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AbstrAct

The paper presents a new dry-dock method for assessing the deformation of submarine hulls using TLS point cloud data 
and the point cloud spatial expansion method (PCSE). The advantage of the proposed approach is the high-resolution 
deformation analysis that can be conducted in the case of both the availability and a lack of technical documentation 
on the submarine hull. The geometry assessment involves two-plane hull symmetry in longitudinal sections of a tested 
Kobben-class submarine located in Gdynia, Poland. The features of PCSE introduce additional geometrical parameters 
that are not available in the original point cloud method. The procedure for local fitting of a plane into the expansion 
eliminates the problem of varying densities of the hull point cloud. Accuracies of several millimetres are achieved 
and are applicable to multi-temporal monitoring of the deformations of submarine hulls. The assessment of similar 
deformations is not possible in the original point cloud method, due to the unknown parameters of the orientation 
and curvature of the convex cylindrical hull surface. The PCSE-based parameterisation presented here enables the 
creation of alternative quasi-planar point cloud projections to extract new spatial information on the object. The 
results of this study were verified using theoretical values derived from design data on the Kobben-class submarine, 
and demonstrated the effectiveness of our method in terms of detecting deformations even without design references. 
The proposed methodology is uniform, and can be adapted to other symmetrical structures.
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IntRoDUCtIon

The detection of hull deformation is crucial in order to 
maintain the structural integrity and safety of submarine 
vessels. The technical state of the hull is traditionally assessed 
during docking periods of the vessel, and visual inspection is 
used to detect signs of deformation such as bulges, cracks, or 
dents. Other non-destructive methods used in the assessment 
process include finite element analysis (FEA) [1], magnetic 
particle inspection (MPI) [2], eddy current testing (ECT) [3] 
and ultrasonic testing (UT) [4]. In some cases, strain gauge 

sensors are used to measure the deformation or strain of 
the submarine hull [5]. A digital representation of the hull’s 
surface can be obtained using laser scanning technology; 
in this case, point clouds can be compared with the design 
specifications to identify deviations or deformations of the 
tested object. The nature of the deformation, accessibility to 
the affected areas, and the accuracy requirements determine 
the selection of an appropriate method of assessing the hull 
shape.

Submarine hull deformations are described by a  set 
of geometrical, structural, and physical parameters that 
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determine whether further actions are needed for maintenance 
or repair of the vessel. Displacements in the hull structure, 
such as bulges and buckles, dents, or distortions [6], refer to 
changes in the position or shape of the hull from its original 
form, while deflection [7] refers to bending or flexing due to 
loading conditions or external forces. The locations of cracks 
and fractures [8] indicate structural weaknesses and potential 
points of failure in the submarine hull. Degradation of the 
metal surface, caused by corrosion and pitting [9], indicates 
parts of the hull that represent potential weak spots in terms 
of deterioration. Both hydrostatic testing [10] and hull stress 
testing [11] are used to evaluate hull leaks or deformations. 
The parameters are interrelated, and a  comprehensive 
assessment considers multiple factors when evaluating the 
overall condition of the submarine hull.

The symmetry of the ship’s hull is an additional factor 
that extends the scope of spatial analyses. Currently, one of 
the most accurate methods of mapping and parameterising 
spatial objects is laser scanning [12]. Terrestrial laser scanning 
(TLS) enables highly accurate and detailed measurements by 
capturing millions of individual points representing the 3D 
geometry of the scanned area [13]. The advantages of this 
technology include rapid data collection with accuracies of 
up to the millimetre level, low cost compared with traditional 
manual measurements, accessibility of irregular and hard-
to-reach surfaces, and a permanent record of the scanned 
environment, enabling multi-temporal analyses. Advanced 
point cloud registration algorithms [14] are available to align 
multiple scans into a single common point cloud that can 
enable full digitisation of complex objects without major 
reductions in accuracy.

However, point clouds do require additional processing 
before the desired spatial information can be extracted to 
achieve the goal of submarine hull shape assessment. Leaving 
aside the basic registration procedure, in which multiple 
separate scans are aligned and merged into a single unified 
point cloud [15], several approaches can be used to create 
useful output. Segmentation of a point cloud involves dividing 
it into meaningful segments based on specific criteria or 
object features, such as smoothness, orientation  or intensity 
[16]. Machine learning (ML) techniques can be applied to 
recognise, classify, and label objects within the point cloud 
based on dictionaries of classes or categories [17]. Surface 
reconstruction is used in urban-area point clouds to create 
continuous 3D models from discrete point clouds [18], which 
are later used in mesh-based rendering and visualisation 
[19]. For non-robust methods, obtaining acceptable results 
requires the removal of statistical outliers or the application of 
voxel-based filtering to enhance the quality of the dataset [20].

During immersion, the hull of a submarine is subjected 
to water pressure on all sides, which increases with depth. 
This pressure acting on the hull causes it to undergo elastic 
deformation, reducing its volume and resulting in a loss of 
buoyancy. The change in buoyancy can be determined by 
calculation or practical testing. In order to calculate negative 
buoyancy, it is necessary to know the value of the volumetric 
hull compression coefficient, which depends on the working 

depth and the displacement of the submarine. Ships and 
vessels are assessed in terms of hull operation based on 
thickness measurements and possible post-collision and wave 
deformations. Professional controllers from classification 
societies such as the Polish Register of Shipping, Lloyd’s 
Register of Shipping, DNV GL, and Bureau Veritas assess the 
condition of the hull based on their own experience and the 
association’s internal guidelines, although unfortunately, the 
numerical values   used in these classifications are not public 
information. In this study, we intentionally chose the hull of 
a decommissioned submarine to illustrate the possibilities 
of using the proposed method. After long-term operation, 
the ship has many deformations that are often invisible to 
the naked eye, and may be seen when the hull is compared 
to the technical documentation. 

