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Abstract
We prove well-posedness and higher-order regularity for a linear structurally damped
plate equation with inhomogeneous Dirichlet–Neumann boundary conditions on the
half-space and on bounded domains. To this end, we study maximal regularity prop-
erties of the related first-order system on weighted Sobolev spaces of arbitrarily high
smoothness. In particular, we consider Sobolev spaces with power weights that mea-
sure the distance to the boundary. This allows us to avoid unnatural compatibility
conditions for the data and treat the plate equation with rough inhomogeneous bound-
ary conditions on bounded C1,κ -domains, where κ ∈ (0, 1) depends on the exponent
of the spatial power weight, but is independent of the smoothness of the data. Our
methods can serve as an example to treat more complicated mixed-order systems as
well.
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1 Introduction

In this paper, we consider the linear structurally damped plate equation with inhomo-
geneous Dirichlet–Neumann boundary conditions given by

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂2t u + �2u − ρ�∂t u = f (t, x) ∈ (0, T ) × O,

u = g0 (t, x) ∈ (0, T ) × ∂O,

∂nu = g1 (t, x) ∈ (0, T ) × ∂O,

u|t=0 = (∂t u)|t=0 = 0 x ∈ O.

(1.1)

Here, ρ > 0 is a fixed parameter and ∂n denotes the inner normal derivative. Fur-
thermore, T ∈ (0,∞] is a time horizon and we consider the case of the half-space
O = R

d+ and the case of a bounded domain O ⊆ R
d .

The plate equation occurs as a linear model for vibrating stiff objects where the
potential energy involves curvature-like terms which lead to the bi-Laplacian as the
main ‘elastic’ operator, see, e.g., [41, Chapter 12] and [52]. The Eq. (1.1) relates to
the Kirchhoff model of thin plates; for mathematical modelling of thin elastic plates,
we also refer to [39, Chapter 2]. In the undamped situation (corresponding to ρ = 0 in
(1.1)), there is no energy dissipation, and the equation has no smoothing effect. Apart
from thermoelastic damping effects (as discussed in a semigroup context in, e.g.,
[40]), a standard damping model is given by structural damping as above. This model
describes a situation where higher frequencies are more strongly damped than lower
frequencies. In (1.1), the damping term has ‘half of the order’ of the leading elastic
term. For mathematical models of internal damping mechanisms leading to structural
damping of second-order, we also refer to [53, Section 4.2]. The generation of an
analytic semigroup for the plate equation with structural damping was investigated,
e.g., in [8, 17].

The Dirichlet–Neumann boundary conditions in (1.1) are also called generalised
Dirichlet conditions and are known in the context of the plate equation as clamped
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boundary conditions. We remark that these boundary conditions are mathematically
more involved than the boundary conditions u = �u = 0, which can be treated by
operator-theoretic methods, see, e.g., [7, 9, 55].

In this paper, we study well-posedness and regularity of (1.1) in a framework with
weighted Lq -L p-Sobolev spaces. Specifically, we consider spatial power weights of
the form w∂O

γ := dist(·, ∂O)γ for some suitable γ > −1. These weights are well
suited to control boundary singularities of solutions and their derivatives, see [43, 44,
46]. Our main result for (1.1) on bounded domains reads as follows. This is a special
case of Theorem 6.3, where for simplicity we omit the temporal weights. We recall
that Fs

q,p and Bs
p,p denote the Triebel–Lizorkin and Besov spaces, respectively.

Theorem 1.1 Let p, q ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1− κ)p − 1, p − 1) and let k ≥ 2
be an integer. Suppose that 1 − 1

q �= γ+1
2p and 1

2 − 1
q �= γ+1

2p . Furthermore, let O be

a bounded C1,κ -domain. Then for all

f ∈ Lq (R+; W k−2,p(O, w∂O
γ+kp)),

g0 ∈ F
1− γ+1

2p
q,p (R+; L p(∂O)) ∩ Lq (R+, B

2− γ+1
p

p,p (∂O)) with g0|t=0 = 0 if 1 − 1
q >

γ+1
2p ,

g1 ∈ F
1
2 − γ+1

2p
q,p (R+; L p(∂O)) ∩ Lq (R+, B

1− γ+1
p

p,p (∂O)) with g1|t=0 = 0 if 1
2 − 1

q >
γ+1
2p ,

there exists a unique solution

u ∈ W 2,q(R+; W k−2,p(O, w∂O
γ+kp)) ∩ Lq(R+; W k+2,p(O, w∂O

γ+kp))

to (1.1). Moreover, this solution u depends continuously on the data f , g0 and g1.

To prove Theorem 1.1, we rewrite (1.1) as a first-order system for v = (u, ∂t u)�,

i.e.,

∂tv + Av =
(
0
f

)

, with A =
(

0 − id
�2 −ρ�

)

. (1.2)

We establish results on sectoriality and R-sectoriality of the operator matrix A. With
this operator-theoretic approach, in the first step, we obtain unique solvability and
maximal regularity results for (1.1) with homogeneous boundary conditions u =
∂nu = 0. In a second step, we include inhomogeneous boundary data, using trace
results for weighted spaces obtained in [15]. The theory for temporal traces in the
weighted setting is delicate and therefore we only consider zero initial values in (1.1).

The main novelties of Theorem 1.1 can be summarised as follows.

(i) Fewer compatibility conditions for the data. Due to the introduction of a spatial
power weight, there is no need to include additional conditions of compatibility
type on the right-hand side of (1.1). We discuss this in more detail below.

(ii) Higher-order regularity. We establish maximal regularity results in weighted
Sobolev spaces of arbitrarily high smoothness.

(iii) Rough domains. The theory applies to bounded C1,κ -domains, independent of
the regularity order k. In this sense, one can speak of a rough domain.
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(iv) Rough boundary data. We obtain higher-order regularity of the solution in
weighted spaces, even if the boundary data is in the standard low-regularity
trace spaces. In this sense, we can also handle rough boundary data.

It is remarkable that, due to the introduction of a spatial power weight, we can give
a fairly complete well-posedness and regularity theory for (1.1) that avoids additional
unnatural compatibility conditions as encountered in [17]. It was shown in [17] that the
operator A in (1.2) is R-sectorial in the basic space W 2,p

0 (Rd+) × L p(Rd+), but not in
the space W 2,p(Rd+)× L p(Rd+). Therefore, one has to include the additional boundary
conditions h1 = ∂nh1 = 0 on ∂R

d+ for the first component of the right-hand side of the
equation (λ− A)v = h. It was shown in [10] that such compatibility conditions are in
general necessary for the sectoriality in unweighted spaces. For higher-order regularity
results, even more compatibility conditions on the data have to be assumed, see [10,
Theorem 3.6]. We can avoid any compatibility conditions on the data, independent
of the smoothness order of the solution, by introducing weighted Sobolev spaces. We
obtain R-sectoriality of A in the basic space

X
k,p
γ (Rd+) := W k,p(Rd+, wγ+kp) × W k−2,p(Rd+, wγ+kp),

where p ∈ (1,∞), γ ∈ (−1, p − 1), k ∈ N0 and wγ+kp = dist(·, ∂R
d+)γ+kp, see

Theorem 5.7. In particular, setting k = 2,we can replace the basic space W 2,p
0 (Rd+)×

L p(Rd+) from [17] by the weighted space W 2,p(Rd+, wγ+2p)× L p(Rd+, wγ+2p). The
advantage of the weighted space W 2,p(Rd+, wγ+2p) is that the Dirichlet and Neumann
trace operators do not exist, in this way omitting the compatibility conditions.

We obtain R-sectoriality of A on X
k,p
γ (Rd+) by the following method. We start with

R-sectoriality of A on the space W 2,p
0 (Rd+, wγ ) × L p(Rd+, wγ ) for γ ∈ (−1, p −

1), which can be obtained by extending the results in [17] to the weighted setting.
Then we lower the smoothness of the spaces by extrapolating the operator in the
sense of Amann’s interpolation–extrapolation scales (see Sect. 2.3 for details on these
spaces). For the extrapolated operator on L p(Rd+, wγ ) × W −2,p(Rd+, wγ ), due to the
low regularity, the boundary conditions are not seen, so there are no compatibility
conditions needed. This proves R-sectoriality on X

0,p
γ (Rd+).

Afterwards, with an induction argument on k, we raise the smoothness and the
weightwith a similar technique as developed in [43]which essentially relies onHardy’s
inequality (Lemma 3.9). In this way, we can get R-sectoriality in weighted spaces
X

k,p
γ (Rd+) of arbitrary smoothness k ∈ N0 without artificial compatibility conditions.
Once the R-sectoriality is obtained on R

d+, a localisation argument allows us to
treat the case of bounded domains. For the localisation, we make use of a special
diffeomorphism known as the Dahlberg–Kenig–Stein pullback, which straightens the
boundary and preserves the distance to the boundary. The blow-up of higher-order
derivatives of this pullback near the boundary is compensated by the weights in the
space. Therefore, we can establish the results for domains with C1,κ -boundary, even
for higher-order regularity. Note that even for the standard regularity k = 2, the
classical localisation would require a domain of class C4, as can be seen from [17,
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Section 5]. The Dahlberg–Kenig–Stein pullback was already used in [44] to obtain
higher-order regularity for the Laplacian on rough domains.

The operator A in (1.2) is an example of a mixed-order system, also called a
Douglis–Nirenberg system as considered in [2, 3]. In general, semigroup theory for
mixed-order boundary value problems is not yet available. For a general mixed-order
system in the whole space, the Newton polygon theory developed in, e.g., [13, 16,
23] leads to equivalent conditions for maximal regularity. For mixed-order boundary
value problems, the Newton polygon approach is known only in special cases, see,
e.g., [18] and for some recent results, see [50]. One of the difficulties for mixed-order
systems lies in the fact that one cannot take a product of L p-spaces as a basic space,
due to the Douglis–Nirenberg order structure of the system. Instead, the basic space
necessarily is a tuple of Sobolev spaces, where now the question of compatibility
conditions arises, similarly to the discussion above. With the present paper, we hope
to provide a first step for a maximal regularity theory for mixed-order systems in
weighted spaces, omitting compatibility conditions.

Outline

The paper is organised as follows. In Sect. 2, we introduce notation and recall
the necessary background on R-sectoriality, maximal regularity, and interpolation–
extrapolation scales. Section 3 is devoted to weighted Sobolev spaces with power
weights on the half-space and on rough domains. In Sects. 4 and 5, we establish
R-sectoriality of the elliptic operator associated with the damped plate equation on
the half-space and on bounded domains, respectively. Finally, in Sect. 6, we apply
these results to prove well-posedness and higher-order maximal regularity for the
structurally damped plate equation with inhomogeneous boundary conditions.

2 Preliminaries

2.1 Notation

We denote by N0 and N1 the sets of natural numbers starting at 0 and 1, respectively.
For a ∈ R, we use the notation (a)+ = a if a ≥ 0 and (a)+ = 0 otherwise.

For d ∈ N1 the half-space is given by R
d+ = R+ × R

d−1, where R+ = (0,∞) and
for x ∈ R

d+ we write x = (x1, x̃) with x1 ∈ R+ and x̃ ∈ R
d−1. For γ ∈ R, O ⊆ R

d

open and x ∈ O we define the power weight w∂O
γ (x) := dist(x, ∂O)γ . For notational

convenience, we write wγ := w∂R
d+

γ .

For two topological vector spaces X and Y , the space of continuous linear operators
is denoted by L(X , Y ) and L(X) := L(X , X). Unless specified otherwise, X will
always denote a Banach space with norm ‖ · ‖X and the dual space is X ′ := L(X , C).

For a linear operator A : X ⊇ D(A) → X on a Banach space X , we denote
by σ(A) and ρ(A) the spectrum and resolvent set, respectively. For λ ∈ ρ(A), the
resolvent operator is given by R(λ, A) = (λ − A)−1 ∈ L(X).
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Wewrite f � g (resp. f � g) if there exists a constant C > 0, possibly depending
on parameters which will be clear from the context or will be specified in the text,
such that f ≤ Cg (resp. f ≥ Cg). Furthermore, f � g means f � g and g � f .

For an open and non-empty set O ⊆ R
d and 	 ∈ N0 ∪ {∞}, the space C	(O; X)

denotes the space of 	-times continuously differentiable functions from O to some
Banach space X . As usual, this space is equipped with the compact-open topology.
In the case 	 = 0 we write C(O; X) for C0(O; X). Furthermore, we write C	

b(O; X)

for the space of all functions f ∈ C	(O; X) such that ∂α f is bounded on O for all
multi-indices α ∈ N

d
0 with |α| ≤ 	.

Let C∞
c (O; X) be the space of compactly supported smooth functions on O

equipped with its usual inductive limit topology. The space of X -valued distribu-
tions is given by D′(O; X) := L(C∞

c (O); X). Moreover, C∞
c (O; X) is the space of

smooth functions with their support in a compact set contained in O.

We denote the Schwartz space by S(Rd ; X), and S′(Rd; X) := L(S(Rd); X) is the
space of X -valued tempered distributions. For O ⊆ R

d we define S(O; X) := {u|O :
u ∈ S(Rd; X)}. For f ∈ S(Rd; X) we define the d-dimensional Fourier transform
(F f )(ξ) := f̂ (ξ) := ∫

R
d f (x)e−ix ·ξ dx for ξ ∈ R

d , which extends to S′(Rd; X) by
duality.

Finally, for θ ∈ (0, 1) and a compatible couple (X , Y ) of Banach spaces, the
complex interpolation space is denoted by [X , Y ]θ .

2.2 R-sectoriality andmaximal regularity

In this section, we recall the tools frommaximal regularity theory required for proving
our results about the damped plate equation. For a detailed study of R-sectoriality and
maximal regularity, we refer to [11, 31, 38].

2.2.1 R-sectoriality

Throughout this section, X and Y are Banach spaces. Let (
,F, P) be a probability
space. Then ε : 
 → C is called a Rademacher variable if the random variable ε

is uniformly distributed over {z ∈ C : |z| = 1}. A Rademacher sequence (εn)n≥1 is
a sequence that consists of independent Rademacher variables εn . For N ∈ N1 we
define the random sequence space ε2N (X) as the Banach space of finite sequences
(xn)N

n=1 in X , endowed with the norm

∥
∥(xn)N

n=1

∥
∥

ε2N (X)
:=
∥
∥
∥

N∑

n=1

εn xn

∥
∥
∥

L2(
;X)
.

A family of bounded operators T ⊆ L(X , Y ) is called R-bounded if there exists a
constant C > 0 such that for all N ∈ N1, (Tn)

N
n=1 ⊆ T and (xn)N

n=1 ⊆ X , we have

∥
∥
∥

N∑

n=1

εnTn xn

∥
∥
∥

L2(
;Y )
≤ C

∥
∥
∥

N∑

n=1

εn xn

∥
∥
∥

L2(
;X)
.
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In particular, we note that R-boundedness implies uniform boundedness, while the
converse only holds under more geometric restrictions on the Banach spaces X and
Y (for instance if X and Y are Hilbert spaces). Moreover, any singleton operator
{T } ⊆ L(X , Y ) is R-bounded.

For ω ∈ (0, π), let �ω = {z ∈ C\ {0} : | arg(z)| < ω} be the sector in the complex
plane.

Definition 2.1 ((R-)sectoriality)

(i) An injective, closed linear operator (A, D(A)) with dense domain and dense
range on a Banach space X is called sectorial if there exists an ω ∈ (0, π) such
that σ(A) ⊆ �ω and

{z R(z, A) : z ∈ C \ �ω}
is bounded. The angle of sectoriality ω(A) is defined as the infimum over all
possible ω.

(ii) A sectorial operator (A, D(A)) is called R-sectorial if for some σ ∈ (ω(A), π)

the family
{z R(z, A) : z ∈ C \ �σ }

is R-bounded. The angle of R-sectoriality ωR(A) is defined as the infimum over
all possible σ.

Occasionally, we will also use the notions of bounded H∞-calculus and bounded
imaginary powers (BIP), see [30, Chapter 10] and [31, Chapter 15]. In particular, if
X is a UMD Banach space, then a bounded H∞-calculus implies bounded imaginary
powers, which again implies R-sectoriality. We recall that X is a UMD (unconditional
martingale differences) Banach space if and only if the Hilbert transform extends to a
bounded operator on L p(R; X) for all p ∈ (1,∞). The UMD property is a necessary
condition for many results on vector-valued spaces, see, e.g., [29, 31]. We list the
following relevant properties of UMD spaces, see [29, Chapter 4 & 5].

(i) Hilbert spaces are UMD spaces. In particular, C is a UMD Banach space.
(ii) For p ∈ (1,∞), (S, �,μ) a σ -finite measure space and X a UMD Banach

space, L p(S; X) is a UMD Banach space.
(iii) UMD Banach spaces are reflexive.

2.2.2 Maximal regularity

Let T ∈ (0,∞] and define the time interval I := (0, T ). Let A be a linear operator
with domain D(A) on a Banach space X . For f ∈ L1

loc(I ; X) consider the abstract
Cauchy problem

∂t u(t) + Au(t) = f (t), t ∈ I ,

u(0) = 0.
(2.1)

We call a strongly measurable function u : I → X a strong solution to (2.1) if u takes
values in D(A) almost everywhere, Au ∈ L1

loc(I ; X) and u solves

u(t) +
∫ t

0
Au(s) ds =

∫ t

0
f (s) ds, for almost all t ∈ I .
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Moreover, for q ∈ (1,∞), v ∈ Aq(I ) and f ∈ Lq(I , v; X), a strong solution u to
(2.1) is called an Lq(v)-solution if Au ∈ Lq(I , v; X). Here, v is a time weight that
belongs to the class of Muckenhoupt weights Aq(I ), see Sect. 3.

