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In this article, we study the self-weight consolidation behavior of kaolinite suspensions with different concen-
trations in deionized water using nuclear magnetic resonance (NMR). NMR enables the direct assessment of
density distributions and pore size within the consolidating suspensions. The results show that electrochemical
conditions (pH and ionic strength), arising from ion leaching from the kaolinite, influence the consolidation
dynamics, in agreement with previous studies. The evolution of the density profile over time is interpreted
using a large-strain consolidation model based on the Gibson-Merckelbach formulation. The model is imple-
mented in both Eulerian and Lagrangian frameworks, allowing a comparison between these two approaches. A
key observation from the NMR measurements is that the solid volume fraction reaches a maximum value at the
base of the column. This behavior is not captured by the classical Merckelbach-Kranenburg constitutive model,
highlighting its limitations in highly compacted regimes. To account for this effect, a simple modification based
on a reduction in permeability is introduced. This modification can be interpreted as a hydraulic limitation,
as it leads to vanishing fluid fluxes and prevents further densification. The comparison between experimental
and numerical results shows that this approach improves the agreement with the measured density profiles.
In addition, the model captures the main trends of the pore size distribution measured by NMR, although
some discrepancies remain in magnitude. Overall, the combined experimental-numerical approach provides
new insight into the applicability and limitations of Gibson-Merckelbach consolidation models for fine-grained
suspensions.

1. Introduction

Dewatering and consolidation of “soft slurries”, i.e. clayey materials
with a high water content such as dredged sediments, is an ongoing
topic of interest. These slurries, once consolidated into stress-bearing
materials, are nowadays being considered for structural uses such
as dike construction or land reclamation. Parameters of interest to
engineers include dewatering and consolidation time, as well as the
final physical properties of the bed (permeability, strength). These
parameters strongly depend on material properties such as clay type,
water content, pH, salinity, and organic matter type (Rial, 2019; Wang
et al., 2023; Geng et al., 2022). Establishing the link between physical
parameters and (bio)chemical properties is therefore essential for a
proper estimation of the time evolution of the material behavior.

At high water content, soft slurries can be described as clay sus-
pensions made of charged colloidal platelets (or stacks of platelets)
that interact with each other and with ions and organic matter in the
surrounding medium. At specific ionic concentrations and pH values,
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these interactions lead to aggregation (flocculation) (Russel et al., 1989;
Dhont, 1996; Lagaly and Dékany, 2013). Aggregated particles, also
known as flocs, can reach sizes several orders of magnitude larger
than the original particles under suitable environmental conditions
(hydrodynamics, residence time, pH, salinity) (Adachi and Tanaka,
1997; Schofield and Samson, 1954). In low-turbulence environments,
such as dewatering basins, suspended particles gradually settle under
gravity to form a connected structure at the bottom of the basin.
Many studies focus on the influence of environmental conditions on the
flocculation and settling phases of “mud” (i.e. clayey suspensions) (Ali
and Chassagne, 2022; Abolfazli et al., 2024; Schofield and Samson,
1954). More recently, the influence of electrochemical conditions such
as pore-fluid salinity has been investigated more systematically. For
instance, Tafili et al. (2026) studied the effect of salt concentration on
the mechanical behavior of kaolin through oedometer and triaxial tests.
Their results show that increasing ionic strength leads to a reduction in
void ratio and modifies the compressibility and strength of the material,
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highlighting the strong influence of electrochemical conditions on soil
structure and behavior. In the present study, these electrochemical
effects are not introduced through controlled chemical conditions, but
are instead captured indirectly through macroscopic parameters cali-
brated against NMR measurements in settling column experiments. This
approach provides complementary insight by linking high-resolution
experimental observations to classical consolidation models.

The changes in density over height and time within the connected
structure are referred to as self-weight consolidation. In laboratory
experiments, settling column experiments are commonly used to study
the settling and consolidation behavior of slurries (Almabruk, 2018;
Hurley, 1999). In such closed systems, return flow significantly reduces
the settling velocity of suspended particles and corresponds to what
is known as hindered settling. Simple analytical theories, such as the
well-established Richardson and Zaki model, can be used to describe
the hindered settling phase (Richardson and Zaki, 1997).

The influence of mud composition (clay type, organic matter con-
tent, ionic strength, pH) on consolidation behavior has been widely
studied in geotechnical engineering, in particular through oedometer
experiments (Barden, 1968; Robinson and Allam, 1998; Watabe et al.,
2011; Zanin et al., 2021). These experiments rely on the assumption
of small deformations of the soil matrix and are commonly interpreted
using Terzaghi’s theory (Terzaghi, 1925). However, this theory is not
suitable for modeling self-weight consolidation of soft materials, which
clearly exhibit large strains. Over the years, several alternatives have
been proposed to address these limitations (Schiffman and Gibson,
1964; Davis and Raymond, 1965; Mikasa, 1963). In 1967, Gibson and
RE (1967) introduced a comprehensive one-dimensional consolidation
theory that accounts for self-weight effects, permeability variations
with void ratio (or solid volume fraction), and the nonlinear relation-
ship between effective stress and void ratio. This theory is applicable
over a wide range of strains and is therefore well suited for soft slurries.

Numerous studies (Rial, 2019; Francois and Corda, 2022) have
investigated large-strain consolidation of soft slurries by measuring
permeability and density evolution over time using settling columns
equipped with pore pressure sensors. In a more direct approach, Been
and Sills (1981) introduced a non-destructive X-ray scanning technique
to observe density changes along the height of the column. This method
is often combined with pore pressure measurements and settlement
monitoring (G. Bartholomeeusen, 2003; G.S. Bartholomeeusen, 2003).
Most studies focus on natural mud collected in situ. It has been shown
that large-strain theory can reasonably predict the time evolution of
consolidation behavior (Been and Sills, 1981; Merckelbach and Kra-
nenburg, 2002), with model parameters related to permeability and
effective stress.

An alternative to X-ray scanning is nuclear magnetic resonance
(NMR), which is also a non-destructive technique capable of measuring
density changes over time and height. In addition, NMR can directly
provide information on pore size (Hol et al., 2024; N.J. Hol et al.,
2025). This technique is used in the present study.

In the experiments presented here, no organic matter is present.
NMR measurements are performed on different kaolinite suspensions
in water. Kaolinite is selected due to its well-characterized surface
properties, which facilitate the interpretation of sedimentation data
in terms of particle interactions. Kaolinite particles are micrometer-
sized, hexagonal platelets (or stacks) with negatively charged surfaces
and pH-dependent edge charges. Different microstructures are expected
after settling, depending on platelet orientation, which is influenced
by pH and ionic strength (Lagaly and Dékany, 2013). In particular,
at low electrolyte concentrations, particles tend to form edge-to-face
structures under acidic conditions, while more compact face-to-face
arrangements are expected at basic pH (Brindley, 1958; Lagaly and
Dékany, 2013).

