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1
Introduction

1.1. Research Background

Micro Air Vehicles (MAVs) are experiencing rapid growth and adoption across an increasingly wide range of industrial appli-
cations. These vehicles address the need for agile, cost-effective, and versatile aerial platforms in roles where traditional
larger aircraft are impractical or uneconomical. To satisfy different mission requirements, these vehicles are often tailored to
best fulfill a specific purpose, resulting in a diverse landscape of vehicle types, including fixed-wing, rotary-wing, and hybrid
configurations [1].

This diversity in vehicle design brings with it a unique challenge in the development and deployment of flight control systems
for MAVs. The low cost and small size of these platforms means they are often developed under tight budget constraints and
require rapid prototyping cycles. As a result, there is a strong demand for generic, adaptable control solutions that can be
quickly implemented across different platforms.

However, the unique and often unconventional airframe designs of MAVs may lead to highly nonlinear and coupled dynamics,
making robust and high-performance control a significant challenge [1]. Traditional linear controllers, which rely on local lin-
earization around an operating point, struggle to provide the required performance and robustness across the wide range of
operating conditions encountered by these vehicles. There is therefore a need for nonlinear control approaches that are both
easy to implement and sufficiently generic to be adapted to various MAV configurations.

Sensor-based Incremental Nonlinear Dynamic Inversion (INDI) has emerged as a promising control technique to address
these challenges. Sensor-based INDI leverages sensor feedback to locally linearize the nonlinear dynamics of the vehicle,
effectively transforming the system into an equivalent linear one over a broad operating envelope [2]. This enables the use of
classical linear control techniques for systems with significant nonlinearities. Furthermore, sensor-based INDI offers the ability
to decouple airframe-dependent characteristics from the controller design [2], thus facilitating the reuse of control architectures
across different MAVs.

Sensor-based INDI has demonstrated robust performance on a variety of MAVs [3–8]. This success is particularly due to its
reliance on measured state derivatives, rather than a detailed On-Board Model (OBM). This makes the approach inherently
resilient to modeling errors and unmodeled disturbances [2].

Despite its strengths, the standard sensor-based INDI approach has limitations. The closed-loop system’s response to distur-
bances and unmodeled dynamics is shaped by the actuator dynamics and any filtering present on the output [9, 10]. When
actuator bandwidth is limited relative to the dynamics of the Unmanned Aerial Vehicle (UAV), the performance of sensor-based
INDI degrades, leading to tracking errors and less predictable error dynamics.

To overcome these limitations, Steffensen, Steinert, and Smeur [11] developed a control approach that explicitly models both the
state-dependent dynamics and actuator dynamics, known as Actuator Nonlinear Dynamic Inversion (ANDI). Actuator Nonlinear
Dynamic Inversion (ANDI) compensates for these dynamics directly, enabling more precise compensation of nonlinearities and
improved tracking performance, especially when state-dependent dynamics and actuator dynamics are significant [11].

1



1.2. Research Formulation 2

While ANDI has been validated in simulation and shown to offer theoretical advantages such as well-defined error dynamics,
practical experimental validation remains limited. Previous work by De Ponti, Smeur, and Remes [12] has demonstrated ANDI’s
effectiveness in handling actuators with differing bandwidth. However, the ability to compensate state-dependent dynamics has
yet to be tested on a real MAV.

1.2. Research Formulation

To systematically address the research gap identified above, the following research objective has been defined:

The research objective is to implement, and experimentally validate a full ANDI stabilization controller with
state-dependent dynamics compensation on a tail-sitter MAV, assessing its feasibility as a generic and
adaptable control approach for MAVs, and to quantify the performance benefits of state-dependent dynam-
ics compensation in real-world flight conditions compared to standard INDI.

Research Objective

To achieve this objective, the research is structured around research questions 1 to 3 that guide the investigation from theoretical
foundations to practical implementation and experimental validation.

How does full ANDI with state-dependent dynamics compensation address the limitations of sensor-based
INDI for control of a hybrid MAV?

Research Question 1

How does explicit compensation of state-dependent dynamics affect reference tracking accuracy and distur-
bance rejection performance when deployed on a tail-sitter MAV in real-world flight conditions?

Research Question 2

How can ANDI with state-dependent dynamics compensation be systematically implemented on generic
MAVs, considering practical constraints such as limited model knowledge, and available sensor measure-
ments?

Research Question 3

These questions progressively work towards achieving the research objective: Research Question 1 establishes the theoreti-
cal foundation by reviewing existing control methods and positioning ANDI within the broader landscape of nonlinear control.
Research Question 2 evaluates the actual performance benefits through experimental validation, providing empirical evidence
of the approach’s effectiveness in real-world conditions. Finally, research question 3 aims to provide a guide to facilitate the
adoption of ANDI for various MAVs.

1.3. Structure of the Report

This report is organized into four main parts:

Part I Preliminary Analysis provides the theoretical foundation necessary to understand the research context and motivation.
The literature study in Chapter 2 positions sensor-based INDI and full actuator ANDI within the broader landscape of
nonlinear control methods for UAVs. This part directly addresses Research Question 1 by examining how ANDI with
state-dependent dynamics compensation addresses the limitations of standard sensor-based INDI and how it can be
applied to hybrid MAVs.

Part II Scientific Article presents the core contribution of this thesis in the form of a scientific article. This article documents the
design, implementation, and experimental validation of the full ANDI stabilization controller on the Cyclone tail-sitter MAV
platform. It encompasses the vehicle dynamics modeling, detailed controller design, theoretical equivalence analysis
between ANDI and INDI, and comprehensive experimental results. This part directly addresses Research Question 2
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by providing empirical evidence of the performance benefits of state-dependent dynamics compensation in real-world
flight conditions.

Part III Additional Results provides additional work not part of the scientific article. This includes practical implementation
guidelines for deploying ANDI on generic hybrid MAVs platforms, addressing Research Question 3. In addition, the
initial development of a guidance controller based on the ANDI framework is presented as a work in progress.

Part IV Closure provides a conclusion to the report, revisiting the research objective and questions, and summarizes the key
findings. It also offers recommendations for future research directions based on the insights gained throughout this
study.





Part I
Preliminary Analysis
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2
Literature Review

2.1. A Brief Overview of Hybrid UAVs

Recent advancements in Unmanned Aerial Vehicle (UAV) technology have expanded their civil, commercial, and military ap-
plications. Small Unmanned Aerial Vehicles (SUAVs), also referred to as Micro Air Vehicles (MAVs), now enable diverse
operations across many sectors. Individuals and small businesses commonly employ SUAVs for photography, videography,
and creative media. Aerial imagery from these platforms has enabled new applications in content production. Filmmakers and
creators can now achieve perspectives that were previously unavailable due to the high cost and logistical complexity [13].

In civil domains, SUAVs have been applied in emergency response operations. Following natural disasters, they can be
deployed to map flood zones, locate survivors, and assess infrastructure damage, thereby reducing exposure for human op-
erators [14]. Their versatility also benefits environmental monitoring, where optical, multi-spectral, and thermal sensors track
habitat changes, vegetation health, and pollution sources [15]. Agriculture has embraced these systems for rapid field surveys,
enabling precise irrigation, fertilization, and early crop stress detection [16].

Infrastructure management and urban development increasingly rely on these compact aerial systems. Power line inspections,
bridge surveys, and construction monitoring exploit SUAVs that hover near structures [17]. Urban planners apply UAV-based
photogrammetry to generate high-resolution models of expanding cities [18]. Healthcare providers use small drones to deliver
medical supplies between hospitals or to remote areas difficult to access via traditional means [19].

In defense and security roles, SUAVs have become indispensable for Intelligence, Surveillance, Target Acquisition, and Recon-
naissance (ISTAR) operations. The same attributes driving civil adoption, namely low cost, rapid deployment, and operational
versatility, make these platforms valuable for military reconnaissance, border patrol, and coastal monitoring where coverage
and response time are critical [20].

The range of these applications is reflected in the diversity of SUAV configurations. The reduced cost and shorter development
cycles of SUAVs enable designs optimized for specific mission profiles. Depending on operational needs, SUAVs may prioritize
endurance, maneuverability, payload capacity, or minimizae cost and complexity [13, 21].

2.1.1. Fixed-Wing and Rotary-Wing UAVs

Many of these missions require long endurance and extended range, which fixed-wing UAVs provide through aerodynamic
lift. Fixed-wing designs excel at covering large areas efficiently, making them ideal for mapping, surveillance, and long-haul
transport [1]. However, they demand additional infrastructure such as runways or catapults, and open spaces for takeoff and
landing, severely limiting operational flexibility as they can not be used in confined environments like urban rooftops, ships,
disaster zones, or cluttered construction sites.

On the other hand, rotary-wing UAVs, such as multi-rotors and helicopters, offer Vertical Takeoff and Landing (VTOL) capability,
precise hovering, and superior maneuverability without infrastructure needs. These qualities make them indispensable for
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2.2. Tail-Sitter UAVs 8

infrastructure inspections, emergency mapping, precision agriculture, and urban operations where centimeter-level positioning
is required [21]. Yet rotary-wing platforms suffer from limited endurance, short range, and high energy consumption due to
continuous powering of the rotors to counteract gravity, making them less suitable for demanding missions requiring long flight
times or extensive coverage.

2.1.2. Hybrid UAVs Configurations

The solution lies in hybrid UAVs, which combine rotary-wing VTOL versatility with fixed-wing cruise efficiency. These platforms
enable operations from any location while achieving the endurance needed for extended missions [1]. Engineers have pursued
this through diverse configurations, each balancing mechanical complexity, weight, control requirements, and mission suitability.

Dual-system hybrids use separate propulsion sets for each flight regime: dedicated lift rotors for hover (often multi-rotor style)
and forward-facing motors for cruise. Examples include quad-planes like the Evo by Deltaquad [22], shown in Figure 2.1a.
This approach provides robust, independent operation in each flight mode with straightforward controls. Advantages include
reliability (failure in one system does not necessarily compromise the other) and simpler transitions; the main disadvantage is
the increased weight from carrying the additional propulsion system [1].

Tilt-rotor and tilt-wing designs reorient either propulsion units or entire wing structures between hover and cruise modes. Tilt-
rotors physically pivot motors from vertical to horizontal positions, sharing thrust systems across flight regimes. An example
of the configuration is the Trinity Pro tilt-rotor by Quantum Systems [23], shown in Figure 2.1b. By reusing motors across both
flight modes, tilt-rotors minimize redundancy and weight. Advantages include efficient resource utilization and simple transition;
disadvantages involve complex actuators, structural reinforcements for rotating joints, and vulnerability to tilting mechanism
failures [1]. Tilt-wing designs rotate entire wings (with fixed motors attached) to redirect aerodynamic lift and thrust, simplifying
motor control and optimizing wing aerodynamics in both modes. Advantages include better aerodynamic performance and
simple transitions; disadvantages include high gust sensitivity during hover due to large vertical wing area, and additional
structural demands and strong actuators needed [1].

Tail-sitters, also known as Tilt-Body Vehicle (TBV), pitch the entire airframe from vertical takeoff/landing to horizontal cruise
using fixed propulsion, without dedicated actuators. Platforms like the WingtraOne by Wingtra [24] in Figure 2.1c and the
Cyclone by Bronz et al. [25] in Figure 2.1d exemplify this. Theyminimizemechanical complexity approaching that of a fixed-wing.
Advantages are simplicity, low weight and cost, and full VTOL capabilities; disadvantages include complex control requirements
across the full flight envelope, payload integration challenges due to the tilting body, and reduced gust tolerance during hover
mode. [1, 26].

2.2. Tail-Sitter UAVs

This work focuses on tail-sitter hybrid UAVs as the test platform for implementing and testing the control framework. Tail-
sitters are suited for applications requiring high endurance and long-range coverage, as their simple mechanical design, low
weight, and efficient fixed-wing cruise performance provide advantages over more complex hybrid configurations. Despite these
benefits, they present formidable control challenges due to their need for stable operation across the entire flight envelope from
hover through transition to forward flight.

Tail-sitters typically employ two counter-rotating tractor propellers mounted on the fuselage to provide thrust and lift during
hover. Control in pitch and yaw is achieved through elevons, which are control surfaces located on the trailing edge of the
wing. These elevons deflect symmetrically to generate pitch moments and differentially to produce yaw moments, remaining
effective in hover due to their placement in the propeller slipstream [25].

The body-fixed coordinate frame is defined with respect to the vehicle’s hover orientation rather than forward flight attitude. This
choice is fundamental: the body frame has its ԧ-axis pointing forward (out of the fuselage belly), the Ԩ-axis pointing to the right,
and the ԩ-axis pointing downward (toward the tail). Unlike conventional fixed-wing aircraft where the body frame is aligned
with forward-flight cruise conditions, the hover-based definition for tail-sitters ensures consistent axis interpretation throughout
all flight regimes, simplifying control formulation and physical interpretation when the aircraft is pitched nearly horizontal during
cruise.

Control Challenges of Tail-Sitters

Controlling tail-sitters across their full flight envelope requires nonlinear control approaches. Tail-sitters must operate contin-
uously across a wide flight envelope, from vertical hover through all intermediate attitudes to horizontal forward flight without
mode switching.
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(a) Evo quad-plane hybrid UAV by Deltaquad [22]. (b) Trinity Pro tilt-rotor hybrid UAV by Quantum Systems [23].

(c) WingtraOne tail-sitter hybrid UAV by Wingtra [24]. (d) Cyclone tail-sitter hybrid UAV during transition [25].

Figure 2.1: Different Hybrid UAVs Configurations: (a) Quad-plane, (b) Tilt-rotor, (c) Tail-sitter, (d) Tail-sitter.

During the transition from vertical hover to forward flight, angle-of-attack changes rapidly, encountering post-stall aerodynamic
regimes where the relationship between control inputs and resulting forces becomes highly nonlinear.

A critical technical constraint is the singularity problem in attitude representation. Euler angles, the classical representation
used in aviation, become singular at certain attitudes (gimbal lock), making them unsuitable for a controller that must operate
globally across all pitch angles. Quaternion-based attitude representations are required to avoid these singularities, adding
mathematical complexity to the control formulation.

Actuator limitations further complicate control design. The elevons have finite deflection ranges and limited effectiveness,
particularly at low airspeed or low thrust settings. Saturation of these surfaces is frequently encountered during aggressive
maneuvers. Additionally, the motors and elevons exhibit heterogeneous actuator dynamics with different bandwidths, although
these are typically not strongly coupled for tail-sitters.

Of particular importance for this work is the state-dependent dynamics exhibited by tail-sitters. During aggressive maneuvers
in the transitional flight regime, aerodynamic forces and moments are substantial and change rapidly. These effects degrade
the tracking performance if unaccounted for.

Tail-Sitters as a Research Platform

Tail-sitters provide a suitable platform for validating advanced control techniques in practical hybrid vehicle applications. The
control challenges discussed above, including state-dependent dynamics, heterogeneous actuator dynamics, and the require-
ment for global control across a wide range of attitudes, make tail-sitters a challenging test case. The tail-sitter configuration is
thus chosen as a representative platform for evaluating the effectiveness of the proposed Actuator Nonlinear Dynamic Inversion
(ANDI) control framework with state-dependent dynamics compensation for hybrid UAVs.
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2.3. Nonlinear Control

Despite their operational advantages, hybrid UAVs present control challenges. Unlike traditional fixed-wing or rotary-wing air-
craft, which operate within a defined flight envelope, hybrid aircraft must transition between two different aerodynamic regimes.
During hover, they rely on rotor-based lift and control, while during forward flight, they exploit aerodynamic surfaces and for-
ward thrust. Each regime exhibits distinct aerodynamic characteristics and typically requires different control strategies. The
transition between regimes introduces additional control complexity.

Traditional approaches to hybrid UAV control employ composite controllers, where different linear controllers are blended for
each flight mode. While linear control methods have demonstrated success in industry, they have significant limitations [27].
These methods are typically complex, vehicle-specific, and costly to develop and maintain. More critically, linear controllers
designed for specific operating points often cannot maintain satisfactory performance across the full flight envelope, particularly
during aggressive maneuvers or in the presence of disturbances. The nonlinear dynamics of hybrid vehicles across multiple
flight regimesmotivates the adoption of global nonlinear control strategies. Approaches such as Incremental Nonlinear Dynamic
Inversion (INDI) can operate effectively across all flight conditions using a single, unified controller architecture [28].

Nonlinear control theory provides the mathematical framework for managing systems whose dynamics cannot adequately be
approximated by linear models [29]. Aircraft are inherently nonlinear systems: as they traverse different speeds, altitudes, and
attitudes, aerodynamic forces, moments, and actuator responses vary dramatically and nonlinearly with the system states and
inputs. Traditional linear control approaches are inadequate for these systems.

Linear controllers work by assuming the plant behaves linearly, an assumption rarely valid for real aircraft. Weakly nonlinear
systems can be controlled within a small operational domain around an equilibrium point, where local linearization approximates
the dynamics. However, this approach is ineffective when the system operates outside design conditions [29]. Although linear
control methods have been effective for small perturbations and provided the foundation for early autopilot systems, they cannot
guarantee stability or performance across the entire flight envelope. Consequently, they are unsuitable for many real-world
systems, such as hybrid vehicles that operate across a wide flight envelope [30].

2.3.1. Nonlinear Control Methodologies

To address these challenges, several nonlinear control methodologies have been developed:

Gain Scheduling combines multiple linear controllers in order to make them suited for controlling weakly nonlinear systems.
This is achieved by interpolating between a set of linear controllers, each one designed and tuned for a local linear time-
invariance approximation of the systems [29, 31]. Commercial aircraft flight control systems employ this strategy to handle vary-
ing aerodynamic conditions across flight regimes (e.g., takeoff, cruise, and landing). Controllers are tuned for discrete airspeed
and altitude ranges, with interpolation ensuring smooth transitions as parameters like dynamic pressure slowly change [29, 32].
However, this approach is primarily applicable for systems with weakly nonlinear dynamics dominated by parameter variations
rather than complex cross-coupling. In practice, it introduces high development costs from tuning and validating dozens of
controller variants and risks of transient discontinuities during regime transitions [29, 31–33].

Adaptive Control addresses systems with uncertain or slowly varying parameters (e.g. fuel consumption altering aircraft
mass). By updating controller gains in real time, adaptive methods maintain performance across varying conditions. These
approaches are particularly useful for aviation systems with linearly parameterizable dynamics, such as altitude control in
commercial aircraft. However, they require measurable states and struggle with rapidly changing disturbances, limiting their
use in highly dynamic maneuvers. Adaptive methods can be especially useful when they compliment other (model based)
nonlinear control methods [29].

