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 A B S T R A C T

Inventory capacity constraints represent real-world space scarcity in warehouses. When only full truckloads 
are permitted, these constraints are typically enforced by blocking deliveries that would violate the capacity. 
However, when the inventory is simultaneously too high to allow a delivery while also too low to serve all 
demand, this method leads to unmet demand. This study therefore introduces inventory-driven delays, where 
vehicles are held at the destination until enough inventory capacity is available, as a method to enforce capacity 
constraints. To capture these delays, the dispatch problem is formulated as a discrete-time Markov Decision 
Process (MDP) with inventory-dependent service times. The problem is solved using Approximate Dynamic 
Programming (ADP), which accounts for opportunity costs associated with waiting vehicles, allowing the policy 
to handle the state-dependent costs introduced by inventory-driven delays. A case study is developed based 
on data from an Ethiopian brewery. The proposed method is compared against multiple heuristics across four 
different replenishment strategies. Results show that one full truckload of unmet demand is recovered per 
ten cumulative days of inventory-driven delays, suggesting that allowing such delays can serve as a strategic 
buffer in inventory-capacitated, full-truckload systems. Future work may address dynamic order generation, 
parameter uncertainty, and extensions toward the general Inventory Routing Problem (IRP).

1. Introduction

Many logistics systems involve a centralized vendor distributing 
goods to independently operated retailers. Replenishment strategies 
vary, ranging from Vendor Managed Inventory (VMI), where the ven-
dor decides when to deliver, to Retail Managed Inventory (RMI), where 
each retailer independently places orders. Another approach is a lead-
time-based strategy, where an order is triggered automatically — for 
example, once the inventory level reaches a defined reorder point. 
In the studied problem the retailers place orders and the vendor is 
responsible for transportation, deciding when to dispatch a vehicle to 
an order. The vendor aims to minimize the use of trucks to reduce costs. 
Additionally, there is a penalty when a retailer’s inventory reaches zero 
due to potential lost sales. Optimizing this decision of when to deliver 
can be done using the dispatch problem.

Retailers in real-world supply chains typically have limited storage 
space, so some operations research models include inventory capacity 
constraints to reflect this. These constraints are typically handled by 
limiting the delivered quantity to the remaining capacity or by blocking 
deliveries that would exceed it. In some cases, only full truckloads are 
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allowed to ensure an optimal load rate for the vehicles. In this case, 
limiting the delivered quantities is not permitted, leaving blocking as 
the logical mechanism to enforce the warehouse inventory capacity. 
However, when the inventory can simultaneously be too high to allow 
a replenishment while also too low to serve all demand, this method 
will cause unmet demand. To the best of the authors’ knowledge, no 
research has addressed this issue.

This paper introduces inventory-driven delays as a third method 
to enforce warehouse inventory capacity constraints. When a vehicle 
arrives with more goods than the remaining capacity, it waits on-
site until sufficient space becomes available. During this time, the 
inventory of the truck can be used by the retailer, thus serving as a 
temporary buffer at the cost of occupying the vehicle. The inventory-
driven delays are included as inventory-dependent service times in the 
problem formulation. By formulating the problem as a Markov Deci-
sion Process (MDP), developing a solution method using Approximate 
Dynamic Programming (ADP), and implementing and testing it in a 
case study, this work demonstrates how inventory-driven delays can 
be used effectively to constrain the inventory capacity. Additionally, by 
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comparing the results to two heuristics and a similar algorithm which 
includes a blocking alternative, the benefits of using this method are 
shown.

In the remainder of this paper, first a literature review is conducted 
as shown in Section 2. Then the problem is described in Section 3 and 
the method to address this problem is given in Section 4. The case-
study implementation and results are then given in Section 5. Lastly, 
the conclusion is given in Section 6 with a future outlook.

2. Literature review

This paper studies the dispatch problem, in which researchers have 
explored a range of directions. Many focus on dynamic settings (Lan 
et al., 2022b), stochastic variants (Moradi-Afrapoli and Askari-Nasab, 
2020), or combinations of both (Chen et al., 2023b; Dehghan et al., 
2023; Delgado, 2022; Guo and Xu, 2020; de Jong et al., 2024). Of 
particular relevance is the dispatch problem by  de Jong et al. (2024) 
that incorporates inventory tracking, being closest to the direction of 
this work. However, a key limitation is that these models do not include 
inventory capacity constraints, which is the focus of this work.

The Inventory Routing Problem (IRP) is a time-dependent exten-
sion of the Vehicle Routing Problem (VRP) (Mor and Speranza, 2022; 
Pappalardo, 2021), characterized by the tracking of inventory lev-
els (Pappalardo, 2021). Nearly all IRP formulations assume a VMI 
replenishment strategy (Archetti and Ljubić, 2022; Baller et al., 2020; 
Bertazzi et al., 2025; Brinkmann et al., 2020), which is however not 
strictly required by definition (Bertazzi and Speranza, 2012). Since 
the dispatch problem can be represented as a VRP on a star-shaped 
network, constraints from the IRP are likely applicable to dispatch 
problems. Inventory capacities are commonly incorporated into IRP 
formulations, such as the work of Archetti and Ljubić (2022), Bertazzi 
et al. (2025), Brinkmann et al. (2020), though typically by limiting de-
livery quantities or blocking deliveries rather than by delaying service 
time until space becomes available. No formulation within the IRP has 
been found that accounts for inventory-driven delays.

