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Abstract

We prove well-posedness and higher-order regularity for a linear structurally damped
plate equation with inhomogeneous Dirichlet-Neumann boundary conditions on the
half-space and on bounded domains. To this end, we study maximal regularity prop-
erties of the related first-order system on weighted Sobolev spaces of arbitrarily high
smoothness. In particular, we consider Sobolev spaces with power weights that mea-
sure the distance to the boundary. This allows us to avoid unnatural compatibility
conditions for the data and treat the plate equation with rough inhomogeneous bound-
ary conditions on bounded C!*-domains, where « € (0, 1) depends on the exponent
of the spatial power weight, but is independent of the smoothness of the data. Our
methods can serve as an example to treat more complicated mixed-order systems as
well.
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1 Introduction

In this paper, we consider the linear structurally damped plate equation with inhomo-
geneous Dirichlet-Neumann boundary conditions given by

0u+ Au— pAdu = f (t,x) € (0,T) x O,

U= go (t,x) € (0, T) x 30, 0
Onu = g1 (t,x) € (0, T) x 90,

uli=0 = (Osu)|;=0 =0 x e O.

Here, p > 0 is a fixed parameter and 9,, denotes the inner normal derivative. Fur-
thermore, T € (0, oo] is a time horizon and we consider the case of the half-space
0= Ri and the case of a bounded domain @ C R,

The plate equation occurs as a linear model for vibrating stiff objects where the
potential energy involves curvature-like terms which lead to the bi-Laplacian as the
main ‘elastic’ operator, see, e.g., [41, Chapter 12] and [52]. The Eq. (1.1) relates to
the Kirchhoff model of thin plates; for mathematical modelling of thin elastic plates,
we also refer to [39, Chapter 2]. In the undamped situation (corresponding to p = 0 in
(1.1)), there is no energy dissipation, and the equation has no smoothing effect. Apart
from thermoelastic damping effects (as discussed in a semigroup context in, e.g.,
[40]), a standard damping model is given by structural damping as above. This model
describes a situation where higher frequencies are more strongly damped than lower
frequencies. In (1.1), the damping term has ‘half of the order’ of the leading elastic
term. For mathematical models of internal damping mechanisms leading to structural
damping of second-order, we also refer to [53, Section 4.2]. The generation of an
analytic semigroup for the plate equation with structural damping was investigated,
e.g.,in [8, 17].

The Dirichlet-Neumann boundary conditions in (1.1) are also called generalised
Dirichlet conditions and are known in the context of the plate equation as clamped
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boundary conditions. We remark that these boundary conditions are mathematically
more involved than the boundary conditions u = Au = 0, which can be treated by
operator-theoretic methods, see, e.g., [7, 9, 55].

In this paper, we study well-posedness and regularity of (1.1) in a framework with
weighted L9-LP-Sobolev spaces. Specifically, we consider spatial power weights of
the form w;‘fo := dist(-, d0)? for some suitable y > —1. These weights are well
suited to control boundary singularities of solutions and their derivatives, see [43, 44,
46]. Our main result for (1.1) on bounded domains reads as follows. This is a special
case of Theorem 6.3, where for simplicity we omit the temporal weights. We recall
that F; , and By, , denote the Triebel-Lizorkin and Besov spaces, respectively.

Theorem 1.1 Let p, g € (1, 00), /c € (0, 1) ye(@—-x)yp—1,p—1)andletk > 2
be an integer. Suppose that 1 — 7é V+ and 5 11 ;é )/2—;1 Furthermore, let O be

a bounded C“*-domain. Then for all

fe IRy WP 0, w)y, ),
l/+l y+l

2
g0 € Fpp? (Rui LP(OO) NLIRy., By, (90)) with goli—o = 0 if 1 - 1>,

l _r+l _y+l

g1 € Fly Ry LP(OO) NLIRy. By, " (90)) with g1li—o = 0if § - 1,

there exists a unique solution
ue WHI(Ry; WP, wi, )N LR W0, wiF) )

to (1.1). Moreover, this solution u depends continuously on the data f, go and g1.

To prove Theorem 1.1, we rewrite (1.1) as a first-order system for v = (u, du) ',

ie.,
0 . 0 —id
v+ Av = (f)’ with A = <A2 —pA)' (1.2)

We establish results on sectoriality and R-sectoriality of the operator matrix A. With

this operator-theoretic approach, in the first step, we obtain unique solvability and

maximal regularity results for (1.1) with homogeneous boundary conditions u =

dpu = 0. In a second step, we include inhomogeneous boundary data, using trace

results for weighted spaces obtained in [15]. The theory for temporal traces in the

weighted setting is delicate and therefore we only consider zero initial values in (1.1).
The main novelties of Theorem 1.1 can be summarised as follows.

(i) Fewer compatibility conditions for the data. Due to the introduction of a spatial
power weight, there is no need to include additional conditions of compatibility
type on the right-hand side of (1.1). We discuss this in more detail below.

(ii) Higher-order regularity. We establish maximal regularity results in weighted
Sobolev spaces of arbitrarily high smoothness.

(iii) Rough domains. The theory applies to bounded C!*-domains, independent of
the regularity order k. In this sense, one can speak of a rough domain.
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(iv) Rough boundary data. We obtain higher-order regularity of the solution in
weighted spaces, even if the boundary data is in the standard low-regularity
trace spaces. In this sense, we can also handle rough boundary data.

It is remarkable that, due to the introduction of a spatial power weight, we can give
a fairly complete well-posedness and regularity theory for (1.1) that avoids additional
unnatural compatibility conditions as encountered in [17]. It was shown in [17] that the
operator A in (1.2) is R-sectorial in the basic space Wg P (Ri) X LP(Ri), but not in
the space w2p (Ri) x LP (Ri). Therefore, one has to include the additional boundary
conditions 41 = 9,h1 = 0Oon aRi for the first component of the right-hand side of the
equation (A — A)v = h. It was shown in [10] that such compatibility conditions are in
general necessary for the sectoriality in unweighted spaces. For higher-order regularity
results, even more compatibility conditions on the data have to be assumed, see [10,
Theorem 3.6]. We can avoid any compatibility conditions on the data, independent
of the smoothness order of the solution, by introducing weighted Sobolev spaces. We
obtain R-sectoriality of A in the basic space

XEPRY) = WEP R, wyq4p) x WE2PRY, wyqp).

where p € (1,00), y € (=1, p — 1), k € Ng and wy, ¢, = dist(:, BR‘i)V“”, see
Theorem 5.7. In particular, setting k = 2, we can replace the basic space Wg P (Ri) X
L”(Ri) from [17] by the weighted space Wz’l’(Ri, Wy 42p) X L”(Ri, Wy 42p). The
advantage of the weighted space W27 (Ri, Wy 42p) is that the Dirichlet and Neumann
trace operators do not exist, in this way omitting the compatibility conditions.

We obtain R-sectoriality of A on X]f,’p (Ri) by the following method. We start with
R-sectoriality of A on the space Wg’p(Rd , Wy) X LP (R4, wy) fory € (=1,p —
1), which can be obtained by extending the results in [17] to the weighted setting.
Then we lower the smoothness of the spaces by extrapolating the operator in the
sense of Amann’s interpolation—extrapolation scales (see Sect. 2.3 for details on these
spaces). For the extrapolated operator on L” (Ri, wy) X w—2r (]Rd , Wy ), due to the
low regularity, the boundary conditions are not seen, so there are no compatibility
conditions needed. This proves R-sectoriality on X?,’p (Ri).

Afterwards, with an induction argument on k, we raise the smoothness and the
weight with a similar technique as developed in [43] which essentially relies on Hardy’s
inequality (Lemma 3.9). In this way, we can get R-sectoriality in weighted spaces
Xf/’p (Ri) of arbitrary smoothness k € Ny without artificial compatibility conditions.

Once the R-sectoriality is obtained on R%, a localisation argument allows us to
treat the case of bounded domains. For the localisation, we make use of a special
diffeomorphism known as the Dahlberg—Kenig—Stein pullback, which straightens the
boundary and preserves the distance to the boundary. The blow-up of higher-order
derivatives of this pullback near the boundary is compensated by the weights in the
space. Therefore, we can establish the results for domains with C 1”‘-boundary, even
for higher-order regularity. Note that even for the standard regularity k = 2, the
classical localisation would require a domain of class C 4. as can be seen from [17,
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Section 5]. The Dahlberg—Kenig—Stein pullback was already used in [44] to obtain
higher-order regularity for the Laplacian on rough domains.

The operator A in (1.2) is an example of a mixed-order system, also called a
Douglis—Nirenberg system as considered in [2, 3]. In general, semigroup theory for
mixed-order boundary value problems is not yet available. For a general mixed-order
system in the whole space, the Newton polygon theory developed in, e.g., [13, 16,
23] leads to equivalent conditions for maximal regularity. For mixed-order boundary
value problems, the Newton polygon approach is known only in special cases, see,
e.g., [18] and for some recent results, see [50]. One of the difficulties for mixed-order
systems lies in the fact that one cannot take a product of L”-spaces as a basic space,
due to the Douglis—Nirenberg order structure of the system. Instead, the basic space
necessarily is a tuple of Sobolev spaces, where now the question of compatibility
conditions arises, similarly to the discussion above. With the present paper, we hope
to provide a first step for a maximal regularity theory for mixed-order systems in
weighted spaces, omitting compatibility conditions.

Outline

The paper is organised as follows. In Sect. 2, we introduce notation and recall
the necessary background on R-sectoriality, maximal regularity, and interpolation—
extrapolation scales. Section 3 is devoted to weighted Sobolev spaces with power
weights on the half-space and on rough domains. In Sects. 4 and 5, we establish
R-sectoriality of the elliptic operator associated with the damped plate equation on
the half-space and on bounded domains, respectively. Finally, in Sect. 6, we apply
these results to prove well-posedness and higher-order maximal regularity for the
structurally damped plate equation with inhomogeneous boundary conditions.

2 Preliminaries
2.1 Notation

We denote by Ny and N the sets of natural numbers starting at 0 and 1, respectively.
For a € R, we use the notation (a)4+ = a if a > 0 and (a)4+ = 0 otherwise.

For d € Nj the half-space is given by RY = R, x RY~! where R, = (0, o0) and
for x € Ri we write x = (x1,x) with x; € Ry and X € RA-1, Fory e R, O C R4
open and x € O we define the power weight w;‘io (x) := dist(x, 80)”. For notational
convenience, we write w, := w§R+.

For two topological vector spaces X and Y, the space of continuous linear operators
is denoted by L£(X,Y) and £(X) := L(X, X). Unless specified otherwise, X will
always denote a Banach space with norm || - || x and the dual space is X" := L(X, C).

For a linear operator A : X 2 D(A) — X on a Banach space X, we denote
by o (A) and p(A) the spectrum and resolvent set, respectively. For . € p(A), the
resolvent operator is given by R(A, A) = (A — A~ e LX),

@ Springer
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We write f < g (resp. f = g) if there exists a constant C > 0, possibly depending
on parameters which will be clear from the context or will be specified in the text,
such that f < Cg (resp. f > Cg). Furthermore, f ~ g means f < gand g < f.

For an open and non-empty set @ € R and ¢ € Ny U {oo}, the space C*(O; X)
denotes the space of ¢-times continuously differentiable functions from O to some
Banach space X. As usual, this space is equipped with the compact-open topology.
In the case £ = 0 we write C(O; X) for cYo; X). Furthermore, we write Cﬁ((’); X)
for the space of all functions f € C*(O; X) such that 3 f is bounded on O for all
multi-indices « € Ng with |a| < £.

Let C°(O; X) be the space of compactly supported smooth functions on O
equipped with its usual inductive limit topology. The space of X-valued distribu-
tions is given by D'(O; X) := L(C(0); X). Moreover, C§°(5; X) is the space of
smooth functions with their support in a compact set contained in O.

We denote the Schwartz space by S(R?: X), and S’ (R?; X) := L(S(R?); X) is the
space of X-valued tempered distributions. For O C R? we define S(O; X) := {ulop :
u € SR X )} For f € S(RY; X) we define the d-dimensional Fourier transform
(FFIE) == F(&) = [pa f(x)e ™€ dx for & € RY, which extends to S'(R?; X) by
duality.

Finally, for 6 € (0, 1) and a compatible couple (X, Y) of Banach spaces, the
complex interpolation space is denoted by [X, Y]y.

2.2 R-sectoriality and maximal regularity

In this section, we recall the tools from maximal regularity theory required for proving
our results about the damped plate equation. For a detailed study of R-sectoriality and
maximal regularity, we refer to [11, 31, 38].

2.2.1 R-sectoriality

Throughout this section, X and Y are Banach spaces. Let (2, §, P) be a probability
space. Then ¢ : Q@ — C is called a Rademacher variable if the random variable &
is uniformly distributed over {z € C : |z| = 1}. A Rademacher sequence (&,)n>1 is
a sequence that consists of independent Rademacher variables ¢,. For N € N; we
define the random sequence space 812\, (X) as the Banach space of finite sequences
(x,,) _, in X, endowed with the norm

L2(Q2:X)

N
| nzill iz o = H 2_enn
n=1

A family of bounded operators 7 € L(X,Y) is called R-bounded if there exists a
constant C > 0 such that for all N € Ny, (Tn),]f:l C 7and (xn)f;’:1 C X, we have

L2(2:X)

N N
” § enThxn = C” § EnXn
L2(Q:Y)
n=1 n=1
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In particular, we note that R-boundedness implies uniform boundedness, while the
converse only holds under more geometric restrictions on the Banach spaces X and
Y (for instance if X and Y are Hilbert spaces). Moreover, any singleton operator
{T} € L(X,Y) is R-bounded.

Forw € (0, ), let , = {z € C\ {0} : | arg(z)| < w} be the sector in the complex
plane.

Definition 2.1 ((R-)sectoriality)

(i) An injective, closed linear operator (A, D(A)) with dense domain and dense
range on a Banach space X is called sectorial if there exists an @ € (0, &) such
that o (A) C X, and

{zR(z,A) : 2 € C\ Z,,}

is bounded. The angle of sectoriality w(A) is defined as the infimum over all
possible w.
(ii) A sectorial operator (A, D(A)) is called R-sectorial if for some o € (w(A), )
the family
{zR(z, A) : z € C\ =y}

is R-bounded. The angle of R-sectoriality wg (A) is defined as the infimum over
all possible o.