Definition 2.2 (Maximal Lq(v)-regularity) A linear operator A on a Banach space X
has maximal Lq(v)-regularity on I if for all f ∈ Lq(I , v; X) the Cauchy problem
(2.1) has a unique Lq(v)-solution u on I and

‖Au‖Lq (I ,v;X) ≤ C‖ f ‖Lq (I ,v;X),

where the constant C is independent of f .

The following sufficient condition for maximal regularity in terms of R-sectoriality
holds: if X is a UMDBanach space and λ+ A is R-sectorial with angleωR(λ+ A) < π

2
for some λ large enough, then A has maximal Lq(v)-regularity on (0, T ) for any
T < ∞, q ∈ (1,∞) and v ∈ Aq(I ). If λ = 0, then we obtain maximal Lq(v)-
regularity on R+ as well. This statement follows from combining the results in [31,
Theorems 17.3.1(2), 17.2.26(1) & 17.2.39].

2.3 Interpolation–extrapolation spaces

We recall the theory of interpolation-extrapolation scales. For a detailed study, we
refer to [5, Chapter V] or [27, Section 6.3].

Let A be a sectorial operator on a Banach space X that satisfies 0 ∈ ρ(A). Hence,
(X , ‖A−1 · ‖X ) is a normed space and we can define the extrapolated space

E−1,A := (X , ‖A−1 · ‖X )∼,

where ∼ denotes the completion of the space. Since X ↪→ E−1,A and D(A) = X , we
have that D(A) � x �→ Ax ∈ X extends to an isometric isomorphism T−1,A from X to
E−1,A. The operator A induces a closed linear operator A−1 := T−1,A AT −1

−1,A which
satisfies A−1|D(A) = A. Since (R-)sectoriality and boundedness of the H∞-calculus
are preserved under similarity transforms, we obtain the following result.

Proposition 2.3 Let A be a sectorial operator on a Banach space X that satisfies
0 ∈ ρ(A). Then A−1 with D(A−1) = X is the closure of A in E−1,A. Moreover, the
following statements hold:
(i) A−1 on E−1,A is sectorial with angle ω(A−1) = ω(A),

(ii) if A is R-sectorial on X , then so is A−1 on E−1,A and ωR(A) = ωR(A−1),

(iii) if A has a bounded H∞-calculus on X , then so does A−1 on E−1,A and
ωH∞(A) = ωH∞(A−1).

Proposition 2.3 shows that for α > 0 the fractional powers (A−1)
α are well-defined

closed operators on E−1,A (see, e.g., [31, Definition 15.2.2]). We denote the domain
of (A−1)

α as

E−1+α,A := (
D((A−1)

α), ‖(A−1)
α · ‖E−1,A

)
, α ≥ 0,
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and note that E0,A = X by Proposition 2.3.
Let α ≥ −1 and let Aα be the realisation of A−1 on Eα,A, i.e,

D(Aα) := {x ∈ Eα,A : A−1x ∈ Eα,A},
Aαx := A−1x for x ∈ D(Aα),

and note that A0 = A. The scale (Eα,A, Aα)α≥−1 is called the interpolation–
extrapolation scale of A and forms an interpolation scale with respect to complex
interpolation.

Proposition 2.4 [27, Theorem 6.6.9]. Let A be a sectorial operator on a Banach space
X that satisfies 0 ∈ ρ(A). Furthermore, assume that A has BIP . Then

Eα(1−θ)+βθ,A = [
Eα,A, Eβ,A

]

θ
, α, β ≥ −1, θ ∈ (0, 1).

Furthermore, the following characterisation of the extrapolated spaces holds.

Proposition 2.5 [5, Theorem V.1.4.12]. Let A be a sectorial operator on a reflexive
Banach space X that satisfies 0 ∈ ρ(A), and let A′ be the adjoint operator in X ′.
Then, for all θ ∈ (0, 1) we have E−θ,A = (Eθ,A′)′ with respect to the duality induced
by (X , X ′), where

Eθ,A′ = (
D((A′)θ ), ‖(A′)θ · ‖X ′

)
.

2.4 Domains and localisation

Let κ ∈ (0, 1] and let O ⊆ R
d−1 be open. A function h : O → R is called uniformly

κ-Hölder continuous on O if

[h]κ,O := sup
x,y∈O
x �=y

|h(x) − h(y)|
|x − y|κ < ∞.

In addition, for 	 ∈ N0 we define the space of κ-Hölder continuous functions by

C	,κ
b (O) := {h ∈ C	

b(O) : [∂αh]κ,O < ∞ for all |α| = 	}.

For κ = 0 we writeC	,0
b (O) := C	

b(O).ByC	,κ
c (O)we denote the subset of functions

in C	,κ (O) with compact support in O. Moreover, on C	,κ
b (O) we define the norm

‖h‖C	,κ (O) :=
∑

|α|≤	

sup
x∈O

|∂αh(x)| +
∑

|α|=	

[∂αh]κ,O.

Definition 2.6 Let O ⊆ R
d be a domain, i.e., a connected open set. Let 	 ∈ N0 and

κ ∈ [0, 1].
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(i) We call O a special C	,κ
c -domain if, after translation and rotation, it is of the

form
O = {(x1, x̃) ∈ R

d : x1 > h(̃x)} (2.2)

for some h ∈ C	,κ
c (Rd−1; R).

(ii) Given a special C	,κ
c -domain O, we define

[O]C	,κ := ‖h‖C	,κ (Rd−1),

where h ∈ C	,κ
c (Rd−1; R) is such that, after rotation and translation, (2.2) holds.

Note that [O]C	,κ is uniquely defined due to the compact support of h.

(iii) We call O a C	,κ -domain if every boundary point x ∈ ∂O admits an open
neighbourhood V such that

O ∩ V = W ∩ V and ∂O ∩ V = ∂W ∩ V

for some special C	,κ
c -domain W .

If κ = 0, then we write C	 for C	,0 in the definitions above.

Remark 2.7 Note that for any δ > 0 and C	-domain O, the special C	
c -domains W

can always be chosen such that [W ]C	 < δ. If κ ∈ (0, 1], ε ∈ (0, κ) and O is a
C	,κ -domain, then for every δ > 0 the special C	,κ

c -domains W can always be chosen
such that [W ]C	,κ−ε < δ. Indeed, if h ∈ C	,κ

c (Rd−1) is associated with W , then for
any |α| = 	, we have

[∂αh]κ−ε,Rd−1 = sup
x,y∈R

d−1

x �=y

|∂αh(x) − ∂αh(y)|
|x − y|κ |x − y|ε < δ,

whenever |x − y|ε is small enough. Note that for ε = 0, the quantity [∂αh]κ,Rd−1

cannot be made arbitrarily small.

The following lemma provides a diffeomorphism between special domains and
the half-space, which is known as the Dahlberg–Kenig–Stein pullback. This dif-
feomorphism straightens the boundary and preserves the distance to the boundary,
while higher-order derivatives may blow up near the boundary. The weights in the
spaces compensate this blow-up, see [44], where this diffeomorphism is used to obtain
boundedness of the H∞-calculus for the Laplacian on rough domains. The proof of
Lemma 2.8 can be found in [44, Appendix A] (see also [33]), which is based on [34,
42].

Lemma 2.8 [44, Lemma A.4]. Let O be a special C1
c -domain. Then there exist contin-

uous functions h1 : O → R and h2 : R
d+ → R which satisfy the following properties.

(i) The map � : O → R
d+ given by

�(x) = (x1 − h1(x), x̃), x = (x1, x̃) ∈ O,
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is a C1-diffeomorphism with inverse �−1 : R
d+ → O given by

�−1(y) = (y1 + h2(y), ỹ), y = (y1, ỹ) ∈ R
d+.

(ii) We have
dist(�(x), ∂R

d+) � dist(x, ∂O), x ∈ O,

dist(�−1(y), ∂O) � dist(y, ∂R
d+), y ∈ R

d+,

where the implicit constants depend on [O]C1 .

(iii) We have h1 ∈ C∞(O) and h2 ∈ C∞(Rd+).

In addition, let 	 ∈ N1, κ ∈ [0, 1] and let O be a special C	,κ
c -domain with [O]C	,κ ≤

1.

(iv) The map � in (i) is a C	,κ -diffeomorphism and for all α ∈ N
d
0 , 	0 ∈ {0, . . . , 	}

and κ0 ∈ [0, κ], we have

|∂αh1(x)| ≤ C · [O]C	,κ · dist(x, ∂O)−(|α|−	0−κ0)+ , x ∈ O,

|∂αh2(y)| ≤ C · [O]C	,κ · dist(y, ∂R
d+)−(|α|−	0−κ0)+ , y ∈ R

d+,

where the constant C > 0 only depends on 	, κ, α and d.

3 Weighted Sobolev spaces

Let O be a domain in R
d with non-empty boundary ∂O. We call a locally integrable

function w : O → (0,∞) a weight. In particular, we will deal with the following
classes of weights.

(i) Muckenhoupt Ap weights: let p ∈ (1,∞) and let O be R
d , R

d+ or an interval
(0, a) for a > 0. A weight w on O belongs to the Muckenhoupt class Ap(O) if

[w]Ap(O) := sup
B

( 1

|B|
∫

B
w(x) dx

)( 1

|B|
∫

B
w(x)

− 1
p−1 dx

)p−1
< ∞,

where the supremum is taken over all balls B ⊆ O. Moreover, A∞(O) :=⋃
p>1 Ap(O). For a detailed study ofMuckenhoupt weights and their properties,

we refer to [25, Chapter 7].
(ii) Power weights: for γ ∈ R define w∂O

γ on O by

w∂O
γ (x) := dist(x, ∂O)γ , x ∈ O.

Furthermore, we write wγ (x) := w∂R
d+

γ (x) = |x1|γ for x = (x1, x̃) ∈ R
d+.

We note that the power weight wγ (x) = |x1|γ is in Ap(O) if and only if γ ∈
(−1, p − 1).
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For p ∈ [1,∞),w aweight and X aBanach space,wedefine theweightedLebesgue
space L p(O, w; X) as the Bochner space consisting of all equivalence classes of
strongly measurable f : O → X such that

‖ f ‖L p(O,w;X) :=
(∫

O
‖ f (x)‖p

X w(x) dx
)1/p

< ∞.

Let w be such that w
− 1

p−1 ∈ L1
loc(O). The k-th order weighted Sobolev space for

k ∈ N0 is defined as

W k,p(O, w; X) := {
f ∈ D′(O; X) : ∀|α| ≤ k, ∂α f ∈ L p(O, w; X)

}

equipped with the canonical norm. If w ≡ 1, then we simply write W k,p(O; X).

Furthermore, if X = C, then we omit this from the notation as well.

Remark 3.1 The local L1 condition for w
− 1

p−1 ensures that all the derivatives ∂α f
are locally integrable in O. If O is the half-space R

d+ or a bounded domain, then
this condition for power weights w∂O

γ holds for all γ ∈ R. For O = R
d the local

L1 condition holds only for weights wγ (x) = |x1|γ with γ ∈ (−∞, p − 1) since
functions might not be locally integrable near x1 = 0, see also [37, Example 1.7].
This explains why, for example, we cannot employ classical reflection arguments from
R

d+ to R
d if γ > p − 1.

3.1 Weighted Sobolev spaces with boundary conditions

We continue with defining weighted Sobolev spaces with vanishing boundary condi-
tions. Let p ∈ (1,∞), k ∈ N0, γ > −1 and let X be a Banach space. We define

◦
W k,p

0 (O, w∂O
γ ; X) := C∞

c (O; X)
W k,p(O,w∂O

γ ;X)
.

Alternative characterisations of this space in terms of traces are available, see [43, 44,
46]. These characterisations are based on the mapping properties of the diffeomor-
phism in Lemma 2.8. We distinguish three cases: the half-space, special domains and
bounded domains.

3.1.1 Trace characterisations on the half-space

For p ∈ (1,∞), k ∈ N0, γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1} and X a Banach space,
we define

W k,p
0 (Rd+, wγ ; X) :=

{
f ∈ W k,p(Rd+, wγ ; X) : Tr(∂α f ) = 0 if k − |α| >

γ+1
p

}
.

(3.1)
All the traces in the above definition (3.1) are well defined. Indeed, this follows from
the embedding

W 1,p(R+, w; X) ↪→ C([0,∞); X),
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for p ∈ (1,∞), w such that w
− 1

p−1 ∈ L1
loc(R+) and X a Banach space, see [46,

Lemma 3.1]. For details, we refer to [43, Section 3.1].
Let p ∈ (1,∞) and X a Banach space. To be able to deal with negative weights,

we define for k ∈ N0 and γ ≤ −1 the space

W k,p
0 (Rd+, wγ ; X) := W k,p(Rd+, wγ ; X),

which is an appropriate definition in view of [46, Lemma 3.1(2)]. For k ∈ N1 and
γ ∈ (−1,∞)\{ j p−1 : j ∈ N1},weighted Sobolev spaces with negative smoothness
are defined as

W −k,p(Rd+, wγ ; X) := (
W k,p′

0 (Rd+, wγ ′ ; X ′)
)′
,

where γ ′ = −γ /(p − 1) and the duality is with respect to the unweighted pairing.
From [46, Proposition 3.8] (see also [44, Proposition 3.3]) the following trace

characterisation follows.

Proposition 3.2 (Trace characterisation on R
d+). Let p ∈ (1,∞), k ∈ N0, γ ∈ R \

{ j p − 1 : j ∈ N1} and let X be a Banach space. Then

◦
W k,p

0 (Rd+, wγ ; X) = W k,p
0 (Rd+, wγ ; X).

Note that Proposition 3.2 means that C∞
c (Rd+; X) is dense in W k,p

0 (Rd+, wγ ; X)

for the given ranges of parameters. In particular, we also have

C∞
c (Rd+; X)

dense⊆ W k,p(Rd+, wγ ; X) for γ > kp − 1. (3.2)

3.1.2 Trace characterisations on special domains

The diffeomorphism� in Lemma 2.8 will allow us to define weighted Sobolev spaces
on special domains with vanishing traces. We first note that � gives rise to an isomor-
phism between weighted Sobolev spaces on special domains and the half-space.

Proposition 3.3 Let p ∈ (1,∞), 	 ∈ N1, κ ∈ [0, 1], k ∈ N0, γ ∈ (−1,∞)\{ j p−1 :
j ∈ N1} and let X be a Banach space. Moreover, let O be a special C	,κ

c -domain
with [O]C	,κ ≤ 1. Let � : O → R

d+ be as in Lemma 2.8 and consider the change of
coordinates mappings

�∗ : W k,p(O, w∂O
γ ; X) → W k,p(Rd+, wγ ; X) for γ > (k − (	 + κ))+ p − 1,

�∗ : ◦
W k,p

0 (O, w∂O
γ ; X) → ◦

W k,p
0 (Rd+, wγ ; X),

defined by �∗ f := f ◦ �−1. Then �∗ is an isomorphism of Banach spaces for which
(�−1)∗ acts as inverse.

Proof The statement of the proposition follows from [44, Proposition 3.7 &
Remark 3.8]. ��
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With the aid of the isomorphism in Proposition 3.3, we can now define traces of
functions in weighted Sobolev spaces on special domains with low smoothness com-
pared to the smoothness of the Sobolev space. We note that the standard localisation
procedure in, e.g, [11, 20, 35] is not sufficient in our case since the regularity of the
domain is too low, see [44, Remark 3.11].

Definition 3.4 Let p ∈ (1,∞), 	 ∈ N1, κ ∈ [0, 1], k ∈ N0 and X a Banach space.
Let γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1} be such that γ > (k − (	 + κ))+ p − 1 and
let O be a special C	,κ

c -domain with [O]C	,κ ≤ 1. Let �∗ be the isomorphism from
Proposition 3.3. We define

W k,p
0 (O, w∂O

γ ; X) :=
{

f ∈ W k,p(O, w∂O
γ ; X) : Tr(∂α(�∗ f )) = 0 if k − |α| >

γ+1
p

}
.

Note that the traces in the above definition are considered on the half-space and
are thus well defined by Proposition 3.3. Moreover, provided that γ is large enough,
Lemma 2.8 ensures that the definition of the space is consistent in the sense that
viewing O as either a special C	,κ

c -domain or a special C1
c -domain yields the same

space.
We now obtain a trace characterisation for the spaces

◦
W k,p

0 (O, w∂O
γ ; X) if O is a

special domain.

Proposition 3.5 (Trace characterisation on special domains). Let p ∈ (1,∞), 	 ∈ N1,

κ ∈ [0, 1], k ∈ N0 and let X be a Banach space. Let γ ∈ (−1,∞)\{ j p −1 : j ∈ N1}
be such that γ > (k − (	 + κ))+ p − 1 and let O be a special C	,κ

c -domain with
[O]C	,κ ≤ 1. Let �∗ be the isomorphism from Proposition 3.3. Then

◦
W k,p

0 (O, w∂O
γ ; X) = W k,p

0 (O, w∂O
γ ; X).

Proof Theproof is the sameas the proof of [44, Proposition3.10] usingProposition3.3.
��

3.1.3 Trace characterisations on bounded domains

To define traces on bounded domains, we employ a localisation procedure based on the
following decomposition of weighted Sobolev spaces, see also [46, Section 2.2] and
[44, Lemma 3.12]. We note that the results in the lemma easily follow from a covering
of the domain, Remark 2.7 and a partition of unity (see, e.g., [35, Section 8.4]).