In the following sections, both experimental results and theoretical
modeling are presented. Density, pore size, and settlement of kaoli-
nite suspensions with different initial concentrations are monitored
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using NMR in a small settling column. Electrophoretic mobility and
particle size are measured prior to each experiment using dynamic
light scattering (Ali et al., 2022; Shakeel et al., 2022), together with
pH and conductivity. The consolidation process is modeled as a one-
dimensional problem using the Gibson equation (Gibson and RE, 1967),
formulated in both Eulerian and Lagrangian reference frames with
the solid volume fraction as the main variable. The constitutive re-
lations proposed by Merckelbach and Kranenburg (2002) are used to
describe the relationship between effective stress, permeability, and
solid volume fraction.

The objective of this work is not to introduce a new consoli-
dation model, but to assess the applicability of large-strain formu-
lations combined with the fractal constitutive model of Gibson and
RE (1967) using high-resolution NMR measurements. The combined
experimental-numerical approach allows a direct comparison between
model predictions and measured density and pore-size profiles. This
approach highlights limitations of the Gibson-Merckelbach framework,
particularly in highly compacted regimes where a maximum solid
volume fraction is observed experimentally but not reproduced by the
model. The study also provides insight into the transition between
settling and consolidation, as well as the influence of electrochemical
conditions on consolidation behavior.

2. Large strain consolidation theory

In this part, we present the large-strain model used to determine the
consolidated clay parameters (final solid volume fraction, permeability,
and effective stress). This model was introduced by Merckelbach and
Kranenburg (2002), based on the earlier work of Gibson (Gibson and
RE, 1967).

We consider a settling column in which micrometric (kaolinite) par-
ticles are suspended in water. The particles settle and form a connected
structure at the bottom of the column, which then consolidates under
its own weight. The strains are considered to be large, as observed
in earlier experimental investigations (Roscoe et al., 1958). The two
parameters that describe consolidation in the model are the effective
stress and the hydraulic conductivity of the connected structure.

In this framework, the material is assumed to form a continuous
particle network, which allows the definition of an effective stress
and a consolidation process driven by pore water pressure dissipation.
This assumption is central to the formulation and defines the range of
validity of the model.

The large-strain theory is based on the following assumptions:

1. The connected structure is saturated and consists of a compressible
soil matrix and an incompressible pore fluid.

2. While the soil matrix is considered compressible, individual soil
particles are incompressible.

3. Pore fluid flow velocities are small and governed by Darcy’s law.

4. There is a unique relationship between soil permeability and solid
volume fraction (or void ratio).

5. There is a unique relationship between vertical effective stress and
solid volume fraction (or void ratio).

6. The material is homogeneous.

2.1. Darcy’s law

As consolidation progresses over time, the solid particles (s) settle
downward, while, by conservation of volume, water (w) moves upward.
The flux of expelled water depends on the hydraulic conductivity,
denoted K (m/s). The hydraulic conductivity is related to permeability
through K = kp,,g/n, where k (m?) is the permeability, p,, (kg/m?3) is
the water density, g (m/s?) is the gravitational acceleration, and 5 (Pa
s) is the dynamic viscosity.

The relation between the flux of water through a porous medium
and the hydraulic conductivity is expressed by Darcy’s law:

J,

w

/s = —KVh 1
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where h (m) is the hydraulic head and J,, /s (m/s) is the flux of water
relative to the solid phase. This law can be expressed in either the
Eulerian or the Lagrangian frame. In this work, the Eulerian frame is
used.

Using the definition of the hydraulic head and taking z as the
vertical coordinate (with the gravitational acceleration defined as g =
—ge,, where ¢, is the unit vector in the z direction), Darcy’s law
becomes:

Pl P,
Jo,o= K9 (2420 2
wls oz <Z+pwg> @

where P, (Pa) is the water pressure.
Terzaghi’s principle yields (Terzaghi, 1925):

Otot = Osk + Py, 3

where o, (Pa) is the total stress (which reduces to a vertical pressure in
the one-dimensional case considered here), and o (Pa) is the effective
stress (also reducing to a pressure in one dimension).

The balance of forces (neglecting acceleration) yields:

910t
0z
where p (kg/m?) is the density of the mixture of particles and water.
This density is given by p = ¢,p, + (1 — ¢)p,,, Where ¢, is the solid
volume fraction and p; (kg/m3) is the solid density.
Combining Egs. (2), (3), (4) gives:

+pg=0 @

K do, Kk
Jws = g (a—; +(ps — ﬂw)g¢s> ()

2.2. Continuity equation

In the absence of sources or sinks, the amount of particles within an
elementary control volume depends only on the incoming and outgoing
mass fluxes. This can be expressed mathematically as:

% _ _a(¢svs/1ab) ©)
ot 0z

where v, (m/s) is the velocity of the solid phase in the laboratory

reference frame.

2.3. Gibson’s equation

2.3.1. Eulerian frame formulation

For the undrained case, where there is no exchange of matter with
the surroundings of the settling column, the sum of the fluxes at any
position in the column must be equal to zero:

Jw/lab + Js/lab =0 (7)

where J,,/,, (m/s) is the flux of water in the laboratory reference
frame.
By definition of the fluxes, Eq. (7) becomes:

d’wvw/lab + ¢SUS/Iab =0 (8)

Rewriting the previous equation using the relation v,,/; = v,10 —
Uy/1qp> ONE ODtains:

¢wvw/s = ~Us/lab (C)]

where v,/ is the velocity of water in the reference frame of the moving
solid particles.

By combining Egs. (5), (6), (9), one obtains the Gibson equation in
the Eulerian frame:

dp, 9
61‘3 =3 [Jaif(ds) + Tagy ()] 10$)
This equation is an advection—diffusion partial differential equation,

where the diffusion and advection fluxes are given by:

K(¢;) 9oy (¢;) 95
gpy  Opy Oz

Jaif(¢s) = b 1)
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K
Jaav(bs) = g(p(bs) (05— Pu)E & 12)

The advection flux J,4, (m/s) is driven by gravity, while the diffu-
sion flux Jg; (m/s) results from contact forces between particles.

2.3.2. Lagrange frame and material coordinates

The Gibson equation Eq. (10) can also be expressed in terms of
a time-dependent coordinate system that moves with the solid parti-
cles (see Appendix A for more details). The expression of the Gibson
equation in this Lagrange frame is given by :

0, K(o, 00 (¢,
<¢3) =22 < (d”)abs<—"“‘(¢°)+<px—pw>g>> as
Zpol

ot o B Sazuol Puw8 azuol

where z,,,(m) is the material coordinate that corresponds to the amount
of solid mass in an elementary volume at time t, and which is defined
as:

dz,, =¢,dz=pyda a4

where ¢, is the initial solid volume fraction, ¢, is the solid volume
fraction at a time ¢ > 0, and a is the coordinate of the position z at time
t=0.