Occasionally, we will also use the notions of bounded H°-calculus and bounded
imaginary powers (BIP), see [30, Chapter 10] and [31, Chapter 15]. In particular, if
X is a UMD Banach space, then a bounded H ®°-calculus implies bounded imaginary
powers, which again implies R-sectoriality. We recall that X is a UMD (unconditional
martingale differences) Banach space if and only if the Hilbert transform extends to a
bounded operator on L”(R; X) for all p € (1, 00). The UMD property is a necessary
condition for many results on vector-valued spaces, see, e.g., [29, 31]. We list the
following relevant properties of UMD spaces, see [29, Chapter 4 & 5].

(i) Hilbert spaces are UMD spaces. In particular, C is a UMD Banach space.
(i) For p € (1,00), (S, ¥, ) a o-finite measure space and X a UMD Banach
space, L?(S; X) is a UMD Banach space.
(iii)) UMD Banach spaces are reflexive.

2.2.2 Maximal regularity

Let T € (0, oo] and define the time interval I := (0, T)._Let A be a linear operator
with domain D(A) on a Banach space X. For f € LIIOC(I ; X) consider the abstract
Cauchy problem
oru(t) + Au(t) = f(1), tel,
u(0) =0.

We call a strongly measurable function u : I — X a strong solution to (2.1) if u takes

values in D(A) almost everywhere, Au € LllOC (I; X) and u solves

2.1)

t t
u(t) +/ Au(s) ds =/ f(s)ds, foralmostallz € I.
0 0
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Moreover, for g € (1,00), v € A;(I) and f € L9(I, v; X), a strong solution u to
(2.1) is called an LY (v)-solution if Au € L9(1, v; X). Here, v is a time weight that
belongs to the class of Muckenhoupt weights A, (1), see Sect. 3.

Definition 2.2 (Maximal L9 (v)-regularity) A linear operator A on a Banach space X
has maximal L1 (v)-regularity on I if for all f € L9(I, v; X) the Cauchy problem
(2.1) has a unique L4 (v)-solution « on / and

lAullra,v;x) < CllfllLaa,v.x),

where the constant C is independent of f.

The following sufficient condition for maximal regularity in terms of R-sectoriality
holds: if X is a UMD Banach space and 1+ A is R-sectorial withangle wg(A+A) < 5
for some A large enough, then A has maximal L9 (v)-regularity on (0, T') for any
T <o00,q € (1,00) and v € A (). If A = 0, then we obtain maximal L9 (v)-
regularity on R as well. This statement follows from combining the results in [31,
Theorems 17.3.1(2), 17.2.26(1) & 17.2.39].

2.3 Interpolation-extrapolation spaces

We recall the theory of interpolation-extrapolation scales. For a detailed study, we
refer to [5, Chapter V] or [27, Section 6.3].

Let A be a sectorial operator on a Banach space X that satisfies 0 € p(A). Hence,
(X, |A~Y - |lx) is a normed space and we can define the extrapolated space

E_1a:=X A7 107,

where ~ denotes the completion of the space. Since X < E_; 4 and D(A) = X, we
have that D(A) > x — Ax € X extends to an isometric isomorphism 7_1 4 from X to
E_1 4. The operator A induces a closed linear operator A_j := T, AAT:I{ 4 which
satisfies A_1|p(a) = A. Since (R-)sectoriality and boundedness of the H°°-calculus
are preserved under similarity transforms, we obtain the following result.

Proposition 2.3 Let A be a sectorial operator on a Banach space X that satisfies
0 € p(A). Then A_y with D(A_y) = X is the closure of A in E_1 . Moreover, the
following statements hold.:
(1) A_yon E_q 4 is sectorial with angle w(A_1) = w(A),
(i) if A is R-sectorial on X, then so is A_1 on E_j o and wgr(A) = wr(A_1),
(iii) if A has a bounded H®°-calculus on X, then so does A_1 on E_j o and
wg~(A) = wg=(A_1).

Proposition 2.3 shows that for « > 0 the fractional powers (A_1)% are well-defined
closed operators on E_j 4 (see, e.g., [31, Definition 15.2.2]). We denote the domain
of (A_1)* as

E_ttan = (DWA_DD), IAZD* e, ,),  a=0,
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and note that £y 4 = X by Proposition 2.3.
Leto > —1 and let A, be the realisation of A_; on Ey 4, i.e,

D(Ay) :={x € Ega: A_1x € Eg 4},
Agx ;= A_1x forx € D(Ay,),

and note that A9 = A. The scale (Eq 4, Ag)a=—1 is called the interpolation—
extrapolation scale of A and forms an interpolation scale with respect to complex
interpolation.

Proposition 2.4 [27, Theorem 6.6.9]. Let A be a sectorial operator on a Banach space
X that satisfies 0 € p(A). Furthermore, assume that A has BIP . Then

Eq(1-0)+80,4 = [Ea A, E/S,A]g» a,B>-1,0¢€(0,1).
Furthermore, the following characterisation of the extrapolated spaces holds.

Proposition 2.5 [5, Theorem V.1.4.12]. Let A be a sectorial operator on a reflexive
Banach space X that satisfies 0 € p(A), and let A’ be the adjoint operator in X'.
Then, for all 6 € (0, 1) we have E_g o = (Eg_a’)’ with respect to the duality induced
by (X, X"), where

Eg.x = (DAY, 1(AN - 1)

2.4 Domains and localisation

Letk € (0, 1]and let © € RY"! be open. A function 4 : O — R is called uniformly
k-Holder continuous on O if

| (x) — h(y)]
[Alc.0 := su —Ky
x,ye0 |x - y|
Xy

In addition, for £ € Ny we define the space of x-Holder continuous functions by
CS’K(O) ={h e Cﬁ(@) 1 [0%h]e.0 < oo forall || = £}.

For k = 0 we write Cﬁ’O(O) = Cf; (0).By Cf’K (O) we denote the subset of functions
in C%*(O) with compact support in ©. Moreover, on Cé"{((’)) we define the norm

Ihliceeqo) =D sup [0%h(x)| + Y [8%hlc0.

la|<£ ¥€O le|=¢

Definition 2.6 Let O C R? be a domain, i.e., a connected open set. Let £ € Ny and
x € [0, 1].

@ Springer



32 Page 10 of 51 R. Denk, F. B. Roodenburg

(1) We call O a special Cf *_domain if, after translation and rotation, it is of the
form
O={x,% eR: x; > h(®) (2.2)

for some h € CE* (R4 R).
(i) Given a special Cf “_domain O, we define

[O]Ct’,x =|h ”CLK RI-1y>

where h € CCK (R4~ R) is such that, after rotation and translation, (2.2) holds.
Note that [O] ¢« is uniquely defined due to the compact support of 4.

(iii) We call @ a C%*-domain if every boundary point x € 9O admits an open
neighbourhood V such that

oNnv=wnvV ad d0NV=0WnNV

for some special C&**-domain W.

If « = 0, then we write C¢ for C? in the definitions above.

Remark 2.7 Note that for any § > 0 and C%domain O, the special Cf-domains w
can always be chosen such that [W]~e < 8. If k € (0,1], ¢ € (0,«) and O is a
C**-domain, then for every § > 0 the special Cf *“_domains W can always be chosen
such that [W]cex—e < 8. Indeed, if h € Cf’K(Rd_l) is associated with W, then for
any |o| = £, we have

a%h(x) —a%h
[aah]K_s Rd—l — Sup | ()C) (y)' |x _
' x,yeRd71 |x - y|K
xXF#y

| <8,

whenever |x — y|® is small enough. Note that for ¢ = 0, the quantity [8"‘h]K’Rd71
cannot be made arbitrarily small.

The following lemma provides a diffeomorphism between special domains and
the half-space, which is known as the Dahlberg—Kenig—Stein pullback. This dif-
feomorphism straightens the boundary and preserves the distance to the boundary,
while higher-order derivatives may blow up near the boundary. The weights in the
spaces compensate this blow-up, see [44], where this diffeomorphism is used to obtain
boundedness of the H*°-calculus for the Laplacian on rough domains. The proof of
Lemma 2.8 can be found in [44, Appendix A] (see also [33]), which is based on [34,
42].

Lemma 2.8 [44, Lemma A.4]. Let O be a special CC1 -domain. Then there exist contin-
uous functions h1: O — R and hy: R‘i — R which satisfy the following properties.

() The map ® : O — Rff_ given by
d(x) = (x1 —hi(x),%), x=(x,%) €0,
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is a C'-diffeomorphism with inverse ®~! : Ri — O given by

7' =1 +h).Y).  y=017 Ry
(i1) We have
dist(® (x), aRY) = dist(x, d0), x €0,
dist(®~ ! (y), 90) = dist(y, IRY), yeRe,

where the implicit constants depend on [O]c1.
(ili) We have hy € C®(0) and hy € C*(RY).

In addition, let £ € Ny, k € [0, 1] and let O be a special Cf"‘-domain with [O]cex <
1.

(iv) The map @ in (i) is a CY*-diffeomorphism and for all « € Ng, Ly € {0,...,¢}
and kg € [0, k], we have
10%h1(x)| < C - [Olce - dist(x, d0)~lel=to=ko)s x €0,
0%ha ()| < C - [Olcew - dist(y, IRY) eIkl y e Ry,

where the constant C > 0 only depends on £, k, o and d.

3 Weighted Sobolev spaces

Let O be a domain in RY with non-empty boundary dQ). We call a locally integrable
function w : O — (0, 00) a weight. In particular, we will deal with the following
classes of weights.

(i) Muckenhoupt A, weights: let p € (1, 00) and let O be RY, Ri or an interval
(0, @) for a > 0. A weight w on O belongs to the Muckenhoupt class A, (O) if

e =y ) )
’ 5 ‘Bl Jp 1B /5

where the supremum is taken over all balls B € . Moreover, Ax(O) =
U p=14p (O). For a detailed study of Muckenhoupt weights and their properties,
we refer to [25, Chapter 7].

(ii) Power weights: for y € R define wgo on O by

wi®(x) = dist(x, 00)’,  x € O.

Furthermore, we write w, (x) := wﬁRi(x) = |x1|¥ for x = (x1,X) € R‘j_.
We note that the power weight w, (x) = |x1]” isin A,(O) if and only if y €
(=1, p—1D.
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For p € [1, 00), w aweightand X a Banach space, we define the weighted Lebesgue
space LP(O, w; X) as the Bochner space consisting of all equivalence classes of
strongly measurable f: O — X such that

1/
1A lr @ = ( /O 17 weo ) < oc.

1

Let w be such that w »-T € Llloc((’)). The k-th order weighted Sobolev space for
k € Ny is defined as

WhP(O, w; X) := {f € D'(O; X) : V]a| <k, 3% f € LP(O, w; X))}

equipped with the canonical norm. If w = 1, then we simply write W57 (O; X).
Furthermore, if X = C, then we omit this from the notation as well.
1

Remark 3.1 The local L' condition for w™ 7~ ensures that all the derivatives 3% f
are locally integrable in O. If O is the half-space Ri or a bounded domain, then
this condition for power weights w}a/o holds for all y € R. For O = RY the local
L' condition holds only for weights wy (x) = [x1|¥ with y € (=00, p — 1) since
functions might not be locally integrable near x; = 0, see also [37, Example 1.7].

This explains why, for example, we cannot employ classical reflection arguments from
RLtoRYify > p— 1.

3.1 Weighted Sobolev spaces with boundary conditions

We continue with defining weighted Sobolev spaces with vanishing boundary condi-
tions. Let p € (1, 00), k € Ny, ¥y > —1 and let X be a Banach space. We define

o . —Wk,p 0, E)O;X
WeP (0, wif; X) == TR0, x) 1,

Alternative characterisations of this space in terms of traces are available, see [43, 44,
46]. These characterisations are based on the mapping properties of the diffeomor-

phism in Lemma 2.8. We distinguish three cases: the half-space, special domains and
bounded domains.

3.1.1 Trace characterisations on the half-space

For p € (1,00), k € Ng, y € (—1,00) \ {jp —1:j € Ny} and X a Banach space,
we define

Wy (RL, wy; X) = {f e WHPRL, wy; X) : Tr(8% f) = 0if k — |or| > VTf‘}

3.D
All the traces in the above definition (3.1) are well defined. Indeed, this follows from

the embedding
WP (R4, w; X) <> C([0, 00); X),
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1
for p € (1,00), w such that w »-T € LIIOC(RQ and X a Banach space, see [46,

Lemma 3.1]. For details, we refer to [43, Section 3.1].
Let p € (1, 00) and X a Banach space. To be able to deal with negative weights,
we define for k € Np and y < —1 the space

WP ®RL, wy; X) == WEP R, w,; X),

which is an appropriate definition in view of [46, Lemma 3.1(2)]. For k € N; and
y € (—1,00)\{jp—1:j € Nj}, weighted Sobolev spaces with negative smoothness
are defined as ,

WRPRE, w,; X) = (Wy P RL, w,; X)),

where y’ = —y/(p — 1) and the duality is with respect to the unweighted pairing.
From [46, Proposition 3.8] (see also [44, Proposition 3.3]) the following trace
characterisation follows.

Proposition 3.2 (Trace characterisation on Ri). Let p € (1,00), k € Ng, y € R\
{jp —1:j e Ny} and let X be a Banach space. Then

V(i/g’p(]Rd s Wy X) = W(I;’p(Rd, wy; X).

Note that Proposition 3.2 means that C° (Rd ; X) is dense in Wg P (Rd s Wy X)
for the given ranges of parameters. In particular, we also have

00 d dense k d
CEFRL;X) € WHPRY, wy; X) for y > kp — 1. 3.2)

3.1.2 Trace characterisations on special domains

The diffeomorphism & in Lemma 2.8 will allow us to define weighted Sobolev spaces
on special domains with vanishing traces. We first note that ® gives rise to an isomor-
phism between weighted Sobolev spaces on special domains and the half-space.

Proposition 3.3 Letp € (1,00),£ € Ni,k € [0,1],k € Ng, y € (—1,00)\{jp—1:
j € Ny} and let X be a Banach space. Moreover, let O be a special Cf “_domain
with [O]cex < 1. Let ® : O — Ri be as in Lemma 2.8 and consider the change of
coordinates mappings
. wk.p 0. k,p mod .
o, W (O,wy i X) —> WRPRL, wy; X)) fory > (k— (L +x)4p—1,
o, : Vi/(l)c’p((’), w;‘io; X) —> Vi/g""(Rd s Wy X)),

defined by @, f := f o ®~'. Then ®, is an isomorphism of Banach spaces for which
(1, acts as inverse.