Robust control techniques can account for nonlinearities by treating them as uncertainties in a simplified linear model. These
methods design linear controllers based on worst-case bounds on a nominal linear model, ensuring stability even with un-
modeled dynamics [29]. Robust control can provide formal guarantees of robustness to bounded disturbances and model
uncertainties, making them suitable for safety-critical applications. However, they often lead to conservative designs that sacri-
fice performance for robustness, and their effectiveness diminishes for strongly nonlinear systems where linear approximations
are inadequate [34].

Backstepping does not require linearization. Instead, it uses a recursive design methodology to stabilize a nonlinear system
by systematically designing controllers for each subsystem, introducing pseudo-control inputs at each step. Backstepping
can retain beneficial nonlinear terms, which can improve the controller’s performance. It does require the system to be in
strict-feedback form, which limits it use for systems with complex dynamics [35].
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Feedback Linearization techniques, such as Nonlinear Dynamic Inversion (NDI), transform the nonlinear dynamics into a
single equivalent linear systemwhich is valid over a large range of operating conditions, without the need for gain scheduling [29,
36]. By algebraically canceling nonlinear terms, this approach enables the use of classical linear control techniques such as
Proportional-Integral-Derivative (PID) or Linear-Quadratic Regulator (LQR) for highly nonlinear systems. In addition, feedback
linearization decouples the airframe dependent characteristics from the controller design [37], making the approach generic
and modular, resulting in a controller which is adaptable to a wide range of different systems [38, 39]. For example, hybrid
aircraft like the F-35B leverage feedback linearization to manage transitions between hover and forward flight regimes [40].

2.4. Feedback Linearization

Feedback linearization offers several advantages for controlling hybrid UAVs. First, by providing global linearization across
a large operating range, it enables a single unified controller architecture that maintains consistent performance from vertical
takeoff through transition to cruise flight [29, 36]. Second, the approach naturally decouples vehicle-specific characteristics
from the controller design [37], yielding a generic architecture that adapts readily to different configurations without extensive
redesign, significantly reducing development cost in the small platform market [38, 39]. Third, certain variants of feedback lin-
earization, particularly sensor-based approaches, require minimal prior knowledge of vehicle dynamics, making them practical
for small unmanned systems where detailed aerodynamic modeling may be prohibitively expensive or unavailable.

2.4.1. Model-Based Nonlinear Dynamic Inversion

Model-based Nonlinear Dynamic Inversion (NDI), also referred to as feedback linearization or just NDI, in the most general
form, is a widely used model-based control technique that aims to transform a nonlinear system into an equivalent linear one
through algebraic cancellation of nonlinearities using state feedback. This approach allows the subsequent application of
common linear control design methods to nonlinear systems, provided that the On-Board Model (OBM) is sufficiently accurate
and certain structural conditions are met [29].

Theoretical Foundations

The NDI control law for a Multiple Input Multiple Output (MIMO) system starts with a general state-space form assuming the
equations of motion are affine in the inputs, as given in Equation (2.1) [29].{ א̇ = (א)֦ + Ӽ(א)ג׊ = (א)֬ (2.1)

In Equation (2.1), the vector א ∈ ℝ։ denotes the system’s state, the control input vector is represented by ׊ ∈ ℝֆ. The
function ֦ (א) ∈ Ӹ֍(ℝ։; ℝ։) describes the system’s state-dependent dynamics, independent of the control input. The matrixӼ(א) ∈ Ӹ1(ℝ։; ℝ։×ֈ) characterizes the control effectiveness, mapping the control inputs to their influence on the state
derivatives. The output vector, ג ∈ ℝֈ, represents the measured or controlled quantities of interest, the function (א)֬ ∈Ӹ֍(ℝ։; ℝֈ) defines how the states are mapped to these outputs. For this derivation the assumption is made that the system
is fully actuated, meaning that the number of inputs and outputs is equal, Ԛ = Ԝ. The affine structure of the dynamics, where
the control input appears linearly as Ӽ(א)׊, is a required for the application of NDI, as it enables the direct inversion of the
system dynamics for feedback linearization [29].

The concept of relative degree needs to be introduced. For a Single Input Single Output (SISO) system, the relative degreeԡ ≤ ԝ is the minimal number of times the output needs to be differentiated to time in order for it to be a direct function of the
input. The relative degree should be constant and defined over the region of interest around .ٕא For MIMO systems, each
output Ԩք has a partial relative degree ԡք ∈ ℕ. This partial relative degree is the minimum number of times the output Ԩք
needs to differentiated to time for it to be a direct function of .׊ The total relative ԡ ≤ ԝ degree is the sum of the partial relative
degrees, assuming the outputs are independent of each other. In the case where ԡ = ԝ, full linearization can be achieved, and
all nonlinearities can be canceled. In contrast, when ԡ < ԝ, only partial linearization is possible since the internal dynamics
remain nonlinear and must exhibit intrinsic stability to ensure overall system stability.

Without loss of generality, assume the system has relative degree ԡ ∈ ℕ with respect to ׊ for all elements of ג around .0א
Equation Equation (2.2) expresses the derivative of order ԡ of the output equation, this is achieved using Lie derivatives in
order to express the rate of change of (א)֬ along a vector field.ג(֍) = ԁ֍ց֬(א) + ԁւԁ֍−1ց ׊(א)֬ (2.2)
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The linearizing NDI control law is obtained in Equations (2.3) to (2.5) by solving Equation (2.2) for the input command վ׊ = ,׊
and introducing the pseudo-control vector ሣ ∈ ℝֈ by choosing (֍)ג = ሣ. The dependence on the OBM is clear from the
presence of Ӷ(א) and (א)֛ in the control law.Ӷ(א) = ԁւԁ֍−1ց (א)֬ (א)֛(2.3) = ԁ֍ց֬(א) վ׊(2.4) = Ӷ(א)−1(ሣ − ((א)֛ (2.5)

The pseudo-control vector ሣ can be designed using linear control techniques. In the case of a reference tracking problem, a
linear control law could be as in Equation (2.6). With րց֍ג the desired reference to track and Ԛք the controller gains.ሣ = րց֍(֍)ג + ֍−1∑ք=0 Ԛք(ג(ք)֍րց − ((ք)ג (2.6)

Properties of Model-Based Nonlinear Dynamic Inversion

The primary theoretical advantage of NDI is that it can invert the system’s nonlinear dynamics, resulting in a linear cascade
of integrators in the closed-loop response [29, 36]. This perfect linearization, achieved without gain scheduling, substantially
simplifies controller design and enables precise tracking and stabilization across the entire operating envelope [29].

In practice, NDI has a significant limitation: its performance depends on the accuracy of the OBM. The control law explicitly
relies on precise model inversion to cancel nonlinearities; any discrepancy between model and reality, whether from unmodeled
dynamics, parameter uncertainties, or external disturbances, directly degrades inversion quality and can cause performance
degradation or even instability [29, 41]. Creating a model of sufficient accuracy for reliable operation can become prohibitively
expensive for small unmanned systems, where detailed system identification and validation consume resources that might be
better allocated to other aspects of development.

Beyond model accuracy, NDI success depends entirely on high-quality state measurements. Sensor noise, measurement
delays, or misalignment between sensors can significantly compromise the control law’s ability to achieve the intended lin-
earization.

These practical constraints reveal the limitations of NDI for SUAVs. While NDI offers theoretically perfect inversion, its require-
ment for a detailed and accurate OBMmakes it poorly suited to many small platform applications where development resources
are limited and vehicle configurations may vary widely.

2.4.2. Sensor-Based Incremental Nonlinear Dynamic Inversion

Sensor-Based Incremental Nonlinear Dynamic Inversion (INDI), also referred to as simplified feedback linearization or just INDI,
is an incremental controller that completely forgoes the need for the OBM of the state-dependent dynamics and instead relies
on direct sensor measurements to correct for the unmodeled dynamics implicitly. By relying on sensor measurements, only
minimal prior knowledge of the system dynamics is required [2, 42].

Theoretical Overview of Sensor-Based Incremental Nonlinear Dynamic Inversion

INDI can be applied to a generic system as shown in Equation 2.7. In contrast to NDI, the system no longer needs to be affine
in the input. { א̇ = ,א)֦ ג(׊ = (א)֬ (2.7)

In Equation (2.7), the vector א ∈ ℝ։ denotes the system’s state, the control input vector is represented by ׊ ∈ ℝֆ. The
function ֦ ,א) (׊ ∈ Ӹ֍+1(ℝ։ × ℝֆ; ℝ։) describes the system’s dynamics. The output vector, ג ∈ ℝֈ, represents the
measured or controlled quantities of interest, the function (א)֬ ∈ Ӹ֍+1(ℝ։; ℝֈ) defines how the states are mapped to
these outputs.

Without loss of generality, assume the system has a relative degree of ԡ ∈ ℕ with respect to ׊ for all elements of ג around0א. Equation (2.8) expresses the derivative of order ԡ of the output equation.ג(֍) = ,א)֦ (׊ (2.8)
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To linearize this system, a first-order Taylor expansion is used around the previous state and input, ,0א] ,[0׊ where the subscript0 denotes values from one sampling interval Δԣ earlier. Equation (2.9) shows this expansion.
(֍)ג ≈ ,0א)֦ 0(՗)ْ⏟(0׊

+ ᆉᆉ0א)֦׊, է՚⏟⏟⏟⏟⏟(0׊
׊)⋅ − (0׊ + ᆉᆉ0א)֦א, է՝⏟⏟⏟⏟⏟(0׊

א)⋅ − (0א (2.9)

The term 0(֍)ג = ,0א)֦ (0׊ is the measured output derivative from the previous control step, which can be obtained directly
from sensor measurements. The matrix ӻ֐ is the control effectiveness matrix relating changes in the input to changes in the
output derivative. The matrix ӻ֓ relates state changes to output changes.

The assumption of timescale separation is made: when sampling at very high frequencies, the state change א) − (0א is
negligible compared to the input change. As a result, the state-dependent term ӻ֓(א (0א− ≈ ו is dropped. This assumption
is equivalent with assuming the actuators have infinitely high bandwidth [11]. Neglecting the state-dependent term simplifies
the equation to Equation (2.10). (֍)ג ≈ 0(֍)ג + ӻ֐ ⋅ ׊) − (0׊ (2.10)

This linear approximation forms the basis for the INDI control law, where the only required model knowledge is the control
effectiveness matrix ӻ֐.
The linearizing INDI control is obtained in Equation (2.11) by solving Equation (2.8) for the input command վ׊ = ,׊ and
introducing the pseudo-control vector ሣ ∈ ℝֈ by choosing (֍)ג = ሣ. The system can be solved with any right inverse matrixӻ ֐† . վ׊ = ӻ ሣ)֐† − 0(֍)ג ) + 0׊ (2.11)

INDI is an incremental controller, this means that a control increment is computed at each iteration instead of an absolute
control input. To get the total control input, the control increment needs to be added to the previous input command. This is
reflected in Equation (2.11) where 0׊ is added to the control increment.

The pseudo-control vector ሣ can be designed using linear control techniques. In case of reference tracking problem, this could
be as shown in Equation (2.6).

Properties of Sensor-Based Incremental Nonlinear Dynamic Inversion

The sensor-based approach is a significant advantage over model-based NDI. Rather than requiring an accurate OBM, the
control law uses measurements of the system’s response. This makes sensor-based INDI robust to model uncertainties and
external disturbances, since unmodeled effects and disturbances are reflected in the sensor feedback and compensated for in
the next control increment [42].

Another advantage is the resulting reduction in implementation cost and complexity, as there is no need to develop and maintain
a high-fidelity OBM of the full system dynamics. The control effectiveness matrix, which relates incremental control inputs to
measured state derivatives, remains the only required model component, which can often be identified or adapted online. This
simplicity has contributed to the growing popularity of INDI for SUAVs [42].

Despite these benefits, sensor-based INDI has several important limitations. One of these is that it does not account for
heterogeneous actuator dynamics, instead assuming that the actuator dynamics are identical and can instantaneously follow
control commands. The closed-loop system’s response to disturbances, and the unmodeled dynamics, is shaped by the
actuator dynamics and any filtering present on the output [9, 10]. When actuator bandwidth is limited relative to the dynamics
of the UAV, the INDI controller performance is affected, resulting in tracking errors and ill-defined error dynamics. In case
coupled heterogeneous actuator dynamics are present, the closed-loop system can become unstable [10, 43].

Furthermore, because of the reduced model dependence, the standard INDI formulation omits state-dependent terms in the
system dynamics [42]. This can reduce accuracy during aggressive maneuvers where such terms are significant. In many
cases there is at least some knowledge available about the system state-dependent dynamics which INDI cannot benefit from.

The performance of INDI depends on accurate sensor measurements. Time delays and sensor data mismatches can reduce
performance or cause instability [44]. This issue becomes particularly critical when measurement filtering is necessary to
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mitigate sensor noise, as such filtering introduces additional delays. These delays can negatively impact the closed-loop
response, potentially causing instability or degraded tracking performance [10, 42].

Application of Sensor-Based Incremental Nonlinear Dynamic Inversion on Small Unmanned Aerial Vehicle

Sensor-based INDI has been successfully applied to many SUAVs and has demonstrated robust performance across a di-
verse range of platforms and configurations. The approach has been validated on fixed-wing, rotary-wing, and hybrid UAVs,
demonstrating its versatility and applicability beyond a single platform type [3–8, 28].

The adoption of INDI in research and industry reflects its practical applicability: it provides stable control under model uncer-
tainties, compensates for disturbances through sensor feedback, and requires limited prior knowledge of system dynamics.
This robustness and simplicity have made it the control method of choice for many small platform developers where detailed
aerodynamic modeling is impractical or unavailable. However, despite these successes, INDI still faces challenges related to
heterogeneous actuator dynamics and the inability to leverage state-dependent system knowledge, motivating further advance-
ments in the field.

2.4.3. Actuator Nonlinear Dynamic Inversion

To address the limitations of sensor-based INDI, arising from neglecting state-dependent dynamics and heterogeneous actuator
dynamics, Steffensen, Steinert, and Smeur [11] propose ANDI, a hybrid control law which can compensate for state-dependent
dynamics in the feedforward path while also explicitly accounts for heterogeneous first order actuator dynamics [11].

Overview of Actuator Nonlinear Dynamic Inversion

Actuator Nonlinear Dynamic Inversion (ANDI) controller is an incremental controller that linearizes a generic system as given
in Equation (2.7) with first order linear actuator dynamics Equation (2.12) which shows the first order actuator dynamics with
the commanded input վ׊ ∈ ℝֆ. The diagonal matrix ሮ ∈ ℝ(ֆ×ֆ) defines the actuator bandwidth for each actuator.̇׊ = ሮ(؝׊ − (׊ (2.12)

Without loss of generality, assume the system has a relative degree of ԡ ∈ ℕ with respect to ׊ for all elements of ג around0א. Equation (2.13) expresses the output equation’s time derivative of order ԡ.ג(֍) = ,א)֦ (׊ (2.13)

The first order actuator dynamics are introduced explicitly in this relation by differentiating once more with respect to time as
shown in Equations (2.14) and (2.15). (1+֍)ג = ᆉᆉא)֦א, է՝⏟⏟⏟⏟⏟(׊

א̇ + ᆉᆉא)֦׊, է՚⏟⏟⏟⏟⏟(׊
̇׊ (1+֍)ג(2.14) = ӻ֓̇א + ӻ֐ሮ(؝׊ − (׊ (2.15)

The linearizing ANDI control law is obtained in Equation (2.16) by solving Equation (2.15) for the commanded input ,վ׊ and
introducing the pseudo-control vector ሣ ∈ ℝֈ by choosing (1+֍)ג = ሣ. The system can be solved with any right inverse
matrix (ӻ֐ሮ)†. վ׊ = (ӻ֐ሮ)†(ሣ − ӻ֓̇א) + ׊ (2.16)

The pseudo-control vector ሣ can be designed using linear control techniques. In case of reference tracking problem, this could
be as shown in Equation (2.6).

Properties of Actuator Nonlinear Dynamic Inversion

ANDI provides inversion for systems with first-order actuator dynamics. By modeling and inverting the actuator dynamics in the
control law, ANDI allows specification of error dynamics consistent with physical actuator limitations. This produces predictable
closed-loop behavior, even when actuators have different bandwidths or are slow compared to the system dynamics [11].
Standard INDI, by contrast, assumes infinitely fast actuators and does not account for actuator limitations and heterogeneity,
which can result in degraded tracking performance and less predictable error dynamics [10, 43].
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Another advantage is explicit compensation of state-dependent terms. While sensor-based INDI omits these terms and relies
on sensor feedback for correction, ANDI includes them directly, resulting in improved tracking accuracy and robustness [11].
This allows ANDI to achieve perfect tracking of a reference under ideal conditions, independent of the chosen error controller
gains.

Like sensor-based INDI, ANDI uses sensor feedback to reject disturbances and unmodeled effects. Unmodeled effects are
reflected in the measurements, and are compensated in the next control increment. The advantages of disturbance rejection
and robustness to model uncertainties thus apply to ANDI as well [11].

However, ANDI introduces additional complexity and implementation cost. ANDI requires more model knowledge than sensor-
based INDI, increasing the cost and effort for system identification and model validation. Additionally, ANDI requires accurate
measurements of state derivatives, which can be challenging to obtain [11].

In summary, ANDI provides improvements over sensor-based INDI in scenarios where actuator limitations and state-dependent
dynamics are significant. It offers enhanced tracking, predictable error dynamics, and adaptability to actuators with different
bandwidths, at the cost of increased modeling requirements and complexity. The approach combines elements of the simplicity
and robustness of sensor-based INDI extended with compensation of state-dependent dynamics and actuator heterogeneity.

Application of Actuator Nonlinear Dynamic Inversion on Small Unmanned Aerial Vehicle

ANDI is a relatively recent development and has not yet seen widespread application of SUAVs. However, De Ponti, Smeur,
and Remes [12] has applied the ANDI controller on a variable skew quad-plane drone with coupled heterogeneous actuator
dynamics. The results demonstrate the ability of ANDI to deal with these heterogeneous actuator dynamics compared to
sensor-based INDI. The ability to compensate for state-dependent dynamics has been omitted in this work and remains to be
validated on real-world SUAVs.

2.5. System Modeling

The different feedback linearization methods discussed in this chapter all rely on some form of system modeling to varying
degrees. The accuracy and structure of these models directly impact the performance and stability of the resulting controllers.
Therefore, a deep understanding of system modeling is crucial for implementing the nonlinear control strategies on UAVs.

2.5.1. Model Structure

This thesis limits itself to parametric model estimation methods, where the model structure is known a priori and only the
parameters are identified from data. The model structure defines how the forces and moments acting on the vehicle are related
to its states and inputs through parameterized equations.

