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Abstract— We consider the control of discrete-time linear
dynamical systems using sparse inputs where we limit the
number of active actuators at every time step. We develop
an algorithm for determining a sparse actuator schedule that
ensures the existence of a sparse control input sequence,
following the schedule, that takes the system from any given
initial state to any desired final state. Since such an actuator
schedule is not unique, we look for a schedule that minimizes
the energy of sparse inputs. For this, we optimize the trace of
the inverse of the resulting controllability Gramian, which is an
approximate measure of the average energy of the inputs. We
present a greedy algorithm along with its theoretical guarantees.
Finally, we empirically show that our greedy algorithm ensures
the controllability of the linear system with a small number
of active actuators per time step without a significant average
energy expenditure compared to the fully actuated system.

Index Terms— Greedy algorithm, controllability, time-
varying schedule, sparse actuator selections, piecewise sparsity.

I. INTRODUCTION

The field of networked control systems, in which the
controllers, sensors, and actuators communicate over a band-
limited network to achieve a given control objective, is a
growing area of research [1]-[3]. Due to the bandwidth
constraints, these systems demand communication-efficient
control inputs. One way to reduce the communication cost
is to use only a few available actuators at any given time
instant, i.e., the number of nonzero entries of the control
input is small compared to its length, leading to a sparse
control input [3], [4]. The sparse vectors admit compact rep-
resentation in a suitable basis [5], and thus, save bandwidth.
Sparse control also finds applications in resource-constrained
systems such as environmental control systems and network
opinion dynamics [6], [7]. Motivated by this, we consider the
problem of designing an actuator schedule for sparse control
inputs to drive the system to any given desired state.

The controllability of a discrete-time linear dynamical
system (LDS) using sparse inputs, along with its necessary
and sufficient conditions, was defined and developed in [8].
Here, at each time step, the input can utilize at most s
actuators, but the selected subset of s actuators can be time-
varying. However, the work does not provide the actuator
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schedule or design the sparse inputs. Some researchers
have considered the actuator scheduling for continuous-
time systems by maximizing the trace of the controllability
Gramian with a limit on the number of active actuators
per time step [9]-[12]. This problem has been extended
to cases where system dynamics are unknown, resulting
in the development of an online, data-driven approach for
learning the optimal actuator placement [11], [12]. Some
works have considered a restrictive variant where the subset
of chosen actuators remains fixed across time [13]-[15].
However, time-varying actuator scheduling can potentially
ensure the controllability of systems that are uncontrollable
systems when using inputs with fixed support, and could
guide the LDS to the desired state faster than time-invariant
actuator scheduling. A variant of time-varying sparse ac-
tuator scheduling problem considered in the literature only
limits the average number of active actuators across all the
time steps [16], [17]. They developed schedulers that yield
a Gramian matrix that approximates the Gramian matrix of
the fully actuated system. An alternative approach for the
time-varying actuator scheduling problem is using a linear-
quadratic regulator or linear-quadratic-Gaussian control [18],
[19]. The authors in [20] also consider a time-varying sparse
schedule with the goal of obtaining controllability with a
symmetric transfer matrix A. To the best of our knowledge,
our problem of identifying a time-varying sparse actuator
schedule that ensures controllability with minimal control
energy has not been explored in the literature.

We formulate our actuator scheduling problem as minimiz-
ing the trace of the inverse of the controllability Gramian,
a widely used metric for quantifying average control ene-
gry [16]. This optimization is subject to a constraint limiting
the active actuators to at most s per time step. The specific
contributions of this paper are as follows:

¢ We show that our objective function exhibits a-
supermodularity, and the sparsity constraint is a matroid.
This result leads to a greedy algorithm for finding the
sparse actuator schedule with provable guarantees.

o Using our algorithm, we empirically study the tradeoff
between the sparsity and average energy for time-
invariant and time-varying schedules. We observe that,
for large social networks, the increase in the average
control energy compared to the average energy required
by a fully actuated system is inversely proportional to
the fraction of active actuators.

Overall, we present a systematic study of sparse time-varying
actuator scheduling, develop a novel scheduling algorithm
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with theoretical guarantees, and empirically elucidate its
energy requirements.

