
i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 1 — #1 i
i

i
i

i
i

Exploiting dynamics

Michiel Plooij

in robotic arms with repetitive tasks



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 2 — #2 i
i

i
i

i
i



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page i — #3 i
i

i
i

i
i

Exploiting dynamics
in robotic arms with repetitive tasks

M.C. Plooij



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page ii — #4 i
i

i
i

i
i



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page iii — #5 i
i

i
i

i
i

Exploiting dynamics
in robotic arms with repetitive tasks

Proefschrift

ter verkrijging van de graad van doctor
aan de Technische Universiteit Delft,

op gezag van de Rector Magnificus, prof. ir. K.C.A.M. Luyben,
voorzitter van het College voor Promoties

in het openbaar te verdedigen op
woensdag 9 december 2015 om 15:00 uur

door

Michaël Christiaan PLOOIJ
Werktuigkundig ingenieur

Technische Universiteit Delft, Nederland
geboren te Zoetermeer



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page iv — #6 i
i

i
i

i
i

This dissertation has been approved by the
promotors: Prof. dr. F.C.T. van der Helm en Prof. dr. ir. M. Wisse

Composition of the doctoral committee:
Rector Magnificus chairman
Prof. dr. F.C.T. van der Helm Delft University of Technology
Prof. dr. ir. M. Wisse Delft University of Technology

Independent members:
Prof. dr. L. Birglen Polytechnique Montréal, Canada
Prof. dr. ir. J.L. Herder Delft University of Technology
Prof. dr. ir. J.M.A. Scherpen Rijksuniversiteit Groningen
Prof. dr. ir. J. De Schutter Katholieke Universiteit Leuven, Belgium
Prof. dr. ir. B. Vanderborght Vrije Universiteit Brussel, Belgium
Prof. dr. ir. P. Breedveld Delft University of Technology, reserve member

Ir. W.J. Wolfslag has contributed greatly to the preparation of this dissertation.

This research was financially supported by the Dutch Technology Foundation STW
(project number 11282).

ISBN 978-94-6186-576-2
A digital copy of this thesis can be downloaded from http://repository.tudelft.nl.

http://repository.tudelft.nl


i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page v — #7 i
i

i
i

i
i

v

Contents

Summary ix

Samenvatting xiii

1 Introduction 1

1.1 Motivation 2

1.2 Elasticity in robots 4

1.3 Feedforward control in robots 7

1.4 Approach 9

1.5 Thesis outline 10

I Elasticity in robots 13

2 Task specific spring characteristic 15

2.1 Introduction 16

2.2 Methods 18

2.3 Novel spring Mechanism 22

2.4 Optimal Control 25

2.5 Prototype experiments with one DOF 30

2.6 Preliminary Results for two DOFs 33

2.7 Discussion 33

2.8 Conclusions 36

3 Locking mechanisms in literature 39

3.1 Introduction 40

3.2 Locking devices 41

3.3 Locking devices based on mechanical locking 43

3.4 Friction-based locking devices 47

3.5 Singularity locking devices 53

3.6 Comparison 55

3.7 Selection and development 57

3.8 Conclusion 59



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page vi — #8 i
i

i
i

i
i

vi | Contents

4 Statically Balanced Brakes 61
4.1 Introduction 62
4.2 The concept of statically balanced brakes 65
4.3 Possible embodiments 68
4.4 Example 1: Compliant mechanism: bi-stable leaf springs 77
4.5 Example 2: Cam mechanisms: RRR 81
4.6 Discussion 86
4.7 Conclusion 89

5 The Bi-directional Clutched Parallel Elastic Actuator 91
5.1 Introduction 92
5.2 Working principle 95
5.3 Prototype Design 98
5.4 Experimental setup 103
5.5 Simulation results 107
5.6 Hardware results 109
5.7 Discussion 111
5.8 Conclusion 115

6 Clutched Elastic Actuators 117
6.1 Introduction 118
6.2 Components of CEAs 120
6.3 Current CEA designs 121
6.4 Functionalities 125
6.5 Taxonomy description 128
6.6 The future of CEA design 136
6.7 Discussion 138
6.8 Conclusion 140

II Feedforward control in robots 143

7 Feedforward control and model inaccuracy 145
7.1 Introduction 146
7.2 Problem formulation 149
7.3 Analytical Studies 152
7.4 Numerical Studies 155
7.5 Hardware Study 162
7.6 Discussion 164
7.7 Conclusion 167