2.4. Initial and boundary conditions

The Gibson equations in both Eulerian and Lagrange formulations
are linear parabolic differential equations. In order to have a well-posed
problem, the set of equations needs to be completed by one initial
condition at all spatial points and two spatial boundary conditions
(one at the top and one at the bottom), at all times. In the case of
an undrained settling column, the initial and boundary conditions are
taken as follows:

Initial conditions we assume that the initial concentration is ho-
mogeneous in the column in both Eulerian and Lagrange reference
frameworks. At any position in the column, the initial solid volume
fraction ¢, is the same:

Vz ¢ (z,1=0)= ¢, 15)

Boundary conditions The formulation of the boundary conditions
depends on the chosen framework (see Fig. 1). In the Eulerian frame,
the boundary conditions at the top and bottom are expressed in terms
of solid fluxes. Since the column is undrained and no additional mass
enters or leaves the column, the total solid flux is zero at the bound-
aries. The fluxes J,,4, and J,;;, denote the advective and diffusive solid
fluxes, respectively, and are defined as

K 0 0

Jair(by) = p(:bgs) %ﬁm (;is & (16)
K

Jaao(dy) = p("fgs)(ps -’ a7

where K(¢,) is the permeability and o (¢,) is the effective stress.
These terms represent, respectively, the flux driven by effective stress
gradients and the flux driven by gravity.

Vi>0 Ju(z=0,0=0 (18)
Vi>0 Ju(z=0,0=0 19
V>0 Jy(z=H,H=0 (20)
Vi>0 Jy(z=H,nH=0 @D

where z = H is the position of the liquid/air interface and z = 0 is the
slurry/bottom interface of the column.

In the Lagrange frame, the boundary conditions are different. The
boundary condition at the top is related to loading. In the present case,
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Top Cell Top Cell Zero load
Agq=0
o U
iy me Top Cell
mo m; >m, m,
my
my m, >m,
my
Bottom Cell || dz=da Bottom Cell dz =da fixed o dz(a,t)
Bottom Cell I <2
variable
Impermeable Impermeable
att=0 at t>0 at t>0

(a) (b)

(c)

Fig. 1. Schematic representation of the main differences in boundary conditions between Euler and Lagrange formulations in a settling column: (a) initial condition
with an initial solid volume fraction of ¢, = m,/(V,p,), where m, is the mass of particles in a cell and ¥ is the volume of one cell. At the start, all cells have
the same volume. (b) Boundary conditions of the same column at time 7 in the Eulerian frame with fixed coordinate z. The suspension/bed interface is located
between the cell containing m, particles and the cell containing m, particles. (¢) Boundary conditions of the same column at time ¢ in the Lagrange frame with
material coordinate a. All cells contain m, particles and the solid volume fraction is calculated by adjusting the size of each cell.

no load is applied at the top, and therefore the solid volume fraction
remains equal to its initial value. If a load is applied, the corresponding
solid volume fraction should be obtained from the effective stress
constitutive relation. At the bottom of the column, no drainage is
allowed, which implies that the gradient of the pore water pressure is
zero.

These boundary conditions for the Lagrange formulation are written
as

0
vt >0 % (Puwgz+P,) =0 (22)

a=0
Vi>0 ¢a=H,t)=¢, sinceoy(a=H,t)=0 (23)

where a denotes the material coordinate and P, is the pore water
pressure.

2.5. Effective stress and permeability relation

The mathematical model of Merckelbach and Kranenburg (2002)
is based on the concept of space-filling fractal flocs, as illustrated in
Fig. 2. This approach makes it possible to use the properties of fractals
(in particular the fact that their density decreases with size) to derive
expressions for both permeability and effective stress (see Egs. (30) and
(33)). A detailed discussion of the model is provided in Chapter 10
(p. 169) of Chassagne (2021).

We emphasize that the fractal description, although elegant, is only
a mathematical framework, and there is no physical reason for flocs or
soil particles to strictly behave as fractals. In particular, if the settling
column contains “real” fractal flocs, the associated “mathematical”
fractal flocs will not necessarily have the same fractal dimension.

As the “mathematical” flocs are space-filling, it follows that, for a
given height z, the solid volume fraction is equal to the solid volume
fraction inside a floc, hence:

R,\?
¢ = AgN (R—> 24)

N

where /; is a constant, N is the number of solid particles of size R,
within a floc of size Ry. The number of particles within a floc is given
by:

D
N = (R_N> ! (25)

R,

where D r<3is the fractal dimension. The relation between the solid
volume fraction and the “mathematical” floc radius is thus:

(D;-3)

¢, = 4Ry (26)

. . J
where 4, is a constant defined as 4, = ﬁ.
R

. LA .
For a homogeneous suspension at the initial time ¢ = 0, one obtains:

$o

A= —R( D;-3) (27)
NO

where Ryq = Ry(z,t = 0) is the initial pore size, and ¢, is the

initial solid volume fraction, assumed to be uniform. Substituting 4,
into Eq. (26) gives the key relation for the pore size:

1
Ry(z.1) = Ryg <¢L> K (28)
®o

This relation is derived under the assumption of space-filling fractal
flocs and therefore represents an idealized description of the pore
structure. Its validity for the present material is assessed later through
comparison with NMR measurements.

As time progresses, particles settle under gravity and the solid
volume fraction increases at the bottom of the column. According to
Eq. (26), a higher solid volume fraction leads to a smaller floc radius
Ry for a given D, (see Fig. 2(c)). An important feature of the model
is that there is no mathematical discontinuity between the settling
and consolidation regimes, and both can be described using the same
constitutive relations for hydraulic conductivity and effective stress. In
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Fig. 2. Schematic representation of the mathematical fractal floc framework as presented by Merckelbach and Kranenburg (2002): (a) schematic representation
of a mathematical fractal floc of size Ry(z) containing N particles of size R,; (b) schematic representation of connecting pores at a given height z, with
Rpore(2) ® Ry (2); () three-dimensional schematic representation of flocs and pores as a function of height z.

the settling regime, all (space-filling) “mathematical” flocs have the
same size, determined by the initial volume fraction and R,. In the
consolidation regime, the floc size evolves with ¢,(z), decreasing as ¢,
increases toward the bottom of the column.

To derive an expression for the hydraulic conductivity, Merckelbach
and Kranenburg (2002) used the Poiseuille relation (Poiseuille, 1844),
which relates permeability to the square of the pore radius:

K(p) ~ Ry (29)
Using Egs. (26) and (29), they define:

K($) = K" (30)

where K is a fitting parameter and n =2/(3 — D).

The effective stress is derived from the observation that the number
of bonds per floc (i.e. the number of contacts with neighboring flocs)
does not depend on floc size, which is a property of fractals. The total
number of bonds per unit area N,y is therefore:

Niotal = % (31)
N

where N, is the number of bonds per floc. The effective stress is

assumed to be proportional to this quantity:

Ogk ~ Ntotal (32)
Using Egs. (26) and (31), one obtains:

o(Py) = Ko} (33)

where K is a fitting parameter.

It is important to recall that the Gibson—-Merckelbach formulation
assumes continuous particle contact, which allows the definition of
an effective stress and a consolidation process driven by pore water
pressure dissipation. The implications of this assumption are discussed
later in the context of dilute suspensions.

2.6. Numerical solution

Both the Eulerian and Lagrangian formulations are solved numer-
ically using two different methods. The consolidation problem de-
fined in the Eulerian framework is solved using the finite volume
method (FVM), while the same problem formulated in the Lagrangian
framework is solved using the finite difference method (FDM).