Within the broader VRP framework, numerous variants exist, in-
cluding stochastic VRP (Iklassov et al., 2024; Marković et al., 2020; 
Shahparvari and Abbasi, 2017; Shahparvari et al., 2017; Honda and 
Nakade, 2024; Yernar and Turan, 2025; Ammouriova et al., 2023; Pap-
palardo, 2021), dynamic VRP (Pillac et al., 2013; Ammouriova et al., 
2023; Pappalardo, 2021), time-dependent VRP (Adamo et al., 2024; 
Emanab, 2023; Gendreau et al., 2015; Gmira et al., 2021), and real-
time VRP (Muñoz-Villamizar et al., 2024; Gmira et al., 2021). Service 
times in these models are sometimes modeled as stochastic (Honda and 
Nakade, 2024; Dávila et al., 2021; Yernar and Turan, 2025) or time-
dependent (Keskin et al., 2019; Petropoulos et al., 2024), showcasing 
that it is possible to include variable service times, which could be used 
for including inventory-driven delays as inventory-dependent service 
times. However, this extended formulation is not yet available in the 
literature.

Many relevant IRP models (Brinkmann et al., 2020; McKenna et al., 
2020) and dispatch optimization models (de Jong et al., 2024) for-
mulate the problem as a Markov Decision Process (MDP). Moreover, 
Approximate Dynamic Programming (ADP) provides a scalable solu-
tion technique by approximating value functions or policies, while 
preserving the structure of the MDP (Mardešic et al., 2024). One 
such approach is value function approximation (VFA), which estimates 
the downstream value of a state to guide action selection based on 
long-term expected rewards (Rempel and Cai, 2021; Mardešic et al., 
2024).

While some dispatch models track inventory over time, no for-
mulation is present that includes inventory-capacity constraints. The 
problem can be formulated as an IRP, and many IRP formulations 
include inventory-capacity constraints. These constraints are typically 
handled by limiting the delivery quantity or by blocking deliveries that 
would violate inventory capacity constraints. Lastly, within the broader 

VRP formulation, some models use service times which depend on a 
variable. By making the service time depend on the inventory level, 
a formulation can account for inventory-driven delays, however no 
existing formulation of this mechanism has been found in the literature. 
Therefore, this study fills this gap. The placement of this study within 
the literature is provided in Table  1.

By implementing the PVFA with inventory-dependent service times, 
this study demonstrates that it is possible to incorporate inventory 
capacities by delaying vehicles until sufficient space becomes available, 
thereby accounting for inventory-driven delays. This approach avoids 
the need for hard inventory capacity constraints used in other models, 
such as formulations that block entire deliveries (Rempel and Cai, 
2021) or those that limit delivery quantities (Archetti and Ljubić, 
2022). Furthermore, the dispatch model is applied to four different 
replenishment strategies. This contrasts with most inventory-routing 
and dispatch models, which typically assume a VMI strategy (Bertazzi 
and Speranza, 2012; Bertazzi et al., 2025; Brinkmann et al., 2020; 
Baller et al., 2020; Archetti and Ljubić, 2022). This study demonstrates 
that dispatch optimization is also feasible under an RMI replenishment 
strategy, thereby expanding its applicability.

3. Problem description

In the studied problem, there is a single centralized vendor that 
serves multiple independent retailers. The retailers have capacitated 
inventories that deplete over time as they sell products. To replenish 
their stock, retailers can place an order at the vendor, resulting in a so-
called RMI replenishment strategy. The vendor has the knowledge of all 
retailer inventory levels and receives their orders. The vendor operates 
a fleet of homogeneous vehicles that can be used to fulfill orders. At 
each decision moment, the vendor can choose which outstanding orders 
the available vehicles are dispatched to. When a vehicle arrives at a 
retailer with a load larger than the remaining inventory capacity, the 
vehicle is required to wait on-site until the retailer has depleted enough 
stock, incurring an inventory-driven delay. The vendor aims to deliver 
orders to prevent stockouts; however, dispatching vehicles too early can 
result in inventory-driven delays, thereby reducing logistics efficiency 
and possibly causing overall lower performance. The vendor seeks to 
dispatch vehicles optimally while accounting for this trade-off, which 
can be achieved by solving the dispatch problem.

The formulation accounts for inventory-driven delays; therefore, 
retailers have limited inventory capacities, and vehicles are required 
to wait on site until sufficient inventory space becomes available. This 
is captured through inventory-dependent service times. Note that, the 
inventory level depends on dispatch decisions, whose costs in turn de-
pend on the inventory level. Hence, the model includes state-dependent 
decision variables, resulting in nonlinear behavior. To focus on dispatch 
behavior, the model adopts several simplifications: input parameters 
are deterministic and known in advance, the vendor has unlimited 
stock and the vehicle fleet is homogeneous.  In the robustness analyses, 
demand is treated as an exogenous stochastic variable following a 
normal distribution.

