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Propositions
accompanying the dissertation

Novel insights into the physics of fatigue crack growth
Theoretical and experimental research on the fundamentals of crack

growth in isotropic materials

by

Jesse J. A. van Kuijk

1. Fatigue similitude parameters Δ𝐾 and Δ𝐾eff have no basis in physics. This
proposition pertains to this dissertation.

2. Fatigue crack closure corrections based on Δ𝐾eff are at best incomplete, for
the required opening stress 𝑆op,phen is not equal to the true physical opening
stress 𝑆op,phys. This proposition pertains to this dissertation.

3. Fatigue load cycles have no place in a continuous and energy based descrip-
tion of fatigue crack growth. This proposition pertains to this dissertation.

4. The limited human muscle power output is the least problem with human
powered flight.

5. Increasing the fidelity of weather and climate modeling with increased com-
puting power, influences the modeled thermodynamic processes by adding
more heat.

6. Equal opportunities do not result in equal outcome, and conversely, forcing
equal outcome requires unequal opportunities.

7. The rotor blade geometry development of historic Dutch windmills is proof
that iterative or genetic algorithms do not necessarily result in a global optimal
solution.

8. The fatigue life of the heart is forgotten when physical activity and sports are
promoted for health and longevity reasons.

9. Contemporary wind turbines are of such dimensions that they cause signifi-
cant mixing of the (nocturnal) atmospheric boundary layer, thereby influenc-
ing the local climate.

10. Work meetings in industry are like black holes: a lot of energy goes into them,
and what comes out is small and random.

These propositions are regarded as opposable and defendable, and have been
approved as such by the promotor prof. dr. ir. R. C. Alderliesten.



Stellingen
behorende bij het proefschrift

Novel insights into the physics of fatigue crack growth
Theoretical and experimental research on the fundamentals of crack

growth in isotropic materials

door

Jesse J. A. van Kuijk

1. Vermoeiingsscheurgroei gelijkenisparameters Δ𝐾 en Δ𝐾eff hebben geen na-
tuurkundige onderbouwing. Deze stelling heeft betrekking op dit proefschrift.

2. Vermoeiingsscheursluitingscorrecties gebaseerd op Δ𝐾eff zijn op zijn minst on-
volledig, omdat de gebruikte openingsspanning 𝑆op,phen niet gelijk is aan de
fysieke openingsspanning 𝑆op,phys. Deze stelling heeft betrekking op dit proef-
schrift.

3. Vermoeiingsbelastingscycli hebben geen plaats in een op energie gebaseerde
continue beschrijving van vermoeiingsscheurgroei. Deze stelling heeft betrek-
king op dit proefschrift.

4. Het marginale mechanische vermogen van de menselijke spieren is de minste
uitdaging van vliegen op spierkracht.

5. De verbeterde nauwkeurigheid van weer- en klimaatmodellen door middel van
toegenomen rekenkracht, beinvloedt de gemodelleerde thermodynamische
processen door toevoeging van meer warmte.

6. Gelijke mogelijkheden hoeven niet te resulteren in gelijke resultaten, en om-
gekeerd, het forceren van gelijke resultaten vereist ongelijke mogelijkheden.

7. De ontwikkeling van wieksystemen van oude Nederlandse windmolens be-
wijst dat iteratieve of genetische algoritmes niet altijd het absolute optimale
resultaat behalen.

8. De vermoeiingslevensduur van het hart wordt vergeten wanneer fysieke acti-
viteiten en sport worden aangeprezen voor een langer en gezonder leven.

9. Hedendaagse windturbines zijn van dergelijke afmetingen dat ze significante
menging van de (nachtelijke) atmosferische grenslaag veroorzaken, waardoor
het lokale klimaat beïnvloed wordt.

10. Werkvergaderingen in het bedrijfsleven vertonen gelijkenissen met zwarte ga-
ten: er gaat veel energie in zitten, en wat er uit komt is klein en willekeurig.

Deze stellingen worden opponeerbaar en verdedigbaar geacht en zijn als zodanig
goedgekeurd door de promotor prof. dr. ir. R. C. Alderliesten.
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Summary

Fatigue crack growth in metals has been studied intensively for more than half a
century. This research field has been closely connected to the engineering indus-
try throughout history. It is therefore no surprise that the main focus has mostly
been on developing better prediction models rather than on understanding the phe-
nomenon of fatigue crack growth. This dissertation focuses on improving our un-
derstanding of the underlying physics, and presents several novel insights primarily
relating to crack closure modeling and crack growth rate modeling.

Crack closure corrections play an important role in many fatigue crack growth
models. They are linked to the similitude parameter Δ𝐾eff, which removes the effect
of the stress ratio 𝑅 in fatigue crack growth curves. A literature survey showed that
it is nearly impossible to measure crack opening and closure at the exact crack tip.
Consequently, many closure measurements are imprecise. A theoretical physical
model of a fatigue specimen was developed using multiple springs and an equal
energy area analogy, to calculate the closure stress. The important conceptual leap
here is that the phenomenological closure stress from measurements and literature
can be different from the true physical closure stress. Finite element analysis was
used to obtain the physical closure stresses, as they cannot be measured at the
exact crack tip. Using the physical closure model in reverse, it was shown that
the resulting phenomenological closure stresses fell well within the values reported
in literature with similar trends. This was shown for different maximum stresses
𝑆max and a range of stress ratios 𝑅. This newly developed physical model of crack
closure shows that the phenomenological closure stress used in Δ𝐾eff approaches
is not equal to the true or physical closure stress, but that they can be linked.
It also shows that the Δ𝐾eff similitude parameter, although widely used, is only
partially describing the crack closure phenomenon because it neither correctly nor
completely includes the closure phenomenon.

In order to measure the fatigue crack length development with high accuracy
during fatigue tests, a direct current potential drop setup was developed. Multiple
constant amplitude fatigue tests were performed. Environmental effects were mini-
mized by comparing with an identical, uncracked reference specimen placed next to
the test specimen. The novelty was the use of an FPGA (field-programmable gate
array) allowing kHz rate measurements, which made it possible to measure the
potential development several thousand times through each fatigue cycle. These
results could be linked to a combination of the Poisson effect and piezoresistivity. A
distinct plateau behavior around maximum loading was observed, which was shown
to be related to crack tip plasticity, for it is absent during elastic loading of an un-
cracked specimen. The start and end timing instances of the plateau with respect to
the cycle were correlated to the timing instances of the opening and closure stress
in the loading cycle.

ix



x Summary

The link between the potential drop through the cycle measurements and crack
tip plasticity was further correlated using specimen surface deformation measure-
ments. A high frequency (6400Hz), two-dimensional digital image correlation sys-
tem was used to measure and calculate the in-plane strain during fatigue tests.
A load cycle near the end of the fatigue life showed that the crack tip plastic
zone translated during part of the load cycle, corresponding well with the observed
plateau in the potential drop values during the loading phase. During the unloading
phase, this translation was not reversed, suggesting that it is possible to indirectly
observe crack growth during a single cycle using this combined technique.

A novel fatigue crack growth model is presented, with a physical basis. It con-
sists of two parts: an energy balance and a model based on the analogy of a
sliding box. The energy balance connects the global applied energy to local dissi-
pation terms related to crack growth. This balance models the growth of applied
work and dissipation through the fatigue life, but cannot provide the step size in
cycles. This is an important outcome of the physical energy balance equation: fa-
tigue cycles are not present in it, because cycles are dimensionless. The sliding box
analogy provides a theoretical model which describes the fatigue crack growth per
cycle. A coupling with a discrete version of the energy balance provides a qualita-
tively correct analogy for constant amplitude fatigue crack growth. This is shown
by correlation with fatigue test data of aluminum and steel specimens. It is one
of the first times that a general fatigue crack growth model uses a proper physical
basis.

This PhD research project started by looking into the meaning of common simil-
itude parameters Δ𝐾 and Δ𝐾eff, which are functions of the crack length. The re-
alization was made that different starter crack geometries, such as corner cracks,
surface cracks, and through cracks, all grow at different rates until they become full
through cracks. Using the (projected) crack surface area instead of the crack length
as base parameter for the similitude parameter provides a better comparison for
fatigue crack growth data from different starter crack geometries. This was studied
using a modified Newman-Raju crack growth model, and by developing a cellular
automaton. This cellular automaton models the crack front development for single
as well as multiple starter cracks, without a direct connection with fatigue. The
similar results hint strongly at an underlying and common physical basis for the
cellular automaton and the development of fatigue cracks.

The results of the above areas of research have been published in several journal
papers, an international conference paper, a data set publication, and this disser-
tation.



Samenvatting

Vermoeiingsscheurgroei in metalen wordt al meer dan een halve eeuw intensief be-
studeerd. Dit onderzoeksgebied is historisch gezien nauw verbonden met de werk-
tuigbouw en de luchtvaart- en ruimtevaartindustrie. Het is daarom geen verrassing
dat de nadruk overwegend lag op het verbeteren van voorspellingsmethodieken,
in plaats van het natuurkundig doorgronden van het vermoeiingsfenomeen. Deze
dissertatie richt zich op het verbeteren van ons begrip van de onderliggende fysica,
en presenteert verschillende nieuwe inzichten die voornamelijk betrekking hebben
op het fysisch modelleren van scheursluiting en scheurgroeisnelheid.

Scheursluitingscorrecties spelen een belangrijke rol in veel vermoeiingsscheur-
groeimodellen. Ze zijn gekoppeld aan de gelijkenisparameter Δ𝐾eff, die het effect
van de belastingsverhouding 𝑅 in scheurgroeisnelheidskrommen normaliseert. Uit
literatuuronderzoek bleek dat het bijna onmogelijk is om scheuropening en scheur-
sluiting aan de werkelijke scheurtip te meten. Hieruit volgt dat deze metingen vaak
enigzins onnauwkeurig zijn. Een theoretisch natuurkundig model werd opgesteld
dat een vermoeiingsproefstuk modelleert als meerdere mechanische veren, en een
equivalente energie-oppervlakte analogie, waaruit de werkelijke scheursluitingsbe-
lasting bepaald kan worden. Het belangrijke vernieuwende inzicht hier is dat de
fenomenologische scheursluitingsbelasting uit metingen een andere kan zijn dan de
werkelijk aanwezige scheursluitingsbelasting. Een eindige-elementenanalyse werd
gebruikt om deze werkelijke scheursluitingsbelasting te verkrijgen, omdat metin-
gen aan de werkelijke scheurtip niet mogelijk zijn. Door vervolgens het opgestelde
natuurkundige model in omgekeerde richting te gebruiken, werd aangetoond dat
de verkregen fenomenologische scheursluitingsbelastingen qua trend en waarden
goed overeen kwamen met data uit de literatuur. Dit werd aangetoond voor een
reeks belastingsverhoudingen 𝑅 bij verschillende maximale belastingen 𝑆max. Dit
nieuw ontwikkelde fysische model van scheursluiting laat zien dat de fenomenologi-
sche scheursluitingsbelasting in Δ𝐾eff methodieken niet gelijk is aan de werkelijke of
fysische scheursluitingsbelasting, maar dat ze aan elkaar gerelateerd kunnen wor-
den. Het model laat ook zien dat de gelijkenisparameter Δ𝐾eff, hoewel veelvuldig
gebruikt in de literatuur, het scheursluitingsfenomeen slechts gedeeltelijk beschrijft,
omdat het scheursluiting niet op correcte noch complete wijze meeneemt.

Om de ontwikkeling van de vermoeiingsscheurlengte met hoge nauwkeurigheid
te meten, werd een gelijkstroom potentiaaldalingsmeetsysteem verder ontwikkeld.
Meerdere constante amplitude vermoeiingstesten werden hiermee uitgevoerd. Om-
gevingsinvloeden werden geminimaliseerd door het testproefstuk steeds te ver-
gelijken met een identiek en onvermoeid referentieproefstuk dat direct naast het
testproefstuk was geplaatst. De noviteit was de toepassing van een FPGA (field-
programmable gate array) die een meetfrequentie in kHz mogelijk maakte, waar-
mee de potentiaal tot wel enkele duizenden keren per belastingscyclus gemeten

xi



xii Samenvatting

werd. De resultaten konden gecorreleerd worden aan een gecombineerd effect
van het Poisson effect en piezoresistiviteit. Duidelijk waarneembaar was een pla-
teau rond de maximale belasting, welke aan scheurtipplasticiteit gerelateerd kon
worden, omdat deze afwezig is gedurende elastische vervorming van een onge-
scheurd proefstuk. De begin en eind tijdstippen van het plateau met betrekking tot
de belastingscyclus konden gecorreleerd worden aan de respectievelijke tijdstippen
van scheuropeningsbelasting en scheursluitingsbelasting.

Het verband tussen de potentiaaldalingsmetingen en de scheurtipplasticiteit
werd verder onderzocht door oppervlaktedeformatiemetingen van proefstukken ge-
durende vermoeiingstesten. Een hoogfrequent (6400Hz), tweedimensionaal digi-
taal beeldcorrelatiesysteem werd gebruikt om de vervormingen van het proefstuk-
oppervlak te meten, en de gerelateerde rek te berekenen. Een belastingscyclus aan
het eind van het vermoeiingsleven toonde aan dat het gebied met scheurtipplastici-
teit zich verplaatste gedurende het een gedeelte van de eerste helft van deze cyclus,
wat goed overeenkomt met het geobserveerde plateau in de potentiaaldalingsme-
tingen. Gedurende de tweede helft van de cyclus bleek de verplaatsing permanent,
wat suggereert dat het mogelijk is om met deze combineerde technieken indirect
de scheurgroei te observeren, gedurende een enkele belastingscyclus.

Een nieuw vermoeiingsscheurgroeimodel wordt hier gepresenteerd, met een na-
tuurkundige basis. Het bestaat uit twee delen: een energiebalans, en een model dat
gebaseerd is op een natuurkundige analogie van een schuivende doos. De ener-
giebalans verbindt de globaal aangebrachte energie met de lokaal gedissipeerde
energietermen die gerelateerd zijn aan scheurgroei. Deze balans modelleert de
groei van aangebrachte energie en dissipatie gedurende het hele vermoeiingsle-
ven, maar kan de stapgrootte in vermoeiingsbelastingscycli niet weergeven. Dit is
een belangrijke uitkomst van de energiebalansvergelijking: vermoeiingsbelastings-
cycli zijn afwezig, omdat ze dimensieloos zijn. De schuivende doos analogie geeft
wel een theoretisch model voor de scheurgroei per vermoeiingsbelastingscyclus.
Een koppeling met een discrete versie van de energiebalansvergelijking geeft een
kwalitatief correcte analogie voor een constante amplitude vermoeiingsbelastings-
spectrum. Dit is aangetoond door correlatie met experimentele vermoeiingsdata.
Het is een van de eerste keren dat een algemeen vermoeiingsscheurgroeimodel
een werkelijk fysische basis gebruikt.

Dit promotieonderzoek begon met het onderzoeken van de betekenis van ge-
lijkenisparameters Δ𝐾 en Δ𝐾eff, die beiden functies zijn van de scheurlengte. Een
realisatie was dat verschillende scheurfrontgeometrieen zoals hoekscheuren, op-
pervlaktescheuren, en volledige-breedte-scheuren, elk met verschillende snelheden
groeien totdat ze allemaal volledige-breedte-scheuren geworden zijn. Door in de
gelijkenisparameter de (geprojecteerde) scheuroppervlakte te gebruiken in plaats
van de scheurlengte, kan scheurgroeidata van verschillende scheurfrontgeometri-
een beter vergeleken worden. Dit is onderzocht aan de hand van een aangepast
Newman-Raju model voor scheurgroei, en door middel van een cellulaire automaat.
Deze cellulaire automaat modelleert de scheurfrontontwikkeling voor zowel enkele
als meervoudige startscheuren, en zonder een directe fysische link met het ver-
moeiingsfenomeen. De resultaten zijn vergelijkbaar met het theoretische model,
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en duiden sterk op een onderliggende algemene fysische basis is voor de cellulaire
automaat en de ontwikkeling van vermoeiingsscheuren.

De resultaten van bovengenoemde onderzoeken zijn gepubliceerd in weten-
schappelijke tijdschriften, op een internationaal congres, als een datasetpublicatie,
en in deze dissertatie.





Nomenclature

Chapter 1

𝑎 crack length [mm]
𝑑𝑎/𝑑𝑁 crack growth rate [mm

cycle−1]
𝐶 constant in the Paris equation (not dimensionless) [MPa−𝑚

m1−𝑚/2]
CA constant amplitude [-]
CCT center crack tension specimen type [-]
𝐽 applied work [J]
̇𝐽 change in applied work [-]
𝑚 exponent in the Paris equation [-]
𝑆max maximum stress [MPa]
𝑆op opening stress [MPa]
𝑈a energy related to crack extension [J]
�̇�a derivative of energy related to crack extension [-]
𝑈e elastically stored energy [J]
�̇�e derivative of elastically stored energy [-]
𝑈ep change in elastic energy due to plastic deformation [J]
�̇�ep derivative of change in elastic energy due to plastic [-]

deformation
𝑈p energy related to plastic deformation [J]
�̇�p derivative of energy related to plastic deformation [-]

𝛽 finite width correction factor [-]
Δ𝐾 similitude parameter [MPa m0.5]
Δ𝐾eff similitude parameter [MPa m0.5]

Chapter 2

𝐴n constants for Newman closure correction [-]
𝑎 crack length [mm]
𝐶 constant in the Paris equation (not dimensionless) [MPa−𝑚

m1−𝑚/2]
CA constant amplitude [-]
COD crack tip opening displacement [mm]
CV coefficient of variation: 𝜎/𝜇 [-]
𝑑𝑎/𝑑𝑁 crack growth rate [mm

xv



xvi Nomenclature

cycle−1]
𝐸 stiffness [GPa]
𝐸Δ linear elastic stiffness, difference [GPa]
𝐸0 linear elastic stiffness, crack closed [GPa]
𝐸1 linear elastic stiffness, crack open [GPa]
GLARE GLAss REinforced aluminum [-]
𝐾I stress intensity factor (mode I) [MPa m0.5]
𝐾L Correia et al. limiting 𝐾max [MPa m0.5]
𝐾max similitude parameter, maximum [MPa m0.5]
𝐾0 similitude parameter, at yield or flow stress [MPa m0.5]
LEFM linear elastic fracture mechanics [-]
𝑚 exponent in the Paris equation [-]
𝑁 number of cycles [-]
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑆cl closure stress [MPa]
𝑆max maximum stress [MPa]
𝑆mean mean stress: (𝑆max + 𝑆min)/2 [MPa]
𝑆min minimum stress [MPa]
𝑆op opening stress [MPa]
𝑆op,phys true opening stress [MPa]
𝑆op,phen opening stress used in Δ𝐾eff equation [MPa]
𝑆yield yield stress [MPa]
𝑡 time [s]
𝑈 energy [J]
𝑈SIF effective stress intensity factor ratio [-]
VA variable amplitude [-]
𝑊 specimen width [m]

𝛼𝐷𝐾 De Koning closure correction parameter [-]
𝛼𝑁 Newman closure correction factor [-]
𝛽 finite width correction factor [-]
Δ𝐾 similitude parameter [MPa m0.5]
Δ𝐾0 SIF (mode I) at crack tip [MPa m0.5]
Δ𝐾eff similitude parameter [MPa m0.5]
Δ𝐾max SIF (mode I) at 𝑆max [MPa m0.5]
Δ𝑆 stress range: 𝑆max − 𝑆min [MPa]
Δ𝑆eff effective stress range: 𝑆max − 𝑆op [MPa]
Δ𝑈 change in energy (during loading) [J]
Δ𝑈comp change in compressive energy (during loading) [J]
Δ𝑈inf change in energy (during loading), infinite plate [J]
Δ𝐾th,0 Correia et al. crack propagation threshold at 𝑅 = 0 [MPa m0.5]
Δ𝑈tens change in tensile energy (during loading) [J]
𝛾 Correia et al. material parameter [-]
𝜀max maximum strain [-]
𝜀min minimum strain [-]
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𝜀op opening strain [-]
𝜇 mean [-]
𝜎 standard deviation [-]
𝜎0 Flow stress for Newman closure correction: [MPa]

(𝜎y + 𝜎uts) /2
𝜎uts ultimate tensile strength [MPa]
𝜎y yield strength [MPa]

Chapter 3

𝐴 area, specimen cross-section [m2]
𝐴∗ unit area [m2]
𝑎 crack length [mm]
CCT center crack tension specimen type [-]
C(T) compact tension specimen type [-]
DIC digital image correlation [-]
𝑑𝑎/𝑑𝑁 crack growth rate [mm

cycle−1]
𝐸 stiffness [MPa]
EMF (thermal) electromotive force [V]
ESE(T) eccentrically-loaded single edge specimen type [-]
FPGA field-programmable gate array [-]
ℎ temperature [°Celsius]
𝐼 electrical current [A]
𝐿 length [mm]
𝐿∗ unit length [m]
LEFM linear elastic fracture mechanics [-]
LT long transverse, material grain direction [-]
M(T) middle tension specimen type [-]
OL overload [MPa], [-]
PD potential drop [-]
PDTTC potential drop through the cycle [-]
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑆 mechanical stress [MPa]
𝑆cl closure stress [MPa]
𝑆cl,phen closure stress used in Δ𝐾eff equation [MPa]
𝑆cl,phys true closure stress [MPa]
𝑆max maximum stress [MPa]
𝑆min minimum stress [MPa]
𝑆op opening stress [MPa]
𝑆op,phen opening stress used in Δ𝐾eff equation [MPa]
𝑆op,phys true opening stress [MPa]
𝑆yield yield stress [MPa]
TTC through the cycle [-]
𝑡 time, fractional time through cycle [s], [-]



xviii Nomenclature

𝑡𝑆,cl fractional time instant of crack tip closure [s]
𝑡𝑆,op fractional time instant of crack tip opening [s]
𝑉 specimen volume [mm3]
𝑉∗ unit volume [m3]
𝑊 specimen width [mm]

𝛽 finite width correction factor [-]
Δ𝐾 similitude parameter [MPa m0.5]
Δ𝐾eff similitude parameter [MPa m0.5]
𝜀 strain [-]
𝜈 Poisson’s ratio [-]
𝜌 electrical resistivity [Ohm m]
𝜎 standard deviation [-]
𝜙 electrical potential [V]
Ω electrical resistance [Ohm]

Chapter 4

CA constant amplitude [-]
DIC digital image correlation [-]
𝑑𝑎/𝑑𝑁 crack growth rate [mm

cycle−1]
PDTTC potential drop through the cycle [-]
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑆max maximum stress [MPa]
𝑡 time, fractional time through cycle [s], [-]

𝜀yy strain in loading direction [-]

Chapter 5

𝑎 crack length [mm]
𝑎0 starter crack length [mm]
𝑏 constant in the Paris equation [-]
𝐶 constant in the Paris equation (not dimensionless) [MPa−𝑚

m1−𝑚/2]
𝐶stic stiction coefficient [-]
𝐶fric friction coefficient [-]
CA constant amplitude [-]
𝑑𝑎/𝑑𝑁 crack growth rate [mm

cycle−1]
𝑑𝑈/𝑑𝑁 change in energy or applied work per cycle [J cycle−1]
𝑑𝑈a/𝑑𝐴 applied work per crack surface creation [J m−2]
𝑑𝑈a/𝑑𝑁 dissipated crack surface creation energy per cycle [J cycle−1]
𝑑𝑈e/𝑑𝑁 dissipated elastic energy per cycle [J cycle−1]



Nomenclature xix

𝑑𝑈p/𝑑𝑁 dissipated plastic energy per cycle [J cycle−1]
𝑑𝑈p/𝑑𝑉p dissipated plastic energy per change in plastic [J m−3]

volume
𝑑𝑉p/𝑑𝑎 change in plastic zone volume per crack length [m2]

extension
𝐸 stiffness [MPa]
𝐸∗ effective stiffness [MPa]
𝐹(𝑡) applied force on sliding box [N]
FEA finite element analysis [-]
𝐹fric crack growth energy or applied crack growth work [N]
𝐹max maximum applied force [N]
𝐹net(𝑡) net applied force on sliding box [N]
𝐹stic crack growth energy or applied crack growth work [N]
𝑖 numerical increment counter [-]
𝐽 applied work [J]
̇𝐽 change in applied work [-]
𝐾 similitude parameter [MPa m0.5]
𝐿 length [mm]
𝑀 sliding box mass [kg]
𝑚 exponent in the Paris equation [-]
𝑁 number of cycles [-]
𝑄 generic curve used in the fatigue crack growth [-]

energy equation
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑟p plastic zone radius [m]
𝑆max maximum stress [MPa]
𝑆min minimum stress [MPa]
𝑆op opening stress [MPa]
𝑆op,phen opening stress used in Δ𝐾eff equation [MPa]
𝑆op,phys true opening stress [MPa]
𝑆yield yield stress [MPa]
𝑇 specimen thickness [mm]
𝑡 time, fractional time through cycle [s], [-]
𝑈 energy or applied work [J]
𝑈a energy related to crack extension [J]
�̇�a derivative of energy related to crack extension [-]
𝑈e elastically stored energy [J]
�̇�e derivative of elastically stored energy [-]
𝑈ep change in elastic energy due to plastic deformation [J]
�̇�ep derivative of change in elastic energy due to plastic [-]

deformation
𝑈p energy related to plastic deformation [J]
�̇�p derivative of energy related to plastic deformation [-]
𝑈max maximum energy or applied work [J]
𝑈spring energy, applied work [J]



xx Nomenclature

𝑉p plastic zone volume [m3]
VA variable amplitude [-]
𝑣(𝑡) sliding box velocity [m s−1]
𝑊 specimen width [mm]
𝑥(𝑡) sliding box displacement [m]
𝑧(𝑡) sliding box acceleration [m2 s−1]

𝛽 finite width correction factor [-]
Δ𝑎 change in crack length [m]
Δ𝑎/Δ𝑁 change in crack length per change in cycles [m cycle−1]
Δ𝐾 similitude parameter [MPa m0.5]
Δ𝐾eff similitude parameter [MPa m0.5]
Δ𝑁 change in cycles [cycle]
Δ𝑈 change in energy or applied work [J]
Δ𝑈/Δ𝑁 change in energy or applied work per change in [J cycle−1]

cycles
𝛾 crack surface roughness scale parameter [-]
𝜀 strain [-]
𝜆 shear lip area increase scale parameter [-]
𝜙 golden ratio: (1 + √5)/2 [-]

Chapter 6

𝐴 crack surface area [mm2]
𝑎 crack length [mm]
𝑏 crack length through thickness [mm]
𝑑𝐴 change in crack surface [mm2]
𝑑𝐴/𝑑𝑁 crack surface growth rate [mm2

cycle−1]
𝑑𝑎 change in crack length [mm]
𝑑𝑎/𝑑𝑁 crack length growth rate [mm

cycle−1]
𝑓 crack front length [mm]
𝑁 number of cycles [-]
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑆max maximum stress [MPa]
𝑆min minimum stress [MPa]
𝑆ol overload maximum stress [MPa]
𝑇 specimen thickness [mm]
𝑊 specimen width [mm]

𝛽 elliptical crack aspect ratio modifier factor [-]
Δ𝐾a similitude parameter [MPa m0.5]
Δ𝐾th similitude parameter [MPa m0.5]
Δ𝐾A similitude parameter [MPa m]



Nomenclature xxi

𝛾 elliptical crack aspect ratio: 𝑏/𝑎 [-]
𝜀𝑦𝑦 strain in loading direction [-]

Chapter 7

𝐴 crack surface area [mm2]
𝑎 crack length [mm]
CA constant amplitude [-]
COD crack tip opening displacement [mm]
DIC digital image correlation [-]
𝑑𝐴 change in crack surface [mm2]
𝑑𝐴/𝑑𝑁 crack surface growth rate [mm2

cycle−1]
𝑑𝑎/𝑑𝑁 crack length growth rate [mm

cycle−1]
𝑑𝑈p/𝑑𝑉p dissipated plastic energy per change in plastic [J m−3]

volume
FEA finite element analysis [-]
𝑁 number of cycles [-]
PD potential drop [-]
PDTTC potential drop through the cycle [-]
𝑄 generic curve used in the fatigue crack growth [-]

energy equation
𝑅 stress ratio: 𝑆min/𝑆max [-]
𝑆 stress [MPa]
𝑆clphen closure stress used in Δ𝐾eff equation [MPa]
𝑆max maximum stress [MPa]
𝑆min minimum stress [MPa]
𝑆op opening stress [MPa]
𝑆op,phen opening stress used in Δ𝐾eff equation [MPa]
𝑆op,phys true opening stress [MPa]
𝑆yield yield stress [MPa]
𝑡𝑆,cl fractional time instant of crack tip closure [s]
𝑡𝑆,op fractional time instant of crack tip opening [s]
VA variable amplitude [-]
𝑊 specimen width [mm]

Δ𝑎 change in crack length [m]
Δ𝑎/Δ𝑁 change in crack length per change in cycles [m cycle−1]
Δ𝐾A similitude parameter [MPa m]
Δ𝐾a similitude parameter [MPa m0.5]
Δ𝐾eff similitude parameter [MPa m0.5]
𝜎 standard deviation [-]
𝜙 electrical potential [V]





1
Introduction

This introduction discusses the need for a better understanding of fatigue
crack growth physics, with a concise literature review. It positions this PhD
research project and its topics within the general fatigue crack growth re-
search field. The aim and scope of the project are given, and the dissertation
outline is explained.
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2 1. Introduction

1.1. The need for a better understanding of fatigue
crack growth

F or more than half a century, fatigue crack growth has been a significant area
of materials and structures research. Numerous prediction models were devel-

oped, based on an abundance of measurement data. These models provide valu-
able tools for the engineering industry to design structures against fatigue failure,
thereby actively preventing enormous financial damages to the economy.