The two models provide similar results as long as the diffusion flux
terms remain small. When these fluxes become significant, a density

gradient (i.e. a diffusion layer) develops at the water/slurry interface
in the Eulerian model, which is not observed in the Lagrangian model.
This difference is not due to numerical instabilities, but arises from the
different boundary conditions imposed in each framework. This can be
understood by deriving the analytical final consolidation profile in the
Eulerian framework (Merckelbach and Kranenburg, 2002; Chassagne,
2019), given by:

o
$eo(2) = ooz = 0) [1 - hi] " (34)
where:
Hp. —p, g
ho(z=0) = [w] (35)
and
n bo (36)

hy=———"7"+—H
T (=1 de(z=0)

In the Lagrangian framework, the final solution can be expressed as
a function of the initial coordinate Z:

Osk00(Z) = (05 — py)g(Hy — a), 37)

which leads to:

O—xk,oo ((1) > l/n

K, (38)

UNOES <¢8 +
The corresponding Eulerian profile can then be obtained through the
mapping:

G dz = g da. (39)

Fig. 3 shows that both Eulerian and Lagrangian models converge
to the Eulerian analytical solution as long as the effective stress terms
remain sufficiently small. As the value of K, increases, a diffusion layer
appears at the top of the Eulerian solution. This effect is directly related
to the diffusion flux. A similar behavior is observed for sufficiently large
solid volume fractions (i.e. highly concentrated suspensions).

Fig. 3(c) shows that, at very high effective stress, the diffusion
layer in the Eulerian solution becomes larger than the initial height
of the suspension. This behavior is similar to what is observed in
highly charged colloidal suspensions in purified water (van Roij, 2003).
In that case, strong electrostatic repulsion between particles leads to
the formation of a diffuse (or “fuzzy”) layer at the water/suspension
interface. In this region, particles are no longer in contact, and the
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(c) Results for n = 5.71, Kx = 3 x 1072, and Ky3 = 300 x K,1.

Fig. 3. Comparison between Eulerian and Lagrangian results for different values of K.

diffusion mechanism is governed by electrostatic (non-contact) interac-
tions rather than contact forces (Chassagne, 2021). In typical soft slurry
systems, where particles are larger and the water is not purified, this
diffuse layer is generally not observed.

This behavior is also observed when comparing the analytical solu-
tions at the end of consolidation, as shown in Fig. 4. The diffusion layer
is present in the Eulerian analytical solution, whereas it is not observed
in the Lagrangian formulation prior to mapping. This confirms that the
observed diffusion is not numerical, but results from the difference in
boundary conditions between the Eulerian and Lagrangian frameworks.

2.7. Benchmark testing

To check the validity of the proposed formulation, a benchmark test
from Pu et al. (2018, 2020) is reproduced. This benchmark is com-
monly used to verify numerical models for one-dimensional large-strain
consolidation based on the Gibson equation.

Problem definition. The problem considers the self-weight consolidation
of a saturated soil column with an initial height H, = 5 m and an initial
uniform void ratio e, = 5.0. The consolidation is driven only by gravity.
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Fig. 4. Comparison between analytical profiles at the end of consolidation obtained from the Eulerian formulation and from the Lagrangian formulation after
mapping, for different values of K,. The results show that the diffusion layer observed in the Eulerian framework is also present in the analytical solution.

Table 1
Settlement data for the single-drained benchmark case from Pu et al. (2018,
2020).
Time ¢ (y) Settlement S (m)
0 0.000
0.05 0.032
0.1 0.065
0.5 0.323
1 0.592
2 0.863
3 0.995
4 1.071
5 1.119
7 1.172
10 1.202
20 1.216
40 1.216

Settlement in [m]

0.0

0.24

0.4

0.6

0.8

1.0 4

—— FDM
= Benchmark A

101

100
Time in [years]

A single-drained condition is used: water can drain at the top, while
the bottom is impermeable.

Constitutive relationships. The material behavior is defined by simple
logarithmic laws linking void ratio, effective stress, and permeability
rather than the fractal model used in the rest of this paper :

Osk

e=5.0—10g(02—m), (40)
K

=43+131 —_—, 41

¢ 0g<2x10*8m/s> (41)

These relationships are taken directly from the benchmark defini-
tion.

Numerical implementation. The problem is solved wusing a
one-dimensional finite difference method (FDM) in a Lagrangian
framework. This is the same type of approach used in classical con-
solidation models, which allows a fair comparison with the benchmark
results.

Benchmark data for the single-drained case. For completeness, Tables 1
and 2 report the benchmark values used for the single-drained case.

Settlement comparison. Fig. 5 shows that the predicted settlement
matches the benchmark very well over the whole time range. Both
the rate of consolidation and the final settlement are well reproduced.
This indicates that the model correctly captures the main physical
mechanisms.

Fig. 5. Comparison of settlement over time between the present model and
the benchmark solution of Pu et al. (single-drained case).

—— FDM Initial A Benchmark 1 year
O Benchmark Initial = FDM 2 years
—— FDM 0.1 year & Benchmark 2 years
O Benchmark 0.1 year FDM Final
44 = FDM 1 year Benchmark Final
£ 3
=
)
L
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D 24
T
14
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Void ratio in [-]

Fig. 6. Comparison of void ratio profiles at different times between the present
model and the benchmark solution (single-drained case).
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Table 2
Void ratio data for the single-drained benchmark case from Pu et al. (2018,
2020).
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Table 3
Conductivity and pH values for different concentrations of kaolinite suspen-
sions.

Normalized elevation Z Initial 7=0.1 year t=1year ¢=2 years Final Type Concentration in g/L Conductivity in mS/cm pH
1.0 5.000 5.000 5.000 5.000 5.000 K1 39 0.0645 5.01
0.9 5.000 5.000 4.716 4.396 4.151 K1 92 0.115 4.81
0.8 5.000 5.000 4.638 4.242 3.864 K1 185 0.192 4.72
0.7 5.000 5.000 4.557 4.145 3.686 K1 350 0.255 4.62
0.6 5.000 5.000 4.465 4.058 3.556 K1 450 0.326 4.47
0.5 5.000 5.000 4.359 3.969 3.455 K2 185 0.163 9.00
0.4 5.000 5.000 4.239 3.876 3.371
0.3 5.000 4.998 4.106 3.778 3.299
0.2 5.000 4.949 3.959 3.677 3.237
0.1 5.000  4.691 3.803 3.574 3.182 7 } H omin
0.0 5.000 4.188 3.644 3.470 3.138 : : Smin
T 6 i H 10min
=, H H 15min
> 5 ! H 30min
71 i PSD K1 pan Y i i
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Fig. 7. Particle size distribution comparison between kaolinite K1 and K2
determined using a laser diffraction technique.

Void ratio profile comparison. Fig. 6 shows a very good agreement
between the computed and benchmark void ratio profiles at all times.
The model correctly reproduces the gradual densification of the soil and
the non-uniform profiles that develop during consolidation.

Discussion. The good agreement for both settlement and void ratio
profiles shows that the present implementation is consistent with well-
established one-dimensional large-strain consolidation models, such as
those of Pu et al. (2018, 2020).

This validation step is important because it confirms that the results
are not affected by numerical errors, but reflect the behavior of the
constitutive model itself.