Proof The statement of the proposition follows from [44, Proposition 3.7 &
Remark 3.8]. O
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With the aid of the isomorphism in Proposition 3.3, we can now define traces of
functions in weighted Sobolev spaces on special domains with low smoothness com-
pared to the smoothness of the Sobolev space. We note that the standard localisation
procedure in, e.g, [11, 20, 35] is not sufficient in our case since the regularity of the
domain is too low, see [44, Remark 3.11].

Definition 3.4 Let p € (1,0), £ € N, « € [0, 1], k € Ny and X a Banach space.
Lety € (—1,00)\{jp—1:j € N;}besuchthaty > (k — (£ +«))+p — 1 and
let O be a special Cf "“_domain with [Olcex < 1. Let &, be the isomorphism from
Proposition 3.3. We define

Wy (0, w0 X) = {f e WhP(0, w0 X) - e (@4 ) = 0if k — |a] > V—j]}

Note that the traces in the above definition are considered on the half-space and
are thus well defined by Proposition 3.3. Moreover, provided that y is large enough,
Lemma 2.8 ensures that the definition of the space is consistent in the sense that
viewing O as either a special Cf **_domain or a special CC1 -domain yields the same
space.

We now obtain a trace characterisation for the spaces W(])( P (0, w;‘io; X)ifOisa
special domain.

Proposition 3.5 (Trace characterisation on special domains). Let p € (1, 00), £ € Ny,
k € [0, 1], k € Ng and let X be a Banach space. Let y € (—1,00)\{jp—1:j € Ny}
be such that y > (k — (€ + «k))+p — 1 and let O be a special Cf’“-domain with
[Olcex < 1. Let @, be the isomorphism from Proposition 3.3. Then

Wy (0, w0 X) = Wy P (0, wlP; X).

Proof The proofis the same as the proof of [44, Proposition 3.10] using Proposition 3.3.
]

3.1.3 Trace characterisations on bounded domains

To define traces on bounded domains, we employ a localisation procedure based on the
following decomposition of weighted Sobolev spaces, see also [46, Section 2.2] and
[44, Lemma 3.12]. We note that the results in the lemma easily follow from a covering
of the domain, Remark 2.7 and a partition of unity (see, e.g., [35, Section 8.4]).

Lemma3.6 Let € Ny, k € [0, 1], and let O C R? be a bounded CY* -domain. Then
the following statements hold.

(1) Forall ¢ € (0, k) there exists a finite open cover (V,,)flv:1 of 00, together with
special Cf"(-domains ((’)n)fl\’:1 which satisfy [Oplcex—e < 8, such that

onv,=0,nV, and 000NV,=00,NV,, nell,...,N}

If k = 0, then for any 6 > 0, the special Cf—domains (On)fyzl can be chosen
such that [O,]ce < 8.
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(ii) There exist no € C°(O) and n, € C(Vy) foralln € {1, ..., N} such that
Zflvzo n2 = 1 on O (partition of unity).

(iii) For p € (1,00), k € No, vy € R and X a Banach space, the space
wk.p (O, w;‘io; X)) has the direct sum decomposition

N
WP = WEPRY: X) @ @) WEP (O, w9 X). (3.3)

n=1
Moreover, the mappings
7: wkr(o, wgo; X) - )/\/}‘;p and P: VV;‘;” — wkr, wgo; X)
given by

N
If =Py and PUDNo = nufa, (3.4)

n=0

are continuous and satisfy PZ = id . Thus, P is a retraction with coretraction Z.

In addition to (3.3), we define spaces incorporating zero boundary conditions as

N
Wl = WP @Y X) @ @ WP (O, wi: X). 3.5

n=1

Using the above decomposition, we can define weighted Sobolev spaces on bounded
domains with vanishing traces.

Definition 3.7 Let p € (1,0), £ € Ny, k € [0, 1], k € Ny and let X be a Banach
space. Lety € (—1,00) \ {jp—1:j € N;}besuchthaty > (k — (£ +«))+p — 1.
Moreover, let O be a bounded C**-domain, let (OH),]:’:1 be special Cf "“_domains and
let Z be the coretraction from Lemma 3.6. We define

Wy (0, wi®; X)

N
=1fewhkro, wﬁo; X):If € wkP(®R?; Xx) @@Wé’p(On, w}a,o”; X)t.

n=1

This space is well defined by Lemma 3.6 and Definition 3.4. Moreover, the def-
initions are independent of the chosen covering of 9O and the partition of unity in
Lemma 3.6. Similar to Proposition 3.5, we obtain the following trace characterisation
for bounded domains. For the proof of this trace characterisation, we refer to [44,
Proposition 3.14].

Proposition 3.8 (Trace characterisation on bounded domains). Let p € (1, 00), £ €
Ny, k € [0, 1], k € Ny and let X be a Banach space. Let y € (—1,00) \ {jp—1:
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j € N1} be such thaty > (k— (€ +«))4p — 1 and let © be a bounded C** -domain.
Then - .
Wy (0, wi%; X) = Wy (0, wi®: X).

3.1.4 Properties of weighted Sobolev spaces

Finally, we gather some properties of weighted Sobolev spaces with vanishing bound-
ary conditions on the half-space. We begin with the following variant of Hardy’s
inequality, see, e.g., [46, Corollary 3.4].

Lemma 3.9 (Hardy’s inequality on ]Ri). Let p € (1,0), k € N;, y € Rand let X
be a Banach space. Then

WP RL, wy; X) > WELP@RE w, X)) ify <p—1,
WEPRY, wy; X) > WEIPRY, wy— s X) ify > p—1,
k, k—1, . . .
Wo (RY, wy; X) > Wy PR, wy—p; X) ify ¢ {jp—1:jeNi}.
We continue with a density result for weighted Sobolev spaces with negative

smoothness. Results for spaces with positive smoothness are, for instance, contained
in [46, Section 3.3] and [51, Section 4.2].

Lemma3.10 Let p € (1,00), k e Ny, y € (—1,00)\ {jp —1:j € N1} and let X
be a reflexive Banach space. Then CZ° (Rd ; X) is dense in W_k'p(]Rd s Wy X).

Proof From [46, Proposition 3.8] we have

dens / dens /
CPMRL; X)) ' SEWeP RL, wy; X) and  CORY; X)) DLV RE, w,; X)),
where we recall that y' = —%. Hence, W(])(’p/ (RZ, w,; X') is dense in
LY (Rd y Wyrs X") as well. Since X is reflexive, it also holds that Wg’p (Rd y Wyrs X"

is reflexive. Hence, it follows that

dense

LP®RY wy: X) S (Wo P R, wy X)) = WP R, wy: X),

and since CZ° (R%; X) is dense in LP(R%, wy; X), the result follows. O

4 R-sectoriality for the elliptic operator on the half-space

In this section, we study the elliptic operator corresponding to the damped plate equa-
tion (1.1). This elliptic operator on Rd, Ri, and bounded domains is studied in [17],
and these results will be the starting point for our analysis on weighted spaces. There-
fore, we will first recall several results from [17] in a slightly more general setting
with Muckenhoupt power weights.
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On R? the system (1.1) without boundary conditions can be written in the form

2 i _
{Btu—}—pBZB,u—i—Bu—f fort > 0, .1

u);=0 = (3u)];=0 = 0,

where B := A% on L”(R?) with D(B) := W*?(R?). Equation (4.1) is related to the
quadratic operator pencil V : W*?(RY) — LP(RY) given by

V) i= 22 +ApB? + B = (a3 + BZ)(a_h + B?),

where

S+i 1—%2 for0 < p < 2,

%i,/%z—l for p > 2.

The roots can be written as a4 = ¢®? for 0 < p < 2 and . > 0 for p > 2, where
the angle ¥ = ¥ (p) is given by

B (p) = {arCtan %\/@ for0 < p <2,
0

oL =

for p > 2.
Note that arga+ = £ (p) and ¥ (p) + T as p | 0.
By the classical theory of quadratic operator pencils and second-order Cauchy
problems, the operator V (1) can be inverted to show maximal regularity for (4.1). We
refer to [7, 9, 22, 55] and, in particular, see [22, Theorem 3.4] and [9, Theorem 4.1].

In [17], the related first-order system is studied which is obtained by setting v :=
(u, 3;u)". Then we can write

;v + Av = <(;> fort > 0,
V=0 =0,

where, formally, the operator matrix A is given by

0 —id
A= <A2 —pA)’ p > 0. 4.2)

In addition, we occasionally study the closely related operator

0 —id
An.:(n_i_Az —pA)’ n>0, p0>0. “4.3)

In the case of unbounded domains, the operator A, with n > 0 behaves slightly better
than A = Ao, since n + A? is invertible while A? is not.
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Following [17, Section 2], the operator A on the full space can be defined via its
symbol, i.e., A := FLA(§)F, where the matrix-valued symbol A(£) is given by

0 1), £ e RY.

A®) = <|s|4 Pl

For p € (1,00), y € (—1, p — 1), we define the Banach spaces

X = W*P R, wy,) x LP(RY, w,),
D := WP R, wy,) x WP (R, w,).

We record the following version of [17, Proposition 2.4]. The proof of [17,
Proposition 2.4] only relies on arguments involving Mihlin’s multiplier theorem
(for operator-valued symbols). Since Mihlin’s multiplier theorem is also available
on spaces with Muckenhoupt weights, the results can be extended. Furthermore, in
Proposition 5.9 we will provide an extension of Proposition 4.1 concerning higher-
order regularity.

Proposition 4.1 (Weighted version of [17, Proposition 2.4]). Let p € (1,00), y €
(=1, p— 1) and p > 0. Let A be the realisation of the operator in (4.2) on X with
domain D(A) := D. Then, for all A > 0, the operator A+ A is R-sectorial with angle
wr(A+ A) =V (p).

Proof The proof is similar as in [17, Lemma 2.1, Propositions 2.2 & 2.4] using
weighted versions of Mihlin’s multiplier theorem. For scalar-valued symbols, a
weighted version of Mihlin’s multiplier theorem can be found in, e.g., [48, Proposi-
tion 3.1]. For operator-valued symbols one has to apply [21, Theorem 5.12(b)] instead
of [24, Corollary 3.3] to obtain R-boundedness. O

In the rest of this section, we consider the operator A on the half-space. First, in
Sect. 4.1 we establish R-sectoriality of A on spaces with Muckenhoupt power weights.
Subsequently, in Sect. 4.2, we lift the R-sectoriality to higher-order Sobolev spaces
with power weights that do not belong to the class of Muckenhoupt weights.

4.1 R-sectoriality on spaces with Muckenhoupt power weights
For p € (1,00) and y € (—1, p — 1), we define the Banach spaces

Xy = Wy PR, w,) x LP(RL, w,),
2 2
Dy = (WHPRL, wy) N Wy P (RL, w,)) x WyP (RL, wy).

Similar to [17, Theorem 4.4] we obtain R-sectoriality of A, on spaces with Muck-
enhoupt power weights.

Theorem 4.2 (Weighted version of [17, Theorem 4.4]). Let p € (1, 00), y € (—1, p—
),n>0,p>0ando € (3(p), w). Let A, be the realisation of the operator in
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(4.3) on X4 with domain D(Ay) := D.. Then there exists a * > 0 such that for all
A > A, the operator . + A, is R-sectorial with angle og (A + A;) < 0.

Proof 1t suffices to consider n = 0, since a lower-order perturbation result [31, Corol-
lary 16.2.5] yields the case n > 0. For n = 0 the result follows from adapting the proof
of [17, Theorem 4.4] to include weights. We briefly sketch how [17, Theorem 4.4]
can be extended to the weighted setting. First, note that the representation formulas
for the solution in [17, Lemmas 3.1 & 3.2] do not depend on the underlying space.
Then a weighted version of [17, Proposition 3.3] can be proved using a weighted
version of [11, Proposition 4.12] and verifying that the integral operator related to the
kernel (x; 4 y;)~! is bounded in L? (R, wy) fory € (=1, p—1). The proof of [11,
Proposition 4.12] directly carries over to the weighted setting, and the boundedness of
the integral operator follows from [6, Theorem 1], where the condition on the weight
functions in this theorem is satisfied for power weights exactly for y € (-1, p — 1).
Moreover, [17, Lemma 4.3] also holds on L? (Ri, wy ). This provides all the ingredi-
ents for the proof of [17, Theorem 4.4] including weights. O

The zero boundary conditions in the base space X are necessary for the result
of Theorem 4.2 to be true, see [10] and [17, Proposition 3.4]. The existence of the
zeroth and first-order trace of functions in W27 (R< , wy ) is problematic here. We aim
to obtain R-sectoriality for A on spaces without the unnatural boundary conditions.
The results in [43, 44] indicate that this can be achieved on higher-order spaces with
suitable power weights. The main advantage of these weighted spaces is that fewer
traces exist than in the unweighted case. In particular, no traces exist for functions in
the weighted space WZ’P(Ri, Wy 42p) With y € (=1, p—1). This allows us to obtain
R-sectoriality for A on W27 (RY, wy,12,) x LP(RL, w,12,) in Sect. 4.2.

To be able to deal with spaces with more general power weights outside the Muck-
enhoupt class, we first study R-sectoriality of A on spaces with negative smoothness
in Theorem 4.7. This is done by extrapolating the R-sectoriality result for A on
Wg’p(Rd ,wy) x LP(RL, w,) to the space LP(RY, w,) x W™2P(RL, w,), sim-
ilar to [14, Section 3] where the case p = 2 is considered for bounded domains.

For proving Theorem 4.7 we need some preliminaries. We start off with the study
of A? in the strong and weak setting, where we have the following result that can be
proved similarly as in [11, Theorem 7.4].

Theorem4.3 Let p € (1,00) and y € (=1, p — 1). Then A? on LP(Rd , wy) with
domain D(A?) := W*P (R4, wy )N Wg‘p(R‘_f_, wy, ) has a bounded H*-calculus with
angle wp=(A?%) = 0.

Using the interpolation—extrapolation scale (Sect. 2.3), we can obtain results for
A? in the weak setting. For this, we first determine the adjoint operator of A% on
LP(Rd , wy ). We recall that we use the notation y = —ﬁ.