Most of these fatigue crack growth models are based on measurements from
fatigue tests: they are phenomenological. The measurements allow verification of
the model results. However, it is challenging to measure inside the specimen and
at the very crack front, and therefore there exists an inherent uncertainty in these
measurements. Furthermore, many models are partially or completely developed
using curve fitting of these measurements, often with several fitting constants and
corrections. This results in realistic models, but does not necessarily explain the
underlying physical principles governing the crack growth.

1.2. From phenomenological literature to a physics
based equation

I n 1839, the word ‘fatigue’ was used for the first time in writing by Poncelet
[1], describing how cast iron axles used in mill wheels became ‘tired’ after a

certain period of usage. The 1842 Versailles rail accident, Ref. [2], at the time
the largest in the world, was caused by metal fatigue. Its accident investigation is
widely regarded as the start of the fatigue research field, which later expanded to
explicitly include the study of the crack growth phenomenon. In the 1950s several
important investigations were carried out regarding the stress field and the plastic
zone shape, including notably the work of Irwin [3, 4]. This work, combined with
the insights from Paris and Erdogan [5] in the 1960s, gave the research field a
large impulse: many fatigue crack growth data could now be expressed as a simple
power law:

𝑑𝑎
𝑑𝑁 = 𝐶Δ𝐾𝑚 (1.1)

Which is illustrated in Figure 1.1, for constant amplitude (CA) fatigue data. Δ𝐾
is the stress intensity factor, a similitude parameter based on the crack tip stress
state or intensity, and the geometry:

Δ𝐾 = 𝑆max𝛽√𝜋𝑎 (1.2)

Fatigue crack growth curves at different stress ratios 𝑅 = 𝑆min/𝑆max, for a given
alloy, could be normalized onto a single curve by replacing Δ𝐾 by the similitude
parameter Δ𝐾eff:

Δ𝐾eff = (𝑆max − 𝑆op) 𝛽√𝜋𝑎 (1.3)
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Figure 1.1: Crack growth rate 𝑑𝑎/𝑑𝑁 versus Δ𝐾eff of two CA fatigue tests on Al 2024-T3 CCT specimens.
Plotted on double logarithmic axes, each data set resembles a straight line, and can be fitted with a power
law.

Which is based on Δ𝐾 and includes the opening stress 𝑆op. The resulting form
of the fatigue power law is widely known, and is the basis of many fatigue crack
growth models:

𝑑𝑎
𝑑𝑁 = 𝐶Δ𝐾eff𝑚 (1.4)

Many descriptive and predictive fatigue models currently used in industry are
descendants of this original power law model using Δ𝐾eff, notably FASTRAN [6],
NASGRO [7], PREFFAS [8], ONERA [9], CORPUS [10, 11]. There are also several
related models based on Dugdale’s strip yield model [12] which provides 𝑆op values,
such as [13–16].

The above mentioned models have become near accurate, yet none of them
are physically correct. For example: the ubiquitous ‘Paris law’ for fatigue crack
growth, Equation (1.1), and its modified version Equation (1.4), are dimensionally
incorrect. This uncomfortable truth is often neglected, given the abundance of
power law models. The constant 𝐶 in Equation (1.1) is a function of the exponent
𝑚 too, with the unit being: MPa𝑚m(1−𝑚/2). The real question here is: Does the
choice of similitude parameter cause this dimension issue? Furthermore, there is no
apparent physical reason why the crack growth rate would follow a power law, as
Paris himself noted [17]. It appears that the choice of similitude parameter together
with a power law remained a convenient engineering approximation method, for it
shows up as a straight line on a double logarithmic plot.
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There is another issue, regarding the choice of similitude parameter. The widely
used Δ𝐾eff uses an opening stress 𝑆op. This opening stress is notoriously difficult
to measure accurately, as mentioned in Refs. [18–20]. Finite element analysis can
provide insight here, notwithstanding the inherent numerical and modeling limita-
tions. The FEA results differ from the measurements. The hypothesis followed here
is that the FEA or physical opening stress 𝑆op,phys is different, but relatable, to the
phenomenological opening stress 𝑆op,phen used in the Δ𝐾eff approach. The expla-
nation and discussion show that the understanding of crack closure is incomplete,
and that the physical understanding of the phenomenon is not yet correct.

Starting with the power law model in the 1960s, did the research field stay
largely empirical and phenomenological. Various improved models were developed
from an engineering perspective to more accurately predict constant amplitude (CA)
and variable amplitude (VA) fatigue for industry. Only recently does the fatigue
research community start to look into fatigue crack growth from a pure physics
perspective. Notable examples are, amongst others, the works of Alderliesten [21–
24], Jones [25], Ranganathan [26], and Bhangale [27]. Equating dissipation to
applied work is a method to describe fatigue crack growth based on physical pa-
rameters. The equation is a balance of energy terms, and is therefore called the
energy balance (of fatigue crack growth).

The basic form of the energy balance states that the change in applied work
equals the dissipation of energy due to crack growth and plastic deformation, plus
the elastic energy lost due to the increased plastic zone:

̇𝐽 = �̇�a + �̇�p + �̇�ep (1.5)
Consider a single load cycle of a load-controlled fatigue specimen. Figure 1.2

shows the development of the energy balance terms schematically. During loading,
the applied work is first stored as elastic energy. When plasticity increases and
crack growth happens, the specimen compliance increases, which requires extra
work. During unloading, the decreased effective stiffness relieves a certain amount
of energy as elastic energy, but not all energy. The difference is the sum of energy
dissipated by crack extension, plasticity generation, and change in elastic energy
due to the plasticity increase. This total dissipation is equal to the effective or net
applied work. In other words, the change in work also equals the change in elastic
energy:

̇𝐽 = �̇�e,out − �̇�e,in (1.6)
The energy balance also holds for any arbitrary increase in crack length or

amount of cycles, where integrating on both sides gives the respective energy quan-
tities. This basic form is a starting point for a physics based approach to fatigue
crack growth.

1.3. Research focus

T his dissertation is a continuation of the quest for understanding the physics of
fatigue crack growth. It focuses on the following topics:
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Figure 1.2: Applied work and dissipation in a single cycle of a load-controlled fatigue specimen, schemat-
ically explained. (a) During loading, applied work is stored as elastic energy. (b) The total applied work
increases when the specimen compliance increases from A to B. (c) During unloading, an increased
amount of elastic energy is released. The amount of energy not recovered, equals the energy dis-
sipation related to fatigue crack growth, which caused the compliance increase. (d) A more realistic
interpretation of a single fatigue cycle. The dissipated work starts and stops at crack opening and crack
closure, respectively.
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• The crack opening and closure models: A critical review from a physics point
of view.

• The direct current potential drop measurement technique: An extension of
this technique provides insight in the crack tip plasticity development.

• A continuous energy balance equation of fatigue crack growth: Presenting an
equation which links the applied work on the specimen to fatigue dissipation
mechanisms.

• The physical modeling of the crack growth rate throughout the fatigue life:
Presenting a physical model with discrete steps over the continuous energy
balance equation, thereby modeling fatigue crack growth.

• The choice of crack similitude parameter in fatigue crack growth modeling: A
different crack similitude parameter is suggested to remove differences and
data scatter originating from different starter crack geometries in fatigue data
of small cracks.

1.4. Aim and scope of this dissertation

T he aim of this current research is to obtain a better understanding of the physics
underlying fatigue crack growth.
The scope of this research project is to investigate fatigue crack growth using

both theoretical modeling, finite element analysis, and experimental verification.
The main focus is on physics based theoretical modeling with numerical imple-
mentation, supplemented by FEA and fatigue tests. Most tests were done by the
author, and a small number of other data sets were used to strengthen ideas and
conclusions where necessary.

1.5. Dissertation outline

I n Chapter 2, a novel insight into the ubiquitous closure corrections found in
literature, and used in industry, is explained. It shows how the opening and

closure stresses used in Δ𝐾eff approaches are not the physical opening and closure
stresses, but that they are, however, related to each other. This allows a conversion
from the physical stress to the stress related to the Δ𝐾eff approach. The challenges
of measuring the opening and closure stresses at the exact crack tip, and along
the crack front within the material, are discussed. To circumvent these challenges,
finite element analysis is applied to model the physical opening and closure stresses
for a range of stress ratios 𝑅. Then, the conversion from these physical stresses
to the phenomenological Δ𝐾eff approach stresses is applied. It is shown that the
resulting calculated phenomenological closure correction falls well within the known
range of closure corrections.

In order to get a more complete picture of what happens during fatigue crack
growth, a direct current potential drop measurement system was created, which
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could take multiple measurements throughout each fatigue cycle. Chapter 3 ex-
plains this ambitious project and the unusual and interesting results gained from it:
linking crack tip plasticity to the potential drop signal.

An additional confirmation of the link between plasticity and potential drop mea-
surements was obtained by using digital image correlation to measure and monitor
the plastic zone development throughout the load cycle. This confirmation is ex-
plained in Chapter 4.

Chapter 5 presents an energy balance equation for fatigue crack growth, in
detail. This balance holds for constant amplitude fatigue but insights are given for
extension to variable amplitude fatigue. Furthermore, a complementary physical
model based on a sliding box analogy is presented which models the discrete steps
along the energy balance equation. Together, they make modeling of the fatigue
crack growth rate 𝑑𝑎/𝑑𝑁 possible.

Alternative, improved choices for the similitude parameters Δ𝐾 and Δ𝐾eff are
explained in Chapter 6. Most parameters are a function of the crack length, but the
crack itself forms a surface. In order to compare fatigue tests with different starter
crack geometries, the use of the crack area as a similitude parameter, rather than
the crack length, could remove a significant portion of the data spread in the small
crack range.

Finally, the main conclusions and recommendations of these research projects
are given in Chapter 7.
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2
Unraveling the myth of

closure corrections:
Sharpening the definition of
opening and closure stresses

with an energy approach

The substantiation of fatigue crack closure corrections is disputed, based on
the closure stress definition. The Δ𝐾eff equation lacks a physical explanation.
An inconsistency is observed between the opening stress 𝑆op,phen as used by
this equation and the physical opening stress 𝑆op,phys. This 𝑆op,phys is related
to 𝑆op,phen through an energy equivalent area approach. Furthermore, an
elastic spring model is used as a physical approach to crack closure effects.
An FEA approach generates 𝑆op,phys values, which are reworked into 𝑆op,phen.
This physical model agrees well with existing closure corrections, and is able
to provide a physical explanation for their necessity.

This chapter is a modified version of the publication in International Journal of Fatigue [1].
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2.1. Introduction

F atigue crack growth in metals can be described using linear elastic fracture me-
chanics (LEFM). One of the key concepts of LEFM is the range of stress intensity

factors Δ𝐾 indicating the severity of the stress distribution around the crack tip, as
function of the applied far field stress range Δ𝑆 and half crack length 𝑎.

In 1961 Paris et al. [2] observed that the crack growth rate 𝑑𝑎/𝑑𝑁 is a function
of both Δ𝐾 and the stress ratio 𝑅. The 𝑅 dependency can be accounted for by
replacing Δ𝑆 with an effective stress range Δ𝑆eff = 𝑆max − 𝑆op, which results in the
effective stress intensity factor:

Δ𝐾eff = Δ𝑆eff𝛽√𝜋𝑎 (2.1)

The stress level 𝑆op is considered the stress level corresponding to the first
moment in the loading cycle where the crack tip is fully opened. The existence of
such a stress value is widely reported, among others in refs. [3–9].

The use of the effective stress range results in crack growth curves collapsing
onto each other. Elber [10] was one of the first to relate this reduced stress range to
the observed phenomenon of crack closure. The current state of the art models [11–
13] use the stress intensity factor Δ𝐾eff as similitude parameter, because different
fatigue cases can then be compared using the unique relationship between Δ𝐾eff
and 𝑑𝑎/𝑑𝑁, independent of 𝑅. The similitude parameter Δ𝐾eff is often linked to the
crack growth rate using a power law, such as the Paris equation, ref. [14], which is
a purely empirical correlation, for which the physical explanation is unknown, ref.
[15].

𝑑𝑎
𝑑𝑁 = 𝐶Δ𝐾eff𝑚 (2.2)

In ref. [10] it is reported that during the loading phase of a fatigue cycle an initial
nonlinear relationship is observed between the crack opening displacement and the
applied stress. This initial nonlinearity is ascribed to crack closure effects, imposed
by plasticity. During unloading the plastically deformed area around the crack tip
can close before 𝑆min is reached, and similarly during loading the crack tip starts to
open at a stress level above 𝑆min. This crack tip plasticity plays an important role
in crack closure, yet it does not correspond well with the LEFM theory on which the
Δ𝐾eff parameter is based. A main LEFM assumption is that plasticity is concentrated
in an infinitesimally small area at the crack tip. The plasticity related contradiction
between LEFM and the Δ𝐾eff parameter therefore suggests that Δ𝐾eff and related
closure corrections are not complete. Moreover, Δ𝐾eff is often assumed to be the
driving force for crack growth, while this statement has little physical basis: it is not
a force, but it rather is a representation of stress effects at the crack tip.

There is no reason why the Δ𝐾 approach using Δ𝑆 would give a correct result,
as the method is not physically correct. The improved approach of Δ𝐾eff using Δ𝑆eff
with 𝑆op still suffers from the same oversight, it tries to correct a method that was
not physically correct to begin with. In this paper a discrepancy in opening stress
values and closure corrections is explained, and a physical method is presented to
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transform true opening stresses to 𝑆op values used in the Δ𝐾eff closure correction
approach. As a first step, the incompleteness of closure corrections based on this
Δ𝐾eff approach are further elaborated on below.

Equation (2.1) is a function of 𝑆op to account for closure effects. Closure correc-
tions such as Elber [10], Schijve [16], De Koning [17], and Newman [18], describe
closure effects using the nondimensional parameter 𝑆op/𝑆max. The latter three
predict crack closure for all stress ratios 𝑅, even though there is a range of 𝑅 val-
ues where the crack tip never closes during the full load cycle, as suggested by
refs. [19–22]. Three other closure corrections, refs. [23–25] report similar closure
behavior but for steel instead of aluminum, suggesting that the existence of non-
closure near 𝑅 = 1 is not material dependent. Furthermore, all seven mentioned
closure corrections start to differ significantly for negative 𝑅 values, showing that
there is no true consensus on the crack closure behavior at compressive 𝑆min.

Multiple sources suggest that crack closure is not the main driver for the spread
seen in the closure corrections, but that the environment is significant. Kirby et al.
[29] note from fatigue tests on aluminum 7075-T7351 that the environment itself
plays a significant role; in vacuum the effect of stress ratio 𝑅 was observed to be
nearly absent. Suresh et al. [30], reach the same conclusion, again using aluminum
7075. They state that Δ𝐾th and 𝑑𝑎/𝑑𝑁 are practically independent of the stress
ratio 𝑅 in the range 0.1 < 𝑅 < 0.8, both for wavy and planar slip alloys. Recently,
Vasudevan et al. [31], after more experimental work using aluminum, suggest that
the major influence of the stress ratio 𝑅 on 𝑑𝑎/𝑑𝑁 in air (or non-vacuum) may be
the result of processes at the crack tip, rather than crack closure effects in the crack
wake. Furthermore, environmental effects on the crack surface roughness are not a
significant cause of the spread in closure corrections, as shown by refs. [8, 26–28]
for different metals and different environments.

A large literature base, refs. [32–40], suggests that known closure corrections
are not sufficient to collapse 𝑑𝑎/𝑑𝑁 versus Δ𝐾 curves for various 𝑅 onto a single
𝑑𝑎/𝑑𝑁 versus Δ𝐾eff curve. Refs. [33, 41] discuss a theoretical model to account
for asperity effects behind the crack tip, showing that closure is only significant
when the crack is fully closed, and that the measured asperity effects are small.
Vasudevan et al. [33] note that despite several decades of literature, there seems
to be no accurate method of observing crack closure.

According to refs. [18, 42] 𝑆op/𝑆max varies with Δ𝐾max/𝐾o, and ref. [43] ob-
served the same with a strip-yield model. This suggests 𝑆op/𝑆max = 𝑓(𝑅, 𝑆max, 𝑆yield),
implying that, according to refs. [10, 16–18], all crack closure corrections as
𝑓(𝑅, 𝑆max) cannot accurately or uniquely describe closure for every R and metal
(or isotropic material), and that 𝑆yield or 𝜎0 needs to be taken into account.

If 𝑆op/𝑆max = 𝑓(𝑅, 𝑆max, 𝑆yield), it appears logical that there is also a finite width
effect. The finite width raises the net-section stress in the crack plane, increasing
the stress around the crack tip even more as the crack grows. Therefore it could
be that 𝑆op/𝑆max = 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊).

The incompleteness of common closure corrections to describe closure for all 𝑅
and for different materials raises a question about the definition of opening stress
𝑆op in the Δ𝐾eff equation: is it actually 𝑆op? This line of thought is further developed
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below.
In this paper a distinction is made between the phenomenologically observed

stress 𝑆op,phen, assumed to be the opening stress mentioned in literature and used
in crack closure corrections through Equation (2.1), and the true physical opening
stress 𝑆op,phys. The choice of the opening stress value 𝑆op,phen in the Δ𝑆 stress
range is addressed, and is linked to the true opening stress 𝑆op,phys using a the-
oretical model based on multiple linear elastic springs. A FEA simulation is used
to generate realistic 𝑆op,phys values, and together with an energy based model the
corresponding 𝑆op,phen for the Δ𝑆 range is obtained. The resulting 𝑆op,phys derived
closure correction resembles existing closure corrections, but is based on a physics
approach. It is shown that this new crack closure correction is a function of 𝑅,
𝑆max, 𝑆yield, and 𝑎/𝑊.

2.2. How experiments support closure corrections

T he crack closure corrections, proposed in [10, 16–18] are of similar trend but of
increasing complexity: see Table 2.1 and Figure 2.1. All these corrections are

indirectly related to measurements: either indirect phenomenological observations
of the crack (tip) opening displacement (COD), or by scaling 𝑑𝑎/𝑑𝑁 data (Paris
crack growth curves) over Δ𝐾eff for various 𝑅 values.

The De Koning [17] and Newman [18] equations need nondimensional fitting
parameters, to incorporate plane strain or plane stress conditions, or to include a
dependency on the flow stress 𝜎0. And all these closure corrections are based on
curve fitting of a limited amount of measurements. This has several implications
for the accuracy of the corrections, relating to applicable 𝑅 range, measurement
techniques, and curve fitting.

The measurements on which closure corrections are based are inevitably made
over a limited 𝑅 range. The corrections are then easily extrapolated beyond their
original 𝑅 range, a danger that Schijve [16] warns of. Elber’s equation (Table 2.1)
is a clear example, since the original 𝑅 range is known. Extrapolating this equation
for negative 𝑅 ratios gives unrealistic results, and it is generally assumed that it
holds correct only for 𝑅 ≥ −0.1.

The empirical nature and subsequent curve fitting practice of some closure cor-
rections is illustrated by Overbeeke et al. [25]: a discontinuity is present at 𝑅 = −0.5
while there is no physical reason for such a discontinuity to exist.

Furthermore, measuring 𝑆op is not straightforward since no measurement de-
vice can measure directly at the crack tip. For example, Elber [10] placed a clip
gauge system 2mm behind the crack tip. Such strain gauge measurements or COD
measurements give an indication of crack opening, but do not distinguish which part
of the crack has opened. Figure 2.2 explains this schematically, where a COD mea-
surement indicates an open crack, while the protrusion from an earlier (over)load
prevents the crack tip from opening at this particular load. The measured 𝑆op is
therefore not necessarily the physical opening. Duan et al., ref. [45], propose
a crack opening ratio parameter with an elaborate experimental setup to assess
fatigue crack closure. Notwithstanding the validity of the method, it remains an
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Figure 2.1: Closure corrections from literature. Curves with ‘o’ relate to aluminum, curves with ‘+’ relate
to steel, and other curves relate to metals in general. Note the limited Elber validity range, and the
empirical fitting parameters on some corrections.

indirect, phenomenologically derived measurement of crack opening or closure.

Figure 2.2: Two schematic crack tip cases. (a) Text book crack tip. (b) A protrusion from an earlier
(over)load is still closed, preventing crack tip opening and crack development. COD can incorrectly
suggest crack opening here.
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The closure corrections shown in table:cceq do not provide scatter bands or error
bars on the original measurements. One possible reason is the indirect construction
of 𝑆op/𝑆max values: these values can be constructed from 𝑑𝑎/𝑑𝑁 versus Δ𝐾eff crack
growth curves by having them coincide through introducing a shift in Δ𝐾eff. This
shift indicates the Δ𝑆eff needed and hence defines the opening stress 𝑆op, or more
precise: 𝑆op,phen.

To give a demonstration of this ambiguity; Schijve [4] used the same data, ref.
[5], as De Koning [17], yet arrived at a slightly different crack closure correction.
Using the same data set while arriving at two different equations suggests that
there is no consensus on the method how to extract the curve from the data. For
this particular data set Schijve gives values of the coefficient of variation CV. The
Δ𝐾eff shift as described above is used to generate 𝑆op/𝑆max values for six different
𝑅 values −1 ≤ 𝑅 ≤ 0.54, which result in CV values ranging from 4.5% to 8.6%.
When data point 𝑅 = −1 is omitted, the CV range improves towards 4.2% to 6.5%.
This illustrates the significant differences at low 𝑅 values of closure corrections, as
shown in Figure 2.1. The associated curve fittings are thereby affected too. These
variations are partially due to measurement scatter, but are also partially caused by
the inadequacy of the closure correction to match the observed Δ𝐾eff shift.

The issues mentioned above affect closure correction measurements, relating to
Δ𝑆eff. Δ𝐾eff, using Δ𝑆eff, is an improvement over Δ𝐾. This improvement is not com-
plete either, as the overall validity of the Δ𝐾eff equation is questioned in literature.
Kujawski [46] observes that Δ𝐾 tends to underpredict and Δ𝐾eff tends to overpre-
dict crack closure effects. Scaling parameters need to be applied to both Δ𝐾 and
Δ𝐾eff to match observations more closely. Castro et al. [47] mention experimental
results which cannot be fully explained by using either Δ𝐾 or Δ𝐾eff as similitude
parameter. Furthermore, while the incompleteness to describe crack closure of Δ𝐾
is noticed, it is not explained why Δ𝐾eff is incomplete too.

The closure correction measurement issues presented here suggest that Δ𝐾eff
does not fully or not correctly account for crack closure. There appears to be
an inconsistency in the definition of 𝑆op: the phenomenologically derived opening
stress is likely not the physical opening stress. 𝑆op,phen can be understood as a
virtual stress representing the applied work used for crack growth, in accordance
with the Δ𝐾eff approach. It is hypothesized that 𝑆op,phen is not necessarily equal to
𝑆op,phys, and this line of thought is further tested as explained in the next sections.

2.3. Why 𝑆op is phenomenological

C onsider Equation (2.1); it is often implicitly assumed to hold for all 𝑅. Note
that for 𝑅 close to unity, the crack might not close at all, because during the

load cycle, the stress never drops below the physical crack opening stress; in other
words 𝑆min > 𝑆op,phys. In such a case, in principle there should not be any closure
correction. Literature confirms that closure is not measured at high 𝑅 values; 𝑅 =
0.7 is the maximum value for which closure has been reported [18, 32].

Furthermore, plane strain conditions (mid-thickness) see significantly less plas-
ticity induced closure compared to plane stress conditions (near or at the surface).
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Observing crack closure at a specimen surface therefore tends to overestimate the
amount and influence of closure on the crack growth rate. The combination of ge-
ometry and 𝑆max results in differences in the transition from plane strain to plane
stress conditions during crack growth, which affects the observation of closure in
different tests. It follows that 𝑆op,phys/𝑆max = 𝑓(𝑅, 𝑆max): even though closure
corrections are normalized by 𝑆max, there is still an 𝑆max dependency related to the
internal stress conditions. This finding is in line with the aforementioned doubts
that Kujawski [46] states about the accuracy of Δ𝐾eff.