3. Experimental methods
3.1. Materials

Experiments were conducted on a commercial kaolinite, Speswhite
DATO02K from IMERYS Minerals Ltd, hereafter referred to as kaolinite
K1. The same experiments were also performed on another kaolinite of
unknown origin, referred to as kaolinite K2.

Particle size distributions of K1 and K2 suspensions were measured
by laser diffraction using a Malvern 3000 particle sizer. From these
measurements, median particle sizes (Ds,) of approximately 12.50 pm
and 7.79 pm were obtained for K1 and K2, respectively. Kaolinite K1
exhibits a bimodal distribution, with a first mode at 5.55 pm and a
second mode around 198 pm. In contrast, kaolinite K2 shows a unimodal
distribution centered around 9 pm.

The zeta potential of each clay type was measured by electrophore-
sis using a ZetaCompact (CAD Instruments). K2 particles in deionized

measured using laser diffraction.

water exhibit a mean zeta potential of —24.61 mV, while K1 particles
show a slightly more negative value of —28.26 mV. Suspensions of
different concentrations were prepared in deionized water using both
kaolinites. The pH and electrical conductivity were measured (without
adjustment) for each suspension (Table 3).

Both conductivity and pH vary with the solid concentration, indi-
cating ion leaching from the kaolinite particles. Suspensions prepared
with kaolinite K1 exhibit acidic conditions, whereas K2 suspensions are
basic. The electrical conductivity is not significantly different between
K1 and K2 for similar particle concentrations.

To investigate the effect of acidic conditions caused by leaching on
the particle size distribution of kaolinite K1, additional laser diffraction
measurements were performed on K1 suspended in deionized water
adjusted to pH 4 using HCI. Fig. 8 shows the particle size distributions
recorded at different times.

Over time, the data show a clear evolution of the distribution.
The initial peak at 5.55 pm decreases, while a new peak (Mode 1,
around 25 pm) progressively develops and becomes dominant after
approximately 15 min. At the same time, the initial peak at 198 pm
shifts toward a second mode (Mode 2) centered around 100 pm. The
appearance of these two modes indicates that flocculation processes are
occurring.

Importantly, these results show that flocculation kinetics are very
fast, on the order of minutes. This observation will be relevant for the
interpretation of the settling column experiments.

4. Methods

In this study, Nuclear Magnetic Resonance (NMR) is used as a
non-destructive technique to measure water content profiles during
sedimentation. NMR exploits the magnetic properties of nuclei pos-
sessing a magnetic moment, such as hydrogen ('H). When placed in
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a static external magnetic field B,, the magnetic moments precess at
the Larmor frequency:

wy =y By, 42)

where y is the gyromagnetic ratio (for 'H, y = 42.58 MHz/T), and B, is
the magnitude of the static magnetic field.

By applying an oscillating radio-frequency (RF) field at the Larmor
frequency, the magnetic moments can be manipulated. Using pulsed
sequences such as the Hahn spin-echo or Carr—Purcell-Meiboom-Gill
(CPMG) sequence, spin-echo signals are generated. The amplitude of
these signals is proportional to the density of hydrogen nuclei and
therefore directly related to the local water content. The measured
NMR signal .S can be expressed as Meiboom and Gill (1958):

Sxp (1 — e TR/ ) e TE/T, (43)

where p is the density of hydrogen nuclei, T is the spin-lattice (longi-
tudinal) relaxation time, TR is the repetition time, 7, is the spin-spin
(transverse) relaxation time, and TE is the spin-echo time.

To minimize T;-weighting effects, the repetition time is typically
chosen such that TR > 4T). As a result, the measurement time is
governed by the longest T, present in the system. In sedimentation
experiments, this corresponds to the free water phase, where T} ~ 3 s,
leading to repetition times on the order of 10-12 s.

To overcome this limitation, a multi-slice stepper motor method is
employed (N.J. Hol et al., 2025). In this approach, the sample column
is translated through the NMR setup and measurements at different spa-
tial positions are interleaved. This allows optimal use of the repetition
time while maintaining high spatial and temporal resolution, effec-
tively reducing the total acquisition time compared to conventional
single-slice measurements. By combining spin-echo signals acquired at
different positions, one-dimensional moisture profiles are obtained.

In addition to the signal amplitude, the decay of the spin-echo signal
provides information on the transverse relaxation time 7,, which is
sensitive to the local microstructure. In sediment systems, T, relaxation
is strongly influenced by interactions between water molecules and
solid particle surfaces. As water molecules diffuse during an NMR
experiment, they probe the pore space (Brownstein and Tarr, 1979).
As sedimentation and consolidation proceed, the pore structure evolves,
which is reflected in changes in 7;.

For porous media, the transverse relaxation time can be related to
the pore geometry through (Valckenborg et al., 2001):

1 S

— =py—, 44
T 123 % (44)
where p, is the surface relaxivity, S is the pore surface area, and V is
the pore volume. This relationship shows that 7, is proportional to the
pore volume-to-surface ratio (V' /.S), which represents a characteristic
pore size.

For idealized spherical pores, this simplifies to:
T, r, (45)

where r is the pore radius. Consequently, the pore size distribution
can be inferred from the measured T, distribution and the determined
surface relaxivity for a given sediment (N. Hol et al., 2025).

All experiments in this study were performed using a small-scale
one-dimensional NMR scanner operating at a static magnetic field of
0.78 T with a static gradient of +0.1 T/m. The spin-echo time was
set to TE = 300 ps, and a CPMG sequence with 2048 pulses was
used. The sedimentation column had a diameter of 23 mm and a length
of 200 mm, containing approximately 80 mL of suspension. The NMR
system was equipped with a Faraday shield to ensure quantitative
measurements (Kopinga and Pel, 1994; Pel et al., 2016).
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Fig. 9. Water/suspension interface as a function of time, measured using NMR
(orange) and a camera (blue). In both cases, a 185 g/L kaolinite K1 suspension
was used in similar settling columns.

Table 4
Examples of calibrated parameter sets (D, K,,, K;) providing similar agreement
with the experimental density profile and interface evolution.

D, K, (Pa) K, (m/s)

2.65 9.00 x 10° 3.0x 10712
2.66 1.42x 107 1.7 x 10712
2.67 2.70 x 107 1.1x 1072
2.68 3.00 x 107 7.0x 10713
2.69 5.00 x 107 40x 10713
2.70 7.50 x 107 23x 10713
2.00 6.20 x 10° 42x1078

5. Results and discussions
5.1. Scanning speed verification

To verify that the NMR scanning speed is sufficient to capture the
consolidation process, the water/suspension interface of two identical
suspensions in similar settling columns was monitored: one using NMR
and the other using a high-resolution camera (see Fig. 9). The results
show that the interface evolutions overlap, in agreement with the
findings of N.J. Hol et al. (2025).

5.2. Profile at the end of consolidation

The density profile at the end of consolidation for kaolinite K1 with
a concentration of C = 350 g/L, obtained from NMR experiments,
is shown in Fig. 10. In principle, one could expect a unique set of
parameters (D, K,,) when fitting the data using Egs. (34), (35), (36).

To investigate this, several values of D, were tested, while recali-
brating the associated parameters K, and K, for each case.