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page vii — #9 i
i

i
i

i
i

Contents | vii

8 Feedforward control and stability 169
8.1 Introduction 170
8.2 Methods 172
8.3 Two DOF manipulator 175
8.4 Inverted pendulum 180
8.5 Discussion 185
8.6 Conclusions 187

9 Robust open loop stable manipulation 189
9.1 Introduction 190
9.2 Methods 192
9.3 Experimental setup 201
9.4 Results 203
9.5 Discussion 206
9.6 Conclusion 209

10 Feedforward with low gain feedback 211
10.1 Introduction 212
10.2 Methods 214
10.3 Optimality study 217
10.4 Alternative motion profiles 223
10.5 Discussion 226
10.6 Conclusion 229

11 Discussion, conclusions and future directions 231
11.1 Elasticity in robots 232
11.2 Feedforward control in robots 236
11.3 General conclusions 239
11.4 Future directions 240

Appendix A Division of work in shared first authorships 243
A.1 Chapter 8: Feedforward control and stability 244
A.2 Chapter 9: Robust open loop stable manipulation 244
A.3 Chapter 10: Feedforward with low gain feedback 244

References 245

Acknowledgements 267



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page viii — #10 i
i

i
i

i
i

viii | Contents

About the author 269

List of publications 271

Propositions 275

Stellingen 277



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page ix — #11 i
i

i
i

i
i

ix

Summary

Exploiting dynamics
in robotic arms with repetitive tasks

Since the industrial revolution, machines have taken over many tasks from humans,
increasing labor productivity and prosperity. In the 20th century, the introduction of
robots created a second wave of automation, increasing the labor productivity even
further. In order to create a third wave of automation, it is necessary to develop a
new generation of robots that is able to act in unknown, unstructured environments,
such as households, space and factories in which humans and robots collaborate. Two
of the main aspects of robots that have to be improved in order to be successful are
their energy consumption and their reliability. This thesis is split into two parts. The
first part focuses on reducing the energy consumption of robots by using elasticity.
The second part focuses on increasing the reliability by using feedforward control.
Throughout this thesis, we focus on one type of robot: robotic arms with repetitive
tasks, such as pick-and-place tasks.

Part I: Elasticity in robots

One of the most effective techniques to obtain a low energy consumption of robots
is the efficient recapture of negative work. There are multiple options to store the
energy recaptured from the robot (e.g. electrical, chemical, potential, etc.), of
which potential energy is the most promising in terms of efficiency. Compared to
other potential energy storages, springs in parallel to the motor are relatively compact
and therefore preferred. The problem of using parallel springs is that the timing of
energy storage and release is not independently controllable from the position of the
joints. This lack of control of the energy storage limits the versatility of robots. The
most promising class of actuators that solve this problem is identified in this thesis:
clutched elastic actuators (CEAs) in parallel with the motor. CEAs consist of at
least one spring and one locking mechanism and possibly one or multiple gears or
differentials.

The first part of this thesis addresses three issues in CEAs. First, the use of CEAs
introduces a trade-off between the versatility of the robot and its energy consumption.
A CEA design with many clutches and springs leads to a high versatility, while at
the same time the locking mechanisms consume energy and the complexity of CEAs
is likely to increase friction, weight and size. Therefore, the question is: what is
the best mechanism to reduce the energy consumption of pick-and-place robotic
arms? Secondly, one of the most important components of CEAs are the locking
mechanisms. However, it is still unclear what the best locking mechanism for CEAs
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is. And thirdly, there is a trend towards complex CEAs with many springs and many
locking mechanisms. However, it is unclear how these complex CEAs should be
analyzed.

The best available mechanism to reduce the energy consumption of pick-and-place
robotic arms is the Bi-directional Clutched Parallel Elastic Actuator (BIC-PEA), that
is introduced in this thesis. In pick-and-place tasks, it is crucial to be able to vary the
pick position and the place position on the fly. The BIC-PEA is the only type of CEA
that allows for such versatility. Results show that implementation of the BIC-PEA
led to a reduction of the energy consumption up to 65%.

The best available locking mechanism for CEAs is the Statically Balanced Brake
(SBB), that is introduced in this thesis. The three most important properties for a
locking mechanism to be applicable in CEAs, are the ability to unlock under load,
have a low energy consumption and lock at many positions. SBBs are the only locking
mechanism with these properties. SBBs are friction based locking mechanisms and
thus they unlock well under load and have an infinite number of locking positions. In
comparison to other friction based locking mechanisms, the actuation force of SBBs
is 95-97% lower, meaning that their energy consumption is negligible.