II. ACTUATOR SCHEDULING PROBLEM

We consider a discrete-time LDS whose dynamics are
governed by the following equation:

x(k+ 1) = Az(k) + Bu(k), (1)

where k = 0,1,... is the integer time index. Here, x(k) €
R™ is the system state and u(k) € R™ is the input to the
system. The matrices A € R"*" and B € R"*™ are the
system transfer matrix and the input matrix, respectively. We
consider the input (k) to have at most s nonzero entries
(s-sparse inputs) i.e., |u(k)|o < s, Yk={0,1,...,K—1}
where s is pre-specified to account for the communication
bandwidth and data rate limitations which arise in networked
control systems. If the support of (k) is known, we can
find the sparse inputs using the conventional methods. Our
objective is to design a sparse actuator schedule (support of
the sparse inputs) that can be used to drive the system to any
given desired state in K time steps (z(K) = ¢ € R™).

We denote the sparse actuator schedule by
(S0,81,...,Sk—1), where, S C {1,2,...,m} and
|Sk] < s for all values of k to satisfy the sparsity

constraint. It is known that for any s-sparse controllable
LDS, we can find a finite K and sparse actuator schedule
(80,81, .- ., Sk—1) with |Sk| < s such that

Rank {[A"'Bs, A" ’Bsg, Bs, ]} =n.
2
Sparse controllability is equivalent to two conditions be-
ing satisfied: the system is controllable and s > n —
Rank { A} [8]. So, in the sequel, to ensure that the problem
is feasible, we assume that these two conditions hold.
Further, for an s-sparse controllable LDS, the minimum
number of time steps K required to ensure controllability is

bounded as [8]
<q {Ranks{B}w ,n_s+1) <n. O

where ¢ is the degree of the minimum polynomial of A. For
simplicity, we let K = n. Our goal is to find an actuator
schedule S = (Sp, S1,...,8,-1) € ® such that (2) holds,
where the feasible set ® for S is defined as

O={(S0,S1,.-.,Sn—1): Sk C{1,2,...,m},|Sk| < s,Vk}.

“)

The rank of the controllability matrix can be analyzed

using the Gramian matrix. For any actuator schedule S =
(S0,S1,.-.,8,-1) € P, the corresponding Gramian is

n
— < K < min
S

Ws=> A*'Bs ,Bf (A"
k=1

®)

Our goal is to select the actuator schedule S so that
Rank {W s} = n, which in turn ensures that the system
is controllable. However, the solution does not need to be
unique. Therefore, we look at minimizing Tr {ng} which
is a popular measure of the “difficulty of controllability” [21].
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It represents the average energy to drive the LDS from
2(0) = 0 to a uniformly random point on the unit sphere.
We present a greedy algorithm to minimize Tr { W'} next.
The algorithm and the results presented in the next section
can be easily extended to other metrics such as det(Wg)’%.

III. GREEDY SCHEDULING ALGORITHM

First, we note that Tr {ng} is not well-defined
if W is rank-deficient. So, we use the lower bound
Tr{(Ws+el)"'} (< Tr{(Ws)™'}) as an alternative
cost function, referred to as the e-auxiliary energy, for some
small € > 0. The term eI guarantees that the inverse exists
and the cost function is well-defined for any schedule. Thus,
our new optimization problem is

argmin Tr {(Ws+el)"'}.
Sco
where @ is defined in (4) and W s is given by (5). As €
decreases, (6) becomes a better approximation of the original
objective of attaining full rank matrix Ws.

Next, we observe that any actuator schedule of length n

can be represented using a subset of the set

(6)

n—1,j=12... 7

Here, k represents the time index, and j represents the
actuator index. Let 2V denote the power set of V. It is clear
that there is a natural bijection between any 7 € 2 and the
corresponding actuator schedule:

S(T) = (S0,S1,...,8n-1) with Sp ={j: (k,j) € T}.
3

Therefore, the problem in (6) can be written using V as

in Tr{(W D' st S P,
g rH{(Wsr)+el)™'} st. 8(T) €

,m}.