For a  Kobben-class submarine, permanent plastic 
deformations may appear after exceeding a depth of immersion 
of 225 m, which can be detected during testing using 3D 
measuring instruments (such as a tacheometer, tracker, or 
laser scanner). According to the technical documentation, 
changes in the hull diameter in the elastic range can reach 
6 mm, and such a small change may be overlooked during 
shipyard measurements. The proposed method is an extension 
of standard methods, with additional imaging of the ship 
plating condition. Moreover, observation of the hull of the ship 
in this case showed that it was not properly supported, which 
is why it was deformed due to gravity in the bow area. Plating 
therefore had to be developed around the neutral axis of the 
hull, as determined based on the technical documentation. 
This approach is more effective for ship hulls that have been 
deformed as a whole (e.g. after collision or breaking mooring 
lines and hitting the quay), because standard measurement 
methods do not include measurements along the neutral axis 
and may miss the deformation of the hull as a whole due to 
local deformations.

The main aim of this paper is to present a new dry-dock 
method for assessing hull deformation on a larger scale than 
is possible with classical measurement methods, such as 
tachymetric measurements. The test object was a Kobben-
class submarine located in Gdynia, Poland. Cracks, bends, 
and other shape anomalies can cause significant damage to 
the hull, and affect the combat operations of submarines at 
great depths under high water pressure. The proposed method 
significantly broadens the spectrum of hull deformation 
analyses, and eliminates the factor of variable point cloud 
density by exploiting the properties of the point cloud spatial 
expansion (PCSE) method. The innovative aspect of this 
study is the possibility of assessing the deformation of the 
hull regardless of the availability of technical documentation, 
through consideration of the symmetry of both boardsides 
of the vessel. The assessment was validated by comparing 
the actual hull shape with technical documentation for the 
vessel. The analyses conducted here showed differences of 
several millimetres in deformation, both with and without 
of the availability of project data, meaning that that the 
proposed solution is effective in both cases. The methodology 
presented here also enables the assessment of hull bends 
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and deformations not only of submarines but also of civil 
ships, warships, and parts of airplanes. In addition, the steps 
involving axis estimation and point cloud transformation 
enable effective comparison of hull shape changes and 
monitoring of the trends in these changes when performing 
regular periodic measurements using laser scanning 
technology.

MAtERIAL AnD MEtHoDS

tLS MEASUREMEntS AnD PoInt CLoUD 
REGIStRAtIon

The test object assessed here is a Kobben-class submarine, 
a  diesel-electric submarine that was developed by the 
Norwegian Navy in the late 1950s and early 1960s. The overall 
length of the vessel is approximately 46 m, and it generally has 
a submerged displacement of around 400 tons, although the 
tested submarine had 572 tons of underwater displacement. 
The hull is constructed using high-strength steel alloys. 
Kobben submarines operate on a diesel-electric propulsion 
system: diesel engines drive generators that produce electricity 
to power the electric motors driving the propellers. Kobben-
class submarines were equipped with eight 533 mm torpedo 
tubes in the bow section and sonar systems for detecting 
and tracking underwater targets, and the crew consisted 
of approximately 25 personnel. These submarines were 
primarily designed for coastal defense and anti-submarine 
warfare operations [1]. The submarine considered in this 
study was located at the Polish Naval Academy of the Heroes 
of Westerplatte in Gdynia, Poland, and is shown in Fig. 1.

Fig. 1. Point cloud for a Kobben-class submarine (left panel) as measured 
by a Leica ScanStation P50 laser scanner (right panel)

Eight laser scanner stations were set up to acquire a digital 
model of the hull, and scans were registered with an RMS 
error of 1.2 mm. The Kobben-class submarine in Gdynia 
has two entrances cut into the port side (shown to the right 

of Fig. 1), and those parts of the hull were therefore excluded 
from the analysis. The submarine point cloud consisted of 97 
million points, with a mean surface density of 8 mm, and did 
not represent the keel. Due to limited access, the resolution 
of the points on the deck at the front of the submarine was 
lower compared to the other parts of the ship. The factors 
mentioned here represent limitations of this study in terms 
of the analysed source data. 

PRE-PRoCESSInG oF tHE PoInt CLoUD 

The assessment of hull deformation required preliminary 
processing of the point cloud, which involved the features 
of the PCSE method. The PCSE method enables the 
representation of a symmetrical object in an alternative form. 
The expansion modifies the structure of the point cloud by 
projecting 3D coordinates, thus enabling the examination of 
points as a quasi-planar model with the attribute of height. 
As a result, additional geometric parameters related to the 
object’s symmetry axis can be obtained that are not directly 
available in the original point cloud. The PCSE method can 
be used for various types of symmetrical objects, including 
cylindrical [21] and prismatic [22] shapes. Previous work on 
this method has focused on assessing the structure, shape, 
and deformation of buildings; however, the universality of this 
approach allows it to be used on other engineering structures 
such as submarine hulls.

Data pre-processing was performed in several steps. The 
first step involved the selection of coordinates of characteristic 
points representing the position of the submarine hull in 
the global coordinate system of the registered point cloud. 
Next, vector calculations were introduced to define the 
course of slightly inclined horizontal and vertical planes 

that coincided with the 
gathered points. After these 
calculations, the rotation 
angles were determined and 
used for an initial coarse 
alignment of the hull point 
cloud along the X-axis. In the 
next step, narrow orthogonal 
cross-sections were selected, 
and their centers were 
determined using robust 
estimation. The set of cross-
section centers was then 
used to fit a  line in three-
dimensional Euclidean space 
using the total least-squares 
method. In the final step, the 
parameters of the estimated 

submarine axis were used to perform the final set of 
elementary rotations to bring the point cloud into alignment 
with both the submarine and the X-axis. This condition is 
obligatory in order to obtain a PCSE expansion of the hull 
representing the spatial relations between the points and 
the submarine axis.
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An important element when using the PCSE method 
involves determining the axis of symmetry of a symmetrical 
object. In the case of engineering objects with unknown 
deformations, axis estimation is based on narrow cross-
sections of the point cloud. Both non-robust and robust 
estimation methods were used to determine the course of 
the axis along the geometric centers of cross-sections at fixed 
heights of the object [23]. The set of cross-section centres is 
a discrete representation of the axis of a symmetrical object, 
based on which a 3D line representing the axis of symmetry 
is estimated [24]. The coordinates of the vector of this axis 
enable verticalisation of the point cloud for highly slanted 
objects and a spatial expansion taking into account the course 
of the object’s axis [22].