Finally, this part introduces a method to analyze complex CEAs. We propose a
taxonomy to analyze the functionalities of CEAs. We argue that functionality can
be expressed in terms of a stiffness matrix, a constraint matrix and a combination
of a diagonal clutch matrix and an incidence matrix. Using this description, the set
of possible resulting stiffnesses and equilibria can be found. Furthermore, it can lead
to new CEA designs in which the number of resulting stiffnesses and equilibria grows
exponentially with the number of springs and clutches.

Part II: Feedforward control in robots

The second aspect of robots that has to be improved for future applications is their
reliability. This means their components should be robust, but also that robots should
be able to deal with failure of components. One set of components that is sensitive
to failure are the sensors. Sensor failure can either occur in the sensor itself or in the
wiring. Without sensory information, the controller is bound to feedforward control,
also called open loop control. Therefore, the second part of this thesis focuses on
the question: what is still possible when no feedback is available?

When applying feedforward control, there are two main issues that have to be ad-
dressed: model inaccuracies and disturbances. Model inaccuracies cause a mismatch
between the predicted and actual responses to different inputs. Disturbances are un-
predictable in general and cause the system to deviate from its intended trajectory.
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The results show that both model inaccuracies and disturbances can be handled in
robots with solely feedforward control. With only model inaccuracies, we show that
feedforward controllers can be optimized such that the sensitivity to inaccuracies
in the friction model is minimized. This sensitivity can even be eliminated. With
only disturbances, we show that repetitive motions can be optimized using limit
cycle theory. Small disturbances diminish over time when the motion that the arm
performs is a stable limit cycle. Feedforward control becomes more difficult when
both model inaccuracies and disturbances are present. However, we show that it is
possible for the robot to learn to perform cycles that are open loop stable, even when
the model of the arm is inaccurate. The results show that the maximum position
errors at the pick position and place position are 1-2.5 cm, which is accurate enough
for coarse pick-and-place tasks.

Finally, this part addresses the question whether feedforward techniques are still useful
when a small amount of feedback is available?. We analyze the accuracy of a robotic
arm as function of the feedback gain, while the motion is optimized for sensitivity to
disturbances. The results show that for all gains, minimizing the sensitivity results
in a better accuracy than maximizing the sensitivity. Therefore, pure feedforward
techniques can still be useful when (partial) feedback is available.

Conclusion

Overall, the results of this thesis show that both the energy consumption and the
reliability of robots can be improved significantly. The implementation of a clutched
elastic actuator in parallel with the motor can reduce the energy consumption of
robots with 65%. The setup with a differential and two locking mechanisms causes
the versatility to remain high. Statically balanced brakes solve the problem of reg-
ular friction based locking mechanisms that a large actuation force is needed. The
concept of statically balanced brakes allows for friction based locking mechanisms
with an actuation force that is reduced with 95-97% in comparison to regular friction
based locking mechanisms, while being relatively small. Finally, feedforward control
on robotic arms is possible when there are disturbances, model inaccuracies or both.
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Samenvatting

Dynamica uitbuiten
in robotarmen met repeterende taken

Sinds the industriële revolutie hebben machines veel taken van mensen overgenomen.
Dit heeft de arbeidsproductiviteit en de welvaart verhoogd. In de twintigste eeuw
heeft de introductie van robots een tweede golf van automatisering veroorzaakt, wat
de arbeidsproductiviteit verder heeft verhoogd. Voor een derde golf van automatis-
ering is het noodzakelijk om een nieuwe generatie robots te ontwikkelen die kunnen
handelen in onbekende en ongestructureerde omgevingen, zoals het huishouden, de
ruimte en fabrieken waarin robots samenwerken met mensen. Twee van de belan-
grijkste aspecten van robots die verbeterd moeten worden, zijn hun energieverbruik
en betrouwbaarheid. Deze twee aspecten vormen de twee delen van dit proefschrift.
Het eerste deel focust op het reduceren van het energieverbruik van robots door
gebruik te maken van elasticiteit. Het tweede deel focust op het verhogen van de
betrouwbaarheid door het gebruik van sensorloze aansturing. In het hele proefschrift
wordt gefocust op één type robot, namelijk robotarmen met repeterende taken, zoals
een pick-and-place-taak.