The results shown in Fig. 11 indicate that both the interface evo-
lution and the final density profile are reproduced with a similar level
of accuracy over a narrow range of D, values, provided that K, and
K are adjusted accordingly. Small values of D, do not reproduce the
parabolic shape of the NMR data, although the interface evolution is
still well captured.

The corresponding calibrated parameter sets are summarized in
Table 4. A clear trend is observed: as D increases, K, increases while
K, decreases. This indicates that changes in D, can be compensated
by adjustments in the other parameters, leading to comparable model
predictions.

These results indicate that D is not uniquely identifiable from the
present dataset. The model response mainly depends on the balance
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Fig. 10. Comparison between NMR results and numerical modeling at the end
of consolidation for a kaolinite K1 suspension with a concentration of 350 g/L.

between advective and diffusive flux contributions, rather than on the
value of D I alone. For this reason, D ; =2.651s selected as a reference
value for the remainder of this study.

Using this fixed value, the results are shown in Fig. 10(a), and the
corresponding parameters are listed in Table 2. A first observation is
that the Eulerian Gibson formulation does not accurately reproduce the
density profile for solid volume fractions above the initial value. In
contrast, the Lagrangian formulation provides better agreement with
the experimental data.

A second observation is that the NMR results show that the solid
volume fraction reaches a maximum value ¢.,, at the bottom of
the column. This behavior is not captured by the classical Gibson—
Merckelbach formulation in either the Eulerian or Lagrangian frame-
work, highlighting a limitation of the model in highly compacted
regimes.

In the standard Gibson-Merckelbach formulation, the soil is as-
sumed to have unlimited compaction capacity, meaning that the solid
volume fraction can reach unphysical values greater than 1 if the stress
conditions allow it. In reality, especially for incompressible particles,
the solid volume fraction remains well below 1. For rigid spherical
particles, for example, the maximum packing fraction is approximately
0.74.

To reproduce this behavior, a modification of the permeability is
introduced. In the present formulation, both advective and diffusive
fluxes are proportional to the permeability. As a result, when the per-
meability tends to zero, the fluid fluxes also vanish. Since consolidation

10

Computers and Geotechnics 197 (2026) 108200

6] — Dr=2.00,K,=620e +03, K, =4.2e-08
D= 2.65, K, = 9.00e + 06, Ky = 3.0e — 12
Df=2.66, K, = 1.42e + 07, Ky = 1.7e — 12
41 — D;=2.67,K,=2.00e + 07, K, = 1.1e — 12
Df=2.68, K, =3.00e + 07, K, = 7.0e — 13
Df=2.69, K, =5.00e + 07, Ky, = 4.0e — 13
Df=2.70, K, = 7.50e + 07, K = 2.3e — 13
NMR

Interface height in [cm]

Time in [seconds]

(a) Interface evolution for different values of Dy with calibrated
parameters.

14

NMR
= Dr=2.00, K= 6.20 +03, Kk =4 2¢ —08

Dr= 265, Ko=9.00e +06, Kk =3.0e ~ 12
—— Dr=266,Ko=142e+07, Kk =17e-12
—— Dr=267,Ko=220e+07. Kk =11le-12
—— Dj=268, Ky=3.00e +07, Kk =7.0e - 13
~— Dr=269, Ko=500e+07, Kx =4.0e 13

Dy=270, Ko= 7.20e + 07, Kk = 23 — 13
-~ initial volume fraction

Height [cm]

0.10 0.15 0.20 0.25

Solid volume fraction [-]

(b) Final solid volume fraction profiles compared with
NMR data.

Fig. 11. Sensitivity of the model response to the choice of fractal dimension
D,. Similar agreement with experimental data is obtained for different values
of D, by adjusting K,, and K, indicating that D, is not uniquely identifiable.

is driven by fluid flow, this naturally limits further densification and
leads to a maximum solid volume fraction.

This is implemented in the numerical model by multiplying the
permeability by a sigmoid-type function that tends to zero as the
solid volume fraction approaches the maximum compaction value (see
Appendix B).

It is important to note that, in reality, reaching such a state would
also affect the effective stress and compressibility. However, modeling
this effect would require characterizing the effective stress behavior
in highly compacted regimes, which is not directly accessible from
the available experimental data. For this reason, the modification is
limited to the permeability, while the effective stress relation is kept
unchanged.

The modified Gibson-Merckelbach model is applied to the NMR
profile of kaolinite K1 at a concentration of 350 g/L at the end of
consolidation, and the result is shown in Fig. 10(b). The parameter «a is
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Table 5
Calibrated parameters for the modified Gibson model used to simulate consol-
idation for different concentrations of kaolinite K1.

Type Concentration in g/L D, K, K, Prmax a
K1 450 2.65 3.5e+06 3.8e-12 0.185 2000
K1 350 2.65 3.5e+06 3.8e-12 0.171 2000
K1 185 2.65 9.0e+06 3e-12 0.135 2000
K1 92 2.65 9.0e+06 3e-12 0.121 2000
K1 39 2.65 9.0e+06 3e-12 0.115 2000
NMR 39 g/L
141 —— Numerical 39 g/L
NMR 450 g/L
—— Numerical 450 g/L
121 NMR 185 g/L
—— Numerical 185 g/L
104 NMR 350 g/L
E Numerical 350 g/L
(V] NMR 450 g/L
c 8 —— Numerical 450 g/L
4
K
=y
o °
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4
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T T T T T
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Fig. 12. Final solid volume fraction profiles for different concentrations, with
corresponding model fits.

set to 2000 and ¢,y is set to 0.171. The results show that the modified
Lagrangian Gibson model provides a better fit to the experimental data
[Fig. 12].

5.3. Time evolution of the density profile

The modified Gibson model has been adopted to model all measured
concentrations. It was found that using the Lagrange frame the theory
and experimental data overlap quite well except for the very diluted
suspensions. In this case, for C = 39 g/L, see Fig. 17, using the Euler
frame enables to capture the sharp change in density observed at
the water/slurry interface. This density gradient is attributed to the
structure of the formed clayey matrix. Downwards into the column, the
particles experience more and more load from particles above them. At
the water/slurry interface, the first layer of particles can have a very
loose structure, while the one below contains particles that are already
more confined, hence the sharp change in density. The Euler frame also
exhibits better numerical stability in the small particle concentration
range. The results are shown in Figs. 13, 14, 15, 16 and 17. The set of
parameters that have been used are summarized in Table 5. The density
profiles found by NMR for the lowest clay concentrations are peculiar,
exhibiting regions of space where the density decreases as function
of depth (for instance, see in Fig. 16 the profile at 5 h after start),
whereas the opposite would be expected. This was attributed to the
complex hydrodynamics occurring in the settling tube (Guazzelli and
Morris, 2011), triggered by the significant electrical attraction between
particles at this low pH, which leads to the flocculation shown in Fig. 8.

5.4. Influence of pH and ionic concentration

For clay concentrations below 185 g/L, a different set of K; and K,
had to be used to fit the data compared to higher concentrations. At the
same time, the maximum compaction parameter ¢,,,. was observed to
increase with the initial concentration. This variation is correlated with
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an increase in electrical conductivity with clay concentration (see Fig.
18), due to ion leaching when the kaolinite clay is dispersed in purified
water.

