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Summary

This thesis investigates the potential for Physics-Informed Neural Networks (PINNs) to reconstruct
spatially dense, steady-state, 3D flow fields from spatially sparse experimental wind tunnel data over
the Gaussian Boeing bump geometry. The difficulty in experimentally obtaining flow field data that is
simultaneously accurate, 3-dimensional and offering a wide field of view makes PINNs an intriguing
tool for flow enhancement due to their ease and simplicity regarding data-acquisition.

This work attempts to reconstruct 3D separated, mean velocity fields from 2D, two-component PIV and
static pressure data at Reynolds numbers up to 3 million. Training and validation data is used from pre-
vious experimental collaborations investigating the Gaussian Boeing Bump geometry while additional
training data is collected in the LucasWind Tunnel at Caltech. The choice of the Gaussian Boeing Bump
geometry stems from its propensity to generate complex 3D, separated flow fields through the combina-
tion of adverse and favorable pressure gradients at modest incoming flow velocities. The documented
inability for low-cost CFD methods to accurately model the unique flow features over the geometry
and the abundance of publicly available data for the purposes of training and validation proposes an
excellent opportunity for the investigation of Physics-Informed Neural Networks to demonstrate their
capacity as a novel data-acquisition and enhancement method.

The PINNmethod is first verified over a 2D, two-component domain against OpenFOAM data produced
over the geometry as a result of previous works. This sets the baseline for the eventual expansion to a
3D PINN model with a verified implementation of the Reynolds-Averaged Navier Stokes equations, to
be trained on multiple planes of 2D, two-component PIV data. The 3D predicted flow field is validated
against 2D, three-component PIV data along an untrained axis, assessing the reconstruction accuracy
of all velocity components. The mean velocity and static pressure data used in training the PINN are
used in an ablation study to be individually assessed for their contributions to a successful reconstruc-
tion of the flow field. The PINN method’s inherent approximation of velocity gradients over the domain
further allows for a global prediction of surface shear stresses and skin friction coefficients. Results
obtained in previous collaborations using Oil Flow Visualization and CFD offer opportunities to qualita-
tively validate the reconstruction of surface-shear stresses and skin friction coefficient magnitudes over
the surface of the geometry.

The PINN’s capacity for reconstructing 3D flow features is ultimately curtailed by the accuracy of its
predictions, which remain costly and data-driven. The ablation study on training data highlights the im-
portance of relevant input data, limiting the network’s capacity to predict the magnitudes of parameters
over which it has no innate information. Despite this, qualitative approximation of flow features was
shown with considerable promise, lending the possibility to further gains in accuracy from increased
computational investment. Furthermore, the contribution of additional training data and its potential
for increased reconstruction accuracy cannot be ignored. The relative youth of the PINN methodology
compared to contemporary computational methods, and their aptitude for data acquisition encourage
additional investigation for their application as flow enhancement tools.
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�'�1�1 �'�H�H�S �1�H�X�U�D�O �1�H�W�Z�R�U�N
�0�/�3 �0�X�O�W�L���/�D�\�H�U �3�H�U�F�H�S�W�U�R�Q
�3�,�9 �3�D�U�W�L�F�O�H �,�P�D�J�H �9�H�O�R�F�L�P�H�W�U�\
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�0�6�( �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U
�5�0�6�( �5�R�R�W �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U
�0�3�( �0�H�D�Q �3�H�U�F�H�Q�W�D�J�H �(�U�U�R�U
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U = ( u; v; w) �9�H�O�R�F�L�W�\ �I�L�H�O�G �>�P���V�@
P �3�U�H�V�V�X�U�H �I�L�H�O�G �>�3�D�@
X = ( x; y; z) �6�S�D�W�L�D�O �L�Q�S�X�W �F�R�R�U�G�L�Q�D�W�H�V �>�P�@
L �%�R�H�L�Q�J �E�X�P�S �O�H�Q�J�W�K �V�F�D�O�H �>�P�@
ReL �5�H�\�Q�R�O�G�V �1�X�P�E�H�U �>���@
M �0�D�F�K �1�X�P�E�H�U �>���@
Cf �)�U�L�F�W�L�R�Q �&�R�H�I�I�L�F�L�H�Q�W �>���@
f NN �1�H�X�U�D�O �1�H�W�Z�R�U�N �>���@
N layer �1�H�W�Z�R�U�N �O�D�\�H�U�V �>���@
H �1�H�W�Z�R�U�N �G�H�S�W�K �>���@
� �$�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q �>���@
wi;j �1�H�W�Z�R�U�N �O�D�\�H�U �Z�H�L�J�K�W �>���@
bj �1�H�W�Z�R�U�N �O�D�\�H�U �E�L�D�V �>���@
L �/�R�V�V �>���@
B ��N �*�D�X�V�V�L�D�Q �V�D�P�S�O�L�Q�J �>���@
< �X�¶�X�¶> �5�H�\�Q�R�O�G�V �V�W�U�H�V�V �W�H�Q�V�R�U �>�P2���V2�@
1 �)�U�H�H�V�W�U�H�D�P �&�R�Q�G�L�W�L�R�Q �>���@

� �'�H�Q�V�L�W�\ �>�N�J���P3�@
� �'�\�Q�D�P�L�F �Y�L�V�F�R�V�L�W�\ �>�3�D �V�@
� �.�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\ �>�P2���V�@
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� �6�X�P�P�D�W�L�R�Q �R�S�H�U�D�W�R�U �>���@
� �/�R�V�V �Z�H�L�J�K�W�L�Q�J �S�D�U�D�P�H�W�H�U �>���@
� �3�'�( �5�H�V�L�G�X�D�O �>���@
r �'�L�I�I�H�U�H�Q�W�L�D�O �R�S�H�U�D�W�R�U �>���@
r 2 �/�D�S�O�D�F�L�D�Q �R�S�H�U�D�W�R�U �>���@

 (X ) �5�D�Q�G�R�P �)�R�X�U�L�H�U �H�Q�F�R�G�L�Q�J �>���@
� N �*�D�X�V�V�L�D�Q �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q�>���@
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�R�IRe � 106 �Z�L�O�O �E�U�H�D�N �Q�H�Z �J�U�R�X�Q�G �L�Q �W�K�H �G�R�P�D�L�Q �R�I �3�,�1�1�V �E�H�L�Q�J �D�S�S�O�L�H�G �W�R �I�O�X�L�G �P�H�F�K�D�Q�L�F�V �Z�K�H�U�H �K�L�J�K��
�5�H�\�Q�R�O�G�V �I�O�R�Z�V �R�I �W�K�L�V �P�D�J�Q�L�W�X�G�H �K�D�Y�H �Q�R�W �E�H�I�R�U�H �E�H�H�Q �V�X�F�F�H�V�V�I�X�O�O�\ �P�R�G�H�O�H�G��
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�7�K�L�V �F�K�D�S�W�H�U �Z�L�O�O �V�H�U�Y�H �W�R �R�X�W�O�L�Q�H �W�K�H �U�H�F�H�Q�W �D�G�Y�D�Q�F�H�P�H�Q�W�V �P�D�G�H �R�Q �W�K�H �*�D�X�V�V�L�D�Q �%�R�H�L�Q�J �E�X�P�S �D�F�U�R�V�V
�Y�D�U�L�R�X�V �U�H�V�H�D�U�F�K �L�Q�V�W�L�W�X�W�L�R�Q�V�� �$�Q �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �V�W�X�G�L�H�V �S�H�U�I�R�U�P�H�G �S�U�H�Y�L�R�X�V�O�\ �Z�L�O�O
�D�O�O�R�Z �W�K�L�V �Z�R�U�N �W�R �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H �Z�H�D�O�W�K �R�I �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �Z�L�W�K �L�W�V �L�Q���K�R�X�V�H �P�H�D�V�X�U�H�P�H�Q�W�V�� �D�Q�G �D�L�P
�W�R �G�H�Y�H�O�R�S �Q�R�Y�H�O �I�O�R�Z �H�Q�K�D�Q�F�H�P�H�Q�W �W�H�F�K�Q�L�T�X�H�V�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �Z�K�H�U�H �S�U�H�Y�L�R�X�V �F�R�P�S�X�W�D��
�W�L�R�Q�D�O �F�D�P�S�D�L�J�Q�V �K�D�Y�H �I�D�L�O�H�G �W�R �P�R�G�H�O �W�K�H �V�H�S�D�U�D�W�H�G �I�O�R�Z �S�K�H�Q�R�P�H�Q�D �R�Y�H�U �W�K�H �J�H�R�P�H�W�U�\ �Z�L�O�O �K�L�J�K�O�L�J�K�W
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�Y�H�U�V�L�W�\ �R�I �1�R�W�U�H �'�D�P�H �L�Q �������� �D�Q�G �F�X�O�P�L�Q�D�W�H�G �L�Q �������� �D�I�W�H�U �D �����\�H�D�U �O�R�Q�J �F�D�P�S�D�L�J�Q�� �3�H�U�I�R�U�P�H�G �D�V �D
�F�R�O�O�D�E�R�U�D�W�L�Y�H �H�I�I�R�U�W �E�H�W�Z�H�H�Q �W�K�H �8�Q�L�Y�H�U�V�L�W�\ �R�I �1�R�W�U�H �'�D�P�H�¶�V �H�[�S�H�U�L�P�H�Q�W�D�O �D�H�U�R�G�\�Q�D�P�L�F�V �J�U�R�X�S �D�Q�G �W�K�H

�� �?�i�i�T�b�,�f�f�i�m�`�#�K�Q�/�2�H�b�X�H���`�+�X�M���b���X�;�Q�p�f�B�M�/�2�t�X�?�i�K�H