The choice of 𝑆max (for example as ratio of flow stress 𝜎0) at a given 𝑅 also
affects 𝑆op,phen/𝑆max, as the amount of crack tip plasticity changes. This effect is
mentioned since the 1980s by Newman [32, 48] and McClung et al. [49, 50], but
a physical explanation is not given in literature. Figure 2.3 is reproduced from ref.
[32], and shows the dependency of 𝑆op,phen on 𝑆max. It clearly demonstrates the
significant changes of 𝑆op,phen/𝑆max versus 𝑅 for plane stress.

Figure 2.3: Opening stress 𝑆op,phen/𝑆max versus the ratio of 𝑆max over the flow stress 𝜎0 for a range
of 𝑅 values, for both plane stress and plane strain.; reproduced from [32].

Furthermore, McClung [42] notes that the correlation of ratio of 𝑆max over the
flow stress 𝜎0 and 𝑆op,phen/𝑆max works for CCT specimens only, as the correlation
of this ratio and 𝑆op,phen/𝑆max for other geometries and/or loading conditions is
not successful. A new correlation is obtained by introducing a normalized stress
intensity parameter Δ𝐾𝑚𝑎𝑥/𝐾0, which appears to work well for small-scale yielding.
This example serves to illustrate that improvements or corrections to Equation (2.1)
are sought using other parameters, rather than looking at the discrepancy between
𝑆op,phys and 𝑆op,phen. This results in corrections to the phenomenological description
of Δ𝐾, and does not necessarily constitute a physically correct approach.
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It is shown that closure corrections, even with fitting parameters or alterations to
the Δ𝐾eff method, are not complete in describing crack closure. This paper suggests
therefore another approach: an explanation and a solution for the incompleteness
can be found in the opening stress itself: 𝑆op,phen ≠ 𝑆op,phys. They are related, but
not equal. The true background of 𝑆op,phen is explained in more detail further on.

2.4. An energy equivalent area approach to 𝑆op,phen

A lderliesten [51] provides a first step to an energy related explanation of crack
closure corrections. An energy equivalent area analogy is presented, showing

that Δ𝑆eff = 𝑆max−𝑆op,phen is correlated to the actual cyclic energy applied between
𝑆min and 𝑆max, through an equivalent area in the stress-strain curve. It is best
explained graphically, using the bilinear force-displacement curves in Figure 2.4.
For a given 𝑆max, 𝑆min, and an elastic material, the area under the curve between
𝜀min and 𝜀max relates to the cyclic energy Δ𝑈. A rectangular area is spanned by a
strain range 0 ≤ 𝜀 ≤ 𝜀max and a stress range 𝑆op,phen ≤ 𝑆 ≤ 𝑆max such that the
area is equal to Δ𝑈, and is called the equivalent area.

Figure 2.4: Schematic bilinear stress-strain curves, explaining the energy equivalent area analogy of
Alderliesten [51] and the difference between 𝑆op,phys and 𝑆op,phen. (a): 𝑆op,phys = 0. (b): 𝑆op,phys > 0.

Alderliesten assumed for this example that the crack opens or closes at 𝑆 = 0,
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seen as a change of slope at this stress level. In reality the crack opening happens
at a positive stress value 𝑆op,phys, ref. [10], and the change of slope is actually
a gradual nonlinear change over a certain small stress range. Crack tip plasticity
effects will smooth the transition between a closed and an open crack.

For modeling purposes, the stress-strain loading curve is simplified as a bilinear
elastic curve with an instant change of slope at a positive nonzero 𝑆op,phys value.
Both simplifications; the bilinear approximation, and only considering the loading
curve, do not alter the applicability or trend of the energy equivalent area analogy.
Both cases in Figure 2.4 are rather similar, but show how the true crack opening
stress alters the stress-strain slope and subsequent decrease of 𝜀max.

The difference in absolute 𝑈 values in Figure 2.4 is irrelevant since these are
two different cases. The equivalent area approach holds for each individual case
separately, and links the Δ𝑈 area to the rectangular equivalent area within that
particular case. The increase of 𝑆op,phys thus results in a larger Δ𝑈 and equivalent
area, which is only possible with a smaller 𝑆op,phen.

This improved analogy obtains 𝑆op,phen/𝑆max values which closely follow known
closure corrections, although the equivalent area has no direct physical meaning.
It explains how 𝑆op,phen can be derived from the actual cyclic energy Δ𝑈, but shows
that this value is not equal to 𝑆op,phys.

The analogy holds for all 𝑅. For sufficiently large 𝑅 close to 1, where 𝑆min >
𝑆op,phys, the energy equivalent area approach shows correctly that the crack stays
open during the full cycle: 𝑆min > 𝑆op,phen. The closure corrections however still
predict 𝑆op,phen > 𝑆min.

Closure corrections can be described as corrections for closure effects with re-
spect to the ideal bilinear elastic case where closure happens at 𝑆op,phys = 0, shown
in Figure 2.5. The stress-strain curve for the ideal bilinear elastic case is similar to
case (a) in Figure 2.4. Alderliesten [51] demonstrated that the ideal bilinear elastic
case can be derived using the energy equivalent area approach. The area under
the curve (such as shown in Figure 2.4) is a function of 𝑅2 (relates to the stress
values), and a function of 𝑆op,phys (which influences the corresponding strain). Ex-
isting closure corrections are effectively correcting this ideal bilinear elastic case,
𝑆op,phys = 0, for cases where 𝑆op,phys ≠ 0, however not by using 𝑆op,phys but using
the virtual 𝑆op,phen value. The corrections become more pronounced for decreasing
𝑅 as plasticity and reverse plasticity effects increase.

Figure 2.4 is a function of 𝑅2 (relates to the stress values), and a function of
𝑆op,phys (which influences the corresponding strain). For 𝑆 < 0, a compressive
energy is present, but this does not affect crack growth as the crack is closed
during this phase of the load cycle. The ideal bilinear elastic case therefore remains
constant for 𝑅 < 0, while the actual total cyclic energy increases as the sum of the
tensile and compressive energy. The ideal curve can be described analytically:

𝑆op,phen
𝑆max

|
elastic

= 1
2 +

1
2𝑅

2 for 𝑅 ≥ 0

𝑆op,phen
𝑆max

|
elastic

= 1
2 for 𝑅 < 0

(2.3)
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Figure 2.5: Closure corrections; as 𝑆op,phen/𝑆max versus 𝑅. Shown are: Elber(1), Newman(2), Schijve(3),
De Koning(4), Iwasaki(5), Kurihara et al.(6), Overbeeke et al.(7), Correia et al.(8) , and the ideal bilinear
elastic case as described by Alderliesten with closure at 𝑆op,phys = 0.

Correcting the ideal bilinear case for 𝑆op,phys ≠ 0 results in 𝑆op,phen values similar
to existing closure corrections. The approach of Alderliesten [51] therefore also
holds for 𝑆op,phys ≠ 0, providing a link between 𝑆op,phys and 𝑆op,phen.

2.5. A spring analogy to crack closure using 𝑆op,phys

T he physics based energy approach put forward by Alderliesten is extended below
with a model of the crack closure effect. Figure 2.6 shows the storable energy

in a plate with a crack for two different 𝑅 values: 𝑅 < 0 and 𝑅 > 0 with in both
cases 𝑆op,phys > 𝑆min. It is a similar schematic stress-strain curve as Figure 2.4,
but compressive energy is taken into account for negative 𝑅. It is assumed that
the crack is either fully open or fully closed: there is a distinct region with linear
elastic stiffness 𝐸0 (crack closed), and a region with linear elastic stiffness 𝐸1 (crack
open), with 𝐸1 < 𝐸0.

Consider a uniaxially loaded fatigue plate specimen. It is either loaded in ten-
sion or compression, or unloaded. With a crack present, it is convenient to model
the plate as two springs of different stiffness working in parallel, with an equal dis-
placement constraint. Figure 2.7 provides a schematic view of this model. If the
plate has developed a crack, the spring system is no longer linear elastic for all 𝑆.
Below the opening stress 𝑆op,phys, the total stiffness still equals 𝐸0. At the opening
stress 𝑆op,phys the stiffness changes to just 𝐸1 (note that the line with slope 𝐸1 does
not start at the origin). The change in stiffness is expressed as 𝐸Δ = 𝐸0 − 𝐸1.
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Figure 2.6: Two schematic force-displacement curves for a CCT fatigue specimen: (a) for 𝑅 < 0, and
(b) for 𝑅 > 0. Tensile energy area depicted in blue, compressive energy area depicted in red.

Figure 2.7: Schematic view of two-spring system analogy of a linear elastic cracked plate. Two parallel
springs of different stiffness represent the plate stiffness. Case (a) shows an open crack: decreased
stiffness and one spring is absent from model.
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The cyclic energy, the change in energy during loading, is equal to the area
under the force-displacement curve 𝑓(𝜀) of the plate, and indicated with Δ𝑈:

Δ𝑈 = Δ𝑈tens for 𝑅 ≥ 0

= ∫
𝜀max

𝜀min

𝑓(𝜀)d𝜀

Δ𝑈 = Δ𝑈comp + Δ𝑈tens for 𝑅 < 0

= −∫
0

𝜀min

𝑓(𝜀)d𝜀 + ∫
𝜀max

0
𝑓(𝜀)d𝜀

(2.4)

More specifically, the cyclic energy Δ𝑈 is the sum of the three regions or a part
thereof, depending on the value of 𝑆min and 𝑆op,phys:

Δ𝑈 = Δ𝑈𝑎 for 𝑆op,phys < 𝑆min ≤ 𝑆max

= ∫
𝜀max

𝜀min

𝑓(𝜀)d𝜀

Δ𝑈 = Δ𝑈𝑏 + Δ𝑈𝑎 for 0 < 𝑆min ≤ 𝑆op,phys

= ∫
𝜀Sop,phys

𝜀min

𝑓(𝜀)d𝜀 + ∫
𝜀max

𝜀Sop,phys
𝑓(𝜀)d𝜀

Δ𝑈 = Δ𝑈𝑐 + Δ𝑈𝑏 + Δ𝑈𝑎 for 𝑆min ≤ 0

= −∫
0

𝜀min

𝑓(𝜀)d𝜀 + ∫
𝜀Sop,phys

0
𝑓(𝜀)d𝜀 + ∫

𝜀max

𝜀Sop,phys
𝑓(𝜀)d𝜀

(2.5)

Δ𝑈 is the total cyclic energy stored in the plate. The change in stiffness during
loading results in increased cyclic energy. The energy equivalent area approach then
obtains a lower 𝑆op,phen compared to the linear elastic case. Contrary to the ideal
bilinear elastic curve outlined earlier, it is assumed that the compressive component
of the cyclic energy is also involved even though the crack is closed during this
part of the cycle: elastic stresses and reverse plasticity occur around the crack tip,
influencing crack opening in the next loading phase.

Furthermore, this physics based approach does not need fitting parameters as
used in several closure corrections such as Newman [18] and [17]. The use of FEA
to obtain 𝑆op,phys values already includes 𝑆yield and 𝑎/𝑊 effects. This also reduces
the need for fatigue tests to gather phenomenological fitting data.

2.6. Finite element analysis to obtain 𝑆op,phys

I n order to find true opening stress 𝑆op,phys, and given the difficulties of deter-
mining it experimentally, a finite element simulation approach was chosen. Lit-

erature contains many finite element analysis studies investigating crack closure
effects. The majority of these are 2D simulations, refs. [42, 50, 52–59], using
either plane stress or plane strain conditions. Newman [60] notes that since the
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mid-1980s relatively few 3D FEA studies have been undertaken, refs. [61–64]. Ko-
tousov et al., ref. [65], note that progress in 3D FEA is still well behind that of 2D
FEA. In nearly all FEA studies, the crack is instantaneously extended at maximum
load, which corresponds well with measurement data. FEA of small crack growth,
ref. [66], might raise questions regarding the mesh size in comparison to the plastic
zone size, but apart from that, literature shows that closure can be modeled well
with FEA. The FEA analysis discussed below uses instantaneous crack extension at
maximum load, and simulates a developed crack and plastic zone, in accordance
with FEA studies in literature.

A finite element analysis was performed with SIMULIA Abaqus software on a
CCT plane stress plate under constant amplitude (CA) loading. Symmetry conditions
apply, therefore only one quarter of the plate was simulated. An infinitely stiff beam
was used to model contact along the crack path. Figure 2.8 shows the quarter
plate and a detail of the mesh around the crack tip. A 2D mesh of quadrilateral
element type CPS4R was generated, with enhanced hourglassing control for error
reduction. An FEA mesh study showed that a two times finer mesh resulted in
similar convergence rates, and similar 𝑆op,phys values (< 3%). The material was an
elastic-plastic model of Al 2024-T3, ref. [67], of which the stress versus engineering
strain curve is given in Figure 2.9. This is a monotonic elastic-plastic curve. A cyclic
curve may be used as well without changing the validity of the method. Crack
opening was defined as contact removal between the node pair directly behind the
crack tip. The starter crack length equals 𝑎 = 10mm, on a total plate width of
160mm.

Figure 2.8: FEA model of CCT specimen, with detail of mesh. Due to symmetry conditions, only one
quarter of the plate is modeled; center of plate at the left lower corner. Stress 𝑆 is distributed as a
pressure over the plate edge.

FEA simulations were made at different 𝑆max values over the range −1 ≤ 𝑅 ≤ 1
in steps of 0.05. For each 𝑅, the model was run for 24 full cycles, with each half cycle
divided in 200 equidistant partial loading steps. At maximum load of each cycle,
a node on the crack center line was released to simulate crack propagation of one
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Figure 2.9: Stress versus engineering strain curve of Al 2024-T3 material used for the opening stress
FEA. Curve based on data from [67]. Dots indicate the points used in the Abaqus material model, which
linearly interpolates in between them.

element distance; 0.05mm. Note that the simulation does not try to mimic a realistic
increase of the crack growth rate over a significant part of the crack life, but rather,
it tries to obtain the opening stress at a crack length which is (nearly) constant.
This strengthens the assumption of constant 𝑑𝑎/𝑑𝑁 (equal to one element length),
and constant 𝑎/𝑊. The initial crack length is 10.00mm, the end crack length is
11.20mm, giving a final crack length over width ratio of 𝑎/𝑊 = 0.07. Figure 2.10
shows details of the loading sequence and the node release.

The instant during the cycle where crack opening occurs is cross-referenced
with the applied loading curve, to obtain the corresponding opening stress value
𝑆op,phys. The FEA results showed that for every 𝑅 value, within a few cycles the
𝑆op,phys value had already converged to a steady state value, and the 𝑆op,phys value
of the last cycle was taken as the steady state value for that particular 𝑅 value.
Figure 2.11 shows such convergence of the opening stress for 𝑅 = 0.5: within a
few cycles, the crack tip plastic zone is well developed and reaches a steady state.
This plastic zone development is the result of starting the FEA at a crack length
without any plasticity history from prior cycles.

Katcher [68], Zhang [69], and Newman [52] mention that releasing a node at
maximum load is a realistic approach to crack growth simulation, and together with
Schijve [16] they also suggest that steady state opening and closing stresses are
generally observed to be quite similar which vindicates this approach to find the
opening stress to assess closure effects.

The results of the FEA analysis is shown in Figure 2.12, for different values of
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Figure 2.10: (a): Schematic view of one cycle in the CA spectrum, indicating the 200 loading steps per
half cycle and when mesh nodes are released to simulate crack growth. (b): Schematic mesh around
crack tip, with the horizontal crack plane shown in red (cracked) and green (uncracked) nodes.
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Figure 2.11: FEA convergence of opening stress of Al 2024-T3 plate at 𝑆max = 100 MPa and 𝑅 = 0.5
over 24 cycles, 𝑎/𝑊 = 0.07. Within a few cycles the opening stress is already close to the stabilized
end level. The 𝑆op,phys value of the last cycle is used for analysis.
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𝑆max. Note that these are 𝑆op,phys/𝑆max values. Four distinct 𝑅 regions are ob-
served in each data set. In region 1 and 2 the values of 𝑆op,phys/𝑆max are linear
functions of 𝑅, but the slopes are different. It is hypothesized that the more shal-
low slope of region 1 is a consequence of the force-displacement curve of the plate
being influenced more by the closure effect at negative 𝑅. The compressive energy
increases the reverse plasticity volume, thereby slightly raising the 𝑆op,phys value
for the subsequent cycles. compared to the trend of region 2. Region 3 shows a
transition to a crack that never fully closes. The FEA simulation shows that crack
opening happens increasingly early with increasing 𝑅, until 𝑆op,phys = 𝑆min. This
upper limit matches the apparent maximum 𝑅 limit where closure can be exper-
imentally observed (such as 𝑅 = 0.7 in Newman’s data, ref. [18]). In region 4
(𝑅 ⪆ 0.7) the crack stays open during the full cycle, and as a result the simula-
tion assumes 𝑆op,phys = 𝑆min, meaning that the crack opens immediately at the
beginning of the cycle.

Figure 2.12: FEA results: 𝑆op,phys/𝑆max versus 𝑅, plane stress, 𝑎/𝑊 = 0.07. The four bracketed
numbers indicate four distinct discernible 𝑅 regions of each curve.

Three FEA data sets are shown in Figure 2.12. Even though 𝑆op/𝑆max values
are normalized with respect to 𝑆max, there is still an obvious 𝑆max dependency. In
regions 1 and 2 it holds that for a given 𝑅, an increase in 𝑆max results in a decrease
of 𝑆op,phys/𝑆max. This trend becomes stronger for smaller 𝑅, and is the equivalent
of closure corrections moving away (down) from the ideal bilinear elastic curve.
The increased 𝑆min values for a given 𝑅 result in more compressive stress, which
needs to be overcome before the crack opens. This provides a physical explanation
for the observations of Newman [32], as shown in Figure 2.3, but now explained
using FEA. Furthermore, the boundary between region 1 and 2 is observed to stay
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around 𝑅 = 0 for all cases as compressive stress only becomes significant for 𝑅 < 0.
The slope of region 1 slightly increases at larger 𝑆max, lowering the aforementioned
𝑆op,phys/𝑆max values. Increasing 𝑆max also increases the 𝑅 value at which the crack
stays permanently open (boundary between region 3 and 4).

It should not be attempted to directly compare the FEA opening stress results
with other closure corrections from literature, as 𝑆op,phys ≠ 𝑆op,phen. Assuming
that the FEA results are representative of real fatigue tests, Δ𝑈 values for each
point can be obtained by determining the area under the actual force-displacement
graph for each corresponding 𝑆max and 𝑅 value. As explained earlier, the force
displacement curve is modeled as bilinear, with a change of slope at 𝑆 = 𝑆op,phys.
The energy equivalent area analogy then reworks the 𝑆op,phys based Δ𝑈 values into
𝑆op,phen/𝑆max values, which are shown in Figure 2.13. Note how these reworked
FEA results closely follow the known closure correction trends, and the obtained
values are mainly within the spread of various published closure corrections. This
implies that the 𝑆op,phen values found by the known crack closure corrections are
a good measure of the equivalent area, but do not constitute the physical opening
stress 𝑆op,phys.

Figure 2.13: Energy equivalent approach results from FEA output. The 𝑆op,phys/𝑆max data from Fig-
ure 2.12 is reworked to 𝑆op,phen/𝑆max versus 𝑅. Three 𝑆max cases at 𝑎/𝑊 = 0.07 are shown. While
𝑆op,phen/𝑆max is assumed to correct for an 𝑆max dependency, there is still a clear 𝑆max dependency,
most pronounced at negative 𝑅.

Another observation from the FEA is also seen in literature for different metals
and alloys: the 𝑅 dependency of the effective stress intensity factor ratio. This ratio
is defined as:
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𝑈SIF =
Δ𝐾eff
Δ𝐾 (2.6)

Maljaars et al. [70] have compiled several equations of 𝑈SIF for steel and alu-
minum from literature, refs. [3, 23–25, 71–73], including the respective valid 𝑅
ranges. Figure 2.14 shows (a), a comparison of the effective SIF ratio 𝑈SIF for steel
reproduced from ref. [70], and (b), the calculated effective SIF ratio for Al 2024-T3
from the FEA data. The trend for the curves is similar, even though the absolute
values differ, likely due to the different material parameters considered, such as
𝑆yield and 𝐸. The flat section of 𝑈SIF = 1 near 𝑅 = 1 is correctly predicted by FEA,
showing 𝑅 values for which the crack is permanently open (𝑆min > 𝑆op,phys).

Figure 2.14: Comparison of effective SIF ratios for plane stress. (a) Reproduced from [70], showing data
for steel (red) and aluminum (green) from [3, 23–25, 71–73]. (b) Reworked FEA results for the same
𝑅 range for Al 2024-T3. Both show a flat section near 𝑅 = 1, meaning that the crack is permanently
open.

2.7. Closure corrections and the finite width
correction

F atigue specimens have a finite width, contrary to most theoretical models, in-
cluding crack closure models. The finite width causes the crack growth to in-

crease faster compared to the theoretical ideal infinite plate case. As the crack
grows in a finite width plate, the remaining cross-section decreases, causing the
net-section stress over the crack plane to increase. This effect is usually accounted
for in Δ𝐾eff, Equation (2.1), by a finite width correction 𝛽. For completeness it must
be stated that 𝛽 generally can include other effects as well, such as a crack front
shape correction. Given the thin plate with a through crack used here, it is assumed
that 𝛽 includes only the finite width effect.

There are various analytical expressions for 𝛽, often as a function of 𝑎 and 𝑊;
the Feddersen equation, ref. [74], is well known. Similar to the closure corrections
it holds that these equations can be excellent approximations (of experimental data)
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but they do not describe the underlying physics. The finite width correction 𝛽 fol-
lows from the change in specimen compliance due to reduced stiffness resulting
from the decreasing cross-section. Zhao et al. [75, 76] and Alderliesten [77] de-
scribe this effect from a physics standpoint in the non-isotropic composite material
GLARE, but it holds for isotropic materials as well since it is a consequence of the
geometry, not the material.

Crack closure is a local phenomenon around the crack tip, and is related to the
local stress state and amount of crack tip plasticity. In a finite width specimen,
this local stress increases related to the global specimen compliance, for reasons
explained above. For a given 𝑅 and 𝑆max, crack closure is thus affected by the ratio
𝑎/𝑊. During crack growth 𝑎/𝑊 and 𝛽 increase, leading to increased stress around
the crack tip, which results in the value of 𝑆op,phen/𝑆max decreasing. This movement
of the closure correction is schematically shown in Figure 2.15. It appears that
closure corrections from literature implicitly assume 𝑆op,phen ≠ f(𝑎), likely because
the effect is small for positive 𝑅 values. The 𝑅 range of the original closure correction
by Elber [10] (Figure 2.1) contains mostly positive 𝑅 values, and presumably the
crack length dependency therefore went unnoticed.

The spread in closure corrections from literature mentioned earlier can be partly
explained by different 𝑎/𝑊 ratios in the measurements. Since these 𝑎/𝑊 ratios are
not reported, it is difficult to assess the extent of the finite width effect on known
closure corrections from literature. To properly observe crack closure by exper-
imental methods such as COD, it is beneficial to have a sufficiently large crack
length 𝑎 and a corresponding large change in specimen compliance upon loading
(large 𝑑𝑎/𝑑𝑁). Because the finite width effect acts on local phenomena such as
crack closure, it is therefore not the cause of the difference between 𝑆op,phen/𝑆max
and 𝑆op,phys/𝑆max which are based on global parameters. It does mean that both
𝑆op,phen/𝑆max and 𝑆op,phys/𝑆max are 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊). The FEA approach of
finding 𝑆op,phys already contains the 𝑎/𝑊 dependency, removing the need for phe-
nomenological fitting and correction parameters in the proposed model.

2.8. Variable amplitude crack growth prediction
with energy based closure correction for Δ𝐾eff

M any models for variable amplitude (VA) fatigue prediction make use of the Δ𝐾eff
Equation (2.1): crack closure models and strip yield models such as ONERA

[78], CORPUS [79, 80], PREFFAS [81], NASGRO [12], and refs. [82–85], based
on Dugdale’s original work regarding strip yield models, ref. [86]. In this section
it is shown that the energy based closure correction may be used to obtain more
accurate values for 𝑆op,phen from 𝑆op,phys, on a cycle-to-cycle basis, compared to
strip yield models.

A typical VA model would predict the 𝑆op,phen value for each load cycle, taking
into account a certain amount of the spectrum history. Schijve [16] states that
strip yield models are superior to other types of (global stress based) crack closure
models, since the crack geometry around the crack tip is directly modeled. This
statement corresponds with the idea that a strip yield model should be based on
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Figure 2.15: Illustration of the effect of finite width on crack closure. The finite width of a specimen
increases the crack growth rate due to increased net-section stress on the remaining crack plane cross-
section. As a result, crack tip plasticity increases too, lowering 𝑆op,phen/𝑆max. For a given 𝑆max, the
crack closure correction moves down as the crack progresses.

𝑆op,phys, Figure 2.12, rather than on 𝑆op,phen, Figure 2.13. However, Matias et al.
[87] evaluated the strip yield model of NASGRO [12] for various aircraft loading
spectra (VA), and reported that it correlates reasonably only for negative 𝑅 ratios.
Note that for a given 𝑆max, positive 𝑅 values affect the tensile energy terms Δ𝑈𝑎
and Δ𝑈𝑏 of Equation (2.5) which are dependent on 𝑆op,phys, while negative 𝑅 values
affect only the compressive energy term Δ𝑈𝑐 where the crack is closed. The energy
approach outlined earlier can therefore be a more suitable candidate for fatigue
modeling at any 𝑅: it works over the full 𝑅 range unlike several closure corrections
and strip yield methods, and it does not need scaling or fitting parameters as the
energy based physics approach is used to obtain 𝑆op,phys and 𝑆op,phen. It is thereby
also applicable for VA spectrum modeling. We will now discuss the qualitative ex-
ample of an overload in a CA spectrum introducing crack growth retardation.

Consider a cracked plate loaded with a CA fatigue spectrum at a small positive
𝑅 with a single overload. A schematic view of the force-displacement curves of the
plate at various cycles during the spectrum is given in Figure 2.16. The cyclic energy
Δ𝑈 during the few CA cycles just before the overload can be considered essentially
constant. When the single overload cycle occurs, the increase in 𝑆max increases
Δ𝑈. It also raises the amount of plasticity and therefore 𝑆op,phys = 𝑓(𝑆min, 𝑆max)
significantly. While for subsequent cycles the 𝑆max value has returned to the CA
spectrum level, the crack needs to grow through the enlarged plastic zone gen-
erated by the overload, which slowly lowers 𝑆op,phys from the elevated level back
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to its original level. Our method correctly predicts this behavior from the physical
𝑆op,phys instead of the phenomenological 𝑆op,phen.

Figure 2.16: Schematic view of Δ𝑈 (top) during a CA spectrum (bottom) with a single overload. Four
specific cycles in the spectrum are shown, from left to right: a CA spectrum before an overload, a single
overload, the first CA cycle after overload, a CA cycle many cycles after the overload.

Refs. [16, 88] report that the opening stress 𝑆op,phen indeed changes after an
overload. Figure 2.17 is reproduced from ref. [88]. From the energy equivalent
area approach it follows that 𝑆op,phys will have a similar behavior. It proves that our
theoretical model of the effect of an overload on a CA spectrum is in agreement
with what is reported in literature, such as results from COD measurements.