The model structure is chosen based on a trade-off between complexity and fidelity. A more complex model structure can
capture more physical effects but may require more parameters to be estimated, increasing the effort and amount of data
needed for identification. Conversely, a simpler model structure may be easier to identify but may neglect important dynamics,
leading to poor model accuracy.

In addition to capturing the relevant dynamics, the model structure must be differentiable and also be singularity free over the
entire flight envelope of the SUAV. For tail-sitter SUAVs, this is particularly challenging due to the wide range angles of attack
and sideslip encountered, especially during transitions between hover and forward flight.

Classical Parametrization

The Buckingham-ᅺ-theorem based approach [45] represents the classical method for modeling aerodynamic forces and mo-
ments, and is widely applied in aviation. The method groups physical parameters into dimensionless combinations, yielding
expressions for forces and moments in terms of dynamic pressure, vehicle geometry, and aerodynamic angles. This is de-
scribed in Equations (2.17) and (2.18) [26]. ֥ս = 12ᅻԈ2׌∞֜ս(ᅫ, ᅬ, Ԃ, ԇԔ) (2.17)ֳս = 12ᅻԈ2׌∞ӷ֯ս(ᅫ, ᅬ, Ԃ, ԇԔ) (2.18)

(2.19)
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The aerodynamic forces ֥ս ∈ ℝ3 and moments ֳս ∈ ℝ3 acting on a finite wing are governed by the dynamic pressure12 ᅻ2׌∞, where ᅻ is the air density and ∞׌ ∈ ℝ3 is the freestream velocity. The wing’s planform area Ԉ scales these forces,
directly influencing lift and drag generation. The force coefficient vector ֜ս ∈ ℝ3 and moment coefficient vector ֯ս ∈ ℝ3
are parameterized functions that depend on the angle of attack ᅫ, sideslip angle ᅬ, Mach number Ԃ , and Reynolds numberԇԔ. When considering SUAVs flying at low velocities, compressibility and viscosity can usually be neglected, it can thus be
assumed that ֜ս and ֯ս are solely functions of ᅫ and ᅬ.
For moments, the diagonal matrixӷ in Equation (2.20), introduces geometric scaling. The wingspan ԑ scales rolling and yawing
moments, while the mean aerodynamic chord Ԓ scales pitching moments.ӷ = ⎡⎢⎣ԑ 0 00 Ԓ 00 0 ԑ⎤⎥⎦ (2.20)

These parameters collectively capture the wing’s aerodynamic response to varying flight conditions and geometry, with ֜ս and֯ս are derived from experimental or computational data. This is usually represented by finite truncated sums of Fourier or
MacLaurin series, with the series coefficients serving as the tunable parameters of the model.

This classical approach to modeling poses fundamental problems when applied to tail-sitter UAVs. The trigonometric relation
of the free-stream and the angle of attack and sideslip, given in Equations (2.21) and (2.22), make this apparent.ᅫ = tan−1 (ԥ∞,ս3ԥ∞,ս1 ) (2.21)ᅬ = sin−1 ( ԥ∞,ս2||׌∞||) (2.22)

During hover or low-speed flight, the free-stream velocity approaches zero, rendering these trigonometric relations singular.
Small measurement errors or computational noise are significantly amplified when dividing by near-zero values, producing
erratic estimates of aerodynamic angles. This singularity fundamentally undermines the model’s reliability in hover and low-
speed regimes.

An additional limitation emerges when the tail-sitter descends vertically. It encounters angles of attack approaching ᅫ = ᅺ
radians 180°, far beyond the normal operating envelope of fixed-wing aircraft and beyond the scope of this parametrization’s
validity.

These limitations render the classical model unsuitable for designing controllers that must operate globally across the tail-sitter’s
full flight envelope.Φ-Theory Parametrization

The limitations of classical parametrization motivated the development of alternative model structures specifically suited to
vehicles that operate across a wide flight envelope. Φ-theory parametrization is one such approach, designed explicitly for
hybrid UAVs with significant transition capabilities [26]. Rather than relying on aerodynamic angles (ᅫ, ᅬ) that become singular
at low speeds, Φ-theory uses a velocity-based parametrization that remains well-defined and numerically stable across the
entire flight envelope.

Instead of expressing forces and moments as functions of aerodynamic angles, Φ-theory directly uses the body frame velocity
and angular velocity components. This angle-free parametrization eliminates singularities and naturally accommodates the
full range of flight conditions experienced by tail-sitters. The model structure yielding the aerodynamic forces and moments is
expressed in Equation (2.23) [26]. ረս = −12ᅻԈᅱӸΦ(ሜս)Ӹሜս (2.23)

Where ረս ∈ ℝ6 is the aerodynamic wrench with respect to the center of mass. The vehicle’s linear and angular velocity
components with respect to the freestream are combined in the state vector ሜս ∈ ℝ6. The scalar ᅱ ∈ ℝ+ represents the
aerodynamic ᅿ-norm. The air density ᅻ wing planform area Ԉ, and wing screw reference matrix Ӹ ∈ ℝ6×6 are also included
in the model structure to allow the parameters to be dimensionless. The core parameters of the model are the aerodynamicΦ-coefficients, these define the function Φ ∶ ℝ6 → ℝ6×6.
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The state vector ሜս in Equation (2.24) combines the vehicle’s freestream linear and angular velocity components. The aerody-
namic ᅿ-norm ᅱ in Equation (2.25) serves as a generalized speed metric that remains well-defined even when linear velocity
approaches zero during hover. The tunable parameter ᅿ weights the relative importance of linear and angular velocity compo-
nents.

ሜս = ,ս,∞⊤׌] ር⊤∞,ս]⊤ (2.24)ᅱ = ∞2׌√ + ᅿር2∞ , ᅿ > 0 (2.25)

The matrices Ӹ is defined in Equation (2.26) and incorporates geometric scaling for moments through the matrix ӷ defined in
Equation (2.20). Ӹ = [Ӿ3×3 03×303×3 ӷ ] (2.26)

(2.27)

The Φ-matrix in Equation (2.28) is decomposed into four 3×3 sub-matrices that separately capture the effects of linear and
angular velocity on forces and moments. Φ = [Φ(ց֑) Φ(ցᇖ)Φ(ֈ֑) Φ(ֈᇖ)] (2.28)

Each component in Equation (2.28) represents a specific physical mechanism and is a constant function linear in the parame-
ters.

• Φ(ց֑): forces due to linear velocity (lift, drag)
• Φ(ցᇖ): forces due to angular velocity (cross-coupling effects, damping forces)
• Φ(ֈ֑): moments due to linear velocity (pitching moments from aerodynamic forces)

• Φ(ֈᇖ): moments due to angular velocity
The key advantage of Φ-theory is that it provides a singularity-free mathematical model structure from hover through transition
to forward flight. This enables the development of genuinely global controllers that do not need to rely on mode switching.
Moreover, because the model is structured using velocity components rather than aerodynamic angles, it accommodates
vehicles with unconventional geometries like tail-sitters, where traditional aerodynamic conventions are not applicable. This
makes Φ-theory particularly well-suited as the basis for implementing hybrid control approaches like INDI or ANDI on hybrid
UAVs, which require a valid model across the full operating envelope.

2.6. Conclusion

This chapter has presented an overview of SUAVs and the control frameworks essential for their operation. The operational
diversity and mechanical complexity of hybrid platforms necessitate generic and adaptable nonlinear control approaches. Feed-
back linearization techniques emerge as particularly compelling for this task, offering the ability to achieve global linearization
across the entire flight envelope using a single, generic controller architecture. Three principal variants have been examined:
Model-based NDI offers theoretical perfect inversion but demands expensive, high-fidelity models unsuitable for small platforms.
Sensor-based INDI represents a practical alternative by forgoing detailed models in favor of real-time sensor feedback, provid-
ing practical robustness to model inaccuracies and cost-effectiveness. Additionally, the chapter discussed model structures for
hybrid UAVs, identifying the singularity-free Φ-theory parametrization as particularly suitable for tail-sitter configurations across
the full flight envelope.

Sensor-based INDI is widely used for hybrid SUAV control, demonstrating practical applicability and performance across diverse
platforms. However, this approach has limitations that affect SUAVswith slow actuators or significant state-dependent dynamics.
Standard INDI assumes infinitely fast actuators and cannot explicitly handle heterogeneous actuator dynamics, leading to
degraded tracking performance and unpredictable error dynamics when actuator bandwidth is limited. Furthermore, INDI
neglects all state-dependent terms in the system dynamics, instead treating them as disturbances to be implicitly compensated
through sensor feedback alone. These limitations motivate the need to investigate enhanced control approaches that can
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address both heterogeneous actuator dynamics and state-dependent effects while retaining the flexibility and simplicity of
sensor-based methods.

ANDI addresses both identified limitations of sensor-based INDI. First, regarding actuator dynamics: ANDI explicitly models and
inverts first-order actuator dynamics within the control law, enabling designers to specify desired closed-loop error dynamics
consistent with actual actuator bandwidths. This results in defined behavior even with slow or heterogeneous actuators, in
contrast to the implicit treatment of actuator limitations in standard INDI. Second, regarding state-dependent dynamics: ANDI
includes the state-dependent term ӻ֓̇א directly in the control law for explicit compensation, rather than relying solely on sensor
feedback to correct for these effects. This inclusion improves tracking accuracy and robustness in nonlinear regimes where
state-dependent contributions are significant. Like sensor-based INDI, ANDI provides disturbance rejection and robustness
to unmodeled effects, offering a hybrid approach for hybrid MAVs with significant actuator limitations and state-dependent
dynamics.
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Full Actuator Nonlinear Dynamic Inversion for
Enhanced Hybrid UAV Control

Justin P. G. Dubois*

Abstract—Expanding the operational capabilities of Micro Air 
Vehicles (MAVs) hinges on control systems that manage highly 
nonlinear dynamics across broad �ight envelopes. Incremental 
Nonlinear Dynamic Inversion (INDI) is popular for its simplicity 
and modest modeling needs, but its assumption of in~nitely fast 
actuators and neglect of state-dependent e{ects limit performance 
when actuators have slow or heterogeneous dynamics or when 
aerodynamic e{ects are signi~cant. Actuator Nonlinear Dynamic 
Inversion (ANDI) overcomes these limitations by explicitly incor-
porating state-dependent dynamics and ~nite actuator bandwidth 
into the control law, enabling improved tracking performance 
across diverse actuator con~gurations.

This work implements the full ANDI stabilization controller 
on the Cyclone, a hybrid MAV tail-sitter, using cascaded com-
plementary ~ltering for state estimation. Simulation and �ight 
experiments validate the approach and assess whether this 
compensation yields practical performance gains, establishing 
ANDI as a viable, generic control solution for MAVs. Code is 
available at https://github.com/tudelft/paparazzi/
tree/feat_stabilization_andi_controller

Index Terms—actuator nonlinear dynamic inversion, feedback 
linearization, hybrid UAV, incremental nonlinear dynamic inver-
sion, nonlinear control, tail-sitter

I. INTRODUCTION
MAVs are experiencing rapid growth and adoption in an

increasingly wide range of industrial applications where they
address the need for agile, cost-e{ective, and versatile aerial
platforms. To satisfy the mission requirements, these vehicles
are often tailored to best ful~ll a speci~c mission, resulting
in a diverse landscape of vehicle types, including ~xed-wing,
rotary-wing, and hybrid con~gurations [1]. Hybrid Unmanned
Aerial Vehicles (UAVs), such as tail-sitters and tiltrotors,
combine the vertical takeo{ and landing capabilities of rotary-
wing aircraft with the e|cient forward �ight characteristics
of ~xed-wing designs, enabling a broader range of operational
scenarios

This diversity in airframe design, made possible by low
costs, brings a unique challenge in the development and
deployment of �ight control systems for MAVs. The low
cost and small size mean these vehicles are often developed
under tight budget constraints and require rapid prototyping
cycles. As a result, there is a strong demand for generic,
adaptable control solutions that can quickly be implemented
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This paper is part of the author’s M.Sc. thesis supervised by Dr. Ir. E.J.J. 
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across di{erent platforms. However, the unique and often
unconventional airframe designs of these vehicles may lead
to highly nonlinear and coupled dynamics, making reliable
and high-performance control a signi~cant challenge [1]. Tra-
ditional linear controllers, which rely on a local linearization,
struggle to provide the required performance across the wide
range of operating conditions encountered by these vehicles.
Therefore, there is a need for nonlinear control approaches
that are both easy to implement and su|ciently generic to be
adapted to various MAV con~gurations.

INDI has emerged as a promising control technique to
address these challenges. INDI leverages sensor feedback to
locally linearize the nonlinear dynamics of the vehicle, e{ec-
tively transforming the system into an equivalent linear one
over a broad operating envelope without needing a full model
of the system dynamics [2]. This enables the use of classical
linear control techniques for systems with signi~cant non-
linearities. Furthermore, INDI decouples airframe-dependent
characteristics from the controller design, thus facilitating the
reuse of control architectures across di{erent UAV platforms.
INDI has demonstrated excellent performance on a variety
of MAVs [3–8], particularly due to its reliance on measured
state derivatives (such as angular accelerations) rather than
a detailed On-Board Model (OBM), making it resilient to
modeling errors and unmodeled disturbances.

Despite its strengths, INDI neglects the in�uence of actuator
dynamics and state-dependent terms in its formulation, which
can limit performance in practical scenarios with slow actu-
ators or signi~cant state-dependent dynamics. In INDI, any
unmodeled dynamics, such as state-dependent e{ects (e.g.,
aerodynamic terms) or deviations in actuator behavior, are
treated as disturbances and must be corrected through the
feedback path. However, this feedback correction is inherently
limited by actuator bandwidth and ~ltering. This results in
slow error rejection, leading to increased tracking errors and
less predictable error dynamics [9].

To overcome these limitations, Ste{ensen et al. [10] de-
veloped ANDI, which explicitly models both state-dependent
drift dynamics and ~nite actuator dynamics directly in the
feedforward path of the control law. By compensating for these
e{ects in the feedforward path, rather than relying on feedback
correction, ANDI enables faster error rejection and improved
tracking performance. ANDI has been validated in simulation
and shown to o{er theoretical advantages such as well-de~ned
error dynamics and exact reference tracking [10]. Previous
experimental work by De Ponti et al. [11] has demonstrated
ANDI’s e{ectiveness in compensating for actuators with dif-
fering bandwidth. However, the ability to compensate state-

https://github.com/tudelft/paparazzi/tree/feat_stabilization_andi_controller
https://github.com/tudelft/paparazzi/tree/feat_stabilization_andi_controller
https://repository.tudelft.nl
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dependent e{ects through the feedforward path has yet to be
experimentally validated on a real MAV platform.

This project aims to bridge this gap by implementing
and experimentally validating full ANDI with explicit state-
dependent compensation on a tail-sitter MAV. The Cyclone
tail-sitter exhibits strong state-dependent e{ects, including lift
and drag caused by the large wing, providing a representative
testbed for evaluating feedforward state-dependent compensa-
tion. The work comprises: (i) designing and implementing a
full ANDI stabilization (attitude) controller with explicit state-
dependent compensation; (ii) generating undelayed feedback
estimates through a cascaded complementary ~lter as proposed
by Ste{ensen et al. [9]; and (iii) conducting �ight tests to
experimentally validate the compensation of state-dependent
e{ects and compare performance against the INDI baseline,
extending beyond prior actuator-only studies [11].

II. EXPERIMENTAL PLATFORM AND CONFIGURATION
The experimental platform for this work is the Cyclone tail-

sitter UAV, a hybrid Vertical Takeo{ and Landing (VTOL)
platform developed by Bronz et al. [12]. The Cyclone com-
bines the hover capabilities of a rotary-wing aircraft with the
e|cient forward �ight of a ~xed-wing design. The vehicle
operates in two primary �ight modes: in hover, it stands
vertically on its tail and relies on two tractor propellers for lift;
in forward �ight, it pitches to a horizontal attitude where the
wing provides the majority of lift and the propellers generate
forward thrust. Transitioning between these modes involves
signi~cant changes in aerodynamic loading and control author-
ity, making it a representative platform for evaluating advanced
nonlinear control strategies. The body frame is de~ned with
respect to the vehicle’s hover orientation, with the 𝑥-axis
pointing forward (out of the belly), the Ԩ-axis pointing to the
right, and the ԩ-axis pointing downward (to the tail). This is
shown in ~g. 1.

Fig. 1: Diagram of the Cyclone tail-sitter UAV with its body axis
convention. [12]

The Cyclone operates across a continuous spectrum of �ight
attitudes from vertical hover to horizontal forward �ight. Tran-
sition from hover to forward �ight is achieved by continuously
pitching the vehicle down from the vertical hover orientation to
horizontal forward �ight; the opposite transition from forward
�ight to hover is achieved by pitching up. The vehicle can
operate at any pitch angle, requiring a globally valid control

law, which is capable of maintaining stability and tracking
performance across all attitudes.

The Cyclone is equipped with actuators and sensors to
facilitate control and navigation. Actuation is provided by two
counter-rotating tractor propellers driven by electric motors
and a pair of elevons. The motors provide the main thrust
and are used di{erentially to generate roll moments. Pitch and
yaw moments are controlled by the elevons via symmetric
and di{erential de�ections, respectively. These surfaces re-
main e{ective in hover because they operate in the propeller
slipstream. Actuator feedback is available in the form of
motor rotational speed and elevon angle feedback from the
servos. The vehicle is out~tted with an Inertial Measurement
Unit (IMU) that provides measurements of angular rates
and speci~c forces. An onboard �ight computer, running the
Paparazzi Autopilot [13] software, manages sensor
data acquisition, state estimation, and control law execution.
A positive elevon de�ection corresponds to a trailing-edge-
down command, generating a pitch-down moment about the
body Ԩ-axis. The left motor rotates counterclockwise and the
right motor clockwise, when viewed from behind the vehicle.
The servos can directly be commanded with a desired angle,
while the motors only support commands as a percentage of
maximum throttle. This limitation is addressed by linearly
mapping the throttle command to the motor rotational speed. A
better approach is to implement a closed-loop speed controller,
which is left for future work.

III. VEHICLE DYNAMICS MODEL

This section details the vehicle dynamics model structure
and the identi~ed coe|cients used for the Cyclone tail-sitter.
The model is based on the Φ-theory aerodynamic framework.
For this research, �ight tests have been exclusively conducted
in an indoor environment where only hover and low-speed
forward �ight conditions were achievable. Consequently, the
model has been simpli~ed to focus on these regimes by
retaining only the most signi~cant terms identi~able by the
experimental data.

The model structure can be extended in future work to in-
clude high-speed �ight regimes, should additional data become
available.