�������� �8�L�I �9�R�M�Z�I�V�W�M�X�] �S�J �2�S�X�V�I �(�E�Q�I ��

�&�)�' �J�U�R�X�S �D�W �%�R�H�L�Q�J �5�H�V�H�D�U�F�K �	 �7�H�F�K�Q�R�O�R�J�\�� �W�K�H �I�R�U�P�H�U �F�R�R�U�G�L�Q�D�W�H�G �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �F�D�P�S�D�L�J�Q�V �W�R
�S�U�R�G�X�F�H �Y�D�O�L�G�D�W�L�R�Q���F�D�S�D�E�O�H �E�H�Q�F�K�P�D�U�N �G�D�W�D �I�R�U �I�X�W�X�U�H �H�[�S�H�U�L�P�H�Q�W�D�O �D�Q�G �Q�X�P�H�U�L�F�D�O �V�W�X�G�L�H�V�� �7�K�H �O�D�W�W�H�U��
�L�Q �S�D�U�D�O�O�H�O�� �S�H�U�I�R�U�P�H�G �Y�D�O�L�G�D�W�L�R�Q �V�W�X�G�L�H�V �X�V�L�Q�J �W�K�H�L�U �S�U�R�S�U�L�H�W�D�U�\ �%�R�H�L�Q�J �&�)�' ���%�&�)�'�� �I�O�R�Z �V�R�O�Y�H�U �>���� �@��
�Z�K�R�V�H �P�H�W�K�R�G�R�O�R�J�\ �D�Q�G �U�H�V�X�O�W�V �Z�L�O�O �E�H �G�H�V�F�U�L�E�H�G �L�Q�V�H�F�W�L�R�Q ��������

�7�K�H �8�Q�L�Y�H�U�V�L�W�\ �R�I �1�R�W�U�H �'�D�P�H �D�Q�G �%�R�H�L�Q�J �5�H�V�H�D�U�F�K �	 �7�H�F�K�Q�R�O�R�J�\�¶�V �F�R�Q�W�L�Q�X�H�G �H�[�S�H�U�L�P�H�Q�W�D�W�L�R�Q �Z�D�V
�S�H�U�I�R�U�P�H�G �D�W �W�K�H �1�R�W�U�H �'�D�P�H �0�D�F�K ������ �F�O�R�V�H�G �F�L�U�F�X�L�W �Z�L�Q�G �W�X�Q�Q�H�O �>���� �� ���� �� ���� �@�� �Z�K�H�U�H�� �I�O�R�Z �P�H�D�V�X�U�H��
�P�H�Q�W �P�H�W�K�R�G�V �L�Q�F�O�X�G�H�G �W�K�H �D�I�R�U�H�P�H�Q�W�L�R�Q�H�G �R�L�O���I�L�O�P �,�Q�W�H�U�I�H�U�R�P�H�W�U�\ ���2�)�,���� �D�V �Z�H�O�O �D�V �V�W�D�W�L�F �S�U�H�V�V�X�U�H �W�D�S�V��
�G�\�Q�D�P�L�F �S�U�H�V�V�X�U�H �V�H�Q�V�R�U�V �D�Q�G �3�,�9 ���S�H�U�I�R�U�P�H�G �L�Q �E�R�W�K �P�R�Q�R �D�Q�G �V�W�H�U�H�R �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �>���@�� �7�K�U�R�X�J�K
�W�K�H�V�H �Y�D�U�L�R�X�V �P�H�W�K�R�G�V �R�I �G�R�F�X�P�H�Q�W�D�W�L�R�Q�� �I�O�R�Z �V�H�S�D�U�D�W�L�R�Q �D�Q�G �Z�D�O�O���V�K�H�D�U �V�W�U�H�V�V �Z�D�V �U�H�F�R�U�G�H�G �R�Y�H�U �D
�U�D�Q�J�H �R�I �Y�H�O�R�F�L�W�L�H�V ���0�D�F�K2 [0:05; 0:2]�� �D�Q�G �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V ��1:0 � 106 � ReL � 4:0 � 106���� �:�K�L�O�H
�W�K�H �E�X�O�N �R�I �W�K�H �G�D�W�D �Z�D�V �J�H�Q�H�U�D�W�H�G �L�Q �W�K�H �0�D�F�K ������ �U�H�J�L�P�H �I�R�U �W�K�H �S�X�U�S�R�V�H �R�I �Y�D�O�L�G�D�W�L�Q�J �F�R�P�S�U�H�V�V�L�E�O�H
�&�)�' �V�R�O�Y�H�U�V�� �W�K�H �G�D�W�D �R�E�W�D�L�Q�H�G �L�Q �W�K�L�V �F�D�P�S�D�L�J�Q �Z�L�O�O �U�H�P�D�L�Q �V�X�L�W�D�E�O�H �I�R�U �Y�D�O�L�G�D�W�L�R�Q �R�I �W�K�H �3�,�1�1 �P�R�G�H�O��
�G�H�V�F�U�L�E�H�G �L�Q�F�K�D�S�W�H�U ����

�������������*�P�Y�S�V�I�W�G�I�R�X �3�M�P �*�P�S�[ �:�M�W�Y�E�P�M�^�E�X�M�S�R
�%�H�J�L�Q�Q�L�Q�J �Z�L�W�K �W�K�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �R�L�O �I�O�R�Z �Y�L�V�X�D�O�L�]�D�W�L�R�Q�� �W�K�H �D�X�W�K�R�U�V �F�R�Q�I�L�U�P �W�K�H �V�L�J�Q�D�W�X�U�H �´�R�Z�O
�I�D�F�H �S�D�W�W�H�U�Q�´ �>���� �� ���� �� ���� �� ���� �@ �E�H�L�Q�J �J�H�Q�H�U�D�W�H�G �L�Q �R�L�O �I�O�R�Z �Y�L�V�X�D�O�L�]�D�W�L�R�Q �P�H�W�K�R�G�V�� �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ��������
�7�K�H �I�O�R�Z �S�K�H�Q�R�P�H�Q�D �R�X�W�O�L�Q�H�G �L�Q �W�K�H �L�P�D�J�H �R�E�W�D�L�Q�H�G �X�V�L�Q�J �R�L�O �I�O�R�Z �Y�L�V�X�D�O�L�]�D�W�L�R�Q �D�O�O�R�Z�H�G �W�K�H �D�X�W�K�R�U�V
�W�R �L�G�H�Q�W�L�I�\ �U�H�J�L�R�Q�V �R�I �L�Q�W�H�U�H�V�W �I�R�U �V�S�D�Q�Z�L�V�H �3�,�9 �P�H�D�V�X�U�H�P�H�Q�W�� �W�K�H �U�H�V�X�O�W�V �R�I �Z�K�L�F�K �D�U�H �G�L�V�F�X�V�V�H�G �L�Q
�V�X�E�V�H�F�W�L�R�Q ����������

�)�L�J�X�U�H ���������&�K�D�U�D�F�W�H�U�L�V�W�L�F �´�R�Z�O �I�D�F�H �S�D�W�W�H�U�Q�´ �R�E�W�D�L�Q�H�G �D�W �I�O�R�Z �Y�H�O�R�F�L�W�\M 1 = 0 :2 �X�V�L�Q�J �R�L�O �I�O�R�Z �Y�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �G�R�Z�Q�V�W�U�H�D�P �I�O�R�Z��
�>���@