The application of the PCSE method to assess the symmetry 
and deformation of a submarine required modifications to the 
original projection formulas. The required transformation was 
determined from the parameters of the axis of symmetry of 
the submarine. Taking into account an undefined orientation 
of the TLS point cloud of the Kobben submarine, the course 
of the axis was estimated by a two-stage transformation. The 
initial transformation provided a coarse fitting of the hull 
to the X-axis (Fig. 2). The transformation parameters were 
determined based on two points on the keel axis (PA  and PB) 
and one point located in the symmetrical plane of the ship’s 
sail (PC). Points PA  and PB were estimated as local central 
points in the two opposite parts of the keel at the front and 
back of the submarine. In this operation, the point cloud 
cross-sections were used to represent the two sides of the 
keel measured by the laser scanner, and two points were then 
determined in the middle of the keel at the bottom. The third 
point PC is located at the local extreme of curvature of the 
back side of the submarine sail.

Fig. 2. Initial transformation of the submarine point cloud resulting 
in the front-back directional alignment

The vectors U =PB − PA and V =PC − PA determine the 
vertical plane of symmetry containing the ship’s structural 
axis. The vector U runs along the keel axis, while V runs in 
the diagonal direction between a point on the keel and the 
perimeter plane of the sail. The vector orthogonal to the plane 
was determined from the relationship:
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The origin of the coordinate system for the transformed 
point cloud was located at the rear edge of the ship’s rudder 

blade. Using the vector equation for a straight line, the value of 
the parameter  was calculated, which determined the starting 
point of the system   and the corresponding point  located 
on the edge of the rudder blade:
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Next, two elements of the transformation of the registered 
point cloud of the submarine were determined (left panel 
of Fig. 2). The first stage of the transformation involved the 
translation of points from the cloud by the vector T0 = −P0, and 
the second stage involved a rotation defined by theR0 matrix:
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This initial transformation 
ensured that the point cloud 
complied with the conditions 
of parallelism of the keel with 
the X-axis and verticality of 
the ship’s symmetry plane 
with the accuracy of fitting the 
keel axial points PA  and PB, 
and the point PC on the ship’s 
sail (cf. left panel of Fig. 2). 

Next, the submarine axis in the transformed submarine point 
cloud was determined, and a set of 1.5 mm wide cross-sections 
of the ship’s hull was extracted (left panel of Fig. 3). In each 
section, filtration was performed to eliminate outliers that 
did not belong to the cylindrical surface of the hull (right 
panel of Fig. 3). Then, using least squares, the centres of the 
cross-sections were determined, which represented the final 
estimation of the hull axis.

The centres of the cross-sections are a discrete 
representation of the axis of symmetry of the hull. Based 
on the course of the axis, the second transformation was 
performed to introduce additional corrections to the initial 
position of the point cloud. The aim of this operation was to 
transform the point cloud to achieve coincidence between 
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the axis of symmetry of the ship’s hull and the X-axis of 
the coordinate system. The set of points in the Euclidean 
three-dimensional space ℛ3 was fitted using the PCA 
method, with a line ℓ represented by a point M on the line 
and a direction vector vℓ. Then, in a similar way to the keel 
axis, the parameter t was determined for the point on the 
axis at the origin of the coordinate system. Starting from 
the vector equation of a line in Eq. (2), the value of the 
parameter t for the zero value of the x coordinate is obtained 
from the relationship:

 

 

 𝑡𝑡 = −𝑥𝑥𝑴𝑴 𝑥𝑥𝒗𝒗ℓ⁄ . (5) 

In a similar way to the initial transformation, the final transformation of the point cloud is a two-
stage process. In the first step, there is a translation by the vector 𝑻𝑻𝟏𝟏 = −(𝑴𝑴+ 𝑡𝑡 ∙ 𝒗𝒗ℓ), and then a 
rotation by the matrix: 

 𝑹𝑹𝟏𝟏 = 𝑹𝑹𝑌𝑌 (−𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(|𝑥𝑥𝒗𝒗ℓ| |𝒗𝒗ℓ|⁄ ))𝑹𝑹𝑍𝑍 (−𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎2 (𝑦𝑦𝒗𝒗ℓ
,𝑥𝑥𝒗𝒗ℓ)), (6) 

where 𝑹𝑹𝑌𝑌 and 𝑹𝑹𝑍𝑍 denote the elementary rotation matrices around the Y- and Z-axes of the coordinate 
system, respectively. The final transformation of the point cloud is given by the equation: 

 𝑷𝑷" = 𝑹𝑹𝟏𝟏(𝑷𝑷′+ 𝑻𝑻𝟏𝟏), (7) 

The pre-processing calculations can be summarised as follows. The original point cloud with 
undefined orientation was firstly coarsely aligned to the X-axis of the coordinate system (Fig. 2). 
The matrix used in the second transformation was derived from the course of the axis of symmetry 
estimated from the set of cross-sections of the hull (Fig. 3). The resulting point cloud met the 
condition of coincidence between the submarine’s axis of symmetry and the X-axis, which is 
obligatory for obtaining the expansion using the PCSE method. 

APPLICATION OF PCSE  

The standard formulae for the cylindrical projection of a point cloud using the PCSE method (see 
e.g. [25]) take the following form after modifications related to the horizontal orientation of the 
examined object:  

 𝑷𝑷𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = [
𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝑦𝑦𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝑧𝑧𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

] =

[
 
 
 
 { 𝑅𝑅(𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎2(𝑧𝑧𝑷𝑷",𝑦𝑦𝑷𝑷") + 𝜋𝜋 2⁄ ) 𝑎𝑎𝑖𝑖 𝑅𝑅(𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎2(𝑧𝑧𝑷𝑷",𝑦𝑦𝑷𝑷")) > −𝜋𝜋 2⁄

𝑅𝑅(𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎2(𝑧𝑧𝑷𝑷",𝑦𝑦𝑷𝑷") + 5𝜋𝜋 2⁄ ) 𝑎𝑎𝑖𝑖 𝑅𝑅(𝑎𝑎𝑡𝑡𝑎𝑎𝑎𝑎2(𝑧𝑧𝑷𝑷",𝑦𝑦𝑷𝑷")) ≤ −𝜋𝜋 2⁄
𝑥𝑥𝑷𝑷"

√𝑦𝑦𝑷𝑷"
2 + 𝑧𝑧𝑷𝑷"

2 ]
 
 
 
 
,(8) 

where 𝑅𝑅 is the radius of the reference cylinder. The length of the cylinder radius is determined based 
on the dimensions of the object. In this case, the radius corresponds to the circular cross-section of 
the hull (see Fig. 3). The conditions used in the calculation of the 𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 coordinate ensure 
symmetrical representations of the port and starboard sides relative to the YZ plane in the expansion 
(right panel of Fig. 4). 