Lemma4.4 Let p € (1,00) andy € (=1, p—1). Let B, , := A2 on LP(Ri, wy)
with domain D(B, ) := w*r (R, wy )N Wg’p(Rd , Wy ). Then the adjoint operator
is B, , = By .
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Proof By integration by parts we obtain

2
(A%f, g)LP(Rd wy)xLP' R w,) T =({f.A g)LP(Ri,wy)xLﬂ/(Ri,wy/)

for f € D(Bp,y) and g € D(Bp ). In particular, by definition of the domain
of the adjoint (see for instance [32, Section II1.5.5]) we obtain B, , C B’, V' and
Bp y' € By, . For the other inclusion B, , € By, it suffices to show that Bp V'
is surjective and B’ by is injective, see [19, Exercise IV.1.21(5)]. The surjectivity of
B, follows from Theorem 4.3. By reflexivity and Theorem 4.3 it also follows that
B;,”y = B,,, is surjective, hence B;,’y, is injective. O

For A? in the weak setting, we now obtain the following regularity result.

Proposition 4.5 Let p € (1,00), y € (—1,p — 1), and n > 0. Then n + A% on
W’z’p(Ri, w, ) with domain D(A?) = Wg’p(Rd , Wy ) has a bounded H* -calculus
with angle wpoo (n + A% =0.

Proof Let B, = = A%on L”(Rd , Wy ) be as in Lemma 4.4 and let B’ oy = = By, be
its adJ01nt Note that the bounded H°°-calculus (Theorem 4.3) implies that B o, y/ on
LY (R, w,) has bounded imaginary powers. Therefore, by [31, Corollary 15.3.10]
and Lemma 4.4 we obtain

1 ’
D((B},,)?) = [L" (R{. wy). D(B), )]s
=LV RL, wy), WP RE, w, ) N WEPRL, w, )], (44)
2
= Wy ? ®RL, wy),

where the last identification follows from [51, Theorem 6.5] (see [58] for the
unweighted case). Using the interpolation—extrapolation scale (see Proposition 2.5),
(4.4) and duality, we obtain

E =(FE

LB, (= (DB D) = WRIRL, wy). (45)

%,(’H’Bp.y)/)

From Theorem 4.3, Propositions 2.3 and 2.4, and (4.5), it follows now that n + A2 on
w—2r (Rd , wy,) has a bounded H°°-calculus with angle zero. Moreover, (4.4) (with
p’ and y’ replaced by p and y, respectively) shows that the domain of 7 + A? on
W2P (R, w, ) is given by Wo” (R, w,)). O

With the above results for A2 at hand, we can now study the more sophisticated oper-
ator A, from (4.3) for n > 0. Again, we make use of the interpolation—extrapolation
scales to obtain properties of A; on spaces with less smoothness than those in Theo-
rem 4.2. We first determine the adjoint of A,.
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Lemma4.6 Let p € (1,00), y € (=1, p—1),n > Oand p > 0. Let A, be the
realisation of the operator in (4.3) on Xy with domain D(Ay) := Dy. Then the

adjoint operator A% on W27 (R4, wy) X LY (Ri, w,) is given by

0 + A? . / 2.p
Al = (_ . ”_pA > with D(A}) = L” RL, w,) x Wy'" (RL, w,).
Proof For notational convenience we write Wfo’)p (wy) = W(%)p (RL, w,) for p €
(1,00),y e (=1,p—1)and k € Z. Let v = (v, v3) € Lpl(wyr) X Wg’p (wy) €
WP (w,) x LP (w,) and u = (uy, uz) € D(A,) = (WP (w,) N WyP (w,)) x

WO2 P (wy). By integration by parts and the definition of the distributional derivative,
we obtain

{(Agu, v) = (—uz, ”l)LP(wy)xLP’(wy,) + {nuy, ”2>Lv(wy)xLP’(wy,)
2
+ {A%uy, UZ)LP(wy)xLP’(wy,) + {(=pAuz, U2)Lﬂ(wy)xu’(wy,)
= (u2, _U1>Ll’(wy)><Ll’/(wy/) + (uy, nv2>Lp(wV)><Lp’(wy,)

2
+ (u1, A UZ)Wg'p(wV)XW_ZV”/(wy/) + (ua, _pAU2>Lp(wV)XLp’(wV,)

where

~ 0 n+ A? . ~ / 2,p
Ay = <_id oA ) with D(Ay,) = L? (w,) x Wy'" (w,).

Forv € D(Z,,) itholds that the mapping (u — (Ayu, v)) : D(A,) — Ciscontinuous
with respect to the norm on Wg’p(wy) x L?(w, ). Hence, we have that Z,, C A;.

For the converse inclusion, we need to show that if v € D(A;I), then v € D(X,]).
First, note that if v € W_z*p/(wy/) X Ll’/(w},/) and u € D(A,), then we have

2
(Agte, v) = (=2, Vidyzr w20/ @y T AT ADUL V2 1 )

+ (=pAuz, v2>Ll’(wy)><L"/(wy/)'
4.6)
Now, let v € D(A;]). Note that the mapping (u — (A,u,v)) : D(A,;) — C can

be extended to a linear and continuous mapping from WO2 P (wy) x LP(wy) to C.
Moreover, the mapping

2,
@ WPy ) WG (wy) = €. un > ) 2= {01+ A1 02) L 10 )
“4.7)
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is continuous with respect to the norm on wp (wy ). Indeed, this follows from

|((7I + ANy, 1)Z)Lp(wy)xLP'(ww)\ = [(Ay(u1,0), v)]

< C|l(u, O)||W2.p(wy)pr(wV) = Cllux ||W21p(wy),

foru; € W4’p(wy) X Wg’p(wy). Furthermore, from Proposition 4.5 and n > 0, we
obtain that )
N+ A% Wyl (wy) > WP (w,) 4.8)

is an isomorphism. Combining (4.7) and (4.8) gives
(i1 = (0 + A% i) = (@, vz)L”(Wy)xL”,(wy/)) D LP(wy) - C

is continuous as mapping from (L?(w, ), || - || W_z,p(wy)) to C. Since L?(w, ) is dense
in W’Z*P(wy), there exists a unique continuous extension ¢ : W*Z‘P(wy) — C
which we identify with ¢ € (W‘z*p(wy))/ = Wg’p (w,) and it holds that

(1, @) = (U1, v2)

W2p (w, ) x WP (w,) W22 (w, ) x Wo P (w))

for iy € LP(w,). We conclude that vo = ¢ € Woz’p,(wy/) and this implies that the
last term on the right-hand side of (4.6), given by

(M2 = (—,OAMZ, v2>L1’(w,/)><L1”(wV/)

2,

W—QvP(wy)ng’p/(wy/)) '

is continuous on L”(w,, ). Since (4.6) needs to be continuous, by setting u; = 0 it
follows that also the first term on the right-hand side of (4.6), given by

. WP
(”2 = <M27 vl>W§’p(wy)XW_2~p/(wy/)) . WO (U)y) — C

can be extended continuously to L”(w, ). This implies that v; € LY (wy,r) and thus
we have v € D(A ). Therefore, D(A ) = D(A ) and A = An, which completes
the proof. O

The above lemma allows us to obtain R-sectoriality for A, on LP(Ri, wy) X
W2P(RY, w,).

Theorem4.7 Letpe (1,0),y € (—1,p—1)n >0, p > 0ando € (9 (p), ). Let
A, be the realisation of the operator in (4.3) on L”(Ri, wy) X W—2P (R4, w, ) with

domain D(Ay) = Woz’p(Rd , Wy) X LP(RY, wy ). Then there exists a % > 0 such
that for all A > A, the operator . + A, is R-sectorial with angle wg (L + A;) < 0.
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Proof Firstconsidern > 0. Take  from Theorem 4.2 and let & > . From Theorem 4.2
and Proposition 2.3 we obtain R-sectoriality on the extrapolation space E_j 14,,
which by Proposition 2.5 and Lemma 4.6 (using n > 0) is

E_1+4, = (E1gsa)) = (D(A;?))/
/ 2’ / _
= (LP RL, w,) x Wy'P RL, w,)) = LPRL, wy) x WP (RL, w)).
Again, by Proposition 2.3 the domain s givenby X4 = Wg PR, wy )X LP (R4, wy).

The case n = 0 can be obtained with the lower-order perturbation result [31,
Corollary 16.2.5] for R-sectoriality upon taking A larger. O

4.2 R-sectoriality on spaces with more general power weights

In this section, we study the R-sectoriality of A on higher-order spaces with power
weights that do not belong to the class of Muckenhoupt weights. For fixed p € (1, 0o)
and y € (—1, p — 1), we define for k € Ny the Banach spaces

XEPRY) = WEPRY, wypip) x WE2P(RY, wyi4p),

4.9)
Dy RY) 1= Wo ™" R wy k) x WP RS, wy ).

In particular, note that no traces exist of functions in ch/p (RY), see (3.1). Furthermore,

only the zeroth and first order trace exist of functions in ]D)];,’p (Ri), modelling the
correct Dirichlet—-Neumann boundary conditions of (1.1).

Theorem4.8 Let p € (1,00),y € (=1, p—1)k €Ny, p > 0and o € (9 (p), 7).
Let A be the realisation of the operator in (4.2) on X];,’p (Ri) with domain D(A) =

]D];,’p(Ri). Then there exists a > 0 such that for all Ao > X, the operator Loy + A is
R-sectorial with angle wr (Mg + A) < 0.

Before we prove Theorem 4.8, we collect a few preliminary results. We start with
some estimates on functions in weighted Sobolev spaces.

Lemma4.9 Let p € (1,00), y € (—1, p — 1) and k € Ny. Then, it holds that
k+1,p d
L M wtr @y 0 < N Mwietn @ g £ € WP RE Wy ey p),
k—1,p md
||f||wk72,17(]Ri,wy+kp) = C”f”Wk’l”’(Ri,wakH)p)’ few p(R.p wy+(k+l)p)-
Proof We only consider the second estimate for k € {0, 1}. All the other estimates

follow immediately from Hardy’s inequality (Lemma 3.9). For k£ € {0, 1} it suffices
by duality to prove

2—k,p’ md
) <
18yt gty S Ot a8 € W R wyr ),
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which again follows from Hardy’s inequality noting that ' = —% e(—1,p —1).
O

Let & € R and define the pointwise multiplication operator
M :Cgo(Rd;X)—> Cé’o(Rd;X) by Meu(x):x(f-u(x), xeRi.

By duality the operator extends to M? : D'(RZ; X) — D/(R%; X), and M~? acts
as inverse for M? on D’(Rd ; X). Moreover, we write M := M 1 'We have the next
estimates involving the multiplication operator M on weighted Sobolev spaces.

Lemma4.10 Let p € (1,00), y € (—1, p — 1) and k € Ny. Then, it holds that

o _ k+1, d
D MOl iy = 1 Dto @ gy | € WP RE, wysrp)s

la|=1

o _ k+3,p mpd
;} 1M Fllyzr g oy = I lgtn gt oy £ € W0 R, wy ).
a|=

Moreover, for |a| < 1, we have the estimate

k—1, d
MO fllwi2.0 @2 ) ) = CINwi-tr @2y s iy £ €W T RE Wy ternyp)-

Proof Note that by [43, Lemma 3.6] it follows that
£, £,
M Wy P (R, wy eip) = Wo' P (RY, wy i)

is anisomorphismforall £ € Ny. Moreover,if¢ = k, then M : Wk’p(Ri, Wy 4 (k+1)p) —
wk.p (R‘i, Wy 1kp) is an isomorphism since in this case no traces exist. Hence, we have

_— o —_ o
1 Mtr @ ey © D 10 F Mkr @ ey = D 1M f ytn @ )

Jee|<1 Jer|<1

for f € Wk“’P(Ri, Wy 4 (k+1)p)- The second estimate follows similarly.
Using that M : WP (RL, w4 eq1)p) — WEPRYL, wy14,) is bounded for ¢ €
Np [43, Lemma 3.6], we obtain for k > 2 and || < 1 that

o o
Ma f”W’f—Z‘F(Ri,wwkp) =CJ9 f||Wk—2~F(Ri~wy+(k+1)p) = C”fHWk_l‘”(Riv"JH(HUP)'

for f € W"_I*P(Ri, Wy 1 (k+1)p)- Itremains to prove the above estimate fork € {0, 1}.
By duality, it suffices to prove

2—k,p'
g€ WO r (Rd ’ wy’fkp’)?

aa . <
[E] Mguwd,k,,/ < Cllgllwéfk,pl(m,w

d ’
REwyr g pr) Y —kp')

where by integration by parts (—1)/3% M is the adjoint operator to M3*. Let @ =
(a1, a) € Ng x Ng_l with |a| = 1. Then, 0 M = M9“ + . Moreover, since

L,p ,p
MWy (RE wy,) — WP RE, wy— )
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is an isomorphism for all £ € Ng and u € R\ {jp’ — 1: j € Ny}, it follows that

"M —kp < ||M3* k! o —kp

I g”Wo] L ) S Il g”w& R ) + 1||g||wol & RE )
< C 30’ —k.p [0 —k.p
S e g TN

2—k.p’ md
< c ’
= C”gHWOZ_LP/(Ri»wyLkp’)’ g € W() (R+? Wy’ —kp )s
where we have additionally applied Hardy’s inequality (Lemma 3.9). O

Furthermore, in the proof of Theorem 4.8, we need an elliptic regularity result in
the case that the right-hand side of the equation is smooth.

Lemma4.11 Let p > 0, 0 € (V(p), ) and Ay > * with & as in Theorem 4.7.
Then, for all f € Cé’o(Ri) X Cgo(Ri) and h € Ay + Xy_s, there exists a unique
=y, u)' € S(Ri) X S(Rﬁ) such that

A+ Au=f,  ui(0,) = (@ u),)=0. (4.10)

Proof We fix A > . Note that, in particular, we have f = (f1, f»)| € LZ(R‘D X
W_2’2(]Ri). Then, by Theorem 4.7, we know that for every A > P Eq. (4.10) has a
unique solution u = (u, )T € Wg’z(Ri) X Lz(Ri). By the definition of A, this
shows that u is a solution of the scalar equation

Auyp —rpAuy +2%ur = H+0—pA) fi, ur1(0,-) = B1u1)(0,-) = 0. (4.11)

Let L(D) := A2 —ApA+ 212 Weextend g := fo+ (A — pA) fi € CSO(R‘_f_) by zero
tog e C® (R?) and consider the equation

LDyv=g
in R?. The operator L(D) can be written as F~ !mF with the symbol
m(§) = §[* +rolg> +2%, & R
Using m(£) # O for all ¢ € R, we obtain v = P3 := ]—LI%}"g. As P is a
pseudodifferential operator of order —4 (see, e.g., [1, Definition 3.1]), we obtain v =

P3% € S(RY) by [1, Theorem 3.6].
We use the ansatz u; = v lRi + w, which yields for w the boundary value problem

LDyw =0, (w,dw)lyps = (v, 310)|ype € SR x SR, (4.12)
Such boundary value problems were studied in [28]. As the principal part of L(D)
is given by A2, it is easily seen that the ellipticity conditions (E) and (LS) in [28,

Section 2.5.2] are satisfied for any ¢ € [0, 7). By [28, Proposition 4.16], there exists a
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solution w € S(R ) of (4.12), which is given by the application of a Poisson operator
to the right-hand side.