Lemma 3.6 Let 	 ∈ N1, κ ∈ [0, 1], and let O ⊆ R
d be a bounded C	,κ -domain. Then

the following statements hold.

(i) For all ε ∈ (0, κ) there exists a finite open cover (Vn)N
n=1 of ∂O, together with

special C	,κ
c -domains (On)N

n=1 which satisfy [On]C	,κ−ε < δ, such that

O ∩ Vn = On ∩ Vn and ∂O ∩ Vn = ∂On ∩ Vn, n ∈ {1, . . . , N }.

If κ = 0, then for any δ > 0, the special C	
c -domains (On)N

n=1 can be chosen
such that [On]C	 < δ.

123



Higher-order regularity for a structurally damped plate equation… Page 15 of 51    32 

(ii) There exist η0 ∈ C∞
c (O) and ηn ∈ C∞

c (Vn) for all n ∈ {1, . . . , N } such that
∑N

n=0 η2n = 1 on O (partition of unity).
(iii) For p ∈ (1,∞), k ∈ N0, γ ∈ R and X a Banach space, the space

W k,p(O, w∂O
γ ; X) has the direct sum decomposition

Wk,p
γ := W k,p(Rd; X) ⊕

N⊕

n=1

W k,p(On, w∂On
γ ; X). (3.3)

Moreover, the mappings

I : W k,p(O, w∂O
γ ; X) → Wk,p

γ and P : Wk,p
γ → W k,p(O, w∂O

γ ; X)

given by

I f := (ηn f )N
n=0 and P( fn)N

n=0 :=
N∑

n=0

ηn fn, (3.4)

are continuous and satisfy PI = id . Thus, P is a retraction with coretraction I.

In addition to (3.3), we define spaces incorporating zero boundary conditions as

Wk,p
0,γ := W k,p(Rd; X) ⊕

N⊕

n=1

W k,p
0 (On, w∂On

γ ; X). (3.5)

Using the above decomposition,we can defineweightedSobolev spaces on bounded
domains with vanishing traces.

Definition 3.7 Let p ∈ (1,∞), 	 ∈ N1, κ ∈ [0, 1], k ∈ N0 and let X be a Banach
space. Let γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1} be such that γ > (k − (	 + κ))+ p − 1.
Moreover, letO be a bounded C	,κ -domain, let (On)N

n=1 be special C	,κ
c -domains and

let I be the coretraction from Lemma 3.6. We define

W k,p
0 (O, w∂O

γ ; X)

:=
{

f ∈ W k,p(O, w∂O
γ ; X) : I f ∈ W k,p(Rd; X) ⊕

N⊕

n=1

W k,p
0 (On, w∂On

γ ; X)

}

.

This space is well defined by Lemma 3.6 and Definition 3.4. Moreover, the def-
initions are independent of the chosen covering of ∂O and the partition of unity in
Lemma 3.6. Similar to Proposition 3.5, we obtain the following trace characterisation
for bounded domains. For the proof of this trace characterisation, we refer to [44,
Proposition 3.14].

Proposition 3.8 (Trace characterisation on bounded domains). Let p ∈ (1,∞), 	 ∈
N1, κ ∈ [0, 1], k ∈ N0 and let X be a Banach space. Let γ ∈ (−1,∞) \ { j p − 1 :
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j ∈ N1} be such that γ > (k − (	 + κ))+ p − 1 and let O be a bounded C	,κ -domain.
Then ◦

W k,p
0 (O, w∂O

γ ; X) = W k,p
0 (O, w∂O

γ ; X).

3.1.4 Properties of weighted Sobolev spaces

Finally, we gather some properties of weighted Sobolev spaces with vanishing bound-
ary conditions on the half-space. We begin with the following variant of Hardy’s
inequality, see, e.g., [46, Corollary 3.4].

Lemma 3.9 (Hardy’s inequality on R
d+). Let p ∈ (1,∞), k ∈ N1, γ ∈ R and let X

be a Banach space. Then

W k,p
0 (Rd+, wγ ; X) ↪→ W k−1,p(Rd+, wγ−p; X) if γ < p − 1,

W k,p(Rd+, wγ ; X) ↪→ W k−1,p(Rd+, wγ−p; X) if γ > p − 1,

W k,p
0 (Rd+, wγ ; X) ↪→ W k−1,p

0 (Rd+, wγ−p; X) if γ /∈ { j p − 1 : j ∈ N1}.

We continue with a density result for weighted Sobolev spaces with negative
smoothness. Results for spaces with positive smoothness are, for instance, contained
in [46, Section 3.3] and [51, Section 4.2].

Lemma 3.10 Let p ∈ (1,∞), k ∈ N1, γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1} and let X
be a reflexive Banach space. Then C∞

c (Rd+; X) is dense in W −k,p(Rd+, wγ ; X).

Proof From [46, Proposition 3.8] we have

C∞
c (Rd+; X ′) dense

↪→ W k,p′
0 (Rd+, wγ ′ ; X ′) and C∞

c (Rd+; X ′) dense
↪→ L p′

(Rd+, wγ ′ ; X ′),

where we recall that γ ′ = − γ
p−1 . Hence, W k,p′

0 (Rd+, wγ ′ ; X ′) is dense in

L p′
(Rd+, wγ ′ ; X ′) as well. Since X is reflexive, it also holds that W k,p′

0 (Rd+, wγ ′ ; X ′)
is reflexive. Hence, it follows that

L p(Rd+, wγ ; X)
dense
↪→ (

W k,p′
0 (Rd+, wγ ′ ; X ′)

)′ = W −k,p(Rd+, wγ ; X),

and since C∞
c (Rd+; X) is dense in L p(Rd+, wγ ; X), the result follows. ��

4 R-sectoriality for the elliptic operator on the half-space

In this section, we study the elliptic operator corresponding to the damped plate equa-
tion (1.1). This elliptic operator on R

d , R
d+, and bounded domains is studied in [17],

and these results will be the starting point for our analysis on weighted spaces. There-
fore, we will first recall several results from [17] in a slightly more general setting
with Muckenhoupt power weights.
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On R
d the system (1.1) without boundary conditions can be written in the form

{
∂2t u + ρB

1
2 ∂t u + Bu = f for t > 0,

u|t=0 = (∂t u)|t=0 = 0,
(4.1)

where B := �2 on L p(Rd) with D(B) := W 4,p(Rd). Equation (4.1) is related to the
quadratic operator pencil V : W 4,p(Rd) → L p(Rd) given by

V (λ) := λ2 + λρB
1
2 + B = (α+λ + B

1
2 )(α−λ + B

1
2 ),

where

α± =

⎧
⎪⎨

⎪⎩

ρ
2 ± i

√

1 − ρ2

4 for 0 < ρ < 2,

ρ
2 ±

√
ρ2

4 − 1 for ρ ≥ 2.

The roots can be written as α± = e±iϑ for 0 < ρ < 2 and α± > 0 for ρ ≥ 2, where
the angle ϑ = ϑ(ρ) is given by

ϑ(ρ) :=
{

arctan 2
ρ

√

1 − ρ2

4 for 0 < ρ < 2,

0 for ρ ≥ 2.

Note that argα± = ±ϑ(ρ) and ϑ(ρ) ↑ π
2 as ρ ↓ 0.

By the classical theory of quadratic operator pencils and second-order Cauchy
problems, the operator V (λ) can be inverted to show maximal regularity for (4.1). We
refer to [7, 9, 22, 55] and, in particular, see [22, Theorem 3.4] and [9, Theorem 4.1].
In [17], the related first-order system is studied which is obtained by setting v :=
(u, ∂t u)�. Then we can write

⎧
⎪⎨

⎪⎩

∂tv + Av =
(
0
f

)

for t > 0,

v|t=0 = 0,

where, formally, the operator matrix A is given by

A :=
(

0 − id
�2 −ρ�

)

, ρ > 0. (4.2)

In addition, we occasionally study the closely related operator

Aη :=
(

0 − id
η + �2 −ρ�

)

, η ≥ 0, ρ > 0. (4.3)

In the case of unbounded domains, the operator Aη with η > 0 behaves slightly better
than A = A0, since η + �2 is invertible while �2 is not.
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Following [17, Section 2], the operator A on the full space can be defined via its
symbol, i.e., A := F−1A(ξ)F, where the matrix-valued symbol A(ξ) is given by

A(ξ) :=
(

0 −1
|ξ |4 ρ|ξ |2

)

, ξ ∈ R
d .

For p ∈ (1,∞), γ ∈ (−1, p − 1), we define the Banach spaces

X := W 2,p(Rd , wγ ) × L p(Rd , wγ ),

D := W 4,p(Rd , wγ ) × W 2,p(Rd , wγ ).

We record the following version of [17, Proposition 2.4]. The proof of [17,
Proposition 2.4] only relies on arguments involving Mihlin’s multiplier theorem
(for operator-valued symbols). Since Mihlin’s multiplier theorem is also available
on spaces with Muckenhoupt weights, the results can be extended. Furthermore, in
Proposition 5.9 we will provide an extension of Proposition 4.1 concerning higher-
order regularity.

Proposition 4.1 (Weighted version of [17, Proposition 2.4]). Let p ∈ (1,∞), γ ∈
(−1, p − 1) and ρ > 0. Let A be the realisation of the operator in (4.2) on X with
domain D(A) := D. Then, for all λ > 0, the operator λ+ A is R-sectorial with angle
ωR(λ + A) = ϑ(ρ).

Proof The proof is similar as in [17, Lemma 2.1, Propositions 2.2 & 2.4] using
weighted versions of Mihlin’s multiplier theorem. For scalar-valued symbols, a
weighted version of Mihlin’s multiplier theorem can be found in, e.g., [48, Proposi-
tion 3.1]. For operator-valued symbols one has to apply [21, Theorem 5.12(b)] instead
of [24, Corollary 3.3] to obtain R-boundedness. ��

In the rest of this section, we consider the operator A on the half-space. First, in
Sect. 4.1 we establish R-sectoriality of A on spaces withMuckenhoupt power weights.
Subsequently, in Sect. 4.2, we lift the R-sectoriality to higher-order Sobolev spaces
with power weights that do not belong to the class of Muckenhoupt weights.

4.1 R-sectoriality on spaces with Muckenhoupt power weights

For p ∈ (1,∞) and γ ∈ (−1, p − 1), we define the Banach spaces

X+ := W 2,p
0 (Rd+, wγ ) × L p(Rd+, wγ ),

D+ := (
W 4,p(Rd+, wγ ) ∩ W 2,p

0 (Rd+, wγ )
)× W 2,p

0 (Rd+, wγ ).

Similar to [17, Theorem 4.4] we obtain R-sectoriality of Aη on spaces with Muck-
enhoupt power weights.

Theorem 4.2 (Weighted version of [17, Theorem 4.4]). Let p ∈ (1,∞), γ ∈ (−1, p−
1), η ≥ 0, ρ > 0 and σ ∈ (ϑ(ρ), π). Let Aη be the realisation of the operator in
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(4.3) on X+ with domain D(Aη) := D+. Then there exists a λ̃ ≥ 0 such that for all
λ > λ̃, the operator λ + Aη is R-sectorial with angle ωR(λ + Aη) ≤ σ.

Proof It suffices to consider η = 0, since a lower-order perturbation result [31, Corol-
lary 16.2.5] yields the case η > 0. For η = 0 the result follows from adapting the proof
of [17, Theorem 4.4] to include weights. We briefly sketch how [17, Theorem 4.4]
can be extended to the weighted setting. First, note that the representation formulas
for the solution in [17, Lemmas 3.1 & 3.2] do not depend on the underlying space.
Then a weighted version of [17, Proposition 3.3] can be proved using a weighted
version of [11, Proposition 4.12] and verifying that the integral operator related to the
kernel (x1 + y1)−1 is bounded in L p(R+, wγ ) for γ ∈ (−1, p − 1). The proof of [11,
Proposition 4.12] directly carries over to the weighted setting, and the boundedness of
the integral operator follows from [6, Theorem 1], where the condition on the weight
functions in this theorem is satisfied for power weights exactly for γ ∈ (−1, p − 1).
Moreover, [17, Lemma 4.3] also holds on L p(Rd+, wγ ). This provides all the ingredi-
ents for the proof of [17, Theorem 4.4] including weights. ��

The zero boundary conditions in the base space X+ are necessary for the result
of Theorem 4.2 to be true, see [10] and [17, Proposition 3.4]. The existence of the
zeroth and first-order trace of functions in W 2,p(Rd+, wγ ) is problematic here. We aim
to obtain R-sectoriality for A on spaces without the unnatural boundary conditions.
The results in [43, 44] indicate that this can be achieved on higher-order spaces with
suitable power weights. The main advantage of these weighted spaces is that fewer
traces exist than in the unweighted case. In particular, no traces exist for functions in
the weighted space W 2,p(Rd+, wγ+2p)with γ ∈ (−1, p −1). This allows us to obtain
R-sectoriality for A on W 2,p(Rd+, wγ+2p) × L p(Rd+, wγ+2p) in Sect. 4.2.

To be able to deal with spaces with more general power weights outside the Muck-
enhoupt class, we first study R-sectoriality of A on spaces with negative smoothness
in Theorem 4.7. This is done by extrapolating the R-sectoriality result for A on
W 2,p

0 (Rd+, wγ ) × L p(Rd+, wγ ) to the space L p(Rd+, wγ ) × W −2,p(Rd+, wγ ), sim-
ilar to [14, Section 3] where the case p = 2 is considered for bounded domains.

For proving Theorem 4.7 we need some preliminaries. We start off with the study
of �2 in the strong and weak setting, where we have the following result that can be
proved similarly as in [11, Theorem 7.4].

Theorem 4.3 Let p ∈ (1,∞) and γ ∈ (−1, p − 1). Then �2 on L p(Rd+, wγ ) with

domain D(�2) := W 4,p(Rd+, wγ )∩W 2,p
0 (Rd+, wγ ) has a bounded H∞-calculus with

angle ωH∞(�2) = 0.

Using the interpolation–extrapolation scale (Sect. 2.3), we can obtain results for
�2 in the weak setting. For this, we first determine the adjoint operator of �2 on
L p(Rd+, wγ ). We recall that we use the notation γ ′ = − γ

p−1 .

Lemma 4.4 Let p ∈ (1,∞) and γ ∈ (−1, p − 1). Let Bp,γ := �2 on L p(Rd+, wγ )

with domain D(Bp,γ ) := W 4,p(Rd+, wγ )∩W 2,p
0 (Rd+, wγ ). Then the adjoint operator

is B ′
p,γ = Bp′,γ ′ .
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Proof By integration by parts we obtain

〈�2 f , g〉L p(Rd+,wγ )×L p′
(Rd+,wγ ′ ) = 〈 f ,�2g〉L p(Rd+,wγ )×L p′

(Rd+,wγ ′ )

for f ∈ D(Bp,γ ) and g ∈ D(Bp′,γ ′). In particular, by definition of the domain
of the adjoint (see for instance [32, Section III.5.5]) we obtain Bp,γ ⊆ B ′

p′,γ ′ and
Bp′,γ ′ ⊆ B ′

p,γ . For the other inclusion B ′
p,γ ⊆ Bp′,γ ′ it suffices to show that Bp′,γ ′

is surjective and B ′
p,γ is injective, see [19, Exercise IV.1.21(5)]. The surjectivity of

Bp′,γ ′ follows from Theorem 4.3. By reflexivity and Theorem 4.3 it also follows that
B ′′

p,γ = Bp,γ is surjective, hence B ′
p′,γ ′ is injective. ��

For �2 in the weak setting, we now obtain the following regularity result.

Proposition 4.5 Let p ∈ (1,∞), γ ∈ (−1, p − 1), and η > 0. Then η + �2 on
W −2,p(Rd+, wγ ) with domain D(�2) := W 2,p

0 (Rd+, wγ ) has a bounded H∞-calculus
with angle ωH∞(η + �2) = 0.

Proof Let Bp,γ = �2 on L p(Rd+, wγ ) be as in Lemma 4.4 and let B ′
p,γ = Bp′,γ ′ be

its adjoint. Note that the bounded H∞-calculus (Theorem 4.3) implies that Bp′,γ ′ on
L p′

(Rd+, wγ ′) has bounded imaginary powers. Therefore, by [31, Corollary 15.3.10]
and Lemma 4.4 we obtain

D((B ′
p,γ )

1
2 ) = [

L p′
(Rd+, wγ ′), D(B ′

p,γ )
]
1
2

= [
L p′

(Rd+, wγ ′), W 4,p′
(Rd+, wγ ′) ∩ W 2,p′

0 (Rd+, wγ ′)
]
1
2

= W 2,p′
0 (Rd+, wγ ′),

(4.4)

where the last identification follows from [51, Theorem 6.5] (see [58] for the
unweighted case). Using the interpolation–extrapolation scale (see Proposition 2.5),
(4.4) and duality, we obtain

E− 1
2 ,η+Bp,γ

= (E 1
2 ,(η+Bp,γ )′)

′ = (
D((B ′

p,γ )
1
2 )
)′ = W −2,p(Rd+, wγ ). (4.5)

From Theorem 4.3, Propositions 2.3 and 2.4, and (4.5), it follows now that η + �2 on
W −2,p(Rd+, wγ ) has a bounded H∞-calculus with angle zero. Moreover, (4.4) (with
p′ and γ ′ replaced by p and γ, respectively) shows that the domain of η + �2 on
W −2,p(Rd+, wγ ) is given by W 2,p

0 (Rd+, wγ ). ��
With the above results for�2 at hand,we can now study themore sophisticated oper-

ator Aη from (4.3) for η > 0. Again, we make use of the interpolation–extrapolation
scales to obtain properties of Aη on spaces with less smoothness than those in Theo-
rem 4.2. We first determine the adjoint of Aη.
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Lemma 4.6 Let p ∈ (1,∞), γ ∈ (−1, p − 1), η > 0 and ρ > 0. Let Aη be the
realisation of the operator in (4.3) on X+ with domain D(Aη) := D+. Then the
adjoint operator A′

η on W −2,p′
(Rd+, wγ ′) × L p′

(Rd+, wγ ′) is given by

A′
η =

(
0 η + �2

− id −ρ�

)

with D(A′
η) = L p′

(Rd+, wγ ′) × W 2,p′
0 (Rd+, wγ ′).