In a truly random VA spectrum, every half cycle sees a new (𝑆min, 𝑆max) pair.
𝑆op,phys and Δ𝑈 change virtually every half cycle, but a steady state is never reached
during each half cycle. This means that the 𝑆op,phys and Δ𝑈 are continuously chas-
ing a non-existing CA equilibrium which changes each half cycle. The history of
many consecutive cycles (ideally all previous cycles), needs to be taken into ac-
count to properly model the behavior of 𝑆op,phys, Δ𝑈, plasticity, and 𝑑𝑎/𝑑𝑁, in or-
der to understand and predict VA fatigue crack growth. Amsterdam [89] describes
a method that uses a maximum reference stress different from 𝑆max to account for
VA spectra and pivot points. Pivot points connect multiple power law exponents at
different crack length ranges of a Paris type crack growth curve. The altering of the
maximum stress results in better power law curve fitting of the crack growth rate,
but implicitly leaves 𝑆op,phys unaffected. Applying the method proposed here, i.e.
calculating 𝑆op,phys for each half cycle, would give a similar outcome to the Amster-
dam approach, as it would affect the Δ𝑆eff used in the Δ𝐾eff equation. Our method
therefore gives a physical explanation for the Δ𝐾eff value used in the Amsterdam
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Figure 2.17: CA spectrum with a single overload, associated crack growth retardation, and associated
𝑆op,phen measured with a COD technique. Figure reproduced from Schijve [88].
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approach.
The shortcomings of the closure corrections and the inconsistency between plas-

ticity effects and the LEFM Δ𝐾eff approach suggest that an energy based approach
(𝑆op,phys, the elastic spring model, and the energy equivalent area approach) is an
improvement over existing methods to properly include closure and plasticity ef-
fects. It results in more accurate descriptions of 𝑆max, 𝑆op,phys, and 𝑎/𝑊 effects
on the crack growth behavior, which can improve modeling accuracy for CA and
VA fatigue. VA fatigue modeling will likely still require a cycle-by-cycle prediction
method to include the (full) loading history effects on 𝑆op,phys.

This new physics based approach is more realistic than existing closure models,
as it is based on the true opening stress. It may be the way forward to increase
prediction and modeling accuracy for both CA and VA fatigue crack growth cases.

2.9. Conclusions

Ample fatigue crack growth closure corrections exist which result in opening
stress 𝑆op values used in the Δ𝐾eff approach. Literature shows that these cor-

rections still do not fully account for closure effects, and that they have a large
spread. This led to the hypothesis that there are two distinct 𝑆op values: 𝑆op,phen
used in the Δ𝐾eff approach, and 𝑆op,phys which is the true crack opening stress. The
subsequent investigation has shown that this is true, and resulted in the following
conclusions:

1. Many known closure corrections, refs. [10, 16–18] result in different correc-
tions for the same phenomenon, for unknown reasons. Our research suggests
that existing closure corrections do not properly take into account the physical
opening stress 𝑆op,phys.

2. The same known closure corrections, refs. [10, 16–18], contain empirically
determined correction factors, and different corrections result in different
𝑆op/𝑆max values based on 𝑆op,phen for the same load cycle. Our results sug-
gest that these observations may be explained by a failure to correctly account
for the effect of 𝑆max and 𝑎/𝑊 on the physical opening stress 𝑆op,phys. Thus
the corresponding 𝑆op,phen needs to be corrected to make up for this.

By applying the equivalent energy approach, ref. [51], a value of 𝑆op,phen can
be determined based on the correct 𝑆op,phys, as found via FEA. The 𝑆op,phen
values found in this way matches the 𝑆op,phen found via previously known
correction methods, but without relying on empirical correction factors. Thus
our new method is more physically realistic, and potentially requires less ex-
perimental calibration than existing methods.

3. FEA shows that 𝑆op,phys follows four distinct regions over the full 𝑅 range.
From low to high 𝑅, these are: tensile-compressive loading with closure,
tensile-tensile loading with closure, transition to an always open crack, and an
always open crack. In the last case, it can be assumed that 𝑆op,phys = 𝑆min.
Using the energy equivalent area analogy to obtain 𝑆op,phen values for the full



References

2

35

𝑅 range, the FEA results show close agreement with known correction curves,
especially for 𝑅 ≥ 0. This confirms that 𝑆op,phen in 𝑆op,phen/𝑆max is not the
true opening stress.

4. FEA confirmed that it at least holds that 𝑆op,phys = 𝑓(𝑅, 𝑆max) and that the
derived 𝑆op,phen/𝑆max = 𝑓(𝑅, 𝑆max) too.
During crack growth, the local net-section stress in the crack plane increases
due to the finite width effect. This does not affect 𝑆max, but it does affect the
local phenomenon which is crack closure. During crack growth at constant 𝑅
and 𝑆max, the 𝑆op,phen/𝑆max or 𝑆op,phys/𝑆max values slowly decrease because
of the decreasing cross-section area. This dependency on 𝑎/𝑊 is not men-
tioned in literature, but may partly explain the spread of closure corrections.

Furthermore, several closure corrections include a fitting parameter to match
measurement data, which tends to be dependent on 𝑅. In literature it is
noted that 𝑆op,phen also depends on the ratio between 𝑆max and 𝜎0, where 𝜎0
is related to 𝑆yield.
These observations combined suggest that 𝑆op,phen = 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊)
and 𝑆op,phys = 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊).

Inclusion of the energy approach into the Δ𝐾eff equation may improve the ac-
curacy over known models. 𝑆op,phys might be found through FEA or strip yield
models. For VA fatigue a cycle-by-cycle integration of the loading history might still
be necessary to keep track of changes in 𝑆op,phys and subsequent 𝑆op,phen.
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3
Potential drop through the

cycle

To improve resolution of in-situ measurement of crack closure and opening
in fatigue, potential drop (PD) measurement technique has been further de-
veloped to measure thousands of times through each load cycle with high
precision. The results are interpreted with physical phenomena like strain,
Poisson’s effect, piezo-resistivity, plasticity, and crack growth. Application of
the technique to fatigue crack growth tests on Al 2024-T3 CCT specimens at
different maximum stresses and stress ratios, demonstrate that indeed vari-
ations in PD can be associated to development of plasticity and crack opening
and closure. Hence, the technique allows to measure timing and magnitude
of crack opening and closure stresses in-situ in fatigue crack growth experi-
ments.

This chapter is a modified version of the publication in Engineering Fracture Mechanics [1].

43



3

44 3. Potential drop through the cycle

3.1. Introduction

F atigue crack growth of long cracks in metal alloys can be described using linear
elastic fracture mechanics (LEFM). It is often expressed as the crack growth rate

𝑑𝑎/𝑑𝑁 versus a similitude parameter Δ𝐾, function of crack length 𝑎 and maximum
stress 𝑆max, or Δ𝐾eff, which is a function of the crack length 𝑎, maximum stress
𝑆max, and stress ratio 𝑅. Measurement of the crack length is generally performed
using in situ observations of the specimen surface [2], or using a clip gauge to
measure specimen compliance. Crack length measurements can also be performed
using the potential drop (PD) technique [3–9], which measures the electrical po-
tential over the remaining cross-section area of the crack plane in metal or other
electrical conductive materials, and relates this analytically to the average crack
length. Si et al. [10] provide an extensive review of the various PD techniques and
their application. While not directly addressing the measurement of crack open-
ing and closure, they do note that PD is reported to be an accurate crack length
measurement tool for various crack geometries and loading conditions.

ASTM International provides the E 647 standard [11] on usage of the tech-
nique for compact tension C(T), middle tension M(T), and eccentrically-loaded sin-
gle edge crack tension ESE(T) specimen types since 1978. Compared to (manual)
photograph analysis, PD can be measured at each individual cycle which generates
larger data sets, to which smoothing and averaging techniques can be applied, re-
sulting in crack length and crack growth rate data of higher resolution and better
quality. Furthermore, PD gives a significantly improved estimate of the mean crack
progression as it measures the conductive area along the crack plane, rather than
only the crack length on the specimen surface.

Most crack growth literature discusses phenomenological approaches and re-
sults, based on measurements and simulations. Many theoretical models of plastic-
ity and crack opening and closure share the same limitation: the related (similitude)
parameters are expressed per full cycle, implicitly assuming that changes per cy-
cle are instantaneous or averaged over the cycle; 𝑑/𝑑𝑁. In reality, crack growth
and plasticity development do not occur instantaneously and are dependent on the
applied load throughout the cycle. This dependency can be expressed as function
𝑓 (𝑑/𝑑𝑡), where 𝑡 is either the real time, or a fictitious, nondimensional time where
a cycle runs from 𝑡 = 0 to 𝑡 = 1. The latter option has the advantage of decou-
pling the observed signal changes from the applied test frequency, and is the time
definition used in this paper. Fatigue phenomena are generally not time dependent
[2], except for secondary effects like creep or corrosion which tend to be orders
of magnitude smaller. Integrating the aforementioned function over one full cycle
results in a value belonging to that specific cycle:

𝑡𝑁+1

∫
𝑡𝑁

𝑓 ( 𝑑𝑑𝑡) 𝑑𝑡 = [
𝑑
𝑑𝑁]𝑁

(3.1)

If fatigue phenomena such as crack growth and plasticity are observable with
the potential drop technique, their behavior and development can be tracked during
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each cycle using multiple potential drop measurements per cycle. Such a measure-
ment system was developed for this study, and is called: ‘potential drop through
the cycle’, or PD TTC. Of interest here is the work of Andersson et al. [12], who
used PD measurements and in situ SEM observations during fatigue tests, albeit
not continuously. Notable conclusions are that crack opening and closure are the
main contributors to the observed PD curve shape, suggesting that PD is capable
of measuring these events.

Figure 3.1 illustrates several different stages during a fatigue cycle, the asso-
ciated plasticity, and electrical path length. It is clear that the measurement path
length is affected, and that it traverses plastically deformed regions which vary in
size during a cycle. A standard PD setup takes high frequency measurement(s)
at 𝑆max only during each cycle (stage (d) in Figure 3.1) to prevent closure effects
from interfering with the potential measurement, and is therefore unable to capture
these effects. The difference in the signal over a period of one cycle from maximum
load to maximum load relates to the crack growth rate 𝑑𝑎/𝑑𝑁 found with standard
PD measurements. In Figure 3.1, it would be from stage (d) in cycle 𝑁 to stage (d)
in cycle 𝑁 + 1.

The PD TTC setup can perform several hundred to several thousand measure-
ments during each cycle. This high frequency measurement rate throughout the
full 𝑆 range and improved resolution allow for observing the development of the
potential through each cycle, creating the opportunity to study the development of
plasticity and crack growth within each cycle. This idea is further developed in this
paper.

3.2. Crack opening and closure: the added value
of potential drop through the cycle

E lber [13] introduced the concept of crack opening and closure: the crack is open
only during part of the cycle, and closed during the other part. Of the different

sources reported for this crack tip opening and closure (plasticity, roughness, asper-
ity, etc.) the current work focuses on plasticity induced crack closure and opening,
which is generally considered the dominant source.

The related similitude parameter Δ𝐾eff is supposed to incorporate the closure
effect and thereby removing the stress ratio effect 𝑅, as improvement over the
Δ𝐾 similitude parameter. Based on this assumption, the closure concept has led
to multiple crack closure models such as [2, 13–18] which are phenomenologically
derived, and validated for various metals, alloys, and 𝑅 ranges. This closure-based
Δ𝐾eff concept is an improvement but not fully successful, given discussions in liter-
ature [19–26]. This is partly due to the actual opening and closure happening over
a certain range of loading and time [13, 27], rather than being instantaneous, and
there is some uncertainty regarding the definition of opening and closure [2].

Part of this uncertainty is due to measurement techniques. Crack opening and
closure is generally measured using the crack opening displacement (COD) tech-
nique. The basic concept is a strain gauge applied in loading direction over the
center of the crack, or over the very crack tip, to measure how the local strain
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Figure 3.1: Schematic view of the PD measurement electric path through a fatigue specimen, at several
stages during a fatigue cycle. The applied current flows vertically in each stage.

changes with the globally applied loading. A change of the slope in this correlation
signals the occurrence of opening or closure, but the method is not precise in ob-
serving the exact strain and load where the slope becomes constant [2, 13, 27].
Pippan et al. [28] performed fatigue tests with both PD measurements and strain
gauge measurements near the crack tip, and noted that strain gauge measurements
may be less accurate than the PD measurements.

One of the reasons is that the physical gauge locations are influenced by plastic
deformation, while this effect is neither accounted for nor corrected for in the COD
technique. Convention states that crack opening 𝑆op occurs when the crack tip first
becomes fully open. Similarly, crack closure 𝑆cl happens when the crack tip first
starts to close. Schijve [29] states that the values of 𝑆op and 𝑆cl are generally found
to be sufficiently close enough, that 𝑆op is used for the closure corrections and the
Δ𝐾eff parameter.

It is possible to measure the potential change during crack opening and crack
closure with a PD technique, because it will observe changes in potential when
the crack length changes. Since these events are connected with the growth of
the plastic zone at the crack tip, development of this zone might affect the signal
too. From Figure 3.1 it can be inferred that the change in potential 𝑑𝜙 within a
cycle might not be linearly related to the instantaneous crack extension 𝑑𝑎. This
leads to the hypothesis that measurements from a potential drop through the cycle
(PD TTC) technique can be used to relate energy dissipation events such as crack
growth and crack tip plasticity development, as well as true crack opening and true
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crack closure, to specific time intervals and time instants within a fatigue cycle.
Crack opening and closure can be studied in greater detail using PD TTC. In

earlier work [30], the authors pointed out that there is a difference between the
physical opening stress 𝑆op,phys and the phenomenological opening stress 𝑆op,phen.
𝑆op,phys is the true stress at which the crack tip opens, which is challenging to
measure accurately as no measurement devices can measure at the crack tip itself.
Only FEA appears to be able to give accurate 𝑆op,phys values. The 𝑆op,phen values
are widely used by closure corrections and the Δ𝐾eff approach, but originate from
measurements in the vicinity of the crack tip, not directly at it. 𝑆op,phys and 𝑆op,phen
can be linked through an energy equivalent area approach [30, 31]. PD TTC can
indirectly observe the true physical opening stress 𝑆op,phys, which can be reworked
into a 𝑆op,phen value for existing closure corrections. The same procedure holds for
reworking 𝑆cl,phys into 𝑆cl,phen.

The PD TTC technique in general measures a potential over a crack in a speci-
men, and the change of potential is the summation of several effects. These effects
are only present during parts of a cycle and with varying magnitude, such as exten-
sion of the crack and crack tip plasticity growth. The development of these effects
can be analyzed from the potential, and are explained in more depth below, to
illustrate the applicability and suitability of the PD TTC technique.

3.3. Change of potential through one cycle

T he measured potential is the result of the constant direct current applied to
the specimen and the electrical resistance between the PD electrodes, through

Ohm’s law:

𝜙 = Ω𝐼 (3.2)

The resistance Ω changes due to the strain resulting from the applied loading,
and crack growth. Assume that at any given point in time the electrical situation
is constant. The specimen is a conductor of uniform cross-section with a uniform
current, such that the resistance can be calculated using Pouillet’s law:

Ω = 𝜌 𝐿𝐴 (3.3)

Where the specimen geometry parameters length 𝐿 and cross-section area 𝐴,
and the resistivity coefficient 𝜌 relate to the total electrical resistance.

The value of 𝜙 in Equation (3.2) will change when Ω changes, as 𝐼 is constant.
It is this potential that is measured with the PD setup.

Two effects have a major influence on the change of Ω: the Poisson effect, which
changes with the geometry of the conductor, and piezoresistivity, which changes
the resistivity coefficient. Both effects are explained below, and are both present
globally when loading is applied to a specimen. There are also two fatigue crack
growth specific effects, which are local subsets of the aforementioned effects: crack
tip plasticity, and crack extension. Crack tip plasticity changes the local geometry
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and increases local strain; it is a combined effect of the Poisson effect and piezore-
sistivity. Crack growth results in a cross-section area reduction and effective over-
all stiffness reduction: it relates to the Poisson effect. Furthermore it results in a
lengthening of the PD electrical conductive path. A schematic view of the electrical
conductive path is presented in Figure 3.2, showing how crack growth and plas-
ticity affect the conductivity. The relations between the four effects are shown in
Figure 3.3, and discussed in more detail further on.

Figure 3.2: Schematic view of a fatigue specimen with a crack (one half of a CCT specimen). Crack
tip plasticity is present. The effective PD TTC measurement electric path around the crack is shown in
orange, connecting the two red electrodes. The current flows vertically through the specimen.

Figure 3.3: A schematic view of how the global and local PD effects are related.

3.3.1. Poisson effect
Consider a unit cell of a homogeneous isotropic material. When a mechanical load
is applied in one direction, then the geometry will elongate in the loading direc-
tion, and contract in the transverse directions. The elongation and contractions are
related through the Poisson’s ratio 𝜈:

𝜈 = −𝑑𝜀transversal𝑑𝜀axial
(3.4)
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For 𝜈 ≠ 1
2 which holds for most materials and metals, a change in strain results

in a change in volume. A fatigue specimen acts as a large unit cell, similarly affected
by the Poisson effect. When (a part of) the metal specimen is used as an electrical
conductor, the geometric changes due to loading will cause a change of electrical
resistance over this conductor. A tensile load increases the length between the
electrodes, and decreases the cross-section. Both increase the resistance of the
conductor.

The change of potential for a given strain can be derived using the following
equations. Consider a unit cell of length 𝐿∗, cross-section area 𝐴∗ = (𝐿∗)2, and
volume 𝑉∗ = (𝐿∗)3. Upon an elongation of amount Δ𝐿∗ = 𝜀𝐿∗, resulting in a new
length 𝐿∗new = 𝐿∗+Δ𝐿∗, the ratio of the new volume over the initial volume becomes:

Δ𝑉∗
𝑉∗ = (1 + Δ𝐿

∗

𝐿∗ )
(1−2𝜈)

− 1 (3.5)

The new volume then becomes:

𝑉∗new = 𝑉∗ + 𝑉∗
Δ𝑉∗
𝑉∗ (3.6)

And the new cross-section area follows from:

𝐴∗new =
𝑉∗new
𝐿∗new

(3.7)

Substituting 𝐿∗new and 𝐴∗new into Equations (3.2) and (3.3), results in the new
electric potential. For a typical value of 𝜈 = 0.33 for Al 2024-T3 [32], the volume
increases when a tensile load is applied. For an electric conductor, not the volume
but the length and the cross-section are of importance. In this case, the length
increases faster than the volume, and through Equation (3.7) the cross-section is
found to decrease. Both the increased length and the reduced cross-section result
in a higher electric resistance, and thus an increased potential.

3.3.2. Piezoresistivity
Piezoresistivity is the change in the electrical resistance of a metal when mechan-
ical strain is applied. The resistivity coefficient 𝜌 in Equation (3.3) is affected by
temperature [33] and mechanical loading [34–39], which both alter the strain on
the material. The mechanical loading dependency is of interest here, as most tests
are performed at constant temperature. Hunter and Nabarro [34] mention that
electrons tend to flow from compressed to expanded regions, meaning that ten-
sile strained regions attract electrons and thus lower the resistivity. This holds for
the whole elastically strained specimen, but also for local plastically strained zones
such as the crack tip plastic zone. The change is dependent on the crystal struc-
ture, and varies therefore with the type of metal and alloy. For typical metal fatigue
specimens the effect is observed to be small, less than 0.1 % of the total resis-
tivity. For aluminum it holds that the resistance decreases with increasing strain.
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Morozov et al. [40] show this nonlinear behavior between the strain and the elec-
trical resistance of thin aluminum rectangular strip specimens. Figure 3.4 shows
this relationship for Al 2024-T3 strips for various amounts of plastic strain and for
longitudinal and transverse grain directions.

Figure 3.4: Piezoresistivity curves for various amounts of plastic strain for Al 2024-T3: (a) longitudinal
grain, (b) transverse grain. Note initial nonlinearity with increasing strain. Redrawn from [40].

3.3.3. Crack tip plastic deformation
Consider a fatigue specimen under increasing strain. At the crack tip, a region
with 𝑆 > 𝑆yield exists where plastic deformation occurs. The local strain increases
significantly, affecting the local electrical resistivity through the Poisson effect and
piezoresistivity. Because plastic deformation happens around the crack tip, it is
a very local phenomenon during the majority of the specimen life. The effect on
the general dimensions and resistivity of the total specimen are therefore negligi-
ble. However, since the PD electrodes are positioned such that the electrical path
between them sees a large part of the plastically deformed crack tip region (see
Figure 3.1), the effect is large enough to significantly influence the resistivity of the
PD electrical path. Additional changes in plasticity occur around the crack tip during
the crack growth phase as the plastic zone moves along with the crack tip.

It was concluded earlier that the PD TTC curve is proportional to the loading due
to the Poisson effect and piezoresistivity. For crack tip plastic deformation it is the
piezoresistivity that is affected the most here, making the PD TTC curve depart from
the initial proportionality with the loading curve. A similar but smaller discrepancy
might be observed near the end of each cycle, where compressive stresses generate
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reverse plasticity.

3.3.4. Crack growth
The crack growth per cycle is generally small, around nm up to µm for the majority of
the crack life as observed in fatigue crack growth tests discussed below. The process
of crack opening, extension, and closure during part of the cycle should in theory be
observable in the PD TTC signal. The electrical path length increases during crack
growth, and the remaining cross-section area of the specimen decreases.

3.4. Potential drop through the cycle measurement
setup

T he continuous potential drop measurement system developed in the current
study is used to measure the electric potential with high resolution, several

orders of magnitude better than required for standard PD. A subset of this data
containing the potentials at 𝑆max is used as input for the ASTM method [11] to
calculate the crack length 𝑎 and crack growth rate 𝑑𝑎/𝑑𝑁. The crack growth rate
is plotted versus Δ𝐾eff to generate typical fatigue crack growth curves. The mea-
surement setup and the specimen geometry are discussed separately.

3.4.1. PD TTC measurement setup
A dedicated PD measurement system was developed in-house at Delft University of
Technology. The standard PD procedure is to measure the potential at peak load
(𝑆max), either by a single measurement or by averaging multiple (high frequency)
measurements at or around 𝑆max. PD TTC is capable of continuous high frequency
measurements at varying 𝑆 throughout the full load cycle, which result in more in-
formation about the potential with respect to the applied load compared to standard
PD. The basic design goals of the new system were:

• Measure the potentials over a test and a reference specimen, and calculate
the potential ratio needed for the crack growth equation given in the ASTM E
647 standard [11].

• Measure these two potentials simultaneously to reduce data scatter.

• Perform continuous PD measurements at kHz rate for a test frequency up to
several Hz for data smoothing.

• Perform continuous PD TTC measurements at kHz rate for a test frequency of
several Hz to observe the change in potential through every cycle of a sine
signal.

• Automatically track the minima and maxima of the sine spectrum, to find the
standard PD potential at 𝑆max for every cycle.
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The potential drop measurements and subsequent data operations are handled
by an FPGA (field-programmable gate array), here a National Instruments Com-
pactRIO Controller cRIO 9074 [41]. It controls two separate potential measure-
ment circuits, and it can store temperature measurements of ambient air or the
specimens using thermocouples. These temperature measurements can be used
during post-processing to correct for stiffness changes. PD measurement wires of
equal length were used, and were twisted to minimize thermal EMF. The use of
the potential ratio between a test and a reference specimen also minimizes thermal
EMF by canceling out most temperature effects. A constant current power supply
is connected to the specimens to generate the potentials. Most tests use the Delta
Elektronika SM100-AR-75, set at 75A. The electrical resistance of total circuit gives
a potential of about 0.5V. This results in about 37.5W of power being supplied to
the circuit. This power heats up the specimens until a thermal equilibrium up to
5 °C above ambient is reached, verified by thermocouples. The test is not started
before this equilibrium is reached. The complete setup is illustrated in Figure 3.5.

Figure 3.5: Schematic view of the test setup with potential drop measurement device and constant
current source. Actual tests were performed with a 250 kN MTS fatigue machine.

The FPGA is programmed using LabVIEW, and the measurement routines are
developed in-house at the Delft Aerospace Structures and Materials Laboratory
(DASML) of Delft University of Technology. The FPGA is concerned with seven
tasks:

• Take simultaneous potential measurements at a frequency of 50 kHz, and
apply an averaging function per 10 measurements, resulting in a smoothed
signal of 5 kHz.
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• Regularly take zero-current potential measurements, for calculating the true
potentials.

• Track the test specimen load signal from the fatigue machine as measured by
a load cell for sine loading peak-valley detection, to obtain the start and end
times of each cycle.

• Calculate the potential ratio used in the ASTM E 647 standard [11].

• Reduce data scatter by using a moving average smoothing over a user-defined
number of cycles.

• Measure the temperature of both specimens with thermocouples.

• Write the moving average smoothed measurements of one cycle to a data file
every user-defined amount of cycles.

A flow chart of the FPGA software routine is given in Figure 3.6.

Figure 3.6: Potential drop measurement FPGA flow chart.

3.4.2. Fatigue specimen material and geometry
The test and reference specimens were made as identical copies from the same
material batch, of which only the test specimens were fatigued. A typical specimen
was CNC milled from Al 2024-T3 plate of 6.1mm thickness. The test specimens
were loaded in L-T direction, and had on each end five attachment holes of 10.5mm
diameter for clamping. Figure 3.7 shows the specimen geometry and location of
the PD electrodes. A center hole of 4mm made it possible to create starter cracks
by fretsaw, with 𝑎 = 8.0 ±0.2mm based on visual inspection.
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The electrode attachment was similar for all specimens. Two M2 tapped holes
were used for attaching M2 brass bolts. Figure 3.8 shows a close-up of an electrode
attachment. PD measurement wires with appropriate crimp fittings were bolted
onto these brass bolts and were not in direct contact with the specimens.

Figure 3.7: Drawing of a typical fatigue test specimen as used with the PD TTC setup. Loading direction
horizontal. The constant current was connected through the edge holes on the horizontal centerline.

3.5. PD TTC test results

A number of PD CCT fatigue tests were performed using a constant amplitude
spectrum, with and without overloads. The test results are published as data

set [42], and Table 3.1 gives an overview of these tests. Test 8 is a sine spectrum
on an uncracked specimen to investigate the potential behavior in absence of crack
growth and plasticity. For the other tests it holds that the observed PD TTC curves
behave similar for various 𝑆max and 𝑅 values. Test 1 is a representative example
used below to illustrate the findings of the PD TTC measurements.
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Figure 3.8: Close-up of a representative PD electrode attachment. The M2 brass bolt connects the PD
wire with the specimen.
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Table 3.1: PD TTC tests. Al 2024-T3, CCT fatigue specimens, constant amplitude. Tests 6 and 7 had an
overload approximately equal to twice 𝑆max. Test 8 is not a fatigue test.