A. Speci~c Thrust Modelling

The total speci~c thrust ᅽ generated by the two propellers
is approximated as a linear function of the squared motor
rotational speeds, ᆂ2ֈՑ and ᆂ2ֈ՗ for the left and right motors,
respectively. The resulting model is expressed in eq. (1).ԕᇑ(׊) = ᅽ = Ԓᇑ(ᆂ2ֈՑ + ᆂ2ֈ՗) (1)

This simple representation is valid for hover and low-speed
�ight, where in�ow angle and induced-velocity coupling are
small. The identi~ed speci~c thrust coe|cient Ԓᇑ is 7.35 ×10−6 m rad−2.
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B. Φ-Theory Aerodynamic Model
The aerodynamic model follows the Φ-theory formulation

for tail-sitter aircraft. This framework expresses speci~c aero-
dynamic forces and moments directly in terms of body-axis
velocity components and their magnitude, thereby avoiding
the singularities and discontinuities associated with traditional
angle-of-attack and sideslip parameterizations. [14, 15]Φ-theory describes the forces and moments in the forward-
�ight body frame, which is obtained by a 90° rotation about theԨ-axis relative to the hover frame. The relationship between the
hover body-frame velocities ,ս׌) ርս) and their forward-�ight
equivalents ,}׌) ር{) is given by this rotation in eq. (2).⎡⎢⎣ԥ{՝ԥ{՞ԥ{՟

⎤⎥⎦ = ⎡⎢⎣0 0 −10 1 01 0 0 ⎤⎥⎦⏟⏟⏟⏟⏟ճ{←b

⎡⎢⎣ԥս՝ԥս՞ԥս՟
⎤⎥⎦ , ⎡⎢⎣ᆂ{՝ᆂ{՞ᆂ{՟

⎤⎥⎦ = ԇ{←b
⎡⎢⎣ᆂս՝ᆂս՞ᆂս՟

⎤⎥⎦
(2)

This rotation reorients the velocity and angular velocity
vectors such that the 𝑥{-axis aligns with the vehicle’s forward
direction, while the ԩ{-axis points downward, maintaining
consistency with conventional aircraft notation.

The Φ-theory representation of the speci~c aerodynamic
forces and moments is shown in eqs. (3) to (5) and eqs. (6)
to (8). These terms are linear in the parameters Φք. The
resulting speci~c aerodynamic forces and moments in the
forward-�ight frame are subsequently rotated back into the
hover frame according to eqs. (9) and (10).ԕ{՝ = Φց֓ՒΣ (ᆂ2ֈՑ + ᆂ2ֈ՗) + Φց֓՛՝‖׌‖ԥ{՝ (3)ԕ{՞ = Φց֔՛՞‖׌‖ԥ{՞ (4)ԕ{՟ = Φց֕ՒΣ (ᆂ2ֈՑ + ᆂ2ֈ՗) + Φց֕՛՝‖׌‖ԥ{՝+ Φց֕՛՟‖׌‖ԥ{՟ + Φց֕Պ՛Σ (ᅮրՑ +ᅮր՗) +ԥ{՝‖׌‖ Φց֕ՊՒΣ (ᅮրՑᆂ2ֈՑ +ᅮր՗ᆂ2ֈ՗) (5)Ԝ{՝ = Φֈ֓ՊՒΔ (ᅮրՑᆂ2ֈՑ −ᅮր՗ᆂ2ֈ՗)+ Φֈ֓Պ՛Δ (ᅮրՑ −ᅮր՗) ԥ{՝‖׌‖ + Φֈ֓ᆬ2‖ᆂ{՝‖ᆂ{՝+ Φֈ֓ᆬ×ᆂ{՞ᆂ{՟ (6)Ԝ{՞ = Φֈ֔՛Ջ ԥ{՝‖׌‖ + Φֈ֔՛՟‖׌‖ԥ{՟ + Φֈ֔ՒΣ (ᆂ2ֈՑ + ᆂ2ֈ՗)+ Φֈ֔ՊՒΣ (ᅮրՑᆂ2ֈՑ + ᅮր՗ᆂ2ֈ՗)+ Φֈ֔Պ՛Σ (ᅮրՑ + ᅮր՗) ԥ{՝‖׌‖ + Φֈ֔ᆬ× ᆂ{՝ᆂ{՟ (7)Ԝ{՟ = Φֈ֕՛՞‖׌‖ԥ{՞ + Φֈ֕ՒΔ (ᆂ2ֈՑ − ᆂ2ֈ՗)+ Φֈ֕՛ᆬ՝‖׌‖ᆂ{՝ + Φֈ֕ᆬ×ᆂ{՝ᆂ{՞ (8)֦ց(א, (׊ = ֦b = ԇ{←b ֦b (9)֦ֈ(א, (׊ = ִb = ԇ⊤

{←b ִ{ (10)

The coe|cient estimates resulting from a least-squares iden-
ti~cation on hover and low-speed �ight data are summarized
in table I. The coe|cients are all expressed in SI units.

TABLE I: Φ-Theory Model Coe|cients.

Coe|cient Value DescriptionΦց֓ՒΣ 7.35 × 10−6 m rad−2 Fwd thrustΦց֓՛՝ −0.030 m−1 DragΦց֔՛՞ −0.008 m−1 Side forceΦց֕ՒΣ 0 m rad−2 Vert thrustΦց֕՛՝ 0 m−1 Lift (fwd speed)Φց֕՛՟ 1.9 × 10−5 m−1 Lift (vert speed)Φց֕Պ՛Σ 0 m−1 rad−1 Elevon-speed sumΦց֕ՊՒΣ 0 m rad−3 Elevon-motor sumΦֈ֓ՊՒΔ 1.90 × 10−5 rad−2 Elevon-motor di{Φֈ֓Պ՛Δ 0.344 m−2 Elevon-speed di{Φֈ֓ᆬ2 −0.4940 rad−1 Roll dampingΦֈ֓ᆬ× −2.18 rad−1 Roll cross-coupling (֔֕)Φֈ֔՛Ջ 0 rad m−2 Fwd dampingΦֈ֔՛՟ −0.0888 rad m−2 Vert dampingΦֈ֔ՒΣ 0 rad−1 Motor sumΦֈ֔ՊՒΣ −4.24 × 10−5 rad−2 Elevon-motor sumΦֈ֔Պ՛Σ 0.2525 m−2 Elevon-speed sumΦֈ֔ᆬ× 1.262 rad−1 Pitch cross-coupling (֓֕)Φֈ֕՛՞ −3.71 × 10−3 rad m−2 Side dampingΦֈ֕ՒΔ 3.9 × 10−5 rad−1 Motor di{Φֈ֕՛ᆬ՝ −1.29 × 10−2 m−1 Roll couplingΦֈ֕ᆬ× −0.4827 rad−1 Yaw cross-coupling (֓֔)

IV. ANDI CONTROLLER DESIGN
ANDI extends INDI by controlling the system one deriva-

tive order higher, enabling explicit compensation for both
~rst-order actuators with ~nite actuator bandwidth and state-
dependent dynamics [10]. This section derives the ANDI
stabilization control law for the Cyclone platform and presents
the design of the reference model and error controller that
shapes these closed-loop dynamics. The derivation unfolds in
four steps: the system dynamics are formulated in terms of
state and input vectors, the linearizing control law is derived
through dynamic inversion, reference and error controllers
are designed to achieve desired closed-loop performance, and
cascaded complementary ~ltering is introduced to ~lter the
feedback without introducing delay.

A. Control Law Derivation
This subsection presents the derivation of the ANDI attitude

control law for the Cyclone platform, following the framework
established by Ste{ensen et al. [10]. The derivation begins by
de~ning the state, input, and output vectors in eqs. (11) to (13)
respectively. א = [ᆂ֓ ᆂ֔ ᆂ֕ ԥ֓ ԥ֔ ԥ֕]⊤

׊(11) = [ᅮրՑ ᅮր՗ ᆂ2ֈՑ ᆂ2ֈ՗]⊤
ה(12) = [ᆂ̇֓ ᆂ̇֔ ᆂ̇֕ ᅽ]⊤
(13)
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The state vector א contains the body-frame angular rates ር and
linear velocities ,׌ the output vector ה contains the body-frame
angular accelerations ር̇ and speci~c thrust ᅽ , and the control
input vector ׊ contains the left and right servo de�ectionsᅮրՑ , ᅮր՗ and the squared motor rotational speeds ᆂ2ֈՑ , ᆂ2ֈ՗ .
Squared motor rotational speed is chosen as the control input
to linearize the command-to-thrust relationship, exploiting the
quadratic relationship between propeller thrust and rotational
speed.

A fundamental requirement of ANDI is explicit modeling
of actuator dynamics as ~rst-order, which distinguishes it
from classical INDI that assumes in~nitely fast actuators. The
actuators are modeled as ~rst-order systems characterized by
their respective bandwidths. Speci~cally, motor dynamics are
approximated by a bandwidth of 35 rad s−1, while the elevon
servos exhibit slower dynamics with a bandwidth of 20 rad s−1.
These ~rst-order actuator dynamics are formulated in eq. (14),
where the actuator bandwidths are collected in the diagonal
matrix ሮ̇׊.֐ = ሮ׊)֐վ − ,(׊ ሮ֐ = diag(ᆃրՑ , ᆃր՗ , ᆃֈ2Ց , ᆃֈ2՗ ) (14)

The controlled outputs are angular acceleration and speci~c
thrust, de~ned in eq. ה.(15) = [ር̇ᅽ ] = [֦ֈ(א, (׊)ԕᇑ(׊ ] (15)

In Equation (15), both ֦ֈ(א, (׊ and ԕᇑ(׊) are derived from
the aerodynamic and thrust models detailed in section III. The
reactive torque from the motors, and the moment generated
by elevon angular velocity are neglected in this formulation.
Although compensation terms proportional to motor angular
accelerations and elevon angular rates can be included [16],
these contributions are small compared to the dominant aero-
dynamic and thrust moments and are further minimized by the
slow actuator dynamics.

Di{erentiating eq. (15) with respect to time expresses the
output dynamics as functions of the state and input derivatives,
yielding the state-dependent contribution ӻ֓ and the control
e{ectiveness matrix ӻ֐. The Jacobians are computed symbol-
ically using the MATLAB Symbolic Toolbox from the
aerodynamic model.̇ה = [ር̇̈ᅽ ] = [ ᇝᇝِ ֦ֈ(א, ᇝᇝِ(׊ ԕᇑ(׊) ]⏟⏟⏟⏟⏟⏟⏟է՝

א̇ + [ ᇝᇝي ֦ֈ(א, يᇝᇝ(׊ ԕᇑ(׊) ]⏟⏟⏟⏟⏟⏟⏟է՚
̇׊ (16)

The term ӻ֓ represents the sensitivity of the dynamics to state
changes. In prior work by De Ponti et al. [11], this term is
neglected under the assumption that the contribution of the
state-dependent dynamics ӻ֓̇א is signi~cantly smaller thanӻ̇׊֐. This work retains ӻ֓̇א to evaluate its impact on tracking
performance when state-dependent e{ects are signi~cant.

The magnitude of the state-dependent term ӻ֓̇א scales with
the rate of state change. For the attitude control problem,
this becomes signi~cant during aggressive maneuvers where
angular accelerations are large, as the aerodynamic forces and
moments that comprise ӻ֓ scale with both angular velocity
and angular acceleration. Conversely, in quasi-steady-state

�ight with small angular rates, the state-dependent contribution
becomes negligible.

The linearizing control law is obtained by solving eq. (16)
for the commanded actuator rate ,վ̇׊ assuming ӻ֐ has full
row rank in the operational region, admitting a right pseudo-
inverse. Introducing the pseudo-control vector ሣ = [ር̈⊤ ̇ᅽ ]⊤
yields the control law in eq. վ̇׊.(17) = ӻ ֐† (ሣ − ӻ֓̇א) (17)

Incorporating the actuator dynamics from eq. (14) by substi-
tuting into eq. (17) and solving for վ׊ yields the incremental
control law in eqs. (18) and վ׊.(19) = ሮ−1֐ վ̇׊ + ׊ վ׊(18) = ሮ−1֐ ӻ ֐† (ሣ − ӻ֓̇א) + ׊ (19)

The commanded input վ׊ is computed by adding an incre-
ment to the current actuator state .׊ This increment com-
prises two components: the ~rst term ሮ−1֐ ӻ ሣ֐† responds to
the reference jerk and speci~c thrust rate, while the second
term −ሮ−1֐ ӻ אӻ֓̇֐† compensates for state-dependent dynamics.
The bandwidth matrix ሮ֐ within the pseudo-inverse accounts
for heterogeneous actuator dynamics: faster actuators (larger
bandwidth) receive proportionally smaller commands to match
the response of slower actuators.

To verify the inversion of the system, substituting eq. (19)
into eq. (16) yields eq. (20), con~rming that the output deriva-
tive ה̇ equals the pseudo-control input ሣ, given no disturbances
and perfect model and state knowledge.̇ה = ӻ֓̇א + ӻ̇׊֐= ӻ֓̇א + ӻ֐ሮ׊)֐վ − =(׊ ӻ֓̇א + ӻ֐ሮ֐ሮ−1֐ ӻ ֐† (ሣ − ӻ֓̇א)= ӻ֓̇א + Ӿ (ሣ − ӻ֓̇א)= ሣ (20)

This con~rms that the ANDI control law, under ideal con-
ditions, successfully linearizes and decouples the system dy-
namics, achieving the desired output behavior de~ned by the
pseudo-control input ሣ, despite the presence of state-dependent
dynamics and ~rst-order actuators with ~nite bandwidths.

In practice, perfect inversion fails due to actuator saturation
and model-plant mismatches from unmodeled e{ects and
disturbances. To address these practical limitations, Weighted
Least Squares (WLS) control allocation is employed for allo-
cating actuator commands, while a reference model smooths
pilot inputs and an error controller compensates for remaining
model mismatches by shaping closed-loop disturbance rejec-
tion dynamics.

B. WLS Control Allocation
The system is fully-actuated, providing four independent

control e{ectors for four controlled outputs (angular accel-
eration in three axes and speci~c thrust). However, during
aggressive maneuvers or transitions between �ight modes,
actuator saturation is likely to occur, e{ectively rendering
the system underactuated. To maintain predictable and stable
behavior, WLS control allocation is employed instead of a
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pseudo inverse to prioritize certain control objectives when
saturation occurs [17].

Rather than computing the pseudo-inverse directly, the WLS
control allocator solves a constrained optimization problem
each iteration ԝ that minimizes the error while respecting actu-
ator limits. Speci~cally, it computes the commanded actuator
rate վ̇׊ by solving a minimization problem instead of using
the pseudo-inverse expressed in eq. (17). The optimization
problem is formulated in eqs. (21) to (23).

minimizėيՈ ׍‖ (ሣ − ӻ֓̇א − ӻ̇׊֐վ)‖2 (21)

subject to the constraints:̇׊min ≤ վ,։̇׊ ≤ maẋ׊ (22)ሮ׊)֐min − (։׊ ≤ վ,։̇׊ ≤ ሮ׊)֐max − (։׊ (23)

where ׍ = diag([1000, 100, 1, 10]) is the diagonal weight-
ing matrix containing the priority factors. The constraints
in eq. (22) limit the actuator rates, while those in eq. (23)
ensure that the commanded rate does not drive the actu-
ator beyond its position limits. This formulation gracefully
degrades control performance in a prioritized manner: when
saturation occurs, rotation about the body 𝑥-axis is prioritized
~rst, followed by y-axis, then speci~c thrust, and ~nally ԩ-axis.
This priority sequence re�ects the vehicle’s control authority
constraints, where 𝑥-axis and Ԩ-axis rotations are more critical
for maintaining stable �ight, while ԩ-axis rotation can safely
be compromised temporarily.

C. Error Controller Design
The error controller is designed through pole-placement to

achieve desired disturbance rejection dynamics in the pres-
ence of model-plant mismatches and external disturbances.
Conventional linear system theory is used to design and the
error controller, leveraging the fact that ANDI linearizes and
decouples the system dynamics from the pseudo-control inputሣ to the output .ה

Considering an additive disturbance ӹ acting on the system
at the angular acceleration and speci~c thrust ԩ, as illustrated
in ~g. 2. This disturbance represents external forces acting
on the MAV and any errors in the inversion due to model
mismatch. By assuming the disturbance is independent of the
state and input [18], the designed poles remain una{ected
by complementary ~ltering. Consequently, the error controller
gains can be designed without explicitly accounting for ~l-
tering, with the impact of complementary ~ltering analyzed
subsequently in section IV-E.

The pseudo-command vector ሣ, containing the angular
jerk and speci~c thrust rate, is regulated by a linear error
controller designed to track the reference commands and reject
disturbances with desired dynamics, as given in eq. (24). A
third-order parallel error controller is used for the angular jerk
and ~rst-order parallel error controller is used for the speci~c
thrust rate, this allows for attitude and speci~c thrust reference
tracking.ሣ =[ር̈֍ + (ር̇֍−ር̇)Ԁր3 + (ር֍−ር)Ԁր2 + 2 vec(־֍ ∘ ֍Ԁր1̇ᅽ(∗־ + (ᅽ֍ − ᅽ)Ԛրᆧ ]

(24)

The complete decoupled linearized system including the
disturbances and error controller in the Laplace Domain is
shown in eqs. (25) and (26) for each attitude axis Ԙ ∈ {𝑥, Ԩ, ԩ}
and speci~c thrust ᅽ respectively. The gains Ԛր1,ք, Ԛր2,ք, Ԛր3,ք
are the diagonal elements of the gain matrices Ԁր1 , Ԁր2 , Ԁր3
corresponding to axis Ԙ and Ԛրᆧ is the gain for the speci~c
thrust error. It can be seen that the error controller shapes
the closed-loop response from disturbance ӹ to attitude and
speci~c thrust output Ԏ , but does not a{ect the reference
tracking dynamics.Ԏք = ԎrefՎ + ӹք ԢԢ3 + Ԛր3,քԢ2 + Ԛր2,քԢ + Ԛր1,ք (25)Ԏᇑ = Ԏrefᆧ + ӹᇑ ԢԢ + Ԛրᆧ (26)

Through pole-placement, the controller gains are designed
to achieve the desired closed-loop disturbance rejection dy-
namics, expressed in terms the natural frequency, damping
ratio, and pseudo-actuator bandwidth.

The pseudo-actuator bandwidth represents the bandwidth of
the hypothetical single actuator that drives a speci~c output.
In reality, any output is typically driven by a combination of
multiple physical actuators, each with ~nite bandwidth. These
physical actuator dynamics are mapped to the output space
through the control e{ectiveness matrix ӻ֐. If the pseudo-
actuator bandwidth were set higher than the physical actuators
can achieve, the controller would demand responses faster than
the real actuators can deliver, driving them into saturation
and nonlinear operation. To prevent this, the pseudo-actuator
bandwidth is constrained by the dominant actuators a{ecting
that channel. Accordingly, roll and speci~c thrust are limited
by the motor bandwidth (ᆃֈ2Ց , ᆃֈ2՗ ), while pitch and yaw are
limited by the elevon bandwidth (ᆃրՑ , ᆃր՗ ).