Deel I: Elasticiteit in robots

Een van de meest effectieve technieken om het energieverbruik van robots te ver-
minderen, is het efficiënt terugwinnen van negatieve arbeid. Er zijn meerdere opties
om de teruggewonnen energie op te slaan, bijvoorbeeld elektrisch, chemisch, poten-
tieel, etc.. Potentiële energie is van deze het meest veelbelovend is qua efficiëntie.
In vergelijking met andere vormen van opslag in potentiële energie zijn veren die
parallel staan aan de motor relatief compact en hebben daarom de voorkeur. Het
probleem met het gebruik van veren die parallel staan aan de motor is dat de tim-
ing van de energieopslag niet onafhankelijk aan te sturen is van de positie van de
robot. Dit gebrek aan aansturing beperkt de veelzijdigheid van de robot. De meest
veelbelovende klasse van actuatoren die dit probleem oplossen is geïdentificeerd in
dit proefschrift: gekoppelde elastische actuatoren (GEA’s) parallel aan de motor.
GEA’s bestaan uit tenminste één veer en één koppeling en mogelijk één of meerdere
tandwieloverbrengingen of differentiëlen.

Het eerste gedeelte van dit proefschrift behandelt drie problemen met GEA’s. Ten
eerste, het gebruik van GEA’s introduceert een afweging tussen de veelzijdigheid van
de robot en zijn energieverbruik. Een GEA met veel koppelingen en veren leidt tot
een grote veelzijdigheid, maar de koppelingen verbruiken energie en de complexiteit
verhoogt de grootte, het gewicht en de wrijving. Daarom is het de vraag wat het
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beste mechanisme is om het energieverbruik van robots met pick-and-place-taken
te verlagen. Ten tweede, een van de belangrijkste componenten van GEA’s zijn de
koppelingen. Het is echter onduidelijk wat de beste type koppeling is voor GEA’s. En
ten derde is er een trend naar complexere GEA’s met veel veren en koppelingen. Het
is echter nog onduidelijk hoe deze complexe GEA’s geanalyseerd moeten worden.

Het beste mechanisme om het energieverbruik van robots met pick-and-place-taken
te verlagen is de Bi-directionele Gekoppelde Parallel Elastische Actuator (BIG-PEA),
die geïntroduceerd wordt in dit proefschrift. In pick-and-place-taken is het cruciaal
dat het mogelijk is om te pick-positie en place-positie te variëren tijdens de taak. De
BIC-PEA is het enige type GEA dat voorziet in een dergelijke veelzijdigheid. Resul-
taten laten zien dat implementatie van de BIG-PEA heeft geleid tot een vermindering
van het energieverbruik met 65%.

De beste type koppeling voor GEA’s is de Statisch Gebalanceerde Rem (SGR), die
geïntroduceerd wordt in dit proefschrift. De drie belangrijkste eigenschappen van
koppelingen voor GEA’s zijn dat ze kunnen ontkoppelen terwijl er kracht op staat,
ze een laag energieverbruik hebben en ze kunnen koppelen op veel posities. De SGR
is de enige koppeling met al deze eigenschappen. SGR’s zijn gebaseerd op wrijving,
dus ontkoppelen ze makkelijk terwijl er kracht op staat en hebben ze oneindig veel
koppelingsposities. In vergelijking met andere koppelingen heeft de SGR 95-97%
minder actuatiekracht nodig, wat betekent dat het energieverbruik verwaarloosbaar
is.

Ten slotte introduceert dit gedeelte van het proefschrift een methode om complexe
GEA’s te analyseren. We stellen een taxonomie voor waarmee de functionaliteiten
van GEA’s geanalyseerd kunnen worden. Verder beargumenteren we dat functio-
naliteit uitgedrukt kan worden met behulp van een stijfheidsmatrix, een constraint-
matrix en een combinatie van een diagonale koppelingsafhankelijke matrix en een
incidentiematrix. Met deze beschrijving kunnen alle mogelijke resulterende stijfhe-
den en evenwichtsposities gevonden worden. Daarnaast kan het leiden tot nieuwe
GEA-ontwerpen waarin het aantal resulterende stijfheden en evenwichtsposities ex-
ponentieel groeit met het aantal veren en koppelingen.