 

(5)

In a similar way to the initial transformation, the final 
transformation of the point cloud is a two-stage process. In the 
first step, there is a translation by the vector T1 = −(M + T ∙ vℓ), 
and then a rotation by the matrix:
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where RY and RZ denote the elementary rotation matrices 
around the Y- and Z-axes of the coordinate system, 
respectively. The final transformation of the point cloud is 
given by the equation:
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the hull (see Fig. 3). The conditions used in the calculation of the 𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 coordinate ensure 
symmetrical representations of the port and starboard sides relative to the YZ plane in the expansion 
(right panel of Fig. 4). 
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the hull (see Fig. 3). The conditions used in the calculation of the 𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 coordinate ensure 
symmetrical representations of the port and starboard sides relative to the YZ plane in the expansion 
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where R is the radius of the reference cylinder. The length 
of the cylinder radius is determined based on the dimensions 
of the object. In this case, the radius corresponds to the circular 
cross-section of the hull (see Fig. 3). The conditions used in 
the calculation of the xPCSE coordinate ensure symmetrical 
representations of the port and starboard sides relative to the 
YZ plane in the expansion (right panel of Fig. 4).

Fig. 4. Point cloud spatial expansion of a sample submarine model

Fig. 3. Cross-sections of the YZ-plane point cloud with an example illustrating the estimation of the centre point
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The transformation defined by the PCSE method creates 
an alternative point cloud coordinate system. The curvilinear 
shape of the ship is presented by the expansion in relation 
to the reference cylinder with radius R, which implies that 
different parts of the hull are projected at different distances 
from the axis (zPCSE coordinate). The yPCSE coordinate 
represents the curvilinear distance of the sample point on 
the lateral of the cylinder from the XY-plane of the original 
coordinate system, which is related to the directional angle 
in the YZ-plane (left panel of Fig. 4). The introduction of the 
vertical symmetry plane of the ship in the YZ-plane of the 
PCSE expansion enables assessment of the hull symmetry. 
The yPCSE coordinate corresponds to the longitudinal X-axis in 
the original point cloud. The third coordinate zPCSE is a depth 
parameter in PCSE that assigns to each point an orthogonal 
distance relative to the estimated axis of symmetry of the ship.

It should be noted that two of the three new coordinates 
are geometric parameters that are not directly available 
in the original point cloud. The relationship between the 
PCSE coordinates and the axis of symmetry enhances 
the possibilities of inferring the shape and deformation of 
a symmetrical object compared to standard computational 
methods such as the Hausdorff distance, which is commonly 
used in cloud-to-cloud comparisons. Replacement of the 
cylindrical model of the hull with a quasi-planar PCSE 
representation enables local 2D plane fitting, which is 
particularly applicable to deformation analyses.

DEFoRMAtIon PARAMEtERISAtIon

Parameterisation of the hull shape using PCSE has three 
important applications:
•	 Comparison of the surface symmetry of both sides of the 

ship,
•	 Determination of the local deformation vectors using 

opposite hull cross-sections (bi-symmetry),
•	 Validation against technical data for the ship.

The advantage of the proposed solution is that it enables 
us to perform analyses even in the absence of design 
documentation for the ship. The distribution of the relative 
(lack of design data) or absolute (availability of technical 
design) deformations calculated using PCSE means that 
the locations of bends and twists in the ship’s hull can be 
determined. The mathematical model for this particular 
analysis is presented in the results section below.

HULL DEFoRMAtIon AnALYSIS 

SUBMARInE AXIS EStIMAtIon AnD PCSE

The initial transformation was performed using Eq. (4), 
which aligned the original registered point cloud with the 
direction of the X-axis (Fig. 2). The final fitting procedure 
for the ship’s axis was performed using PCA based on the 
centres of 20 cross-sections of the hull’s point cloud (Fig. 3). 
The means and standard deviations of the residuals in the 
Y- and Z-axis directions were 1.9 ± 5.1 mm and 1.6 ± 4.0 mm, 
respectively. The estimation result was verified with a T-test 
based on the 𝜒2 distribution with confidence level 𝑛𝑇 defined 
by the number of centre points used in the estimation and 
the degree of freedom necessary to define a line in R3 [26]. 
The value of 35.6 obtained from the T-test met the criteria for 
𝑛𝑇 = 18, and the confidence level 𝛼𝑇=0.005. Then, based on the 
parameters of the 3D line equation, the final transformation 
of the point cloud was performed using Eq. (7). The spatial 
expansion of the point cloud of the Kobben-class ship is shown 
in four views in Fig. 5.

The features of the PCSE expansion dataset enable analyses 
of deformation to be carried that are unavailable with the 
original dataset. The elongated quasi-planar form of the 
submarine hull includes important spatial information 
defined by the PCSE depth parameter, which is included in 
the new methodology for assessing deformations.

Fig. 5. Point cloud expansion for the Kobben-class submarine 
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HULL SYMMETRY ANALYSIS

A surface comparison of the two sides of the ship was 
carried out based on the theoretical symmetry of the structure 
with respect to the YZ-plane. A regular square grid with a 
side of 0.5 m was introduced to assess the hull symmetry. The 
parts of the point cloud representing the two entrances cut in 
the hull (cf. right panel of Fig. 1), the propeller, and the four 
supports of the ship were excluded from the analysis. The 
symmetry feature present in the PCSE expansion introduces 
the assignment of corresponding points through opposite 
values of the 𝑥𝑃𝐶𝑆𝐸 coordinate. Taking into account the 
random errors in the TLS measurements, the depth parameter 
estimation procedure (𝑧𝑃𝐶𝑆𝐸) was used.