The gains on the angular acceleration error and the spe-
ci~c thrust error directly de~ne the desired pseudo-actuator
bandwidths Ԛր3,ք = ᆃ֔Վ , Ԛր3,ᇑ = ᆃ֔ᆧ . The remaining attitude
error controller gains are derived by expressing the closed-
loop transfer function as a product of a second-order system
(with natural frequency and damping ratio) and an additional
pole, as shown in eq. (27). The additional pole must be set
such that Ԛր3,ք is equal to the pseudo-actuator bandwidth ᆃ֔Վ .Ԏք = ӹք Ԣ(Ԣ2 + 2ᅰքᆂ։ՎԢ + ᆂ2։Վ)(Ԣ + ԟք) (27)

Equating the characteristic polynomials of eq. (25) and
eq. (27) yields the expression of the error controller gains in
terms of the desired closed-loop dynamics parameters.Ԣ3 + Ԛր3,քԢ2 + Ԛր2,քԢ + Ԛր1,ք= (Ԣ2 + 2ᅰքᆂ։ՎԢ + ᆂ2։Վ)(Ԣ + ԟք)= Ԣ3 + (2ᅰքᆂ։Վ + ԟք)Ԣ2 + (ᆂ2։Վ + 2ᅰքᆂ։Վԟք)Ԣ + ᆂ2։Վԟք= Ԣ3+ ᆃ֔Վ⏟ֆՊ3,ՎԢ2+(ᆂ2։Վ +2ᅰքᆂ։Վᆃ֔Վ −4ᅰ2ք ᆂ2։Վ)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ֆՊ2,Վ Ԣ+ᆂ2։Վᆃ֔Վ −2ᅰքᆂ3։Վ⏟⏟⏟⏟⏟⏟⏟ֆՊ1,Վ

(28)

The error controller dynamics can now be intuitively tuned
through the selection of the pseudo-actuator bandwidth ᆃ֔Վ ,
natural frequency ᆂ։Վ , and damping ratio ᅰք for each channel
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Fig. 2: ANDI attitude control of system Ӽ with actuators Ӽռ. The error controller generates pseudo-control input ሣ from attitude errors
and reference commands. The incremental control law inverts system dynamics while compensating state-dependent e{ects ӻ֓̇א to compute
actuator commands. Cascaded complementary ~lters fuse noisy measurements with model-based estimates to provide undelayed feedback of
angular acceleration and rates; translational ~ltering is omitted for clarity.Ԙ ∈ {𝑥, Ԩ, ԩ}. Table II summarizes the chosen parameters
for the Cyclone platform. The pseudo-actuator bandwidths are
chosen equal to the dominant physical actuator bandwidths
on each channel: ᆃ֔՝ = ᆃ֔ᆧ = 35 rad s−1 (motor-limited) andᆃ֔՞ = ᆃ֔՟ = 20 rad s−1 (elevon-limited). Critical damping
is selected for all axes to avoid overshoot in response to
disturbances while maintaining a fast response. Lowering the
damping ratio will result in a faster reduction in error, at the
cost of overshoot and even oscillations. The desired natural
frequencies are tuning parameters that govern the speed of
disturbance rejection and have been empirically tuned through
simulation and �ight testing. A higher natural frequency results
in a faster response, but due to the presence of unmodeled
e{ects such as transmission delay to the actuators and lag in
the sensor feedback introduced by ~ltering, excessively high
natural frequencies lead to instability.

TABLE II: Controller Gain Design Parameters.

Parameter ِ ْ ٔ ቼᇗ֔ (rad s−1) 35.0 20.0 20.0 35.0ᇖ։ (rad s−1) 7.0 7.0 7.0 -ᇄ (-) 1.0 1.0 1.0 -

D. Reference Model Design
While the error controller shapes the closed-loop response

to disturbances, the reference model shapes the response to
pilot commands. ANDI inverts the complete system dynamics,
including actuator dynamics, thereby removing the natural
nonlinear aircraft dynamics and ~rst-order actuator dynamics
from the closed-loop response. As a result, the reference model
dynamics directly equal the closed-loop command-to-output
dynamics պն = պrefն . This means that by carefully designing the
reference model, the desired closed-loop command tracking
behavior can be directly speci~ed and implemented.

The desired closed-loop command-to-output dynamics are
speci~ed in terms of the natural frequency ᆂ։Վ , damping
ratio ᅰք, and pseudo-actuator bandwidth ᆃ֔Վ , consistent with
the error controller design philosophy. The attitude reference
is a second order system cascaded with the pseudo-actuator
dynamics, while the speci~c thrust reference is a ~rst-order
system following the pseudo-actuator dynamics. The desired
closed-loop transfer functions from command input Ԋ to
output Ԏ for each attitude axis Ԙ ∈ {𝑥, Ԩ, ԩ} and speci~c thrust
are given in eqs. (29) and (30).Ԏք = Ԋք ᆂ2։Վᆃ֔Վ(Ԣ2 + 2ᅰքᆂ։ՎԢ + ᆂ2։Վ)(Ԣ + ᆃ֔Վ) (29)Ԏᇑ = Ԋᇑ ᆃ֔ᆧԢ + ᆃ֔ᆧ (30)

The bandwidth parameters ᆃ֔ should not exceed the dominant
physical actuator bandwidths: roll and thrust are limited by
motor bandwidth (ᆃֈ2Ց , ᆃֈ2՗ ), while pitch and yaw are limited
by elevon bandwidth (ᆃրՑ , ᆃր՗ ).

To achieve these desired dynamics, a cascaded reference
model generates the required reference signals from the pilot
command input Ԋ . The reference model architecture is shown
in ~g. 3, generating attitude, angular rate, acceleration, and
jerk references for the error controller. To handle large attitude
changes and avoid singularities, exact quaternion kinematics
with logarithmic mapping log(⋅) is used [19], while a ~rst-
order model handles the speci~c thrust reference. The refer-
ence model can be augmented by saturating the desired angular
rates, accelerations, and jerk to further prevent actuator satu-
ration. However, this saturation introduces nonlinearities into
the reference model, complicating the closed-loop analysis.
For simplicity, reference saturation is omitted unless explicitly
speci~ed.

The reference model structure in the Laplace domain for
each attitude axis Ԙ ∈ {𝑥, Ԩ, ԩ} and speci~c thrust is given in
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Fig. 3: Third-order attitude reference model. Converts desired տ־ into smooth references ,֍־ ር֍, ር̇֍, ር̈֍ using exact quaternion kinematics
and logarithmic mapping.

eqs. (31) and (32).Ԏք =Ԏref,ք = Ԋք Ԛ֍1,քԚ֍2,քԚ֍3,քԢ3 + Ԛ֍3,քԢ2 + Ԛ֍2,քԚ֍3,քԢ + Ԛ֍1,քԚ֍2,քԚ֍3,ք
(31)Ԏᇑ =Ԏref,ᇑ = Ԋᇑ Ԛ֍ᆧԢ + Ԛ֍ᆧ (32)

The gains Ԛ֍1,ք, Ԛ֍2,ք, Ԛ֍3,ք are the diagonal elements of the
gain matrices Ԁ֍1 , Ԁ֍2 , Ԁ֍3 corresponding to axis Ԙ, and Ԛ֍ᆧ
is the gain for the speci~c thrust reference. These gains are
computed by matching the characteristic polynomials of the
reference model to the desired closed-loop dynamics.

The reference model gains are derived by equating the
characteristic polynomials of eq. (31) and the desired dynam-
ics in eqs. (29) and (30). Since all transfer functions have
zero steady-state gain, only the characteristic polynomials are
matched. For the speci~c thrust, equating the characteristic
polynomials simply yields Ԛ֍ᆧ = ᆃ֔ᆧ . For the attitude chan-
nels, the characteristic polynomial equation yields eq. (33).Ԣ3 + Ԛ֍3,քԢ2 + Ԛ֍2,քԚ֍3,քԢ + Ԛ֍1,քԚ֍2,քԚ֍3,ք= (Ԣ2 + 2ᅰքᆂ։ՎԢ + ᆂ2։Վ)(Ԣ + ᆃ֔Վ)= Ԣ3+(2ᅰքᆂ։Վ + ᆃ֔Վ)⏟⏟⏟⏟⏟⏟⏟ֆ՗3,Վ Ԣ2+(ᆂ2։Վ + 2ᅰքᆂ։Վᆃ֔Վ)⏟⏟⏟⏟⏟⏟⏟ֆ՗2,Վֆ՗3,Վ Ԣ+ ᆂ2։Վᆃ֔Վ⏟ֆ՗1,Վֆ՗2,Վֆ՗3,Վ

(33)
Solving for the reference model gains individually yields the

expressions in eq. (34).Ԛ֍1,ք = ᆂ2։Վᆃ֔Վᆂ2։Վ + 2ᅰքᆂ։Վᆃ֔ՎԚ֍2,ք = ᆂ2։Վ + 2ᅰքᆂ։Վᆃ֔Վ2ᅰքᆂ։Վ + ᆃ֔ՎԚ֍3,ք = 2ᅰքᆂ։Վ + ᆃ֔ՎԚ֍ᆧ = ᆃ֔ᆧ
(34)

To simplify tuning and reduce the number of free param-
eters, the reference model parameters are typically chosen to
match those of the error controller: ᆂ։Վ , ᅰք, ᆃ֔Վ are identical
across both controllers as summarized in table II. This uni~ed
approach ensures consistent closed-loop behavior for both
reference tracking and disturbance rejection.

E. Cascaded Complementary Filtering
The ANDI control law in eq. (19) relies on accurate, unde-

layed state estimates and feedback. Raw IMU measurements

contain noise, making ~ltering necessary. However, ~ltering
introduces phase lag that degrades disturbance rejection and
can destabilize the closed-loop dynamics. The cascaded com-
plementary ~ltering approach presented in Ste{ensen et al.
[9] is adopted to provide undelayed estimates of angular rates,
angular accelerations, body velocities, and body accelerations
for feedback and compensation of state-dependent e{ects in
the control law.

No ~ltering is applied to actuator-feedback signals because
they exhibit su|ciently low noise. The controller computes
the speci~c thrust ᅽ directly from the measured motor speeds
without additional ~ltering.

A complementary ~lter fuses the high-frequency compo-
nents of a noise-free OBM with the low-frequency components
of a noisy measurement to produce a composite estimate that
leverages the strengths of both sources.

For the OBM, no additional model knowledge is required
beyond what is already used in the ANDI control law. The
OBM, derived in section III, is evaluated at the current ac-
tuator commands and state estimates to produce model-based
estimates of angular acceleration ֦ֈ(א, (׊ = ር̇obm and body
acceleration ֦ց(א, .obm֙=(׊ If no state-dependent knowledge
is available, a simpli~ed OBM that neglects state dependence
can be used instead, at the cost inaccuracies in the estimated
signals.

The angular acceleration and angular rate estimates come
from cascaded complementary ~lters, expressed in the Laplace
domain in eq. (35). The angular acceleration measurementር̇meas results from numerically di{erentiating the gyroscope
measurements, while the model-based estimate ር̇obm comes
from evaluating the OBM at the current actuator commands
and state estimates. Integrating the ~ltered angular acceler-
ation ር̇ց and combining it with the gyroscope angular rate
measurement ርmeas yields the ~ltered angular rate ርց .ᆂ̇ցՎ = ӽᇖ̇Վ(Ԣ) ᆂ̇measՎ + (1 − ӽᇖ̇Վ(Ԣ)) ᆂ̇obmՎ (35)ᆂցՎ = ӽᇖՎ(Ԣ) ᆂmeasՎ + 1Ԣ(1 − ӽᇖՎ(Ԣ)) ᆂ̇ցՎ (36)

Similarly, the controller estimates body acceleration and
velocity for state-dependent dynamics compensation through
complementary ~ltering, as shown in eq. (37). The acceleration
measurement ֙meas comes from the IMU accelerometer, while
the model-based estimate ֙obm comes from evaluating the
OBM at the current actuator commands and state estimates.
Integrating the ~ltered acceleration ֙ց and combining it with
a velocity estimate meas׌ yields the ~ltered velocity ց׌ .
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ԐցՎ = ӽռՎ(Ԣ) ԐmeasՎ + (1 − ӽռՎ(Ԣ)) ԐobmՎ (37)ԥցՎ = ӽ֑Վ(Ԣ) ԥmeasՎ + 1Ԣ(1 − ӽ֑Վ(Ԣ)) ԐցՎ (38)

Careful consideration is required when implementing the
complementary ~lters to avoid numerical instability. Any
constant bias or non-zero mean in the angular acceleration
measurements ር̇meas or translational acceleration measure-
ments ֙meas, regardless of magnitude, causes the integrated
estimates to grow linearly without bound. As these integrated
values become large, �oating-point arithmetic loses precision
and can eventually lead to numerical instability. This can be
mitigated by applying the high-pass ~lters to both angular and
translational acceleration measurements before integrating, ef-
fectively removing the mean value and preventing unbounded
growth.

The undelayed state estimate א used in the control law
eq. (19) is constructed from the ~ltered angular rates ርց and
~ltered body velocities ց׌ . The derivative א̇ is estimated using
the ~ltered angular accelerations ር̇ց and ~ltered body acceler-
ations ֙ց . These undelayed estimates are used to compute and
update the control e{ectiveness matrix ӻ֐ and state-dependent
matrix ӻ֓ in real time, enabling the e{ectiveness scheduling
described in section IV-A.

The low-pass ~lters ӽᇖ̇Վ(Ԣ), ӽᇖՎ(Ԣ), ӽռՎ(Ԣ), ӽ֑Վ(Ԣ) are cho-
sen as Butterworth ~lters and are designed to attenuate high-
frequency noise while minimizing phase lag. The ~lters on
the level of acceleration are second-order, while the ~lters on
angular rate and velocity are ~rst-order, providing one order
higher ~ltering to the noisier derivative signals. The transfer
functions for the ~rst-order and second-order Butterworth
~lters are given in eqs. (39) and (40), where ᆂվ is the cuto{
frequency speci~c to each ~lter.ӽ1(Ԣ) = ᆂվԢ + ᆂվ (39)ӽ2(Ԣ) = ᆂ2վԢ2 + √2ᆂվԢ + ᆂ2վ (40)

Table III summarizes the empirically tuned ~lter cuto{
frequencies, which are chosen to be identical for all axes.

TABLE III: Complementary Butterworth Filter Speci~cations.

Filter Purpose Order Cuto{ Frequencyթᇖ̇(֎) Angular acceleration 2nd ᇖվᆬ̇ = 20 rad s−1թᇖ(֎) Angular rate 1st ᇖվᆬ = 80 rad s−1թռ(֎) Translational acceleration 2nd ᇖվՆ = 20 rad s−1թ (֑֎) Translational velocity 1st ᇖվ՛ = 80 rad s−1
This analysis relies on the assumption that all disturbances

are exogenous and independent of the system states and inputs.
Under this assumption, complementary ~ltering does not alter
the command-output dynamics պն . However, it does a{ect the
disturbance rejection dynamics պե in eq. (27) by introducing
additional poles and zeros. To characterize this e{ect, the
closed-loop transfer function for the attitude error controller
with ~ltering is derived by substituting the complementary

~lters into the closed-loop dynamics, illustrated in ~g. 2. The
resulting transfer function for each axis Ԙ ∈ {𝑥, Ԩ, ԩ} is given
in eq. (41).Ԏքӹք = Ԣ2 + (1−ӽᇖ̇Վ(Ԣ))Ԛր3,ՎԢ + (1−ӽᇖ̇Վ(Ԣ))(1−ӽᇖՎ(Ԣ))Ԛր2,ՎԢ(Ԣ3 + Ԛր3,ՎԢ2 + Ԛր2,ՎԢ + Ԛր1,Վ)

(41)
Substituting the Butterworth ~lter transfer functions from
eqs. (39) and (40) into eq. (41) and simplifying yields the
closed-loop characteristic polynomial with ~ltering, shown in
eq. (42).(Ԣ + ᆂվᆬ,ք)⏟⏟⏟⏟⏟թᆬ (Ԣ2 + √2ᆂվᆬ̇,ՎԢ + ᆂ2վᆬ̇,Վ)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟թᆬ̇ (Ԣ3+Ԛր3,ՎԢ2+Ԛր2,ՎԢ+Ԛր1,Վ)

(42)
The characteristic polynomial retains the designed poles from
eq. (27) in addition to the Butterworth ~lter poles ӽᇖ̇Վ(Ԣ) andӽᇖՎ(Ԣ). These new poles all lie in the left half-plane (for pos-
itive ~lter cuto{ frequencies ᆂվ), showing that stability is not
a{ected by the ~ltering. The poles and zeros introduced by the
~lters do in�uence the response, this impact is minimized by
only doing the minimal ~ltering needed to attenuate the noise.
This in�uence on the response is analyzed in section VI-B.

F. Controller Overview
To anchor the design, ~g. 2 summarizes the attitude ANDI

controller described in this section. The ~gure illustrates the
error controller eq. (24), the incremental control law eq. (19),
and the cascaded complementary ~lters eq. (35) that provide
undelayed angular acceleration and rate estimates. Although
not shown in the ~gure for clarity, the controller also employs
translational complementary ~lters eq. (37) to estimate body
velocities and accelerations for state-dependent dynamics com-
pensation. The state-dependent term ӻ֓̇א in the incremental
control law becomes signi~cant during aggressive maneuvers
with large angular accelerations, where compensation can
improve tracking performance; during nominal �ight with
small angular rates, this compensation becomes negligible.
The reference model is presented separately in ~g. 3 and
provides the desired state references to the controller.

The ANDI control law and all associated ~lters are dis-
cretized and implemented to run at 500 Hz, yielding a Nyquist
frequency of 250 Hz. The sampling period of 2 ms is short
relative to all relevant dynamics: the Nyquist frequency is well
above both the closed-loop bandwidth (approximately 4.3 Hz
for roll and 3.4 Hz for pitch and yaw) and the complemen-
tary ~lter cuto{ frequencies (up to 80 rad s−1, or 12.7 Hz).
Consequently, the e{ects of discretization are negligible, and
the continuous-time analysis and gain design presented in this
section remain valid in the discrete-time implementation.