Test no. 𝑆max 𝑅 𝑁 OL
[-] [MPa] [-] [cycles] [-]
1 97.06 0.063 24594 no
2 174.8 0.608 23534 no
3 145.9 0.607 50254 no
4 116.6 0.608 112644 no
5 87.4 0.608 335791 no
6 87.8 0.100 48170 yes
7 87.8 0.101 44998 yes
8 160.0 0.025 - no

For all tests except test 8, a moving average smoothing of 500 cycles was ap-
plied. A PD TTC cycle was stored every 50 or 100 fatigue cycles, resulting in data
sets in the order of several hundred PD TTC cycles each. The AFGROW software
[43] was used to generate predictions using the NASGRO equation and the material
choice of Al 2024-T3 clad, plt & sht, L-T direction.

The differences between both crack growth curves is mostly in the different
crack formation lives, as result of the fact that in the tests cracks had to nucleate
from the fretsaw cut tip. To compare both crack growth curves, the AFGROW curve
is translated to start at nearly the same crack length as the measured curve.

Increasing 𝑅 and/or lowering 𝑆max would result in a longer life at lower 𝑑𝑎/𝑑𝑁
and more PD TTC cycles. However, at lower 𝑑𝑎/𝑑𝑁 the relative precision is less
given the measurement resolution, and a larger number of cycles is needed for
moving average smoothing. This is discussed in more detail in section Section 3.6,
and a rather short fatigue life test was chosen to increase the relative measurement
precision.

The measured PD TTC potentials include the potential ratios of the test and
reference specimens. The reference specimen potential was observed to be virtually
constant, resulting in the potential ratio being effectively proportional to the test
specimen potential. The output files of the measurement device contain the test
specimen potential and the potential ratio.

3.5.1. Standard PD results from PD TTC data set
Using only values at 𝑡 = 0.5 at 𝑆max, the crack growth potential ratio per cycle
appears which is commonly used as input for the ASTM PD crack length calculation.
The results of test 1 are shown below as a representative example. The measured
PD TTC ratio is shown in Figure 3.9. Each curve starts at a higher potential ratio,
because each cycle starts at an increased crack length. The change in potential
through a single cycle increases during the specimen life too, and deviations become
more pronounced as well.

The values at 𝑡 = 0.5 in Figure 3.9 constitute the standard, once per cycle PD
measurements. Figure 3.10 shows the ASTM PD crack length calculation results of
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Figure 3.9: Potential ratio curves of test 1, per cycle time 𝑡. A subset of each 250th curve is shown for
clarity. With increasing crack length, the ratio increases. The values at 𝑡 = 0.5 correspond to standard
𝑆max PD values.

this subset, together with the AFGROW prediction. The AFGROW curve has been
slightly translated horizontally to match the measurement curve due to a deviation
in crack formation life.

The corresponding crack growth rate 𝑑𝑎/𝑑𝑁 versus Δ𝐾eff is shown in Figure 3.11,
where a rather linear section (Paris region II) on double logarithmic scales is ob-
served.

This example illustrates that the standard, once per cycle PD data point is only a
subset of the full PD TTC signal, and that consequently more information is present
in the PD TTC signal.

3.5.2. A closer look at the PD TTC signal
In order to compare the potential curve shapes from Figure 3.9, all the curves are
translated in vertical direction to start at zero. Note that they are only translated,
not scaled. This translation preserves the relative changes in potential, but not the
absolute values. The result is shown in Figure 3.12. Most curves have only a small
change in potential throughout the cycle as the largest part of the specimen life at
a relatively low 𝑑𝑎/𝑑𝑁, apparent from Figure 3.11, whereas the most pronounced
curves are the ones near the end of the specimen life. Nevertheless, Figure 3.12
shows that a consistent behavior of the potential is observed throughout a wide
range of cycles.

One of the PD TTC curves from Figure 3.12 is examined in more detail to explain
the behavior of the potential seen in all cycles. In Figure 3.13 this curve is overlaid
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Figure 3.10: Crack length versus cycles for test 1. Red data points are generated using the method
given in ASTM E 647 [11], using the potential values at 𝑡 = 0.5 from the curves shown in Figure 3.9.
AFGROW curve shown for comparison. The orange, green, and cyan markers correspond with the points
in Figure 3.11 and curves in Figure 3.12.

Figure 3.11: Crack growth rate curve of test 1. A bilinear Paris region II is observed in the range
17 < Δ𝐾eff < 40. AFGROW curve shown for comparison. The orange, green, and cyan markers
correspond with the points in Figure 3.10 and curves in Figure 3.12.
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Figure 3.12: Potential TTC curves of test 1, per cycle time 𝑡. These are the same curves as in Figure 3.9,
now translated vertically to start from zero to facilitate comparison of the PD TTC curve shape. The
orange, green, and cyan curves correspond with the similarly colored points in Figures 3.10 and 3.11.

with a sine to show the similarities with the sine loading spectrum. Initially the
potential follows this sine behavior very closely. Around one-quarter of the cycle
duration does the potential break away into a plateau-like behavior until about
three-quarters of the cycle duration. After this plateau, until the end of the cycle,
does the potential follow a sine-like behavior again, although not exactly on top of
the loading sine.

To give a sense of the plateau significance, the standard deviation of the plateau
data range of the green curve from Figure 3.12 was calculated. Figure 3.14 shows
this PD TTC data and the 1𝜎 and 3𝜎 standard deviation boundaries, which encom-
pass 68.2% and 99.7% of the plateau data respectively. It is clear that the virtually
all plateau data points fall within a small band of potential ratio values, showing that
the plateau is a significant feature of the PD TTC curve.

3.5.3. The origin of the PD TTC plateau
To demonstrate that the observed PD TTC plateau relates to plasticity, a similar but
uncracked Al 2024-T3 panel was subjected to a low-stress sine loading cycle; test 8.
The choice of 𝑆max = 160MPa, well below the material yield stress 𝑆yield = 324MPa
[32], ascertained absence of any plasticity. With plasticity and crack growth absent,
it was expected that the change in potential would be proportional to the change
in loading. The observed PD TTC curve closely follows the sine shape, as is shown
in Figure 3.15. The Poisson and piezoresistivity effects both fluctuate in close ac-
cordance with the loading, resulting in the ratio between these effects being rather



3

60 3. Potential drop through the cycle

Figure 3.13: A single TTC curve from measurements, with an overlaid sine curve representing the applied
loading. A correlation is observed during the first and last quarter of the cycle. A plateau appears in
between, at a certain load level.

Figure 3.14: Potential TTC curve of test 1, corresponding to the green curve in Figure 3.12. The plateau
data is shown in blue, with 1𝜎 and 3𝜎 standard deviation bands.
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constant and following the loading signal.
A small flattening of the curve is seen directly around 𝑆min, which is a result

of the initial nonlinearity of the piezoresistivity near zero strain (see Figure 3.4).
Because the plate does not contain a crack, the change in potential due to elastic
loading is small compared to the potential signal of a well developed crack. The rel-
ative scatter in Figure 3.15 is therefore orders of magnitude larger than the scatter
observed in Figure 3.13. It also explains the choice for a large 𝑆max compared to
the fatigue tests.

Figure 3.15: Two PD TTC cycles from test 8, with an overlaid sine curve representing the applied
loading. A clear correlation is observed throughout the cycles. Compare with Figure 3.12; the plateau
only appears when crack tip plasticity is present.

A further strengthening of the concept follows from a better understanding of
what PD TTC is measuring. This is explained using Figure 3.2, where the effective
electric path through a part of the specimen is shown schematically. During one
cycle, the extension of the crack is small compared to the existing crack. The
electric path therefore does not significantly extend in direction of the crack growth
(horizontal). During that same cycle the crack tip plastic zone does develop and
extend as a result of the applied loading, which is captured by the section of the
electric path going around the crack tip (vertical). This shows that the PD TTC signal
primarily measures crack tip plasticity. In reality there is not one unique conductive
path but rather a conductive field, however the strongest signals are observed near
the shortest path. Furthermore it is not a purely geometric function, as the signal
strength is also strain dependent and thus a function of plasticity too.

Given the shape of the plastic zone and the electric path, it cannot be directly
concluded that the measured signal is linearly proportional with the amount of
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plasticity. But if the crack tip plasticity is proportional to the total plastic energy
dissipation in the plastic zone, then it can be argued that a proportionality exists
between the PD TTC signal, the applied load, and the amount of plastic dissipation.

During the plateau phase, there is a difference in potential between the sine
loading curve and the plateau level. The sine loading is proportional to the elastic
energy present in the global specimen, and the PD TTC signal shows a local effect.
Nevertheless, the vertical difference between both in Figure 3.13 is a measure for
the local energy being dissipated by plastic deformation. The plateau can be ex-
plained using an elastic perfectly plastic stress-strain curve, as shown in Figure 3.16.
Once the local stress reaches a certain level, near or at 𝑆yield, the stress stays at this
level but the strain increases due to plasticity. It is this effect that causes the PD
TTC plateau. In reality there is a slight stress increase during plastic deformation,
which accounts for the gradual potential increase at the start of the plateau, and
the gradual decrease at the end of the plateau, visually appearing as the rounded
corners at the start and end of the plateau.

Figure 3.16: Elastic perfectly plastic stress-strain curve and corresponding schematic PD TTC curve.
Above a certain stress level near or at 𝑆yield, plastic deformation exists, which increases 𝜀 at constant
stress and constant potential, resulting in a plateau (green).

3.5.4. Observing 𝑆op and 𝑆cl with PD TTC
Consider that if the PD TTC curve is related to crack tip plasticity, it also indicates
crack growth phenomena such as crack opening and crack closure. As stated earlier,
the change in potential due to crack growth itself is too small to be observed with
the current measurement setup. However, the change in plasticity behavior can
indirectly indicate crack growth effects. This is shown in Figure 3.17, based on the
curve shown in Figure 3.13. The PD TTC curve shows again a sine-like behavior until
about one quarter of the cycle length. Here the signal levels off onto the plateau
quite abruptly, Figure 3.17 shows a short time range around 𝑡 = 0.23 where this
occurs. This range is believed to be the change in global stiffness 𝐸 as schematically
shown in Figure 3.18, which occurs when the crack opens and crack growth begins.

The first instant that the PD TTC curve moves away from the sine loading curve
proportionality, could be seen as the start of plastic flow. This is the start of the



3.6. Measurement precision, accuracy, sensitivity, and smoothing

3

63

transition phase shown in Figure 3.18. Because of the plastic flow, the crack tip
is pulled open during the transition point. Residual compressive stresses might be
present around the crack tip, originating from previous cycles and depending on the
loading conditions. These compressive stresses need to be alleviated first before
the crack tip fully opens an crack growth can develop.

In accordance with [19], crack opening was defined as the moment that the
crack tip finally becomes completely open. This occurs at the end of the transition
phase in Figure 3.18, and is the start of the plateau in the PD TTC curve in Fig-
ure 3.17. Moreover, this point is more easily defined and observed than the start
of the transition phase. An analogy can be found in a typical material stress-strain
curve. The 0.2% offset yield point assumption is often used in engineering practice,
because the actual elastic limit point is difficult to define accurately.

Noting that opening occurs over a finite time interval, combined with reported [2,
13, 27] COD measurement scatter of the 𝑆op timing, in a similar way the assumption
is made that 𝑡𝑆,op occurs at the crossing of the tangents at start and end of this
opening time interval. This is shown in Figure 3.17, from which it is clear that the
tangent crossing is easy to determine. 𝑆op then follows from the loading curve at
𝑡𝑆,op.

In a similar way the closing stress 𝑆cl can be calculated from 𝑡𝑆,cl. However,
from Figure 3.17 it is clear that the time interval during crack closing is significantly
larger than during crack opening. The exact reason is yet unknown, but a plausible
explanation is that the new crack tip shape after crack extension causes a smooth,
gradual closure of this newly formed crack extension. The tangent crossing proce-
dure results in a 𝑆cl value slightly higher than 𝑆op, which is consistent with literature
[29]. This strengthens the idea that the PD TTC concept is capable of deriving indi-
rectly, but rather precise, the load levels at which the crack opens and closes, and
how these levels may change throughout the life of the fatigue specimen.

3.6. Measurement precision and accuracy, signal
sensitivity, and smoothing

A brief discussion is given on the sensitivity of PD TTC compared to standard PD,
and the application of PD TTC signal smoothing over several successive cycles.

3.6.1. Measurement precision and accuracy
The measured potentials are in the order of µV, which are amplified by the PD
setup to mV. These small signals make the overall electric circuit and measurement
setup extremely sensitive to electrical and magnetic interference. The electronic
amplifiers must be exceptionally stable to allow for good precision. An improvement
in noise reduction is roughly proportional to the improvement of the lower effective
𝑑𝑎/𝑑𝑁 limit. Significant but short-lived potential changes due to local temperature
interference have been observed as well, arising from tiny air currents or simply by
touching a specimen. The measurement scatter in the amplified mV signal is in the
order of mV or smaller, requiring smoothing over multiple cycles.
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Figure 3.17: The plateau region has a nearly constant potential, showing a balanced act between the
Poisson effect and the piezoresistivity. Crack opening and closure transition time intervals shown in
magenta.

Figure 3.18: A schematic, global stress-strain diagram of the specimen belonging to Figure 3.17. The
nonlinear section (orange) relates to the transition from a closed crack (𝐸0) to an open crack (𝐸1, PD
TTC plateau).
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With the changes in potential through the cycle initially being small, a moving
average technique is applied over a constant number of successive cycles. This
reduces measurement scatter and improves accuracy. Each measurement point
of a given PD TTC cycle is thus the average of a predefined number of previous
successive measurements taken at the same PD TTC time instant 𝑡. This procedure
takes place in the measurement setup FPGA in real time during the test.

The use of this data scatter reduction technique is justified on the basis that for
sufficiently small 𝑑𝑎/𝑑𝑁, it can be assumed that a certain number of subsequent
cycles have essentially a constant 𝑑𝑎/𝑑𝑁 at equal 𝑎. It appears self-contradictory
since a nonzero 𝑑𝑎/𝑑𝑁 results in a change of 𝑎, but consider that 𝑑𝑎/𝑑𝑁 ≪ 𝑎.
Consecutive PD TTC cycles are thus nearly equal. To further improve measurement
precision and accuracy over the current PD TTC setup, electronic amplifiers with
less noise (< 2% of absolute signal) and an improved electrical insulation from
external disturbances of the whole circuit are paramount.

3.6.2. PD TTC signal resolution versus standard PD signals

The observed potential changes through the cycle, as indicated in Figure 3.1. The
presence or absence of plasticity and the occurrence of crack growth influence the
signal strength and the signal path length. The ratio of test potential over reference
potential generally grows from unity to a value about ten times larger. The change
in potential during a single cycle is several orders of magnitude smaller, and is
through plasticity and crack growth effects linked to 𝑑𝑎/𝑑𝑁.

The standard PD technique is a well-established method of observing crack
growth during the fatigue life, and generally takes (high frequency) measurements
at 𝑆max only. One of the reasons for doing so is that closure effects do not play a
role as 𝑆max > 𝑆op. The PD TTC technique takes continuous high frequency mea-
surements at varying 𝑆 values during each full cycle, on purpose measuring how
the potential is affected by plasticity and crack growth effects.

With standard PD, the increase in crack length per cycle 𝑑𝑎/𝑑𝑁 is derived from
the increase in potential. Measurements are generally taken at only one time in-
stance per cycle, often at 𝑆max at 𝑡 = 0.5. This means that the observed potential
increase per cycle is actually the peak to peak value of two successive cycles. A
slightly more accurate determination of the potential increase per cycle can be made
using the PD TTC data, as the change in potential per cycle can now be properly
observed as 𝑑𝜙/𝑑𝑁 = 𝜙t=1 − 𝜙t=0, which is directly related to 𝑑𝑎/𝑑𝑁.

Note that the energy dissipation in plasticity is significantly larger than the en-
ergy used to extend the crack. This means for PD TTC that the maximum change in
potential through the cycle, equal to 𝜙t=0.5−𝜙t=0, is orders of magnitude larger than
the net change between 𝜙t=1 and 𝜙t=0, as is evident from Figures 3.9 and 3.12.
Plasticity effects are thus visible using standard PD resolution in this PD TTC setup.
In theory, the crack extension within the cycle should be visible too in PD TTC data.
However, the current setup has insufficient resolution to do so. Improved resolution
(several orders of magnitude) may be required to observe crack extension directly.
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3.6.3. Post-processing data set smoothing
The internal moving average smoothing cannot always provide sufficient relative
scatter reduction, especially at PD TTC curves below a certain small 𝑑𝑎/𝑑𝑁 value.
A second smoothing step can be performed on the full data set after the test. The
chosen method here is smoothing over several successive cycles, centered around
a particular 𝑁 value.

This smoothing range cannot be chosen arbitrarily large, due to three reasons,
illustrated in Figure 3.19:

1. The relative PD signal scatter is larger at the lower end of the range. The
arithmetic mean of the smoothing causes data scatter at the lower end to
have a more pronounced effect on the smoothed signal.

2. The monotonous increasing slope of the crack growth rate 𝑑𝑎/𝑑𝑁 makes the
higher end of the smoothing range have a stronger effect on the mean or
absolute or values of the smoothed PD TTC curve.

3. The growth of 𝑎 in this range causes the finite width effect to change the in-
crease in plasticity, which affects the PD TTC signal. This effect only becomes
significant at large 𝑎/𝑊 ratios near the end of the specimen life.

While reason 1 and 2 are inherent in data smoothing, and the finite width effect
mentioned in reason 3 is always present in fatigue tests, the effect of the latter on
plasticity influences the PD TTC curve itself, which is unique to the PD TTC method.

Figure 3.19: The three effects of data smoothing and averaging. One: relative scatter versus signal
strength. Two: the larger end dominates the symmetric smoothing range. Three: changes in plasticity
due to the finite width effect cause the larger end to dominate too, a case unique for PD TTC over
standard PD.

To summarize, the main limitations are that in a given centered smoothing range
the lower end increases the overall scatter, while the higher end increases the ab-
solute mean potential.
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Based on post-processing of the tests mentioned in Table 3.1, good results can
be obtained by smoothing data sets within certain parameter limits. The ideal post-
processing PD TTC curve smoothing needs to be performed on a small data range
where:

• The change in 𝑑𝑎/𝑑𝑁 values is sufficiently small (viz. a change up to several
%).

• The 𝑎/𝑊 ratio is sufficiently small (viz. 𝑎/𝑊 < 0.125 such that the finite with
correction factor 𝛽 < 1.05 ≈ 1).

• The 𝑑𝑎/𝑑𝑁 values are such that the relative scatter (unsmoothed) is not too
large (viz. up to several %).

The first and second requirement are test geometry and loading dependent, the
third requirement is only geometry dependent.

3.7. Conclusions and recommendations

T he extended potential drop (PD) measurement system, PD TTC, is capable of
measuring the electric potential throughout a single fatigue crack growth loading

cycle, and doing so for many successive cycles. This results in the observation of
potential changes which are linked to several crack growth phenomena, such as the
timing and magnitude of crack opening and crack closure stresses. The following
list summarizes the most important findings of using this PD TTC measurement
technique:

1. The known effect of mechanical stress on the electrical resistance is observed
in fatigue cycles, affecting the measured potential through Pouillet’s law and
Ohm’s law under assumption of constant current. Two main effects are ob-
served, which have opposite effects on the potential:

• The Poisson effect: the change of specimen geometry under load. 𝑆 ↑ ∝
𝜙 ↑.

• Piezoresistivity: the strain dependency of the resistivity. 𝑆 ↑ ∝ 𝜙 ↓.

2. During crack growth, two other effects are observed which are subsets of the
aforementioned main effects:

• Crack tip plasticity: changes in strain give a combined effect of the Pois-
son effect and piezoresistivity.

• Crack growth: the opening and closing of the crack influences the Pois-
son effect.

3. Crack tip plasticity and crack growth are readily apparent from a clear devia-
tion of the potential curve around 𝑆max. A plateau-like behavior is present at
a certain critical cyclic energy level, above which excess energy is dissipated
by growth of the crack tip plastic zone and crack growth.
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4. The effect of crack extension is several orders of magnitude smaller than
plasticity effects, and is therefore not directly observed in PD TTC data given
the current measurement resolution. Nevertheless, the observable changes
due to plasticity can be correlated with start and end of the crack growth
phase.

5. The start and end times 𝑡𝑆,op, 𝑡𝑆,cl of the plateau together with the loading
spectrum can be used to derive true opening and closure stresses 𝑆op,phys and
𝑆cl,phys, with significantly larger accuracy and precision than existing methods
such as COD.

The PD TTC method is novel way of measuring the opening and closing stress
with greater insight and potentially improved precision and accuracy over existing
methods such as COD. The insights and improvements obtained with PD TTC can be
useful in reducing opening and closure stress related uncertainties in Δ𝐾eff similitude
parameter models and other crack closure models.
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4
Experimental observations on
the plastic zone development

This chapter discusses in more detail the relation between the crack tip plas-
tic zone development with the observed signal of potential drop through the
cycle (PD TTC) measurements, supplemented with digital image correlation
(DIC). The PD TTC technique is explained in Chapter 3, and a short introduc-
tion to DIC is given in the current chapter. The correlation between DIC data
and PD TTC curve is shown for two load cycles close to the end of life of a CA
fatigue test on Al 2024-T3. Finally, a discussion on the merits and challenges
of this combined measurement technique is given.

This chapter has not been published separately, but is provided here as an addendum to Chapter 3.
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4.1. Digital image correlation (DIC) technique

T he essence of digital image correlation is comparing two or more images of
a specific area on a fatigue specimen, to measure the deformation or strain in

this area. The technique has been widely used for examining the strain field around
fatigue cracks, e.g., Refs. [1–4], and to study metal microstructures, e.g., Ref. [5].

Photography of this area of interest is done using one or more digital cameras.
For an in-plane, two-dimensional analysis of the specimen surface, a single camera
is used. For a three-dimensional analysis, a stereo camera setup is used to obtain
extra information about the out-of-plane deformation. The stereo camera setup
consists of two cameras at different locations but pointing at the same area on the
specimen. The resulting difference in viewing angle gives information about the
out of plane deformation component.

DIC software is used to track the movement of points on each image, and cal-
culating the absolute deformation and strain. Because the software needs visual
cues to position and track these points, a high contrast speckle pattern is applied to
the specimen surface, as shown in Figure 4.1. The software then applies a raster
to a reference image, Figure 4.2, on which the points are located. In subsequent
images the location of each point is derived from an array of pixels around that
point, taking into account several speckles in the immediate vicinity of that point,
and compared to the reference image (absolute strain) or to the previous image
(incremental strain). Therefore, the size and amount of speckles are of large im-
portance. Too small or too little, and the software algorithm loses accuracy. Too
large or too much, and the speckles start to overlap, again resulting in less accu-
racy or even erroneous correlations of between different speckles. When a crack is
present and is open, correlation of points very close to the crack edge is inevitably
lost as parts of the pixel arrays of these points is incomplete. This does not affect
the plastic zone because it extends away from the crack plane.

4.2. The DIC setup

F or the DIC analysis of the PD TTC fatigue specimens the two-dimensional DIC
setup was used, because the main deformation was in the load direction, 𝜀yy

strain, and the 6mm specimen thickness gave sufficient stiffness in out of plane di-
rection. The speckle pattern can be created using spray paint and ink pad stamping.
The speckle patterns shown in this chapter are made in two steps. First, a white
spray paint base layer is applied to the aluminum specimens. Second, a 0.007 inch
resolution rubber ink stamp is used three times at 60° angular variations, to create
the randomized speckle pattern of, uniform density.

DIC is often used to study the plasticity field around the crack tip in fatigue tests
by measuring the plastic deformation strain. Pictures are taken every single cycle
or every few cycles, to be able to observe the changes during the fatigue life.

This raises the question if DIC is capable to observe the changes in the strain
field during a single fatigue cycle. In theory, it is possible to obtain many measure-
ments per cycle, by lowering the fatigue frequency and by increasing the image
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Figure 4.1: DIC digital image showing the high contrast speckle pattern on one side of the center crack,
at 𝑆max, such that the open crack is visible.
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Figure 4.2: The rectangular shaded area (red) denotes the DIC analysis field. A raster of points (con-
nected by yellow lines) is applied to the reference image with speckles. Points on subsequent images
are referenced against this raster or against each other.
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capture frequency. The software strain calculation algorithm and the image reso-
lution should be of sufficient quality to observe the small strain changes. From PD
TTC results it is known that the change in plasticity throughout a single cycle can be
up to a few orders of magnitude larger than the net change per full cycle, as shown
in Chapter 3. However, more images results in smaller relative differences between
images. Therefore, the required resolution and software capabilities are still high,
and the method is most likely to succeed at larger 𝑑𝑎/𝑑𝑁 during the fatigue life.

Several fatigue tests were done in the DASML lab using the fatigue test setup
as described in Chapter 3, with the addition of a high speed DIC setup. A Photron
FASTCAM Mini AX high speed black and white digital camera was used, with ex-
ternal LED lighting allowing sufficiently short shutter times. A fatigue specimen
was fatigued until a certain crack length, after which one or more load cycles were
applied at low frequency, with PD TTC in continuous measurement mode and DIC
engaged.

The principal limit of the amount of DIC measurements was given by the 32 GB
internal memory of the Photron camera. As several fixed frame rates up to 6400
fps are possible, all images are stored to internal memory during capture, and later
transferred to a personal computer via an USB connection. The image resolution of
1024 pixel by 1024 pixel resulted in a maximum capacity of about 21800 images,
and a frame rate of 6400 fps resulted in 3.4 s of continuous capture time. Each data
set generated close to 32 GB of data, which was post-processed using the VIC-2D
6 software from Correlated Solutions [6] for DIC image processing. A low cycle
frequency of 0.5Hz or 1.0Hz was chosen in different tests to obtain measurements
over at least 1 or 3 consecutive full cycles. The PD TTC measurement frequency of
5 kHz resulted in 10000 and 5000 measurement points per cycle, respectively. The
DIC setup then captured 12800 and 6400 images per cycle, respectively.

4.3. Plasticity related correlation of PD TTC and DIC

T he link between crack tip plasticity and the PD TTC signal was already explained
in Chapter 3. With the DIC technique being capable of measuring the strain

field, the elastic and plastic strains can be obtained. This allows investigation of the
correlation between the PD TTC and DIC measurements.

A constant amplitude fatigue test was done on an Al 2024-T3 specimen at
𝑆max = 120MPa and 𝑅 = 0.05, to obtain a sufficiently large plastic zone for DIC ob-
servation. A 1.0Hz load cycle with continuous PD TTC and DIC measurements was
applied near the very end of the fatigue life, just before final fracture at 𝑎 = 44mm.
The fatigue crack growth rate 𝑑𝑎/𝑑𝑁 was nearing the mm range.