Proof For notational convenience we write W k,p
(0) (wγ ) := W k,p

(0) (Rd+, wγ ) for p ∈
(1,∞), γ ∈ (−1, p − 1) and k ∈ Z. Let v = (v1, v2) ∈ L p′

(wγ ′) × W 2,p′
0 (wγ ′) ⊆

W −2,p′
(wγ ′) × L p′

(wγ ′) and u = (u1, u2) ∈ D(Aη) = (W 4,p(wγ ) ∩ W 2,p
0 (wγ )) ×

W 2,p
0 (wγ ). By integration by parts and the definition of the distributional derivative,

we obtain

〈Aηu, v〉 = 〈−u2, v1〉L p(wγ )×L p′
(wγ ′ ) + 〈ηu1, v2〉L p(wγ )×L p′

(wγ ′ )

+ 〈�2u1, v2〉L p(wγ )×L p′
(wγ ′ ) + 〈−ρ�u2, v2〉L p(wγ )×L p′

(wγ ′ )

= 〈u2,−v1〉L p(wγ )×L p′
(wγ ′ ) + 〈u1, ηv2〉L p(wγ )×L p′

(wγ ′ )

+ 〈u1,�
2v2〉W 2,p

0 (wγ )×W−2,p′
(wγ ′ ) + 〈u2,−ρ�v2〉L p(wγ )×L p′

(wγ ′ )

= 〈u, Ãηv〉,

where

Ãη :=
(

0 η + �2

− id −ρ�

)

with D( Ãη) := L p′
(wγ ′) × W 2,p′

0 (wγ ′).

For v ∈ D( Ãη) it holds that themapping (u �→ 〈Aηu, v〉) : D(Aη) → C is continuous

with respect to the norm on W 2,p
0 (wγ ) × L p(wγ ). Hence, we have that Ãη ⊆ A′

η.

For the converse inclusion, we need to show that if v ∈ D(A′
η), then v ∈ D( Ãη).

First, note that if v ∈ W −2,p′
(wγ ′) × L p′

(wγ ′) and u ∈ D(Aη), then we have

〈Aηu, v〉 = 〈−u2, v1〉W 2,p
0 (wγ )×W−2,p′

(wγ ′ ) + 〈(η + �2)u1, v2〉L p(wγ )×L p′
(wγ ′ )

+ 〈−ρ�u2, v2〉L p(wγ )×L p′
(wγ ′ ).

(4.6)
Now, let v ∈ D(A′

η). Note that the mapping (u �→ 〈Aηu, v〉) : D(Aη) → C can

be extended to a linear and continuous mapping from W 2,p
0 (wγ ) × L p(wγ ) to C.

Moreover, the mapping

ϕ : W 4,p(wγ )∩ W 2,p
0 (wγ ) → C, u1 �→ ϕ(u1) := 〈(η+�2)u1, v2〉L p(wγ )×L p′

(wγ ′ )
(4.7)
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is continuous with respect to the norm on W 2,p(wγ ). Indeed, this follows from

∣
∣〈(η + �2)u1, v2〉L p(wγ )×L p′

(wγ ′ )
∣
∣ = |〈Aη(u1, 0), v〉|
≤ C‖(u1, 0)‖W 2,p(wγ )×L p(wγ ) = C‖u1‖W 2,p(wγ ),

for u1 ∈ W 4,p(wγ ) × W 2,p
0 (wγ ). Furthermore, from Proposition 4.5 and η > 0, we

obtain that
η + �2 : W 2,p

0 (wγ ) → W −2,p(wγ ) (4.8)

is an isomorphism. Combining (4.7) and (4.8) gives

(
ũ1 �→ ϕ

(
(η + �2)−1ũ1

) = 〈̃u1, v2〉L p(wγ )×L p′
(wγ ′ )

) : L p(wγ ) → C

is continuous as mapping from (L p(wγ ), ‖ · ‖W−2,p(wγ )) to C. Since L p(wγ ) is dense

in W −2,p(wγ ), there exists a unique continuous extension ϕ̃ : W −2,p(wγ ) → C

which we identify with ϕ̃ ∈ (W −2,p(wγ ))′ = W 2,p′
0 (wγ ′) and it holds that

〈̃u1, ϕ̃〉
W−2,p(wγ )×W 2,p′

0 (wγ ′ )
= 〈̃u1, v2〉W−2,p(wγ )×W 2,p′

0 (w′
γ )

for ũ1 ∈ L p(wγ ). We conclude that v2 = ϕ̃ ∈ W 2,p′
0 (wγ ′) and this implies that the

last term on the right-hand side of (4.6), given by

(
u2 �→ 〈−ρ�u2, v2〉L p(wγ )×L p′

(wγ ′ )

= 〈−ρ�u2, v2〉W−2,p(wγ )×W 2,p′
0 (wγ ′ )

) : W 2,p
0 (wγ ) → C,

is continuous on L p(wγ ). Since (4.6) needs to be continuous, by setting u1 = 0 it
follows that also the first term on the right-hand side of (4.6), given by

(
u2 �→ 〈u2, v1〉W 2,p

0 (wγ )×W−2,p′
(wγ ′ )

) : W 2,p
0 (wγ ) → C

can be extended continuously to L p(wγ ). This implies that v1 ∈ L p′
(wγ ′) and thus

we have v ∈ D( Ãη). Therefore, D(A′
η) = D( Ãη) and A′

η = Ãη, which completes
the proof. ��

The above lemma allows us to obtain R-sectoriality for Aη on L p(Rd+, wγ ) ×
W −2,p(Rd+, wγ ).

Theorem 4.7 Let p ∈ (1,∞), γ ∈ (−1, p − 1) η ≥ 0, ρ > 0 and σ ∈ (ϑ(ρ), π). Let
Aη be the realisation of the operator in (4.3) on L p(Rd+, wγ )× W −2,p(Rd+, wγ ) with

domain D(Aη) := W 2,p
0 (Rd+, wγ ) × L p(Rd+, wγ ). Then there exists a λ̃ > 0 such

that for all λ > λ̃, the operator λ + Aη is R-sectorial with angle ωR(λ + Aη) ≤ σ.
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Proof First considerη > 0.Take λ̃ fromTheorem4.2 and letλ > λ̃.FromTheorem4.2
and Proposition 2.3 we obtain R-sectoriality on the extrapolation space E−1,λ+Aη ,

which by Proposition 2.5 and Lemma 4.6 (using η > 0) is

E−1,λ+Aη = (E1,(λ+Aη)′)
′ = (

D(A′
η)
)′

= (
L p′

(Rd+, wγ ′) × W 2,p′
0 (Rd+, wγ ′)

)′ = L p(Rd+, wγ ) × W −2,p(Rd+, wγ ).

Again, byProposition 2.3 the domain is givenbyX+ = W 2,p
0 (Rd+, wγ )×L p(Rd+, wγ ).

The case η = 0 can be obtained with the lower-order perturbation result [31,
Corollary 16.2.5] for R-sectoriality upon taking λ̃ larger. ��

4.2 R-sectoriality on spaces withmore general power weights

In this section, we study the R-sectoriality of A on higher-order spaces with power
weights that do not belong to the class of Muckenhoupt weights. For fixed p ∈ (1,∞)

and γ ∈ (−1, p − 1), we define for k ∈ N0 the Banach spaces

X
k,p
γ (Rd+) := W k,p(Rd+, wγ+kp) × W k−2,p(Rd+, wγ+kp),

D
k,p
γ (Rd+) := W k+2,p

0 (Rd+, wγ+kp) × W k,p(Rd+, wγ+kp).
(4.9)

In particular, note that no traces exist of functions inX
k,p
γ (Rd), see (3.1). Furthermore,

only the zeroth and first order trace exist of functions in D
k,p
γ (Rd+), modelling the

correct Dirichlet–Neumann boundary conditions of (1.1).

Theorem 4.8 Let p ∈ (1,∞), γ ∈ (−1, p − 1) k ∈ N0, ρ > 0 and σ ∈ (ϑ(ρ), π).

Let A be the realisation of the operator in (4.2) on X
k,p
γ (Rd+) with domain D(A) :=

D
k,p
γ (Rd+). Then there exists a λ̃ > 0 such that for all λ0 > λ̃, the operator λ0 + A is

R-sectorial with angle ωR(λ0 + A) ≤ σ.

Before we prove Theorem 4.8, we collect a few preliminary results. We start with
some estimates on functions in weighted Sobolev spaces.

Lemma 4.9 Let p ∈ (1,∞), γ ∈ (−1, p − 1) and k ∈ N0. Then, it holds that

‖ f ‖W k,p(Rd+,wγ+kp) ≤ C‖ f ‖W k+1,p(Rd+,wγ+(k+1)p), f ∈ W k+1,p(Rd+, wγ+(k+1)p),

‖ f ‖W k−2,p(Rd+,wγ+kp) ≤ C‖ f ‖W k−1,p(Rd+,wγ+(k+1)p), f ∈ W k−1,p(Rd+, wγ+(k+1)p).

Proof We only consider the second estimate for k ∈ {0, 1}. All the other estimates
follow immediately from Hardy’s inequality (Lemma 3.9). For k ∈ {0, 1} it suffices
by duality to prove

‖g‖
W 1−k,p′

0 (Rd+,wγ ′−kp′−p′ )
≤ C‖g‖

W 2−k,p′
0 (Rd+,wγ ′−kp′ )

, g ∈ W 2−k,p′
0 (Rd+, wγ ′−kp′),
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which again follows from Hardy’s inequality noting that γ ′ = − γ
p−1 ∈ (−1, p′ − 1).

��
Let θ ∈ R and define the pointwise multiplication operator

Mθ : C∞
c (Rd+; X) → C∞

c (Rd+; X) by Mθu(x) = xθ
1 · u(x), x ∈ R

d+.

By duality the operator extends to Mθ : D′(Rd+; X) → D′(Rd+; X), and M−θ acts
as inverse for Mθ on D′(Rd+; X). Moreover, we write M := M1. We have the next
estimates involving the multiplication operator M on weighted Sobolev spaces.

Lemma 4.10 Let p ∈ (1,∞), γ ∈ (−1, p − 1) and k ∈ N0. Then, it holds that

∑

|α|≤1

‖M∂α f ‖W k,p(Rd+,wγ+kp) � ‖ f ‖W k+1,p(Rd+,wγ+(k+1)p), f ∈ W k+1,p(Rd+, wγ+(k+1)p),

∑

|α|≤1

‖M∂α f ‖
W k+2,p

0 (Rd+,wγ+kp)
� ‖ f ‖

W k+3,p
0 (Rd+,wγ+(k+1)p)

, f ∈ W k+3,p
0 (Rd+, wγ+(k+1)p).

Moreover, for |α| ≤ 1, we have the estimate

‖M∂α f ‖W k−2,p(Rd+,wγ+kp) ≤ C‖ f ‖W k−1,p(Rd+,wγ+(k+1)p), f ∈ W k−1,p(Rd+, wγ+(k+1)p).

Proof Note that by [43, Lemma 3.6] it follows that

M : W 	,p
0 (Rd+, wγ+(k+1)p) → W 	,p

0 (Rd+, wγ+kp)

is an isomorphism for all	 ∈ N0.Moreover, if	 = k, then M : W k,p(Rd+, wγ+(k+1)p) →
W k,p(Rd+, wγ+kp) is an isomorphism since in this case no traces exist. Hence, we have

‖ f ‖W k+1,p(Rd+,wγ+(k+1)p) �

∑

|α|≤1

‖∂α f ‖W k,p(Rd+,wγ+(k+1)p) �

∑

|α|≤1

‖M∂α f ‖W k,p(Rd+,wγ+kp),

for f ∈ W k+1,p(Rd+, wγ+(k+1)p). The second estimate follows similarly.
Using that M : W 	,p(Rd+, wγ+(k+1)p) → W 	,p(Rd+, wγ+kp) is bounded for 	 ∈

N0 [43, Lemma 3.6], we obtain for k ≥ 2 and |α| ≤ 1 that

‖M∂α f ‖W k−2,p(Rd+,wγ+kp) ≤ C‖∂α f ‖W k−2,p(Rd+,wγ+(k+1)p) ≤ C‖ f ‖W k−1,p(Rd+,wγ+(k+1)p),

for f ∈ W k−1,p(Rd+, wγ+(k+1)p). It remains to prove the above estimate for k ∈ {0, 1}.
By duality, it suffices to prove

‖∂α Mg‖
W 1−k,p′

0 (Rd+,wγ ′−kp′−p′ )
≤ C‖g‖

W 2−k,p′
0 (Rd+,wγ ′−kp′ )

, g ∈ W 2−k,p′
0 (Rd+, wγ ′−kp′ ),

where by integration by parts (−1)|α|∂α M is the adjoint operator to M∂α. Let α =
(α1, α̃) ∈ N0 × N

d−1
0 with |α| = 1. Then, ∂α M = M∂α + α1. Moreover, since

M : W 	,p′
0 (Rd+, wμ) → W 	,p′

0 (Rd+, wμ−p′)
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is an isomorphism for all 	 ∈ N0 and μ ∈ R \ { j p′ − 1 : j ∈ N1}, it follows that

‖∂α Mg‖
W 1−k,p′

0 (Rd+,wγ ′−kp′−p′ )
≤ ‖M∂αg‖

W 1−k,p′
0 (Rd+,wγ ′−kp′−p′ )

+ α1‖g‖
W 1−k,p′

0 (Rd+,wγ ′−kp′−p′ )

≤ C
(‖∂αg‖

W 1−k,p′
0 (Rd+,wγ ′−kp′ )

+ α1‖g‖
W 1−k,p′

0 (Rd+,wγ ′−kp′−p′ )
)

≤ C‖g‖
W 2−k,p′

0 (Rd+,wγ ′−kp′ )
, g ∈ W 2−k,p′

0 (Rd+, wγ ′−kp′ ),

where we have additionally applied Hardy’s inequality (Lemma 3.9). ��
Furthermore, in the proof of Theorem 4.8, we need an elliptic regularity result in

the case that the right-hand side of the equation is smooth.

Lemma 4.11 Let ρ > 0, σ ∈ (ϑ(ρ), π) and λ0 > λ̃ with λ̃ as in Theorem 4.7.
Then, for all f ∈ C∞

c (Rd+) × C∞
c (Rd+) and λ ∈ λ0 + �π−σ , there exists a unique

u = (u1, u2)
� ∈ S(Rd+) × S(Rd+) such that

λu + Au = f , u1(0, ·) = (∂1u1)(0, ·) = 0. (4.10)

Proof We fix λ > λ̃. Note that, in particular, we have f = ( f1, f2)� ∈ L2(Rd+) ×
W −2,2(Rd+). Then, by Theorem 4.7, we know that for every λ > λ̃, Eq. (4.10) has a

unique solution u = (u1, u2)
� ∈ W 2,2

0 (Rd+) × L2(Rd+). By the definition of A, this
shows that u1 is a solution of the scalar equation

�2u1 −λρ�u1 +λ2u1 = f2 + (λ−ρ�) f1, u1(0, ·) = (∂1u1)(0, ·) = 0. (4.11)

Let L(D) := �2 − λρ� + λ2. We extend g := f2 + (λ − ρ�) f1 ∈ C∞
c (Rd+) by zero

to g̃ ∈ C∞
c (Rd) and consider the equation

L(D)v = g̃

in R
d . The operator L(D) can be written as F−1mF with the symbol

m(ξ) := |ξ |4 + λρ|ξ |2 + λ2, ξ ∈ R
d .

Using m(ξ) �= 0 for all ξ ∈ R
d , we obtain v = Pg̃ := F−1 1

mFg̃. As P is a
pseudodifferential operator of order −4 (see, e.g., [1, Definition 3.1]), we obtain v =
Pg̃ ∈ S(Rd) by [1, Theorem 3.6].

We use the ansatz u1 = v|
R

d+ +w, which yields for w the boundary value problem

L(D)w = 0, (w, ∂1w)|∂R
d+ = −(v, ∂1v)|∂R

d+ ∈ S(Rd−1) × S(Rd−1). (4.12)

Such boundary value problems were studied in [28]. As the principal part of L(D)

is given by �2, it is easily seen that the ellipticity conditions (E) and (LS) in [28,
Section 2.5.2] are satisfied for any φ ∈ [0, π).By [28, Proposition 4.16], there exists a
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solutionw ∈ S(Rd+) of (4.12), which is given by the application of a Poisson operator
to the right-hand side.