Deel II: Sensorloze aansturing in robots

Het tweede aspect van robots dat verbeterd moet worden voor toekomstige toepassin-
gen, is hun betrouwbaarheid. Dit betekent dat de componenten robuust moeten zijn,
maar ook dat robots moeten blijven functioneren wanneer er een van de componen-
ten kapot gaat. Componenten die bijvoorbeeld kapot kunnen gaan zijn sensoren. Zij
kunnen ofwel zelf kapot kunnen gaan, of de bekabeling kan het begeven. Zonder
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sensorinformatie is de aansturing gebonden aan zogenaamde sensorloze aansturing,
ook wel open loop aansturing genoemd. Daarom focust het tweede gedeelte van dit
proefschrift op de vraag: wat is nog mogelijk als er geen sensorinformatie beschikbaar
is?

Er zijn twee problemen die zich voordoen wanneer sensorinformatie ontbreekt: mo-
delonnauwkeurigheden en verstoringen. Model onnauwkeurigheden veroorzaken een
discrepantie tussen de voorspelde en de feitelijke reacties op verschillende inputs.
Verstoringen zijn in het geheel onvoorspelbaar en zorgen ervoor dat het systeem
afwijkt van het gewenste traject.

De resultaten in dit proefschrift laten zien dat het mogelijk is om met zowel modelon-
nauwkeurigheden als verstoringen om te gaan. Voor modelonnauwkeurigheden blijkt
dat sensorloze controllers geoptimaliseerd kunnen worden zodat de gevoeligheid voor
onnauwkeurigheden in het wrijvingsmodel verwaarloosbaar is. Deze gevoeligheid kan
zelfs tot nul worden gereduceerd. Voor verstoringen blijkt dat repeterende bewegin-
gen kunnen worden geoptimaliseerd met behulp van theorie over limiet cycli. Kleine
verstoringen verdwijnen over tijd als de beweging van de arm een stabiele limiet cyclus
is. Sensorloze aansturing wordt moeilijker als er zowel modelonnauwkeurigheden als
verstoringen zijn. Het blijkt echter dat het voor een robot mogelijk is om te leren
cycli te maken die open loop stabiel zijn, zelfs als het model onnauwkeurig is. Dit
heeft geresulteerd in maximale positiefouten op de pick-positie en place-positie van
1-2.5 cm, wat nauwkeurig genoeg is voor grove pick-and-place-taken.

Ten slotte behandelt dit deel van het proefschrift de vraag of sensorloze aansturings-
technieken nog steeds nuttig zijn als er een (beperkte) hoeveelheid sensorinformatie
beschikbaar is. We analyseren de nauwkeurigheid van robots als functie van hun
feedback-gain, terwijl we de bewegingen optimaliseren voor gevoeligheid voor ver-
storingen. De resultaten laten zien dat voor alle waarden van de feedback-gains, de
robot nauwkeuriger is als die gevoeligheid geminimaliseerd is dan als deze gemaxi-
maliseerd is. Daarom kunnen sensorloze aansturingstechnieken nog steeds nuttig zijn
als er een (beperkte) hoeveelheid sensorinformatie beschikbaar is.

Conclusie

Concluderend, de resultaten in dit proefschrift laten zien dat zowel het energiever-
bruik als de betrouwbaarheid van robots significant verbeterd kunnen worden. De
implementatie van gekoppelde elastische actuatoren parallel aan de motor kan het
energieverbruik van robots met 65% verminderen. Het ontwerp hiervan met een dif-
ferentieel en twee koppelingen zorgt ervoor dat de veelzijdigheid hoog blijft. Normale
wrijvingskoppelingen vereisen een hoge actuatiekracht. Statisch gebalanceerde rem-
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men lossen dit probleem op. Het concept van statisch gebalanceerde remmen leidt
tot relatief compacte wrijvingskoppelingen met een actuatiekracht die 95-97% lager
is dan in standaard wrijvingskoppelingen. Ten slotte laten de resultaten zien dat sen-
sorloze aansturing mogelijk is, ook als er verstoringen en modelonnauwkeurigheden
zijn.
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1.1 Motivation

Since the industrial revolution, machines have taken over many tasks from humans,
increasing labor productivity and prosperity. In the 20th century, the introduction
of robots created a second wave of automation, increasing the labor productivity
even further. A well-known example of an industry in which robots perform many
tasks, is the automotive industry (see Fig. 1.1a). In order to create a third wave of
automation, it is necessary to develop a new generation of robots that is able to act
in unknown, unstructured environments.