4. Methodology

To address the described problem, a discrete-time MDP is formu-
lated. A rolling-horizon approach is adopted, where future actions are 
evaluated to include future costs in the decision-making process; how-
ever, only the action at the current epoch is executed. The MDP state 
tracks, for each vehicle, which order it is serving, what stage of service 
it is in, and how long it will remain in that stage, allowing the system 
to track the status of each vehicle. Furthermore, for each retailer, the 
inventory level is included in the state, enabling the identification of 
bottlenecks and the calculation of inventory-dependent service times. 
Lastly, for each retailer, a list of outstanding orders is tracked to 
construct the vendor’s backlog. The decision-maker, i.e., the vendor, 
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Table 1
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 Moradi-Afrapoli and Askari-Nasab (2020) dispatch ✓  
 Zou et al. (2020) dispatch  
 Wang et al. (2021) dispatch  
 Delgado (2022) dispatch ✓ ✓  
 Guo and Xu (2020) dispatch ✓ ✓  
 Lan et al. (2022b) dispatch  
 Lan et al. (2022a) dispatch ✓  
 Wang et al. (2022) dispatch  
 Chen et al. (2023a) dispatch ✓ ✓  
 Chen et al. (2023b) dispatch ✓ ✓  
 Dehghan et al. (2023) dispatch ✓ ✓  
 W. et al. (2023) dispatch  
 de Jong et al. (2024) dispatch ✓ ✓ ✓  
 Mirzaei-Nasirabad et al. (2023) dispatch ✓  
 Bertazzi and Speranza (2012) IRP ✓ ✓  
 McKenna et al. (2020) IRP ✓ ✓ ✓  
 Brinkmann et al. (2020) IRP ✓ ✓ ✓ ✓  
 Archetti and Ljubić (2022) IRP ✓ ✓  
 Bertazzi et al. (2025) IRP ✓ ✓ ✓  
 Pillac et al. (2013) VRP ✓  
 Gendreau et al. (2015) VRP  
 Shahparvari and Abbasi (2017) VRP ✓  
 Shahparvari et al. (2017) VRP ✓  
 Keskin et al. (2019) VRP  
 Marković et al. (2020) VRP ✓  
 Dávila et al. (2021) VRP  
 Gmira et al. (2021) VRP  
 Pappalardo (2021) VRP ✓ ✓  
 Ammouriova et al. (2023) VRP ✓ ✓  
 Emanab (2023) VRP  
 Adamo et al. (2024) VRP  
 Honda and Nakade (2024) VRP ✓  
 Iklassov et al. (2024) VRP ✓  
 Petropoulos et al. (2024) VRP  
 Yernar and Turan (2025) VRP ✓  
 This study dispatch ✓ ✓ ✓  

must decide which outstanding orders to dispatch at each decision 
epoch. Another option is to keep available vehicles idle. Based on the 
current state and the chosen action, a new state is generated using 
a state transition function. A reward function is defined to evaluate 
how well a certain state performs, based on the previously mentioned 
indicators of performance. These rewards are discounted by a discount 
factor to prioritize solutions with immediate positive effects, and are 
summed into an objective function that is maximized.

4.1. Mathematical formulation

The system consists of a set of retailers  , indexed by 𝑖, and a set 
of vehicles , indexed by 𝑘. The system evolves over a finite set of time 
steps  = {0, 1,… , 𝑇 }, indexed by 𝑡 with 𝑡 = 0 indicating the current 
decision epoch and 𝑇  indicating the time horizon.

The problem is formulated as a discrete-time MDP, defined by the 
tuple ( ,, 𝑓 , 𝑟, 𝛾), where  denotes the state space,  the action space, 
𝑓 the state transition function, 𝑟 the reward function, and 𝛾 the discount 
factor.

The state space  captures all possible configurations of the system 
and includes variables defined for each retailer and each vehicle. At 
each decision epoch 𝑡, the state 𝑆𝑡 consists of:

• 𝑆tar,𝑘𝑡 : retailer currently assigned to vehicle 𝑘 (zero if idle at the 
brewery),

• 𝑆stg,𝑘𝑡 : operational stage of vehicle 𝑘, with values indicating idle 
at vendor (0), en route (1), at retailer (2), or returning (3),

• 𝑆dur,𝑘𝑡 : remaining time steps to complete the current stage of 
vehicle 𝑘,

• 𝑆 inv,𝑖𝑡 : inventory level at retailer 𝑖,
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𝑆tar,𝑘𝑡+1 =

⎧

⎪

⎨

⎪

⎩

𝑥𝑘𝑡+1 if 𝑆stg,𝑘𝑡 = 0

𝑆tar,𝑘𝑡 otherwise
∀𝑘 ∈  (1)

𝑆stg,𝑘𝑡+1 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 if 𝑆tar,𝑘𝑡+1 = 0

0 if 𝑆dur,𝑘𝑡 ≤ 1, 𝑆stg,𝑘𝑡 = 3

𝑆stg,𝑘𝑡 + 1 if 𝑆dur,𝑘𝑡 ≤ 1, 𝑆stg,𝑘𝑡 ≠ 3

𝑆stg,𝑘𝑡 otherwise

∀𝑘 ∈  (2)

𝑆dur,𝑘𝑡+1 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜏2,𝑖 +
max(𝑆 inv,𝑖𝑡+1 + 𝑦𝑘𝑡+1 − 𝐼cap,𝑖, 0)

𝛿𝑖
if 𝑞 = 1, 𝑞′ = 2

max(𝑆dur,𝑘𝑡 − 1, 0) if 𝑞 = 𝑞′

𝜏𝑞′ ,𝑖 otherwise

∀𝑘 ∈ , 𝑖 = 𝑆tar,𝑘𝑡+1 ,

𝑞 = 𝑆stg,𝑘𝑡 , 𝑞′ = 𝑆stg,𝑘𝑡+1

(3)

𝑆 inv,𝑖𝑡+1 = 𝑆 inv,𝑖𝑡 + |

|

|

arr,𝑖
𝑡

|

|

|

− 𝛿𝑖 ∀𝑖 ∈  (4)

𝑆ord,𝑖𝑡+1 =
(

𝑆ord,𝑖𝑡 ⧵ 𝑆ord,𝑖,−𝑡+1

)

∪ 𝑆ord,𝑖,+𝑡+1 ∀𝑖 ∈  (5)

Box I. 

• 𝑆ord,𝑖𝑡 : outstanding orders at retailer 𝑖, represented as a list of 
order timestamps.

While derived independently, similarities with the work of Lam et al. 
(2017) were found, as that source also uses a vehicle state in which 
0 = idle, 1 = en route, 2 = at location, and 3 = returning. In both cases, 
vehicles are tracked relative to their destination. The work of Lam et al. 
(2017) differs from the present work in other respects, most notably 
because it includes no mechanisms to track inventory levels.