As more ions are leached, electrostatic interactions between the
kaolinite particles are reduced, which may promote a more compact
stacking of the platelets. These interactions influence both permeability
(and hence K,) and compressibility (and hence K ). These observations
are consistent with recent studies investigating the effect of pore-
fluid salinity on kaolinite behavior (Tafili et al., 2026), which show
that increasing ionic strength influences compressibility and soil struc-
ture. In the present work, this influence is captured indirectly through
calibrated macroscopic parameters.

In Fig. 19, the final profiles of K1 and K2 suspensions with the same
initial concentration of C = 185 g/L are shown. Since the pH is basic
for the K2 suspension, face-to-face aggregation is commonly reported
in this case (Lagaly and Dékany, 2013). On the other hand, the pH
is acidic for the K1 suspension, for which edge-to-face aggregation is
often observed, as the edges of the kaolinite particles are positively
charged while their faces are negatively charged, leading to Coulombic
attraction.

The edge-to-face configuration (‘“house of cards” structure) is gen-
erally associated with a more open structure, whereas the face-to-face
configuration corresponds to a more compact arrangement, as illus-
trated in Fig. 20. This interpretation is consistent with the observed
difference in maximum compaction, where ¢,,,,. = 0.185 for K2 is larger
than ¢,,,, = 0.135 for K1.

It is important to note that the present model does not explicitly
incorporate electrochemical interactions at the particle scale. Instead,
the influence of pH and ionic strength is captured indirectly through the
calibrated macroscopic parameters (K,, K,, and ¢,,,,). Consequently,
the relationship between electrochemical conditions and model param-
eters should be interpreted as empirical rather than mechanistic.

While clear qualitative trends are observed (e.g., an increase in ¢,,,,
with increasing conductivity), the proposed microstructural interpreta-
tions remain indirect and are not directly demonstrated by the NMR
measurements. A direct quantitative coupling would require a more
detailed physico-chemical model, which is beyond the scope of the
present study.

5.5. End profile of pore size distribution

The differences in ¢,,,, observed for the K1 and K2 suspensions are
also reflected in differences in pore sizes. At the position in the column
where ¢, = ¢,,,,, the mean pore size for the K1 suspension is found to
be 2.64 pm, which is larger than that of the K2 suspension, measured
at 2.40 pm (see Fig. 19). As illustrated in Fig. 2, the model described
in Section 2.5 assumes that the size of the largest pores in the system
scales with Ry (z).

A value of Ry =5.70 pm was used for both K1 and K2 suspensions.
This value is close to Ry = 5.55 ym, obtained from NMR measurements
at the initial homogeneous state, which also corresponds to the first
mode of the particle size distribution (see Fig. 7).

It is observed that the model underestimates the pore size compared
to the NMR measurements, as shown in Fig. 21.

When the parameter set corresponding to D, = 2.65, K, = 9 x 106,
and K, = 3.0 x 10712 is used, the model underestimates the pore size
but captures the overall trend of the profile. As discussed previously
(see Fig. 21), multiple parameter sets can fit the experimental interface
data. Based on the pore size relation, selecting a different value of D,
can improve the pore size prediction.

It is found that choosing D, = 2.00 provides a better overall agree-
ment with the pore size measurements (see Fig. 22). The corresponding
parameters used to fit the final height and the interface evolution are
K, =62x10% and K, =4.5x 1078,

The very low value of D, gives the final solid volume fraction
profile a more linear trend and does not fit as well as higher values
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Fig. 13. Solid volume fraction profiles for K1 suspension of a concentration of 450 g/L in different times.

of D ; (see Figs. 11(a) and 11(b)). This mismatch between theory and
experimental data can be explained by the assumption that the pore
structure follows a perfect fractal behavior. Although this assumption
is useful and explains the exponential form of the constitutive model
for normally consolidated soils, it is not fully accurate.

5.6. Interface as a function of time

The model predicts the interface evolution as a function of time for
most cases, except at low concentrations (see in particular Figs. 16 and
17). This is because there is a critical initial clay concentration above
which particles are, from the start, in the consolidation regime. Below
this critical concentration, called the “gelling concentration”, particles
at the water/slurry interface undergo settling for some time.

As discussed in Section 2, the model assumes that settling and
consolidation can be described within a single continuous framework,
provided that a continuous particle network is formed. However, this
assumption relies on the existence of such a network, which allows the
definition of an effective stress and a consolidation process driven by
pore water pressure dissipation.
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For dilute suspensions, this condition is not satisfied. Particles are
not in continuous contact, and no effective stress can be defined. In
this regime, settlement is governed by hindered settling, where particle
motion results from the balance between gravity and hydrodynamic
drag, rather than pore pressure dissipation.

As a consequence, the diffusive term in the model, which represents
inter-particle contact forces, loses its physical meaning. This explains
why a separate description is required below the gelling concentration.

At low clay concentrations, there is a discontinuity between the
settling and consolidation regimes. This is visible in Fig. 24, where the
change of regime is indicated by a black dot. At low clay concentra-
tions, the settling velocity of the interface can be modeled using the
well-known Richardson and Zaki expression:

v= UO(I - ¢:/¢ge[)m (46)

where v is the Stokes settling velocity (m/s), ¢, is the concentration of
the settling phase (equal to the initial concentration, i.e. ¢, = ¢,), and
m is an adjustable parameter. The coefficient m is typically larger than 5
for non-spherical particles (Dietrich, 1982). The gelling concentration
¢, is defined as the average concentration of the slurry at the time
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Fig. 14. Solid volume fraction profiles for K1 suspension of a concentration of 350 g/L at different times.

when the settling phase disappears and all particles in the column are
in direct contact.

By fitting the interface as a function of time at early times (when the
curve is approximately linear), a hindered settling velocity of 4 pm/s is
obtained (see Fig. 23). This is illustrated by the blue line in the figure.
The second fit, shown by the green line, corresponds to the linear fit
just after the gelling point is reached. The gelling time is determined
from the intersection of the two linear fits and is found to be about 5 h.
The gelling concentration is then calculated by mass balance:

¢0 HU = d)gel ngl (47)

where H is the water/slurry height. The value of ¢,,, is found to be
0.072, corresponding to 190 g/L. This estimation remains approximate
and depends on the selected fitting ranges. It is expected to be more
reliable when density variations during the transition are limited. In
larger columns, where stronger spatial gradients may develop, this
approach may become less accurate.

The estimated value of 190 g/L is close to the 185 g/L sample. This
suggests that the latter lies near the transition between sedimentation
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and consolidation and may therefore exhibit a short initial sedimenta-
tion phase. This observation should be interpreted with caution due to
the uncertainty associated with the estimation method.