By construction, ũ1 := v|
R

d+ +w ∈ S(Rd+) solves (4.11). Setting ũ2 = λũ1 − f1 ∈
S(Rd+) yields a solution (̃u1, ũ2)

� of (4.10). By unique solvability of (4.10), we obtain
u j = ũ j ∈ S(Rd+) for j ∈ {1, 2}. ��
Remark 4.12 Alternatively, the result of Lemma 4.11 can be derived from properties
of the Boutet deMonvel calculus for pseudodifferential boundary value problems. The

boundary value problem A := (L(D), (Tr,Tr ◦ ∂1))
� belongs to the class B4,2

cl (Rd+)

of classical operators in Boutet de Monvel’s calculus of order 4 and type 2 in the sense
of [57, Definition 5.1]. Therefore, by [57, Theorem 5.11], there exists a parametrix

of the form B = (P̃+ + G̃, K̃ ) ∈ B−4,0
cl (Rd+), i.e., S := BA − id is a regularizing

Boutet de Monvel operator. Using (4.11) we write

u1 = BAu1 − Su1 = (P̃+ + G̃)
(

f2 + (λ − ρ�) f1
)− S1.

As g := f2 + (λ − ρ�) f1 ∈ C∞
c (Rd+), we get (P̃+ + G̃)g ∈ S(Rd+) by [57, Corol-

lary 5.5]. Since A has constant coefficients it even belongs to the SG-calculus in the
sense of [56, Definition 2.9], so we can even choose S to belong to the class of smooth-
ing operators in the SG-calculus, see [56, Definition 2.18]. By the mapping properties
of such operators [56, Theorem 4.5], we get Su1 ∈ S(Rd+). Hence, u1 ∈ S(Rd+) and
u2 = λu1 − f1 ∈ S(Rd+).

Wenow turn to the proof of R-sectoriality of the operator A as stated inTheorem4.8.

Proof of Theorem 4.8 For notational convenience we write X
k,p
γ := X

k,p
γ (Rd+) and

D
k,p
γ := D

k,p
γ (Rd+) for p ∈ (1,∞), γ ∈ (−1, p − 1), and k ∈ Z. Moreover, for

vectors we write u = (u1, u2) and for sequences of vectors we use the notation
(u(n))N

n=1 for some N ∈ N1.

Step 1: elliptic regularity. Let σ > ϑ(ρ) and let λ̃ be as in Theorem 4.7. Let
λ0 > λ̃ and N ∈ N1. We first prove the following elliptic regularity result: for all
sequences (λn)

N
n=1 in λ0 + �π−σ and ( f (n))N

n=1 ∈ ε2N (X
k,p
γ ), there exists a unique

(u(n))N
n=1 ∈ ε2N (D

k,p
γ ) such that

λnu(n) + Au(n) = f (n), Tr u(n)
1 = Tr ∂1u(n)

1 = 0, (4.13)

holds for each n ∈ {1, . . . , N }. Moreover, this solution satisfies the estimates

∥
∥

N∑

n=1

εnλnu(n)
∥
∥

L2(
;Xk,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk,p
γ )

, (4.14a)

∥
∥

N∑

n=1

εnu(n)
∥
∥

L2(
;Dk,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk,p
γ )

. (4.14b)
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The case k = 0 follows from Theorem 4.7. For k ∈ N1, the uniqueness of (u(n))N
n=1 in

the above statement follows from the uniqueness in X
0,p
γ and Lemma 4.9. The proof

of the existence and (4.14) goes by induction on k ≥ 0. Now assume that (4.13) and
(4.14) hold for some k ∈ N0. It remains to show existence of a solution to (4.13) and
the estimates (4.14) for k + 1.

Fix N ∈ N1 and let n ∈ {1, . . . , N }. Moreover, let ( f (n))N
n=1 ∈ ε2N (C∞

c (Rd+) ×
C∞
c (Rd+)) and consider the Eq. (4.13) with λn ∈ λ0 + �π−σ . For each f (n) ∈

C∞
c (Rd+) × C∞

c (Rd+), the unique solution u(n) to (4.13) is in S(Rd+) × S(Rd+) and

u(n)
1 (0, ·) = (∂1u(n)

1 )(0, ·) = 0. This follows from Lemma 4.11.
For |α| ≤ 1 we define v(n) := M∂αu(n). We claim that for n ∈ {1, . . . , N } and

|α| ≤ 1, v(n) satisfies the equation

λnv
(n) + Av(n) = M∂α f (n) +

(
0

4∂1∂α�u(n)
1 − 2ρ∂1∂

αu(n)
2

)

(4.15)

and the boundary conditions Tr v(n)
1 = Tr ∂1v

(n)
1 = 0. Indeed, note that we have the

commutation relations

[�, M∂α]g = 2∂1∂
αg,

[�2, M∂α]g = 4∂1∂
α�g,

for g ∈ S(Rd+). Therefore, we obtain

λn M∂αu(n) + AM∂αu(n) =
(

M∂α(λnu(n)
1 − u(n)

2 )

M∂α(�2u(n)
1 + λnu(n)

2 − ρ�u(n)
2 )

)

+
(

0
4∂1∂α�u(n)

1 − 2ρ∂1∂
αu(n)

2

)

and appealing to (4.13) yields (4.15). Moreover, note that Tr M∂αu(n)
1 = 0 and

Tr ∂1M∂αu(n)
1 = Tr

(
M∂1∂

αu(n)
1 + ∂αu(n)

1

) = Tr ∂αu(n)
1 = 0,

where the last identity follows from Tr u(n)
1 = Tr ∂1u(n)

1 = 0 (if α = 0 or α =
(1, 0, . . . , 0)) and Tr ∂α̃u(n)

1 = ∂α̃ Tr u(n)
1 = 0 if α = (0, α̃) ∈ N0 × N

d−1
0 with

|̃α| = 1. This proves the claim.
From the induction hypothesis (4.14b) applied to (4.15) and (4.13), we obtain for

|α| ≤ 1 that

∥
∥

N∑

n=1

εnv(n)
∥
∥

L2(
;Dk,p
γ )

�
∥
∥

N∑

n=1

εn M∂α f (n)
∥
∥

L2(
;Xk,p
γ )

+ ∥
∥

N∑

n=1

εnu(n)
1

∥
∥

L2(
;W k+2,p(Rd+,wγ+kp))

+ ∥
∥

N∑

n=1

εnu(n)
2

∥
∥

L2(
;W k,p(Rd+,wγ+kp))
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�
∥
∥

N∑

n=1

εn M∂α f (n)
∥
∥

L2(
;Xk,p
γ )

+ ∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk+1,p
γ )

,

where in the last estimate we have used Lemmas 4.9 and 4.10. Using Lemma 4.10
once more gives

∥
∥

N∑

n=1

εnu(n)
∥
∥

L2(
;Dk+1,p
γ )

�
∑

|α|≤1

∥
∥

N∑

n=1

εnv(n)
∥
∥

L2(
;Dk,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk+1,p
γ )

.

(4.16)
The equation λnu(n) + Au(n) = f (n) and (4.16) yield

∥
∥

N∑

n=1

εnλnu(n)
∥
∥

L2(
;Xk+1,p
γ )

�
∥
∥

N∑

n=1

εn Au(n)
∥
∥

L2(
;Xk+1,p
γ )

+ ∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk+1,p
γ )

�
∥
∥

N∑

n=1

εnu(n)
∥
∥

L2(
;Dk+1,p
γ )

+ ∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk+1,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk+1,p
γ )

,

which proves the desired estimates for ( f (n))N
n=1 ∈ ε2N (C∞

c (Rd+) × C∞
c (Rd+)).

The general case follows with by density argument. First, note that C∞
c (Rd+) ×

C∞
c (Rd+) is dense in X

k+1,p
γ by Lemma 3.10 and (3.2) for negative and positive

smoothness, respectively. Let ( f (n))N
n=1 ∈ ε2N (X

k+1,p
γ ), then for every n ∈ {1, . . . , N }

there exists a sequence ( f (n,m))m≥1 ⊆ C∞
c (Rd+)×C∞

c (Rd+) such that f (n,m) → f (n)

in X
k+1,p
γ as m → ∞. Moreover, ( f (n,m))N

n=1 → ( f (n))N
n=1 in ε2N (X

k+1,p
γ ) as m →

∞. Every ( f (n,m))N
n=1 defines a (u(n,m))N

n=1 ∈ ε2N (D
k+1,p
γ ) such that λnu(n,m) +

Au(n,m) = f (n,m) for all n ∈ {1, . . . , N } and m ≥ 1. In addition, by (4.16) we have

∥
∥

N∑

n=1

εn(u(n,m1)−u(n,m2))
∥
∥

L2(
;Dk+1,p
γ )

�
∥
∥

N∑

n=1

εn( f (n,m1)− f (n,m2))
∥
∥

L2(
;Xk+1,p
γ )

→ 0

as m1, m2 → ∞. Completeness of ε2N (D
k+1,p
γ ) implies that there exists a (u(n))N

n=1 ∈
ε2N (D

k+1,p
γ ) such that (u(n,m))N

n=1 → (u(n))N
n=1 in ε2N (D

k+1,p
γ ) as m → ∞.Moreover,

we have

∥
∥

N∑

n=1

εn(λn + A)(u(n,m) −u(n))
∥
∥

L2(
;Xk+1,p
γ )

�
∥
∥

N∑

n=1

εn(u(n,m) −u(n))
∥
∥

L2(
;Dk+1,p
γ )

→ 0,
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as m → ∞. This implies that

(
(λn + A)u(n)

)N
n=1 = lim

m→∞
(
(λn + A)u(n,m)

)N
n=1 = lim

m→∞( f (n,m))N
n=1 = ( f (n))N

n=1.

Thus, for any ( f (n))N
n=1 ∈ ε2N (X

k+1,p
γ ) there exists a (u(n))N

n=1 ∈ ε2N (D
k+1,p
γ ) such

that λnu(n) + Au(n) = f (n) for every n ∈ {1, . . . , N } and the required estimates hold.
This finishes the induction.

Step 2: R-sectoriality. To show that λ0 + A is R-sectorial, we prove that for σ >

ϑ(ρ) the set
{(λ − λ0)(λ + A)−1 : λ ∈ λ0 + �π−σ }

is R-bounded. Note that Step 1 implies that λ0 + A : D
k,p
γ → X

k,p
γ is a closed and

surjective operator. Hence, it has dense range, and [30, Propositions 10.1.7(3) and
10.1.9] imply dense domain and injectivity.

Fix N ∈ N1 and let n ∈ {1, . . . , N }. By the Kahane contraction principle [30,
Theorem 6.1.13] and Step 1, we obtain for λn ∈ λ0 + �π−σ

∥
∥

N∑

n=1

εn(λn − λ0)(λn + A)−1 f (n)
∥
∥

L2(
;Xk,p
γ )

� max
1≤n≤N

∣
∣λn−λ0

λn

∣
∣
∥
∥

N∑

n=1

εnλn(λn + A)−1 f (n)
∥
∥

L2(
;Xk,p
γ )

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;Xk,p
γ )

,

where we have used that

|λn − λ0| ≤
{

|λn| if σ ∈ [π
2 , π)

|λn |
sin(σ )

if σ ∈ (ϑ(ρ), π
2 ] , for λn ∈ λ0 + �π−σ .

This shows that λ0 + A is R-sectorial with angle ωR(λ0 + A) ≤ σ. ��

5 R-sectoriality for the elliptic operator on domains

In this section, we apply perturbation and localisation techniques to transfer R-
sectoriality of A on the half-space to bounded domains. Localisation techniques are
quite standard in the literature, see, e.g., [11, 20, 35]. In the weighted setting, one
can use a more advanced localisation procedure based on the diffeomorphism in
Lemma 2.8. In this way, we can deal with domains that have low regularity and
cannot be treated by applying standard localisation techniques.

We will use a similar strategy as in [44], where maximal regularity on weighted
Sobolev spaces for the heat equation on bounded C1-domains is derived. For the con-
venience of the reader, we will include the details of the perturbation and localisation
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argument, since only the Laplace operator is considered in [44]. We proceed in three
steps.

1. Use R-sectoriality for λ0+ A onR
d+ (Theorem 4.8) and known perturbation theory

for R-sectoriality to obtain R-sectoriality for λ0 + A on special domains with λ0
large enough.

2. Perform a localisation procedure to transfer R-sectoriality for λ0 + A on special
domains to bounded domains.

3. Use discreteness of the spectrum of A on bounded domains to obtain R-sectoriality
for the unshifted operator A.

These three steps are carried out in the subsequent Sects. 5.1, 5.2 and 5.3.

5.1 Perturbation of R-sectoriality to special domains

Let p ∈ (1,∞), k ∈ N0, and γ ∈ (−1, p − 1). We define the following spaces on
domains

X
k,p
γ (O) := W k,p(O, w∂O

γ+kp) × W k−2,p(O, w∂O
γ+kp),

D
k,p
γ (O) := W k+2,p

0 (O, w∂O
γ+kp) × W k,p(O, w∂O

γ+kp),
(5.1)

where the space with zero boundary conditions is as in Sect. 3.1 if O is a special or
bounded domain. Note that this definition for O = R

d+ coincides with (4.9).
We start with the perturbation of the R-sectoriality of A to special domains.

Theorem 5.1 Let p ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1−κ)p−1, p−1), k ≥ 2 an integer,
ρ > 0, σ ∈ (ϑ(ρ), π), and let O be a special C1,κ

c -domain with [O]C1,κ ≤ 1. Let A

be the realisation of the operator in (4.2) on X
k,p
γ (O) with domain D(A) := D

k,p
γ (O).

Then there exist λ̃ > 0 and δ ∈ (0, 1) such that, if [O]C1,κ < δ, then for all λ0 > λ̃,

the operator λ0 + A is R-sectorial with angle ωR(λ0 + A) ≤ σ.

Remark 5.2 The conditions that O is a special C1,κ
c -domain and γ > (1 − κ)p −

1 are only required to obtain the domain characterisation D(A) = D
k,p
γ (O), see

Proposition 3.5. In fact, the rest of the proof as given in this section also works for
special C1

c -domains and γ ∈ (−1, p − 1). Therefore, Theorem 5.1 remains valid for
special C1

c -domains and A with domain

D(A) := ◦
W k+2,p

0 (O, w∂O
γ+kp) × W k,p(O, w∂O

γ+kp).

Indeed, using these spaces, �∗ is an isomorphism without any additional conditions
on the smoothness of the domain or weight exponent, see Proposition 3.3.

To relate the operator A in (4.2) on special domains and the half-space, let h1, h2
and � be as in Lemma 2.8 defining a diffeomorphism between a special C1,κ

c -domain
and the half-space. Recall that �∗ f := f ◦ �−1 for f ∈ L1

loc(O) and define A� :
W 4,1

loc (Rd+) × W 2,1
loc (Rd+) → W 2,1

loc (Rd+) × L1
loc(R

d+) by

A� := �∗ ◦ A ◦ (�−1)∗ = A + B, (5.2)
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where A is the operator on R
d+ and B is a perturbation term. Since A consists

of the Laplacian and the bi-Laplacian, we introduce the coordinate changes �� :
W 2,1

loc (Rd+) → L1
loc(R

d+) and (�2)� : W 4,1
loc (Rd+) → L1

loc(R
d+), which are given by

�� := �∗ ◦ � ◦ (�−1)∗ and (�2)� := �∗ ◦ �2 ◦ (�−1)∗. (5.3)

More generally, if C is a linear differential operator of order N ∈ N1,we can define
the coordinate change C� := �∗ ◦ C ◦ (�−1)∗. We will compute the perturbation
terms corresponding to this coordinate change if C has constant coefficients. To this
end, we introduce the following class of differential operators.

Definition 5.3 For N ∈ N1, we call a differential operator P in R
d+ an operator of

special form of order N if it is a linear combination of terms of the form p1(y) · . . . ·
p	(y)∂μ with μ ∈ N

d
0 , where each pi (y) is of the form

pi (y) = ∂νi h1(�
−1(y)) or pi (y) = ∂νi h2(y), i ∈ {1, . . . , 	}, y ∈ R

d+,

with νi ∈ N
d
0 \ {0} for i ∈ {1, . . . , 	}. Here, 	 ∈ {1, . . . , N } and |μ| ∈ {1, . . . , N } are

such that |μ| +∑	
i=1 |νi | = 	 + N .

The following lemma provides the necessary properties of differential operators of
special form and the coordinate change C�.

Lemma 5.4 The following statements hold.

(i) If C is a linear differential operator of order N ∈ N1 with constant coefficients,
then P := C�−C is of special form of order N , where additionally all coefficients
pi have the form pi = (∂νi h1) ◦ �−1.

(ii) Let P̃ be a differential operator of special form of order N ∈ N1. Then ∂δ P̃ is a
differential operator of special form of order N + |δ| for all δ ∈ N

d
0 .

Proof of (i) By Lemma 2.8, the Jacobian of � is given by

(D�)(x) =

⎛

⎜
⎜
⎜
⎝

1 − ∂1h1(x) −∂2h1(x) . . . −∂d h1(x)

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

⎞

⎟
⎟
⎟
⎠

.

From this and the chain rule, we see that

∂k(u ◦ �) = (∂ku) ◦ � − (∂kh1)
(
(∂1u) ◦ �

)
, k ∈ {1, . . . , d}, (5.4)

for sufficiently smooth u : R
d+ → C. We show by induction on N that for every

differential operator C of order N with constant coefficients, the difference (C(u ◦
�))(x) − (Cu)(�(x)) is a linear combination of terms of the form

(
	∏

i=1

(∂νi h1)(x)

)

(∂μu)(�(x)), x ∈ O, (5.5)
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where 	, νi , μ are as in Definition 5.3. From this, the statement in (i) follows by taking
x = �−1(y).