By construction, u| := U'M +we S(Ri) solves (4.11). Setting 4y = At| — f1 €
S (Ri) yields a solution (i1, ih) " of (4.10). By unique solvability of (4.10), we obtain
uj=1; € SRL) for j e (1,2} O

Remark 4.12 Alternatively, the result of Lemma 4.11 can be derived from properties
of the Boutet de Monvel calculus for pseudodifferential boundary value problems. The
boundary value problem A := (L(D), (Tr, Tro N’ belongs to the class %412(]1% )
of classical operators in Boutet de Monvel’s calculus of order 4 and type 2 in the sense
of [57, Definition 5.1]. Therefore, by [57, Theorem 5.11], there exists a parametrix
of the form B = (P+ +G, K)e # 14 O(R ), i.e., S := BA — id is a regularizing
Boutet de Monvel operator. Using (4.11) we write

uy = BAu — Su; = (ﬁ+ + é)(fz + (A — pA)fl) -

As g = fr+ (h— pA)fi € CP[RL), we get (P + G)g € S(RYL) by [57, Corol-

lary 5.5]. Since A has constant coefficients it even belongs to the SG-calculus in the

sense of [56, Definition 2.9], so we can even choose S to belong to the class of smooth-

ing operators in the SG-calculus, see [56, Definition 2. 18] By the mapping properties

of such operators [56, Theorem 4.5], we get Suj € S(RY %). Hence, u; € S(R ) and
uy = hui — fi € SRY).

We now turn to the proof of R-sectoriality of the operator A as stated in Theorem 4.8.

Proof of Theorem 4.8 For notational convenience we write XI;,’F = Xf/’p (]Rff_) and

ka = ]D)kp(R )forp € (1,00), ¥y € (=1, p — 1), and k € Z. Moreover, for
vectors we write u = (ug, up) and for sequences of vectors we use the notation
(u(”)) | for some N e Nj.

Step ] elliptic regularity. Let o > ¥(p) and let 7 be as in Theorem 4.7. Let
%0 > A and N € Nj. We first prove the following elliptic regularity result: for all
sequences (A, )n 1 in Ag + X;_, and (f("))fflv:1 € 8}2\, (X];,’p), there exists a unique
w™N_ e eN(ID) "7 such that

Dot ™ + Au™ = O Tru =Trou” =0, (4.13)
holds for each n € {1, ..., N}. Moreover, this solution satisfies the estimates

N N

1> ennnu™ | L) S > ens®] . (4.14a)
n=1 n=1
N N

(n) (n)
| ZS"“ ”LZ(Q;]D)];"’) S Zenf ”LZ(Q;X’;“’)' (4.14b)

n=1 n=1
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The case k = 0 follows from Theorem 4.7. For k € Ny, the uniqueness of (u("))fz\':1 in

the above statement follows from the uniqueness in X)O,’p and Lemma 4.9. The proof
of the existence and (4.14) goes by induction on k > 0. Now assume that (4.13) and
(4.14) hold for some k € Ny. It remains to show existence of a solution to (4.13) and
the estimates (4.14) for k + 1.

Fix N € Ny and let n € {1,..., N}. Moreover, let (f")N_| € &2 (CX(R?L) x
C(R%)) and consider the Eq. (4 13) with A, € A9 + Zr_s. For each f® ¢
COO(R ) X COO(R ), the unique solution #™ to (4.13) is in S(R ) X S(R ) and

w0, ) = (alu("))(o .) = 0. This follows from Lemma 4.11.

For || < 1 we define v® := M3%u"™. We claim that for n € {1,..., N} and

la] <1, v™ satisfies the equation

0

4.15
49,0 Aul — 29, a%é’”) (*15)

Ao ™ 4+ Av™ = Ma% F™ 4 (

and the boundary conditions Tr vi") = Tr o vi") = 0. Indeed, note that we have the
commutation relations

[A, M3%)g = 20,0%,
[A%, M3%]g = 43,0%Ag,

for g € S(Ri). Therefore, we obtain

M3 (ul™ (”))
(n) (n) _
Ay MO*“u'V + AMO*u" = (Maﬁt(Az ) Y u(n) (n))

0

* <4alaaAu§”) - 2pala“u§”))

and appealing to (4.13) yields (4.15). Moreover, note that Tr Md%u (") = 0and
Tedy Mo%u)” = Tr (M310%u\"” + 8%u{") = Tr8%u(” =0,

where the last identity follows from Tru'” = Tro;ul” = 0 (if @ = 0 or & =
(1,0,...,0)) and Tro%u(” = 8% Trul” = 0if & = (0,&) € Ny x Nd~! with
la] = 1. Th1s proves the clalm.

From the induction hypothesis (4.14b) applied to (4.15) and (4.13), we obtain for
la| < 1 that

N

I 28" ”LZ(Q DkP) ~ < Zs My* f HLz(Q x5 +| ZS”MI HLZ(Q W22 R 1w, 11,))

n=1 n=1

+ > eau” ||L2(sz;wk«n(u§i.wy+kp))

n=1
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< H Zs My*fo )HLZ(Q xkr + ” anf( HLZ(Q xer)

n=1

< Zgnf(n) ||L2<sz;x§+'-p),

where in the last estimate we have used Lemmas 4.9 and 4.10. Using Lemma 4.10
once more gives

N
H Z«S‘nu HLZ(Q ]D)]‘H Py~ Z ” Z Env ”LQ(Q;DIJ‘;P) S ” ZSnf(") HLZ(Q;Xg‘;ﬂ’p)'

le]<1l  n=l1 n=1
(4.16)
The equation A,u™ + Au®™ = £ and (4.16) yield

N N
I ZS")‘ | gty S | > enAu™ e > e ™ | 2@,

n=1 n=1

<||Z£n )”Lz(QDkﬂp)—i—”Zenf HL2(QXkHP)

n=1

S Zenf(”) ”Lz(Q;X];“-P),

n=1

which proves the desired estimates for (f (”)) _, € 2 v(C OO(Rd ) x C OO(R ).

The general case follows with by density argument. First, note that CJ° (R4 1) x
Cgo(Ri) is dense in Xf,“’p by Lemma 3.10 and (3.2) for negative and positive
smoothness, respectively. Let (f(”))ﬁl\/:1 € E%V(Xf,ﬂ’p), then foreveryn € {1,..., N}
there exists a sequence (f ™)~ € CP(RL) x C(RL) such that ™) — 0
in Xf,“’p as m — oo. Moreover, (f™™)N -~ — (fHN_in sjzv(XI;,H’p) asm —
oco. Every (f"™)N_ defines a (u"™)N_, ¢ 812\,(}1])];,“”7) such that A,u™™ +
Aum = f0um) foralln € {1,..., N} and m > 1. In addition, by (4.16) we have

(e}

N N
H ZSn(u(n’ml)_u(n'mﬁ)HLz(Q;D’;“'P) < ” Zgn(f(n,mo_f(n,mz)) “LZ(Q;XIJ‘,HJ’) —

n=1 n=1

asmi, my — 00. Completeness of 812\, (Dk+] Py implies that there exists a (u("))N

S%V(Dgcfl’p) such that (u("'m))flv:] — (u("))N | in &2 ~ Dy k+l, "’yasm — oo. Moreover,
we have

N
H Z en (kn—|—A)(u("’m) (H))”LZ(Q X'H'l = | Z e M) _ (n))||L2(Q;D]k/+I.p) — 0,

n=1 n=1
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as m — oo. This implies that

N s N .
(G Ay ™)y = lim (G A ™),y = lim (FOD0 = (P

Thus, for any (f(”))f;/:1 € 812V (X,k,Jr]’p) there exists a (l,t(”)),’l\':1 € SIZV(D;(/H"’) such
that A,u™ 4 Au®™ = f™ forevery n € {1, ..., N} and the required estimates hold.
This finishes the induction.

Step 2: R-sectoriality. To show that Lo + A is R-sectorial, we prove that for o >
¥ (p) the set

{(A=20)A+A) 7 ke o+ Zao)

is R-bounded. Note that Step 1 implies that Ag + A : ]D)];,’p — X];,’p is a closed and
surjective operator. Hence, it has dense range, and [30, Propositions 10.1.7(3) and
10.1.9] imply dense domain and injectivity.

Fix N € Ny and let n € {1,..., N}. By the Kahane contraction principle [30,
Theorem 6.1.13] and Step 1, we obtain for A, € Ao + X7_¢

N
[ enCn = 20)CGon + AP L2 gty

n=1

N
S max |An):l)L0 | ” Zgn)\n ()\n + A)_lf(n) ”LZ(Q;XI;'I’)

n=1
N
S anf(n) ||L2<sz;x""’>’
n=1 4
where we have used that

An|  ifo elF,m)
An =20l = g . P
ifo € (¥(p), 51

sin(o)

fork, € Ao+ X705

This shows that Ao + A is R-sectorial with angle wr (Ao + A) < 0. O

5 R-sectoriality for the elliptic operator on domains

In this section, we apply perturbation and localisation techniques to transfer R-
sectoriality of A on the half-space to bounded domains. Localisation techniques are
quite standard in the literature, see, e.g., [11, 20, 35]. In the weighted setting, one
can use a more advanced localisation procedure based on the diffeomorphism in
Lemma 2.8. In this way, we can deal with domains that have low regularity and
cannot be treated by applying standard localisation techniques.

We will use a similar strategy as in [44], where maximal regularity on weighted
Sobolev spaces for the heat equation on bounded C'-domains is derived. For the con-
venience of the reader, we will include the details of the perturbation and localisation
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argument, since only the Laplace operator is considered in [44]. We proceed in three
steps.

1. Use R-sectoriality for 1o+ A on Ri (Theorem 4.8) and known perturbation theory
for R-sectoriality to obtain R-sectoriality for Ag + A on special domains with Aq
large enough.

2. Perform a localisation procedure to transfer R-sectoriality for Ao + A on special
domains to bounded domains.

3. Use discreteness of the spectrum of A on bounded domains to obtain R-sectoriality
for the unshifted operator A.

These three steps are carried out in the subsequent Sects. 5.1, 5.2 and 5.3.

5.1 Perturbation of R-sectoriality to special domains

Let p € (1,00), k € Ng, and y € (—1, p — 1). We define the following spaces on
domains

xX5P(0) == WhP (0, wy+kp) x Wk=2P (O, w

DEP(O) 1= Wy 2P (O, wh

) (5.1)

)y x WP (O, wy+kp)

V+k[7
where the space with zero boundary conditions is as in Sect. 3.1 if O is a special or
bounded domain. Note that this definition for O = Ri coincides with (4.9).

We start with the perturbation of the R-sectoriality of A to special domains.

Theorem 5.1 Letp € (1,00),k € (0,1),y € (1—k)p—1, p—1), k > 2 aninteger,
p>0,0¢€ @(p),n), andlet O be a special CCl -domain with [Olcix < 1. Let A
be the realisation ofthe operator in (4.2) on X P(O) with domain D(A) := Dk p((’))
Then there exist » > 0 and § € (0, 1) such that if [Olcix < 6, then for all Ao >,
the operator Ay + A is R-sectorial with angle wg(Ao + A) < 0.

Remark 5.2 The conditions that O is a special Ccl"(—domain andy > (1 —k)p —
1 are only required to obtain the domain characterisation D(A) = ]D)];’p (0), see
Proposition 3.5. In fact, the rest of the proof as given in this section also works for
special C Cl -domains and y € (—1, p — 1). Therefore, Theorem 5.1 remains valid for
special C}-domains and A with domain

D(A) = Wy (O w)Qy,) x WP (O, w)Fy,).

Indeed, using these spaces, @, is an isomorphism without any additional conditions
on the smoothness of the domain or weight exponent, see Proposition 3.3.

To relate the operator A in (4.2) on special domains and the half-space, let i1, h>
and ® be as in Lemma 2.8 defining a diffeomorphism between a special CC1 **_domain
and the half—space Recall that <I> «f == fo® for f e LI (O) and define A® :

W RE) x W RY) — WEIRY) x L) (RY) by

loc

loc loc

A®:=d,0A0(@ ), = A+ B, (5.2)
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where A is the operator on Ri and B is a perturbation term. Since A consists
of the Laplacian and the bi-Laplacian, we mtroduce the coordinate changes A% :
Wl ®RY) — Ll (RY) and (AY)® : Wb (RY) — L1 (RY), which are given by

loc loc

=P, 0A0 (@, and (AH® =D, 0A%0(@7)),. (5.3)

More generally, if C is a linear differential operator of order N € Ny, we can define
the coordinate change C .= d,0Co (CD_l)*. We will compute the perturbation
terms corresponding to this coordinate change if C has constant coefficients. To this
end, we introduce the following class of differential operators.

Definition 5.3 For N € Nj, we call a differential operator P in Ri an operator of
special form of order N if it is a linear combination of terms of the form p;(y) -
pe(y)ot with u € Ng, where each p; (y) is of the form

pi(») = 3"h1 (@' (y) or pi(y)=8"ha(y), ief{l,....L}, yeRL,

with v; eNg\{O}fori efl,...,¢}.Here,£ € {l,...,N}and |u| € {1,..., N} are
such that || 4+ Y5_, [vi| = £+ N.

The following lemma provides the necessary properties of differential operators of
special form and the coordinate change C®.
Lemma 5.4 The following statements hold.

(1) If C is a linear differential operator of order N € Ny with constant coefficients,
then P := C® —C is of special form of order N, where additionally all coefficients
pi have the form p; = (8Vihy) o @ 1L

(i) Let Pbea differential operator ofspeczalform of order N € N. Then ®Pisa
differential operator of special form of order N + |8| for all § € Nd.