This interpretation is consistent with the observation that the con-
solidation behavior of the 185 g/L sample can be described over the full
time range using the Gibson model, indicating that its initial volume
fraction is close to, or slightly above, the gelling concentration. The
Stokes velocity can be estimated using:

(P, = p)gd”
18u
where y is the dynamic viscosity of the fluid, d is the particle diameter,
p, is the solid density, and p,, is the water density. Using the particle
size from Fig. 5 for mode 1 (i.e. 25 pm), corresponding to the size of
the settling particles at the water/slurry interface (larger particles from
mode 2 settle faster), a Stokes settling velocity of 5.4 x 10™* m/s is
obtained. The adjustable parameter m can then be evaluated from Egs.
(46) and (48). The value of m is estimated to be 7.37, which is within
the typical range for anisotropic particles. Note that, due to flocculation
(see Fig. 24), the measured settling rate increases over time compared

to the predicted value.

vy = (48)
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Fig. 15. Solid volume fraction profiles for K1 suspension of a concentration of 185 g/L at different times.

6. Conclusion

In this study, the consolidation behavior of kaolinite suspensions
under different electrochemical conditions was investigated using a
combined experimental-numerical approach based on Nuclear Mag-
netic Resonance (NMR) measurements and large-strain consolidation
modeling.

The results show that classical large-strain formulations based on
the Gibson equation can capture the general evolution of density pro-
files and interface positions. The comparison between Eulerian and
Lagrangian formulations indicates that the main differences arise from
boundary conditions and problem formulation. In particular, the Eu-
lerian formulation leads to the appearance of a diffusion layer at the
water/bed interface at high concentrations, which is not observed
experimentally. In such cases, the Lagrangian formulation provides a
more consistent description.

A key result of this work is that NMR measurements reveal the
existence of a maximum solid volume fraction at the bottom of the col-
umn, which cannot be reproduced by the Gibson-Merckelbach frame-
work. This highlights a limitation of standard large-strain consolidation
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models when combined with the fractal constitutive model of Merck-
elbach and Kranenburg (2002) in highly compacted regimes. A simple
modification based on a reduction of permeability was introduced to
reproduce this behavior. This modification can be interpreted as a
hydraulic limitation of the model.

The comparison between model predictions and NMR measure-
ments also shows that the model captures the main trends of the pore
size distribution. However, discrepancies remain in magnitude, and
the agreement depends on the calibration of the model parameters,
reflecting limitations of the current constitutive assumptions.

Finally, the results indicate that, for dilute suspensions, the assump-
tion that a single constitutive framework can describe both settling and
consolidation is not fully valid. A transition occurs at the gelling point,
below which particle settling is better described using hindered settling
formulations. Beyond this transition, the model remains able to capture
the evolution of density profiles and interface positions.

Overall, this work provides insight into both the capabilities and
limitations of large strain Gibson-Merckelbach consolidation models
when compared with high-resolution experimental data.
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Fig. 16. Solid volume fraction profiles for K1 suspension of a concentration of 92 g/L at different times.
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Appendix A

A.1. Lagrange frame and material coordinates

The Gibson equation presented in the main body of the article was
expressed in the Eulerian frame of reference. An alternative way to
write this equation is in the Lagrange frame of reference, i.e. a time-
dependent coordinate system that moves with the solid particles. Using
material coordinates is interesting because it affects the formulation of
the necessary boundary conditions at the top and bottom of the settling
column. Also, a defined elementary volume at time ¢ = 0 will always, by
definition, contain the same volume of solid particles at any time ¢ (see
Fig. 25). This feature of the model will be useful for further studies
where (bio)chemical reactions will be included in the consolidation
model.
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Fig. 23. Linear fitting of the settlement profiles of kaolinite K1 for a 92 g/L
suspension, used to determine the gelling point.

Based on that, a material coordinate variable z,, is defined to
quantify the amount of solid mass in an elementary volume at time
t (see Fig. 26). The elementary volumes thus contain the same amount
of solid particles, then :

dzye = ¢sd = ¢pda (49)

With ¢, is the initial solid volume fraction and ¢, is the solid volume
fraction at a time ¢ > 0.

Thus conversion from one coordinate system to another can be
accomplished by simple integration such that :

a
Zpol = / ¢0 da
0

‘= /Zuol dzl)ul
0 dJs

(50)

(51)
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Fig. 24. Numerical fitting of the settlement profiles of kaolinite K1 measured
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The Gibson equation derived in the main body of the article is expressed
in the Eulerian coordinate meaning that we follow the change of ¢, at
a given fixed position z as a function of time ¢. Doing so, we say that
the changes in ¢, in time at a position z are caused by the inflow and
outflow of matter at position z. The Lagrange form of the same equation
gives the changes in ¢, for a given volume element that we follow in
space and time. The reference settling velocity is the one of the solid
particles. A direct result of this assumption is that the position z is a
advective coordinate that depends on time and its reference position a

at time 7 = 0:

z=¢(a,t) (52)
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The link between the Eulerian and Lagrange descriptions is given by :

dg. _ 09, o
dt ot | b5,

= (53)
where % gives the Lagrange derivative and L‘;‘Y gives the Eulerian
derivative. This equation tells us that the changes in ¢, of the volume
element we follow and currently is located at (z(a,),t) is given by the
change of ¢, (term %) at position z(a, ) plus the change associated to
the fact that the volume element we follow is leaving position z at the
instant ¢ (term v /lab%)' In the Lagrange form the continuity equation
can be written as :

do,

dt y

aUs/Iab
0z

Based on Egs. (5), (9) and (54), we can express the Gibson equation in
terms of total derivative:

dby _, 9 (K (9on , _
'R _¢Saz (ﬂwg< 3z + (pg pw)gaﬁs))

Now let express the equation in terms of the material coordinates z,,,
to get the original form of the Gibson equation. We have :

dg, _ (96 _ (9
-(%).-(%)

dt
The expression of the Gibson equation in the Lagrange frame is then :

d¢s 2 0 (K@ 9o (¢) 3
<7>Z < <—+(p: ﬂw)g>>

=0 (G0

(55)

(56)

Zvol

= — 57
e G (57)

vol vol

vol
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Appendix B

B.1. Modified Gibson

We defined previously that there are two type fluxes in the column
which are J,,, advection fluxes and J,;, diffusion fluxes that are in
function of ¢,. Thus, when we reach the maximum compaction, it
means mathematically that :

K@) dogby) 9y ,
Jaie(dy) = { oy ox e % I 58)
0 if g > Prpax
Kby — 2 if ¢, <
S = { e (P~ PSP 0, < D 59
0 if ¢ > Prax
where ¢,,,, is the maximum solid volume fraction.
Egs. [(58)] and [(59)] can also be written as :
K(¢) 9o (9;) 0,
Jaie(dy) = _T 9z ¢51[0‘¢max] (60)
K(g,)
Jaav (@) = (05 = Pw)Eb} (04,1 (61)
w
With 154, being the characteristic function defined as :
1 if ¢, <
g = o O = I (62
0 if ¢y > Prax
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To make sure that the discontinuous nature of the characteristic func-
tion 14 does not affect the numerical stability of the Gibson model,
we approximate this function with a continuous function in the form
of a sigmoid function sigmoid, :

1
1+ exp (—a($; = Ppax)
where « is a parameter without a unit.

The sigmoid function sigmoid, converges to the characteristic func-
tion 1 when «a converges to infinity (see Fig. 27).
[0.¢nax]

sigmoid,(¢,) =

(63)

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.compgeo.2026.108200.

Data availability

No data was used for the research described in the article.
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