(©))

Using the new formulation, the greedy algorithm starts
with T being the empty set and finds the element from
YV which when added to 7 minimizes the cost function.
Specifically, in the rth iteration of the algorithm, let 7 (")
set of indices collected up to the previous iteration. Then,
we find

(k*,]*) = argmin Tr {(WS(T(T)U{(;CJ)}) + 61)71} y
(k,j)eVn
(10)

where V(") C V\ T(") is obtained by removing all infeasible
index pairs, i.e.,

o) {(i,j) eV\TW :S(TM U (i,5)) € <I>}- (1D

Finally, to complete the algorithm’s description, we must
choose €. We start with some ¢y > 0 and repeat the greedy
algorithm (outer loop) for decreasing values of e until we
obtain a full-rank Gramian matrix. The overall procedure is
outlined in Algorithm 1.

The intuition behind the greedy algorithm is as follows.
For a given value of ¢, let S(") be the actuator schedule
obtained in the rth iteration of the greedy algorithm. Suppose
that Rank {Wg(»} = R, which implies it has R nonzero
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Algorithm 1 Greedy actuator scheduling

Input: System matrices: A, B; sparsity s
Parameters: ¢ > 0, c > 1
1: Initialize outer loop index ¢ =0

2: do

3 Initialize r =1, 70D =, V) =y

4 while V) #£ () do

5: (k*,7*) using (10) with € = ¢

6 T =70 U {(k*, %)}

7: S=1(850,81,...,Sn_1) = S(TU*D)
8: if |Sk«| = s then

9: VO = YO {(k*,5), j=1,2,...,m}
10: else

1 VD = YO {(k*, %))

12: end if

13: r—r+1

14: end while

15: t(*tﬁ*l, 6t+1:€t/C

16: while Rank {Ws} < n
Output: Actuator schedule S

eigenvalues {\;}1*,. Then, for a small ¢, the objective
function is

! +
N +e€

n

-R

R
T {(Wsm +el) '} =>" (12)

i=1
The term (n— R)/e acts as the penalty added to the objective
function when W g, is rank deficient. Our next result shows
that the greedy algorithm improves the rank of the resulting
Grammian until the rank becomes n under the availability
of such actuators for sufficiently small e.

Proposition 1: For a given outer loop iteration index ¢ of
Algorithm 1, let the rth (inner) iteration start with T) and
its search space be V(") be as defined in (11). Suppose that
the following set,

{v e V(") : Rank {W5(7’<r>u{v})} > Rank {WS(T(T))}} ,

13)
is nonempty. Then, there exists €* > 0 such that if €, < €*,
the next iteration of the greedy algorithm satisfies

Rank {WS(T(T+1))} = Rank{WS(T(T))} + 1. (14)

Here, the schedule S(-) is defined in (8) and the resulting
Gramian is defined in (5).

Proof: See Appendix 1. [ ]
The above result shows that the greedy algorithm favors
adding an element that increases the rank of the Gramian
over an element that only increases the eigenvalues of
W s-+1) without concurrently increasing its rank. The inner
iteration of Algorithm 1 performs a greedy optimization
of (9). When the stopping criterion of Algorithm 1 is not
satisfied, € is reduced by a factor of c¢. From Proposition 1,
reducing € in the outer iteration eventually forces the al-
gorithm to choose an actuator that improves the rank in the
next inner iteration. Thus, when ¢ becomes small enough, the
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approach greedily chooses actuators to minimize the average
control energy while improving controllability.

Next, in order to characterize the near-optimality of Al-
gorithm 1, we introduce the notions of supermodularity and
matroid constraints:

Definition 1 (a-Supermodularity): The set function f :
U — R is said to be a-submodular if o € R is the largest
number for which the following holds VA C B C U and
Ve e U\ B,

f(AU{e}) = f(A) z a[f(BU {e}) — f(B)].

Also, the function — f(+) is said to be a-supermodular.

Definition 2 (Matroid): A matroid is a pair (U,Z) where
U is a finite set and Z C 2V satisfies the following three
properties: (i) () € Z; (ii) For any two sets, A C B C U,
if B € Z, then A € Z; (iii) For any two sets, A, B € Z, if
|B| > | Al, then there exists e € B\ A such that AU{e} € 7.

Our next result establishes that the cost function of the
optimization problem in (9) is supermodular and that its
constraint set is a matroid.