4.3.1. DIC crack tip plasticity translation
The DIC images showed the change in strain during the load cycle. Analysis of
the zone around the crack tip was done by evaluating the 𝜀yy strain: the strain in
loading direction. In order to observe the plasticity at the crack tip stand out from
the plastic zone, a lower threshold was applied on the strain color legend. Note that
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the engineering yield strain of many metals is defined as 0.2%, but that the actual
onset of plasticity occurs at a lower strain value, i.e. at the proportionality limit. For
Al 2024-T3, this proportional strain was assumed to be 0.045% based on MMPDS
data [7]. All strain values below 4500 microstrain were indicated with a single color,
and higher strain value ranges indicating plastic strain and plastic deformation were
indicated with different colors according to the 𝜀yy strain magnitude.

Figure 4.3 shows the PD TTC cycle with a manually overlaid corresponding sine
loading cycle for reference. The numbered time instants correspond with the DIC
𝜀yy strain fields shown in Figure 4.4.The translation phase from time instant 3 to 6
is shown in more detail in Figure 4.5. The following events can readily be observed:

• The growth of the tip plasticity peak (𝜀 ≥ 4500microstrain) mainly takes place
between time instants 0 and 3, thus before the plateau phase.

• This growth happens at a stationary location.

• The peak translates during the plateau phase from time instant 3 to 6 or
possibly even to 7.

• The most significant translation occurs between time instants 4 and 6, during
the first half of the plateau.

• After the plateau phase, the peak quickly disappears at a new stationary lo-
cation, from time instant 7 to 9.

4.3.2. Detection of the crack tip plasticity peak location and
magnitude using DIC line slice analysis

The peak of the plasticity can be thought of as the position of the crack tip itself,
because the deformations are largest around the crack tip. Many crack growth
models assume exactly this: the largest strain and stress occur at the crack tip
itself, decreasing in magnitude when moving (radially) away from the crack tip. It
is therefore interesting to observe and track the development of the peak plasticity,
as it appears to be an indirect indicator of the crack length and crack growth itself.
This peak and crack tip location are illustrated with a schematic geometry of a strip
yield model in Figure 4.6, based on the Dugdale model, [8]. This figure and model
also show that the plasticity increases gradually from both sides into the peak.

The translation and the change in magnitude of the peak plasticity can be fur-
ther examined using DIC software. The 𝜀yy values at specific fixed locations can
be gathered from specific DIC images. A line slice consists of a number of such
locations spaced equidistant along an imaginary line: ‘the line is sliced into points’.
For this fatigue test analysis, a line slice was applied to a DIC image every 64 im-
ages, resulting in 200 line slices captured during a single cycle. Each line slice
was placed at the exact same location for all images, in crack growth direction,
just above or below the actual crack. This method allows for the peak location to
be accurately determined, and the observed magnitude is close to the true peak
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Figure 4.3: PD TTC cycle with an overlaid sine load cycle, near the end of the fatigue life. The plateau
is clearly observable. The points mark time instants which correspond to crack tip plasticity DIC results
shown in Figures 4.4 and 4.5. The colorbar ranges from 4500 microstrain to 7000 microstrain.

magnitude. Figure 4.7 shows schematically how such a line slice is placed on the
image.

The resulting locations and magnitudes are plotted versus time in Figures 4.8
and 4.9, respectively. The plasticity peak magnitude has a very similar shape as
the PD TTC curve: the curved start and ending proportional to the loading and the
plateau in between are clearly visible. By overlaying these plots onto the loading
and PD TTC curves of Figure 4.3, it follows that there are neat correlations between
the loading curve and the peak location, and between the PD TTC curve and the
peak magnitude.

The location Figure 4.8 at first glance appears to follow the sine loading, indi-
cating that no translation is taking place. Closer inspection of the time interval near
and after 𝑆max reveals that the location data points are now placed above the sine
loading curve. At a given time instant, the location stays at a larger value, i.e. is
lagging behind. The amount of lag in vertical direction is proportional to the trans-
lation of the plasticity peak. This proves that the plasticity peak indeed undergoes
a permanent translation.

The peak magnitude in Figure 4.9 shows an excellent correlation with the PD
TTC potential curve, proving that PD TTC is measuring the crack tip plasticity.
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Figure 4.4: DIC results of the crack tip region, corresponding to the time instants shown in Figure 4.3. All
images shown are from the same fixed region on the specimen. The peak plastic 𝜀yy strain smoothly and
permanently translates between points 3 and 6, corresponding to the first half of the PD TTC plateau.
The colorbar ranges from 4500 microstrain to 7000 microstrain.
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Figure 4.5: DIC results of the crack tip region, corresponding to the time instants shown in Figure 4.3. All
images shown are from the same fixed region on the specimen. The peak plastic 𝜀yy strain smoothly and
permanently translates between points 3 and 6, corresponding to the first half of the PD TTC plateau.
The colorbar ranges from 4500 microstrain to 7000 microstrain.
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Figure 4.6: Schematic view of a strip yield model showing one quarter of a CCT specimen. The largest
deformation and strain can be found at the crack tip, indicating that the peak plasticity is a indirect
measure of the crack tip position and crack length.

4.4. Discussion on the combined measurement
techniques and their results

T he observation of the translation of the peak plastic deformation and the cor-
relation with the PD TTC signal shows how the DIC technique supports the

conclusion from Chapter 3 that the PD TTC signal is related to crack tip plasticity.
While crack extension is not observed directly, for the correlation of the DIC raster
is lost along the crack growth, it is observed indirectly by the movement of the peak
plastic deformation.

The measurements shown in this chapter prove that crack growth can indi-
rectly be measured with the DIC technique, but for small crack growth rates often
mentioned in literature, the speckle pattern and camera resolution will have to be
improved significantly to capture the small strains. The current measurements were
taken near the very end of the specimen life at 𝑎 = 44mm. The crack growth rate
𝑑𝑎/𝑑𝑁 is evidently largest here, in the order of 0.1mm/cycle to 1mm/cycle. It
remains an estimate (based on similar fatigue tests) since the high speed PD TTC
setup at high frequency frame rate could only store a single full cycle, preventing
peak to peak measurement of two or more cycles. Nevertheless, the value for 𝑎
and estimate for 𝑑𝑎/𝑑𝑁 indicate that the crack growth has been significantly and
increasingly affected by the finite width effect, also during a single cycle. Consider
that the true plastic zone shape is different from the idealized circle shape of the
Irwin model [9], as shown in Figure 4.10.

At a sufficiently large crack length, the plastic zone shape might have already
been transforming from the true ideal Figure 4.11 condition to the more distorted
Figure 4.12 condition. This occurs when the size of the elastic zone around the
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Figure 4.7: The white horizontal line L0 denotes the line slice placed over the crack tip area, parallel
to the crack growth direction. Along this line slice, 2000 equidistant measurement points are located
which inspect the 𝜀yy values. The vertically placed strain gauges E0 and E1 are not used in this analysis.
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Figure 4.8: DIC line slice results of the peak 𝜀yy strain location superimposed on PD TTC curve by
scaling and translating in vertical direction. A sine proportional to the loading is also added. The peak
𝜀yy location clearly follows the sine loading. Between 0.5 < 𝑡 < 1 the location value is slightly higher
than the loading sine value: this indicates the permanent translation of the crack tip plastic zone and
crack growth itself.

Figure 4.9: DIC line slice results of the peak 𝜀yy strain value superimposed on PD TTC curve by scaling
and translating in vertical direction. A sine proportional to the loading is also added. The peak 𝜀yy value
clearly follows the PD TTC plateau, and the sine loading before and after the plateau.
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plastic zone is sufficiently large, already having reached the specimen edge. The
plastic zone will continue growing in this elastically affected region and modifying
its shape, until final fracture occurs close to the specimen edge for a sufficiently
small 𝑆max.

These distortions of the plastic and elastic zones inevitably affect the measure-
ments shown in this chapter, both PD TTC and DIC. The relative changes within
a single cycle are still clearly discernible, and therefore the relation between these
measurement technique results still holds.

Figure 4.10: Schematic view of a crack tip plastic zone for an ideal, infinite width case. Crack growth
direction shown with dashed arrow. (a) shows the idealized circular plastic zone according to Irwin [9].
(b) shows the more realistic but still idealized butterfly shape observed from experiments.

4.5. Conclusions

T he results from the DIC measurement technique in combination with the PD TTC
results discussed in Chapter 3 strengthen the correlation between the crack tip

plasticity magnitude and the PD TTC potential signal. The DIC results show that the
crack tip peak plasticity is proportional to the PD TTC curve magnitude, including
the plateau phase. Furthermore, the DIC technique can measure the peak plasticity
location, which is observed to permanently translate in crack growth direction during
a specific time fraction of the cycle. This chapter therefore provides further proof
of the scientific analysis results discussed in Chapter 3.
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Figure 4.11: The true, measured shape of the 𝜀𝑦𝑦 zone at a small crack length, with the butterfly
shape being somewhat visible. The affected zone is still well surrounded by the plate, the crack tip
plastic zone contained within effectively sees a nearly infinite plate. Four strain levels indicated between
0 < 𝜀𝑦𝑦 < 0.0045, all areas with 𝜀𝑦𝑦 ≥ 0.0045 fall within the highest strain level indicated.
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Figure 4.12: The 𝜀𝑦𝑦 (butterfly) shape at a large crack length is of sufficient size to be affected by the
finite width of the plate: here, the elastic stress zone has just reached the plate edge. Its shape will
therefore change, which affects the smaller crack tip plastic zone. Four strain levels indicated between
0 < 𝜀𝑦𝑦 < 0.0045, all areas with 𝜀𝑦𝑦 ≥ 0.0045 fall within the highest strain level indicated.
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5
Towards a physics based

model of fatigue crack growth

Material fatigue is a significant societal and economic problem. To avoid
catastrophic failures, most designs require fatigue data to demonstrate re-
liability. Fatigue research generally adopts the experimentalist approach,
in which loading parameters are correlated phenomenologically to observed
consequence.
Fatigue damage growth prediction models are predominantly developed by
fitting power law relationships through observed correlation. While reason-
ably accurate, these models always need fatigue data to be predictive.
These models do not provide a deeper understanding of fatigue damage
growth physics. Here we demonstrate that fatigue crack growth is well de-
scribed with physics using an energy balance and a sliding box analogy with
friction.
We observed that the energy balance is governed by crack tip plasticity and
surface energy. Friction levels correspond to physical crack tip opening. Cor-
relating cyclic loading through cyclic strain energy gives the available energy
for dissipation through plasticity and crack advancement.
Our results demonstrate that fatigue crack growth curves can be generated
from stress-strain material data, significantly reducing the required amount
of fatigue testing.
We expect that this model becomes the starting point for correct physics
based approaches towards fatigue damage growth, significantly enhancing
our understanding and enabling equal levels of reliability in engineeringwith-
out costly fatigue testing.

This chapter is a modified version of a manuscript in preparation.
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5.1. Introduction

L iterature on fatigue crack growth is largely based on observations and experi-
mental data. In 1839, the word ‘fatigue’ was used for the first time in writing by

Poncelet [1], describing how cast iron axles used in mill wheels became ‘tired’ after
a certain period of usage. The 1842 Versailles rail accident, Ref. [2], at the time
the largest in the world, was caused by metal fatigue. Its accident investigation is
widely regarded as the start of the fatigue research field, which later expanded to
explicitly include the study of the crack growth phenomenon. In the 1950s several
important investigations were carried out regarding the stress field and the plastic
zone shape, including notably the work of Irwin [3, 4]. This work, combined with
the insights from Paris and Erdogan [5] in the 1960s, gave the research field a large
impulse. Fatigue crack growth data could be expressed as a simple power law, as
a function of a similitude parameter Δ𝐾 = 𝑆max𝛽√𝜋𝑎 based on the crack tip stress
intensity, resulting in the ‘Paris law’:

𝑑𝑎
𝑑𝑁 = 𝐶Δ𝐾𝑚 + 𝑏 (5.1)

Using the similitude parameter Δ𝐾eff = (𝑆max−𝑆op)𝛽√𝜋𝑎 instead of Δ𝐾 removed
virtually all stress ratio 𝑅 effects by including opening and closure effects, resulting
in a nearly generic crack growth curve for a given material and alloy:

𝑑𝑎
𝑑𝑁 = 𝐶Δ𝐾eff𝑚 + 𝑏 (5.2)

From here on did the field stay largely empirical and phenomenological, with
various improved models developed from an engineering perspective to more ac-
curately predict constant amplitude (CA) and variable amplitude (VA) fatigue for
industry.

While these models have become rather accurate, none of them are physically
correct. The ubiquitous ‘Paris law’, Equation (5.1), and subsequent models based
on Equation (5.2) are dimensionally incorrect, a fact not widely recognized given the
many power law models available, such as Refs. [6–10]. Equations (5.1) and (5.2)
are only correct when 𝐶 has the dimension MPa𝑚m(1−𝑚/2), making the constant
𝐶 a function of the exponent 𝑚. This imperfection to some extent has also been
noted in literature, even though with some debate, such as Refs. [11–13].

A larger issue can be found with the similitude parameters. The similitude con-
cept in particular is seen as the driving force behind crack growth, with the result
being the fatigue crack growth rate through the ‘Paris law’. However, this is not
quite correct from a physics point of view. Intuitively, one would expect a driving
force, being slowed down by resistance, resulting in a net fatigue crack growth rate,
whose development might be captured by a similitude parameter. The similitude
concept itself relates primarily to the scaling of physical parameters, and cannot
equate to a driving force.

On top of that, the widely used similitude parameter Δ𝐾eff uses an opening stress
𝑆op. This opening stress is a challenge to measure accurately since the exact crack
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tip is hard to reach. It is shown in Ref. [14] that there actually are two distinct
opening stresses, which are related. The measured, phenomenological opening
stress 𝑆op,phen is different from the true, physical opening stress 𝑆op,phys at the
crack tip. It shows that the understanding of crack closure is incomplete, and that
the physical understanding of the phenomenon is not yet correct or complete.

The popularity of the power law model with similitude parameters must be
sought in its simplicity and ease of use as an engineering approximation, as it
appears conveniently as a straight line on a double logarithmic plot. Nevertheless,
there are other ways to look at the phenomenon of fatigue crack growth.

The theoretical thermodynamic approach appears appropriate at first glance
for it describes the complete system with all the required physical mechanisms,
Ref. [15]. However, it does not have a practical approach as it essentially requires
a high resolution discretization of the theoretical continuum, effectively resulting
in a finite element analysis with all known associated restrictions and limits. For
example: mesh distortion in the crack tip plastic zone, and required computation
time.

Another physics approach is to consider the energy balance of the fatigue speci-
men, equating the driving force to the sum of resistance terms. Alderliesten [16, 17]
describes the concept and gives a first idea energy balance of the fatigue crack
growth phenomenon. It equates the applied work of a single cycle to the energy
dissipated by crack growth during that cycle. This energy balance approach ap-
pears to be a practical description of the fatigue crack growth phenomenon, but
with a physical basis. It is this approach that is further extended in this paper.

5.2. The concept of the energy balance approach to
fatigue

E quating energy dissipation to the change in applied work is a method to describe
fatigue crack growth based on physical parameters. The resulting equation

is a balance of energy terms, hence the name: energy balance (of fatigue crack
growth). It is built up using existing models and physical parameters from literature,
serving as known building blocks to build a physical model.

The basic form of the energy balance states that the change in applied work
equals the dissipation of energy due to crack growth and plastic deformation, plus
the elastic energy lost due to the increased plastic zone:

̇𝐽 = �̇�a + �̇�p + �̇�ep (5.3)

Consider a single load cycle of a load-controlled fatigue specimen. Figure 5.1
shows the development of the energy balance terms schematically.

During loading, the applied work is first stored as elastic energy. When plasticity
increases and crack growth happens, the specimen compliance increases, which
requires extra work. During unloading, the decreased effective stiffness relieves a
certain amount of energy as elastic energy, but not all energy. The difference is
the sum of energy dissipated by crack extension, plasticity generation, and change
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Figure 5.1: Applied work and dissipation in a single cycle of a load-controlled fatigue specimen, schemat-
ically explained. (a) During loading, applied work is stored as elastic energy. (b) The total applied work
increases when the specimen compliance increases from A to B. (c) During unloading, an increased
amount of elastic energy is released. The amount of energy not recovered, equals the energy dis-
sipation related to fatigue crack growth, which caused the compliance increase. (d) A more realistic
interpretation of a single fatigue cycle. The dissipated work starts and stops at crack opening and crack
closure, respectively.
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in elastic energy due to the plasticity increase. This total dissipation is equal to the
effective or net applied work. In other words, the change in work also equals the
change in elastic energy:

̇𝐽 = �̇�e,out − �̇�e,in (5.4)

The energy balance also holds for any arbitrary increase in crack length or
amount of cycles, where integrating on both sides gives the respective energy quan-
tities. This basic form is a starting point for a physics based approach to fatigue
crack growth.

A surprising result of the mathematical derivation is that fatigue cycles do not
need to enter the energy balance equation. Fatigue cycles can be modeled however,
by using another physical model, the sliding box analogy. This analogy describes
a sliding box over a flat surface as a physical analogy to the crack extension per
cycle. It models the growth of 𝑑𝑎/𝑑𝑁 throughout the fatigue life, in accordance
with the energy balance.

The energy balance and sliding box analogy are explained in detail below.

5.3. The energy balance

A ll terms of the energy balance are described in more detail below, thereby con-
structing a physical model of the applied work and energy dissipation.

5.3.1. Applied work
Loading the uncracked specimen takes a finite amount of energy, based on the
stiffness of the material and the volume. The specimen can be modeled as a simple
spring with stiffness 𝐸, applied stress 𝑆, and volume 𝑊𝑇𝐿 using Hooke’s law, Ref.
[18]:

𝑈spring =
1
2𝑆𝜀𝑊𝑇𝐿 =

1
2
𝑆2
𝐸 𝑊𝑇𝐿

(5.5)

The change in energy per cycle between 𝑆min and 𝑆max equals the difference in
spring energy between these loads:

(𝑑𝑈𝑑𝑁)uncracked
= 1
2
(𝑆2max − 𝑆2min)

𝐸 𝑊𝑇𝐿 (5.6)

As the crack grows, the effective stiffness 𝐸∗ of the specimen decreases as more
deformation is possible in loading direction resulting in more compliance. This finite
width effect, 𝛽, is well known. Ref. [19] mentions how the applied work and thereby
effective stiffness are related to the finite width effect. Several models exist, here
the Feddersen model is used, Ref. [20], Equation (5.7), because it is an accurate
representation over a large range of 2𝑎/𝑊 crack life.

𝛽 = √sec (𝜋𝑎𝑊 ) (5.7)
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This results in the effective stiffness 𝐸∗ being expressed as:

𝐸∗ = 𝐸
𝛽 =

𝐸

√sec (𝜋𝑎𝑊 )
(5.8)

The maximum stored energy at any crack length can be described as the stored
energy of the uncracked plate at 𝑎 = 0 with stiffness 𝐸, times a finite width correc-
tion as function of the crack length:

𝑈max =
1
2
𝑆2max

𝐸∗ 𝑊𝑇𝐿

𝑈max =
1
2
𝑆2max

𝐸 𝑊𝑇𝐿 𝛽

𝑈max =
1
2
𝑆2max

𝐸 𝑊𝑇𝐿√sec (𝜋𝑎𝑊 )

(5.9)

The applied work per cycle, Equation (5.6), can be updated with the finite width
correction in a similar way to incorporate the fatigue crack:

𝑑𝑈
𝑑𝑁 = 1

2
(𝑆2max − 𝑆2min)

𝐸 𝑊𝑇𝐿√sec (𝜋𝑎𝑊 ) (5.10)

5.3.2. Crack surface energy dissipation
The most apparent dissipation term concerns the creation of the crack, and is rel-
atively straightforward. It is explained in more detail below.

𝑈a =
𝑑𝑈a
𝑑𝐴 𝑇𝛾𝜆𝑎 (5.11)

Free surface energy

The free surface energy 𝑑𝑈a/𝑑𝐴 is the required energy to create a free surface: it
is the difference of internal energy in the atom lattice between the center of a unit
cell and its surface. It can be taken as a constant for a given material, and a typical
value for aluminum is in the order of 1 Jm−2, Ref. [21]. As the crack generates two
surfaces, the effective energy dissipation becomes 2 Jm−2.

Surface roughness

In literature, the crack surface is often implicitly taken to be the projected crack
area. For an ideal through crack, this projected area simply equals the crack length
𝑎 multiplied by the specimen thickness 𝑇. In reality, the crack surface is quite
rough. The actual grown crack surface is therefore larger than the projected crack
surface, and thereby more energy is dissipated per crack length. Figure 5.2 shows
schematically how due to surface roughness the actual area is larger compared to
the projected area.
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Figure 5.2: Schematic explanation of how crack surface roughness increases the actual surface area
over the projected surface area.

The effect of 𝑆max, 𝑅, and environment on the roughness was experimentally
investigated by Hogeveen [22], who showed that the development and magnitude
of roughness differ for air and vacuum, and that a larger 𝑅 or a larger 𝑆max causes
more roughness. From post-mortem inspection of the crack surface it was observed
that the roughness increased during crack growth, and along the crack length.

The scale factor 𝛾 allows corrections of the crack surface 𝜆𝑎𝑇 for the change in
roughness, both during the fatigue life and for different test parameters.

There is no full consensus in literature on which of the many definitions of rough-
ness to use, as the geometric concept of roughness has similarities with the math-
ematical concept of fractals. In this initial study of the energy balance, a constant
𝛾 = 1 was assumed for simplification. A constant value is also valid when examin-
ing a sufficiently small part of the specimen life and subsequent crack length range
where the roughness does not change significantly.

Shear lip effective area

When a shear lip forms, the effective surface area increases as the crack plane
rotates away from the original cross-section plane which is perpendicular to the
load direction. This is shown schematically in Figure 5.3. The effective surface area
can be modeled as the projected surface area times a scaling factor 𝜆. During the
shear lip formation, this scaling factor linearly increases from a value of unity to √2
for a shear lip with an angle of 45°.

5.3.3. Crack tip plasticity dissipation
This term of the energy balance contains the dissipation due to plastic deformation
of the material around the crack tip:

𝑈p =
𝑑𝑈p
𝑑𝑉p

𝑉p (5.12)

Where 𝑑𝑈p/𝑑𝑉p relates to the change in mean plastic energy density in the
plastic zone. This zone translates along with the crack tip movement, and also
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Figure 5.3: One quarter of a CCT fatigue specimen, showing the crack plane with shear lip formation.
The crack surface area increases as it rotates.
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grows in size. The volume increase as function of crack length 𝑎 is captured in the
𝑉p term. These terms are explained in more detail below.

Change in mean plastic energy density

𝑑𝑈p
𝑑𝑉p

(5.13)

The change in mean plastic energy density was modeled using fatigue test data
in combination with the energy balance. Fatigue test parameters of four tests on
two aluminum alloys and one steel alloy are shown in Table 5.1.

Table 5.1: Fatigue test and modeling parameters of several CCT fatigue tests, indicating different CA
fatigue spectra and material/alloy choices. Tests 1 and 2 were performed by the first author.

Test 𝑅 𝑆max 𝑆yield 𝑆op/𝑆max Material 𝑎0 𝑊 Ref.
[-] [-] [MPa] [MPa] [-] [-] [mm] [mm] [-]
1 0 60 324 0.74 Al 2024-T3 13.18 160 -
2 0.3 80 324 0.55 Al 2024-T3 11.25 160 -
3 0.1 48.8 503 0.68 Al 7075-T6 6.35 160 [23]
4 0.5 113 460 0.63 Fe 510 Nb 10.00 100 [24]

Solving the energy balance equation with 𝑑𝑈p/𝑑𝑉p as unknown resulted in
curves with similar trend: decreasing values for increasing crack length, shown
in Figure 5.4.

Figure 5.4: 𝑑𝑈p/𝑑𝑉p curves of several fatigue tests (Table 5.1) versus the crack length 𝑎.
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However, each loading and geometry combination produces a unique 𝑑𝑈p/𝑑𝑉p
curve. Scaling these curves by (𝑆max/𝑆yield)2 and using the normalized crack length
2𝑎/𝑊 makes the curves collapse onto each other. This allows the use of a generic
curve 𝑄 = 𝑓(𝑎), which can be fitted with a power law with an exceptional exponent:
the golden ratio 𝜙 = (1+√5)/2, which is related to the Fibonacci sequence, which
can be found in many ways in nature. Generic curve 𝑄 becomes:

𝑄 = 𝜋 [1 − 2(2𝑎𝑊 )
𝜙
] (5.14)

The scaled curves and 𝑄 are shown in Figure 5.5. The one exception is test
2, which is only qualitatively correct, which must be sought in a different value
for 𝑈max. Nevertheless, with generic curve 𝑄 the resulting equation for 𝑑𝑈p/𝑑𝑉p
becomes:

𝑑𝑈p
𝑑𝑉p

= 𝑄(
𝑆yield
𝑆max

)
2
= 𝜋 [1 − 2(2𝑎𝑊 )

𝜙
] (
𝑆yield
𝑆max

)
2

(5.15)

Of particular interest is the value of 2𝑎/𝑊 for 𝑄 = 0, by extrapolation of the
curve fit: the value is not reached at the plate edge 2𝑎/𝑊 = 1, but before at
2𝑎/𝑊 ≈ 0.65. This suggests that the required energy density goes to zero at a
certain normalized crack length, where the plastic volume becomes infinite. As
the plastic zone approaches and eventually reaches the plate edge, long before
the crack tip arrives, the stress distribution and plastic zone shape will change.
The basic assumptions of linear elastic fracture theory, such as the Irwin plastic
zone model and small scale yielding, are no longer applicable. This interaction and
change of the plastic zone make it possible for the crack tip to reach beyond 2𝑎/𝑊 ≈
0.65 for high cycle fatigue. Regardless, the plastic energy density tends to grow
towards infinity at some point during crack growth which is physically impossible,
and instead final fracture happens: a runaway crack growth during the last cycle.

Plastic volume

The plastic zone volume 𝑉p can be expressed as function of the crack length. A well
known model for the plastic zone is the Irwin plasticity model, Ref. [4], where the
plastic zone is modeled as a cylinder with a height equal to the specimen thickness
T, and a radius 𝑟p. The total volume equals 𝑉p ∝ 𝑟p2𝑇, schematically shown in
Figure 5.6. The radius is a function of the applied stress and crack length.

𝑟p =
1
𝜋 (

𝐾
𝑆yield

)
2
= 1
𝜋 (

𝑆max𝛽√𝜋𝑎
𝑆yield

)
2

= 𝑎𝛽2 ( 𝑆max

𝑆yield
)
2

(5.16)

The finite width correction 𝛽 is again given here by the Feddersen correction,
Equation (5.7). The total plastic zone volume is expressed as:

𝑉p = 𝑎2𝛽4 (
𝑆max

𝑆yield
)
4
𝑇 = 𝑎2 sec2 (𝜋𝑎𝑊 )( 𝑆max

𝑆yield
)
4
𝑇 (5.17)



5.3. The energy balance

5

99

Figure 5.5: The 𝑑𝑈p/𝑑𝑉p curves of several fatigue tests (Table 5.1) scaled using Equation (5.15). Also
shown is generic curve Q from Equation (5.14), which is extrapolated reaching 𝑑𝑈p/𝑑𝑉p = 0 before the
edge of the plate, suggesting a 2𝑎/𝑊 < 1 value where fatigue specimens will fail.