Proof of (i) By Lemma 2.8, the Jacobian of ® is given by

1 —01hi(x) —0dhi(x) ... —04h1(x)
0 1 . 0
(D®)(x) = . . . .
0 0 . 1

From this and the chain rule, we see that
O (u o @) = (du) o ® — (Oh)((u) o @), ke{l,....d}, 54
for sufficiently smooth u: Ri — C. We show by induction on N that for every

differential operator C of order N with constant coefficients, the difference (C(u o
D)) (x) — (Cu)(d(x)) is a linear combination of terms of the form

4
<H(8”"h1)(x)) (0" u) (@ (x)), x €O, (5.5)

i=1
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where €, v;, ( are as in Definition 5.3. From this, the statement in (i) follows by taking

=o~'(y).
For N = 1, this follows immediately from (5.4). Now, let C be a differential
operator of order N + 1. By linearity, we may assume that C = 9% with « € N4,

|| = N + 1. Writing 9% = d” withk € {1,...,d}anda’ € N¢, |&/| = N, we get
by induction and (5.4) that

9% (U 0 @) — (8%) 0 ® = 89% (u 0 D) — (8%) 0 ®
= 8k((8a/u) od + Bu) — (%)o@
= (0% u) 0 @ — (3xh1)((319% u) o ®) + 8 Bu — (9%u) o ®
= —(Oh) (019 u) o D) + 3 Bu,
5.6)
where Bu is a linear combination of terms of the form (5.5). The first term in (5.6)

is obviously of special form (5.5) of order N + 1. For the second term, we use the
product rule to see that d; Bu is a linear combination of terms of the form

4

o (TTo"m ) (@"wy 0 ®) = 3 (TT 0" ) @ h) (@) o ®)

i=1 j=1 i#j
+(

where we have again used (5.4). From this we see that all terms are of special form
(5.5) of order N + 1, which finishes the proof of (i).
Proof of (i1). In the same way as above, we see that

~

4
0 ) (00w 0 @) — a0 ) (019") o @),
i=1 i=1

e

(hy o @) = (@h1) o @1+ @h)(@1h) o @),  ke(l,....d}. (5.7)

To show (ii), it is sufficient to consider |8| = 1, i.e., 3’ = 8 forsome k € {1, ..., d}.
By the product rule, we have

¢ ‘ ¢
3k(1_[5i)3“ = <H5i>3k3”+Z(Hﬁ/)(3kl7i)3“-
i=1 i=1 =1 A

Here, each term on the right-hand side is an operator of special form of order N + 1.
This is obvious if p; = 3" h, and follows from (5.7) if p; = (8" h1) o L. O

As a special case of Lemma 5.4 we obtain the perturbation terms arising from the
change of coordinates corresponding to the (bi-)Laplacian and A in (5.2) and (5.3).

Corollary 5.5 Let A% and (A*)® be as in (5.3). Then for j € {1, 2} it holds that
(A)® = A + B,
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where B; is an operator of special form of order 2j. Moreover, for A® as in (5.2),
we have

0 0
A®*=A+B, with B:= :
+ wi (Bz —,OB])

Proof The statements on (A/)® follow immediately from Lemma 5.4(i). The pertur-
bation term B for A® simply follows from the structure of A in (4.2). O

To apply perturbation theorems for R-sectoriality to B, we provide the necessary
estimates on these perturbations.

Lemma5.6 Letp € (1,00),k € (0,1),y € (1—x)p—1, p—1), k > 2 an integer,
p > 0, and let O be a special CCI’K-domain with [O]cix < 1. Then the perturbation
term B from Corollary 5.5 satisfies the estimate

1Bullygr ey =< C- [Olcix - | u € DP(RY),

s u 9

where the constant C > 0 only depends on p,k,k,y, p and d.

k, k+2,
Proof Letu = (u1,u2) € DyP(RL) = WP (RL, wyshp) x WEPRL, wy14p).
By Corollary 5.5, it suffices to prove the estimates

< . .
B2 2@,y < € [OLcr it yyiszp -

k42, d
up € Wy TP (RY, wygkp),
”BluZHW’f*ZP(Ri,wyMp) <C-[Olcu« - HMZHW"J’(Ri

k, d
u e W P(RJ’_, Wy+kp)-

va+k]7) ’

Let j € {1,2} and setv; := u3_; € Wg_2+2j’p(Rd

, Wy 4kp), Where it should be
noted that for j = 1 we have v; = uy € WEP(RY wy, 44,) = Wo P (RL, wy 14,) by

(3.1). Thus, we have to show that

”Bj vj “W"’z”’(Ri,wwkp) S [O]Cl”( . ||Uj ”Wk72+2j’p(Ri,wy+kp)’ (5.8)
forv; € Wy 2P P RL, wy14p).
Leta € Ng with |a| < k — 2. By Corollary 5.5, we know that B; is an operator of

special form of order 2 j. Moreover, by Lemma 5.4(ii), the operator 9% B} is of special
form of order 2 j + |«|. More precisely, * B v; is a linear combination of terms of the

form]_[le bjd*u, whereb; = (3Vih1)o® ' orb; = 3Vihy with€ € {1,...,2j+|al},
vi € NE\ {0}, |u| € {1,...,2j + |a|} satisfying

L
il 4D lvil = £+ 2j + |el. (5.9)

i=1
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To estimate a factor of the form b; = (3" h1) o o1 we apply Lemma 2.8(ii) and (iv)
to obtain the (non-optimal) estimate

[O]CI.K < [O]CI,K

: R, (5.10
dist(®~1(y), dO)MI=T il yeRL.  (5.10)

13" ) (@ ()] <

For factors of the form b; = 9" hy, we use the same lemma to get

[O]CI,K

d
SCE yeRy (5.11)
M|

1@"h)(WI <

For a term of the form ]_[f:l b;0*v;, we obtain, using (5.10), (5.11), the fact that
[Olcix < 1, and Hardy’s inequality (Lemma 3.9 applied Zle (Jvi| — 1) times),

l
JBRERY SOl - 18*01l, popa
H Pl MNer®d wy4p) TP R,y uy1-1)p)

< [O Nv;
S [Olere -l /”W\ILI+Z,-Z=1(IVil—l)-P(Ri‘wy*_kp)

S 1OIcre - vjlyr-242i0 @2 w4y

where in the last estimate we have used (5.9) and || < k — 2 to obtain

t 14
il + D (il =1 = Iul = £+ Y il <k —242).

i=1 i=1

As 0% Bjv; is alinear combination of such terms, this proves the desired estimate (5.8)
and finishes the proof. O

With the estimates on the perturbation terms at hand, we can now prove Theorem 5.1.
Proof of Theorem 5.1 Let O be a special Ccl"‘—domain and let iy, hp and ® be as in
Lemma 2.8. Recall that we introduced A® : Wli’c] (Ri) X W]i’cl (R‘i) — Wlf)‘cl (Ri) X
LllOC (Ri) given by

A® =P, 0A0(@ ), = A+ B,

with B as in Corollary 5.5. Consider the realisation of A% in X)k/’p (Ri) with domain
D(A®) = D]k,’p (Ri). Due to the isomorphisms in Proposition 3.3, the trace char-
acterisation in Proposition 3.5 and standard properties of R-sectoriality, the desired
statements in Theorem 5.1 for A on Xf,’p (O) are equivalent to the corresponding state-
ments for A® on X];,’p (R9). To prove that 1o + A® on X,k,’p (RY) is R-sectorial for Ao
large enough and [O] .1« small enough, we apply the perturbation result [31, Theo-
rem 16.2.4]. Indeed, by Lemma 5.6 and Theorem 4.8, we have for all u € D)k,’p (Ri)
that

1Bullygo gy S 1O1cts - el gy = [Olens - 100 + Al g
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Therefore, applying [31, Theorem 16.2.4] gives the desired result. O

5.2 Localisation of R-sectoriality to bounded domains

To obtain R-sectoriality on bounded domains, it remains to apply a localisation pro-
cedure based on lower-order perturbations.

Theorem 5.7 Let p € (1,00), k € (0,1), y e (1 —x)p—1,p—1),k = 2 an
integer, p > 0, 0 € (9 (p), ) and let O be a bounded C'-*-domain. Let A be the
realisation of the operator in (4.2) on X’;’p((’)) with domain D(A) = ]D)];’p((’)). Then
there exists a » > 0 such that forall Ao > x, the operator Ly + A is R-sectorial with
angle wgr (Ao + A) < 0.

To transfer R-sectoriality from special domains to bounded domains, we use the
following abstract lemma based on lower-order perturbations. A version of the lemma
below for the H°°-calculus can be found in [46, Lemma 6.11].

Lemma 5.8 Let A be a linear operator on a Banach space Y, and let A be an R-
sectorial operator on a Banach space Y. Assume that there exist bounded linear
mapplngsI Y>YandP:Y > Y satisfying
i) PL=
(ii) ID(A) C D(A) and PD(A) C D(A),
(iii) (ZA — AZ)P D(A) - Y and I(AP — PA) D(A) — Y extend to bounded
linear operators [Y D(A)]g — onr some 6 € (0, 1).

Then A is a closed and densely defined operator and for every o > wpg (AV) there exists
a A > 0 such that » + A is R-sectorial with wr(AL + A) < 0.

Proof The proofis similar to the proof of [46, Lemma 6.11] if one uses the perturbation
theorem [31, Corollary 16.2.5] for R-sectoriality. O

To apply the localisation procedure from Lemma 5.8, we use the decomposition of
weighted Sobolev spaces as in Lemma 3.6. This requires the R-sectoriality of A on
special domains (Theorem 5.1) and on the full space R. From Proposition 4.1 and a
lifting argument, we obtain higher-order regularity for A on RY.

Proposition5.9 Let p € (1,00), y € (—1,p — 1), k > 2 an integer, p > 0,
o € (9 (p), m) and let A be the realisation of the operator in (4.2) on wk. ”(]Rd wy) X
WE=20 (R, w,) with domain D(A) := W*2PRY w,) x WEP(R?, w,,). Then
there exists a . > 0 such that for all Ao > x, the operator Ao + A is R-sectorial with
angle wgr (Ao + A) < 0.

Proof Recall that the Bessel potential operator is defined by
Lf=0=-M21f=F A+]-PIFf). [feSRY, seR.
Then, J;_¢, is an isometry from W“’(Rd, wy) to WKU*P(Rd, wy) forall p € (1, 00)

and ¢, £9 € Ny with £ > £(. Indeed, for the Bessel potential scale this follows from
the definition and by [48, Proposition 3.2] it also holds for Sobolev spaces.
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Let f € S(R?) x S(RY), %9 > 0 and A € Ao + Tr_o. Consider the equation
(A + A)u = f which has the solution representation

u(x) = F g ATHE MVEFENE) ()

where, following the notation of [17, Section 2], we have that

A —1
AG. 1) = <|§|4 ot p|§|2)

is invertible and its inverse (see [17, Equation (2.3)]) is given by

. B 1 (A+p|s|2 1)
4 (E’k)_(Ol+?»+|§|2)(a7)»+|§|2) —&* A

Now, the solution to (A + A)ii = Jy_» f € S(R?Y) x S(R?) is given by

dx)=F (€~ AT ENFR2HE) @)
=F (e 1 +1EDT AT ENENE) D) = (o) ).
This proves that R(A, —A)Jx—2f = Jk—2R(X, —A) f, which is equivalent to
R(z, b0+ A)Jiof = i aR(z, ko + A)f, forzeC\ Z,. (5.12)
We can now lift the R-sectoriality to higher-order spaces. Fix N € Ny, let ()Ln)f;’: 1

be a sequence in C \ =, and let (f(”))fl\]:1 € 82N (S(R?) x S(RY)). By Proposition 4.1
and the definition of R-sectoriality, we have the estimate

N
” Zgn)\.nR()\n, )\40 + A)f(”) ||LZ(QQWz'p(Rd,wy)XLP(Rd,wV))
n=1
N
SIY et Pl 2 wer @i eir@i,y: (513)
n=1

From (5.12) and (5.13) it follows that

N
” Z‘Bn}‘nR(}‘n’ ho + A) ”LZ(Q;Wk~l)(Rd,wy)><Wk’Z»P(Rd,wy))
n=1 .
= D enra RO, 2o + A) o f ™ ||LZ(Q;Wz.p(Rd,wy)X”(Rd,wy))
n;l
S ” ZEanﬂf(") ”LZ(Q;WZ»P(R",wV)><L1’(]Rd,wy))

n=1
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N
_ (n)
~ H 2 enf ”LZ(Q;kaP(Rd,wy)xW"‘“(Rd,wy))'
n=
By a density argument, this proves the required R-sectoriality estimate. O

We can turn to the proof of our main result concerning R-sectoriality on domains.

Proof of Theorem 5.7 The result will be proved using Lemma 5.8 together with Theo-
rem 5.1 and Proposition 5.9.

Lete € (0, k) besuchthaty > (1—(x—e&))p—1.Take (V, )n 1> (On )n 1 (ﬂn),l,v:o
from Lemma 3.6 such that for all n € {1,..., N} we have [O,]c14— < § where
8 € (0, 1) is small enough such that Theorem 5.1 (applied with « replaced by x — ¢)
applies for every O,. Note that this is possible due to Remark 2.7. We define the
following operators, where the spaces are as defined in (3.3) and (3.5).

+2,p P
P with D(A) V\/k 0,y+kp X W) i where

() A:= @M, A, on W:?

+kp y+kp
(@) Ag on WEP(RY) x WE=2P(R?) with D(Ag) = WP (RY) x WP (R?)
is given by Agu = Al

I 00, — 00, . >
(b) A, on W"’p(On,wHkp) x Wk Zp(On,warkp) with D(A,) =

W(];H’p((?n, wi?’,’cp) x Wkr(O,, wy+kp) is given by A U = Au for all
nef{l,...,N}.

.. k

(i) B: D(A) =DyP(0) - WP x W27 given by

N
=5 (1) = (e i i)
Uy (1A%, madur = plA, maluz) ), o

(i) C : D(A) — X}”(O) given by

~ 0
~ ui N
Cu = ~ | = ~ -~
(uz) > ([A27 Mluin — plA, ﬁn]uz,n)

n=0

For Ao > 0 large enough, Ao + X foralln € {0, ..., N}is R-sectorial with wg (Ao +
Ay < - 0 by Proposition 5.9 and Theorem 5.1. Hence for Lo > 0 large enough, also
ro + A is R-sectorial with wr(Ao + A) <o.