At each time step, a feasible action space (𝑆𝑡) ⊆  is defined 
from which an action vector 𝐴𝑡 ∈ (𝑆𝑡) is selected. Each element in 
𝐴𝑡 denotes a retailer to which a vehicle is dispatched. Each value of 
zero implies that a vehicle remains idle.

The state transition function 𝑓 determines the next state 𝑆𝑡+1 based 
on the current state 𝑆𝑡 and the chosen action 𝐴𝑡: 𝑆𝑡+1 = 𝑓 (𝑆𝑡, 𝐴𝑡). It 
is composed of five subfunctions, given in Eqs. (1)–(5), each respon-
sible for updating a separate state variable, which are detailed in the 
following paragraphs. See Eqs. (1)–(5) in Box  I. 

The target retailer of vehicle 𝑘 is updated as shown in Eq. (1) 
by assigning each idle vehicle (𝑆stg,𝑘𝑡 = 0) to a retailer from the 
dispatch vector 𝐴𝑡. Here, 𝑥𝑘𝑡+1 denotes the retailer to which vehicle 𝑘 is 
dispatched, and is selected such that the vector 𝑥𝑡+1 contains the same 
elements as 𝐴𝑡, thereby ensuring that each dispatched vehicle receives 
exactly one assignment.

The stage of vehicle 𝑘 is updated as shown in Eq. (2), based on 
its current stage and remaining duration. The stage advances if the 
remaining duration falls below one, while it resets to zero when the 
vehicle becomes idle at the brewery.

The time component of vehicle 𝑘 is updated as shown in Eq. (3) 
by decreasing the remaining duration by one if the vehicle stays in the 
same stage, or by assigning a new duration 𝜏𝑞,𝑖 for a vehicle serving 
retailer 𝑖 in stage 𝑞 otherwise. A special case occurs when a vehicle 
begins service (𝑞 = 2), in which case the duration is extended to 
incorporate potential waiting time due to limited inventory space at 
the retailer. This delay depends on the inventory capacity 𝐼cap,𝑖 and 
the average depletion rate 𝛿𝑖, which represent the maximum inventory 
level and the average daily inventory reduction at retailer 𝑖, respec-
tively. We define 𝑦𝑘𝑡+1 as the unloading rank of vehicle 𝑘, starting at 1 
for a single delivery. This rank accounts for the cumulative inventory 
of both the current vehicle and its predecessors arriving in the same 
epoch to correctly calculate the required service time extensions.

To the best of our knowledge no existing VRP, IRP, or dispatch 
formulation uses a relationship between inventory levels and delays to 
handle inventory capacities. In this work a new mechanism is intro-
duced in which trucks incur additional waiting time when insufficient 
inventory space is available at the retailer, ensuring that inventory 
capacity constraints are not violated.

The inventory level of retailer 𝑖 is updated as shown in Eq. (4) 
by accounting for both incoming deliveries and ongoing depletion. 
Inventory is reduced by the average depletion rate 𝛿𝑖 and increased by 
one unit for each arriving vehicle, identified by the set
arr,𝑖

𝑡 =
{

𝑘 ∈  |

|

|

𝑆stg,𝑘𝑡 = 1, 𝑆stg,𝑘𝑡+1 = 2, 𝑆tar,𝑘𝑡+1 = 𝑖
}

The order backlog of retailer 𝑖 is updated as shown in Eq. (5). While 
technically a vector, set notation is used to describe its behavior. Each 
entry in 𝑆ord,𝑖𝑡  represents a time at which an order is placed for which no 
vehicle has yet been dispatched, allowing the model to track the age of 
an order. At each epoch, new orders are added to the backlog, while the 
oldest entries are removed corresponding to orders for which a vehicle 
has been dispatched. Let 𝑆ord,𝑖,+𝑡+1  denote the newly placed orders at time 
𝑡+1, with 𝑑𝑖𝑡 elements equal to 𝑡+1, and let 𝑆ord,𝑖,−𝑡+1  denote the earliest 
outstanding orders, one for each vehicle dispatched to retailer 𝑖.

The reward function 𝑟, defined in Eq. (6), assigns a numerical 
value to the new state 𝑆𝑡+1, capturing its quality. The reward function 
consists of two components: the losses due to stockouts is given by 
𝑅los𝑡+1 in Eq. (7) and penalties for idle vehicles by 𝑅idl𝑡+1 in Eq. (8). Each 
component is weighted by a corresponding penalty parameter 𝐿los for 
unmet demand and 𝐿idl for idle vehicles.
𝑟(𝑆𝑡+1) = 𝑅los𝑡+1 + 𝑅idl𝑡+1 (6)

𝑅los𝑡+1 =
∑

𝑖∈
𝑆 inv,𝑖𝑡+1 <0

min
(

−𝑆 inv,𝑖𝑡+1 , 𝛿𝑖
)

⋅ 𝐿los (7)

𝑅idl𝑡+1 =
∑

𝑘∈
𝑆 tar,𝑘𝑡+1 =0

𝐿idl (8)

The discount factor 𝛾 ∈ [0, 1] captures how future rewards are valued 
relative to immediate ones.