To maximise the scope of analysis using point cloud data, 
the variation in the point cloud resolution must be considered. 
A comparison of two point cloud datasets involves the problem 
of the different locations of the points measured by the laser 
scanners. In the cloud-to-cloud approach implemented in 
engineering software, the distances between the adjacent 
points from two datasets are computed, meaning that in most 
cases, the calculated value does not represent the topology 
of the two surfaces represented by the point cloud. The 
methodology developed here uses PCSE expansion features 
and introduces the local fitting of planes to the defined 
surroundings of the analysed point. In this case, instead of 
using a single point, a larger set representing the surface is 
used in the calculation to determine the magnitude of the 
displacement. This approach significantly reduces the issue of 
variable resolution of the point cloud in deformation analyses.

In the first stage of calculation, points with a 2.5 cm 
buffer were selected for each grid point. This buffer value was 
determined to take into account the resolution of the ship’s 
point cloud. The transformation of the cylindrical hull surface 
into the expanded form in Eq. (8) allows for the determination 
of normal vectors after mitigation of the factor of the hull’s 
cylindrical curvature. The eigenvectors corresponding to the 
three coordinates in PCSE along with variances and 𝑷𝑃𝐶𝐴 
points belonging to the estimated plane were determined for 
the obtained sets of points with a given buffer.

Replacement of the original cylindrical discrete 
representation of the hull surface with an expansion 
significantly reduces the value of one of the variances and 
identifies the local normal vector 𝑽𝑁. The estimated height 
parameter 𝛿 ̂ for a given grid point and buffer was determined 
from the following relationship:
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of the PCSE expansion. The values given above are a discrete representation of the asymmetry of 
the ship's hull (Fig. 6). 
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bow and stern parts (red dashed polygons) had positive values. 
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a side-to-side asymmetry 
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 not exceeding 0.01 m. Similarly, 
for deviations of 0.02 m and 0.05 m, the percentage values 
for the analysed sample were 79.6% and 95.5%, respectively.

AnALYSIS oF oPPoSInG LonGItUDInAL 
SECtIonS oF tHE HULL

The aim of this analysis was to assess the symmetry based 
on the opposing sections of the hull point cloud. Longitudinal 
cross-sections were generated with an angular interval of 15° 
in half-planes perpendicular to the YZ plane of the original 
point cloud (left panel of Fig. 4). The cross-sections were 2 mm 
wide and represented the curvature of the hull along the entire 
length of the ship. The alternating arrangement of half-planes 
and cross-sections enabled a comparison of the regularity of 
the ship’s structure both in places with a cylindrical cross-
section and in cross-sections with more complex geometry. 
The location of the cross-sections in the original point cloud 
and the PCSE expansion are shown in Fig. 7.

In the expansion, opposing cross-sections were spaced 
at intervals of  metres, and apart from one exceptional 
case, represented fragments of the hull with different local 
curvatures. The corresponding cross-sections are shown 
in Fig. 8. The direction angle in the YZ-plane with the 15° 
interval is measured clockwise from the top vertical half-plane. 

Assessment of the cross-sections in two vertically placed 
half-planes was not possible due to a lack of data describing 
the bottom of the ship’s keel. The different curvature of the 
hull in both opposing sections implied the need to modify 
the symmetry assessment methodology adopted previously.

Apart from the exceptional case of cross-sections in the 
horizontal plane (with directional angles of 90° and −90°), the 
opposing cross-sections differed in terms of local curvatures. 
This partial shape incomparability translated into different 
values of the PCSE depth parameter in two sections for the 
same  coordinate value. This problem did not apply to the 
cylindrical parts of the hull, where the depth parameter 
values were similar and comparable. The two opposing cross-
sections differed in places where the hull shape deviated 
from a circular cross-section. Fig. 9 shows four longitudinal 
sections with different geometries. The middle part of the 
graph (green) corresponds to the cylindrical part of the hull, 
and the bow and stern parts (red) indicate the variability in 
the shape of the cross-sections.

It should be noted that the same relationship of opposing 
cross-sections occurred for two other cross-sections 
placed symmetrically with respect to the XZ-plane of the 
original point cloud (Fig. 4). Taking into account these 
two relationships, the bi-symmetry of the cross-sections 
was introduced into the analysis. The first aspect of this 

Fig. 7. Longitudinal cross-sections in regular half-planes reverse-transformed from the PCSE to the point cloud

Fig. 8. Opposite assignment of longitudinal hull cross-sections
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bi-symmetry was the correspondence of cross-sections in 
half-planes located opposite the estimated PCSE expansion 
axis (Figs. 7 and 8). This aspect is represented in Fig. 9 by 
a red arrow and the number “1” in a red square. The second 
aspect resulted from the analogous relationship of two other 
symmetrically located cross-sections, which are marked with 
a yellow arrow and the number “2” in a yellow square. The 
combination of data from these four corresponding cross-
sections enabled the introduction of a second method of 
parameterising the symmetry of the ship.

Opposing longitudinal sections  were selected according 
to the relationship:
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It should be noted that the same relationship of opposing cross-sections occurred for two other 
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Opposing longitudinal sections 𝑆𝑆 were selected according to the relationship: 

 𝑆𝑆𝑖𝑖~𝑆𝑆𝑖𝑖−180° where 𝑖𝑖 ∈ 〈15°,30°, … ,90°〉. (11) 

When determining the value of the depth parameter along the profile, we took into account the 
random errors occurring in TLS measurements and the different degrees of coverage of the cross-
sections with points from the cloud. The methodology adopted here included fitting lines into sets 
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 𝝒𝝒〈𝑦𝑦〉
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sets of points 𝝒〈𝑦〉 created in the vicinity of 𝑦𝑃𝐶𝑆𝐸 coordinates 
counted with a specific interval. The central values of the sets 
∈〈0,0.2,…,47.0〉 were selected according to the dimensions 
of the submarine. Points forming the cross-section (𝑷𝑃𝐶𝑆𝐸) 
were included in the set 𝝒 if they were located in the buffer 
with a radius 𝜀 of 0.05 m:

 

 

Fig. 8. Opposite assignment of longitudinal hull cross-sections 

Apart from the exceptional case of cross-sections in the horizontal plane (with directional angles 
of 90° and −90°), the opposing cross-sections differed in terms of local curvatures. This partial shape 
incomparability translated into different values of the PCSE depth parameter in two sections for the 
same 𝑦𝑦𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 coordinate value. This problem did not apply to the cylindrical parts of the hull, where 
the depth parameter values were similar and comparable. The two opposing cross-sections differed 
in places where the hull shape deviated from a circular cross-section. Fig. 9 shows four longitudinal 
sections with different geometries. The middle part of the graph (green) corresponds to the 
cylindrical part of the hull, and the bow and stern parts (red) indicate the variability in the shape of 
the cross-sections. 