Let P and Z be as in (3.4). It is straightforward to verify that the conditions (i)
and (ii) from Lemma 5.8 hold. It remains to check condition (iii) in Lemma 5.8. We
first characterise the complex interpolation space

[M/;/+kp

VVJ;—i—kp ’ D(A):I [ y+kp’ V\/(J;/Z-i’-ip:l I:V\/k +kP ’ V+kP]

[N
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Recall that (O, )N | are special CJ*-domains. Hence, using Propositions 3.3 and 3.5
to reduce to Rd and applying [51, Proposition 6.2], it follows that

900, k+2, 90, k+1, 90,
(WP (O, w50 Wo P (O wy Z 010 = Wy P (O )Ty ). (5.14)

From (5.14) and interpolation on RrR? (see, e.g., [29, Theorems 5.6.9 & 5.6.11]), we
obtain

Wk+2 D

V+kp’ V+kP

N
O, k+2, Oy
= [WhP @Y, WP R, @ WEP O w3, Wo 7 (O w) 0 )1

N
— wk+Lpmd k+1,p 30n y _ htLlp
= WY @ P Wy (O i) =Wk

n=1

Similarly, since ®, : Wk-?(O,,, w},0 ”) — Wko.P(RY Wy,) is an isomorphism for
all kg € Noandall yg € ((ko—1)p—1,00)\{jp—1:j € Ny} (see Proposition 3.3),
it follows from [51, Proposition 6.6] that

k—2,p 8(9,, k,p 30,1 _ k—l,p 30,1
[W (On’ wy+kp)’ W (Ol’l’ w}/+kp)]% - W (On» w}/+kp)'

—1.p
Hence, we obtain VVI; P 1= V\/k

+kp o VY Sk Y +kp P and thus we have proved that

VL, x Wy 3 D(A)]]_V\f“”) x Wt

0.y +kp X y+kp (5.15)

+kp +kp ’

To continue, note that
TAu — ATu = —Bu, u € D(A), and AP — PAL = Cii, e D(A).
Furthermore, the commutators [A, 1,] and [AZ, n,] are first and third-order partial

differential operators with smooth and compactly supported coefficients, respectively.
This and (5.15) yield that the operators

k+1, 2,p
TA = AT: Wyt P 0, wiQ, ) x WP, wdS ) — WA Wi
P 2,p k+1,p k—1,
PV, x Wl DA, — wi TP, w9 ) x w0l )

are bounded. Similarly, it can be shown that the operators

AP =PRIV, L, x W50 DAYy — WEP©O.w) D) x WP 0, w0 ),

y+kp ’
)—>)/\/k+kp VVk 2.p

k,p k—2,p
7:WwWhP(0, wy+kp)>< w (0, wy+kp y+kp
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are bounded. This shows that (ZA — XZ)P and Z(AP — PZ) extend to bounded

operators from [)/V;(/’ _‘f kp X l/\/l;:i: D(A)] 1to l/\/;_fk X )/Vl;ﬁqf . Applying Lemma 5.8

givesthatforallo € (¥ (p), ) there exists a’ > Osuch that forall Ao > X the operator
Ao + A on Xi7(0) is R-sectorial with wg (Ao + A) < 0. o

5.3 R-sectoriality for the unshifted operator

In this section, we prove the following improved version of Theorem 5.7, which, in
particular, yields R-sectoriality for the operator A without a shift.

Theorem5.10 Let p € (1,00), k € (0,1), y e (1 —x)p—1,p—1), k > 2an
integer, p > 0, and let O be a bounded C Lk _domain. Let A be the realisation of
the operator in (4.2) on Xy? (O) with domain D(A) := Di” (O). Then the following
assertions hold.

(1) The spectrum o (A) is a discrete set of eigenvalues which is contained in the
open right half-plane. Furthermore, o (A) is independent of p € (1,00), y €
(Il—=—x)p—1,p—1),and k > 2.

(i) There exists a %>0andao < % such that for all Ly > —3:, the operator Ag + A
is R-sectorial with wg(Ag + A) < 0.

Essentially, the R-sectoriality result in Theorem 5.10(ii) follows from Theorem 5.7
and Theorem 5.10(i). However, since we are dealing with weighted spaces and domains
with low regularity, we cannot argue immediately as in the proof of [17, Theorem 5.1].
To prove Theorem 5.10(i), we consider the operator A on X;{,’p (O) and on Woz’z((’)) X
L%(0). Then it suffices to show that the spectra of these two operators are equal and
that the spectrum of A on Wg ’2((’)) X LZ(O) has the desired properties.

We start with the analysis of the operator in the unweighted L2-setting. For suf-
ficiently smooth domains, the following result is an easy consequence of classical
elliptic regularity. As the domain O is of class C'* only, we have to argue slightly
differently.

Lemma5.11 Let p > 0 and let O be a bounded C'-domain. Let A be the realisation
of the operator in (4.2) on W02’2(0) x L2(O) with domain

DA == [u € W3(0) x LX(O) : Au € Wg*(0) x L*(O)).

Then the following assertions hold.
(1) The operator A is densely defined and closed.
(ii) Lets € (0, %). Then we have the higher regularity u; € Wli’cz((’)) for each u =
(u1,u2) " € D(A) as well as the continuous embedding
D(A) € (H*2(0) N W3 *(0)) x W(0), (5.16)

where H>*5:2(O) stands for the Bessel potential space.

@ Springer



32 Page 40 of 51 R. Denk, F. B. Roodenburg

(iii) The spectrum o (A) is a discrete set of eigenvalues which is contained in the open
right half-plane.

Proofof (i) AsCZ°(O)xC*(O) € D(A), the operator A is densely defined. To show
closedness, let (u(k))keN = ((ugk), uék))T)keN C D(A) be a sequence with u® -y
and Au® — vask — ooin Wg‘z((?) x L2(0). By the definition of A, this implies

ugk) gk) — uy in L2(0), the uniqueness of the

— —vjin WOZ’Z(O). As we also have u
limit in L2(O) yields us = —v; € Wg’z(O).

Similarly, we have the convergence A2u§k) —p Augk) — vy in L?(0) which implies

A% = v+ pAuy in L2(0), (5.17)

using that u(zk) — —v; = ujp in W§’2((’)). By the continuous embedding L*(0) <
W‘Z’Z(O), the convergence in (5.17) also holds in W‘Z’Z(O). On the other hand,
from uﬁk) — uj in Wg’z((’)) and the continuity of A2: Wg’z((’)) - W 22(0), we
also get

A2 = A%y in W22(0).

Again by the uniqueness of the limit, we see that Aup = vy + pAuy. Therefore,
u=ui,u)’" € D(A) and Au = (—u2, A%u; — pAusz)" = (v1, v2) ", which shows
that the operator A is closed.

Proofof (ii). Letu = (u, u2) | € D(A). Thenwe obtainu; € W,:>(©O) by asimilar
argument as in the proof of [49, Lemma 11.36]. Setting f = (fi, fz)—r = Au, we
get

A’uy = pAuy + fr = —pAfi + f» € L*(O).

Lets € (0, %). By [54, Theorem 6], the function u; belongs to H>*5-2(0), and we
have the estimate

luill gs+22¢0) < C” —PAfI+ J2 HHs—z,z(O) =< C” —pAfi+ f2 ”LZ(O)

< Clifllw220)xL2(0)-

From this and [luzlly220) = Il f1llw22(0), we obtain the continuous embedding
(5.16), where we endow D (A) with the graph norm.

Proof of (iii). By the Rellich—-Kondrachov theorem, the space on the right-hand
side of (5.16) is compactly embedded into WO2 ’2((9) x L?(©). Therefore, the operator
A has compact resolvent and, consequently, its spectrum is discrete and consists of
eigenvalues of finite algebraic multiplicity. Therefore, to show the statement on the
spectrum in (iii), it is sufficient to show that for each A with Re A > 0, the operator
A + X is injective.

Let L € C withReX > 0. On Wg’z(O) x L*(0), define the inner product

<U, l»U> = (Uls wl)L2(O) + (AU]1 AWI)LZ(@) + (UZ7 w2)L2(O)’ vV, W € Wg‘z(O) X L2(0).
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Foru = (u1,uz)" € D(A) with (A+A)u = 0, we obtain by integration by parts and
using the boundary conditions,

0 =Re (A+Mu,u) = Re M) (| A1 72, + lu2l1720)) + 2IVU212 0, cay-

As Re A > 0, this yields Vuy = 0. Hence, since us € Wg’z((’)), we obtain up = 0.
Furthermore, the second component of the equatlon (A + AMu = 0 implies that,

A%y = = pAuy — lupy = 0. Since u; € W0 (O) this implies, using integration by
parts again, that 0 = (A ui, ”1)L2(O) = ||Au; ”L2(O) and therefore u; = 0. So we
see that u = 0, which shows that the operator A + X is injective. O

In order to show that the spectrum of A on X’;’p (O) is independent of p, y and k,
we need the following lemma about the consistency of resolvents.

Lemma5.12 Letp € (1,00),k € (0,1),y € (1—=x)p—1, p—1), k > 2 an integer
and let O be a bounded CY-* -domain. Let

Apiy =A onXEP(O) with D(Apy.y) =Dk (O)

be as in (4.2). Let A be the operator from Lemma 5.11, i.e., the realisation of the
operator in (4.2) on Wg’z((’)) x L2(O) with domain

D(A) = [u € W3(0) x LX(O) : Au € Wg*(0) x LA(O)).

Then there exists a % > O such that for all . > » the resolvents R(}, —Apk,y) and
R(x, —A) are consistent.

Proof Let f € XJk,‘p On (WO2 2(0) x L?(0)). We have to show that, for sufficiently
large A, the resolvents R(A, —A, i ;) and R(A, —A) exist and are equal when applied
to f. For this, we first show an embedding result.

Take 1 < g < min{p, 2} and u € (2¢g — 1, 3g — 1) such that

>‘1(3’+—2p+1)_1>(3_;<)q—1. (5.18)

Using that y € ((1 —«)p — 1, p — 1), we can always find a u such that (5.18) holds.
First, we claim that

LP(O, w9, )y s L1(O, ww) (5.19)

y+2p

Indeed, foru € LP(O, wy +2p ) we have by Holder’s inequality that

pP—q
q

/ @) i) dx = ( / Ju)|Pw ,+zp<x>dx)”( /O w‘?l?_zw,,mx)dx) < 0.

The latter integral can be written as an integral over Ri (using the localisation from
Lemma 3.6 and the diffeomorphism from Lemma 2.8), hence the integral is finite since
(5.18) implies (up — q(y +2p))/(p — q) > —1. This proves the claim.
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We introduce for r € (1, 00) and v > —1 the space
Zry = {u € Woz’r(O, wSO) x L" (O, wgo) cAu € Wg’r(O, weo) x L"(O, wso)}.
Note that D(A) = Z; . For A large enough, consider the equation

MU+ AT = f. f eXEPO) N (WyP(0) x LH0). (5.20)

Then by Theorem 5.7, there exists a unique solution wg € le,’p (O). Hardy’s inequality
(for Lipschitz domains, see e.g., [36, Theorem 8.8]) and (5.19) yield

~ 4,
o € D (0) > DIP(0) = Wy (0, wip,) x WHP(O, w)F,,)

s Wg’q((’), wzo) x W24(0, wio).

Furthermore, for each A € C withRe A > 0, we have A € p(—.A) by Lemma 5.11(iii).
As Ais closed by Lemma 5.11(i), this is equivalent to the bijectivity of the operator
A + A. Therefore, there also exists a unique solution W; € Zp o of (5.20). Using
n > 0, g < 2 and the elliptic regularity (Theorem 5.7 using (5.18)), we find

B € Zoo > Zgyu = Wy (O, wl0) x W90, wiP).

Note that (5.20) with right-hand side f € L9(O, wZO) has a unique solution W by
Theorem 5.7 (again using (5.18)). It follows that wy = w;, which proves that the
resolvents of —A, x ,, and —.A are consistent. O

Using the above lemmas about the spectrum of A and the consistency, we can now
prove Theorem 5.10.

Proof of Theorem 5.10 Proof of (i). Since the embedding W7 (O, w%g)'—>Lp((9,
w%o) is compact for all p € (1, oo) and yy > —1 (see [26, Theorem 8.8]), it follows

that the embedding ]D)];,’p 0) — Xl;’p (O) is compact as well. Hence, the resolvent
operator R(A, A) with A € p(A) is compact. By the Riesz—Schauder theorem for
compact operators, the resolvent operator R(A, A) has a discrete countable spectrum
{oj : j € No}, where 0 # 0 are eigenvalues. Furthermore, zero is contained in the
spectrum of R(A, A) and is the only accumulation point of the spectrum. Therefore,
the spectral mapping theorem implies that o (A) is a discrete set of eigenvalues.

To continue, we prove that the spectrum o (A) is independent of p, k and y. Let
Apk,y and A be as in Lemma 5.12. It suffices to prove that 6 (A x,,,) = o (A). Note
that o (A) is a discrete set of eigenvalues contained in the open right half-plane by
Lemma 5.11. By Lemma 5.12 and analytic continuation it holds that R(z, Ap k)
and R(z, A) are consistent for all z € p(A, ) N p(A). If © € p(A), then since
0 (Ap k,y) is discrete and countable, there exists an r > 0 such that B(u, ) \ {u} C
p(Ap k) N p(A). Therefore, by consistency of the resolvents, we find

/ R(z, Apk,y)dz =/ R(z, A)dz =0,
dB(u,r) 9B (u,r)
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which implies that ; € p(Ap k,, ). The other inclusion follows similarly. This proves
that 0 (A, k) = 0 (A) and thus 0 (A, x ) is independent of p, k and y.

Using the properties of o (A) from Lemma 5.11, now yields that 6 (A, ,) is a
discrete set of eigenvalues contained in the open right half-plane.

Proof of (i1). By Theorem 5.7, it holds for ¢ large enough that Ao+ A is R-sectorial
with wg (Ao + A) < 7. From this and the fact that the spectrum of A is discrete, we
see that for each r > 0 only finitely many eigenvalues A with ReA < r exist. As
the 1mag1nary axis belongs to p(A) by (i), this yields minyec,(4) ReA > 0. We set
= 2 miny ¢y (4) Re A. Using the analyt1c1ty of the resolvent, it follows that there
exists some o < ” such that for Ao > —k the operator Ag + A is R-sectorial with
wr(ko + A) < G. a

6 Maximal regularity for the damped plate equation

We prove our main results on maximal regularity (see Sect. 2.2) for the damped plate
equation on the half-space and on bounded domains.