The current performance of robots has proven to be sufficient for utilization in pre-
defined, ground-fixed, structured environments such as the car factory in Fig. 1.1a.
However, the field of robotics is on the verge of moving into other, less structured
environments. A first example is mobile robots (see Fig. 1.1b), such as household
robots, servant robots and self-driving cars. Another example is space robots, such
as the mars rover depicted in Fig. 1.1c. Such unstructured, unknown environments
demand a better performance of the new generation of robots.

In order to be successful, it is crucial that the new generation of robots outperforms
the previous on eight aspects:

1. Since many robots will be carrying their own energy supply, they have to have
a low energy consumption in order to have a large uptime.

2. They should be affordable in order to apply them in low cost applications or to
make them even disposable.

3. In order to manipulate all sorts of environments, the hardware should allow
them to be versatile.

4. They should be reliable, because there will be no engineers close by to repair or
reprogram them. This also means that they should be able to deal with failure
of components.

5. Since they act in unknown environments, their sensing should be improved in
order to perceive that environment.

6. In order to exploit their hardware to manipulate all sorts of environments, they
should be dexterous.

7. In order to be able to interact with humans, they should be safe to work with.

8. They should have an intuitive and attractive interface to ensure that humans
are able to work with the robots.
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When considering the required performance improvements of robots, it is inspiring to
look at the performance of the human body. Humans perform numerous tasks in an
energy efficient and elegant way. Furthermore, the human body has good perception
in comparison to many robots and is relatively safe to work with for other humans. In
fact, the human body has many properties that are desired for the new generation of
robots. This is not surprising since most environments those robots have to work in,
are designed for humans. Therefore, the approach in this thesis is to use inspiration
from the human body to solve the challenges that the new generation of robots
faces.

This thesis focuses on the first and fourth issue mentioned above: energy consump-
tion and reliability. Those issues were selected based on our previous experience
with low energy consuming and low feedback requiring walking robots. To lower
the energy consumption, we are inspired by the use of elasticity in the human body
[6, 97, 98, 111]. Elasticity has multiple functions, ranging from shock absorption to
storing energy. In this thesis, we will mainly use elasticity as a mechanical energy
buffer to lower the energy consumption. To increase the reliability, we are inspired by
the extensive use of feedforward control in the human body [47, 81]. While humans
mainly use feedforward control because of their slow feedback loops [43, 215], robots
could use it to deal with the situation where sensory feedback fails.1 Therefore, this
thesis is split into two parts: elasticity in robots and feedforward control in robots.

Throughout this thesis, we will focus on one type of robot: robotic arms. Specifi-
cally, we consider robotic arms with repetitive tasks, such as pick-and-place tasks.
We chose this task, because it is well-defined by four phases: moving towards an
object, grasping the object, moving towards the goal position and placing the object.
Although pick-and-place robots do not belong to the new generation of robots envi-
sioned above, they are very suitable for studying solely the energy consumption and
reliability. Furthermore, the techniques developed in this thesis are widely applicable.
For instance, in wheeled robots, elasticity can also be used to store energy when
decelerating. When this energy is used to accelerate later in time, the overall en-
ergy consumption is reduced. Moreover, similar techniques can be used to increase
the performance of all moving devices including cars, trains and busses, but also
prostheses and exoskeletons.

1Here we mention reliability as the main reason to study feedforward control. Throughout the
project, we have strugled to find a good application for pure feedforward controllers. We only started
to consider reliability as a motivation at the end of the project. Therefore, the motivations of the
indivisual chapters on feedforward control do not focus on reliability.
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a)         b)         c)

Figure 1.1: a) Currently, robots are mostly applied in pre-defined ground-fixed, structured environ-
ments, such as factories. (image source: Wikimedia Commons) b) One of the future applications
of robots: domestic robots. (image source: Wikimedia Commons) c) A challenging environment
for robots: space. (image source: NASA)

1.2 Elasticity in robots

The first part of this thesis focuses on using elasticity in robots to reduce their energy
consumption. Actuators that include a compliant element are called elastic actuators
(EAs). This section gives an overview of the research field of EAs, identifies current
problems and defines the goals for the first part of this thesis.

1.2.1 Overview of the research field

EAs can be found in robots using various configurations (see Fig. 1.2): parallel elastic
actuators (PEAs), clutched elastic actuators (CEAs), series elastic actuators (SEAs)
and variable stiffness actuators (VSAs). The oldest of those concepts is the PEA.
In order to identify the most interesting configuration, we will now discuss those
concepts.