 

Fig. 9. Principle of double symmetry for the longitudinal sections 

It should be noted that the same relationship of opposing cross-sections occurred for two other 
cross-sections placed symmetrically with respect to the XZ-plane of the original point cloud (Fig. 
4). Taking into account these two relationships, the bi-symmetry of the cross-sections was 
introduced into the analysis. The first aspect of this bi-symmetry was the correspondence of cross-
sections in half-planes located opposite the estimated PCSE expansion axis (Figs. 7 and 8). This 
aspect is represented in Fig. 9 by a red arrow and the number "1" in a red square. The second aspect 
resulted from the analogous relationship of two other symmetrically located cross-sections, which 
are marked with a yellow arrow and the number "2" in a yellow square. The combination of data 
from these four corresponding cross-sections enabled the introduction of a second method of 
parameterising the symmetry of the ship. 

Opposing longitudinal sections 𝑆𝑆 were selected according to the relationship: 

 𝑆𝑆𝑖𝑖~𝑆𝑆𝑖𝑖−180° where 𝑖𝑖 ∈ 〈15°,30°, … ,90°〉. (11) 

When determining the value of the depth parameter along the profile, we took into account the 
random errors occurring in TLS measurements and the different degrees of coverage of the cross-
sections with points from the cloud. The methodology adopted here included fitting lines into sets 
of points 𝝒𝝒〈𝑦𝑦〉 created in the vicinity of 𝑦𝑦𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 coordinates counted with a specific interval. The 
central values of the sets ∈ 〈0,0.2, … ,47.0〉 were selected according to the dimensions of the 
submarine. Points forming the cross-section (𝑷𝑷𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃) were included in the set 𝝒𝝒 if they were located 
in the buffer with a radius 𝜀𝜀 of 0.05 m: 

 𝝒𝝒〈𝑦𝑦〉
𝑓𝑓𝑖𝑖𝑓𝑓
→ 𝑙𝑙(𝑦𝑦) 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 (𝑷𝑷𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∈ 𝝒𝝒〈𝑦𝑦〉 𝑖𝑖𝑖𝑖 |𝑦𝑦𝑷𝑷 − 𝑦𝑦| < 𝜀𝜀). (12) (12)

The estimated 𝑖-th point of the cross-section in the 
given set 𝝒〈𝑦〉 was calculated for the central value 𝑦 on the 
fitted line 𝑙(𝑦) and gave the coordinates 

 

 

The estimated 𝑖𝑖-th point of the cross-section in the given set 𝝒𝝒〈𝑦𝑦〉 was calculated for the central 
value 𝑦𝑦 on the fitted line 𝑙𝑙(𝑦𝑦) and gave the coordinates �̂�𝑷𝑖𝑖

〈𝒚𝒚〉 = [𝑦𝑦 𝑙𝑙(𝑦𝑦)]𝑻𝑻. As a result, a regular 
grid of points was obtained along the longitudinal sections S, spaced 0.2 m apart along the Y-axis. 
The completeness of the point sequence depended on the availability of points measured by the 
scanner in the cross-section. The regularity of the distribution of points on the cross-sections enabled 
us to assess the bi-symmetry of corresponding opposing cross-sections (see Fig. 9). The values of 
submarine hull deflections obtained based on the bi-symmetry criterion are shown in Fig. 10. 

 

Fig. 10. Bi-asymmetry of the ship's hull 

The parameter variability is only presented for the starboard side, as the second stage of the 
analysis (see Fig. 9) introduces the factor of symmetry with respect to the YZ-plane of the spatial 
expansion. The greatest differences in the value of the depth parameter again occurred at the bow 
and stern of the submarine. The mean and standard deviation for the full sample were 2.8 cm and 
3.5 cm, respectively; however, when the extreme values at the bow and stern for 𝑌𝑌 ∈ (3𝑚𝑚; 46𝑚𝑚) 
were excluded, these values decreased to 2.3 cm and 1.9 cm. Differences in the depth parameter of 
close to zero (blue) indicate longitudinal bending of the axis, which was fitted to the hull cross-
sections (see Fig. 3). 

NORMAL VECTOR FIELD ANALYSIS 

The depth parameter expresses the topology of the surface points (the submarine's hull) and its 
symmetry element (axis). The distribution of normal vectors in the original point cloud is 
characterised by an orientation orthogonal to the ship's axis, but is variable depending on the radial 
position of the point in the cross-section of the hull (see the right panel of Fig. 3 and the left panel 
of Fig. 8). Spatial expansion represents the shape of a symmetrical object in an alternative way, by 
replacing the curved surface of the object with a pseudo-planar form with a depth parameter 
assigned. In this case, pseudo-planarity means the elongated form of the dataset, which is a fully 3D 
model due to the use of the three-coordinate expansion of the PCSE presented in Eq. (8). Another 
feature of the transformation is the modification of the distribution of normal vectors, which take a 
common main direction when expanded by projecting the ship's symmetry axis as a plane. 

A vector field analysis gives the shape variability and the location of surface deformations. In 
this study, we used CloudCompare software [27], which implements the curvature estimation 
procedure from the PCL library [28]. The curvature at each point is determined by least-squares 
fitting of a quadratic surface onto a small section of the point cloud in the vicinity of the analysed 
point. The curvature is estimated using eigenvalues of the covariance matrix of a local 
neighbourhood of the considered query point [29]. The results of an analysis of the curvature 
variability of the expanded point cloud are shown in Fig. 11. 

As a result, a regular grid of points was obtained along 

the longitudinal sections S, spaced 0.2 m apart along the 
Y-axis. The completeness of the point sequence depended 
on the availability of points measured by the scanner in the 
cross-section. The regularity of the distribution of points 
on the cross-sections enabled us to assess the bi-symmetry 
of corresponding opposing cross-sections (see Fig. 9). 
The values of submarine hull deflections obtained based on 
the bi-symmetry criterion are shown in Fig. 10.