Proposition 2: The objective function of (9), E(T,¢)
Tr {(Ws(r) +el)~'} is an a-supermodular function with
« satisfying

15)

A

> <
o /\max(eI + W)

where W 2 S0 A*"'BBT(A"™)T and Apax(+) is the
largest magnitude eigenvalue. Also, (V,{T : S(T) € ®}) is
a matroid.
Proof: See Appendix II. [ ]
In (16), we explicitly retain the dependence of « on e, as
the value of e varies across the iterations of Algorithm 1.
From Proposition 2, we have the following guarantee for the
inner loop of Algorithm 1.
Theorem 1: Let (A € R™*™ B € R™*™) be an s-sparse

controllable LDS. Let B3(¢) = min (a(;), 1_?2(6()5)) where

a(-) is the submodularity constant of the cost function of
(9). The cost function corresponding to the set S returned
by the inner loop of Algorithm 1 run with a given value of
€ satisfies

T {(Wes +eD)™"} < [1=B(e)] = + BOE",

a(e) (16)

7)

where E* is the optimal value of the objective function of
the optimization problem in (9) with € = 0.
Proof: See Appendix IIIL. [ |
Theorem 1 shows that the cost function evaluated at the
solution returned by Algorithm 1 for a given value of € is
an additive term away from the optimal cost. Admittedly,
the n/e dependence in the additive term on the right hand
side makes the bound loose. In practice, Algorithm 1 returns
a schedule that far outperforms, for example, a random
schedule. However, besides the above result, it is hard to
quantify the optimality gap even numerically, due to the
combinatorial nature of the problem.
When Algorithm 1 terminates, the resulting actuator
schedule S satisfies Rank {W s} = n. Note that, due to the
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vs. the fraction of active actuators (%),

greedy nature of the algorithm, V(") could become an empty
set before W s attains full rank, and the algorithm may not
terminate. However, we have never found this to be an issue
in any of our experiments.

Finally, we note that our approach can also be used
to find a time-invariant sparse actuator schedule. For this,
we change @, the feasible set of (6), defined in (4), to
{(80,307 e ,80)2 SO g{l, 2, N ,m}, |80| < 8}, i.e., Sk =
Sp. We can drop the index ¢ to replace V with {1,2,...,m}
and define the schedule obtained from 7 as (7,7,...,7)
instead of (8) (Step 6 of Algorithm 1). Also, in this case,
V) = {1,2,...,m}\ 7). Similar to Proposition 2, we can
prove that this new problem optimizes an a-supermodular
function subject to a matroid constraint, and like Theorem 1,
the modified greedy strategy possesses similar guarantees.
We omit the details to avoid repetition.

IV. SIMULATION RESULTS

In this section, we illustrate the performance of the time-
varying and sparse actuator scheduling algorithm developed
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in this work by applying it to an LDS whose transfer matrix
A is generated from an Erd8s-Renyi random graph. An
Erd6s-Renyi random graph consists of n vertices. The pairs
of vertices are independently connected by an edge with
probability p = %, a setting used to model real-time
networked systems [14]. The transfer matrix of the LDS is
then generated from the graph as A =1 — %L, where L is
the graph Laplacian.

We first illustrate the dependence of the average control
energy, Tr {(Wg)il } on the sparsity level s of the control
inputs. To this end, we generate the transfer matrices A from
500 Erdés-Renyi random graphs drawn independently. We
use Algorithm 1 to determine the sparse actuator schedule,
and compute Tr {(Wg)fl} corresponding to the schedule
S returned by the algorithm. For this experiment, we set
n =20, m = n,and B = I. In Fig. 1, we show the empirical
cumulative distribution function (CDF) of Tr{(WS)fl}
in two settings: the time-varying support case with sparsity
levels s = 5,10, 15, and the fixed support case with s =
10, 15. We also plot the CDF for the case with no sparsity
constraint. The curves shift to the right as s is decreased
as expected since the system becomes more constrained,
thereby incurs a higher average control energy. Similarly,
using a fixed support makes the system more constrained
and hence requires higher average control energy compared
to the time-varying support case. Further, the control energy
with time-varying support and s = 15,s = 10 is close to
the control energy without sparsity constraints. Therefore,
time-varying sparsity constraints do not impose a significant
energy burden to control the LDS at moderate sparsity levels;
we elaborate on this in our next experiment.