V. ANDI EQUIVALENCE TO INDI WITH ACTUATOR DYNAMICS
ANDI can be interpreted as a more generic form of INDI,

which can compensate for the state-dependent dynamics and
~rst-order actuator dynamics. To illustrate this equivalence,
the closed-loop dynamics of ANDI and INDI applied to a
system with ~rst-order actuator dynamics are compared. A
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simpli~ed Single Input Single Output (SISO) representation of
the rotational dynamics about one axis is considered without
loss of generality. The output Ԏ represents the attitude angle
about the axis of interest, while the pseudo-control input ᅸindi
is at the level of angular acceleration. The actuator dynamics
are ~rst order with bandwidth ᆃ.

The ~rst necessary condition for equivalence is that all
actuators coupled to a single output in INDI must have iden-
tical dynamics. Since INDI does not compensate for actuator
dynamics, mismatched dynamics directly corrupt the output.
Therefore, the actuator-to-output mapping by the control ef-
fectiveness matrix must only couple actuators with identical
dynamics [9].

In addition, ANDI should not compensate for the state-
dependent dynamics, i.e., ӻ֓̇א = .ו This will force the
controller to treat the state-dependent dynamics as part of the
external disturbances ӹ, similar to INDI [18].

The closed-loop dynamics of INDI with ~rst-order actuator
dynamics Ӽռ = ᇗ֎+ᇗ are given by eq. (43) [9], while the closed-
loop dynamics of ANDI without compensation of the state-
dependent e{ects are shown in eq. (44). Here the pseudo-
control vector ᅸandi is at the level of angular jerk, while ᅸindi
is at the level of angular acceleration.Ԏ Ԣ2 = ᅸindiӼռ + ӹ(Ӿ − Ӽռ) (43)Ԏ Ԣ2 = ᅸandi + ӹ (44)

These dynamics are visualized in ~g. 4, which presents
block diagram representations of both control approaches.,
completed with the error controller and reference model for
attitude control.

A. Error Rejection Equivalence
The pseudo-control input of INDI is constructed by a

second-order error controller to track the desired attitude,
angular rate, and acceleration, shown in eq. (45). Note that the
reference model is synchronized through the actuator dynamicsӼռ to account for the phase lag introduced by the actuator
dynamics in the output.ᅸindi = ԎrefԢ2 + (ԎrefӼռԢ − Ԏ Ԣ)Ԛ̃ր2 + (ԎrefӼռ − Ԏ )Ԛ̃ր1 (45)

The resulting closed-loop INDI dynamics obtained by sub-
stituting the pseudo-control input into eq. (43) are shown in
eq. (46). Making use of the fact that Ӽռ is a ~rst-order system
with bandwidth ᆃ, the closed-loop dynamics can be rearranged
to the form shown in eq. (47).Ԏ = ԎrefӼռ + ӹ Ӿ − ӼռԢ2 + ӼռԚ̃ր2Ԣ + ӼռԚ̃ր1 (46)Ԏ = Ԏref

ᆃԢ + ᆃ + ӹ ԢԢ3 + ᆃ⏟ֆՊ3 Ԣ2 + ᆃԚ̃ր2⏟ֆՊ2
Ԣ + ᆃԚ̃ր1⏟ֆՊ1

(47)

The equivalence in disturbance rejection dynamics can be
established by comparing eq. (47) to the closed-loop dynamics
of ANDI shown in eq. (25). Both controllers react to dis-
turbances as a third-order system, where INDI contains the
actuator bandwidth ᆃ explicitly in the characteristic equation.

Therefore, ANDI and INDI exhibit identical disturbance re-
jection dynamics when the ANDI controller gains are chosen
to reintroduce the actuator bandwidth. This means that the
pseudo-actuator bandwidth ᆃ֔ in ANDI is set equal to the
actual actuator bandwidth ᆃ.

The same conclusion holds for the speci~c thrust output
dynamics, where ANDI and INDI exhibit identical disturbance
rejection dynamics when pseudo-actuator bandwidth ᆃ֔ᆧ is set
equal to the actual actuator bandwidth ᆃ.

B. Reference Tracking Equivalence
INDI tracks the reference model ~ltered through the actuator

dynamics Ӽռ, as shown in eq. (47), while ANDI tracks the
un~ltered reference model, as shown in eq. (25). This results
in di{erent reference tracking dynamics between the two
controllers.

By generating unique references for both controllers, the
reference tracking dynamics can be made equivalent. INDI
is provided with a second-order reference model, while a
third-order reference equal to the cascade of the second-order
reference model and the actuator dynamics Ӽռ is provided to
ANDI, as shown in eq. (48).Ԏrefandi

= Ԏrefindi

ᆃԢ + ᆃ (48)

Comparing this to eq. (29), it can be seen that the ANDI
reference tracking dynamics become equivalent to INDI when
the pseudo-actuator bandwidth ᆃ֔ is set equal to the actual
actuator bandwidth ᆃ.

C. Summary of Equivalence Conditions
The analysis above demonstrates that ANDI and INDI

exhibit equivalent control behavior when three conditions are
satis~ed: (i) actuators of di{erent bandwidth are not coupled
to a single output; (ii) ANDI does not compensate for state-
dependent dynamics, instead treating them as disturbances;
and (iii) the pseudo-actuator bandwidth is set equal to the
actual actuator bandwidth. Under these conditions, both con-
trollers achieve identical disturbance rejection and reference
tracking dynamics.

This ~rst condition is platform dependent, in case of the
Cyclone tail-sitter platform, the yaw and pitch axes are each
controlled by a pair of identical elevons, while the roll axis is
controlled by a pair of identical motors. Therefore, each output
axis is only coupled to actuators with identical dynamics,
satisfying the ~rst condition for equivalence.

The next two conditions can be enforced through controller
design choices. In section IV, the pseudo-actuator bandwidths
for attitude and speci~c thrust control were set equal to the
measured actuator bandwidths, satisfying the third condition.
Consequentially, by simply omitting the ӻ֓̇א term, an INDI-
equivalent ANDI controller can be realized that satis~es the
second condition.

VI. RESULTS
This section presents the analysis and results of the

ANDI controller for attitude stabilization on the Cyclone tail-
sitter. All simulation studies are conducted using Matlab
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Fig. 4: Block diagrams for attitude control of a system with ~rst order actuators Ӽռ = ᇗ֎+ᇗ : (a) Linear system resulting from INDI, and
(b) linear system resulting from ANDI. When pseudo-actuator bandwidth equals actual actuator bandwidth, both systems exhibit identical
disturbance rejection and reference tracking dynamics.

Simulink, while �ight testing is performed in an indoor
�ight facility that constrains the experimental envelope to
hover and low-speed �ight regimes. The analysis focuses
on the yaw axis, where state-dependent e{ects due to aero-
dynamic drag are most pronounced due to large angular
accelerations experienced during heading changes. The results
of the experiments are generalizable to the other axes, where
state-dependent e{ects are smaller but still present.

The analysis comprises three experiments: ideal-condition
tracking analysis to examine correct inversion and reference
model design; disturbance rejection tests with and without
complementary ~ltering to analyze the error controller design
and ~ltering e{ects; and a direct comparison between the full
ANDI controller (with ӻ֓) and a baseline (without ӻ֓) to
quantify the practical impact of state-dependent compensa-
tion. Together, these experiments investigate whether explicit
compensation of state-dependent dynamics yields measurable
performance improvements and validates the ANDI framework
as a practical control strategy for hybrid MAV control.

A. Inversion and Reference Model Veri~cation in Simulation
Correct implementation of the control law and proper ref-

erence model design are veri~ed by testing the closed-loop
feedforward path in ideal conditions: perfect model knowledge,
noiseless sensors, and no external disturbances. Under these
conditions, the controller should achieve perfect tracking of
the reference trajectory, con~rming both the inversion and
reference model dynamics.

A step input of 170° in heading is applied at ԣ = 0.1 s to
three controller con~gurations: ANDI with full state-dependent

compensation, ANDI without state-dependent compensation,
and an equivalent INDI controller as a baseline. The refer-
ence models di{er by design: ANDI employs the third-order
reference model from ~g. 3 with actuator dynamics explicitly
included, while INDI uses a second-order reference model
that omits actuator dynamics since its control law does not
explicitly compensate for them.

As established in section V, when the pseudo actuator band-
width equals the physical actuator bandwidth, ANDI without
state-dependent compensation and INDI should exhibit iden-
tical closed-loop disturbance rejection dynamics despite their
di{erent control structures. Figure 5 validates this equivalence
experimentally and veri~es the correctness of the control law
implementation.

Figure 5 shows the reference trajectories and actual yaw
attitude responses for all three controllers following the 170°
step input. The ANDI reference model exhibits slower, slightly
damped dynamics compared to INDI. This di{erence re�ects
the explicit inclusion of actuator dynamics in the third-order
reference model. The full ANDI controller with ӻ֓ tracks its
third-order reference perfectly, con~rming correct inversion.

ANDI without state-dependent compensation and INDI pro-
duce identical closed-loop responses, validating the predicted
equivalence. Both exhibit tracking error due to unmodeled
state dynamics now acting as a disturbance on the system.
The tracking error remains small indicating that the e{ect of
the state-dependent terms are minor.

Given this equivalence and the established correctness of
the control law, ANDI without state-dependent compensation
is selected as the baseline controller for all subsequent com-
parisons. This baseline isolates the e{ect of state-dependent
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compensation by removing only the ӻ֓̇א term while maintain-
ing all other aspects of the control architecture and reference
model design.
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Fig. 5: Step response comparison for three controller con~gurations in
ideal conditions, validating correct inversion and equivalence between
ANDI without state e{ects and INDI.

B. Complementary Filtering and Disturbance Rejection in
Simulation

Following veri~cation of the control law and reference
model in the feedforward path, the feedback path is now
examined to assess how cascaded complementary ~lters a{ect
disturbance rejection performance. During the design of the
complementary ~lters in section IV-E, it was established that
~ltering should not a{ect closed-loop stability or reference
tracking, but will in�uence disturbance rejection and noise
attenuation.

The full ANDI controller is tested in simulation under two
conditions: with complementary ~ltering applied to all mea-
surement channels, and with direct un~ltered state feedback. A
step disturbance of 1.0 N m is applied to the body yaw moment
at ԣ = 0.1 s in hover.

Measurement noise is omitted from this analysis, allowing
a direct comparison of how ~ltering in�uences the disturbance
response. The ~lter cuto{ frequencies in table III are designed
based on expected sensor noise, which will be validated
through �ight testing in section VI-C.

Since disturbances are unmodeled by de~nition, any pre-
dictable perturbation would instead be part of the system
dynamics. Therefore, disturbances cannot be captured in the
OBM used for inversion and complementary ~ltering.

First, the absence of disturbance e{ects in the OBM means
that the state-dependent term ӻ֓̇א cannot compensate for

external disturbances. Therefore, this analysis considers only
the e{ect of ~ltering on disturbance rejection for the full ANDI
controller, rather than comparing with a baseline without ӻ֓.

Second, since disturbances are absent from the OBM, they
enter the feedback loop only through the low-pass ~ltered
measurement path, incurring the full phase lag of the low-
pass ~lters. The error controller was designed assuming instan-
taneous disturbance feedback, creating a mismatch between
design assumption and actual behavior. This lag in disturbance
estimation degrades the designed disturbance rejection, which
is analyzed through the step response.

Figure 6 shows the true heading, body yaw rate, and body
yaw acceleration response to the step disturbance for both
~ltered and un~ltered feedback conditions. The un~ltered
response is equal to the designed disturbance rejection, as
the controller receives immediate disturbance feedback. In
contrast, the response for the ~ltered feedback case reacts
slower to the disturbance and has higher peak error due to
the lag introduced by the low-pass ~lters.
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Fig. 6: Disturbance rejection comparison with and without comple-
mentary ~ltering. The un~ltered feedback case shows the system’s
designed disturbance rejection, while the ~ltered feedback case shows
how the system’s disturbance rejection degrades due to lag from low-
pass ~lters.

The analysis demonstrates that complementary ~ltering,
while essential for noise attenuation in real-world conditions,
introduces lag that degrades disturbance rejection performance
compared to ideal un~ltered feedback.

C. State-Dependent Compensation Impact in Real-World
Flight Testing

Having veri~ed the control law implementation, reference
model design, and complementary ~ltering behavior through
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simulation, the ~nal analysis assesses the practical bene~ts of
state-dependent compensation on the physical MAV in real-
world �ight conditions.

To assess the practical bene~ts of state-dependent compen-
sation in real-world �ight conditions, a step input of 170°
in heading is commanded. This maneuver creates signi~cant
angular rates and accelerations, maximizing the in�uence of
aerodynamic drag. To prevent elevon saturation during this ag-
gressive maneuver, the reference model is augmented to limit
maximum jerk to 100 rad s−3 and acceleration to 20 rad s−2.

Three controller con~gurations incorporate state dynamics
to varying degrees: the full ANDI includes state-dependent dy-
namics in both inversion and complementary ~ltering; the par-
tial applies state-dependent dynamics only in complementary
~ltering; and the baseline excludes state-dependent dynamics
entirely, equivalent to INDI. The partial con~guration isolates
the relative importance of state compensation in inversion
versus ~ltering.

Figure 7 presents the estimated body yaw rate and ac-
celeration responses for all three con~gurations, with mean
responses and one standard deviation bounds from repeated
�ights, along with the corresponding true signals. True angular
rate and acceleration are obtained through zero-phase low-
pass ~ltering of raw IMU measurements post-�ight. This
non-causal ~ltering applies a second-order Butterworth ~lter
with 20 rad s−1 cuto{ for angular acceleration and a ~rst-
order Butterworth ~lter with 80 rad s−1 cuto{ for angular rate.
Zero-phase ~ltering works by applying the ~lter forwards
through the recorded �ight data, then applying the same ~lter
backwards, resulting in a zero phase-lag signal that introduces
no delays or model-based assumptions. Because the complete
�ight data is available post-�ight, this non-causal, bidirectional
~ltering approach provides an accurate approximation of the
true signals una{ected by inaccuracies in the OBM or com-
plementary ~lter design.

From the estimated signals in ~g. 7, all three controllers
achieve stable �ight and excellent tracking of the commanded
heading step for both angular rate and acceleration. The
reference model e{ectively shapes the closed-loop dynamics,
with all con~gurations exhibiting similar overall response
characteristics.

The complementary ~ltering e{ectively attenuates high-
frequency noise from the raw IMU measurements, yielding
clean estimates of angular rate and acceleration that con~rm
the chosen ~lter order and cuto{ frequencies in table III are
e{ective for real-world �ight conditions.

The transient responses (0.2 s to 0.3 s) reveals a mismatch
between estimated and true angular acceleration. This mis-
match is attributed to limitations in the OBM: particularly,
the model neglects higher-order e{ects, including moments
produced by elevon rate changes and elevon inertia.

Performance di{erences are most evident at high angular
rates and accelerations, where aerodynamic drag becomes
signi~cant. The full ANDI achieves the best tracking and
accurate state estimation, as con~rmed by close matches
between estimated and true acceleration. The partial con~gu-
ration shows moderate degradation in peak rates/accelerations
but retains accurate estimates. The baseline performs worst,
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Fig. 7: Measured yaw rate and angular acceleration for a 170°
heading step applied at 0.2 s during �ight testing. Plotted are the
three controller con~gurations: full ANDI (state e{ects in inversion
and complementary ~ltering), partial ANDI (state e{ects only in com-
plementary ~ltering), and baseline (no state e{ects, INDI-equivalent).
True acceleration is obtained through zero-phase low-pass ~ltering of
the raw IMU measurements.

with inversion unable to compensate for drag and ~ltering
overestimating acceleration, degrading disturbance rejection.

These results match the response trends observed in sim-
ulation in ~g. 5, con~rming that the theoretical advantages
of state-dependent compensation translate to practical perfor-
mance improvements in real-world �ight conditions.

Table IV summarizes Root Mean Square (RMS) tracking
errors for estimated (used by the error controller) and true
(actual MAV performance) yaw rate and acceleration.

TABLE IV: RMS Tracking Errors

RMS error Full Partial Baseline֍est (rad s−1) 0.146 0.243 0.430̇֍est (rad s−2) 1.278 1.676 2.332֍true (rad s−1) 0.151 0.246 0.450̇֍true (rad s−2) 2.092 2.071 2.707
The RMS results in table IV con~rm the bene~ts of

ANDI with state-dependent compensation across both rate
and acceleration metrics. For estimated yaw rate, the full
controller achieves the lowest error, followed by partial, with
baseline highest. Estimated yaw rate error is reduced by 66 %
from baseline to full ANDI (0.430 rad s−1 to 0.146 rad s−1),
demonstrating signi~cant improvement from state-dependent
compensation in inversion during high angular rate maneuvers.
The partial controller’s intermediate reduces the error by 43 %
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from the baseline (0.430 rad s−1 to 0.243 rad s−1), indicates
that state-dependent e{ects in complementary ~ltering alone
already o{ers substantial improvement over the baseline.

A similar improvement pattern is observed for estimated
yaw acceleration. The full ANDI achieves 45 % reduction
compared to baseline (2.332 rad s−2 to 1.278 rad s−2), with the
partial con~guration again showing intermediate improvement
with 28 % error reduction (2.332 rad s−2 to 1.676 rad s−2).
These consistent improvements across both estimated metrics
con~rm that explicit state-dependent compensation in inver-
sion yields measurable bene~ts for tracking performance.

For true acceleration, the partial and full controllers ex-
hibit similar errors (2.071 rad s−2 and 2.092 rad s−2 respec-
tively), with no signi~cant di{erence discernible between
these con~gurations. This similarity is expected given the
transient tracking errors that dominates the true yaw accelera-
tion during this aggressive maneuver, obscuring di{erences
in state compensation between these two cases. However,
the baseline shows signi~cantly larger true acceleration error
(2.707 rad s−2), con~rming that complementary ~ltering with
state-dependent e{ects provides meaningful improvement over
the inversion-only baseline.

D. Discussion
The experimental validation con~rms the ANDI control im-

plementation’s correctness and practical viability. The control
law inversion is veri~ed in simulation by perfect tracking of the
reference trajectory, while the theoretical equivalence between
ANDI without state-dependent compensation and INDI is
experimentally demonstrated for the chosen gain parameters.
Real-world �ight testing validates the cascaded complementary
~ltering approach and con~rms that the designed control
architecture translates from simulation to practice.

State-dependent e{ect compensation produces measurable
improvements for platforms where such e{ects are signi~cant,
as demonstrated by the full ANDI outperforming the baseline
during aggressive maneuvers. However, the practical relevance
of this compensation depends on platform characteristics and
operating regime: for MAVs with pronounced state-dependent
dynamics or designed for aggressive �ight, compensation
enhances tracking accuracy; for platforms with negligible such
e{ects or those operated in benign conditions (e.g. quasi-static
�ight), the baseline ANDI without ӻ֓ proves su|cient. This
variability across the MAV design space underscores the need
for �exible control architectures.