For N = 1, this follows immediately from (5.4). Now, let C be a differential
operator of order N + 1. By linearity, we may assume that C = ∂α with α ∈ N

d
0 ,

|α| = N + 1. Writing ∂α = ∂k∂
α′
with k ∈ {1, . . . , d} and α′ ∈ N

d
0 , |α′| = N , we get

by induction and (5.4) that

∂α(u ◦ �) − (∂αu) ◦ � = ∂k∂α′
(u ◦ �) − (∂αu) ◦ �

= ∂k
(
(∂α′

u) ◦ � + Bu
)− (∂αu) ◦ �

= (∂k∂α′
u) ◦ � − (∂kh1)((∂1∂

α′
u) ◦ �) + ∂k Bu − (∂αu) ◦ �

= −(∂kh1)((∂1∂
α′

u) ◦ �) + ∂k Bu,

(5.6)
where Bu is a linear combination of terms of the form (5.5). The first term in (5.6)
is obviously of special form (5.5) of order N + 1. For the second term, we use the
product rule to see that ∂k Bu is a linear combination of terms of the form

∂k

( 	∏

i=1

∂νi h1

)(
(∂μu) ◦ �

) =
	∑

j=1

(∏

i �= j

∂νi h1

)
(∂k∂

νi h1)
(
(∂μu) ◦ �

)

+
( 	∏

i=1

∂νi h1

)(
(∂k∂

μu) ◦ �
)− ∂kh1

( 	∏

i=1

∂νi h1

)(
(∂1∂

μu) ◦ �
)
,

where we have again used (5.4). From this we see that all terms are of special form
(5.5) of order N + 1, which finishes the proof of (i).

Proof of (ii). In the same way as above, we see that

∂k(h1 ◦ �−1) = (∂kh1) ◦ �−1 + (∂kh2)
(
(∂1h1) ◦ �−1), k ∈ {1, . . . , d}. (5.7)

To show (ii), it is sufficient to consider |δ| = 1, i.e., ∂δ = ∂k for some k ∈ {1, . . . , d}.
By the product rule, we have

∂k

( 	∏

i=1

p̃i

)
∂μ =

( 	∏

i=1

p̃i

)
∂k∂

μ +
	∑

i=1

(∏

j �=i

p̃ j

)
(∂k p̃i )∂

μ.

Here, each term on the right-hand side is an operator of special form of order N + 1.
This is obvious if p̃i = ∂νi h2 and follows from (5.7) if p̃i = (∂νi h1) ◦ �−1. ��

As a special case of Lemma 5.4 we obtain the perturbation terms arising from the
change of coordinates corresponding to the (bi-)Laplacian and A in (5.2) and (5.3).

Corollary 5.5 Let �� and (�2)� be as in (5.3). Then for j ∈ {1, 2} it holds that

(� j )� = � j + B j ,
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where B j is an operator of special form of order 2 j . Moreover, for A� as in (5.2),
we have

A� = A + B, with B :=
(
0 0
B2 −ρB1

)

.

Proof The statements on (� j )� follow immediately from Lemma 5.4(i). The pertur-
bation term B for A� simply follows from the structure of A in (4.2). ��

To apply perturbation theorems for R-sectoriality to B, we provide the necessary
estimates on these perturbations.

Lemma 5.6 Let p ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer,
ρ > 0, and let O be a special C1,κ

c -domain with [O]C1,κ ≤ 1. Then the perturbation
term B from Corollary 5.5 satisfies the estimate

‖Bu‖
X

k,p
γ (Rd+)

≤ C · [O]C1,κ · ‖u‖
D

k,p
γ (Rd+)

, u ∈ D
k,p
γ (Rd+),

where the constant C > 0 only depends on p, k, κ, γ, ρ and d.

Proof Let u = (u1, u2) ∈ D
k,p
γ (Rd+) = W k+2,p

0 (Rd+, wγ+kp) × W k,p(Rd+, wγ+kp).

By Corollary 5.5, it suffices to prove the estimates

‖B2u1‖W k−2,p(Rd+,wγ+kp) ≤ C · [O]C1,κ · ‖u1‖W k+2,p(Rd+,wγ+kp),

u1 ∈ W k+2,p
0 (Rd+, wγ+kp),

‖B1u2‖W k−2,p(Rd+,wγ+kp) ≤ C · [O]C1,κ · ‖u2‖W k,p(Rd+,wγ+kp),

u2 ∈ W k,p(Rd+, wγ+kp).

Let j ∈ {1, 2} and set v j := u3− j ∈ W k−2+2 j,p
0 (Rd+, wγ+kp), where it should be

noted that for j = 1 we have v j = u2 ∈ W k,p(Rd+, wγ+kp) = W k,p
0 (Rd+, wγ+kp) by

(3.1). Thus, we have to show that

‖B jv j‖W k−2,p(Rd+,wγ+kp) � [O]C1,κ · ‖v j‖W k−2+2 j,p(Rd+,wγ+kp), (5.8)

for v j ∈ W k−2+2 j,p
0 (Rd+, wγ+kp).

Let α ∈ N
d
0 with |α| ≤ k − 2. By Corollary 5.5, we know that B j is an operator of

special form of order 2 j . Moreover, by Lemma 5.4(ii), the operator ∂α B j is of special
form of order 2 j +|α|.More precisely, ∂α B jv j is a linear combination of terms of the
form

∏	
i=1 bi∂

μu,where bi = (∂νi h1)◦�−1 or bi = ∂νi h2 with 	 ∈ {1, . . . , 2 j+|α|},
νi ∈ N

d
0 \ {0}, |μ| ∈ {1, . . . , 2 j + |α|} satisfying

|μ| +
	∑

i=1

|νi | = 	 + 2 j + |α|. (5.9)
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To estimate a factor of the form bi = (∂νi h1) ◦�−1, we apply Lemma 2.8(ii) and (iv)
to obtain the (non-optimal) estimate

|(∂νi h1)(�
−1(y))| � [O]C1,κ

dist(�−1(y), ∂O)|νi |−1 � [O]C1,κ

y|νi |−1
1

, y ∈ R
d+. (5.10)

For factors of the form bi = ∂νi h2, we use the same lemma to get

|(∂νi h2)(y)| � [O]C1,κ

y|νi |−1
1

, y ∈ R
d+. (5.11)

For a term of the form
∏	

i=1 bi∂
μv j , we obtain, using (5.10), (5.11), the fact that

[O]C1,κ ≤ 1, and Hardy’s inequality (Lemma 3.9 applied
∑	

i=1(|νi | − 1) times),

∥
∥
∥

	∏

i=1

bi∂
μv j

∥
∥
∥

L p(Rd+,wγ+kp)
� [O]C1,κ · ‖∂μv j‖L p(Rd+,w

γ+kp−∑	
i=1(|νi |−1)p

)

� [O]C1,κ · ‖v j‖
W |μ|+∑	

i=1(|νi |−1),p
(Rd+,wγ+kp)

� [O]C1,κ · ‖v j‖W k−2+2 j,p(Rd+,wγ+kp),

where in the last estimate we have used (5.9) and |α| ≤ k − 2 to obtain

|μ| +
	∑

i=1

(|νi | − 1) = |μ| − 	 +
	∑

i=1

|νi | ≤ k − 2 + 2 j .

As ∂α B jv j is a linear combination of such terms, this proves the desired estimate (5.8)
and finishes the proof. ��

With the estimates on theperturbation terms at hand,wecannowproveTheorem5.1.

Proof of Theorem 5.1 Let O be a special C1,κ
c -domain and let h1, h2 and � be as in

Lemma 2.8. Recall that we introduced A� : W 4,1
loc (Rd+) × W 2,1

loc (Rd+) → W 2,1
loc (Rd+) ×

L1
loc(R

d+) given by
A� := �∗ ◦ A ◦ (�−1)∗ = A + B,

with B as in Corollary 5.5. Consider the realisation of A� in X
k,p
γ (Rd+) with domain

D(A�) := D
k,p
γ (Rd+). Due to the isomorphisms in Proposition 3.3, the trace char-

acterisation in Proposition 3.5 and standard properties of R-sectoriality, the desired
statements in Theorem 5.1 for A onX

k,p
γ (O) are equivalent to the corresponding state-

ments for A� on X
k,p
γ (Rd+). To prove that λ0 + A� on X

k,p
γ (Rd+) is R-sectorial for λ0

large enough and [O]C1,κ small enough, we apply the perturbation result [31, Theo-
rem 16.2.4]. Indeed, by Lemma 5.6 and Theorem 4.8, we have for all u ∈ D

k,p
γ (Rd+)

that

‖Bu‖
X

k,p
γ (Rd+)

� [O]C1,κ · ‖u‖
D

k,p
γ (Rd+)

� [O]C1,κ · ‖(λ0 + A)u‖
X

k,p
γ (Rd+)

.
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Therefore, applying [31, Theorem 16.2.4] gives the desired result. ��

5.2 Localisation of R-sectoriality to bounded domains

To obtain R-sectoriality on bounded domains, it remains to apply a localisation pro-
cedure based on lower-order perturbations.

Theorem 5.7 Let p ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1 − κ)p − 1, p − 1), k ≥ 2 an
integer, ρ > 0, σ ∈ (ϑ(ρ), π) and let O be a bounded C1,κ -domain. Let A be the
realisation of the operator in (4.2) on X

k,p
γ (O) with domain D(A) := D

k,p
γ (O). Then

there exists a λ̃ > 0 such that for all λ0 > λ̃, the operator λ0 + A is R-sectorial with
angle ωR(λ0 + A) ≤ σ.

To transfer R-sectoriality from special domains to bounded domains, we use the
following abstract lemma based on lower-order perturbations. A version of the lemma
below for the H∞-calculus can be found in [46, Lemma 6.11].

Lemma 5.8 Let A be a linear operator on a Banach space Y , and let Ã be an R-
sectorial operator on a Banach space Ỹ . Assume that there exist bounded linear
mappings I : Y → Ỹ and P : Ỹ → Y satisfying

(i) PI = id,
(ii) ID(A) ⊆ D( Ã) and PD( Ã) ⊆ D(A),

(iii) (IA − ÃI)P : D( Ã) → Ỹ and I(AP − P Ã) : D( Ã) → Ỹ extend to bounded
linear operators [Ỹ , D( Ã)]θ → Ỹ for some θ ∈ (0, 1).

Then A is a closed and densely defined operator and for every σ > ωR( Ã) there exists
a λ > 0 such that λ + A is R-sectorial with ωR(λ + A) ≤ σ.

Proof The proof is similar to the proof of [46, Lemma 6.11] if one uses the perturbation
theorem [31, Corollary 16.2.5] for R-sectoriality. ��

To apply the localisation procedure from Lemma 5.8, we use the decomposition of
weighted Sobolev spaces as in Lemma 3.6. This requires the R-sectoriality of A on
special domains (Theorem 5.1) and on the full space R

d . From Proposition 4.1 and a
lifting argument, we obtain higher-order regularity for A on R

d .

Proposition 5.9 Let p ∈ (1,∞), γ ∈ (−1, p − 1), k ≥ 2 an integer, ρ > 0,
σ ∈ (ϑ(ρ), π) and let A be the realisation of the operator in (4.2) on W k,p(Rd , wγ )×
W k−2,p(Rd , wγ ) with domain D(A) := W k+2,p(Rd , wγ ) × W k,p(Rd , wγ ). Then
there exists a λ̃ > 0 such that for all λ0 > λ̃, the operator λ0 + A is R-sectorial with
angle ωR(λ0 + A) ≤ σ.

Proof Recall that the Bessel potential operator is defined by

Js f := (1 − �)
s
2 f = F−1((1 + | · |2) s

2F f ), f ∈ S′(Rd), s ∈ R.

Then, J	−	0 is an isometry from W 	,p(Rd , wγ ) to W 	0,p(Rd , wγ ) for all p ∈ (1,∞)

and 	, 	0 ∈ N0 with 	 ≥ 	0. Indeed, for the Bessel potential scale this follows from
the definition and by [48, Proposition 3.2] it also holds for Sobolev spaces.
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Let f ∈ S(Rd) × S(Rd), λ0 > 0 and λ ∈ λ0 + �π−σ . Consider the equation
(λ + A)u = f which has the solution representation

u(x) = F−1(ξ �→ A−1(ξ, λ)(F f )(ξ)
)
(x)

where, following the notation of [17, Section 2], we have that

A(ξ, λ) :=
(

λ −1
|ξ |4 λ + ρ|ξ |2

)

is invertible and its inverse (see [17, Equation (2.3)]) is given by

A−1(ξ, λ) = 1

(α+λ + |ξ |2)(α−λ + |ξ |2)
(

λ + ρ|ξ |2 1
−|ξ |4 λ

)

.

Now, the solution to (λ + A)̃u = Jk−2 f ∈ S(Rd) × S(Rd) is given by

ũ(x) = F−1(ξ �→ A−1(ξ, λ)(FJk−2 f )(ξ)
)
(x)

= F−1(ξ �→ (1 + |ξ |2) k−2
2 A−1(ξ, λ)(F f )(ξ)

)
(x) = (Jk−2u)(x).

This proves that R(λ,−A)Jk−2 f = Jk−2R(λ,−A) f , which is equivalent to

R(z, λ0 + A)Jk−2 f = Jk−2R(z, λ0 + A) f , for z ∈ C \ �σ . (5.12)

We can now lift the R-sectoriality to higher-order spaces. Fix N ∈ N1, let (λn)N
n=1

be a sequence in C \�σ and let ( f (n))N
n=1 ∈ ε2N (S(Rd)×S(Rd)). By Proposition 4.1

and the definition of R-sectoriality, we have the estimate

∥
∥

N∑

n=1

εnλn R(λn, λ0 + A) f (n)
∥
∥

L2(
;W 2,p(Rd ,wγ )×L p(Rd ,wγ ))

�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;W 2,p(Rd ,wγ )×L p(Rd ,wγ ))
. (5.13)

From (5.12) and (5.13) it follows that

∥
∥

N∑

n=1

εnλn R(λn, λ0 + A) f (n)
∥
∥

L2(
;W k,p(Rd ,wγ )×W k−2,p(Rd ,wγ ))

�
∥
∥

N∑

n=1

εnλn R(λn, λ0 + A)Jk−2 f (n)
∥
∥

L2(
;W 2,p(Rd ,wγ )×L p(Rd ,wγ ))

�
∥
∥

N∑

n=1

εn Jk−2 f (n)
∥
∥

L2(
;W 2,p(Rd ,wγ )×L p(Rd ,wγ ))
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�
∥
∥

N∑

n=1

εn f (n)
∥
∥

L2(
;W k,p(Rd ,wγ )×W k−2,p(Rd ,wγ ))
.

By a density argument, this proves the required R-sectoriality estimate. ��

We can turn to the proof of our main result concerning R-sectoriality on domains.

Proof of Theorem 5.7 The result will be proved using Lemma 5.8 together with Theo-
rem 5.1 and Proposition 5.9.

Let ε ∈ (0, κ) be such that γ > (1−(κ−ε))p−1.Take (Vn)N
n=1, (On)N

n=1, (ηn)N
n=0

from Lemma 3.6 such that for all n ∈ {1, . . . , N } we have [On]C1,κ−ε < δ where
δ ∈ (0, 1) is small enough such that Theorem 5.1 (applied with κ replaced by κ − ε)
applies for every On . Note that this is possible due to Remark 2.7. We define the
following operators, where the spaces are as defined in (3.3) and (3.5).

(i) Ã := ⊕N
n=0 Ãn onWk,p

γ+kp ×Wk−2,p
γ+kp with D( Ã) = Wk+2,p

0,γ+kp ×Wk,p
γ+kp, where

(a) Ã0 on W k,p(Rd) × W k−2,p(Rd) with D( Ã0) = W k+2,p(Rd) × W k,p(Rd)

is given by Ã0ũ = Aũ,

(b) Ãn on W k,p(On, w
∂On
γ+kp) × W k−2,p(On, w

∂On
γ+kp) with D( Ãn) =

W k+2,p
0 (On, w

∂On
γ+kp) × W k,p(On, w

∂On
γ+kp) is given by Ãnũ = Aũ for all

n ∈ {1, . . . , N }.
(ii) B : D(A) = D

k,p
γ (O) → Wk,p

γ+kp × Wk−2,p
γ+kp given by

Bu = B

(
u1
u2

)

=
(

0([�2, ηn]u1 − ρ[�, ηn]u2
)

)N

n=0
.

(iii) C : D( Ã) → X
k,p
γ (O) given by

Cũ = C

(
ũ1
ũ2

)

=
⎛

⎝
0

N∑

n=0

([�2, ηn ]̃u1,n − ρ[�, ηn ]̃u2,n
)

⎞

⎠ .

For λ0 > 0 large enough, λ0 + Ãn for all n ∈ {0, . . . , N } is R-sectorial with ωR(λ0 +
Ãn) ≤ σ by Proposition 5.9 and Theorem 5.1. Hence, for λ0 > 0 large enough, also
λ0 + Ã is R-sectorial with ωR(λ0 + Ã) ≤ σ.