4.2. Solution method

A MDP can be solved using the Bellman Equation shown in Eq. (9), 
which characterizes the optimal objective value 𝑉𝑡(𝑆𝑡) of being in state 
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𝛥𝑉 𝑜
𝑡 = 𝛥𝑉 los,𝑜

𝑡 + 𝛥𝑉 idl,𝑜
𝑡 + 𝛥𝑉 opp,𝑜

𝑡 ∀𝑜 ∈ 𝑡 (11)

𝜂𝑜𝑡 = |enr,𝑖
𝑡 | + (𝑛 − 1) ∀𝑜 ∈ 𝑡 (12)

𝑆̂ inv,𝑜𝑡,arr = 𝑆 inv,𝑖𝑡 + 𝜂𝑜𝑡 − 𝛿𝑖 ⋅ 𝜏1,𝑖 ∀𝑜 ∈ 𝑡 (13)

𝑤𝑜
𝑡 = max

(

𝑆̂ inv,𝑜𝑡,arr 𝐼
cap,𝑖 + 1

𝛿𝑖
, 0

)

∀𝑜 ∈ 𝑡 (14)

𝛥𝑉 los,𝑜
𝑡 = 𝛾𝜏

1,𝑖 ∑

𝑚∈{1,…,𝐻}
𝑆̂ inv,𝑜𝑡, arr <𝑚⋅𝛿𝑖

min
(

−𝑆̂ inv,𝑜𝑡,arr + 𝑚 ⋅ 𝛿𝑖, 𝛿𝑖
)

𝑚2
𝐿los ∀𝑜 ∈ 𝑡 (15)

𝛥𝑉 idl,𝑜
𝑡 =

{

𝐿idl if 𝑤𝑜
𝑡 > 0

𝐿idl − 𝐿idl ⋅ 𝛾 (𝜏1,𝑖+𝜏2,𝑖+𝜏3,𝑖) otherwise
∀𝑜 ∈ 𝑡 (16)

𝛥𝑉 opp,𝑜
𝑡 =

{

𝜆 ⋅ 𝛾 (𝜏1,𝑖+𝜏2,𝑖+𝜏3,𝑖) if 𝑤𝑜
𝑡 > 0

0 otherwise
∀𝑜 ∈ 𝑡 (17)

Box II. 

𝑆𝑡 at time 𝑡. 
𝑉𝑡(𝑆𝑡) = max

𝐴𝑡∈(𝑆𝑡)

{

𝑟(𝑆𝑡+1) + 𝛾 ⋅ 𝑉𝑡+1(𝑆𝑡+1)
}

(9)

Let 𝑆ord𝑡 =
[

𝑆ord,1𝑡 , 𝑆ord,2𝑡 ,… , 𝑆ord,| |

𝑡
] denote the vector indicating for 

each outstanding order at time 𝑡 the index of its retailer. Let 𝑡 =
{1, 2,… , |𝑆ord𝑡 |} denote the index set of all outstanding orders indexed 
by 𝑜, and let ven

𝑡 = {𝑘 ∈  ∣ 𝑆stg,𝑘𝑡 = 0} denote the set of vehicles 
at the vendor which can be dispatched. A feasible dispatch decision, 
including the possibility for each vehicle to remain idle, consists of 
distributing |ven

𝑡 | indistinguishable vehicles over |𝑡| + |ven
𝑡 | distin-

guishable options. Using the classical stars and bars formulation, the 
number of possible actions per epoch can be determined as follows:

|𝑡(𝑆𝑡)| =
(

|ven
𝑡 | +

(

|𝑡| + |ven
𝑡 |

)

− 1
(

|𝑡| + |ven
𝑡 |

)

− 1

)

Additionally, since each action directly influences subsequent states, 
all possible future decision sequences must be evaluated. This leads 
to exponential growth over the length of the planning horizon and 
combinatorial growth with the sizes of the order and vehicle sets. 
This computational explosion showcases the necessity of employing 
approximation methods.

ADP is used to reduce the computational effort. A policy 𝜋(𝑆𝑡) is 
used to select an action 𝐴𝑡 = 𝜋(𝑆𝑡), and using this policy, the Bellman 
equation (Eq. (9)) can be rewritten to the policy Bellman equation given 
as Eq. (10). The value function under a fixed policy 𝜋 is, by definition, 
less than or equal to the optimal value function (𝑉 𝜋

𝑡 (𝑆𝑡) ≤ 𝑉𝑡(𝑆𝑡)). 

𝑉 𝜋
𝑡 (𝑆𝑡) = 𝑟(𝑆𝑡+1) + 𝛾 ⋅ 𝑉 𝜋

𝑡+1(𝑆𝑡+1) (10)

The policy 𝜋 has to be formulated. This study applies a Partial Value 
Function Approximation (PVFA), based on the value function approxi-
mation in the literature by Rempel and Cai (2021) and Mardešic et al. 
(2024). In a value function approximation, the impact of an action on 
the value function is estimated. In this study, the impact of delaying 
a single order by one epoch is estimated individually using a value 
of delay. This order-specific evaluation motivates the term PVFA and 
distinguishes our study from other approaches in the literature. The 
value of delay is denoted by 𝛥𝑉 𝑜

𝑡  for order 𝑜. This value has two 
purposes:

1. If 𝛥𝑉 𝑜
𝑡 ≥ 0, no vehicle should be dispatched to order 𝑜, even 

if there are idle vehicles. A value above zero indicates that it 
is more efficient to dispatch later, most likely due to inventory-
driven delays.

2. To optimize the value function, it is best to dispatch to orders 
with the lowest value of delay (𝛥𝑉 𝑜

𝑡 ). Therefore, this value can 
be used to rank orders.

In practice, all orders with 𝛥𝑉 𝑜
𝑡 < 0 can be ranked based on this value, 

and vehicles are dispatched in that order. For each order 𝑜, the value 
of delay is calculated as shown in Eq. (11) (see Box  II). The first two 
terms estimate the direct impact of different penalties and rewards on 
delaying an order. While these terms account for the impact of serving 
an order on the objective value, they do not capture the cost of using 
a vehicle. This cost, referred to as the opportunity cost and denoted 
by 𝛥𝑉 opp,𝑜

𝑡 , reflects the benefit lost when a vehicle is occupied by a 
particular order and thus cannot be used for other orders. Inventory-
driven delays increase this cost, as the vehicle remains occupied for a 
longer period. To our knowledge, no existing work explicitly quantifies 
this order-specific opportunity cost. Throughout the remainder of this 
section, the following notation is adopted to simplify expressions and 
improve readability:

• Let 𝑜 ∈ 𝑡 represent an order at time 𝑡.
• Let 𝑖 ∈   denote the retailer associated with order 𝑜.
• Let 𝑛 ∈ N denote the position of order 𝑜 in retailer 𝑖’s backlog 
vector 𝑆ord,𝑖𝑡 . 