PEAs determine the relationship between the position and the potential energy.
There are two options for this relationship. First, the potential energy can be in-
dependent of the position. Such systems are statically balanced. Secondly, the
potential energy can be position-dependent such that the springs provide part of the
torque that is required to perform the intended task. The first option is the oldest
and its history is well described in the PhD thesis of Herder [83]. This approach
focuses at reducing the static torques on the motor caused by gravity, allowing for
smaller motors and lower energy consumption. The second option started to be
applied in the 1980s with the first application in robotic arms described by Babitsky
and Shipilov [13]. Since the springs provide part of the torques required to accelerate
and decelerate the robot, this approach has the potential to reduce the energy con-
sumption even more than with static balancing. However, since the position-torque
relationship is usually set, this approach often results in a decrease of the versatility.
This decrease in versatility is less of a problem in systems with repetitive tasks, such
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Figure 1.2: Four different types of elastic actuators: parallel elastic actuators (PEA), clutched
elastic actuators (CEA), series elastic actuators (SEA) and variable stiffness actuators (VSA).

as walking robots or pick-and-place robotic arms. Therefore, it is no surprise that
PEAs have mainly been applied in walking robots [39], prostheses [11, 214], orthoses
[49, 177] and robotic arms [27, 171].

Around the same time that PEAs started to be used for other than balancing pur-
poses, clutches started to be introduced [173]. This lead to a new elastic actuation
concept, called clutched elastic actuation (CEA). Although CEAs has existed for
decades, this thesis is the first to identify the class of CEAs. Again, multiple early
designs are described by Babitsky and Shipilov [13]. CEAs have been used since in
various forms and applications. Fig. 1.2 shows a CEA where a locking mechanism is
used to lock a parallel spring to a load. Examples of other CEA designs include one
where the locking mechanism locks the load to the ground [13, 38, 184] and one
where the motion of a series spring is locked [129]. Recent CEA designs focus on
using multiple clutches [40, 116, 170, 226] and multiple springs [130]. Due to the
extra modes induced by the clutches, CEAs allow for more versatility than PEAs.

In 1995, Pratt and Williamson introduced the idea of series elastic actuators [175].
In such actuators, the interface between the actuator and the joint is elastic, which
has several advantages. First, the elasticity low-pass filters the shock load. Secondly,
it transforms the problem of force control into an easier position control problem.
Thirdly, it introduces the possibility of mechanical energy storage. And finally, it
decouples the motor inertia from the joint inertia, possibly making the system safer.
Since the introduction of SEAs, they have been extensively used, especially in walking
devices [78, 176]. SEAs do not decrease the versatility of robots. However, their
ability to reduce the energy consumption is limited because the force on the joint
also passes through the motor.

At the beginning of the 21st century, various types of variable stiffness actuators
(VSAs) started to be developed [96, 228]. As the name suggests, the stiffnesses
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of those devices can be controlled. VSAs have mainly been used in a configuration
where the elasticity is placed in series with an actuator, like in a SEA. The advantage
of VSAs is that the stiffness can be adjusted depending on the task, or even during
a task. For instance, for a phase in which precision is required, the stiffness can be
high, while in the next phase where a decoupling between the inertias of motor and
joint is required, the stiffness can be low. Again, the main applications are walking
devices and robotic arms. The parallel version of a VSA has also been proposed [65].
In theory, such a parallel spring in combination with an infinitely variable transmission
(IVT) could reduce the energy consumption of robots significantly. However there
are no studies showing the effectiveness of such an IVT in robotics.

Generally speaking, EAs can be divided into EAs in parallel with the motor and
EAs in series with the motor. Logically, PEAs belong to the first group and SEAs
belong to the second group. Interestingly, the vast majority of VSAs belong to the
second group, while the vast majority of CEAs belong to the first group. From
all EA concepts, EAs in parallel have the largest potential to reduce the energy
consumption, because in those EAs, the elasticity takes over a large part of the task
from the actuator. Furthermore, in order to preserve the versatility of the robot, the
first part of this thesis focusses on CEAs in parallel with the motor.

1.2.2 Problem statement

There are three problems that need to be addressed in the field of CEAs in parallel
with the motor. First, the challenge in any EA concept in parallel with the motor
is to maintain a level of versatility that suits the task of the robot. This challenge
introduces a trade-off between the versatility of the robot and its energy consumption.
A CEA design with many clutches and springs leads to a high versatility, while at the
same time the locking mechanisms consume energy and its complexity is likely to
increase friction, weight and size. Secondly, one of the most important components
of CEAs are the locking mechanisms. However, it is still unclear what the best
locking mechanism for CEAs is. And thirdly, there is a trend towards complex CEAs
with many springs and many locking mechanisms. However, it is unclear how these
complex CEAs should be analyzed.

