)},
then the functions hy = f + g and hy = f — g satisfy
W¢h1(b, a) =0, (b, a) e N \ S,

and
Wyha(b,a) =0, (b,a) € S.
Since ) has positive measure, either S or 2\ S has positive measure. Therefore,

either Wyhi = 0 or Wyho = 0 because the zero set of a nonzero real analytic
function has zero measure. We can thus conclude that f = +g. ]
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Remark 3.2. By Proposition 23] Theorem [3.1] applies to the family of the Poisson
wavelets and to their Hilbert transforms.

3.2. Sampled wavelet sign retrieval. Theorem B.1] does not apply to the case
where we only know the magnitude of the wavelet transform on a discrete set. We
recall that a hyperbolic lattice in the upper half-plane takes the form

A(Bv a) = {(amﬂna am)}m,HGZ
for some values of the parameters a > 1 and f > 0. It is, therefore, a natural
question to ask under which assumptions on the analyzing wavelets and on the

sample parameters o and S we can obtain a uniqueness result as in Theorem B.11
We address this problem with a multi-wavelet approach.

Theorem 3.3. Let p >0 and let « > 1 and B > 0 satisfy

47
1 < .
Blnfa) < 1+4p

Furthermore, let
bi = X1 Py + N 2P, i=1,2,3,
for a collection of full spark vectors
i =i Ai2)h
in R%. Then, every f € L*(R,R) is uniquely determined, up to a global sign, by the
magnitudes of the multi-wavelet frame coefficients

{‘W(pif(b? a)| S {172a3}v (b7 a) € A(B,Oé)}
FEquivalently, the multi-wavelet frame
{TyDat1}v.ayens.a) YU {ToDad2} (ba)en(s0) Y {TbDadbs}(b,a)er(s.a)-
does sign retrieval in L*(R,R).
Proof. Let f,g € L*(R,R) be such that
(We, f(b,a)l = We,g(b,a)l,  (b,a) € A(B, o),
where
qﬁi = Ai,lpp + )\ivgjfpp, 1= 1, 2,3,
for a collection of full spark vectors
N = dig) o
We prove that f = 4¢. Let us first observe that, for every (b,a) € A(, «) and for
every ¢ = 1,2, 3, it holds that
(Wp, f(b,a), Wap, f(b,a)), Ai)| = [We, f(b,a)|
= |<(WPpg(b7 a)7 Wﬁfppg(bv a))v )‘i> |

By hypothesis, the set of vectors {)\;}3_; is full spark and therefore satisfies the
complement property. Consequently, for every (b,a) € A(S, @),

(3.1) We, f(b,a), Waep, f(b,a)) = £(Wp,g(b, a), W p,g(b, a)).

If we consider the subset
S= {(b7 a’) € A(Bv O‘) : (Wpr(b7 a), Wﬁfppf(l% a)) = (WPpg(b7 a), Wﬁfppg(b’ a))}v
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then the functions hy = f + g and hy = f — g satisfy

(Wp,hi(b,a), Wep, hi(b,a)) =0, (b,a) € A(B,a) \ S,
and

(Wp,ha(b,a), Wsrp,ha(b,a)) =0, (b,a) € S.
Therefore, by Proposition 23], the functions h; and hg satisfy
(2ReWy, b (b,a)], ~2ImVy, b (b,a)])) =0, (b,a) € A(B,a)\ S,

and

(2Re[Wy, ha(b,a)], —2Im[Wy,_ha (b, a)]) = 0, (b,a) €S,
or, equivalently,

Wy, hi(b,a) =0, (b,a) € A(B,a)\ S, and Wy ha(b,a) =0, (b,a)€S.
We introduce the functions
Hi(b+ia) := af(%er)Wwphl(b, a), Hy(b+ia):= af(%er)W%hg(b, a),

of one complex variable, where (b,a) € R x R, and note that H; and H, are
entire functions on the upper half-plane (cf. equation (22)). As a consequence, the
function

H=H, H
is also an entire function on the upper half-plane and
(3.2) H(b+ia) =0, (b,a) € A(B, ).
Furthermore, by equation (21,

. dbda
[ meriPa S = [, @R Wy, halba)
RXR+ RXR+

dbda
a a?

dbda
a2

< 21 12 / Wy, ha(b,a)[?

RXR+

= Cy, [p 311131213,

where

00 |77 (£)]2
Cy, = /0 de < 00,

W

showing that H belongs to the weighted Bergman space Bai4,(Cy). By Theo-
rems2Z.Iland 2.2] the image of A(3, ) via the isomorphism R? > (x,y) — x+iy € C
is a uniqueness set for Baoy4,(Cy) and hence equation ([B.2) implies H = 0. There-
fore, either H; =0 or He = 0, which shows that f = +g. |

Example 3.4. Theorem applies to the analyzing wavelets
¢1:Pa QSQ:%P; ¢3:P+%P7
together with the dyadic lattice A(47/51n(2),2); see Figures [Il and
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—0.1 4
\

0.5 1 1.5 2

FIGURE 2. The Fourier transform of the Poisson wavelet (on the
left) and its Hilbert transform (on the right). Since the Fourier
transform of the Poisson wavelet is real-valued, the Fourier trans-
form of its Hilbert transform is purely imaginary.

Remark 3.5. More generally, we could replace the regular set of sampling A(3, )
in Theorem B3] with any other sampling set for By y4,(C). We refer to [17] for a
complete characterization of sets of sampling for Bergman type spaces on the unit
disk D. We recall that the upper half-plane C can be mapped onto the unit disk
D under the conformal map

z—1

241’

p(z) =

known as the Cayley transform.

Remark 3.6. In the second part of the proof of Theorem [3.3] we actually show that,
if Bln(ar) < 47/(1 + 4p), the Cauchy wavelet frame
{TyDatp} (b.ayer(s,a)

for the Hardy space H4 (R) satisfies the complement property (see Definition 2.7]).
Indeed, suppose that there exists a subset S C A(S, @) such that

span{Ty Datp} (b,0)er(g,ans # H+(R) and  span{TyDatp}(s,a)es # H4(R).
This means that there exist two nonzero functions hq, ha € H4(R) such that
Wy, h1(b,a) =0, (b,a) € A(B,a)\ S, and Wy ha(b,a) =0, (b,a)cS.

Then, the same argument as in the proof of Theorem[3.3]leads to the conclusion that
either hy or hsy has to be zero and thus the complement property holds. However, in
the complex-valued case, the complement property is only a necessary condition for
uniqueness of the phase retrieval problem and we cannot conclude that the operator

(3.3) Hi(R)/~>h— (|W¢ph(57 a)|)(b,a)eA(ﬁ,a) € RAG)

is injective. Determining a hyperbolic lattice such that the operator in equa-
tion (B3] is injective remains an interesting open problem.
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