ANDI uni~es and extends the classical INDI architecture to
address this design space diversity. In the absence of signi~-
cant state-dependent e{ects or actuator bandwidth variations,
omitting ӻ֓ renders ANDI mathematically equivalent to INDI,
resulting in identical closed-loop behavior. This architectural
�exibility ensures that deploying ANDI as an INDI-equivalent
controller carries no performance penalty while retaining the
capability to incorporate state-dependent dynamics and actua-
tor heterogeneity when platform characteristics demands it or
system knowledge is available.

The experimental validation thus demonstrates the viability
and signi~cance of state-dependent compensation on MAVs,

but also the broader value of ANDI as a �exible control
architecture that integrates actuator dynamics compensation
and optional state-dependent e{ects within a single coherent
framework.

VII. CONCLUSION
This research has implemented and experimentally validated

the ANDI framework with explicit state-dependent compensa-
tion on the Cyclone tail-sitter MAV. The results demonstrate
that ANDI is a practical and e{ective framework for attitude
stabilization, generalizing classical INDI by explicitly incor-
porating actuator dynamics and state-dependent e{ects while
recovering INDI when these terms are omitted.

The key ~nding is nuanced: state-dependent compensation
yields clear bene~ts during aggressive maneuvers, where yaw-
rate tracking errors were substantially reduced, at the cost of
increased model knowledge. Regardless, ANDI is the preferred
framework due to its generality and �exibility. ANDI without
state-dependent compensation is equivalent to INDI and does
not require additional modeling e{ort. Yet ANDI still main-
tains the capability to incorporate state-dependent e{ects when
the additional model knowledge is available or the anticipated
performance gains justify the e{ort.

These conclusions are necessarily bounded by the experi-
mental scope: all tests were conducted indoors in hover and
low-speed �ight on a single platform. The observed bene~ts
of state-dependent compensation are conservative and may
underestimate its impact in more demanding regimes, such as
high-speed forward �ight or aggressive transition maneuvers.
Furthermore, the aerodynamic model was tailored to the tested
envelope, and only attitude stabilization was addressed.

Future work should extend ANDI to guidance and trajectory
control with state-dependent body-force compensation, repeat
experiments across a wider operational envelope including
outdoor high-speed �ight, and study transition maneuvers for
a more representative maneuver.
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4
Guidelines for Implementing ANDI

This chapter provides practical guidance for implementing the Actuator Nonlinear Dynamic Inversion (ANDI) controller, pre-
sented in Section 3.4, on generic hybrid micro aerial vehicle (Micro Air Vehicle (MAV)) platforms. The controller extends
sensor-based Incremental Nonlinear Dynamic Inversion (INDI) to incorporate heterogeneous actuator bandwidths and, when
desired, state-dependent dynamics. The following sections outline a structured procedure for implementing ANDI operation
across a broad class of Unmanned Aerial Vehicles (UAVs).

This guide presents the high level workflow, and is focused on applicability across hybrid platforms. While developed and
validated on a tail-sitter MAV, the approach should remain valid for most other hybrid-UAV architectures. Platform-specific
adaptations may be required depending on actuator types, control surface geometries, and available sensor measurements,
but the underlying methodology remains consistently applicable.

The procedure assumes access to a controlled flight testing environment that allows safe tethered operation before free-flight
testing.

1. Identify Actuator Dynamics: Characterize each actuator’s bandwidth and saturation limits by fitting a first-order model.

2. Estimate Control Effectiveness: Quantify how each actuator contributes to changes in measured outputs to establish
the initial control effectiveness matrix.

3. Choose Filter Cutoff Frequencies: Select complementary filter cutoff frequencies to balance noise attenuation and
dynamic response with minimal phase lag.

4. Tune Controller Gains: Adjust the controller gains to achieve desired closed-loop performance and verify stability in
hover before advancing to more aggressive operation.

5. Model Complete System Dynamics: With stable hover achieved, extend system identification across the wider flight
envelope to refine actuator and filter models.

6. Iterate and Refine: Continuously refine actuator models, control effectiveness estimates, filter designs, and controller
gains using flight data until desired performance is achieved.

This workflow closely follows the implementation of sensor-based INDI, with the primary distinction that ANDI explicitly admits
actuator dynamics into the control loop and, in advanced stages, can identify state-dependent system behavior.

4.1. Identify Actuator Dynamics

The first step is to model the dynamics of each actuator, capturing its bandwidth and saturation behavior. For hybrid MAVs, the
primary actuators are typically motors and servos. Approximate the actuator dynamics as first-order systems with bandwidthᆃ.
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4.1.1. Experimental Characterization

Characterize each actuator with the vehicle on the ground. Apply step commands to the actuator input and record the response
at a sufficiently high sampling rate. From the recorded data, fit a first-order model to the measured output. Estimation can be
done using least-squares fitting or frequency-domain analysis of the step response. Take into account any possible delays
in the system and the effects of saturation. These can negatively impact the accuracy of the model fitting procedures when
neglected.

4.1.2. Saturations and Rate Limits

Identify the actuator saturation limits Ԥmin and Ԥmax. When available, also measure or estimate rate limits Ԥ̇max and Ԥ̇min from
logged data or manufacturer specifications. While these limits are not critical for an initial implementation, neglecting rate
saturation may yield commands exceeding actuator physical capabilities. To initially disable rate limiting, choose a high rate
limit value well above expected command rates during hover.

4.2. Estimate Control Effectiveness

The next step is to determine the control effectiveness matrix ӻ֐ during hover, which describes how actuator inputs effect the
measured outputs. Accurate estimation of ӻ֐ is essential for correct inversion in the ANDI control law and for designing the
complementary filter.

4.2.1. Methods for Estimation

Several approaches can be applied depending on available knowledge and tools, and the vehicle type:

• First-Principles Modeling: Compute ӻ֐ analytically from the known geometry and propulsion configuration (e.g., arm
lengths, thrust coefficients).

• Static Testing: Measure produced forces and moments under known actuator inputs using a load cell or thrust stand.

• Flight Data Identification: Estimate ӻ֐ via linear least-squares fitting from logged flight data.

For initial implementation, a constant control effectiveness matrix is usually sufficient. Once stable hover flight is confirmed,
scheduling ӻ֐ with operating conditions (e.g., throttle level, airspeed, attitude, etc.) can be introduced to capture the wider
flight envelope.

4.2.2. Robustness to Model Errors

The incremental nature of ANDI provides inherent robustness to modeling errors. Some errors in the initial control effectiveness
matrix can thus be tolerated. However, large errors in ӻ֐ can lead to instability or poor performance. When in doubt, it is
safer to slightly overestimate control effectiveness than to underestimate it; overestimation relaxes the control law, whereas
underestimation can cause unstable oscillations.

4.3. Choose Filter Cutoff Frequencies

Complementary filters fuse the noisy measurements (e.g., accelerometer data) with predictions from the On-Board Model
(OBM) (based on ӻ֐). Minimal filtering is important to achieve good disturbance rejection, but noise results in excessive wear
on actuators and degraded performance. Choose the initial cutoff frequencies conservatively and adjust iteratively based on
observed noise present in the filtered estimates. Adjust the cutoff frequencies to perform theminimal filtering while still attenuate
all high-frequency noise.

4.4. Tune Controller Gains

With actuator models, control effectiveness, and filters established, the next step is to tune the ANDI controller gains.
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4.4.1. Controller Parameters

This ANDI implementation employs a referencemodel and error controller for each output, resulting in six key tuning parameters
per attitude axis and two for specific thrust control. The function of these parameters is as follows:

1. Error Controller Parameters: Define how the system responds to external disturbances.

2. Reference Model Parameters: Define desired tracking dynamics.

For attitude control, each group is characterized by a pseudo-actuator bandwidth ᆃ and a second-order system defined by
natural frequency ᆂ։ and damping ratio ᅰ. The specific thrust controller only requires the pseudo-actuator bandwidth ᆃᇑ .
The detailed gain structure is presented in Section 3.4.

Tables 4.1 and 4.2 summarize all the parameters and recommended relationships between the parameters for simplified tuning.

Table 4.1: Attitude control gain parameters and recommended relationships for simplified tuning.

Attitude Control Parameter Error Controller Reference Model
Natural Frequency ᆂ։Պ ᆂ։՗ = 0.8ᆂ։Պ
Damping Ratio ᅰր ᅰ֍ = ᅰր
Pseudo-actuator Bandwidth ᆃ = slowest actuator driving each output

Table 4.2: Specific thrust control gain parameters and recommended relationships for simplified tuning.

Specific Thrust Control Parameter Error Controller Reference Model
Pseudo-actuator Bandwidth ᆃᇑ = slowest actuator driving each output

4.4.2. Simplified Initial Tuning

For first flights, the objective is achieving stable hover with conservative dynamics. The following guidelines simplify the tuning
problem from six independent parameters to two per attitude axis:

• Set the pseudo-actuator bandwidth ᆃ equal to the slowest actuator driving each axis.

• Choose the reference model natural frequency as ᆂ։՗ = 0.8ᆂ։Պ .
• Use identical damping ratios for both models, ᅰ֍ = ᅰր.

This leaves only ᆂ։Պ and ᅰր to tune per axis. Start with low values for ᆂ։Պ to ensure stability, then gradually increase to
improve responsiveness.

4.4.3. Further Tuning and Refinement

After stable hover is achieved, the initial relations between the parameters can be relaxed to exploit full actuator capabilities.
Adjust the reference model parameters to achieve desired tracking performance, and modify the error controller parameters to
optimize disturbance rejection. Iteratively refine the gains based on observed performance in flight tests.

4.5. Model Complete System Dynamics

Once stable hover is achieved, the static control effectiveness model can be extended to represent the full flight envelope.
This step involves identifying the complete ᅿ-theory model, capturing state-dependent variations in control effectiveness and
actuator dynamics. Section 3.3 describes the model structure for the Cyclone tail-sitter platform.

4.5.1. Data Collection

Conduct flight tests beginning in hover and progressively expand the envelope by varying throttle, increasing airspeed, and
performing aggressive maneuvers. Record actuator commands, actuator state feedback, and body accelerations and rates at
high sampling rates. Include both hover and forward-flight segments to capture representative operating conditions.
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4.5.2. Model Identification

Estimate the coefficients of the extended model using least-squares fitting or similar system identification methods.

Verify that the identified model, evaluated at hover conditions, is similar to the previously established static control effectiveness
matrix. Large discrepancies may indicate issues with the identification process or data quality and might prevent stable hover.

4.6. Iterate and Refine

With the complete system model established, continue refining all components of the ANDI implementation. This final phase
focuses on exploiting the full capabilities of the controller and ensuring robust operation across the intended flight envelope.

4.6.1. Data-Driven Refinement Process

Valuable data is now available from flight tests over the complete flight envelope that previously was not accessible.

This data can now be used to refine:

• Actuator Models: Re-identify actuator dynamics under load conditions.

• Filter Designs: Adjust cutoff frequencies based on observed noise characteristics in flight.

• Gain Tuning: Further optimize controller parameters to enhance performance metrics.

• Vehicle Model: Update the coefficients of theᅿ-theorymodel to better capture state-dependent dynamics. The accuracy
of the model directly impacts the ability to linearize the system and the accuracy of the filtered measurement estimates.



5
ANDI Guidance Controller

This chapter presents the design of an ANDI guidance controller for the Cyclone tail-sitter MAV.

A guidance controller has been designed during the initial simulation phase of this thesis project to provide position and heading
control of the MAV in cascade with the inner-loop attitude and specific thrust ANDI stabilization controller. This guidance
controller has not been further developed or experimentally validated within the scope of this thesis. Nevertheless, the controller
is documented to establish a foundation for future experimental work.

For hybrid MAV platforms, a guidance controller must account for aerodynamic forces such as lift and drag, which dominate
the vehicle dynamics in high speed flight. Existing work by Tal and Karaman [46] presents a guidance controller for tail-sitter
MAVs capable of accounting for these forces. However, this approach relies on sequentially solving for Euler angles, which
introduce practical limitations.

Specifically, the Euler angle approach requires complicated trigonometric relations and is inherently vehicle-specific, necessitat-
ing complete rederivation of these relations for different platform geometries. Furthermore, it relies on restrictive assumptions
to ensure sequential solvability of the Euler angles; these assumptions do not generally hold for arbitrary MAV configurations.

The proposed guidance controller provides a generic and adaptable outer-loop control solution by leveraging matrix inversion
within the allocation step of ANDI. Rather than solving sequentially through trigonometric relations, the controller directly solves
for the required angular rates and specific thrust rates that achieve the desired translational jerk. This approach naturally
accounts for all modeled body forces without requiring vehicle-specific derivations or restrictive assumptions.

5.1. Controller Derivation

The ANDI guidance law generates angular rate commands ርվ and specific thrust rate commands ̇ᅽվ to ensure tracking of a
reference position trajectory ּ֍(ԣ) and heading ᆁ֍(ԣ). The derivation assumes that:

(i) ּ֍(ԣ) is at least Ӹ2 continuous;

(ii) ᆁ֍(ԣ) is at least Ӹ0 continuous;

(iii) ርվ and ̇ᅽվ are tracked instantaneously and exactly, modeled as zero-order dynamics.
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5.1.1. System Representation

The outer-loop state and input vectors are defined in Equations (5.1) and (5.2). The state vector can be extended to include
additional states as needed. א = [ԥ֓ ԥ֔ ԥ֕ ᅮև ᅮ֍]⊤

׊(5.1) = [Ԡ֒ Ԡ֓ Ԡ֔ Ԡ֕ ᅽ]⊤
(5.2)

The vector ׊ comprises the unit quaternion attitude ־ and total specific thrust ᅽ , which are considered pseudo-actuators. The
state vector א includes the body-frame linear velocities ս׌ and the left and right elevon deflections ᅮև and ᅮ֍.
The elevon deflections are included in the state vector to capture their influence on the thrust vector. These are treated as part
of the state since they are not directly controlled by the guidance controller, which only commands the attitude and specific
thrust.

The outer-loop outputs are the linear acceleration ּ̈ and heading ᆁ. The heading is defined using Equation (5.3), as the angle
between the projection of the body Ԩ-axis and the East direction. This avoids the singularity when the pitch angle approaches90°, which is a common attitude for tail-sitter MAVs during forward flight. Instead, the singularity occurs when the vehicle is on
its side (90° roll angle). ᆁ(׊) = atan2(−2 (Ԡ֓Ԡ֔ + Ԡ֒Ԡ֕), 1 − 2 (Ԡ2֓ + Ԡ2֕)) (5.3)

5.1.2. Translational Dynamics

The specific force in the inertial frame is obtained by rotating the body-frame specific force ֦ս(א, (׊ to inertial coordinates.
The body-frame force is derived from the OBM presented in Section 3.3, and the coordinate transformation is expressed in
Equation (5.4). ֦ք(א, (׊ = քԇս(׊) ⋅ ֦ս(א, (׊ (5.4)

The rotation matrix քԇս(׊) is defined in Equation (5.5) from the current attitude quaternion in .׊
քԇս(׊) = ⎡⎢⎣1 − 2(Ԡ2֔ + Ԡ2֕) 2(Ԡ֓Ԡ֔ − Ԡ֒Ԡ֕) 2(Ԡ֓Ԡ֕ + Ԡ֒Ԡ֔)2(Ԡ֓Ԡ֔ + Ԡ֒Ԡ֕) 1 − 2(Ԡ2֓ + Ԡ2֕) 2(Ԡ֔Ԡ֕ − Ԡ֒Ԡ֓)2(Ԡ֓Ԡ֕ − Ԡ֒Ԡ֔) 2(Ԡ֔Ԡ֕ + Ԡ֒Ԡ֓) 1 − 2(Ԡ2֓ + Ԡ2֔)⎤⎥⎦ (5.5)

5.1.3. Input-Output Linearization

The input-output relation is given by Equation (5.6). [ ּ̈ᆁ] = [֦ք(א, (׊)ᆁ(׊ ] (5.6)

Differentiating Equation (5.6) yields Equation (5.7).[ ּ⃛ ̇ᆁ] = [ ᇝᇝِ ֦ք(א, ᇝᇝِ(׊ ሬ(׊) ] א̇ + [ ᇝᇝي ֦ք(א, يᇝᇝ(׊ ሬ(׊) ] ̇׊ (5.7)

The quaternion derivative relation is given in Equation (5.8).⎡⎢⎢⎣
̇Ԡ֒̇Ԡ֓̇Ԡ֔̇Ԡ֕
⎤⎥⎥⎦ = 12Ԇխ(׊) ⎡⎢⎣ᆂ֓ᆂ֔ᆂ֕⎤⎥⎦ (5.8)

with the quaternion left multiplication matrix Ԇխ(׊) defined in Equation (5.9).
Ԇխ(׊) = ⎡⎢⎢⎣

−Ԡ֓ −Ԡ֔ −Ԡ֕Ԡ֒ −Ԡ֕ Ԡ֔Ԡ֕ Ԡ֒ −Ԡ֓−Ԡ֔ Ԡ֓ Ԡ֒
⎤⎥⎥⎦ (5.9)
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Thus, Equation (5.10) applies: ̇׊ = [ 12 Ԇխ(׊) 00 1] ′̇׊ (5.10)

where ′̇׊ = [ᆂ֓, ᆂ֔, ᆂ֕, ̇ᅽ ]⊤.
Substituting into Equation (5.7) yields Equation (5.11):[ ּ⃛ ̇ᆁ] = [ ᇝᇝِ ֦ք(א, ᇝᇝِ(׊ ሬ(׊) ]⏟⏟⏟⏟⏟է՝

א̇ + [ ᇝᇝي ֦ք(א, يᇝᇝ(׊ ሬ(׊) ] [ 12 Ԇխ(׊) 00 1]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟է՚
′̇׊ (5.11)

The control input ′̇׊ is obtained using the right pseudo-inverse as shown in Equation (5.12). This step solves for the required
angular rate and specific thrust rate commands needed to achieve the desired pseudo-control ሣ, while accounting for all
modeled body forces through ԕք(א, .(׊ This eliminates the need for vehicle-specific derivations or problematic sequential
solvability assumptions. Note that this is only valid in a small convergence region around the current state due to the local
linearization; the commanded references should be smooth and feasible to ensure proper inversion.̇׊′վ = ӻ֐† (ሣ − ӻ֓̇א) (5.12)

5.1.4. Linear Error Controller

The pseudo-control vector ሣ is generated by the linear controller defined in Equation (5.13).ሣ = [ ּ⃛ ֍ + Ԁ3( ּ̈ ֍ − ּ̈ ) + Ԁ2( ּ̇ ֍ − ּ̇ ) + Ԁ1(ּ֍ − ּ)̇ᆁ֍ + Ԛᇕ(ᆁ֍ − ᆁ) ] (5.13)

The gains Ԁ3, Ԁ2, Ԁ1 ∈ ℝ3×3 are diagonal, positive-definite, and Ԛᇕ > 0 is the heading gain. The position error dynamics
follow Equation (5.14): Ӻ֋,ք(Ԣ)Ԋ֋,ք(Ԣ) = Ԣ3Ԣ3 + Ԛռ,քԢ2 + Ԛ֑,քԢ + Ԛ֋,ք (5.14)

and the heading error satisfies Equation (5.15): Ӻᇕ(Ԣ)Ԋᇕ(Ԣ) = ԢԢ + Ԛᇕ (5.15)

The gains are selected through trial and error to achieve satisfactory tracking performance. The final gain values used in
simulation are given in Equation (5.16). The gains for ԧ, Ԩ, and ԩ position control are identical.Ԛ1 = 5.0 Ԛ2 = 16.0 Ԛ3 = 5.0 Ԛᇕ = 0.5 (5.16)

5.2. Results

The guidance controller is evaluated in cascade with the full ANDI inner-loop controller. A reference trajectory is an S-curve
velocity profile that prescribes a 100m forward displacement with simultaneous 170° heading change, respecting the velocity,
acceleration, and jerk limits in Table 5.1 [47]. The position and heading tracking performance are presented in Figure 5.1, with
the corresponding actuator commands shown in Figure 5.2.