Figure 5.6: Schematic view of the cylindrical plastic zone of Irwin [4], and the growth as function of
the crack length. The crescent volume increase results from the combination of a translation 𝑑𝑎 and an
increased radius 𝑟p.

The actual shape of the plastic zone is not circular, as is widely known and
reported in literature. Furthermore, Ref. [25] notes that in the Irwin model, 𝑟p
actually relates to the diameter of the cylindrical plastic volume rather than the
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radius. This likely results from the increased local stress being capped by 𝑆yield,
effectively redistributing the increased local stress and resulting deformations over
a larger volume. Nevertheless, the plastic volume shape remains rather constant
throughout the fatigue life, and the applicability of the Irwin plasticity model is
considered sufficiently valid, for the relative growth of the modeled cylinder versus
the plastic zone is proportional.

5.3.4. Elastic energy dissipation
𝑈e (5.18)

The elastically stored energy during loading in the first half of the load cycle
is released during unloading in the second half of the load cycle, and therefore
does not contribute to dissipation. However, the plastically deformed volumes do
not return to their original state and impose a certain elastic energy loss. As the
plastic volume grows, this loss grows proportionally. Given that the plastic strain is
significantly larger than the elastic strain, the loss of elastic energy is expected to
be significantly smaller than the plastic energy dissipation.

For CA fatigue it is assumed that the elastic energy dissipation is proportional
to the plastic energy dissipation, Equation (5.19). Therefore the former term can
be neglected as it can be included in the latter term, as a small, implicit constant
scale factor.

𝑑𝑈e
𝑑𝑁 ∝

𝑑𝑈p
𝑑𝑁 . (5.19)

For VA fatigue this might not hold, and a cycle-by-cycle approach is necessary
to properly assess the change in elastic energy dissipation.

The applied work and the three energy dissipation mechanisms of the energy
balance are now defined. For CA fatigue, this reduces to the applied work and two
energy dissipation mechanisms. The energy balance equation in the current state
cannot be solved for fatigue crack growth: it is a continuous equation without a
dependency on the cycles 𝑁. Furthermore, a cycle does not have a dimension. The
energy balance can be rewritten by taking the derivative with respect to 𝑎 to include
a suitable physical parameter and by multiplying by the fatigue crack growth rate
𝑑𝑎/𝑑𝑁 to include the cycles 𝑁.

𝑑𝑈
𝑑𝑁 = 𝑑𝑈

𝑑𝑎
𝑑𝑎
𝑑𝑁 = [𝑑𝑈a𝑑𝑎 +

𝑑𝑈p
𝑑𝑎 ]

𝑑𝑎
𝑑𝑁 (5.20)

The fatigue crack growth rate 𝑑𝑎/𝑑𝑁 appears on both sides and therefore can-
cels out. The result is again a continuous energy balance that holds for any given
crack length, but without a dependence on 𝑁:

𝑑𝑈
𝑑𝑎 =

𝑑𝑈a
𝑑𝑎 +

𝑑𝑈p
𝑑𝑎 (5.21)

From Equation (5.17) it is already clear that a derivative 𝑑𝑉p/𝑑𝑁 is not possible,
as there is no term containing 𝑁. Equation (5.21) uses a derivation with respect
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to 𝑎, which is possible. The plasticity term in the energy balance can be written as
𝑑𝑈p/𝑑𝑎 = (𝑑𝑈p/𝑑𝑉p)(𝑑𝑉p/𝑑𝑎). The derivative of the plastic volume with respect
to the crack length, 𝑑𝑉p/𝑑𝑎, follows from derivation of Equation (5.17) resulting in
Equation (5.22).

𝑑𝑉p
𝑑𝑎 = 𝑑

𝑑𝑎 [𝑎
2 sec2 (𝜋𝑎𝑊 )( 𝑆max

𝑆yield
)
4
𝑇]

𝑑𝑉p
𝑑𝑎 = 2( 𝑆max

𝑆yield
)
4
𝑇 sec2 (𝜋𝑎𝑊 ) [𝑎 + 𝑎2 𝜋𝑊 tan (𝜋𝑎𝑊 )]

(5.22)

5.3.5. Analogy for the absence of cycles in the energy balance
Consider a marble falling straight down. As the altitude decreases, the potential
energy increases. The altitude and potential energy are linked through a continuous
energy balance, valid at any position along the vertical trajectory of the marble.

Now consider a staircase, with the marble placed near the top. When dropped,
the marble will fall from step to step, in a discrete way. Either it is stationary on a
step, or falling in between two steps. The spacing of the steps does not have to
be constant. Neither velocity nor step spacing is of importance to the continuous
energy balance, because only the vertical position is taken into account: the energy
balance still holds at all positions.

In this analogy the staircase equals the fatigue spectrum, with each step rep-
resenting a single fatigue cycle. The vertical fall direction is the crack length, with
the marble indicating the crack tip location. The start of each new fatigue cycle can
be seen as the instant removal of the step where the marble is currently residing
on. The marble is then free to continue its journey downward during that particular
cycle, and advance to the next position: the crack extends during one cycle.

Human beings tend to count fatigue life in load cycles, as it is a very tangible
parameter to measure. Therefore, intuitively 𝑑𝑁 needs to be present, since a finite
amount of work is applied and dissipated during each single loading cycle, which can
therefore be quantified with respect to that cycle. Δ𝑁 is an alternative to 𝑑𝑁 when
averaging the applied work and dissipation over a range of cycles. However, note
that cycles are dimensionless: they are invisible to the energy balance. While the
energy can be quantified per cycle, it is not necessary, and the energy balance itself
does not provide this step size. Therefore, the 𝑑𝑁 terms do not have a place in the
physical description of energy during fatigue crack growth, a fact often overlooked
given the abundance of measurements and models in literature incorporating the
𝑑𝑎/𝑑𝑁 fatigue crack growth rate.

5.3.6. A discrete version of the energy balance
The absence of cycles in the energy balance means that the fatigue crack growth
rate 𝑑𝑎/𝑑𝑁 cannot be predicted with the energy balance only. The required step
size Δ𝑎/Δ𝑁 requires a discrete form of the energy balance. Equation (5.15) already
introduced a discrete step size originating from fatigue data sets in one of the
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energy terms. Previously, the change in cycles 𝑑𝑁 was used as step size, but it
was necessarily removed to allow the energy terms to be expressed by physical
parameters only. As a solution, Equation (5.21) can be discretized with finite steps
over the crack length, Δ𝑎, as shown in Equation (5.23):

𝑑𝑈
𝑑𝑎 Δ𝑎 = [

𝑑𝑈a
𝑑𝑎 +

𝑑𝑈p
𝑑𝑎 ] Δ𝑎

𝑈(𝑎 + Δ𝑎) − 𝑈(𝑎) ≈ [𝑑𝑈a𝑑𝑎 +
𝑑𝑈p
𝑑𝑎 ] Δ𝑎

(5.23)

It can be understood as a linearization of the crack growth at a given crack
length, over a finite crack extension Δ𝑎, as shown in Figure 5.7. The applied work
over the range Δ𝑎 can be calculated as the difference between the total energy over
this range as shown in Equation (5.23), which is a close approximation becoming
exact for the limit Δ𝑎 → 0. Modeling a fatigue crack using measurement data of 𝑎,
𝑁, and 𝑈, is therefore possible by implicitly assuming that Δ𝑎 = Δ𝑎/Δ𝑁, which is
mathematically correct as cycles are dimensionless.

Figure 5.7: Schematic difference between two methods of calculating Δ𝑈 at a given crack length 𝑎 from
the energy balance. The linearization over a distance Δ𝑎 results in Δ𝑈, while the true difference results
in a larger Δ𝑈.

Substituting Equations (5.15) and (5.22) into Equation (5.23) results in the dis-
cretized energy balance for constant amplitude fatigue crack growth:
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𝑈 (𝑎 + Δ𝑎) − 𝑈 (𝑎) ≈ [𝑑𝑈a𝑑𝐴 𝑇𝛾𝜆 + 𝜋 [1 − 2(
2𝑎
𝑊 )

𝜙
]

(
𝑆yield
𝑆max

)
2
2( 𝑆max

𝑆yield
)
4
𝑇 sec2 (𝜋𝑎𝑊 )

[𝑎 + 𝑎2 𝜋𝑊 tan (𝜋𝑎𝑊 )]] Δ𝑎

(5.24)

While the energy balance by itself cannot predict Δ𝑎, Δ𝑁, or 𝑑𝑎/𝑑𝑁 directly,
a method towards prediction of fatigue crack growth based on another physical
model is given in the next section.

5.4. Sliding box analogy for the fatigue crack growth
rate

P resented here is a separate physical model which iteratively calculates the fa-
tigue crack growth rate 𝑑𝑎/𝑑𝑁 based on material parameters and specimen

geometry. It is shown that it can be coupled to the energy balance of Section 5.3,
proving that it is possible to predict the fatigue crack growth rate using the energy
balance.

5.4.1. The sliding box analogy
The energy balance Equation (5.23) is continuous, and does not provide informa-
tion on step sizes Δ𝑎 and/or Δ𝑁. The discrete version, Equation (5.24), requires
original fatigue data as input to model the crack growth rate with any required
step size Δ𝑎: even with a constant Δ𝑁, it needs to know the increasing step size
Δ𝑎 over the continuous 𝑎 versus 𝑁 curve. The acceleration of the fatigue crack
growth rate 𝑑𝑎/𝑑𝑁 can be modeled using a physical analogy: the sliding box or
stiction-friction analogy. Figure 5.8 shows this model schematically. A box with
mass 𝑀 is resting on a horizontal surface. It is pulled forward by a force 𝐹(𝑡).
The box experiences an opposite reaction force 𝐹fric when it is moving and when it
comes to rest after moving, due to friction. At the threshold from rest to moving,
a higher stiction force 𝐹stic first needs to be overcome instantaneously, after which
the moving box experiences 𝐹fric. While the box is moving, it experiences a net
force 𝐹net(𝑡) = 𝐹(𝑡) −𝐹fric. If the pulling force is decreased or disappears, the box
will only experience friction, slowing down until rest.

The acceleration 𝑧(𝑡) of the box follows from Newtonian mechanics:
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Figure 5.8: Schematic understanding of the sliding box mechanism.

𝑧(𝑡) = 𝐹net(𝑡)
𝑀 (5.25)

Integrating 𝑧(𝑡) once with respect to time gives the velocity 𝑣(𝑡), and integrat-
ing once more results in the distance traveled 𝑥(𝑡). The development of these
parameters is shown qualitatively in Figure 5.9. In this example, the stiction force
is overcome at 𝑡 = 0.25. Because the friction is lower than the stiction, the resulting
net force produces a nonzero initial acceleration. When the box comes to standstill
at 𝑡 = 0.84, stiction takes over, and the box remains still for the remainder of the
cycle.

Figure 5.9: Schematic results of the acceleration 𝑧(𝑡), velocity 𝑣(𝑡), and distance 𝑥(𝑡) of the moving
box during a single fatigue cycle.

In this analogy, the maximum applied force 𝐹max is proportional to the applied



5.4. Sliding box analogy for the fatigue crack growth rate

5

105

work during a single cycle. A sine fatigue load is applied. With strain being pro-
portional to applied stress, the applied work or force follows as 𝐹(𝑡) ∝ sin2. It is
scaled to reach 𝐹max = 𝑈max(𝑎) for each cycle. The stiction threshold can be seen
as the smallest starting value. The amount of friction can be seen as energy lost
due to generation of new crack surface, plastic energy dissipation, and change in
elastic energy. The traveled distance per cycle is assumed to be the crack length
increment:

𝑥 = 𝑑𝑎
𝑑𝑁 = Δ𝑎

Δ𝑁 = Δ𝑎 (5.26)

5.4.2. The iterative numerical implementation of the sliding
box analogy

A flow chart is shown in Figure 5.10. This iterative model needs specimen geometry
and material parameters as input. It stops at a predetermined (2𝑎/𝑊)stop < 1
value, for the crack growth rate would approach infinity near 2𝑎/𝑊 = 1, and in
reality the plastic zone shape gets affected by the plate edge, contrasting the Irwin
model. The input for the total applied work 𝑈max at each cycle has two options:

• Directly from 𝑈max in Equation (5.9).

• Indirectly from the summation of Δ𝑈 from the energy balance, Equation (5.24).
Note that Δ𝑁/Δ𝑎 and Δ𝑎/Δ𝑁 cancel out as all Δ𝑎 per cycle are now equal.

Two constants are needed as input: 𝐶stic and 𝐶fric. 𝐶stic should be below unity
to allow the model to start. It is set to 0.9999 for all tests, such that 𝐹stic =
𝐶stic𝑈max(𝑎 = 0) is just below the maximum force. This allows the box to start mov-
ing even at small 𝑑𝑎/𝑑𝑁. In a similar way, 𝐶fric influences 𝐹fric = 𝐶fric𝑈max(𝑎 = 0).
It is assumed equal to the closure correction parameter 𝑆op,phys/𝑆max, hereby in-
cluding 𝑆max and 𝑅 effects into the model. The resulting 𝑑𝑎/𝑑𝑁 is used to calculate
the ranges of 𝑎, 𝑁, and Δ𝐾eff to complement the ranges of 𝑑𝑈/𝑑𝑁 and 𝑈max.

5.4.3. Results of the sliding box analogy
The sliding box analogy with energy balance option was used to recreate the fatigue
data shown in Table 5.1. Figure 5.11 shows the modeled 𝑑𝑎/𝑑𝑁 versus Δ𝐾eff
crack growth curves overlaid with test data. Note how both data types have linear
trends on double logarithmic scales, which can be fitted well with a power law.
Many fatigue crack growth models indeed use a power law as basis, with various
experimentally derived constants and scale factors. The sliding box with energy
balance results give nearly the same result, but with a physical basis.

The sliding box analogy simulates every single fatigue cycle. The obtained 𝑑𝑎
values are per definition equal to 𝑑𝑎/𝑑𝑁. Integrating over the fatigue life results
in the total crack length and the 𝑎 versus 𝑁 curve. Figure 5.12 shows these curves
for the same tests as Figure 5.11.
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Figure 5.10: Flowchart of sliding box analogy for 𝑑𝑎/𝑑𝑁 modeling, with and without the energy balance
in the loop for calculating Δ𝑈.
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Figure 5.11: Fatigue curves of the tests in Table 5.1. Data from measurements, and data modeled with
the sliding box analogy with energy balance.
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Figure 5.12: Crack length versus amount of cycles for the tests in Table 5.1. Data from measurements,
and data modeled with the sliding box analogy with energy balance.
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The results are in good agreement with test data from different alloys. They
show that the combined model is at least qualitatively correct for isotropic materials
and metals in general. The direct model, without the energy equation, proves that
sliding box analogy is definitely qualitatively correct, with fatigue test data showing
that it is quantitatively correct too. The underlying physical model must therefore
be a close analogy to the actual process causing fatigue crack growth, increasing
our understanding of the phenomenon.

5.5. Discussion

F our important aspects related to the energy balance are further discussed here.
First, the possibility of using FEA to investigate the change in mean plastic energy

density. Second, what the energy balance can teach us, even if it is not predicting
𝑑𝑎/𝑑𝑁. Third, how the sliding box analogy points to a physical model of fatigue
crack growth. Fourth, the implication of this physics based approach to fatigue.

5.5.1. FEA to investigate the change in mean plastic energy
density term

The decrease of 𝑑𝑈p/𝑑𝑉p with increasing crack length is intuitive, as the plastic
volume grows faster than the applied work. The generic curve 𝑄, Equation (5.14),
is an acceptable (manual) curve fit from test data, but the exact reason for this
shape is not yet known.

Although 𝑄 is a power law like the ‘Paris law’ and similar power law based fatigue
crack growth rate models, the criticism on the ‘Paris law’ as outlined in Section 5.1
does not hold for 𝑄. Consider that the exponent 𝜙 in the generic curve is constant
for all tested alloys and metals. Also, 𝑄 is dimensionally correct. The applied scaling
factor (𝑆yield/𝑆max)2 is dimensionless too. And lastly, the combination of the energy
balance with the sliding box analogy does not apply a customized power law to
directly predict 𝑑𝑎/𝑑𝑁 for a specific alloy, as does the ‘Paris law’.

Finite element analysis (FEA) can provide more insight into the origin of this
generic curve, and also if fatigue crack growth is governed by the golden ratio
which shows up in various ways in nature. Ideally, a good FEA will be able to find
the plastic volume and plastic energy at any given crack length. From this data the
derivative 𝑑𝑈p/𝑑𝑉p and 𝑄 can be calculated. During the fatigue life, the crack is
also affected by the following factors, which can be studied with FEA.

• The transition from plane strain to plane stress

• Shear lip formation

• The finite width effect

Another feature of FEA is that both the finite width effect on 𝑑𝑈p/𝑑𝑉p and
the (near) infinite width case can be observed. This provides insight to remove
the finite width effect from 𝑑𝑈p/𝑑𝑉p curves. Since most theoretical crack growth
models are based on the infinite width case, a better understanding of the physics
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of crack growth is possible by using FEA. It can be used to generate 𝑑𝑈p/𝑑𝑉p data
for infinite width specimens, and a more accurate generic curve 𝑄.

There is, however, a reason why FEA was not considered here to study the
physics of fatigue crack growth. Modeling crack growth in FEA has its own set of
challenges, primarily related to the numerical approach of the crack tip region. The
finite mesh size and mesh element behavior upon deformation pose challenges in
accurate modeling of the crack tip region. While FEA most definitely has merit,
the authors wanted to prevent having to choose a suitable FEA model out of many
variants to construct or validate the model outlined in this paper. Nevertheless, FEA
most definitely can have a large supporting role to further understand the factors
listed above.

5.5.2. Predictive use of the energy balance

The energy balance cannot provide predictions as it is a continuous equation without
dependence on the fatigue cycles 𝑁. Nevertheless, it can provide information on the
respective energy and dissipation terms at any crack length. Therefore it is capable
of predicting the absolute amounts and relative sizes of the dissipated energy terms.

The discrete form of the energy balance can be used to remap existing fatigue
data using any arbitrary choice of Δ𝑎 range. Numerical integration then results in
the corresponding Δ𝑁 and 𝑑𝑎/𝑑𝑁 values. Together with the sliding box analogy it
can be used to model and predict 𝑑𝑎/𝑑𝑁.

As stated earlier, this energy balance works for CA fatigue, but needs extra input
for VA fatigue to incorporate the varying fatigue spectrum. A partial solution might
be possible for CA fatigue with an overload. Before and after the overload there
is CA fatigue, while the overload itself is a single large increment in 𝑑𝑈p/𝑑𝑁, and
a step function in 𝑑𝑈p/𝑑𝑉p. During the crack growth retardation period following
the overload, the 𝑑𝑈p/𝑑𝑉p will slowly revert back to the original curve description.
This method is similar to the crack opening and closure behavior described in Ref.
[26], and refers to the explanation of the cyclic energy development given by Ref.
[14], and the link between plasticity and crack opening and closure as given by Ref.
[27].

5.5.3. The sliding box analogy

The physics based sliding box analogy stands out through its simplicity, while still
generating realistic 𝑑𝑎/𝑑𝑁 results. The results are qualitatively robust for several
data sets of different alloys, and are generated using mainly physical input param-
eters. The authors therefore claim that the structure of this model makes it an
excellent starting point for a deeper understanding of the physics of fatigue crack
growth. Improvements to incorporate VA fatigue will likely be possible in the energy
balance as discussed before, and by making 𝐶fric = 𝑓(𝑆max, 𝑅, 𝑆op,phys) variable and
following the varying 𝑆op,phys/𝑆max.



5.6. Conclusions and recommendations

5

111

5.5.4. The implications of physics based fatigue modeling
The physical models presented here make it possible to predict Paris curves based
almost solely on material and loading parameters such as the material stress-strain
curve. A power law is present in the generic curve for the mean plastic energy
density term, but it is decoupled from any particular fatigue test, such that it has
a different role compared to the Paris power law. A better understanding of the
physics could mean that instead of doing numerous fatigue tests to gather crack
growth data, this data could be generated by modeling in the future. The time and
cost reduction would be of great value to the engineering industry, who need lower
bound Paris curves for designing against fatigue.

5.6. Conclusions and recommendations

T he development of the energy balance in combination with the sliding box anal-
ogy, in order to have a better physical model of fatigue crack growth, results in

the following conclusions:

1. A physics approach to fatigue crack growth modeling is feasible; an energy
balance equation is presented for constant amplitude fatigue which correlates
the change in work done per cycle to the dissipated energy due to crack
growth and crack tip plasticity.

2. Fatigue cycles are dimensionless, and therefore they are inherently absent
from the fatigue crack growth energy balance. This also implies that the
fatigue crack growth rate 𝑑𝑎/𝑑𝑁 and the fatigue life 𝑁 cannot be predicted
from the energy balance.

3. The energy balance is a continuous function 𝑓(𝑎). It can be written in a
discrete form, allowing remodeling of existing Δ𝑎/Δ𝑁 fatigue data to any ar-
bitrary choice of Δ𝑎 step sizes.

4. The energy balance with the sliding box analogy as presented here can be
applied to different alloys and for different isotropic materials (metals).

5. The energy balance with the sliding box analogy as presented here can be
applied to CA fatigue. For VA fatigue it is necessary to include load history
effects on the plastic zone, as the value and trend of 𝑑𝑈p/𝑑𝑉p are affected
by the load history.

6. The change in mean plastic energy density 𝑑𝑈p/𝑑𝑉p can be modeled using a
generic curve 𝑄 which includes the golden ratio.

The approach outlined in this paper provides a method to predict Paris curves
based almost solely on material and loading parameters. It can reduce the need
for time consuming and expensive fatigue testing. Furthermore, the approach does
not rely on similitude parameters with a questionable physical basis.
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The energy balance put forward in this paper provides a first link between the
local phenomenon of crack growth and the global physical parameters. The ‘marble
on the staircase’ analogy explains intuitively why cycles have no role in the energy
balance. FEA can give insight in the origins of the generic change in mean plastic
energy density curve and the link with the golden ratio.

The sliding box analogy presented in this paper uses a physical model to gen-
erate 𝑑𝑎/𝑑𝑁 data, complementing the energy balance for the lack of fatigue cycle
dependency. It is remarkable that this initial and somewhat basic model generates
such realistic fatigue results for CA fatigue. Improvements to incorporate VA fatigue
must be sought in the energy balance plastic dissipation term, and in the friction
coefficient of the sliding box analogy.

The use of the energy balance and sliding box analogy makes modeling of fatigue
crack growth possible, and offers insights into prediction of fatigue crack growth,
with a proper physical basis.
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6
Crack area as similitude

parameter

This paper discusses the appropriateness of crack length as a reference di-
mension for fatigue damage. Current discussion on short crack versus long
crack data is still divided between various approaches to model small crack
growth. A proper physical explanation of the probable cause of the appar-
ent differences between short crack and long crack data is not yet provided.
Long crack data often comprises crack growth in constant thickness speci-
mens, with a through crack of near constant crack front geometry. This is
not true for corner cracks or elliptical surface crack geometries in the small
crack regime where the crack front geometry is not symmetric or through-
thickness. This affects similitude parameters that are based on the crack
length. The hypothesis in this paper is that a comparison between long crack
data and short crack data should be made using similar increments in crack
surface area. The work applied to the specimen is dissipated in generation
of fracture surface, whereas fracture length is a result. The crack surface
area approach includes the two-dimensional effect of crack growth geometry
in the small crack regime. A corner crack and a through crack are shown to
follow the same power law relationship when using the crack area as base
parameter. The crack front length is not constant, and its power law behavior
for a corner crack is shown.

This chapter is a modified version of the publication in the conference proceedings of the 12th Interna-
tional Fatigue Congress (FATIGUE 2018) in Poitiers, France [1].
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6.1. Introduction

M ost fatigue crack growth data is published as 𝑑𝑎/𝑑𝑁 versus Δ𝐾1. The data
often appears as one or more straight lines in a graph with log-log scales, and

is known as the ‘Paris law’. In industry, this Paris relation is widely used for its
simplicity. However, small crack data is not so well-defined and a mismatch with
Paris relations is often seen in this region.

Alderliesten [2, 3] questions the general idea that the Paris relation in all its
forms should be taken as a ‘law’, as there is no physical basis for the power law.
He suggests that a better understanding of fatigue crack growth could be obtained
by looking at the energy balance throughout fatigue cycles. Amsterdam et al. [4]
agree with the notion that the power law approach is flawed from a physical point
of view, as the equation is not dimensionally correct.

The relationship of 𝑑𝑎/𝑑𝑁 versus Δ𝐾a on the ‘base parameter’ crack length 𝑎
seems to work fine for through cracks, where the crack front is ideally straight, and
perpendicular to side of the specimen. For any other crack front shape, this does not
necessarily hold. The mean 𝑎 along the crack front is different from the observed
𝑎 at the specimen edge, and different local 𝑑𝑎/𝑑𝑁 values are present along the
crack front. Another choice of base parameter might improve the understanding
of fatigue crack growth, and could help in understanding the energy balance cycle
during crack growth. Murakami et al. [5], and Murakami [6] noted that for surface
cracks of arbitrary shape, the use of the square root of the crack area as the effective
crack length improved their 𝐾max equations. The use of crack area rather than crack
length as base parameter is further investigated here.

6.2. Hypothesis

G iven the large spread in small crack 𝑑𝑎/𝑑𝑁 data, and the dependency on 𝑎
which is questionable for several crack front geometries, further search for a

more suitable base parameter seems warranted.
It is hypothesized that the crack area 𝐴 is a better choice than the crack length

𝑎, because the area can be related to the energy in the cross-section, providing a
path to relate the energy input to the crack growth. A schematic view of a specimen
cross-section with cracked surface and geometric parameters is shown in Figure 6.1.

During crack growth the cross-sectional area decreases, whereas the crack
length is a result of this area decrease along one dimension. Only for an ideal
through crack with straight crack front are 𝑎 and 𝐴 directly related by the specimen
thickness. With literature mostly dealing with through cracks and 𝑎 being readily
measurable from the specimen surface, it is understandable why 𝑎 is such a popular
parameter to describe crack growth (rate).

Note that potential drop measurements are essentially crack area measure-
ments, as the area is related to the electrical resistance of the current. When the

1As the stress intensity factor is a function of the crack length, the notation Δ𝐾a will be used to distinguish
it from another stress intensity factor introduced in this paper being a function of the crack area: Δ𝐾A.
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Figure 6.1: Schematic view of a specimen cross-section with cracked surface 𝐴 and thickness 𝑇. Crack
lengths 𝑎 and 𝑏 are indicated, as well as crack front length 𝑓.

area measurement is normalized by the specimen thickness 𝑇 it directly transforms
into a mean 𝑎 measurement.