Let enr,𝑖
𝑡 = {𝑘 ∈  ∣ 𝑆tar,𝑘𝑡 = 𝑖, 𝑆stg,𝑘𝑡 = 1} denote the set of vehicles 

currently en route to retailer 𝑖. The number of deliveries expected to 
arrive prior to order 𝑜, denoted by 𝜂𝑜𝑡 , is defined in Eq. (12). This value 
is utilized in Eq. (13) to estimate the expected inventory level upon 
arrival 𝑆̂ inv,𝑜𝑡,arr  and in Eq. (14) to determine the potential service time 
extension, 𝑤𝑜

𝑡 . The impact of stockouts on the value of delivery, 𝛥𝑉 los,𝑜
𝑡 , 

is formulated in Eq. (15). Because vehicle unavailability in subsequent 
periods may cause a single-epoch dispatch delay to propagate into a 
multi-epoch delay, the formulation accounts for stockouts over 𝑚 ∈
{1,… ,𝐻} epochs. These are discounted by 𝑚2 to reflect the increasing 
opportunity for stockout mitigation in later periods. Furthermore, an 
idle bonus 𝛥𝑉 idl,𝑜

𝑡  is incorporated under the assumption that the vehicle 
would otherwise remain idle. If no service time extension occurs (𝑤𝑜

𝑡 =
0), this bonus is forfeited once the vehicle returns to the brewery.

The true opportunity cost of vehicle utilization is state-dependent, 
as it depends on the outstanding orders, fleet availability, and inventory 
levels. As this future state is unknown, it cannot be calculated in 
advance. To address this, a constant 𝜆 is introduced, representing the 
value of vehicle availability in a future epoch. 𝛥𝑉 opp,𝑜

𝑡  denotes the 
impact of the opportunity cost on the value of delay as shown in 
Eq. (17). If an order incurs an inventory-driven delay (𝑤𝑜

𝑡 > 0), the 
opportunity cost 𝜆 is added to the value of delay. 
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Fig. 1. Sensitivity analyses of 𝜆.

5. Experimental results

In this section, we present the case study that is developed for 
evaluating the performance of the proposed approach and present 
comparative results looking at different KPIs.

5.1. Case study overview

For this study, we developed a case study at Habesha Breweries 
S.C., a large Ethiopian brewery that operates a homogeneous fleet of 76 
vehicles to deliver its beer nationwide to resellers. Resellers can order 
a full truckload at Habesha, after which it is expected that a vehicle 
will be dispatched. The beer is transported in returnables, and both 
Habesha and the resellers own a set of these returnables. To ensure that 
everyone maintains the same number, each delivered full returnable 
is matched with an empty one, creating a closed-loop, full-truckload 
delivery system. Trucks arriving ahead of empty crate availability must 
wait on-site to complete this mandatory one-for-one exchange. Habesha 
tracks its vehicles and stores the itineraries. Furthermore, depletion is 
recorded at the resellers, and inventories are counted weekly, allowing 
Habesha to reconstruct the inventory levels at the resellers over time.

Due to a shortage of returnables, resellers maintain a limited stock. 
Additionally, high fuel prices mean Habesha does not allow less-than-
truckload deliveries. Because this combination of a limited crate supply 
and mandatory full truckloads can lead to unmet demand, the available 
data motivates the study of inventory-driven delays as a potential 
solution. The problem formulation proposed in this paper is applied 
to this case study where Habesha is the vendor and the resellers are 
the retailers. The number of returnables at the resellers represents the 
inventory capacity of the retailers.

5.2. Implementation

The proposed model is implemented in Python. The implementation 
is verified using structured test cases.  The penalty parameters 𝐿idl and 
𝐿los were initialized to reflect the local economic landscape of Ethiopia 
and the priorities of Habesha. Given the relative high margin on the 
product and the low wages for truck drivers, reducing unmet demand 

is prioritized over reducing the truck usage. Therefore, a value of being 
idle is set to 𝐿idl = 1 while the value of unmet demand is set to 𝐿los =
−100. An epoch length of half a day is used; a longer epoch length 
introduces biases due to the rounding of activities, while a shorter 
epoch length introduces other biases, as trips typically take multiple 
days, and a natural rounding to half-days occurs in the data. The rest 
of the model parameters are set through sensitivity analyses. Due to 
the nonlinearity between parameters each parameter was sequentially 
tuned and re-evaluated each time another parameter was changed.

The model’s sensitivity to the discount factor was evaluated for 𝛾 ∈
{0.7, 0.8, 0.9, 0.95, 1.0}. The analysis revealed that system performance is 
robust for values of 𝛾 ≥ 0.9. Lower values of 𝛾 induced myopic behavior; 
in these instances the objective function over-prioritized immediate 
cost savings at the expense of long-term demand fulfillment, leading 
to a decrease in overall efficiency. While 𝛾 = 0.9 was found to be the 
lower bound of stability, 𝛾 = 0.95 was selected for the final model to 
provide a stability buffer.

The look-ahead horizon 𝐻 determines how early a potential future 
stockout is integrated into the expected reward calculation. Initially, 
the model considered only the immediate epoch (𝐻 = 1); however, 
this approach proved to be highly sensitive to demand uncertainty in 
the robustness analyses. To address this, a value of 𝐻 = 3 is selected, 
allowing it to anticipate and mitigate stock-out risks multiple steps in 
advance.