Let P and I be as in (3.4). It is straightforward to verify that the conditions (i)
and (ii) from Lemma 5.8 hold. It remains to check condition (iii) in Lemma 5.8. We
first characterise the complex interpolation space

[
Wk,p

γ+kp × Wk−2,p
γ+kp , D( Ã)

]

1
2

=
[
Wk,p

γ+kp,W
k+2,p
0,γ+kp

]

1
2

×
[
Wk−2,p

γ+kp ,Wk,p
γ+kp

]

1
2

.
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Recall that (On)
N
n=1 are special C1,κ

c -domains. Hence, using Propositions 3.3 and 3.5
to reduce to R

d+ and applying [51, Proposition 6.2], it follows that

[W k,p(On, w
∂On
γ+kp), W k+2,p

0 (On, w
∂On
γ+kp)] 12 = W k+1,p

0 (On, w
∂On
γ+kp). (5.14)

From (5.14) and interpolation on R
d (see, e.g., [29, Theorems 5.6.9 & 5.6.11]), we

obtain

[Wk,p
γ+kp,W

k+2,p
0,γ+kp] 12

= [W k,p(Rd), W k+2,p(Rd)] 1
2

⊕
N⊕

n=1

[W k,p(On, w
∂On
γ+kp), W k+2,p

0 (On, w
∂On
γ+kp)] 12

= W k+1,p(Rd) ⊕
N⊕

n=1

W k+1,p
0 (On, w

∂On
γ+kp) = Wk+1,p

0,γ+kp.

Similarly, since �∗ : W k0,p(On, w
∂On
γ0 ) → W k0,p(Rd+, wγ0) is an isomorphism for

all k0 ∈ N0 and all γ0 ∈ ((k0 −1)p −1,∞)\ { j p −1 : j ∈ N1} (see Proposition 3.3),
it follows from [51, Proposition 6.6] that

[W k−2,p(On, w
∂On
γ+kp), W k,p(On, w

∂On
γ+kp)] 12 = W k−1,p(On, w

∂On
γ+kp).

Hence, we obtain [Wk−2,p
γ+kp ,Wk,p

γ+kp] 12 = Wk−1,p
γ+kp and thus we have proved that

[Wk,p
γ+kp × Wk−2,p

γ+kp , D( Ã)] 1
2

= Wk+1,p
0,γ+kp × Wk−1,p

γ+kp . (5.15)

To continue, note that

IAu − ÃIu = −Bu, u ∈ D(A), and APũ − P Ãũ = Cũ, ũ ∈ D( Ã).

Furthermore, the commutators [�, ηn] and [�2, ηn] are first and third-order partial
differential operators with smooth and compactly supported coefficients, respectively.
This and (5.15) yield that the operators

IA − ÃI : W k+1,p
0 (O, w∂O

γ+kp) × W k−1,p(O, w∂O
γ+kp) → Wk,p

γ+kp × Wk−2,p
γ+kp ,

P : [Wk,p
γ+kp × Wk−2,p

γ+kp , D( Ã)] 1
2

→ W k+1,p
0 (O, w∂O

γ+kp) × W k−1,p(O, w∂O
γ+kp)

are bounded. Similarly, it can be shown that the operators

AP − P Ã : [Wk,p
γ+kp × Wk−2,p

γ+kp , D( Ã)] 1
2

→ W k,p(O, w∂O
γ+kp) × W k−2,p(O, w∂O

γ+kp),

I : W k,p(O, w∂O
γ+kp) × W k−2,p(O, w∂O

γ+kp) → Wk,p
γ+kp × Wk−2,p

γ+kp

123



Higher-order regularity for a structurally damped plate equation… Page 39 of 51    32 

are bounded. This shows that (IA − ÃI)P and I(AP − P Ã) extend to bounded
operators from [Wk,p

γ+kp×Wk−2,p
γ+kp , D( Ã)] 1

2
toWk,p

γ+kp×Wk−2,p
γ+kp .ApplyingLemma5.8

gives that for allσ ∈ (ϑ(ρ), π) there exists a λ̃ > 0 such that for allλ0 > λ̃ the operator
λ0 + A on X

k,p
γ (O) is R-sectorial with ωR(λ0 + A) ≤ σ. ��

5.3 R-sectoriality for the unshifted operator

In this section, we prove the following improved version of Theorem 5.7, which, in
particular, yields R-sectoriality for the operator A without a shift.

Theorem 5.10 Let p ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1 − κ)p − 1, p − 1), k ≥ 2 an
integer, ρ > 0, and let O be a bounded C1,κ -domain. Let A be the realisation of
the operator in (4.2) on X

k,p
γ (O) with domain D(A) := D

k,p
γ (O). Then the following

assertions hold.

(i) The spectrum σ(A) is a discrete set of eigenvalues which is contained in the
open right half-plane. Furthermore, σ (A) is independent of p ∈ (1,∞), γ ∈
((1 − κ)p − 1, p − 1), and k ≥ 2.

(ii) There exists a λ̃ > 0 and a σ < π
2 such that for all λ0 > −̃λ, the operator λ0 + A

is R-sectorial with ωR(λ0 + A) ≤ σ.

Essentially, the R-sectoriality result in Theorem 5.10(ii) follows from Theorem 5.7
andTheorem5.10(i).However, sincewe are dealingwithweighted spaces and domains
with low regularity, we cannot argue immediately as in the proof of [17, Theorem 5.1].
To prove Theorem 5.10(i), we consider the operator A on X

k,p
γ (O) and on W 2,2

0 (O)×
L2(O). Then it suffices to show that the spectra of these two operators are equal and
that the spectrum of A on W 2,2

0 (O) × L2(O) has the desired properties.
We start with the analysis of the operator in the unweighted L2-setting. For suf-

ficiently smooth domains, the following result is an easy consequence of classical
elliptic regularity. As the domain O is of class C1,κ only, we have to argue slightly
differently.

Lemma 5.11 Let ρ > 0 and let O be a bounded C1-domain. Let A be the realisation
of the operator in (4.2) on W 2,2

0 (O) × L2(O) with domain

D(A) := {
u ∈ W 2,2

0 (O) × L2(O) : Au ∈ W 2,2
0 (O) × L2(O)

}
.

Then the following assertions hold.

(i) The operator A is densely defined and closed.
(ii) Let s ∈ (0, 1

2 ). Then we have the higher regularity u1 ∈ W 4,2
loc (O) for each u =

(u1, u2)
� ∈ D(A) as well as the continuous embedding

D(A) ⊆ (
H2+s,2(O) ∩ W 2,2

0 (O)
)× W 2,2

0 (O), (5.16)

where H2+s,2(O) stands for the Bessel potential space.
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(iii) The spectrum σ(A) is a discrete set of eigenvalues which is contained in the open
right half-plane.

Proof of (i) AsC∞
c (O)×C∞

c (O) ⊆ D(A), the operatorA is densely defined. To show
closedness, let (u(k))k∈N = ((u(k)

1 , u(k)
2 )�)k∈N ⊆ D(A) be a sequence with u(k) → u

andAu(k) → v as k → ∞ in W 2,2
0 (O) × L2(O). By the definition ofA, this implies

u(k)
2 → −v1 in W 2,2

0 (O). As we also have u(k)
2 → u2 in L2(O), the uniqueness of the

limit in L2(O) yields u2 = −v1 ∈ W 2,2
0 (O).

Similarly, we have the convergence�2u(k)
1 −ρ�u(k)

2 → v2 in L2(O)which implies

�2u(k)
1 → v2 + ρ�u2 in L2(O), (5.17)

using that u(k)
2 → −v1 = u2 in W 2,2

0 (O). By the continuous embedding L2(O) ⊆
W −2,2(O), the convergence in (5.17) also holds in W −2,2(O). On the other hand,
from u(k)

1 → u1 in W 2,2
0 (O) and the continuity of �2 : W 2,2

0 (O) → W −2,2(O), we
also get

�2u(k)
1 → �2u1 in W −2,2(O).

Again by the uniqueness of the limit, we see that �2u1 = v2 + ρ�u2. Therefore,
u = (u1, u2)

� ∈ D(A) andAu = (−u2,�
2u1−ρ�u2)

� = (v1, v2)
�,which shows

that the operator A is closed.
Proof of (ii).Letu = (u1, u2)

� ∈ D(A).Thenweobtainu1 ∈ W 4,2
loc (O)by a similar

argument as in the proof of [49, Lemma 11.36]. Setting f = ( f1, f2)� := Au, we
get

�2u1 = ρ�u2 + f2 = −ρ� f1 + f2 ∈ L2(O).

Let s ∈ (0, 1
2 ). By [54, Theorem 6], the function u1 belongs to H2+s,2(O), and we

have the estimate

‖u1‖Hs+2,2(O) ≤ C
∥
∥− ρ� f1 + f2

∥
∥

Hs−2,2(O)
≤ C

∥
∥− ρ� f1 + f2

∥
∥

L2(O)

≤ C‖ f ‖W 2,2(O)×L2(O).

From this and ‖u2‖W 2,2(O) = ‖ f1‖W 2,2(O), we obtain the continuous embedding
(5.16), where we endow D(A) with the graph norm.

Proof of (iii). By the Rellich–Kondrachov theorem, the space on the right-hand
side of (5.16) is compactly embedded into W 2,2

0 (O)× L2(O). Therefore, the operator
A has compact resolvent and, consequently, its spectrum is discrete and consists of
eigenvalues of finite algebraic multiplicity. Therefore, to show the statement on the
spectrum in (iii), it is sufficient to show that for each λ with Re λ ≥ 0, the operator
A + λ is injective.

Let λ ∈ C with Re λ ≥ 0. On W 2,2
0 (O) × L2(O), define the inner product

〈v,w〉 := (v1, w1)L2(O) + (�v1,�w1)L2(O) + (v2, w2)L2(O), v, w ∈ W 2,2
0 (O) × L2(O).
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For u = (u1, u2)
� ∈ D(A) with (A+λ)u = 0, we obtain by integration by parts and

using the boundary conditions,

0 = Re 〈(A + λ)u, u〉 = (Re λ)
(‖�u1‖2L2(O)

+ ‖u2‖2L2(O)

)+ ρ‖∇u2‖2L2(O;Cd )
.

As Re λ ≥ 0, this yields ∇u2 = 0. Hence, since u2 ∈ W 2,2
0 (O), we obtain u2 = 0.

Furthermore, the second component of the equation (A + λ)u = 0 implies that,
�2u1 = ρ�u2 − λu2 = 0. Since u1 ∈ W 2,2

0 (O), this implies, using integration by
parts again, that 0 = (�2u1, u1)L2(O) = ‖�u1‖2L2(O)

and therefore u1 = 0. So we
see that u = 0, which shows that the operator A + λ is injective. ��

In order to show that the spectrum of A on X
k,p
γ (O) is independent of p, γ and k,

we need the following lemma about the consistency of resolvents.

Lemma 5.12 Let p ∈ (1,∞), κ ∈ (0, 1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer
and let O be a bounded C1,κ -domain. Let

Ap,k,γ := A on X
k,p
γ (O) with D(Ap,k,γ ) := D

k,p
γ (O)

be as in (4.2). Let A be the operator from Lemma 5.11, i.e., the realisation of the
operator in (4.2) on W 2,2

0 (O) × L2(O) with domain

D(A) := {
u ∈ W 2,2

0 (O) × L2(O) : Au ∈ W 2,2
0 (O) × L2(O)

}
.

Then there exists a λ̃ > 0 such that for all λ > λ̃ the resolvents R(λ,−Ap,k,γ ) and
R(λ,−A) are consistent.

Proof Let f ∈ X
k,p
γ (O)∩ (W 2,2

0 (O)× L2(O)
)
. We have to show that, for sufficiently

large λ, the resolvents R(λ,−Ap,k,γ ) and R(λ,−A) exist and are equal when applied
to f . For this, we first show an embedding result.

Take 1 < q < min{p, 2} and μ ∈ (2q − 1, 3q − 1) such that

μ >
q(γ + 2p + 1)

p
− 1 > (3 − κ)q − 1. (5.18)

Using that γ ∈ ((1− κ)p − 1, p − 1), we can always find a μ such that (5.18) holds.
First, we claim that

L p(O, w∂O
γ+2p) ↪→ Lq(O, w∂O

μ ). (5.19)

Indeed, for u ∈ L p(O, w∂O
γ+2p) we have by Hölder’s inequality that

∫

O
|u(x)|qw∂O

μ (x) dx ≤
( ∫

O
|u(x)|pw∂O

γ+2p(x) dx
) q

p
( ∫

O
w∂O

μp−q(γ+2p)
p−q

(x) dx
) p−q

q
< ∞.

The latter integral can be written as an integral over R
d+ (using the localisation from

Lemma 3.6 and the diffeomorphism fromLemma 2.8), hence the integral is finite since
(5.18) implies (μp − q(γ + 2p))/(p − q) > −1. This proves the claim.
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We introduce for r ∈ (1,∞) and ν > −1 the space

Zr ,ν := {
u ∈ W 2,r

0 (O, w∂O
ν ) × Lr (O, w∂O

ν ) : Au ∈ W 2,r
0 (O, w∂O

ν ) × Lr (O, w∂O
ν )

}
.

Note that D(A) = Z2,0. For λ large enough, consider the equation

λw̃ + Aw̃ = f , f ∈ X
k,p
γ (O) ∩ (W 2,2

0 (O) × L2(O)
)
. (5.20)

Then byTheorem5.7, there exists a unique solution w̃0 ∈ D
k,p
γ (O).Hardy’s inequality

(for Lipschitz domains, see e.g., [36, Theorem 8.8]) and (5.19) yield

w̃0 ∈ D
k,p
γ (O) ↪→ D

2,p
γ (O) = W 4,p

0 (O, w∂O
γ+2p) × W 2,p(O, w∂O

γ+2p)

↪→ W 4,q
0 (O, w∂O

μ ) × W 2,q(O, w∂O
μ ).

Furthermore, for each λ ∈ Cwith Re λ ≥ 0,we have λ ∈ ρ(−A) by Lemma 5.11(iii).
As A is closed by Lemma 5.11(i), this is equivalent to the bijectivity of the operator
λ + A. Therefore, there also exists a unique solution w̃1 ∈ Z2,0 of (5.20). Using
μ > 0, q < 2 and the elliptic regularity (Theorem 5.7 using (5.18)), we find

w̃1 ∈ Z2,0 ↪→ Zq,μ = W 4,q
0 (O, w∂O

μ ) × W 2,q(O, w∂O
μ ).

Note that (5.20) with right-hand side f ∈ Lq(O, w∂O
μ ) has a unique solution w̃ by

Theorem 5.7 (again using (5.18)). It follows that w̃0 = w̃1, which proves that the
resolvents of −Ap,k,γ and −A are consistent. ��

Using the above lemmas about the spectrum ofA and the consistency, we can now
prove Theorem 5.10.

Proof of Theorem 5.10 Proof of (i). Since the embedding W 1,p(O, w∂O
γ0

)↪→L p(O,

w∂O
γ0

) is compact for all p ∈ (1,∞) and γ0 > −1 (see [26, Theorem 8.8]), it follows

that the embedding D
k,p
γ (O) ↪→ X

k,p
γ (O) is compact as well. Hence, the resolvent

operator R(λ, A) with λ ∈ ρ(A) is compact. By the Riesz–Schauder theorem for
compact operators, the resolvent operator R(λ, A) has a discrete countable spectrum
{σ j : j ∈ N0}, where σ j �= 0 are eigenvalues. Furthermore, zero is contained in the
spectrum of R(λ, A) and is the only accumulation point of the spectrum. Therefore,
the spectral mapping theorem implies that σ(A) is a discrete set of eigenvalues.

To continue, we prove that the spectrum σ(A) is independent of p, k and γ. Let
Ap,k,γ and A be as in Lemma 5.12. It suffices to prove that σ(Ap,k,γ ) = σ(A). Note
that σ(A) is a discrete set of eigenvalues contained in the open right half-plane by
Lemma 5.11. By Lemma 5.12 and analytic continuation it holds that R(z, Ap,k,γ )

and R(z,A) are consistent for all z ∈ ρ(Ap,k,γ ) ∩ ρ(A). If μ ∈ ρ(A), then since
σ(Ap,k,γ ) is discrete and countable, there exists an r > 0 such that B(μ, r) \ {μ} ⊆
ρ(Ap,k,γ ) ∩ ρ(A). Therefore, by consistency of the resolvents, we find

∫

∂ B(μ,r)

R(z, Ap,k,γ ) dz =
∫

∂ B(μ,r)

R(z,A) dz = 0,
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which implies that μ ∈ ρ(Ap,k,γ ). The other inclusion follows similarly. This proves
that σ(Ap,k,γ ) = σ(A) and thus σ(Ap,k,γ ) is independent of p, k and γ.

Using the properties of σ(A) from Lemma 5.11, now yields that σ(Ap,k,γ ) is a
discrete set of eigenvalues contained in the open right half-plane.

Proof of (ii). By Theorem 5.7, it holds for λ0 large enough that λ0+ A is R-sectorial
with ωR(λ0 + A) < π

2 . From this and the fact that the spectrum of A is discrete, we
see that for each r > 0 only finitely many eigenvalues λ with Re λ < r exist. As
the imaginary axis belongs to ρ(A) by (i), this yields minλ∈σ(A) Re λ > 0. We set
λ̃ := 1

2 minλ∈σ(A) Re λ. Using the analyticity of the resolvent, it follows that there
exists some σ < π

2 such that for λ0 > −̃λ, the operator λ0 + A is R-sectorial with
ωR(λ0 + A) ≤ σ. ��

6 Maximal regularity for the damped plate equation

We prove our main results on maximal regularity (see Sect. 2.2) for the damped plate
equation on the half-space and on bounded domains.

6.1 Damped plate equation with homogeneous boundary conditions

Wefirst study the damped plate equation with homogeneous boundary conditions, i.e.,

⎧
⎪⎨

⎪⎩

∂2t u + �2u − ρ�∂t u = f (t, x) ∈ (0, T ) × O,

u = ∂nu = 0 (t, x) ∈ (0, T ) × ∂O,

u|t=0 = (∂t u)|t=0 = 0 x ∈ O.