Next, we illustrate the relative cost of imposing the
sparsity constraints compared to the non-sparse case.
Here, the entries of the input matrix B are i.i.d.
and uniformly distributed over [0,1]. We plot p =
EapTr{W3'}/E4pTr {W ™'} as a function of the frac-
tion of active actuators at each time instant (s/m). The
quantity p represents the ratio of the average control energy
with the sparsity constraint to the average control energy in
the unconstrained case. We show the behavior in Fig. 2, with
m fixed at 50 and for various values of n from 20 to 80.
We observe that there is nearly an inverse-linear relationship
between s/m and p. This shows that using time-varying s-
sparse control inputs increases the average energy to control
the system by a factor proportional to the reciprocal of the
fraction of active actuators. We have also observed this trend
when B is a random matrix with i.i.d. entries drawn from a
Gaussian distribution and when B = I (for n = m). With
reasonable approximations, it is possible to mathematically
derive that this behavior holds when B has i.i.d. entries; we
omit the details due to lack of space.

Next, we compare Algorithm 1 with schedulers that are
adapted from [16], the closest to our work. The algo-
rithms in [16] are developed under an average sparsity
constraint, i.e., the individual inputs need not be sparse, but
the overall sequence of inputs need to satisfy an average
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-0-Random (Weighted)
—9—Random (Unweighted)
—+—Deterministic (Unweighted)
—8-Greedy
—+-Deterministic (Weighted)

~

10 15

Sparsity(s)
Fig. 3: Tr {ng} as a function of sparsity (s), averaged
over 100 independent trials with n = 100, m = 50.

sparsity constraint. We modify the algorithms in [16] by
adding a piecewise sparsity constraint. In Fig. 3, we plot
Tr {ng} as a function of s for four algorithms adapted
from [16], namely, random-weighted, random-unweighted,
deterministic-unweighted, and deterministic-weighted. The
random scheduler samples an actuator from the probabil-
ity distribution given in [16, Algorithm 6] and adds it to
the schedule provided adding it still satisfies the sparsity
constraint. The deterministic scheduler picks a actuator that
greedily optimizes the objective function used in [16, Algo-
rithm 1]. The weighted schedulers have an additional weight
(amplification) associated with the selected actuator, while
the weights are set to 1 for the unweighted schedule (see [16,
Algorithms 2, 6, 7].) For the unweighted random scheduler,
the actuators are sampled without replacement. The plot
shows that Algorithm 1 generally outperforms existing algo-
rithms modified to satisfy our sparsity constraint, especially
at lower sparsity levels.

V. CONCLUSION

We studied the problem of finding an energy-efficient
actuator schedule for controlling an LDS in a finite number
of steps, with at most s active inputs per time step. We
presented a greedy scheduling algorithm by considering
the minimization of Tr {ng}, which models the average
control energy. We presented several interesting theoreti-
cal guarantees for the algorithm. Through simulations, we
showed that the algorithm returns a feasible schedule, with
the average energy increasing (compared to the case without
sparsity constraints) by a factor proportional to the inverse
of the fraction of active inputs, for randomly drawn LDSs.
Overall, we conclude that sparse inputs can drive an LDS
to a desired state without a significant increase in energy
requirements, at moderate sparsity levels.

APPENDIX I
PROOF OF PROPOSITION 1

Let S be the actuator schedule at some iteration of the
greedy algorithm such that Rank {Ws} = R < n. By (13),
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there exists a candidate feasible schedule S for the next
iteration such that Rank {W ¢} = R+ 1. Suppose there is
an alternative feasible schedule S such that Rank {W s} =
R. The greedy algorithm chooses the schedule S if

Tr{(WS —Q—eI)*l} > Tr{(WS +6I)71}.

Let \;,2=1,2,...n, with Ay > Xy > . > )\n~denote the
ordered eigenvalues of Ws (similarly, A; and A; for W g
and W g, respectively). Then, we can write

Tr{(Wg+eI)*1}2~R no R g
A1 +e€
1 “R-1
Tr{(We+el)'} < i n-R-1l g
ARt1 + €

The following inequality is a sufficient condition for the
greedy algorithm to choose S:

— 1 -R-1
~ R n—R - R+ " R , 20)
Al + € € )\R+1 + € €
Simplifying the above, we get
5\15\R+1 > € Rj\l — (R+ 1)5\R+1:| s 20