This reference trajectory is intentionally demanding, requiring the MAV to transition from hover to high-speed forward flight and
back to hover while executing a substantial heading change. The resulting maneuver induces significant aerodynamic forces
and atypical flight attitudes, including knife-edge flight. This challenging scenario directly evaluates the controller’s ability to
maintain precise position and heading tracking while accounting for aerodynamic effects across the entire flight envelope.

The guidance controller does not achieve perfect tracking of the reference trajectory in Figure 5.1a, even under ideal conditions.
The root cause is a fundamental mismatch between the control design assumptions and the actual system behavior. The
derivation assumes that angular rates and specific thrust are tracked instantaneously and exactly by the inner-loop controller
(zero-order dynamics assumption). In practice, the inner-loop controller behaves closer to a second-order system with limited
bandwidth and saturation, introducing lag and tracking errors.
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Table 5.1: Reference trajectory limits for S-curve profile generation.

Parameter Value

Max. velocity 16m s−1
Max. acceleration 5m s−2
Max. jerk 2m s−3
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Figure 5.1: Tracking performance of the guidance controller under ideal simulation conditions (no model uncertainty, distur-
bances, or measurement noise). (a) Time evolution of position, velocity, and acceleration. (b) Time evolution of heading and
heading rate.
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Figure 5.2: Actuator commands when tracking the reference trajectory under ideal simulation conditions (no model uncertainty,
disturbances, or measurement noise). (a) Time evolution of left and right elevon commands. (b) Time evolution of left and right
motor commands.
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The consequences of this simplifying assumption can clearly be observed in the actuator commands in Figure 5.2. The actuator
commands are discontinuous at points where the reference jerk changes abruptly, which occurs due to the piecewise nature
of the S-curve trajectory generation. The inner-loop runs into actuator saturation at these points, causing temporary loss of
tracking performance.

These errors can partially be mitigated by making the reference trajectory feasible for the real system by accounting for the
inner-loop bandwidth limitations during reference generation. Making the reference trajectory fifth-order continuous would limit
crackle (fifth derivative of position) and improve performance. This is left for future work.

For heading control in Figure 5.1b, the effect is more pronounced. The heading controller operates at first-order (heading rate
command), while the inner-loop controller tracks angular rates with second-order dynamics. This additional mismatch causes
larger heading errors than position errors. Extending the control law to operate on heading acceleration or jerk level would
better match the actual inner-loop dynamics and should significantly improve heading tracking performance. This is also left
for future work.

The overall tracking performance of the ANDI guidance controller is excellent, despite the simplifying assumptions. The con-
troller can successfully track both position and heading references, while accounting for aerodynamic forces without vehicle-
specific derivations or additional restrictive assumptions. This demonstrates the potential of the ANDI approach for outer-loop
guidance control of hybrid MAVs.

5.3. Conclusion

This chapter presented the design of a novel quaternion-based ANDI guidance controller for position and heading control of
a tail-sitter MAV. The controller leverages input-output linearization to directly compute the required angular rate and specific
thrust rate commands needed to track a desired trajectory, naturally accounting for aerodynamic forces without vehicle-specific
derivations.

The controller was simulated under ideal conditions and demonstrated good tracking performance for both position and heading.
However, due to the simplifying assumption of zero-order inner-loop dynamics, perfect reference tracking was not achieved.

Future work could focus on: (i) extending the heading controller to operate on heading acceleration or jerk commands to better
match the actual second-order inner-loop dynamics, (ii) refining the generation of feasible reference trajectories that account
for inner-loop bandwidth and saturation, (iii) experimentally validating the guidance controller on the Cyclone tail-sitter MAV,
and (iv) exploring a unified control architecture that combines guidance and stability control into a single ANDI allocation step
for potentially improved performance through tighter coupling between position and attitude dynamics.
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Part IV
Closure
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6
Conclusion

6.1. Closing Remarks

This research successfully implemented and experimentally validated a full Actuator Nonlinear Dynamic Inversion (ANDI) sta-
bilization controller with explicit state-dependent compensation, complementary filtering, and reference model, on the Cyclone
tail-sitter Micro Air Vehicle (MAV). The results demonstrate that ANDI is a practically viable, and an effective control strategy for
hybrid MAVs, and quantifies the performance benefits of compensating for state-dependent dynamics compared to traditional
Incremental Nonlinear Dynamic Inversion (INDI) through real-world flight testing.

The key contribution of this work is the successful implementation and experimental validation of a full ANDI stabilization
controller with state-dependent dynamics compensation on theCyclone tail-sitter MAV, which confirms its feasibility as a generic
and adaptable control approach for hybrid MAVs while quantifying the performance improvements over INDI and ANDI without
state-dependent compensation in reference tracking during aggressive maneuvers with high angular rates and accelerations.

Additionally, the conditions for equivalence between ANDI and INDI closed-loop dynamics when applied to a system with first
order actuator dynamics were derived, providing theoretical insight into the relationship between these two control strategies,
leading to the observation that ANDI is a more generic version of INDI that reduces to INDI under certain conditions.

Finally, additional results presenting practical implementation guidelines and a novel quaternion-based guidance controller for
deploying ANDI on generic hybrid MAVs were developed. The implementation guidelines facilitate its adoption in real-world
applications as a more generic alternative to INDI. The guidance controller leverages input-output linearization and matrix
inversion to directly compute required angular rate and specific thrust rate commands without vehicle-specific derivations,
with simulation results demonstrating good tracking performance for both position and heading while naturally accounting for
aerodynamic forces.

6.2. Research Questions

The three research questions originally posed in Chapter 1 are addressed below, with each answer drawing from the work
presented in the preceding chapters.

How does full ANDI with state-dependent dynamics compensation address the limitations of sensor-based
INDI for control of a hybrid MAV?

Research Question 1

This research question is primarily addressed through the literature study presented in Chapter 2. The literature review iden-
tified and characterized the limitations of sensor-based INDI when applied to hybrid MAVs, and subsequently how the ANDI
framework addresses these limitations.
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The literature review in Chapter 2 concluded that sensor-based INDI has the following two limitations when applied to hybrid
MAVs: First, it does not account for heterogeneous actuator dynamics, instead assuming that all actuators have identical,
instantaneous response characteristics. This assumption degrades tracking performance and can lead to instability when ac-
tuators have significantly different bandwidths. Second, INDI neglects state-dependent dynamics in its formulation, treating all
aerodynamic and unmodeled effects as disturbances compensated through feedback alone. When state-dependent effects
such as aerodynamic forces and moments vary significantly with the vehicle state, for example during aggressive maneuvers
with high angular rates and acceleration, compensating for these effects directly in the control law can improve tracking perfor-
mance. For hybrid MAVs with significantly heterogeneous actuators or significant state-dependent dynamics, these limitations
render INDI unsuitable.

The full ANDI control law addresses both of these limitations. First, it inverts heterogeneous first-order actuator dynamics in ad-
dition to the vehicle dynamics, addressing heterogeneous and slow actuator bandwidths. Second, it compensates explicitly for
state-dependent dynamics in the control law. This explicit treatment of state-dependent effects improves tracking performance
during aggressive maneuvers compared to relying on sensor feedback alone.

How does explicit compensation of state-dependent dynamics affect reference tracking and disturbance re-
jection performance when deployed on a tail-sitter MAV in real-world flight conditions?

Research Question 2

This research question is primarily answered through the experimental validation presented in Section 3.6. Three different
ANDI implementations with varying levels of state-dependent dynamics compensation were deployed on the Cyclone tail-sitter
MAV, and their performance was evaluated through flight experiments.

Three implementation variants were compared. The full ANDI variant incorporated the full state-dependent effects in both the
control law and the complementary filter. The partial ANDI variant included state-dependent effects in the complementary filter
only, but not in the control law. The third variant served as a baseline, equivalent to sensor-based INDI, with state-dependent
dynamics neglected entirely in both the control law and complementary filter.

The experimental results demonstrate that explicit state-dependent compensation significantly improves reference tracking
performance during aggressive maneuvers. Performance gains are most pronounced when the system operates at high an-
gular rates and accelerations, where aerodynamic effects are substantial. For an aggressive heading change maneuver, full
ANDI with state-dependent compensation achieved a 66% reduction in yaw rate tracking error compared to the baseline imple-
mentation. The partial ANDI variant, incorporating state-dependent compensation in the complementary filter only, achieved
a 43% reduction in yaw rate tracking error. These results quantify the progressive performance benefit as state-dependent
knowledge is incorporated: complementary filter compensation alone provides significant improvement over baseline, while
direct compensation in the control law further enhances tracking performance.

Regarding disturbance rejection, state-dependent knowledge does not improve performance against external disturbances.
By definition, disturbances are unmodeled, and only explicit knowledge of the plant model can be compensated in the feed-
forward path. The implicit disturbance rejection provided by sensor feedback remains unchanged regardless of whether state-
dependent terms are explicitly modeled or implicitly handled through feedback.

How can ANDI with state-dependent dynamics compensation be systematically implemented on generic
MAVs, considering practical constraints such a limited model knowledge, and available sensor measure-
ments?

Research Question 3

This research question is addressed through the implementation guidelines presented in Chapter 4 and Section 3.5. A key
insight is that ANDI is a more generic control framework than INDI, applicable to all cases where INDI can be applied, and to
additional cases where actuators are heterogeneous and state-dependent effects are significant.

Regarding model knowledge constraints, ANDI can be implemented incrementally. In its simplest form, state-dependent com-
pensation can be disabled, making ANDI equivalent to sensor-based INDI and requiring no additional model knowledge beyond
what INDI requires. This variant can be deployed immediately on a new platform without detailed system identification. To
achieve the full performance benefits of explicit state-dependent compensation, additional model knowledge of the vehicle’s
aerodynamic characteristics is required. However, this knowledge is not required to be available prior to deployment; instead, it
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can be obtained through system identification performed during initial test flights with the baseline ANDI implementation (without
state-dependent compensation).

Both control strategies rely on sensor feedback to estimate the system outputs necessary for the incremental control law. For
most MAV applications, this requires angular acceleration estimates (from gyroscope measurements) and linear acceleration
estimates (from accelerometer measurements). ANDI additionally requires state-derivative estimates for the state-dependent
dynamics compensation. For most MAVs, the state derivatives required are angular accelerations and translational accelera-
tions, which are already needed for INDI. Therefore, ANDI can be implemented on generic MAVs without additional sensors
beyond what is already required for INDI.

ANDI can be systematically implemented on a generic MAV by following the step-by-step implementation guidelines presented
in Chapter 4. These guidelines outline the procedures for identifying the necessary model, designing the complementary filter,
and tuning the controller gains.
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7
Recommendations

This chapter provides recommendations for the future continuation of this research project.

Recommendation 1: Support Higher Order Actuator Effects in Control Effectiveness

Future work should extend the controller structure to account for higher order actuator effects such as moments due to rotor
inertia. The current implementation does not handle these effects, which can be significant for some MAV configurations
(e.g. yaw control in quadrotors). Incorporating these higher order effects into the control effectiveness model would make the
controller more generic and applicable to a wider range of MAVs.

Recommendation 2: Implement Motor Angular Rate Control

Future work should implement a dedicated motor speed controller to accurately track desired motor speeds. The current imple-
mentation relies on an inaccurate linear mapping from motor command to motor speed, since most MAV platforms, including
the Cyclone used in this research, do not allow direct motor speed control. This improvement would enhance the overall
performance and accuracy of the ANDI controller.

Recommendation 3: Direct Actuator Rate Control

Future work should explore the advantages that direct actuator rate control could bring to the ANDI framework. ANDI computes
actuator rate commands ,վ̇׊ which are then related to վ׊ with the actuator bandwidth. By directly controlling actuator rates
instead, the dependence on accurate actuator feedback could be reduced, and knowledge of the actuator bandwidth would no
longer be required, simplifying the control implementation.

Recommendation 4: Continue ANDI Guidance Controller Development

Further development of a guidance controller based on the ANDI framework is needed to further validate the effects of state-
dependent dynamics compensation on trajectory tracking performance. This would involve continuing the design of the ANDI
guidance controller, implementing it on a real MAV, and testing it in real-world flight scenarios.

Recommendation 5: Extend Flight Testing to Cover Full Flight Envelope

Future work should expand the experimental validation of the ANDI control law to the full flight envelope, including high-speed
forward flight and transition maneuvers. All tests were conducted indoors, limiting the flight conditions to hover and low speed
flight. By extending the flight testing to cover the complete operational envelope, the robustness and effectiveness of the
proposed control approach can be thoroughly validated across diverse flight regimes.
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A
Project Plan

This appendix presents the original project plan and scope as established at the beginning of the project. The chapter divides
the research into a series of interconnected work packages, describes their content and dependencies, lists restrictions, and
outlines contingency plans. The project duration was estimated to be 9 months, starting March 13, 2025 and ending December
16, 2025.

Work Package Overview

WP1. Literature Review (6 weeks)
Comprehensive review of nonlinear control, INDI, ANDI, and Unmanned Aerial Vehicle (UAV) flight control literature.

WP2. Simulation Environment Setup (2 weeks)
Develop and validate a high-fidelity simulation environment for the Cyclone tail-sitter UAV, using the ᅿ-theory model as
the foundation.

WP3. Controller Implementation in Simulation (4 weeks)
Implement INDI and ANDI controllers in the simulation environment. Systematically introduce actuator bandwidth limi-
tations, sensor noise, and model inaccuracies. Evaluate the impact on both controllers and compare.

WP4. Simulation Analysis (2 weeks)
Analyze and compare simulation results for both controllers, focusing on tracking, disturbance rejection, and sensitivity
to uncertainties.

WP5. Real-World Controller Integration (4 weeks)
Port and integrate both controllers to the onboard flight software in C. Validate correctness and basic functionality on the
ground.

WP6. Flight Test Campaign (4 weeks)
Prepare a comprehensive test campaign for real-world experiments, including safety protocols, test cases, and data log-
ging requirements. Conduct flight tests, collect data for both controllers, and monitor for anomalies. Ensure repeatability
and coverage of all test cases.

WP7. Experimental Data Analysis and Synthesis (4 weeks)
Analyze flight data, compare real-world results to simulation, identify discrepancies, and synthesize findings with respect
to the research questions.

All work packages are sequential and depend on the successful completion of the previous one. WP1 is a prerequisite for all
work packages.WP2 to WP4 make up the first phase of the project in which the controller is tested in simulation. WP5 to WP7
make up the second phase which consists of real world testing.
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Risk Management

Restrictions and Risks

• WP2 to WP4:, Access to the ᅿ-theory model and necessary simulation tools (e.g., Matlab, Python) is required.
• WP5: Hardware/software compatibility and real-time constraints may limit controller complexity.

• WP6: Weather, airspace restrictions, and UAV hardware reliability may delay or limit flight testing.

• WP6 Availability of the Cyclone MAV and proper permissions for flight test are required for real-world experiments.

Contingency Plans

• Simulation Model Inadequacy (WP2 and WP3): If the simulation model is insufficiently accurate or unavailable, use
an alternative open-source tail-sitter model or focus the study on simulation-based validation only, explicitly noting limi-
tations.

• Controller Integration Failure (WP5): If ANDI cannot be integrated due to hardware or software constraints, restrict to
simulation phase and provide a detailed analysis of the barriers encountered, supplementing with Hardware-In-The-Loop
(HITL) simulation.

• Flight Test Restrictions (WP6): If flight tests are delayed or canceled (e.g., due to weather or hardware failure), ex-
pand the scope of simulation scenarios and consider HITL or bench-top experiments to partially address the research
questions.

• Unexpected Results: If ANDI does not outperform INDI, conduct a thorough analysis of the causes (e.g., model mis-
match, estimator limitations) and propose improvements or alternative approaches.

Deliverables and Milestones

Following the TU Delft Aerospace Engineering Master Thesis Timeline, the project is structured around the following formal
milestone meetings [48]:

• Kick-off Meeting: Confirm research topic clarity, thesis timeframe expectations, and supervision agreements (meeting
frequency).

• Research Proposal Review: Verify state-of-the-art grasp, SMART research questions, informed hypotheses, and
achievable workplan with milestones.

• Mid-term Review: Assess data collection progress, critical analysis of Phase 1 results, schedule adherence, updated
plan, and thesis outline status.

• Green Light Review: Evaluate complete draft quality, replicability of methods, clear results presentation, critical discus-
sion, and defense readiness.

• Thesis Defence: Confirm thesis upload to TU Library, data/models in repositories, and complete documentation avail-
ability.

Gantt Chart

The project milestones are planned according to TU Delft guidelines and presented in the Gantt chart in Figure A.1.

Updated Project Plan

Implementation setbacks in the Paparazzi flight control system required significantly more time than initially allocated for WP5.
To address this delay and ensure project completion, the following adjustments were made:

• Extended Timeline: The thesis end date has been shifted from December 16, 2025 to February 11, 2026 (two months
extension).
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Figure A.1: Gantt chart detailing the project planning of the milestones according to TU Delft guidelines.

• Reduced Scope: The implementation and testing scope has been narrowed to the stabilization controller only, omit-
ting the guidance controller. This focuses validation efforts on the core research questions regarding state-dependent
dynamics compensation in ANDI versus INDI, without sacrificing the primary research objectives.

• Indoor Flight Testing: Flight tests are limited to indoor environments to minimize development risk and reduce the
likelihood of vehicle damage. While this prevents testing under outdoor conditions and may limit the generalizability of
results, it enables timely completion of the research given the time constraints.