(6.1)

Throughout, ρ > 0 is fixed, we write I := (0, T ) for some T ∈ (0,∞] and n
denotes the inward pointing unit normal vector at ∂O. Furthermore, for q ∈ (1,∞)

and μ ∈ (−1, q − 1), we denote by vμ(t) := |t |μ a temporal weight.

We recall that the spacesX
k,p
γ (O) andD

k,p
γ (O) are as defined in (5.1). Furthermore,

we introduce the following short-hand notation. Let p, q ∈ (1,∞), γ ∈ (−1, p − 1),
μ ∈ (−1, q − 1), k ≥ 2 an integer and T ∈ (0,∞]. We define the space for the data
f as

F
k−2
q,p (I , vμ;O, w∂O

γ+kp) := Lq(I , vμ; W k−2,p(O, w∂O
γ+kp)).

For the solution u we define the spaces

U
k−2
q,p (I , vμ;O, w∂O

γ+kp) := W 2,q (I , vμ; W k−2,p(O, w∂O
γ+kp)) ∩ Lq (I , vμ; W k+2,p(O, w∂O

γ+kp)),

0U
k−2
q,p (I , vμ;O, w∂O

γ+kp) := {
u ∈ U

k−2
q,p (I , vμ;O, w∂O

γ+kp) : u|t=0 = (∂t u)|t=0 = 0
}
.

Similarly, we define the spaces with zero boundary conditions at ∂O as

U
k−2
q,p,0(I , vμ;O, w∂O

γ+kp) := W 2,q (I , vμ; W k−2,p(O, w∂O
γ+kp)) ∩ Lq (I , vμ; W k+2,p

0 (O, w∂O
γ+kp)),
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0U
k−2
q,p,0(I , vμ;O, w∂O

γ+kp) := {
u ∈ U

k−2
q,p,0(I , vμ;O, w∂O

γ+kp) : u|t=0 = (∂t u)|t=0 = 0
}
.

Using R-sectoriality of the operator matrix A obtained in Sects. 4 and 5 for the
half-space and bounded domains, respectively, we can establish maximal regularity
for the damped plate equation.

Theorem 6.1 Let p, q ∈ (1,∞), γ ∈ (−1, p −1), μ ∈ (−1, q −1), k ≥ 2 an integer
and ρ > 0. Assume that either

(i) O = R
d+ and T ∈ (0,∞), or,

(ii) κ ∈ (0, 1), γ > (1 − κ)p − 1, O is a bounded C1,κ -domain and T ∈ (0,∞].
Then the following assertions hold.

(i) The realisation of the operator A in (4.2) on X
k,p
γ (O) with domain D

k,p
γ (O) has

maximal Lq(vμ)-regularity on I . Furthermore, −A generates an analytic C0-

semigroup on X
k,p
γ (O). Moreover, if O is a bounded domain, then this semigroup

is uniformly exponentially stable.
(ii) For all f ∈ F

k−2
q,p (I , vμ;O, w∂O

γ+kp) there exists a unique solution

u ∈ 0U
k−2
q,p,0(I , vμ;O, w∂O

γ+kp)

to (6.1). Moreover, this solution satisfies

‖u‖
U

k−2
q,p (I ,vμ;O,w∂O

γ+kp) ≤ C‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp),

where the constant C > 0 only depends on p, q, γ, μ, k, ρ, d and T . If O is a
bounded domain, then the constant C is independent of T .

Proof Theorem 4.8 (for O = R
d+) and Theorem 5.10(ii) (for O a bounded domain)

together with [31, Theorems 17.3.1(2), 17.2.26(1) & 17.2.39] (using that C is a UMD
Banach space and ϑ(ρ) < π

2 ) gives maximal Lq(vμ)-regularity of A on I . Further-
more, [31, Theorem17.2.15] implies that−A generates an analyticC0-semigroup. IfO
is a bounded domain, then 0 ∈ ρ(A) byTheorem5.10(i), hence [31, Proposition 17.2.8
&Corollary 17.2.25] imply that this semigroup is uniformly exponentially stable. This
proves (i). For (ii) it follows from (i) and [31, Propositions 17.2.7 & 17.2.8] that there
exists a unique solution ũ = (̃u1, ũ2)

� ∈ W 1,q(I , vμ; X
k,p
γ (O))∩Lq(I , vμ; D

k,p
γ (O))

to the first-order Cauchy problem

∂t ũ + Aũ =
(
0
f

)

, ũ|t=0 = 0. (6.2)

Furthermore, this solution satisfies

‖ũ‖
W 1,q (I ,vμ;Xk,p

γ (O))
+ ‖ũ‖

Lq (I ,vμ;Dk,p
γ (O))

≤ C‖ f ‖Lq (I ,vμ;W k−2,p(O,w∂O
γ+kp)). (6.3)
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Next, by setting u := ũ1 we obtain that ∂t u = ũ2 by the first component in (6.2).
Hence, u solves (6.1). Moreover, it holds that u ∈ 0U

k−2
q,p,0(I , vμ;O, w∂O

γ+kp) and

‖u‖
U

k−2
q,p (I ,vμ;O,w∂O

γ+kp) �
1∑

j=0

‖∂ j
t u‖W 1,q (I ,vμ;W k−2,p(O,w∂O

γ+kp))

+ ‖u‖Lq (I ,vμ;W k+2,p(O,w∂O
γ+kp))

� ‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp),

where we have used that (̃u1, ũ2) = (u, ∂t u) and (6.3).
Conversely, if u ∈ 0U

k−2
q,p,0(I , vμ;O, w∂O

γ+kp) solves (6.1), then ũ := (u, ∂t u)�

belongs to W 1,q(I , vμ; X
k,p
γ (O)) ∩ Lq(I , vμ; D

k,p
γ (O)) and solves (6.2). Indeed, this

follows from the embedding

U
k−2
q,p,0(I , vμ;O, w∂O

γ+kp) ↪→ W 1,q(I , vμ; W k,p(O, w∂O
γ+kp)). (6.4)

To prove (6.4), note that by [45, Proposition 5.5], [46, Theorem 3.18] (which also
holds on I by a restriction argument) and [51, Proposition 6.2] (using k ≥ 2 and a
localisation argument based on Proposition 3.3 and Lemma 3.6), we obtain

W 2,q(I , vμ;W k−2,p(O, w∂O
γ+kp)

) ∩ Lq(I , vμ; W k+2,p
0 (O, w∂O

γ+kp)
)

↪→ W 1,q(I , vμ; [W k−2,p(O, w∂O
γ+kp), W k+2,p

0 (O, w∂O
γ+kp)] 12

)

= W 1,q(I , vμ; W k,p(O, w∂O
γ+kp)

)
.

Thus, the solution u to (6.1) is unique and this completes the proof of (ii). ��

6.2 Damped plate equation with inhomogeneous boundary conditions

We turn to maximal regularity for the damped plate equation with inhomogeneous
boundary conditions. Consider

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂2t u + �2u − ρ�∂t u = f (t, x) ∈ (0, T ) × O,

u = g0 (t, x) ∈ (0, T ) × ∂O,

∂nu = g1 (t, x) ∈ (0, T ) × ∂O,

u|t=0 = (∂t u)|t=0 = 0 x ∈ O.

(6.5)

Again, ρ > 0 is fixed, we write I := (0, T ) for some T ∈ (0,∞] and n denotes
the inward pointing unit normal vector at ∂O. The functions g0 and g1 denote the
boundary data. As is known from the standard unweighted theory for boundary value
problems [12], the optimal space for the boundary data is an intersection space of
Triebel–Lizorkin spaces in time and Besov spaces in space. Recently, in [15] the trace
theory has been extended to the weighted setting with rough domains. The theory
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for the temporal trace in the weighted setting is more delicate than in the classical
unweighted setting, see, e.g., [46, Section 7]. Therefore, we will not consider non-
zero initial data.

For the definition of weighted Triebel–Lizorkin spaces, we refer to, e.g., [47, Sec-
tion 3.1]. Similar as in [15] (and, e.g., [59, Definition 3.6.1] in the case of smooth
domains), we define spaces on ∂O as follows. Let O be a bounded C1-domain
and fix (Vn)N

n=1, (On)N
n=1 and (ηn)

N
n=0 from Lemma 3.6. For n ∈ {1, . . . , N }, let

�n : On → R
d+ be the Dahlberg–Kenig–Stein pullback from Lemma 2.8. Recall that

for any f defined on On, the change of coordinates mapping is (�n)∗ f := f ◦ �−1
n .

Furthermore, for any g defined on ∂On, we write (�n(0, ·))∗g = g(�−1
n (0, ·)) which

defines a function on R
d−1.

Let p ∈ (1,∞) and s > 0. Let L p(∂O) be the Lebesgue space with respect to the
surface measure. We define

Bs
p,q(∂O) := {

g ∈ L p(∂O) : (�n(0, ·))∗η2ng ∈ Bs
p,q(Rd−1) for all n ∈ {1, . . . , N }},

equipped with the norm

‖g‖Bs
p,q (∂O) :=

N∑

n=1

‖(�n(0, ·))∗η2ng‖Bs
p,q (Rd−1), g ∈ Bs

p,q(∂O).

Note that this definition is independent of the partition of unity and the diffeomor-
phisms up to equivalent norms.

In addition to the notation in Sect. 6.1, we introduce the following short-hand
notation for the spaces for the boundary data. Let j ∈ {0, 1}, p, q ∈ (1,∞), γ ∈
(−1, p − 1), μ ∈ (−1, q − 1), k ≥ 2 an integer and t ∈ (0,∞]. We define

G
j,γ
q,p(I , vμ; ∂O) := F

1− j
2− γ+1

2p
q,p (I , vμ; L p(∂O)) ∩ Lq (I , vμ; B

2− j− γ+1
p

p,p (∂O)),

0G
j,γ
q,p(I , vμ; ∂O) :=

{
G

j,γ
q,p(I , vμ; ∂O) if 1 − j

2 − γ+1
2p <

μ+1
q ,

{
g ∈ G

j,γ
q,p(I , vμ; ∂O) : g|t=0 = 0

}
if 1 − j

2 − γ+1
2p >

μ+1
q .

The temporal traces in the above spaces are well defined, see, e.g., [51, Theorem 1.2].
Furthermore, it should be noted that the first-order temporal trace in G

j,γ
q,p(I , vμ; ∂O)

only exists if

1 − j

2
− γ + 1

2p
> 1 + μ + 1

q
.

Using that j ∈ {0, 1}, γ ∈ (−1, p − 1) and μ ∈ (−1, q − 1), we see that j
2 + γ+1

2p >

0 > −μ+1
q . Hence, for the given parameter ranges the first-order temporal trace never

exists and, therefore, no compatibility conditions on ∂t g0 and ∂t g1 are needed. This is
in contrast to the unweighted setting, see [17, Theorem 4.6 & 5.2] and, in particular,
[17, Equation (4.10)].
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For O a bounded C1-domain and u ∈ C1(O), we define the spatial trace as

Tr
∂O
1 := (u|∂O, n · (∇u)|∂O),

where n denotes the inner unit normal vector at ∂O.

The following theoremgives the optimal space for the boundary data in theweighted
setting. It should be noted that, due to the spatial weights, the trace space is independent
of the smoothness parameter k. Also note that more smoothness of the domain is
required: C1,κ , while for homogeneous boundary conditions we could allow for C1-
domains.

Theorem 6.2 (Spatial trace operator). Let p, q ∈ (1,∞), γ ∈ (−1, p − 1), μ ∈
(−1, q − 1), k ≥ 2 an integer and T ∈ (0,∞]. Furthermore, assume that either

(i) O = R
d+, or,

(ii) κ ∈ (0, 1), γ > (1 − κ)p − 1 and O is a bounded C1,κ -domain.

Then the trace operator

Tr
∂O
1 : 0Uk−2

q,p (I , vμ;O, w∂O
γ+kp) →

1∏

j=0
0G

j,γ
q,p(I , vμ; ∂O)

is continuous and surjective.

Proof If I = R, then the result follows from [15, Theorems 4.1 & 5.3] applied with
k, k1, 	 and γ replaced by k − 2, 4, 2 and γ + 2p, respectively. By using the zero
extension operator from R+ to R, we can argue similarly as in Step 2 of the proof
of [15, Theorem 4.1] to obtain the result for I = R+. The result for I = (0, T )

with T < ∞ follows by using an extension operator from I to R. Such an extension
operator can be obtained as in [4, Proposition 2.5]. ��

We can now prove the main theorem of this paper concerning well-posedness and
regularity of the plate equation (6.5) with inhomogeneous boundary conditions.

Theorem 6.3 Let p, q ∈ (1,∞), γ ∈ (−1, p −1), μ ∈ (−1, q −1), k ≥ 2 an integer
and ρ > 0. Suppose that 1 − γ+1

2p �= μ+1
q and 1

2 − γ+1
2p �= μ+1

q . Moreover, assume
that either

(i) O = R
d+ and T ∈ (0,∞), or,

(ii) κ ∈ (0, 1), γ > (1 − κ)p − 1, O is a bounded C1,κ -domain and T ∈ (0,∞].
Then for all

f ∈ F
k−2
q,p (I , vμ;O, w∂O

γ+kp), g0 ∈ 0G
0,γ
q,p(I , vμ; ∂O) and g1 ∈ 0G

1,γ
q,p(I , vμ; ∂O),

there exists a unique solution u ∈ 0U
k−2
q,p (I , vμ;O, w∂O

γ+kp) to (6.5). Moreover, this
solution satisfies

‖u‖
U

k−2
q,p (I ,vμ;O,w∂O

γ+kp) ≤ C
(‖ f ‖

F
k−2
q,p (I ,vμ;O,w∂O

γ+kp) + ‖g0‖
G
0,γ
q,p(I ,vμ;∂O)

+ ‖g1‖
G
1,γ
q,p(I ,vμ;∂O)

)
,
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where the constant C > 0 only depends on p, q, γ, μ, k, ρ, d and T . IfO is a bounded
domain, then the constant C is independent of T .

Proof From Theorem 6.2 we obtain a continuous extension operator

ext∂O1 :
1∏

j=0
0G

j,γ
q,p(I , vμ; ∂O) → 0U

k−2
q,p (I , vμ;O, w∂O

γ+kp). (6.6)

First, consider the damped plate equation

⎧
⎪⎨

⎪⎩

∂2t ũ + �2ũ − ρ�∂t ũ = f̃ (t, x) ∈ (0, T ) × O,

ũ = ∂nũ = 0 (t, x) ∈ (0, T ) × ∂O,

ũ|t=0 = (∂t ũ)|t=0 = 0 x ∈ O.

(6.7)

where
f̃ := f − (

∂2t + �2 − ρ�∂t
)
ext∂O1 (g0, g1).

By Theorem 6.1 there exists a solution

ũ ∈ W 2,q(I , vμ; W k−2,p(O, w∂O
γ+kp)) ∩ Lq(I , vμ; W k+2,p

0 (O, w∂O
γ+kp))

↪→ U
k−2
q,p (I , vμ;O, w∂O

γ+kp)

to (6.7) which satisfies the estimate

‖ũ‖
U

k−2
q,p (I ,vμ;O,w∂O

γ+kp)

� ‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp) + ∥
∥
(
∂2t + �2 − ρ�∂t

)
ext∂O1 (g0, g1)

∥
∥

F
k−2
q,p (I ,vμ;O,w∂O

γ+kp)

� ‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp) + ‖ext∂O1 (g0, g1)‖U
k−2
q,p (I ,vμ;O,w∂O

γ+kp),

(6.8)
where for the last estimate we have also used the embedding

U
k−2
q,p (I , vμ;O, w∂O

γ+kp) ↪→ W 1,q(I , vμ; W k,p(O, w∂O
γ+kp))

This embedding can be proved similarly to (6.4), using the localisation procedure in
Proposition 3.3 and Lemma 3.6. Note that we may apply Proposition 3.3 for spaces
without zero boundary conditions, since γ + kp > (k + 1 − κ)p − 1.

We now set u := ũ + ext∂O1 (g0, g1). Then, u satisfies

Tr
∂O
1 u = Tr

∂O
1 ũ + Tr

∂O
1 ext∂O1 (g0, g1) = (g0, g1),

by (6.7) and properties of the extension operator. Furthermore, by (6.6) and (6.7), we
have
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u|t=0 = ũ|t=0 + ext∂O1 (g0, g1)|t=0 = 0,

(∂t u)|t=0 = (∂t ũ)|t=0 + (∂text
∂O
1 (g0, g1))|t=0 = 0.

So, by construction of ũ, we have that u satisfies (6.5) and we have the estimate

‖u‖
U

k−2
q,p (I ,vμ;O,w∂O

γ+kp)
� ‖ũ‖

U
k−2
q,p (I ,vμ;O,w∂O

γ+kp)
+ ‖ext∂O1 (g0, g1)‖U

k−2
q,p (I ,vμ;O,w∂O

γ+kp)

� ‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp)
+ ‖ext∂O1 (g0, g1)‖U

k−2
q,p (I ,vμ;O,w∂O

γ+kp)

� ‖ f ‖
F

k−2
q,p (I ,vμ;O,w∂O

γ+kp)
+ ‖g0‖

G
0,γ
q,p(I ,vμ;∂O)

+ ‖g1‖
G
1,γ
q,p(I ,vμ;∂O)

,

using (6.8) and (6.6). Finally, the uniqueness of the solution u to (6.5) follows from
Theorem 6.1. ��
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