�9�L�V�L�E�O�H �L�Q �W�K�H �I�L�J�X�U�H�� �W�K�H �´�H�\�H�V �R�I �W�K�H �R�Z�O�´ �F�D�Q �E�H �V�H�H�Q �L�Q �O�R�F�D�W�L�R�Q�V �)�� �D�Q�G �)���� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H
�I�R�F�L �U�H�V�S�R�Q�V�L�E�O�H �I�R�U �O�L�I�W�L�Q�J �Y�R�U�W�L�F�H�V �W�K�D�W �D�V�F�H�Q�G �I�U�R�P �W�K�H �V�X�U�I�D�F�H�V �>���� �@�� �7�K�H�V�H �Y�R�U�W�L�F�H�V �D�U�H �P�H�W �Z�L�W�K
�W�K�H �I�O�R�Z �I�U�R�P �6�� �Z�K�L�F�K �L�Q�G�L�F�D�W�H�V �W�K�H �E�L�I�X�U�F�D�W�L�R�Q �R�I �I�O�R�Z ���V�D�G�G�O�H �S�R�L�Q�W���� �G�R�Z�Q�V�W�U�H�D�P �R�I �Z�K�L�F�K �W�K�H �I�O�R�Z
�L�V �V�H�S�D�U�D�W�H�G�� �6�� �W�K�H�Q �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �D�U�H�D �R�I �I�O�R�Z �U�H�D�W�W�D�F�K�P�H�Q�W �I�X�U�W�K�H�U �G�R�Z�Q�V�W�U�H�D�P�� �7�K�H �D�X�W�K�R�U�V
�D�W�W�U�L�E�X�W�H �W�K�H �U�H�V�X�O�W�V �W�K�L�V �I�O�R�Z �E�H�K�D�Y�L�R�U �W�R �W�K�H �F�R�Q�F�D�Y�L�W�\ �R�I �W�K�H �E�X�P�S�� �D�Q�G �W�K�H �O�R�F�D�W�L�R�Q �R�I �L�W�V �L�Q�I�O�H�F�W�L�R�Q �S�R�L�Q�W
�I�U�R�P �F�R�Q�Y�H�[ �V�X�U�I�D�F�H �F�X�U�Y�D�W�X�U�H �W�R �F�R�Q�F�D�Y�H�� �$ �T�X�D�O�L�W�D�W�L�Y�H �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �R�I �W�K�H �D�E�R�Y�H �S�O�R�W �Z�R�X�O�G �P�D�U�N �D
�V�L�J�Q�L�I�L�F�D�Q�W �D�F�K�L�H�Y�H�P�H�Q�W �L�Q �W�K�H �3�,�1�1�¶�V �F�D�S�D�F�L�W�\ �W�R �P�R�G�H�O �V�X�U�I�D�F�H �V�K�H�D�U �V�W�U�H�V�V�H�V �R�Y�H�U �W�K�H �J�H�R�P�H�W�U�\��
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�������������4�-�: �1�I�E�W�Y�V�I�Q�I�R�X�W
�7�K�H �T�X�D�Q�W�L�W�D�W�L�Y�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �R�E�W�D�L�Q�H�G �W�K�U�R�X�J�K �3�,�9�� �F�D�Q �E�H �Y�L�V�X�D�O�L�]�H�G �L�Q �)�L�J�X�U�H�V������ �D�Q�G�������� �Z�K�H�U�H
�P�X�O�W�L�S�O�H �S�O�D�Q�H�V �D�Q�G �D�Q�J�O�H�V �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �P�H�D�Q �Y�H�O�R�F�L�W�\ �D�W �W�K�H �E�X�P�S�¶�V �L�Q�I�O�H�F�W�L�R�Q �S�R�L�Q�W�� �7�K�H �V�W�U�H�D�P��
�O�L�Q�H�V �F�D�Q �E�H �V�H�H�Q �L�Q �W�K�H �V�W�U�H�D�P�Z�L�V�H �G�L�U�H�F�W�L�R�Q�� �D�Q�G �S�U�R�G�X�F�H �W�K�H �V�W�U�R�Q�J�H�V�W �O�H�Y�H�O �R�I �V�H�S�D�U�D�W�L�R�Q �D�W �W�K�H
�F�H�Q�W�H�U���O�L�Q�H �R�I �W�K�H �E�X�P�S�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �Dz=L �U�D�W�L�R �R�I ���������)�L�J�X�U�H �������F�R�Q�I�L�U�P�V �W�K�D�W �W�K�H �P�D�M�R�U�L�W�\ �R�I
�W�K�H�V�H �W�U�L�D�O�V �Z�H�U�H �I�R�F�X�V�H�G �D�W �W�K�H �F�H�Q�W�H�U���O�L�Q�H �R�I �W�K�H �E�X�P�S�� �S�U�R�Y�L�G�L�Q�J �D�Q �D�Y�H�Q�X�H �I�R�U �Q�R�Y�H�O �H�[�S�H�U�L�P�H�Q�W�D�O
�F�D�P�S�D�L�J�Q�V �W�R �E�H �S�H�U�I�R�U�P�H�G �D�W �&�D�O�W�H�F�K �D�Q�G �W�R �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H �W�X�U�E�X�O�H�Q�F�H �U�H�V�R�X�U�F�H �I�R�U �I�X�W�X�U�H �Y�D�O�L�G�D�W�L�R�Q��

�)�L�J�X�U�H ���������3�,�9 �S�H�U�I�R�U�P�H�G �D�WM 1 = 0 :2 �V�K�R�Z�L�Q�J �P�H�D�Q �Y�H�O�R�F�L�W�\ �D�Q�G �V�W�U�H�D�P�O�L�Q�H�V �G�L�V�S�O�D�\�L�Q�J �V�H�S�D�U�D�W�L�R�Q �E�X�E�E�O�H �J�U�R�Z�W�K �R�Y�H�U
�P�X�O�W�L�S�O�H �V�S�D�Q�Z�L�V�H �S�O�D�Q�H�V��

�$�V �F�D�Q �E�H �V�H�H�Q�� �I�O�R�Z �U�H�Y�H�U�V�D�O �Z�H�D�N�H�Q�V �W�R�Z�D�U�G�V �W�K�H �V�K�R�X�O�G�H�U�V ���P�D�[���V�S�D�Q�� �R�I �W�K�H �E�X�P�S�� �)�X�U�W�K�H�U�P�R�U�H��
�W�K�Hz���S�O�D�Q�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U��W �� �V�K�R�Z�V �W�K�H �D�F�F�H�O�H�U�D�W�L�R�Q �R�I �I�O�R�Z �I�U�R�P �W�K�H �H�G�J�H�V �W�R�Z�D�U�G�V �W�K�H �F�H�Q�W�H�U �L�Q
�W�K�H �F�U�R�V�V���S�O�D�Q�H�� �7�K�L�V �U�H�S�U�H�V�H�Q�W�V �W�K�H �R�X�W���R�I���S�O�D�Q�H �Y�H�O�R�F�L�W�\ �W�K�D�W �L�V �H�[�S�H�F�W�H�G �Q�H�D�U�L�Q�J �W�K�H ���' �F�R�Q�W�R�X�U�V
���V�K�R�X�O�G�H�U�V�� �R�I �W�K�H �E�X�P�S�� �7�K�L�V �Z�L�O�O �E�H �D �U�H�J�L�R�Q �R�I �V�L�J�Q�L�I�L�F�D�Q�W �L�Q�W�H�U�H�V�W �Z�K�H�U�H �Q�X�P�H�U�L�F�D�O �P�H�W�K�R�G�V�� �D�Q�G �W�K�H
�Q�H�X�U�D�O �Q�H�W�Z�R�U�N �L�Q �S�D�U�W�L�F�X�O�D�U �D�U�H �O�L�N�H�O�\ �W�R �V�W�U�X�J�J�O�H�� �7�K�L�V �Z�L�O�O �D�O�V�R �P�D�U�N �L�Q�S�X�W �W�U�D�L�Q�L�Q�J �G�D�W�D �I�R�U �W�K�H ���' �3�,�1�1
�Q�H�W�Z�R�U�N��

�7�K�H �Q�H�[�W �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �W�K�H �Q�X�P�H�U�L�F�D�O �F�R�X�Q�W�H�U�S�D�U�W �R�I �W�K�L�V �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�� �F�D�U�U�L�H�G �R�X�W �E�\ �%�R�H�L�Q�J
�5�H�V�H�D�U�F�K �	 �7�H�F�K�Q�R�O�R�J�\�� �1�R�W�H�Z�R�U�W�K�\ �W�D�N�H�D�Z�D�\�V �I�U�R�P �W�K�L�V �F�R�P�S�D�U�L�V�R�Q �V�K�D�O�O �D�G�G�U�H�V�V �W�K�H �D�E�L�O�L�W�\ �W�R �P�R�G�H�O
�V�H�S�D�U�D�W�L�R�Q�� �D�Q�G �U�H�D�W�W�D�F�K�P�H�Q�W �D�V �Z�H�O�O �D�V �D�U�H�D�V �R�I �S�H�D�N �W�X�U�E�X�O�H�Q�F�H �I�R�O�O�R�Z�L�Q�J �W�K�H �E�X�P�S �D�S�H�[��

���������&�S�I�M�R�K �6�I�W�I�E�V�G�L �
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�L�Q�F�O�X�G�H�G�� �7�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q �Z�L�O�O �J�L�Y�H �D �V�X�P�P�D�U�\ �R�I �W�K�H �3�,�1�1 �D�U�F�K�L�W�H�F�W�X�U�H�� �D�I�W�H�U �Z�K�L�F�K �L�W�V �D�S�S�O�L�F�D�W�L�R�Q�V
�W�R �D �Y�D�U�L�H�W�\ �R�I �S�U�R�E�O�H�P�V �L�Q �I�O�X�L�G �P�H�F�K�D�Q�L�F�V �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G��

���������4�-�2�2 �%�V�G�L�M�X�I�G�X�Y�V�I
�,�Q�L�W�L�D�O�O�\ �L�Q�W�U�R�G�X�F�H�G �E�\ �5�D�L�V�V�L �D�Q�G �F�R�O�O�D�J�X�H�V �>���� �@�� �W�K�H �3�,�1�1 �F�R�Q�V�L�V�W�V �R�I �D �'�H�H�S �1�H�X�U�D�O �1�H�W�Z�R�U�N ���'�1�1��
�Z�L�W�K �D�Q �D�G�G�L�W�L�R�Q�D�O �O�R�V�V �I�X�Q�F�W�L�R�Q �E�D�V�H�G �R�Q �W�K�H �U�H�V�L�G�X�D�O�V �R�I �J�R�Y�H�U�Q�L�Q�J �H�T�X�D�W�L�R�Q�V�� �7�K�L�V �D�O�O�R�Z�V �W�K�H �H�Q�I�R�U�F�L�Q�J
�R�I �W�K�H �'�1�1 �W�R �D�G�K�H�U�H �W�R �S�K�\�V�L�F�D�O �H�T�X�D�W�L�R�Q�V �L�Q �D�G�G�L�W�L�R�Q �W�R �G�D�W�D �D�Q�G �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V�� �$�S�D�U�W �I�U�R�P �W�K�L�V
�F�R�Q�W�U�L�E�X�W�L�R�Q �W�R �W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q�� �W�K�H �J�H�Q�H�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H �R�I �W�K�H �3�,�1�1 �U�H�P�D�L�Q�V �O�D�U�J�H�O�\ �X�Q�F�K�D�Q�J�H�G �I�U�R�P
�W�K�H �X�Q�G�H�U�O�\�L�Q�J �0�X�O�W�L���/�D�\�H�U �3�H�U�F�H�S�W�U�R�Q ���0�/�3���� �Z�K�L�F�K�� �D�S�S�O�L�H�G �W�R �W�K�H �5�H�\�Q�R�O�G�V �$�Y�H�U�D�J�H�G �1�D�Y�L�H�U���6�W�R�N�H�V
�H�T�X�D�W�L�R�Q�V �W�D�N�H�V �W�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P��

(U ; p; � ) = f NN (X ; �) ����������

�Z�L�W�KU = ( u; v; w) �D�Q�Gp �G�H�Q�R�W�L�Q�J �W�K�H �Y�H�O�R�F�L�W�\ �D�Q�G �S�U�H�V�V�X�U�H �I�L�H�O�G�V �U�H�V�S�H�F�W�L�Y�H�O�\��� �G�H�Q�R�W�L�Q�J �D �W�X�U�E�X�O�H�Q�F�H
�S�D�U�D�P�H�W�H�U�� �D�Q�Gf NN �G�H�Q�R�W�L�Q�J �D �G�H�H�S �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �Z�L�W�KX = ( x; y; z) �V�S�D�W�L�D�O �L�Q�S�X�W �F�R�R�U�G�L�Q�D�W�H�V �D�Q�G�
�W�U�D�L�Q�D�E�O�H �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V��

�$�V �Z�L�W�K �D�Q�\ �0�/�3�� �W�K�H �Q�H�W�Z�R�U�N �V�L�]�H �L�V �G�H�I�L�Q�H�G �E�\ �W�Z�R �S�D�U�D�P�H�W�H�U�V��N �O�D�\�H�U�D�Q�GH �Z�K�L�F�K �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U
�R�I �O�D�\�H�U�V �R�I �W�K�H �Q�H�X�U�D�O �Q�H�W�Z�R�U�N�� �D�Q�G �W�K�H �G�H�S�W�K �R�I �H�D�F�K �Q�R�G�H�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �3�U�R�S�D�J�D�W�L�R�Q �W�K�U�R�X�J�K �W�K�H
�Q�H�W�Z�R�U�N �I�U�R�P �L�Q�S�X�W �Y�D�U�L�D�E�O�Hx i �W�R �R�X�W�S�X�W �Y�D�U�L�D�E�O�Hf j �L�V �S�H�U�I�R�U�P�H�G �Y�L�D��

f j = � (wi;j � x i + bj ) ����������

�Z�K�H�U�Hwi;j �D�Q�Gbj �G�H�Q�R�W�H �W�K�H �Z�H�L�J�K�W�V �D�Q�G �E�L�D�V�H�V �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �K�\�S�H�U�S�D�U�D�P�H�W�H�U� �U�H�S�U�H�V�H�Q�W�V �W�K�H
�D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�� �Z�K�L�F�K �L�V �X�V�H�U���G�H�I�L�Q�H�G�� �$�Q �D�F�W�L�Y�D�W�L�R�Q �I�X�Q�F�W�L�R�Q �R�Iy = tanh( x) �L�V �U�H�F�R�P�P�H�Q�G�H�G �I�R�U
�3�,�1�1�V �G�X�H �W�R �L�W�V �F�R�Q�W�L�Q�X�R�X�V �G�L�I�I�H�U�H�Q�W�L�D�E�L�O�L�W�\ �R�Y�H�U �W�K�H �H�Q�W�L�U�H �G�R�P�D�L�Q �>���� �@��

�7�K�H �S�U�L�P�D�U�\ �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �3�,�1�1�V �D�Q�G �D �F�R�Q�Y�H�Q�W�L�R�Q�D�O �0�/�3 �O�L�H�V �Z�L�W�K �W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q�� �Z�K�H�U�H �L�Q
�3�,�1�1�V �L�W �L�V �D�X�J�P�H�Q�W�H�G �Z�L�W�K �D �S�K�\�V�L�F�D�O �O�R�V�V �Z�K�L�F�K �H�Q�F�R�X�U�D�J�H�V �W�K�H �Q�H�W�Z�R�U�N �W�R �R�S�W�L�P�L�]�H �L�W�V �S�D�U�D�P�H�W�H�U�V �W�R
�V�D�W�L�V�I�\ �R�Q�H �R�U �P�R�U�H �I�R�U�P�X�O�D�H�� �,�Q �W�K�H �F�D�V�H �R�I �D �3�,�1�1 �D�S�S�O�L�H�G �W�R �W�K�H �V�R�O�X�W�L�R�Q �R�I �W�K�H �5�H�\�Q�R�O�G�V �$�Y�H�U�D�J�H�G
�1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �W�K�H �I�R�O�O�R�Z�L�Q�J �O�R�V�V �I�X�Q�F�W�L�R�Q�V �Z�R�X�O�G �E�H �S�U�H�V�H�Q�W �I�R�U �W�K�H �Q�H�W�Z�R�U�N �W�R �P�L�Q�L�P�L�]�H��

L data =
N dataX

i =1

jU data (X i ) � U pred (X i )j2 ����������

L BC =
N BCX

i =1

jU BC (X i ) � U pred (X i )j2 ����������

L P DE =
N P DEX

i =1

jL i (X i )j2 ����������

�+�H�U�H��U data �D�Q�GU pred �D�U�H �W�K�H �P�H�D�V�X�U�H�G �D�Q�G �S�U�H�G�L�F�W�H�G �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �$�G�G�L�W�L�R�Q�D�O�O�\��L data ��
L BC �� �D�Q�GL P DE �U�H�S�U�H�V�H�Q�W �W�K�H �O�R�V�V�H�V �W�R �G�D�W�D�� �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �V�X�S�S�O�L�H�G �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O
�H�T�X�D�W�L�R�Q�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �,�Q �D �3�,�1�1�� �D�Q�G �F�R�Q�W�U�D�U�\ �W�R �D �V�W�D�Q�G�D�U�G �0�/�3�� �W�K�H �3�'�( �O�R�V�V �Z�L�O�O �E�H �S�U�R�Y�L�G�H�G �W�R
�W�K�H �G�D�W�D �D�Q�G �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �O�R�V�V�H�V �D�V �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �H�T�X�D�W�L�R�Q��



�������� �4�-�2�2 �%�V�G�L�M�X�I�G�X�Y�V�I ����

L = (1 � � ) � (L data + L BC ) + � � L P DE ����������

�:�K�H�U�H� �U�H�S�U�H�V�H�Q�W�V �D �Z�H�L�J�K�W�L�Q�J �I�D�F�W�R�U �W�K�D�W �F�R�Q�W�U�R�O�V �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H �3�'�( �O�R�V�V �R�Q �W�K�H �U�H�P�D�L�Q�L�Q�J �O�R�V�V
�W�H�U�P�V�� �7�K�H �R�X�W�S�X�W �R�I �H�D�F�K �R�I �W�K�H�V�H �O�R�V�V �S�D�U�D�P�H�W�H�U�V �L�V �G�H�W�H�U�P�L�Q�H�G �W�K�U�R�X�J�K �W�K�H �P�H�D�Q���V�T�X�D�U�H�G �H�U�U�R�U
�I�X�Q�F�W�L�R�Q��L �3�'�( = � i = n

i =1 �0�6�((� i )�� �Z�K�H�U�H� i �U�H�S�U�H�V�H�Q�W�V �W�K�H �U�H�V�L�G�X�D�O �H�U�U�R�U �I�R�U �W�K�H �J�L�Y�H�Q �3�'�( �S�U�R�Y�L�G�H�G �W�R
�W�K�H �3�,�1�1�� �,�Q �W�K�H �F�R�Q�W�H�[�W �R�I �5�$�1�6 �3�,�1�1�V�� �W�K�H �I�R�O�O�R�Z�L�Q�J �U�H�V�L�G�X�D�O�V �D�U�H �R�I �L�P�S�R�U�W�D�Q�F�H��

r � U = � 1

� (U � r U ) + r P � � r 2U � r � (� � hu0u0i ) = � 2
����������

�7�K�H �I�L�U�V�W �H�T�X�D�W�L�R�Q �Z�L�W�K �U�H�V�L�G�X�D�O� 1 �G�H�Q�R�W�H�V �W�K�H �F�R�Q�W�L�Q�X�L�W�\ �H�T�X�D�W�L�R�Q �Z�K�L�O�H �W�K�H �V�H�F�R�Q�G �H�T�X�D�W�L�R�Q �Z�L�W�K �U�H�V�L�G��
�X�D�O� 2 �G�H�Q�R�W�H�V �W�K�H �5�H�\�Q�R�O�G�V���D�Y�H�U�D�J�H�G �P�R�P�H�Q�W�X�P �H�T�X�D�W�L�R�Q�V�� �Z�K�H�U�H� hu0u0i �G�H�Q�R�W�H�V �W�K�H �5�H�\�Q�R�O�G�V
�V�W�U�H�V�V �W�H�Q�V�R�U�� �1�R�W�D�E�O�\�� �W�K�H �W�L�P�H���G�H�S�H�Q�G�H�Q�W �G�H�U�L�Y�D�W�L�Y�H�V �D�U�H �R�P�L�W�W�H�G �V�L�Q�F�H �W�K�H �D�Q�D�O�\�V�L�V �L�Q �W�K�L�V �Z�R�U�N �L�V
�S�H�U�I�R�U�P�H�G �D�W �V�W�H�D�G�\���V�W�D�W�H�� �'�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q �D�F�U�R�V�V �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q �L�V �S�H�U�I�R�U�P�H�G �W�K�U�R�X�J�K �D�X�W�R�P�D�W�L�F
�G�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q �>���� �@ �Z�L�W�Kr �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�W�L�D�O �R�S�H�U�D�W�R�U �D�Q�Gr 2 �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �/�D�S�O�D�F�L�D�Q��

�$ �V�F�K�H�P�D�W�L�F �R�I �W�K�H �3�,�1�1 �D�U�F�K�L�W�H�F�W�X�U�H �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������� �Z�K�L�F�K �G�H�S�L�F�W�V �W�K�H �I�H�H�G���I�R�U�Z�D�U�G �Q�H�W�Z�R�U�N
�I�U�R�P �L�Q�S�X�W �Y�D�O�X�H�V �W�R �R�X�W�S�X�W �Y�D�O�X�H�V�� �$�I�W�H�U �R�E�W�D�L�Q�L�Q�J �S�U�H�G�L�F�W�H�G �R�X�W�S�X�W �Y�D�O�X�H�V�� �D�X�W�R�P�D�W�L�F �G�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q
�L�V �S�H�U�I�R�U�P�H�G �D�Q�G �W�K�H �3�'�( �U�H�V�L�G�X�D�O�V �D�U�H �G�H�W�H�U�P�L�Q�H�G�� �)�L�Q�D�O�O�\�� �W�K�H �G�D�W�D�� �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �3�'�(
�U�H�V�L�G�X�D�O �O�R�V�V�H�V �D�U�H �E�D�F�N�S�U�R�S�D�J�D�W�H�G �D�Q�G �W�K�H �W�U�D�L�Q�L�Q�J �O�R�R�S �F�R�Q�W�L�Q�X�H�V��

�$ �P�R�G�L�I�L�F�D�W�L�R�Q �W�R �W�K�H �W�\�S�L�F�D�O �0�/�3 �D�U�F�K�L�W�H�F�W�X�U�H �W�K�D�W �K�D�V �E�H�H�Q �V�K�R�Z�Q �W�R �E�H�Q�H�I�L�W �3�,�1�1�V �L�V �W�K�H �L�Q�F�O�X�V�L�R�Q �R�I
�)�R�X�U�L�H�U �I�H�D�W�X�U�H�V �>���� �@�� �7�K�L�V �H�[�W�U�D �V�W�H�S �E�H�I�R�U�H �I�H�H�G�L�Q�J �L�Q�S�X�W �S�D�U�D�P�H�W�H�U�V �W�R �W�K�H �K�L�G�G�H�Q �O�D�\�H�U�V �F�D�Q �F�R�P��
�S�H�Q�V�D�W�H �I�R�U �W�K�H �L�Q�K�H�U�H�Q�W �V�S�H�F�W�U�D�O �E�L�D�V �W�K�D�W �3�,�1�1�V �V�X�I�I�H�U �I�U�R�P�� �D�Q�G �D�O�O�R�Z �W�K�H �Q�H�W�Z�R�U�N �W�R �P�R�U�H �D�F�F�X�U�D�W�H�O�\
�U�H�S�U�H�V�H�Q�W �K�L�J�K���I�U�H�T�X�H�Q�F�\ �V�R�O�X�W�L�R�Q�V �>���� �� ���� �@�� �,�Q �V�X�F�K �D�Q �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �W�K�H �S�R�V�L�W�L�R�Q�D�O �L�Q�S�X�W �G�D�W�D �L�V
�S�D�V�V�H�G �W�K�U�R�X�J�K �W�K�H �I�R�O�O�R�Z�L�Q�J �H�Q�F�R�G�L�Q�J �E�H�I�R�U�H �L�Q�F�O�X�V�L�R�Q �L�Q�W�R �W�K�H �0�/�3 �Q�H�W�Z�R�U�N��


 (X ) =
�
�F�R�V(BX )
�V�L�Q(BX )

�
����������

�:�L�W�KB �U�H�S�U�H�V�H�Q�W�L�Q�J �D �*�D�X�V�V�L�D�Q �V�D�P�S�O�L�Q�J �G�L�V�W�U�L�E�X�W�L�R�Q��N (0; � 2) �Z�L�W�K� �E�H�L�Q�J �D �X�V�H�U���V�S�H�F�L�I�L�H�G �S�D�U�D�P�H��
�W�H�U��� 2 [1; 10]

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �U�H�S�U�H�V�H�Q�W�L�Q�J �3�,�1�1 �D�U�F�K�L�W�H�F�W�X�U�H �D�S�S�O�L�H�G �W�R ���' �5�H�\�Q�R�O�G�V �$�Y�H�U�D�J�H�G �1�D�Y�L�H�U �6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V��
�'�L�D�J�U�D�P �L�V �S�U�R�G�X�F�H�G �V�S�H�F�L�I�L�F �W�R �W�K�H �Z�R�U�N �R�I �W�K�L�V �W�K�H�V�L�V �D�Q�G �G�L�V�S�O�D�\�V �W�K�H �3�,�1�1 �D�U�F�K�L�W�H�F�W�X�U�H �X�V�H�G �L�Q �W�K�H ���' �D�Q�D�O�\�V�L�V��



�������� �%�T�T�P�M�G�E�X�M�S�R�W �X�S �*�P�Y�M�H �1�I�G�L�E�R�M�G�W ����

�'�H�V�S�L�W�H �W�K�H �V�L�P�S�O�H �D�U�F�K�L�W�H�F�W�X�U�H �R�I �3�,�1�1�V�� �W�K�H�U�H �K�D�Y�H �E�H�H�Q �V�L�J�Q�L�I�L�F�D�Q�W �H�I�I�R�U�W�V �W�R �I�X�U�W�K�H�U �L�P�S�U�R�Y�H �X�S�R�Q
�W�K�H �0�/�3 �D�U�F�K�L�W�H�F�W�X�U�H �W�R �V�X�S�S�R�U�W �L�W�V �I�X�Q�F�W�L�R�Q�V �I�R�U �I�R�U�Z�D�U�G �D�Q�G �L�Q�Y�H�U�V�H �V�R�O�X�W�L�R�Q�V �Z�L�W�K�L�Q �I�O�X�L�G �P�H�F�K�D�Q�L�F�V��
�7�K�L�V �Q�H�[�W �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �U�H�O�H�Y�D�Q�W �L�Q�V�W�D�Q�F�H�V �Z�K�H�U�H �3�,�1�1�V �K�D�Y�H �E�H�H�Q �D�S�S�O�L�H�G �W�R �I�O�X�L�G �P�H�F�K�D�Q�L�F�V
�S�U�R�E�O�H�P�V�� �D�Q�G �G�L�V�F�X�V�V �G�L�I�I�L�F�X�O�W�L�H�V �L�Q �D�F�K�L�H�Y�L�Q�J �F�R�Q�Y�H�U�J�H�Q�F�H �W�R �D �J�O�R�E�D�O�O�\ �S�K�\�V�L�F�D�O�O�\ �F�R�P�S�O�L�D�Q�W �V�R�O�X�W�L�R�Q��

���������%�T�T�P�M�G�E�X�M�S�R�W �X�S �*�P�Y�M�H �1�I�G�L�E�R�M�G�W
�6�L�Q�F�H �W�K�H�L�U �R�U�L�J�L�Q�D�O �L�Q�W�U�R�G�X�F�W�L�R�Q�� �P�X�F�K �R�I �W�K�H �L�Q�W�H�U�H�V�W �R�I �3�,�1�1 �D�S�S�O�L�F�D�W�L�R�Q �K�D�V �E�H�H�Q �G�L�U�H�F�W�H�G �W�R �W�K�H
�V�R�O�X�W�L�R�Q �R�I �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �I�R�U �I�O�X�L�G �P�H�F�K�D�Q�L�F�V�� �2�I�W�H�Q�� �W�K�H �V�X�F�F�H�V�V�H�V �R�I �3�,�1�1�V �D�Q�G �W�K�H�L�U
�Y�D�U�L�D�W�L�R�Q�V �D�U�H �P�H�D�V�X�U�H�G �L�Q �E�H�Q�F�K�P�D�U�N�V �W�K�D�W �D�V�V�H�V�V �W�K�H �V�R�O�X�W�L�R�Q �R�I �W�K�H �%�X�U�J�H�U�V �H�T�X�D�W�L�R�Q �>���� �@�� �R�U �1�D�Y�L�H�U
�6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V �>���� �@��

�,�Q �D�Q �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �Z�L�W�K �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �/�D�L �H�W �D�O�� �>���� �@ �K�D�Y�H �L�Q�W�U�R�G�X�F�H�G �D �Q�R�Y�H�O �P�H�W�K�R�G��
�R�O�R�J�\�� �F�R�P�E�L�Q�L�Q�J �K�L�J�K���I�U�H�T�X�H�Q�F�\ �S�U�H�V�V�X�U�H �S�U�R�E�H �D�Q�G �V�S�D�U�V�H �3�,�9���G�D�W�D �L�Q �D�Q �D�W�W�H�P�S�W �W�R �S�U�R�G�X�F�H �K�L�J�K��
�W�H�P�S�R�U�D�O �D�Q�G �V�S�D�W�L�D�O�O�\ �U�H�V�R�O�Y�H�G �I�O�R�Z �I�L�H�O�G�V�� �7�K�L�V �L�V �R�I �S�D�U�W�L�F�X�O�D�U �L�Q�W�H�U�H�V�W �W�R �W�K�H �F�X�U�U�H�Q�W �S�U�R�M�H�F�W�� �V�L�Q�F�H
�E�R�W�K �V�W�D�W�L�F���Z�D�O�O �S�U�H�V�V�X�U�H �D�Q�G �3�,�9 �P�H�D�V�X�U�H�P�H�Q�W �W�H�F�K�Q�L�T�X�H�V �D�U�H �D�Y�D�L�O�D�E�O�H �D�W �&�D�O�W�H�F�K�¶�V �/�X�F�D�V �Z�L�Q�G �W�X�Q��
�Q�H�O�� �:�K�L�O�H �W�K�H�L�U �Z�R�U�N �Z�D�V �S�U�R�G�X�F�H�G �X�V�L�Q�J �V�\�Q�W�K�H�W�L�F �G�D�W�D�� �W�K�H�L�U �F�R�Q�F�O�X�V�L�R�Q�V �Z�L�W�K �U�H�J�D�U�G�V �W�R �Q�R�Q���S�H�U�L�R�G�L�F
�I�O�R�Z�V �V�X�J�J�H�V�W �W�K�H �F�R�P�S�O�H�[�L�W�\ �R�I �W�X�U�E�X�O�H�Q�W �I�O�R�Z�V �P�D�\ �Q�R�W �E�H �R�X�W �R�I �U�H�D�F�K �I�R�U �3�,�1�1�V �W�R �U�H�F�R�Q�V�W�U�X�F�W �W�R �D �V�X�I��
�I�L�F�L�H�Q�W �G�H�J�U�H�H �R�I �D�F�F�X�U�D�F�\�� �7�K�H �D�X�W�K�R�U�V �G�R �F�R�Q�F�O�X�G�H �W�K�D�W �G�X�H �W�R �W�K�H�L�U �P�H�W�K�R�G�R�O�R�J�\ �E�H�L�Q�J �F�R�Q�G�X�F�W�H�G �D�W
�O�D�P�L�Q�D�U �I�O�R�Z�V ��Re = 100���� �W�K�H �Q�H�H�G �U�H�P�D�L�Q�V �W�R �I�X�U�W�K�H�U �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �V�X�L�W�D�E�L�O�L�W�\ �R�I �3�,�1�1�V �W�R �U�H�F�R�Q�V�W�U�X�F�W
�W�X�U�E�X�O�H�Q�W �I�O�R�Z�V��

�)�X�U�W�K�H�U�P�R�U�H�� �D�V �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q �K�D�V �R�X�W�O�L�Q�H�G�� �G�H�V�S�L�W�H �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �3�'�(�V �D�V �J�R�Y�H�U�Q�L�Q�J
�H�T�X�D�W�L�R�Q�V�� �0�/ �P�H�W�K�R�G�V �U�H�P�D�L�Q �G�D�W�D���G�U�L�Y�H�Q�� �D�Q�G �D�V �V�X�F�K �W�K�H�L�U �V�X�F�F�H�V�V �L�Q �E�H�L�Q�J �D�S�S�O�L�H�G �W�R �S�U�R�E�O�H�P�V �L�Q
�I�O�X�L�G �P�H�F�K�D�Q�L�F�V �U�H�O�L�H�V �R�Q �W�K�H �D�Y�D�L�O�D�E�L�O�L�W�\ �R�I �G�D�W�D�� �:�K�L�O�H �W�K�H �V�R�X�U�F�H �R�I �W�K�L�V �G�D�W�D �F�D�Q �Y�D�U�\�� �H���J�� �F�R�P�S�X�W�D��
�W�L�R�Q�D�O �Y�V �H�[�S�H�U�L�P�H�Q�W�D�O�� �3�D�U�W�L�F�O�H �,�P�D�J�H �9�H�O�R�F�L�P�H�W�U�\ ���3�,�9�� �U�H�V�X�O�W�V �V�H�U�Y�H �D�V �H�[�F�H�O�O�H�Q�W �F�D�Q�G�L�G�D�W�H�V �I�R�U �W�K�L�V �I�R�U
�W�K�H�L�U �Z�L�G�H�V�S�U�H�D�G �D�Y�D�L�O�D�E�L�O�L�W�\ �L�Q �O�L�W�H�U�D�W�X�U�H �D�Q�G �V�S�D�W�L�D�O �V�S�D�U�V�L�W�\�� �7�K�L�V �K�D�V �E�H�H�Q �Q�R�W�H�G �L�Q �W�K�H �O�L�W�H�U�D�W�X�U�H�� �Z�L�W�K
�D �V�L�J�Q�L�I�L�F�D�Q�W �Q�X�P�E�H�U �R�I �S�X�E�O�L�F�D�W�L�R�Q�V �L�Q�Y�H�V�W�L�J�D�W�L�Q�J �W�K�H �S�R�W�H�Q�W�L�D�O �I�R�U �W�K�L�V �F�R�O�O�D�E�R�U�D�W�L�R�Q �R�I �D�S�S�U�R�D�F�K�H�V�� �7�K�H
�Q�H�[�W �V�X�E�V�H�F�W�L�R�Q �Z�L�O�O �E�H �G�H�G�L�F�D�W�H�G �W�R �R�X�W�O�L�Q�L�Q�J �W�K�H �U�H�F�H�Q�W �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �L�Q�W�H�J�U�D�W�L�Q�J �3�,�9 �U�H�V�X�O�W�V
�L�Q�W�R �W�K�H �3�,�0�/ �P�H�W�K�R�G�R�O�R�J�L�H�V��

�������������%�T�T�P�M�G�E�X�M�S�R�W �X�S �4�-�: �(�E�X�E
�'�H�V�S�L�W�H �Q�D�U�U�R�Z�L�Q�J �W�K�H �I�L�H�O�G �R�I �V�H�D�U�F�K �W�R �3�,�0�/ �P�H�W�K�R�G�V �D�S�S�O�L�H�G �W�R �3�,�9 �G�D�W�D�� �W�K�H �D�Y�D�L�O�D�E�O�H �O�L�W�H�U�D�W�X�U�H
�U�H�P�D�L�Q�V �Y�D�V�W �D�Q�G �G�L�Y�H�U�V�H�� �)�R�U �L�Q�V�W�D�Q�F�H�� �P�X�F�K �Z�R�U�N �L�V �G�H�G�L�F�D�W�H�G �W�R �W�K�H �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �R�I �3�,�9 �R�Q �K�\�G�U�R�G�\��
�Q�D�P�L�F�V �>���� �@ �D�Q�G �K�H�P�R�G�\�Q�D�P�L�F�V �>���� �@�� �,�Q �P�D�Q�\ �F�D�V�H�V�� �W�K�H �W�D�N�H�D�Z�D�\�V �I�U�R�P �W�K�H�V�H �Z�R�U�N�V �D�U�H �V�X�E�V�W�D�Q�W�L�D�O��
�Z�K�H�U�H �W�K�H �I�R�U�P�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �X�V�H�G �7�2�0�2���3�,�9 �W�R �D�V�V�H�V�V �W�K�H �I�O�R�Z �R�Y�H�U �D �K�H�P�L�V�S�K�H�U�H �V�X�E�P�H�U�J�H�G �L�Q
�Z�D�W�H�U �D�Q�G �L�P�S�O�H�P�H�Q�W�H�G �D �3�,�1�1 �W�R �V�X�F�F�H�V�V�I�X�O�O�\ �L�G�H�Q�W�L�I�\ �Y�R�U�W�L�F�H�V �S�U�R�G�X�F�H�G �L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �U�H�J�L�P�H�� �$�X��
�W�K�R�U�V �Q�R�W�H�G �D �V�X�F�F�H�V�V�I�X�O �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �R�I �'�1�6 �V�L�P�X�O�D�W�L�R�Q�V�� �D�O�E�H�L�W �O�L�P�L�W�H�G �W�R �O�D�U�J�H�U �V�F�D�O�H�V�� �)�X�U�W�K�H�U�P�R�U�H��
�L�Q �W�K�H �O�D�W�W�H�U �V�W�X�G�\ �R�Q �K�H�P�R�G�\�Q�D�P�L�F�V�� �3�,�1�1�V �Z�H�U�H �V�X�F�F�H�V�V�I�X�O�O�\ �D�S�S�O�L�H�G �W�R �W�K�H �P�R�G�H�O�O�L�Q�J �R�I �Z�D�O�O �V�K�H�D�U
�V�W�U�H�V�V�H�V �L�Q �Q�H�D�U���Z�D�O�O �E�O�R�R�G �I�O�R�Z�� �7�K�H�V�H �U�H�V�X�O�W�V �Z�H�U�H �S�U�R�G�X�F�H�G �G�H�V�S�L�W�H �W�K�H �O�D�F�N �R�I �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q
�L�Q�I�R�U�P�D�W�L�R�Q �V�X�S�S�O�L�H�G �W�R �W�K�H �3�,�1�1�� �7�K�H �D�X�W�K�R�U�V �F�H�O�H�E�U�D�W�H �W�K�H �S�R�W�H�Q�W�L�D�O �I�R�U �3�,�1�1�V �L�Q �L�P�S�U�R�Y�L�Q�J �K�H�P�R�G�\��
�Q�D�P�L�F �P�R�G�H�O�O�L�Q�J �I�R�U �W�K�H �S�X�U�S�R�V�H�V �R�I �F�D�U�G�L�R�Y�D�V�F�X�O�D�U �G�L�V�H�D�V�H �G�L�D�J�Q�R�V�L�V�� �'�H�V�S�L�W�H �W�K�H�V�H �D�S�S�D�U�H�Q�W �Y�L�F�W�R��
�U�L�H�V�� �W�K�H �U�H�O�D�W�L�Y�H �Y�L�V�F�R�V�L�W�L�H�V �R�I �Z�D�W�H�U �D�Q�G �E�O�R�R�G �U�H�P�D�L�Q �I�D�U �K�L�J�K�H�U �W�K�D�Q �W�K�D�W �R�I �D�L�U�� �D�Q�G �W�K�H�V�H �V�X�F�F�H�V�V�H�V
�G�R �Q�R�W �Q�H�F�H�V�V�D�U�L�O�\ �F�R�P�P�H�Q�W �R�Q �W�K�H �D�E�L�O�L�W�L�H�V �I�R�U �3�,�0�/ �P�H�W�K�R�G�V �W�R �W�U�D�Q�V�O�D�W�H �W�R �D�L�U���E�D�V�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z
�S�K�H�Q�R�P�H�Q�D�� �,�Q �W�K�H �F�R�P�L�Q�J �V�W�X�G�L�H�V�� �W�K�L�V �Z�L�O�O �E�H �D�Q �L�P�S�R�U�W�D�Q�W �P�H�W�U�L�F �W�R �G�L�V�W�L�Q�J�X�L�V�K�� �D�V �W�K�H �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U �U�H�P�D�L�Q�V �K�L�J�K�O�\ �F�R�Q�G�X�F�L�Y�H �W�R �W�K�H �3�,�1�1�¶�V �V�X�F�F�H�V�V�H�V �D�Q�G �I�D�L�O�X�U�H�V��

�%�T�T�P�M�G�E�X�M�S�R�W �J�S�V �6�I�]�R�S�P�H�W �R�Y�Q�F�I�V�W �F�I�P�S�[ ������������
�,�Q �D �V�W�X�G�\ �R�Q �W�K�H �D�S�S�O�L�F�D�E�L�O�L�W�\ �R�I �3�,�1�1�V �W�R �U�H�F�R�Q�V�W�U�X�F�W �V�S�D�U�V�H �3�,�9 �G�D�W�D �>���� �@�� �U�H�V�H�D�U�F�K�H�U�V �V�K�R�Z�H�G �S�U�R�P�L�V��
�L�Q�J �D�E�L�O�L�W�\ �D�W �U�H�F�U�H�D�W�L�Q�J �I�O�R�Z �I�L�H�O�G�V �D�V �Z�H�O�O �D�V �S�U�H�V�V�X�U�H �I�L�H�O�G�V�� �1�R�W�D�E�O�\�� �G�H�V�S�L�W�H �Q�R �L�Q�I�R�U�P�D�W�L�R�Q �E�H�L�Q�J �J�L�Y�H�Q
�D�E�R�X�W �S�U�H�V�V�X�U�H�� �W�K�H �3�,�1�1 �U�H�P�D�L�Q�V �F�D�S�D�E�O�H �R�I �U�H�F�R�Q�V�W�U�X�F�W�L�Q�J �W�K�H �S�U�H�V�V�X�U�H �I�L�H�O�G �W�K�U�R�X�J�K �W�K�H �F�R�Q�V�W�L�W�X�W�L�Y�H
�U�H�O�D�W�L�R�Q�V �R�I �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �7�K�H�\ �H�[�W�H�Q�G �W�K�L�V �E�\ �H�V�W�D�E�O�L�V�K�L�Q�J �W�K�D�W �W�K�H �3�,�1�1 �F�D�Q �U�H�F�R�Q��
�V�W�U�X�F�W �I�O�R�Z �I�L�H�O�G�V �R�I �R�E�V�W�U�X�F�W�H�G �I�U�D�P�H�V �D�Q�G �P�L�V�V�L�Q�J �I�O�R�Z �Y�R�O�X�P�H�V�� �7�K�H�L�U �U�H�V�X�O�W�V �D�U�H �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ��������
�Z�K�H�U�H �Y�D�U�\�L�Q�J �T�X�D�Q�W�L�W�L�H�V �R�I �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D�V�H�W �D�U�H �U�H�P�R�Y�H�G �I�U�R�P �W�U�D�L�Q�L�Q�J��



�������� �%�T�T�P�M�G�E�X�M�S�R�W �X�S �*�P�Y�M�H �1�I�G�L�E�R�M�G�W ����

�)�L�J�X�U�H ���������&�R�P�S�D�U�L�V�R�Q �R�I �3�,�1�1 �S�U�H�G�L�F�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H �Z�L�W�K �Y�D�U�\�L�Q�J �O�H�Y�H�O�V �R�I �W�U�X�Q�F�D�W�H�G �G�D�W�D �U�H�P�R�Y�H�G�� ���D�� �V�W�U�H�D�P�Z�L�V�H �Y�H�O�R�F�L�W�\
�F�R�P�S�R�Q�H�Q�W�� ���E�� �V�S�D�Q�Z�L�V�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�� ���F�� �S�U�H�V�V�X�U�H �I�L�H�O�G �>���� �@��

�$�V �W�K�H �I�L�J�X�U�H �V�K�R�Z�V�� �W�K�H�U�H �O�L�H�V �V�L�J�Q�L�I�L�F�D�Q�W �F�D�S�D�E�L�O�L�W�\ �L�Q �3�,�1�1�V �D�W �U�H�F�R�Q�V�W�U�X�F�W�L�Q�J �P�L�V�V�L�Q�J �I�O�R�Z �I�L�H�O�G�V �Z�K�H�Q
�J�L�Y�H�Q �V�X�I�I�L�F�L�H�Q�W �G�D�W�D�� �5�H�J�U�H�W�W�D�E�O�\�� �K�R�Z�H�Y�H�U�� �W�K�H �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �Z�D�V �R�Q�O�\ �S�H�U�I�R�U�P�H�G �X�Q�G�H�U �W�K�H �U�H�J�L�P�H �R�I
�L�Q�F�R�P�S�U�H�V�V�L�E�O�H �I�O�R�Z �D�W �O�R�Z �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �L�Q �W�K�H �R�U�G�H�U �R�IRe� = 103�� �D�Q�G �Z�R�U�N �D�W �K�L�J�K�H�U �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U�V �U�H�P�D�L�Q�V �Q�H�F�H�V�V�D�U�\ �W�R �G�U�D�Z �I�X�U�W�K�H�U �F�R�Q�F�O�X�V�L�R�Q�V��

�,�Q �D�Q�R�W�K�H�U �Z�R�U�N�� �U�H�V�H�D�U�F�K�H�U�V �F�R�P�S�D�U�H�G �W�K�H �D�E�L�O�L�W�\ �R�I �3�,�1�1�V �W�R �U�H�F�R�Q�V�W�U�X�F�W �S�U�H�V�V�X�U�H �I�L�H�O�G�V �F�R�P�S�D�U�H�G �W�R
�F�R�Q�W�H�P�S�R�U�D�U�\ �S�U�H�V�V�X�U�H �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �P�H�W�K�R�G�V �>���� �@ �R�Y�H�U �D �Y�D�U�L�H�W�\ �R�I �F�D�V�H�V�� �7�K�H�L�U �U�H�V�X�O�W�V �V�K�R�Z�H�G �W�K�D�W
�Z�K�H�Q �F�R�P�S�D�U�H�G �Z�L�W�K �W�U�D�G�L�W�L�R�Q�D�O �P�H�W�K�R�G�V�� �3�,�1�1�V �H�[�K�L�E�L�W �W�K�H �O�R�Z�H�V�W �R�Y�H�U�D�O�O �S�U�H�V�V�X�U�H �H�U�U�R�U�� �G�H�V�S�L�W�H �E�H�L�Q�J
�W�U�D�L�Q�H�G �R�Q �Q�R�L�V�\ �G�D�W�D�� �7�K�H�\ �Q�R�W�H �W�K�D�W �3�,�1�1�V �F�D�Q �F�R�U�U�H�F�W �Q�R�L�V�\ �Y�H�O�R�F�L�W�\ �G�D�W�D �W�K�U�R�X�J�K �W�K�H �L�P�S�R�V�L�W�L�R�Q
�R�I �3�'�(�V�� �D�Q�G �H�[�S�O�R�L�W �W�K�L�V �R�S�W�L�P�L�]�H�G �Y�H�O�R�F�L�W�\ �I�L�H�O�G �I�R�U �W�K�H�L�U �S�U�H�V�V�X�U�H �S�U�H�G�L�F�W�L�R�Q�V�� �$�Q�R�W�K�H�U �L�Q�W�H�U�H�V�W�L�Q�J
�W�D�N�H�D�Z�D�\ �F�R�Q�F�O�X�G�H�G �E�\ �W�K�H �D�X�W�K�R�U�V �L�V �W�K�H �U�H�O�L�D�Q�F�H �R�I �W�K�H �3�,�1�1 �P�H�W�K�R�G �R�QNcell �� Neqns �� �D�Q�GNdata ��
�:�K�L�O�H �L�Q�F�U�H�D�V�L�Q�J �D�O�O �R�I �W�K�H�V�H �S�D�U�D�P�H�W�H�U�V �F�D�Q �S�R�V�L�W�L�Y�H�O�\ �D�I�I�H�F�W �W�K�H �3�,�1�1�V �D�F�F�X�U�D�F�\�� �W�K�H �S�D�U�D�P�H�W�H�U �R�I
�J�U�H�D�W�H�V�W �L�Q�I�O�X�H�Q�F�H �U�H�P�D�L�Q�VNdata �� �7�K�L�V �U�H�L�Q�I�R�U�F�H�G �W�K�H �L�G�H�D �W�K�D�W �3�,�0�/ �P�H�W�K�R�G�V �U�H�P�D�L�Q �G�D�W�D���G�U�L�Y�H�Q �L�Q
�Q�D�W�X�U�H�� �7�K�L�V �Q�R�W�L�R�Q �Z�L�O�O �E�H �U�H�S�H�D�W�H�G �L�Q �V�W�X�G�L�H�V �D�W �K�L�J�K�H�U �W�X�U�E�X�O�H�Q�F�H �O�H�Y�H�O�V �L�Q �W�K�H �V�X�E�V�H�T�X�H�Q�W �V�H�F�W�L�R�Q��

�,�Q �D �V�H�S�D�U�D�W�H �V�W�X�G�\�� �U�H�V�H�D�U�F�K�H�U�V �U�H�I�U�D�L�Q�H�G �I�U�R�P �X�V�L�Q�J �D �3�,�1�1�� �D�Q�G �L�Q�V�W�H�D�G �X�V�H�G �D�Q �$�U�W�L�I�L�F�L�D�O �1�H�X�U�D�O
�1�H�W�Z�R�U�N ���$�1�1�� �W�R �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �U�H�F�R�Y�H�U�\ �R�I �L�Q�F�R�P�S�O�H�W�H �3�,�9 �G�D�W�D �R�I �I�O�R�Z �R�Y�H�U �D �F�\�O�L�Q�G�H�U �>���� �@�� �$�X�W�K�R�U�V
�F�U�H�G�L�W �W�K�H �$�1�1 �L�Q �D�O�O�R�Z�L�Q�J �W�K�H �3�,�9 �Z�L�Q�G�R�Z �W�R �E�H �H�[�W�H�Q�G�H�G �E�H�\�R�Q�G �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �R�E�W�D�L�Q�H�G �G�D�W�D�� �$�G�G�L��
�W�L�R�Q�D�O�O�\�� �Z�K�L�O�H �L�W �L�V �L�Q�W�H�U�H�V�W�L�Q�J �W�K�D�W �D�Q �D�O�W�H�U�Q�D�W�L�Y�H �W�R �3�,�1�1�V �Z�D�V �H�[�S�O�R�U�H�G�� �W�K�H �D�X�W�K�R�U�V �G�R �Q�R�W �H�O�D�E�R�U�D�W�H
�R�Q �Z�K�\ �W�K�L�V �F�K�R�L�F�H �Z�D�V �P�D�G�H�� �1�H�Y�H�U�W�K�H�O�H�V�V�� �W�K�L�V �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �J�L�Y�H�V �F�U�H�G�H�Q�F�H �W�R �W�K�H �J�U�R�Z�L�Q�J �W�U�H�Q�G
�R�I �D�S�S�O�\�L�Q�J �0�/ �P�H�W�K�R�G�V �W�R �W�K�H �H�Q�K�D�Q�F�H�P�H�Q�W �R�I �I�O�X�L�G �P�H�F�K�D�Q�L�F�V �G�D�W�D�� �$�O�W�K�R�X�J�K �W�K�L�V �V�L�P�X�O�D�W�L�R�Q �Z�D�V
�S�H�U�I�R�U�P�H�G �R�Y�H�U �D �I�O�R�Z �Z�L�W�K �D �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �R�IRe = 8 ; 000�� �W�K�H �D�X�W�K�R�U�V �H�Q�F�R�X�U�D�J�H �W�K�H �F�R�Q�W�L�Q�X�H�G
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �P�D�F�K�L�Q�H �O�H�D�U�Q�L�Q�J �P�H�W�K�R�G�V�� �S�D�U�W�L�F�X�O�D�U�O�\ �I�R�U �F�D�V�H�V �Z�K�H�Q �R�Q�O�\ �V�S�D�U�V�H �G�D�W�D �L�V �D�Y�D�L�O�D�E�O�H��

�%�T�T�P�M�G�E�X�M�S�R�W �J�S�V �6�I�]�R�S�P�H�W �R�Y�Q�F�I�V�W �E�F�S�Z�I ������������
�,�Q �D �5�$�1�6���D�S�S�U�R�D�F�K�� �W�K�H �S�U�R�Y�L�V�L�R�Q �R�I �D �W�X�U�E�X�O�H�Q�F�H �P�R�G�H�O �Z�D�V �Q�R�W �L�Q�F�R�U�S�R�U�D�W�H�G �L�Q �W�K�H �3�,�1�1 �>���� �@�� �D�Q�G
�W�K�H �D�X�W�K�R�U�V �R�X�W�O�L�Q�H �L�P�S�U�H�V�V�L�Y�H �D�J�U�H�H�P�H�Q�W �L�Q �W�K�H �3�,�1�1�¶�V �S�U�H�G�L�F�W�L�R�Q �R�I �5�H�\�Q�R�O�G�V �V�W�U�H�V�V�H�V�� �,�Q �W�K�L�V �P�H�W�K�R�G��
�W�K�H �3�,�1�1 �L�Q�W�H�U�S�R�O�D�W�H�V �L�W�V �R�Z�Q �W�X�U�E�X�O�H�Q�F�H �P�R�G�H�O �W�K�D�W �E�H�V�W �P�D�W�F�K�H�V �W�K�H �I�O�R�Z�� �Z�K�L�F�K �I�R�U �R�Q�H �H�[�S�H�U�L�P�H�Q�W�D�O
�F�D�V�H �Z�D�V �V�W�D�W�H�G �W�R �H�T�X�D�ORe = 0 :2 �P�L�O�O�L�R�Q �>���@�� �7�K�H �D�X�W�K�R�U�V �Q�R�W�H �H�[�F�H�O�O�H�Q�W �D�J�U�H�H�P�H�Q�W �E�H�W�Z�H�H�Q �W�K�H �U�H�V�X�O�W�V
�D�Q�G �W�K�H �U�H�I�H�U�H�Q�F�H �G�D�W�D�� �Z�K�L�F�K �P�D�U�N�V �D�Q �H�Q�F�R�X�U�D�J�L�Q�J �P�L�O�H�V�W�R�Q�H �I�R�U �3�,�1�1 �V�R�O�X�W�L�R�Q�V �W�R �W�X�U�E�X�O�H�Q�W �G�D�W�D��
�7�K�H �D�X�W�K�R�U�V �Q�R�W�H �V�H�Y�H�U�D�O �D�Y�H�Q�X�H�V �R�I �I�X�U�W�K�H�U �U�H�V�H�D�U�F�K�� �L�Q�F�O�X�G�L�Q�J �U�H�V�R�O�X�W�L�R�Q �R�I �W�K�H �Q�H�D�U���Z�D�O�O �E�R�X�Q�G�D�U�\
�O�D�\�H�U �U�H�J�L�R�Q �Z�K�L�F�K �L�V �V�H�O�G�R�P �F�D�S�W�X�U�H�G �L�Q �W�U�D�G�L�W�L�R�Q�D�O �3�,�9 �V�\�V�W�H�P�V�� �5�H�F�R�Q�V�W�U�X�F�W�L�Q�J �W�K�H �Y�L�V�F�R�X�V �V�X�E���O�D�\�H�U
�D�Q�G �D�V �D �U�H�V�X�O�W �S�U�H�G�L�F�W�L�Q�J �Z�D�O�O���V�K�H�D�U �V�W�U�H�V�V�H�V �D�U�H �V�W�D�W�H�G �E�\ �W�K�H �D�X�W�K�R�U�V �W�R �E�H �I�X�U�W�K�H�U �G�H�Y�H�O�R�S�P�H�Q�W�V �R�I
�W�K�L�V �Z�R�U�N��

�,�Q �O�L�Q�H �Z�L�W�K �W�K�L�V �G�H�V�L�U�H �W�R �P�R�G�H�O �W�K�H �Y�L�V�F�R�X�V �V�X�E���O�D�\�H�U�� �D�Q�R�W�K�H�U �V�W�X�G�\ �K�D�V �L�Q�F�R�U�S�R�U�D�W�H�G �G�D�W�D �V�X�U�U�R�X�Q�G�L�Q�J
�W�K�H �Z�D�O�O �V�K�H�D�U���V�W�U�H�V�V �R�Y�H�U �D �E�D�F�N�Z�D�U�G�V���I�D�F�L�Q�J �U�D�P�S ���G�L�I�I�X�V�H�U�� �J�H�R�P�H�W�U�\ �L�Q�W�R �D �3�,�1�1 �P�R�G�H�O �>���� �@�� �7�K�L�V
�Z�R�U�N �L�V �L�Q�W�H�U�H�V�W�L�Q�J�� �E�R�W�K �I�R�U �L�W�V �L�Q�F�R�U�S�R�U�D�W�L�R�Q �R�I �D �U�D�P�S���O�L�N�H �J�H�R�P�H�W�U�\ �Z�K�L�F�K �H�[�K�L�E�L�W�V �I�O�R�Z �V�H�S�D�U�D�W�L�R�Q



�������� �%�T�T�P�M�G�E�X�M�S�R�W �X�S �*�P�Y�M�H �1�I�G�L�E�R�M�G�W ����

�D�Q�G �U�H�D�W�W�D�F�K�P�H�Q�W�� �E�X�W �D�O�V�R �I�R�U �L�W�V �D�W�W�H�P�S�W �W�R �V�L�P�X�O�D�W�H �W�K�H �Z�D�O�O �V�K�H�D�U���V�W�U�H�V�V�H�V�� �7�K�H�\ �G�H�V�F�U�L�E�H �W�K�D�W
�G�H�V�S�L�W�H �W�K�H �L�P�S�H�U�I�H�F�W�L�R�Q�V �L�Q �H�[�S�H�U�L�P�H�Q�W�D�O �P�H�D�V�X�U�H�P�H�Q�W �R�I �W�K�H �Q�H�D�U���Z�D�O�O �E�R�X�Q�G�D�U�\ �O�D�\�H�U�� �W�K�H �3�,�1�1 �L�V
�D�E�O�H �W�R �F�R�P�S�H�Q�V�D�W�H �L�Q �D�F�F�X�U�D�F�\ �W�K�U�R�X�J�K �L�W�V �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H ���' �1�D�Y�L�H�U �6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �7�K�H�\
�F�R�P�P�H�Q�W �R�Q �J�R�R�G �D�J�U�H�H�P�H�Q�W �R�I �W�K�H �Q�H�D�U���Z�D�O�O �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V �Z�K�H�Q �R�S�H�U�D�W�L�Q�J �V�R�O�H�O�\ �R�Q �W�K�H �1�D�Y�L�H�U��
�6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �Z�L�W�K �D�G�G�L�W�L�R�Q�D�O �O�R�V�V �W�H�U�P�V ���S�U�H�V�V�X�U�H�� �V�K�H�D�U���V�W�U�H�V�V�� �F�R�Q�W�U�L�E�X�W�L�Q�J �O�L�W�W�O�H �R�U �Q�H�J�D�W�L�Y�H�O�\ �W�R
�W�K�H �I�L�Q�D�O �S�U�H�G�L�F�W�L�R�Q�V�� �7�K�H�\ �V�X�P�P�D�U�L�]�H �E�\ �V�D�\�L�Q�J �W�K�D�W �Z�K�H�Q �G�H�Y�R�L�G �R�I �Q�H�D�U���Z�D�O�O �Y�H�O�R�F�L�W�\ �G�D�W�D�� �W�K�H �3�,�1�1
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