With 𝐴 as base parameter, it is straightforward that 𝑑𝐴/𝑑𝑁 becomes the crack
growth parameter. Related to this choice is the suitability of similitude parameter
Δ𝐾a. To comply with the choice of 𝐴 as base parameter, an equivalent similitude
parameter Δ𝐾A = Δ𝑆√𝜋𝐴 is used. Again, this change would hardly affect through-
cracks, or the through-crack phase of other crack types.

A corner crack grows along two dimensions (𝑎 and 𝑏) instead of one (𝑎), and
as such the crack front length 𝑓, measured from free surface to free surface along
a crack front, is also growing per cycle. It is hypothesized that this lengthening of
𝑓 can be correlated to 𝑑𝑎/𝑑𝑁 or 𝑑𝐴/𝑑𝑁 as well, as the available energy for crack
growth per cycle is divided over 𝑑𝑎 and 𝑓.

6.3. Examples from literature

Two examples from literature are shown. The first contains data from fatigue
tests, while the second presents a common analytical corner crack model.

6.3.1. Corner cracks in PMMA
There is ample literature on fatigue crack growth rate 𝑑𝑎/𝑑𝑁 versus Δ𝐾a data. Very
few include crack front geometry data. Grandt et al. [7] discuss various corner crack
and surface crack tests by Snow [8] where the crack front geometry was recorded
during the test. An example is given in Figure 6.2. From this data both 𝑎 and 𝐴 can
be obtained. The number of analyzed crack fronts and data points per front are
rather limited, but it provides insight into the change of 𝑎 and 𝐴 during the growth
of a corner crack.

The corresponding 𝑑𝑎/𝑑𝑁 versus Δ𝐾a plot is given in Figure 6.3. The scatter
in the corner phase is evident, and when the crack becomes a through crack, the
curve becomes a smooth power law. From textbook crack growth curves, one would
expect a through crack to have a steeper curve during small crack growth, starting
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Figure 6.2: Corner crack geometry of several crack fronts of Test 6 by Snow [8] Measurement points
belonging to identical crack fronts have been joined by lines for clarity.

at a Δ𝐾th (e.g. Schijve [9], Fig. 8.6). For the corner crack shown in Figure 6.3, the
opposite is seen.

Figure 6.3: 𝑑𝑎/𝑑𝑁 versus Δ𝐾a belonging to Test 6 by Snow [8].
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6.3.2. Corner crack model of Newman and Raju
A simple model of a corner crack is presented by Newman and Raju [10]. A quarter
ellipse corner crack is modeled, after which it becomes instantly a through crack.
There is no transition phase between the corner- and through crack phases, and
the model is based on the crack length throughout all phases; which gives the
false impression that the 𝑑𝑎/𝑑𝑁 curve is smooth. Figure 6.4 shows this transition
at 𝑎/𝑇 = 0.675. This model is of interest, however, because a good comparison
example is given with experimental data of Hsu et al. [11].

Figure 6.4: Model of a corner crack. Redrawn from Newman and Raju [10]. With 𝑎 as base parameter,
𝑑𝑎/𝑑𝑁 appears smooth while there is a large, unrealistic step in 𝐴 at 𝑎/𝑇 = 0.675.

6.4. Numerical Modeling

Two numerical models are presented here that are used to predict crack front
geometries during crack growth. The first is an extension of an existing model.

The second one is a radically different approach, yielding similar results.

6.4.1. Corner crack and through crack comparison model
The premise here is that 𝑑𝐴/𝑑𝑁 versus Δ𝐾A is a power law. 𝐴 could be a more
suitable parameter for comparison of several crack types, and it would still compare
with 𝑑𝑎/𝑑𝑁 versus Δ𝐾a for the through crack. A model was created which simulates
a corner crack, together with an equivalent through crack. Although the appear-
ance of the corner crack might be similar to the previously discussed Newman-Raju
model, it is partially more detailed as the three phases are modeled separately. By
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modeling the transition region with a smooth 𝑑𝐴/𝑑𝑁, the unrealistic behavior of
the Newman-Raju model (a significant 𝑑𝐴 between two cycles, both at identical 𝑎)
is largely mitigated. Furthermore the crack length 𝑎 or crack growth ratio 𝑑𝑎/𝑑𝑁
is not used as base parameter, but 𝑑𝐴/𝑑𝑁 is.

The corner crack is modeled as a quarter ellipse crack front, whose aspect ratio
(minor axis over major axis) 𝛾 is varied exponentially by a factor 𝛽 during growth to
mimic crack behavior seen in literature and in reality. Per iteration 𝑁, 𝛾 is multiplied
by 𝛽𝑁. The area of a quarter ellipse area is 𝐴 = 𝜋𝑎𝑏/4. With 𝑏 = 𝑎𝛾, reworking
gives 𝑎 = √(4𝐴)/(𝜋𝛾), and 𝑎 and 𝑏 are obtained. Then 𝑏 is calculated using 𝑎 and
𝛾. Input consists of specimen width, thickness, and the stress range Δ𝑆. The values
of 𝑑𝐴/𝑑𝑁 and 𝛽 are given, and the model grows a corner crack until it becomes
through-thickness; at 𝑏 ≥ 𝑇.

For the transition phase, a given number of cycles is chosen such to represent
real crack front development when transforming a corner crack into a through crack.
The 𝑑𝐴/𝑑𝑁 power law to drive the area growth is still used, while graphically the
crack is deformed from a quarter ellipse to a straight line, by flattening the elliptical
curve gradually into a straight line, i.e. it takes account of the growth of 𝑑𝐴 and 𝐴
but does only approximate the crack front development graphically.

The model then also simulates a true through crack for a given number of cycles,
matching up with the through crack phase from the corner crack model. For two
cases, each containing a corner and a through crack, the 𝑑𝑎/𝑑𝑁 versus Δ𝐾a and
𝑑𝐴/𝑑𝑁 versus Δ𝐾A are obtained, and discussed below. An example of the crack
geometry of the first case is given in Figure 6.5.

Figure 6.5: A corner crack in three phases, with an overlaid true through crack, both following the same
𝑑𝐴/𝑑𝑁 power law.
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The 𝑑𝑎/𝑑𝑁 data from this model is presented in Figure 6.6. It is not unreason-
able as it correlates to real results, e.g., Figure 6.2. When looking at the 𝑑𝐴/𝑑𝑁
data in Figure 6.7, the values are found to be continuous and increasing all the
time. There is some slight deviation from the linear power law behavior in this
log-log plot, in the very beginning of the crack growth. This is because the power
law2 𝑓(𝑥) = 𝑎𝑥𝑏+𝑐, has 𝑐 ≠ 0 because of a finite starting crack area present. Nev-
ertheless it is evident that various crack geometries can be compared much better
when based on 𝐴 instead of 𝑎.

Figure 6.6: The standard 𝑑𝑎/𝑑𝑁 versus Δ𝐾a curve of this model. Note how irregular the corner and
transition phases behave, while the true through crack is faithful to the power law.

Slight changes in starting parameters (mainly constant 𝛽, which acts as an ex-
ponential function on 𝛾), can alter the ellipse aspect ratio 𝛾 during crack growth
such that the 𝑑𝑎/𝑑𝑁 actually decreases during the corner crack phase. It increases
again through the transition and through crack phases. This is the second case. An
example of that is given in Figure 6.9, together with the crack front geometry in
Figure 6.8. The 𝑑𝐴/𝑑𝑁 data of this case is equal to the data shown in Figure 6.7.

6.4.2. Cellular Automaton
A cellular automaton procedure was programmed to predict crack front growth,
based on unpublished work by Conen [12]. The specimen cross-section is mod-
eled as a matrix. Every iteration 𝑁, all indices of a probability matrix are updated
based on certain surrounding indices, and a binary version of this matrix is stored,
indicating which part of the cross-sectional area is still solid and which part has
2In this example equation, 𝑎, 𝑏, and 𝑐 are generic constants, with 𝑥 a generic variable.
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Figure 6.7: When presenting the crack growth data as 𝑑𝐴/𝑑𝑁 versus Δ𝐾A, both crack types predictably
collapse onto the same power law (since it was programmed to follow this relation), even though they
are geometrically different.

Figure 6.8: A corner crack in three phases, with an overlaid true through crack, both following the same
𝑑𝐴/𝑑𝑁 power law.
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Figure 6.9: The standard 𝑑𝑎/𝑑𝑁 versus Δ𝐾a curve of this model. Note how irregular the corner and
transition phases behave, while the true through crack is faithful to the power law.

disappeared (cracked). The crack fronts are generated every 𝑁, and as such do
not follow any growth law. A crack growth relation is introduced separately to read
out the correct crack fronts. A power law relation on 𝑑𝐴 is chosen to obtain the
growth intervals. From the data also the crack length 𝑎 is determined, to calculate
Δ𝐾a. Figure 6.10 shows an example of a grown corner crack. (Note the similarity
with Figure 6.8). Figure 6.11 gives the corresponding 𝑑𝑎/𝑑𝑁 versus Δ𝐾a.

Given the nature of the simulation, 𝑑𝑎/𝑑𝑁 here appears also realistic, but given
the model resolution, less smooth.

And again, when plotting the growth with 𝐴 as base parameter, a smooth power
law shows up: Figure 6.12.

To show the power of the cellular automaton, consider the example crack growth
in Figure 6.13. A corner crack is present, as well as a single slit radiating perpendic-
ular from the center hole. The zebra-striped pattern shows clearly how the cracks
start to grow independently, and then link up to form one crack front.

6.5. Crack front length

A nother parameter often overlooked in (small) crack literature is the crack front
length 𝑓. There is a marked increase and decrease of 𝑓 in respectively the

corner and transition phase. Energy is used to increase the crack surface area
along two dimensions here, which also modifies 𝑓. For an ideal through-crack, only
the surface area is increased, and 𝑓 is constant.

When plotting the crack front length development for the literature case of
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Figure 6.10: Cellular Automaton has grown a corner crack, from left to right. Half of the centre hole is
visible as the dark rectangle on the left, and the initial crack in turquoise. Dimensions in pixels.

Figure 6.11: The standard 𝑑𝑎/𝑑𝑁 versus Δ𝐾a curve of this model. The corner phase clearly has a
decreasing growth rate, an only after becoming through-thickness it assumes a normal growth behavior.



6.5. Crack front length

6

125

Figure 6.12: When showing the crack growth data as 𝑑𝐴/𝑑𝑁 versus Δ𝐾A, both crack phases connect
with nearly equal slopes The complete crack follows a power law relationship neatly.

Figure 6.13: A corner crack and a slit crack (both in turquoise) are grown. Note how the crack fronts
join and become one through crack.
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Grandt et al. [7] in Figure 6.14 again a power law relationship is found for the
corner phase. The decrease in the transition phase is small, and not enough data
points are available to make reliable curve fit estimations. The power law is not a
surprise, as it follows from the power law dependency of 𝑑𝐴/𝑑𝑁.

Figure 6.14: Snow Test 6 [8]. Crack front length 𝑓 increases until the crack becomes a through crack,
after which it decreases to a constant value. This end value is slightly larger than the specimen thickness
since the crack front is slightly curved. Some data scatter is present.

Evaluating the crack front lengths of the cases presented in Section 4.1, very
good power law fits are found for both the corner and transition phases, as shown
in Figure 6.15 and Figure 6.16.

This power law relation for 𝑓 versus 𝐴 also holds in the cellular automaton
simulation, see Figure 6.17. Only here a small step in absolute value is seen when
the crack goes ‘around the corner’. The crack is not exactly a quarter-ellipse, so
some crack length is lost in the very corner at 𝑏 = 𝑇. This is visible from the
yellow markings in the top left corner in Figure 6.10. Beyond the corner phase, the
transition phase asymptotically nears a real through crack phase, but again with a
good power law fit.

6.6. Discussion

T he figures from Grandt et al. [7] are very illustrative. However, these cracks
were grown in PMMA material, a polymer. Most fatigue crack growth data in

literature is gathered from metals (aluminium/steel/titanium), which tend to be
more isotropic than a polymer. Nevertheless these results are very similar to the
results found in metals. The crack growth mechanism for cracks at this scale might
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Figure 6.15: Crack front length plot belonging to Figure 6.5. Crack front length 𝑓 increases with a
near perfect power law fit until becoming a through crack. Beyond that, 𝑓 decreases to the specimen
thickness (straight through crack), again following a power law.

Figure 6.16: Crack front length plot belonging to Figure 6.8. Crack front length 𝑓 increases with a
near perfect power law fit until becoming a through crack. Beyond that, 𝑓 decreases to the specimen
thickness (straight through crack), again following a power law.
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Figure 6.17: Cellular automaton: 𝑓 increases with a near perfect power law fit until becoming a through
crack. Beyond that, 𝑓 decreases asymptotically to a value slightly larger than the specimen thickness
(curved through crack), again following a power law. See also Figure 6.10.

not be very sensitive to anisotropic material structures.
Given the behavior of 𝑑𝑎/𝑑𝑁 versus Δ𝐾a as seen in Figure 6.6 and Figure 6.9,

the use of a Paris relationship for a corner crack is incorrect. The model of the
author (Section 4.1) does not show such a change in slope when using 𝑑𝐴/𝑑𝑁
versus Δ𝐾A, see Figure 6.7. However, introducing a different crack growth rate
power law for the small crack regime in this model does not make it exactly match
up with corner crack growth rate curves either, although close. The geometry effect
can significantly affect the crack growth rate in the small crack growth regime.

Furthermore, consider a surface crack inside a hole in a plate. Such a crack also
grows through the three phases. In the first phase, by definition, 𝑎 is constant as
the crack first has to grow to a through-thickness crack. In the standard 𝑑𝑎/𝑑𝑁
versus Δ𝐾a plot, 𝑑𝑎/𝑑𝑁 = 0 here, such that these points cannot be shown on the
log-log plot. The Δ𝐾a parameter is constant during this phase, while the crack is
growing. This shows up as a Δ𝐾th, while the second dimension is not present in
this similitude parameter.

The cellular automaton is an interesting method, in the sense that it has ab-
solutely no physical connection with fatigue crack growth, yet it produces eerily
similar crack growth geometries. Two major arguments can be made against using
this method:

• The growth 𝑑𝐴/𝑑𝑁 is artificially and a priori introduced using a power law.
The automaton grows crack fronts, but lacks a coupling with the number of
cycles. The relevant crack fronts are found using an area-related relationship.
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• The growth rate along a single crack front is not constant, but the variation in
local stress intensity factors, linked to local growth rate, seems to be smaller
than observed in reality.

Regarding the latter argument, the Newman-Raju model and the author’s model
correct slightly for this by changing 𝛾 of the ellipse during growth, but do limit the
shape to the ellipse. The cellular automaton tends to make crack fronts slightly
too curved or too much alike a circular arc compared to reality, but captures the
transition region wonderfully realistically. While these arguments are valid concerns,
the results do appear similar to geometries observed in practice and reported in
literature.

6.7. Conclusions and recommendations

T he choice of crack length 𝑎 as base parameter for fatigue crack growth mea-
surements is questionable for crack types other than through cracks. It is shown

that corner cracks behave differently in the small crack growth region. The crack
surface area 𝐴 is shown to be a more suitable parameter, as the results for both
through cracks and corner cracks are now similar in magnitude and slope on a graph
with log-log scales, making comparisons easier. This change in base parameter af-
fects the similitude parameter too. The common 𝑑𝑎/𝑑𝑁 versus Δ𝐾a plot can then
be transformed into an equivalent 𝑑𝐴/𝑑𝑁 versus Δ𝐾A.

It is shown that in a quarter-elliptical corner crack, the crack front length during
the corner phase grows along a similar power law behavior as introduced for 𝑑𝐴.
The energy used for crack growth is basically split into crack area increase and crack
front length extension.

It is shown that a corner crack has three distinct phases; corner, transition, and
through crack. The crack length growth rate behaves markedly different from a
power law during the corner phase, and the transition phase links the corner and
through phases together.

The cellular automaton approach can create great insight in the behavior of
the crack growth, especially when unique and/or multiple initial cracks are present.
Although the automaton routine has no physical link to fatigue crack growth, it can
be used as a prediction tool for fatigue crack growth geometry, especially when
multiple starter cracks are present.

As there is scarcely crack growth data available which also includes the crack
front geometry development, more fatigue tests are needed with high accuracy
measurements of the crack front geometry. This has proven to be difficult but not
impossible, and warrants further study to create data sets to compare the models
with.

Another recommendation is to include more fatigue crack types into the models,
to see if the results for the corner crack versus through crack also hold for these
types.
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7
Conclusions and
recommendations

In this chapter, the conclusions of the previous chapters are presented to-
gether, to give an overview the research results. It becomes clear that the
opening and closure conclusions can be linked to the potential drop through
the cycle research. The energy balance includes the surface energy for crack
area extension, which links to the idea of using the crack area rather than
the crack length as a better similitude parameter to compare different crack
geometries. Recommendations are given for further study or improvements
on methods and models used.
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7.1. Unraveling the myth of closure corrections

Ample fatigue crack growth closure corrections exist which result in opening
stress 𝑆op values used in the Δ𝐾eff approach. Literature shows that these cor-

rections still do not fully account for closure effects, and that they have a large
spread. This led to the hypothesis that there are two distinct 𝑆op values: 𝑆op,phen
used in the Δ𝐾eff approach, and 𝑆op,phys which is the true crack opening stress. The
subsequent investigation has shown that this is true, and resulted in the following
conclusions:

1. Many known closure corrections result in different corrections for the same
phenomenon, for unknown reasons. Our research suggests that existing clo-
sure corrections do not properly take into account the physical opening stress
𝑆op,phys.

2. The same known closure corrections contain empirically determined correction
factors, and different corrections result in different 𝑆op/𝑆max values based on
𝑆op,phen for the same load cycle. Our results suggest that these observations
may be explained by a failure to correctly account for the effect of 𝑆max and
𝑎/𝑊 on the physical opening stress 𝑆op,phys. Thus the corresponding 𝑆op,phen
needs to be corrected to make up for this.

By applying the equivalent energy approach, a value of 𝑆op,phen can be de-
termined based on the correct 𝑆op,phys, as found via FEA. The 𝑆op,phen values
found in this way matches the 𝑆op,phen found via previously known correction
methods, but without relying on empirical correction factors. Thus our new
method is more physically realistic, and potentially requires less experimental
calibration than existing methods.

3. FEA shows that 𝑆op,phys follows four distinct regions over the full 𝑅 range.
From low to high 𝑅, these are: tensile-compressive loading with closure,
tensile-tensile loading with closure, transition to an always open crack, and an
always open crack. In the last case, it can be assumed that 𝑆op,phys = 𝑆min.
Using the energy equivalent area analogy to obtain 𝑆op,phen values for the full
𝑅 range, the FEA results show close agreement with known correction curves,
especially for 𝑅 ≥ 0. This confirms that 𝑆op,phen in 𝑆op,phen/𝑆max is not the
true opening stress.

4. FEA confirmed that it at least holds that 𝑆op,phys = 𝑓(𝑅, 𝑆max) and that the
derived 𝑆op,phen/𝑆max = 𝑓(𝑅, 𝑆max) too.
During crack growth, the local net-section stress in the crack plane increases
due to the finite width effect. This does not affect 𝑆max, but it does affect the
local phenomenon which is crack closure. During crack growth at constant 𝑅
and 𝑆max, the 𝑆op,phen/𝑆max or 𝑆op,phys/𝑆max values slowly decrease because
of the decreasing cross-section area. This dependency on 𝑎/𝑊 is not men-
tioned in literature, but may partly explain the spread of closure corrections.
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Furthermore, several closure corrections include a fitting parameter to match
measurement data, which tends to be dependent on 𝑅. In literature it is
noted that 𝑆op,phen also depends on the ratio between 𝑆max and 𝜎0, where 𝜎0
is related to 𝑆yield.
These observations combined suggest that 𝑆op,phen = 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊)
and 𝑆op,phys = 𝑓(𝑅, 𝑆max, 𝑆yield, 𝑎/𝑊).

Inclusion of the energy approach into the Δ𝐾eff equation may improve the ac-
curacy over known models. 𝑆op,phys might be found through FEA or strip yield
models. For VA fatigue a cycle-by-cycle integration of the loading history might still
be necessary to keep track of changes in 𝑆op,phys and subsequent 𝑆op,phen.

7.2. Potential drop through the cycle

T he extended potential drop (PD) measurement system, PD TTC, is capable of
measuring the electric potential throughout a single fatigue crack growth loading

cycle, and doing so for many successive cycles. This results in the observation of
potential changes which are linked to several crack growth phenomena, such as the
timing and magnitude of crack opening and crack closure stresses. The following
list summarizes the most important findings of using this PD TTC measurement
technique:

1. The known effect of mechanical stress on the electrical resistance is observed
in fatigue cycles, affecting the measured potential through Pouillet’s law and
Ohm’s law under assumption of constant current. Two main effects are ob-
served, which have opposite effects on the potential:

• The Poisson effect: the change of specimen geometry under load. 𝑆 ↑ ∝
𝜙 ↑.

• Piezoresistivity: the strain dependency of the resistivity. 𝑆 ↑ ∝ 𝜙 ↓.

2. During crack growth, two other effects are observed which are subsets of the
aforementioned main effects:

• Crack tip plasticity: changes in strain give a combined effect of the Pois-
son effect and piezoresistivity.

• Crack growth: the opening and closing of the crack influences the Pois-
son effect.

3. Crack tip plasticity and crack growth are readily apparent from a clear devia-
tion of the potential curve around 𝑆max. A plateau-like behavior is present at
a certain critical cyclic energy level, above which excess energy is dissipated
by growth of the crack tip plastic zone and crack growth.

4. The effect of crack extension is several orders of magnitude smaller than
plasticity effects, and is therefore not directly observed in PD TTC data given
the current measurement resolution. Nevertheless, the observable changes
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due to plasticity can be correlated with start and end of the crack growth
phase.

5. The start and end times 𝑡𝑆,op, 𝑡𝑆,cl of the plateau together with the loading
spectrum can be used to derive true opening and closure stresses 𝑆op,phys and
𝑆cl,phys, with significantly larger accuracy and precision than existing methods
such as COD.

The PD TTC method is novel way of measuring the opening and closing stress
with greater insight and potentially improved precision and accuracy over existing
methods such as COD. The insights and improvements obtained with PD TTC can be
useful in reducing opening and closure stress related uncertainties in Δ𝐾eff similitude
parameter models and other crack closure models.

7.3. Experimental observations on the plastic zone
development

T he results from the DIC measurement technique in combination with the PD TTC
results mentioned in Chapter 3 strengthen the correlation between the crack tip

plasticity magnitude and the PD TTC potential signal. The DIC results show that the
crack tip peak plasticity is proportional to the PD TTC curve magnitude, including
the plateau phase. Furthermore, the DIC technique can measure the peak plasticity
location, which is found to permanently translate in crack growth direction during
a specific time fraction of the cycle. This chapter therefore provides further proof
of the ideas discussed in Chapter 3.

7.4. Towards a physics based model of fatigue crack
growth

T he development of the energy balance in combination with the sliding box anal-
ogy, in order to have a better physical model of fatigue crack growth, results in

the following conclusions:

1. A physics approach to fatigue crack growth modeling is feasible; an energy
balance equation is presented for constant amplitude fatigue which correlates
the change in work done per cycle to the dissipated energy due to crack
growth and crack tip plasticity.

2. Fatigue cycles are dimensionless, and therefore they are inherently absent
from the fatigue crack growth energy balance. This also implies that the
fatigue crack growth rate 𝑑𝑎/𝑑𝑁 and the fatigue life 𝑁 cannot be predicted
from the energy balance.

3. The energy balance is a continuous function 𝑓(𝑎). It can be written in a
discrete form, allowing remodeling of existing Δ𝑎/Δ𝑁 fatigue data to any ar-
bitrary choice of Δ𝑎 step sizes.



7.5. Crack area as similitude parameter

7

137

4. The energy balance with the sliding box analogy as presented here can be
applied to different alloys and for different isotropic materials (metals).

5. The energy balance with the sliding box analogy as presented here can be
applied to CA fatigue. For VA fatigue it is necessary to include load history
effects on the plastic zone, as the value and trend of 𝑑𝑈p/𝑑𝑉p are affected
by the load history.

6. The change in mean plastic energy density 𝑑𝑈p/𝑑𝑉p can be modeled using a
generic curve 𝑄 which includes the golden ratio.

The approach outlined in this paper provides a method to predict Paris curves
based almost solely on material and loading parameters. It can reduce the need
for time consuming and expensive fatigue testing. Furthermore, the approach does
not rely on similitude parameters with a questionable physical basis.

The energy balance put forward in this paper provides a first link between the
local phenomenon of crack growth and the global physical parameters. The ‘marble
on the staircase’ analogy explains intuitively why cycles have no role in the energy
balance. FEA can give insight in the origins of the generic change in mean plastic
energy density curve and the link with the golden ratio.

The sliding box analogy presented in this paper uses a physical model to gen-
erate 𝑑𝑎/𝑑𝑁 data, complementing the energy balance for the lack of fatigue cycle
dependency. It is remarkable that this initial and somewhat basic model generates
such realistic fatigue results for CA fatigue. Improvements to incorporate VA fatigue
must be sought in the energy balance plastic dissipation term, and in the friction
coefficient of the sliding box analogy.

The use of the energy balance and sliding box analogy makes modeling of fatigue
crack growth possible, and offers insights into prediction of fatigue crack growth,
with a proper physical basis.

7.5. Crack area as similitude parameter

T he choice of crack length 𝑎 as base parameter for fatigue crack growth mea-
surements is questionable for crack types other than through cracks. It is shown

that corner cracks behave differently in the small crack growth region. The crack
surface area 𝐴 is shown to be a more suitable parameter, as the results for both
through cracks and corner cracks are now similar in magnitude and slope on a graph
with log-log scales, making comparisons easier. This change in base parameter af-
fects the similitude parameter too. The common 𝑑𝑎/𝑑𝑁 versus Δ𝐾a plot can then
be transformed into an equivalent 𝑑𝐴/𝑑𝑁 versus Δ𝐾A.

It is shown that in a quarter-elliptical corner crack, the crack front length during
the corner phase grows along a similar power law behavior as introduced for 𝑑𝐴.
The energy used for crack growth is basically split into crack area increase and crack
front length extension.

It is shown that a corner crack has three distinct phases; corner, transition, and
through crack. The crack length growth rate behaves markedly different from a
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power law during the corner phase, and the transition phase links the corner and
through phases together.

The cellular automaton approach can create great insight in the behavior of
the crack growth, especially when unique and/or multiple initial cracks are present.
Although the automaton routine has no physical link to fatigue crack growth, it can
be used as a prediction tool for fatigue crack growth geometry, especially when
multiple starter cracks are present.

As there is scarcely crack growth data available which also includes the crack
front geometry development, more fatigue tests with high accuracy measurements
of the crack front geometry are needed. Obtaining these has proven to be difficult
but not impossible, and warrants further study to create data sets to compare the
models with.

Another recommendation is to include more fatigue crack types into the models,
to see if the results for the corner crack versus through crack also hold for these
types.
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