The parameter 𝜆 serves as a soft constraint on inventory-driven 
delays. The tuning process as shown in Fig.  1 demonstrates a clear 
trade-off: High 𝜆 acts as a blocking constraint, excessively restricting 
flow, while a low 𝜆 permits unrealistic inventory-driven delays, causing 
performance to drop in the final stages where shipment prioritization 
is needed. A value of 𝜆 = 2 was chosen due to better performance.

To provide empirical insights into the contribution of different 
components to the performance of our approach, a study is performed 
where parts of the PVFA are disabled systematically. 𝐿los = 0 means 
𝛥𝑉 los,𝑜

𝑡 ≡ 0, 𝐿idl = 0 means 𝛥𝑉 idl,𝑜
𝑡 ≡ 0 and lastly 𝜆 = 0 means 

𝛥𝑉 opp,𝑜
𝑡 ≡ 0. The results shown in Fig.  2 reveal that 𝛥𝑉 los,𝑜

𝑡  has a large 
impact, which is logical given that this is what motivates the model 
to prevent stockouts. Furthermore, it can be seen that both 𝛥𝑉 idl,𝑜

𝑡  and 
𝛥𝑉 opp,𝑜

𝑡  mainly reduce service time extensions.
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Fig. 2. Contribution of different model components.

5.3. Comparison of different replenishment strategies

To ensure a fair comparison beyond FIFO, we include several non-
trivial heuristics that differ in how they trade off early dispatch against 
the risk of inventory-driven delays. Importantly, all heuristics allow for 
delayed dispatch decisions, making them structurally compatible with 
the proposed model.

Efficiency-first strategies prioritize resource utilization by prevent-
ing inventory-driven delays, which occupy vehicles longer than strictly 
necessary. This orientation is represented by the Earliest Deadline (ED) 
with blocking policy. Under this strategy, a dispatch is only permitted if 
it will not result in an inventory-driven delay. Among valid dispatches, 
the policy prioritizes orders based on the number of epochs remaining 
until a stockout becomes unavoidable. Additionally PVFA blocking 
is tested, a version of the proposed method restricted by the same 
blocking constraint to isolate the specific impact of the delay-capable 
formulation.

In contrast, demand-first strategies prioritize the prevention of un-
met demand at all costs, treating vehicle efficiency as a secondary 
concern. This is implemented via a Just-in-Time delay-capable heuris-
tic, which defers each dispatch unless it is essential to prevent a 
stockout. Consequently, dispatches and thus inventory-driven delays 
are only permitted when immediately necessary to prevent stockouts. 
When multiple orders require a dispatch, the heuristic prioritizes the 
dispatch with the minimal predicted waiting time.  The policies are 
evaluated under four replenishment strategies:

1. RMI with stochastic order arrivals, modeled using a Poisson 
distribution.

2. Fixed lead-time (five-day) ordering, where retailers place or-
ders sufficiently in advance to maintain a five-day stock buffer, 
effectively using a reorder point to trigger orders.

3. Fixed lead-time (three-day) ordering, using the same reorder 
point mechanism as the five-day strategy, but maintaining only 
a three-day stock buffer.

4. VMI, where the vendor determines dispatch timing based on 
observed stock levels.

To compare the performance of the policies across different re-
plenishment strategies, a set of key performance indicators (KPIs) is 
evaluated. Due to the stochastic nature of order generation in the RMI 
strategy, each policy is simulated nine times. To visualize the variability 
in results, the standard deviation (SD) is used as a measure of spread. 
Bar heights represent the mean values across runs, and error bars 
indicate ±1 SD.

The objective value represents the weighted performance of the 
model, reflecting the total rewards discounted by the epoch in which 
they are obtained. As shown in Fig.  3, the PVFA achieves the highest 
objective value across all scenarios. This consolidated metric confirms 
that the PVFA successfully balances the trade-offs between reducing 
inventory-driven delays and recovering unmet demand.

As shown in Fig.  4, the PVFA blocking and ED blocking yield the 
theoretical minimum for service time extensions due to their blocking 
mechanisms. In contrast, the Just-in-time policy exhibits the highest 
cumulative delays, which is expected given its priority of preventing 
unmet demand even at the cost of significant inventory-driven delays. 
The PVFA yields slightly lower service time extensions than the Just-
in-time heuristic. Detailed analyses of the scenarios revealed that the 
Just-in-time heuristic incurs its service time delays primarily in early 
epochs, whereas the PVFA shifts these delays toward later epochs. An 
example of this behavior in the VMI scenario is illustrated in Fig.  5.

Fig.  6 presents the total volume of unmet demand across all strate-
gies. As expected, a baseline of unmet demand is unavoidable due to 
initial stock levels and, in the RMI scenario, random order generation 
that may occur too late to prevent a stockout. The fact that PVFA 
blocking incurs significantly more unmet demand than the standard 
PVFA demonstrates that allowing inventory-driven delays is essential 
for recovering unmet demand. Furthermore, a detailed epoch-by-epoch 
analysis (such as shown in the VMI example in Fig.  5) reveals that the 
Just-in-time heuristic prioritizes zero unmet demand in early epochs at 
the expense of high vehicle waiting times. This reactive prioritization 
leads to a loss of fleet efficiency that eventually causes a spike in 
unmet demand during later stages as the system does not have enough 
vehicles to dispatch to new orders. In contrast, the PVFA proves more 
effective by proactively allowing marginal unmet demand early on. 
This preserves vehicle availability and prevents the fleet from becoming 
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Fig. 3. Comparative performance — objective value per strategy.