The inequality holds trivially for RM\ — (R4 1) Agyy <0.
For RA; — (R + 1)Ag+1 > 0, we obtain
A
f o IAR+1 .
RA\ — (R+ 1)Agt1

The right hand side of above equation is finite and positive,
and ¢ is decreased by factor ¢ > 1 in each iteration of the
Algorithm 1. Hence, there will always exists an e for which
(22) is satisfied. Hence, for a sufficiently small €, (22) holds

for any S given an S. Thus, the greedy algorithm chooses
an actuator that improves the rank. ]

(22)

APPENDIX II
PROOF OF PROPOSITION 2

From [22, Theorem 2], we know that the real-valued
function f of the form

-1

fA) =Tr <M@ +) Mi> , (23)
ic A

where A is an index set and My > 0 and M,; > 0,

is monotonically decreasing and a-supermodular with o >

Hmin ~ () where
Hmax

0< HMmin S )\min(M(Z)) S A1‘11&)((]\4@ + ZMZ) S Hmax -

icA

(24)
Here, Amax(-) and Amin(-) are the largest and smallest
eigenvalues in magnitude, respectively. Our cost function
E(T,e) takes the same form as f(A), with My = el = 0
and the matrices M ; being constructed as the submatrices
of the controllability gramian W (see (5)). Further, from the
definitions, we can set fimin = € and fimax = Amax (eI +W).
Hence, the function E(T,e) is a-supermodular with «
satisfying (16).
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We next complete the proof by showing that the sparsity
constraint on the actuator set is a matroid constraint. For
this proof, we consider the equivalent sparsity constraint on
T € 2Y in (9). The constraint is given by

H{j:(k,j)eT}H<s, fork=0,1,....n—1  (25)

To prove that the above constraint is a matroid, we verify
the three conditions of Definition 2. The first condition
holds trivially. If we have a set 7 that satisfies the sparsity
constraint in (25), then any subset 7/ C 7T also satisfies
the sparsity constraint. Hence, the second condition holds.
For the third condition, suppose there exist sets 7,7 € 2V
satisfying the sparsity constraint in (25) and |T] > |77|.
Then, there exists at least one time index & such that

i (kg) € TH > g (k,g) € T} (26)

If we take an element j € {j : (k,j) € T\ T}, the new set
T ' U{(k,7)} satisfies

G+ (k.g) € THO{(k )Y = {i + (k) € T} +1
<Hj:(k,j)eT}H <s.

So, the new set 7’ U {(k,7)} also satisfies (25), verifying
the third condition and completing the proof. ]

APPENDIX III
PROOF OF THEOREM 1

Consider the problem of minimizing an «a-supermodular
function f : 2¥ — R subject a matroid constraint (V,Z) i.e.,

i .t 7. 27
VLr\IgQr\l}f(A)stAG 27

Suppose f* is the optimal solution of (27) and f is the
solution returned by a greedy algorithm that starts with
A = () and adds elements from V one-by-one, so that at
step ¢, it updates A; as A;11 = A; Ue*, where e* =
argmineev\AthtUeezf(.At Ue). Then, from [18, Theorem
1] we have,

= f ) <a @ >
———— <1—-min|—-,—— |, 28
fr=f0) — 271+« %)
where « is the submodularity constant of f.

From Proposition 2, our cost function is a-supermodular
and the constraint set is a matroid. Further, Algorithm 1 is
a greedy algorithm of the form described above. For a fixed

€, let E*(¢) be the optimal energy obtained by solving (9)
exactly and E(e) = Tr{(WS —|—eI)_1} be the objective
function returned by Algorithm 1 with parameter e¢. Then,
using (28), we have

E(e) — E*(¢)
<1-
nje—E (9 1Pl
where ((e) > 0 is defined in Theorem 1. Let, E* =
Tr {Wg*l} where §* be the corresponding optimal actuator
schedule obtained by solving (9) with ¢ = (0. We obtain the
following inequality,

B =Tr{Wsl}> Tr{(WS* n 61)‘1} > E*(e). (30)

(29)

89

Plugging in this inequality into (29) leads to

E(G) < TL(]. _eﬁ(e)) +ﬁ(E)E*(6) < n(]- _65(6)) +B(E)E*

(31

Hence, the proof is complete. |
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