The parameter variability is only presented for the 
starboard side, as the second stage of the analysis (see 
Fig. 9) introduces the factor of symmetry with respect to the 
YZ-plane of the spatial expansion. The greatest differences in 
the value of the depth parameter again occurred at the bow 
and stern of the submarine. The mean and standard deviation 
for the full sample were 2.8 cm and 3.5 cm, respectively; 
however, when the extreme values at the bow and stern for 
𝑌  ∈ (3𝑚; 46𝑚) were excluded, these values decreased to 2.3 cm 
and 1.9 cm. Differences in the depth parameter of close to 
zero (blue) indicate longitudinal bending of the axis, which 
was fitted to the hull cross-sections (see Fig. 3). 

noRMAL VECtoR FIELD AnALYSIS

The depth parameter expresses the topology of the surface 
points (the submarine’s hull) and its symmetry element (axis). 
The distribution of normal vectors in the original point cloud 
is characterised by an orientation orthogonal to the ship’s axis, 
but is variable depending on the radial position of the point in 
the cross-section of the hull (see the right panel of Fig. 3 and 
the left panel of Fig. 8). Spatial expansion represents the shape 
of a symmetrical object in an alternative way, by replacing the 
curved surface of the object with a pseudo-planar form with 
a depth parameter assigned. In this case, pseudo-planarity 

Fig. 9. Principle of double symmetry for the longitudinal sections

Fig. 10. Bi-asymmetry of the ship’s hull
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means the elongated form of the dataset, which is a fully 
3D model due to the use of the three-coordinate expansion 
of the PCSE presented in Eq. (8). Another feature of the 
transformation is the modification of the distribution of 
normal vectors, which take a common main direction when 
expanded by projecting the ship’s symmetry axis as a plane.

A vector field analysis gives the shape variability and 
the location of surface deformations. In this study, we 
used CloudCompare software [27], which implements the 
curvature estimation procedure from the PCL library [28]. 
The curvature at each point is determined by least-squares 
fitting of a quadratic surface onto a small section of the point 
cloud in the vicinity of the analysed point. The curvature 
is estimated using eigenvalues of the covariance matrix of 
a local neighbourhood of the considered query point [29]. 
The results of an analysis of the curvature variability of the 
expanded point cloud are shown in Fig. 11.

An increase in the parameter value indicates deformation 
of the submarine’s hull. Theoretical circular cross-sections 
of the hull should be considered that exclude the protruding 
parts of the vessel, such as the tower or propeller. Zero values 
for the change in the direction of the normal vectors in the 
PCSE expansion (blue) indicate a lack of significant convexities 
and concavities in the hull. The results should be considered 
jointly with the values of the PCSE depth parameter. For 

the alt body (rear) part of the hull in the coordinate range 
𝑦𝑃𝐶𝑆𝐸 ∈ (3𝑚; 15𝑚), we see that significant deformations occur 
on the starboard side of the ship (Fig. 11). Similarly, in the 
parallel middle body of the hull, shape irregularities can be 
identified on both sides of the submarine. At the front, and 
especially on the starboard side, changes in curvature occur 
at weld joints. The largest changes in the parameter were 
recorded at the propeller rim projected in PCSE around the 
coordinate 𝑦𝑃𝐶𝑆𝐸 =  0𝑚.

Next, the dependence of the vector field variability 
parameters (dVN, Fig. 11) and the depth parameter (dp, see 
Fig. 5) and the deviation of the depth parameter relative to 
the symmetry plane of the submarine (ddp, see Fig. 6) were 
examined. The correlation between the two sets of parameters 
is shown in Fig. 12.

In both cases, no significant correlation (r) was obtained 
between the analysed variables. The reason for this is the 

possibility of obtaining low curvature values for the fitted 
quadratic surfaces for different values of the PCSE depth 
parameter. For example, if a dent in the hull has a similar 
radius of curvature in its central part, the PCSE expansion will 
result in values of the depth parameter with a small range of 
variability, although these will be significantly different from 
the original, undeformed hull surface. In this case, a change in 
the direction of the normals will be noted only at the borders 

Fig. 12. Correlation between the depth parameter (left panel) and the deviation in the depth parameter (right panel) 
with the change in the direction of normals in PCSE

Fig. 11. Rate of change of the submarine hull’s curvature
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of the dent, and not in its central part. Nevertheless, the mere 
presence of a change in the vector field is an important basis 
for further evaluation of the PCSE depth parameter and 
assessment of hull deformation.

CoMPARISon WItH DESIGn DAtA

The results of the symmetry analysis (Section 3.2) and 
the bi-symmetry analysis (Section 3.3) provide two sources 
for parameterising the shape of the submarine hull. The 
convergence of the results from both analyses was assessed by 
comparison with the design data, which were transformed into 
the coordinate system described in Section 2.2. Information 
regarding the theoretical shapes of 20 sections of the ship’s 
hull was obtained from the documentation. Next, the planar 
coordinates of points in the directions at intervals of 15°, in an 
analogous way to the bi-symmetry analysis (Fig. 8), were read 
for each cross-section. The procedure for obtaining design 
data is illustrated in Fig. 13.

In the first step of processing of the design data, the 
coordinates of the local axis of symmetry and the shape of 
the ship’s hull were determined (yellow circle in the right 
panel of Fig. 13). In the second step, the Y- and Z-coordinates 

in the cross-sectional plane were read in the given directions 
with the adopted angular interval. In the third step, the 
distance between each designated point and the symmetry 
axis was calculated, which created the set of reference values 
for the PCSE depth parameter. The coordinates of the 
reference markers from the original point cloud system were 
transformed to the spatial expansion system using Eq. (8), 
and then compared with the results of the two analyses of the 
ship hull symmetry. A comparison of the results is presented 
in Fig. 14.