Fig. 4. Total extension of service times per strategy.

trapped in an inefficient state, ultimately resulting in lower cumulative 
unmet demand than the Just-in-time policy.

In summary, the PVFA reduces unmet demand by 24.67 to 28.24 
full truckloads compared to the PVFA blocking policy, depending on 
the replenishment strategy. This improvement comes at the cost of 523 
to 567 epochs of additional service time extensions. Given that one 
epoch represents half a day, this indicates that removing the blocking 
constraint allows the system to recover one full truckload of unmet 
demand for every 10.0 to 10.6 days of inventory-driven delay.

5.4. Robustness to uncertainty

While the primary model assumes deterministic parameters, real-
world logistics systems are subject to stochasticity. The PVFA is inher-
ently robust to dynamic order generation because it does not require 
access to future order logs to make dispatch decisions. Furthermore, 
travel time uncertainty could impact the results. However, as all travel 
times are rounded up to half-day increments, the discretization natu-
rally provides a buffer against minor fluctuations. Additionally, travel 

times typically follow right-skewed and fat-tailed distributions; sig-
nificant delays are often event-based and fall outside the scope of 
steady-state robustness.

Additionally, demand uncertainty is another important form of 
uncertainty, which is treated as exogenous within this study. This un-
certainty leads to deviations between expected inventory levels under 
mean demand and realized inventory levels. As the inventory level also 
depends on dispatch decisions, this induces endogenous effects in the 
resulting outcomes. Both the predicted unmet demand as well as the 
predicted extended service times depend on the predicted inventory 
level. A robustness analysis is conducted where the PVFA is provided 
with the mean demand as input, while the actual transitions in the MDP 
use demand values drawn from a normal distribution. This variability is 
defined by the Coefficient of Variation. Notably, demand was not trun-
cated at zero. While this allows for theoretical negative demand values, 
it ensures that the mean remains constant across all tests, allowing for a 
pure evaluation of the system’s sensitivity to variance. Table  2 presents 
the results of this analysis. The model demonstrates high resilience to 
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Fig. 5. Number of trucks waiting for crates and unmet demand per epoch for the VMI replenishment strategy.

Fig. 6. Total amount of unmet demand per strategy.

Table 2
Robustness to demand variability of the 5 days lead time strategy, based on 20 runs.
 Coefficient of variation Objective value Unmet demand Service time extensions 
 0% 249 8 771  
 25% 243 ± 16 9 ± 1 796 ± 18  
 50% 200 ± 35 19 ± 5 811 ± 34  
 100% −426 ± 408 93 ± 32 856 ± 64  

moderate demand uncertainty, with only minor performance decreases 
observed for a CV up to 25%. At a 50% variation, the model begins 
to show increased unmet demand and service extensions. However, a 
significant performance drop occurs when the CV reaches 100%; at this 
level of volatility, the unmet demand increases more than tenfold com-
pared to the deterministic baseline. This suggests that while the PVFA 
is robust against typical forecasting errors and fluctuations in demand, 
extreme demand volatility will significantly offset the outcome.

6. Conclusion

By formulating the dispatch problem as an MDP with inventory-
dependent service times, this paper provides a framework to allow 
inventory-driven delays. We demonstrate how an opportunity cost 
within a PVFA approach serves as a steering mechanism, allowing the 
system to selectively accept service extensions rather than relying on 
hard blocking constraints.
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The evidence for this method’s contribution is found through a 
comparative performance analysis between the proposed PVFA and the 
heuristics. As both the PVFA and Just-in-time policies yield lower un-
met demand than the Earliest deadline and PVFA blocking, it is shown 
that removing blocking constraints can improve demand fulfillment. 
Furthermore, by outperforming the Just-in-time strategy, the PVFA 
demonstrates an ability to prioritize certain unmet demand, strategi-
cally allowing marginal unmet demand in early epochs to preserve fleet 
efficiency for later stages. A clear trade-off between the PVFA and PVFA 
blocking is observed: the system recaptures one full truckload of unmet 
demand for every ten cumulative days of inventory-driven delays.  This 
finding suggests that inventory-capacitated, full-truckload vendor-to-
retailer systems,  where inventories can be simultaneously too high to 
allow a replenishment while also too low to serve all demand,  can 
benefit from treating inventory-driven delays as a strategic buffer rather 
than using a binary blocking constraint. By using inventory-driven de-
lays instead of the hard binary rejection used by blocking constraints, a 
soft method to constrain dispatches to retailers at capacity is developed. 
Consequently, this method serves as a decision-support framework for 
systems where the value of unmet demand must be weighed against the 
cost of vehicle idleness.

Several limitations remain that offer opportunities for future re-
search. While the proposed method successfully recaptures unmet de-
mand within the context of an Ethiopian brewery, the results are 
currently tied to a case-specific environment. Future work should eval-
uate the generalizability of inventory-driven delays in other logistics 
settings, such as those with heterogeneous vehicles where waiting-
time trade-offs may vary. Furthermore, this study assumes deterministic 
depletion rates, delays, and travel times. In reality, the unpredictability 
of demand, travel times, and delays introduces significant variance 
that static models cannot fully capture. Future research could ex-
plore dynamic or stochastic variants to include this unpredictability. 
A stochastic variant is a particularly interesting direction for future 
research because it addresses the problem of binary rejection. In an 
uncertain state, a blocking constraint is difficult to implement because 
it is unclear if a delivery is allowed. Inventory-driven delays replace 
this with a soft method where a vehicle can be dispatched at the risk 
of a delay rather than the risk of a total failure. Finally, incorporating 
a routing mechanism would expand the model into a more general 
Inventory Routing Problem (IRP) formulation to capture how localized 
delays impact broader network performance.
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