6.1 Damped plate equation with homogeneous boundary conditions

We first study the damped plate equation with homogeneous boundary conditions, i.e.,

0ku+ A —pAdu=f  (t.x)€(0,T)x O,
u=0oyu=20 (t,x) € (0,T) x 90, 6.1)
uly=0 = (0ru)|;=0 = 0 x e O.

Throughout, p > 0 is fixed, we write I := (0, T) for some T € (0, cc] and n
denotes the inward pointing unit normal vector at 3. Furthermore, for ¢ € (1, 00)
and u € (=1, g — 1), we denote by v, (¢) := [¢t|* a temporal weight.

We recall that the spaces le,’p (0) and D]k,’p (O) are as defined in (5.1). Furthermore,
we introduce the following short-hand notation. Let p, g € (1, 00), y € (-1, p—1),
ne(=1,g—1), k> 2aninteger and T € (0, oo]. We define the space for the data

f as

B2 v O.wd9y ) o= LI, v W20, wi9) ).

V+kP

For the solution # we define the spaces

Uk 2 v 0. w39y i= WRA L vy WP, wdD) ) 0 LI, vy WEF2P (0, w +kp))

+k" Ui
Uk (v O, w0 ) o= {u € U 2 vy O, w39y ) s uli—o = @)= = 0}.
Similarly, we define the spaces with zero boundary conditions at 3O as
pO(I v O, wy+kp) = WZ"’(I,U s Wk2PO, w29, VW Lia, v WO+2 PO, w

V+kl’ V+kp))
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oUs 20U, v O, wdQy ) o= {u € UL 20 (1, v O, wiy,) < tlimo = (r10)li=o = 0}

Using R-sectoriality of the operator matrix A obtained in Sects. 4 and 5 for the
half-space and bounded domains, respectively, we can establish maximal regularity
for the damped plate equation.

Theorem 6.1 Let p,g € (1,00),y € (=1, p—1), u € (—1,g—1), k > 2 an integer
and p > 0. Assume that either

(i) O=R%L and T € (0, 0), or,
(i) k € (0,1),y > (1 —k)p — 1, Ois a bounded C"*-domain and T € (0, 00].

Then the following assertions hold.

(1) The realisation of the operator A in (4.2) on X;{,’p((’)) with domain ]D))k,’p((’)) has
maximal L9(v,)-regularity on I. Furthermore, —A generates an analytic Co-
semigroup on X;{,’p (O). Moreover, if O is a bounded domain, then this semigroup
is uniformly exponentially stable.

(ii) Forall f € Fgfpz(l, v O, w}‘??rkp) there exists a unique solution

30)

k—2 .
u e OUq,p,O(I’ v O, Wyl

to (6.1). Moreover, this solution satisfies

— < —
||u||U§’1,2(I’U}L;O’w32kp) - C”f”]F];_pz(IaUu.;O»wggkp)’

where the constant C > 0 only depends on p,q,y, i, k, p,d and T. If O is a
bounded domain, then the constant C is independent of T .

Proof Theorem 4.8 (for O = R’i) and Theorem 5.10(ii) (for O a bounded domain)
together with [31, Theorems 17.3.1(2), 17.2.26(1) & 17.2.39] (using that C is a UMD
Banach space and 9 (p) < %) gives maximal L9 (v,)-regularity of A on /. Further-
more, [31, Theorem 17.2.15] implies that — A generates an analytic Cp-semigroup. If O
is abounded domain, then 0 € p(A) by Theorem 5.10(i), hence [31, Proposition 17.2.8
& Corollary 17.2.25] imply that this semigroup is uniformly exponentially stable. This
proves (i). For (ii) it follows from (i) and [31, Propositions 17.2.7 & 17.2.8] that there
exists a unique solution 7 = (if1, 2) ' € Wha(I, Uy X]k,’p(O))ﬂLq (I, vy D]k,’p(O))
to the first-order Cauchy problem

8/ + Al = (2) . Bl =0. 6.2)
Furthermore, this solution satisfies

”ﬁ“W]'q(],UM;Xs’p(O)) + ”a‘”Lq(I,U#;DI;'p(O)) S C”f”Lq([’vﬂ;kalp((’)’wi(zkp))' (63)
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Next, by setting u := u; we obtain that ,u = U by the first component in (6.2).

Hence, u solves (6.1). Moreover, it holds that u € OU (I v O, wy+kp) and

1

ltlhgs=21 u,:0.u80, ) S > 18/ ullyrg g, 0 WE20 (0,070, )
j=0

+ llull L9(1,vy; Wk+2.p(0,w§(3kp))

,S ”f”]F];;,Z(I,vM 0, de ),

where we have used that (ﬁl, ) = (u, 8,u) and (6.3).
Conversely, if u € OU 0(I v O, wy+kp) solves (6.1), then & := (u, d,u) "

belongs to W1-4(1, Vs X]; p(O)) NLIU, vy; ]D)y P(©)) and solves (6.2). Indeed, this
follows from the embedding

UL o vs O, wi,) <> WHIL v, WRP(O, w9, ). (6.4)
To prove (6.4), note that by [45, Proposition 5.5], [46, Theorem 3.18] (which also

holds on 7 by a restriction argument) and [51, Proposition 6.2] (using k > 2 and a
localisation argument based on Proposition 3.3 and Lemma 3.6), we obtain

2, k=2, k2,
W24 (1, 0, WP (0, wiS ) N LT v Wy =70, wd9, )

k 2,
= WL v W20, w),) Wo P (0, w) i) )
= Wh(1, v, WP (0, w39, ).
Thus, the solution u to (6.1) is unique and this completes the proof of (ii). ]

6.2 Damped plate equation with inhomogeneous boundary conditions

We turn to maximal regularity for the damped plate equation with inhomogeneous
boundary conditions. Consider

0%u + A%u — pAdju = f (t,x) € (0, T) x O,

u=go (t,x) € (0, T) x 90, ©5)
oplt = g1 (t,x) € (0,T) x 90,

=0 = (su)]|=0 =0 x €O.

Again, p > 0 is fixed, we write I := (0, T) for some T € (0, oc] and n denotes
the inward pointing unit normal vector at 0. The functions gp and g; denote the
boundary data. As is known from the standard unweighted theory for boundary value
problems [12], the optimal space for the boundary data is an intersection space of
Triebel-Lizorkin spaces in time and Besov spaces in space. Recently, in [15] the trace
theory has been extended to the weighted setting with rough domains. The theory
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for the temporal trace in the weighted setting is more delicate than in the classical
unweighted setting, see, e.g., [46, Section 7]. Therefore, we will not consider non-
zero initial data.

For the definition of weighted Triebel-Lizorkin spaces, we refer to, e.g., [47, Sec-
tion 3.1]. Similar as in [15] (and, e.g., [59, Definition 3.6.1] in the case of smooth
domains), we define spaces on 0O as follows. Let O be a bounded C I_domain
and fix (V,)_,, (O)Y_, and (n,)"_, from Lemma 3.6. For n € {1,..., N}, let
P, :0, - Ri be the Dahlberg—Kenig—Stein pullback from Lemma 2.8. Recall that
for any f defined on O,, the change of coordinates mapping is ()« f 1= f o D I
Furthermore, for any g defined on 00,,, we write (®,(0, )).g = g(CID,j1 (0, -)) which
defines a function on R?~!.

Let p € (1,00) and s > 0. Let L?(90) be the Lebesgue space with respect to the
surface measure. We define

B} ,(00) = {g € L?(90) : (2,(0, -))smpg € BS, ,(R*™") foralln € {1,..., N}},

equipped with the norm

N
Ills;, @0 1= D1 @n(0. Dutingllpy a1y & € B} 4(O).

n=1

Note that this definition is independent of the partition of unity and the diffeomor-
phisms up to equivalent norms.

In addition to the notation in Sect. 6.1, we introduce the following short-hand
notation for the spaces for the boundary data. Let j € {0, 1}, p,q € (1,00), y €
(-,p—1,ue(—1,g—1),k>2aninteger and t € (0, oc]. We define

y+1 . y+l

. |yl il
Gy, v 80) = Fy > 27 (I,UM;LP(BO))ﬂLq(I,vM;Bp’pj ?(00)),
GI (I, vu; 90) if1—4 %ttt

oGy I, vy 90) =

=
RS

p
3 . ‘ 1
{¢ € GLHU, v 00) : glimo =0} if 1 =% — 5L >

< ‘

The temporal traces in the above spaces are well defined, see, e.g., [51, Theorem 1.2].

Furthermore, it should be noted that the first-order temporal trace in GZ]Z% (I, vu; 00)
only exists if

j 1 1
]_i_i>]+&.
2 2p q
Using that j € {0, 1}, y € (=1, p— Dand u € (—1,q—1),weseethat§'+yz—j} >

0 > —“* Hence, for the given parameter ranges the first-order temporal trace never
exists and, therefore, no compatibility conditions on 9;g¢ and 9, g; are needed. This is
in contrast to the unweighted setting, see [17, Theorem 4.6 & 5.2] and, in particular,
[17, Equation (4.10)].
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For O a bounded C!-domain and u € C'(O), we define the spatial trace as

=00
Try ™ = (ulpo, n - (Vu)lpo),

where n denotes the inner unit normal vector at dO.

The following theorem gives the optimal space for the boundary data in the weighted
setting. It should be noted that, due to the spatial weights, the trace space is independent
of the smoothness parameter k. Also note that more smoothness of the domain is
required: C1, while for homogeneous boundary conditions we could allow for C'-
domains.

Theorem 6.2 (Spatial trace operator). Let p,q € (1,00), y € (—=1,p —1), u €
(=1,q9 — 1), k = 2 aninteger and T € (0, oo]. Furthermore, assume that either

i) O=R<, or,
(i) k € (0,1), y > (1 —k)p — 1 and O is a bounded C"* -domain.

Then the trace operator

1

00

Tr) g UR (v 0wl ) — [ oGaih (. vui 90)
Jj=0

is continuous and surjective.

Proof If I = R, then the result follows from [15, Theorems 4.1 & 5.3] applied with
k, ki, ¢ and y replaced by k — 2, 4, 2 and y + 2p, respectively. By using the zero
extension operator from R4 to R, we can argue similarly as in Step 2 of the proof
of [15, Theorem 4.1] to obtain the result for / = R,. The result for I = (0, T)
with T < oo follows by using an extension operator from / to R. Such an extension
operator can be obtained as in [4, Proposition 2.5]. O

We can now prove the main theorem of this paper concerning well-posedness and
regularity of the plate equation (6.5) with inhomogeneous boundary conditions.

Theorem 6.3 Let p,q € (1, oo) y e (—1, p—l) ne (-1 q—l) k > 2 an integer
and p > 0. Suppose that 1 — 7é “'H and 4 5= V—'H # “+ . Moreover, assume
that either

() O=RL and T € (0, 00), or,
() k € (0,1),y > (1 —k)p — 1, O is a bounded C"*-domain and T € (0, o0].

Then for all

fe Fk (I v O, w g0 € 0@2:7;](1, v 00) and gy € OG;’,);)(I, vy 00),

V+kP)

there exists a unique solution u € Uk 2(I v O, w29, ) 10 (6.5). Moreover, this

solution satisfies

y+kp

121,000, ) < CO et 2000,50,030, ) 180060 1 00y T 181Gty 14000
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where the constant C > Q only dependson p, q,y, i, k, p,d and T . If O is a bounded
domain, then the constant C is independent of T .

Proof From Theorem 6.2 we obtain a continuous extension operator

extt? HOG’[,(I V3 00) = U1, v O, whF ). (6.6)
j=0

First, consider the damped plate equation

O + A — pABT = [ (t,x) € (0,T) x O,
0= 0,0 =0 (t,x) € (0, T) x 90, (6.7)
U0 = (31)|=0 =0 x e O.

where _ 20
= f— (8} + A% — pAd)ext] (g0, g1)-

By Theorem 6.1 there exists a solution

~ 2,
7 e WZ,q(I » Wk 2[’((9 wy+kp))qu(I v W, + p(o y+kp))

— UN 2 (1, v O, wy+kp)

to (6.7) which satisfies the estimate

@ lhg-2(1,0,:0,09, )

S U ek2r 0,09, ) + (92 + A% = pAad,)exts (go, g1)||Fk 21000, )

”f”[gk 2(1 30, w30 ) + ”eth (8o, gl)”Uk 2(1 00, wy+k,))7
(6.8)
where for the last estimate we have also used the embedding

US 2 vus 0. wd9, ) < WL v, W20, wd9, )

+kp

This embedding can be proved similarly to (6.4), using the localisation procedure in
Proposition 3.3 and Lemma 3.6. Note that we may apply Proposition 3.3 for spaces
without zero boundary conditions, since y +kp > (k+ 1 —«)p — 1.

We now set u 1= u + ﬁ?o(go, g1). Then, u satisfies

=90 =30~  =—00—HO
Tr, u=Tr, u+Tr; ext; (go,g1) = (g0, &),

by (6.7) and properties of the extension operator. Furthermore, by (6.6) and (6.7), we
have
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- —0
uli=0 = =0 + ext; (go, &1)lt=0 =0,

~ —0
(1) i=0 = (9r1)];=0 + (3rext; (g0, &1))l1=0 = 0.

So, by construction of &, we have that u satisfies (6.5) and we have the estimate

~ —00
| ph—2 100y S lgr—2 .90+ [lext , k-2 oy 90
I ”Uq‘p (I'vll'o’wy+kp) I ”U,”, (I'vll'o’wy+kp) llexti™ (g0 gl)”Uqw (I’UM’vaerkp)

—00
S k=207 o 000, ) T llext ; k=207 o 0.0
~ ”f”[g[“, 1 v0wlQ, ) llext; ™~ (go gl)”[qu (00wl )

< _ p
S ”fth';{,,z(lvvu;O,wgfkp) + ||gO”G2‘_§,(1,vM;aO) + ||g1||G(111;(1,UM;30),

using (6.8) and (6.6). Finally, the uniqueness of the solution u to (6.5) follows from
Theorem 6.1. O
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