The distributions of the differences in the depth parameter 
obtained from two symmetry analyses show similarities. 
The deviations are higher in the case of bi-symmetry, which 
involved a two-stage assessment of the hull shape (cf. Fig. 9). 
In the case of asymmetry of the ship’s sides relative to the 
YZ-plane (Section 3.2), the average deviation compared to 
the design data was 2.3 mm, with a standard deviation of 
11.7 mm, while the bi-symmetry analysis using opposing 
cross-sections was characterised by an average deviation of 
12.0 mm and a standard deviation of 17.4 mm. These values 
indicate near-centimetre convergence of the results, which 
proves the validity of the proposed solution even without 
access to the ship’s design data.

Fig. 14. Comparison of results from the analyses of design data and the hull’s asymmetry (top panel) and bi-asymmetry (bottom panel)

Fig. 13. Design data for the submarine hull
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ConCLUSIon

This study has quantitatively assessed the shape and 
deformation of a Kobben-class submarine’s hull using the 
PCSE method. The following results were obtained. An analysis 
of the hull asymmetry was conducted in two scenarios, with 
and without access to technical documentation. In the absence 
of technical documentation, the asymmetry of the hull was 
analyzed by comparing the port and starboard sides, as well 
as opposite cross-sections of the point cloud. The average 
asymmetry deviation was found to be 2.3 mm for two-sided 
symmetry and 12.0 mm for bi-symmetry. The results were 
verified using theoretical values derived from the design data 
for the Kobben-class submarine, thus demonstrating the 
effectiveness of the proposed method in terms of detecting 
deformations even without design references.

The local hull deformation was determined by examining 
the normal vector field in the spatial expansion of the point 
cloud. A statistical analysis showed no significant correlation 
between the changes in the normal vectors and the PCSE 
depth parameter (correlation coefficient r = 0.15), indicating 
that a combined analysis of both metrics is necessary for 
a detailed deformation assessment. The curvature analysis 
revealed that the hull had local irregularities, particularly 
in the bow and stern sections. A total of 43.1% of the 1029 
tested hull points showed asymmetry values (

 

 

In the first stage of calculation, points with a 2.5 cm buffer were selected for each grid point. This 
buffer value was determined to take into account the resolution of the ship’s point cloud. The 
transformation of the cylindrical hull surface into the expanded form in Eq. (8) allows for the 
determination of normal vectors after mitigation of the factor of the hull’s cylindrical curvature. The 
eigenvectors corresponding to the three coordinates in PCSE along with variances and 𝑷𝑷𝑃𝑃𝑃𝑃𝑃𝑃 points 
belonging to the estimated plane were determined for the obtained sets of points with a given buffer.  

Replacement of the original cylindrical discrete representation of the hull surface with an 
expansion significantly reduces the value of one of the variances and identifies the local normal 
vector 𝑽𝑽𝑁𝑁. The estimated height parameter 𝛿𝛿 for a given grid point and buffer was determined from 
the following relationship: 

 𝛿𝛿 = (𝑑𝑑 − 𝑎𝑎𝑥𝑥𝑽𝑽𝑁𝑁 − 𝑏𝑏𝑦𝑦𝑽𝑽𝑁𝑁) 𝑐𝑐⁄ , (9) 

where 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 denote the coordinates of the unit vector 𝑽𝑽𝑁𝑁, and 𝑑𝑑 = 𝑽𝑽𝑁𝑁 ∙ 𝑷𝑷𝑃𝑃𝑃𝑃𝑃𝑃.  

When the procedure described above is applied to both sides of the ship, the result is an estimate 
of the PCSE depth parameter for the given grid. A comparison of the 𝛿𝛿 parameter was carried out 
taking into account the symmetry of the hull in relation to the YZ-plane. A set of additional attributes 
in the form of the variance in the normal vectors for the port side (𝑽𝑽𝑃𝑃𝑃𝑃) and starboard side (𝑽𝑽𝑃𝑃𝑃𝑃) and 
the angle between these vectors were determined as follows: 

 𝛾𝛾 = ∢(�̇�𝑽𝑃𝑃𝑃𝑃,𝑽𝑽𝑃𝑃𝑃𝑃), (10) 

where �̇�𝑽𝑃𝑃𝑃𝑃 = 𝑽𝑽𝑃𝑃𝑃𝑃 ∙ [−1 1 1]𝑇𝑇 denotes the vector symmetric to 𝑽𝑽𝑃𝑃𝑃𝑃 with respect to the YZ-plane 
of the PCSE expansion. The values given above are a discrete representation of the asymmetry of 
the ship's hull (Fig. 6). 

 

Fig. 6. Asymmetry indicators for the ship’s hull  

This analysis indicates that the ship's hull is bent in the longitudinal direction, as indicated by the 
opposite values of the indicator 𝑑𝑑𝛿𝛿 as it changes along the submarine. It should be noted that the 
asymmetry analysis compares the shapes of the two sides by relating the PCSE depth parameter of 
points located on the port side to the points on the starboard side of the ship. In this case, the central 
part of the hull (blue dashed polygon) had negative values of the 𝑑𝑑𝛿𝛿 parameter, while the bow and 
stern parts (red dashed polygons) had positive values. This means that the hull, with a total length 

) not exceeding 
0.01 m. When the threshold was increased to 0.02 m and 
0.05 m, the proportions were 79.6% and 95.5%, respectively.

In the bi-symmetry analysis, the mean and standard 
deviation of the deformation along the entire hull were 
found to be 2.8 cm and 3.5 cm, respectively. When extreme 
values at the bow and stern were excluded, the average 
bi-symmetry deviations were reduced to 2.3 cm and 1.9 cm. 
These results confirm that the middle part of the hull had 
minimal deformation, while the bow and stern experienced 
more significant irregularities. A comparison with the ship’s 
design data showed an average deviation of 2.3 mm for the 
asymmetry analysis and 12.0 mm for bi-symmetry, with 
standard deviations of 11.7 mm and 17.4 mm, respectively. 
These small deviations highlight the robustness of the PCSE 
method for identifying hull deformation.

In conclusion, the quantitative analysis presented here 
confirms that the PCSE method is effective for the detection 
of hull deformations in both symmetric and bi-symmetric 
scenarios. It can be applied even in the absence of design 
data, making it a valuable tool for non-destructive testing 
of submarine hulls during dry dock measurements. Future 
research should focus on incorporating the curvature 
variability of the ship’s axis to improve the accuracy and 
scope of hull deformation analysis.
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