1.2.3 Goal

The goal of the first part of this thesis is to answer the following questions:

1. What is the best mechanism to reduce the energy consumption of pick-and-
place robotic arms?
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Figure 1.3: Three control designs. a) A feedback controller. b) A feedforward controller. c) A
feedforward-feedback controller.

2. What is the best locking mechanism for clutched elastic actuators?2

3. How can the functionality of complex clutched elastic actuators be analyzed?

1.3 Feedforward control in robots

The second part of this thesis focuses on using feedforward control in robots to
increase their reliability. This section gives an overview of the research field of the
use of feedforward control, identifies current problems and defines the goals for the
second part of this thesis.

2Note that without any further constraints, the first two questions can never be answered. It
can never be proven that a certain mechanism is the best mechanism there ever will be. Therefore,
one constraint in answering those questions is that it must be an existing mechanism. We chose
to formulate the questions as they are because of two reasons. First, to answer those questions, a
comparison must be made between the proposed mechanisms and existing literature, leading to an
increased academic value. Secondly, these questions challenge to optimize the designs, increasing
the quality of the proposed mechanisms.
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1.3.1 Overview of the research field

In order to identify open problems in the field of feedforward control, we will discuss
existing literature on feedforward control. There are innumerable robots that use a
feedforward term in their controllers, often in combination with a feedback controller.
In feedback-feedforward controllers, the feedforward part uses a model to predict the
required input to perform a certain task and the feedback part compensates for
model inaccuracies and stabilizes the system. How much feedback and feedforward
are used, depends on the expected accuracy of the available model and the accuracy
of the available feedback [112].

Only few robots combine the feedforward controller with a very limited amount of
feedback, let alone no feedback at all. A well known example of a robot with limited
feedback is the juggling robot by Schaal and Atkeson [188]. Their robot stabilizes
the maximum height of the ball, while the position of the ball was not an input for
the controller. However, the state of the robotic arm itself was an input for the
controller. A similar example follows from research to the swing leg retraction rate
of running robots [195]. Shaping the swing leg retraction rate correctly, increases
the stability of the running cycle, while this only requires state feedback from the
swing leg.

The previous two examples show stabilizing position controlled motions in which not
the whole state is used as an input. Becker and Bretl [18] go one step further by
considering differential drive robots in which wheel velocities are the input and the
wheel diameters are uncertain. They show that both stabilization and handling of
uncertain dynamics are possible. However, since the velocity is still an input to the
controller, state feedback is still required.

In order for robots to still function when sensory feedback fails, pure feedforward
control should be used, meaning that no feedback is available. There is a small
group of researchers that have focused on the extreme scenario of a robot without
feedback. The most well known example is the passive dynamic walkers by McGeer
[133]. Since these walkers do not have any motors, they do not use feedback to
stabilize their walking motion. Instead, they exploit stable cyclic motions, called
stable limit cycles. His results show that the resulting walking patterns are similar
to those of humans, suggesting that humans also exploit cyclic stability in walking
motions. Similar techniques were later used in combination with feedback in so-
called limit cycle walkers [72, 89, 94]. Mombaur et al. [139, 141] used open loop
controllers in such limit cycle walkers to let them walk and run on a flat surface.
They optimized those controllers both for energy consumption and stability. These
studies show that there are a few results in walking robots that indicate that pure
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feedforward control is possible. However, it is unclear how model inaccuracies could
be handled in such systems and how these results translate to other robots, such as
robotic arms.

1.3.2 Problem statement

Although some studies have been performed on feedforward control, its full capabil-
ities are still unknown. Especially since the results are limited to the field of walking
robots. When applying feedforward control, there are two main issues that have to be
addressed to be accurate: model inaccuracies and disturbances. Model inaccuracies
cause a mismatch between the predicted and actual responses to different inputs.
Disturbances are unpredictable in general and cause the system to deviate from its
intended trajectory.

1.3.3 Goal

The goal of the second part of this thesis is to answer the following questions about
robotic arms without feedback:

4. How can the effect of model inaccuracies be eliminated?

5. How can disturbances be rejected?

6. How can both model inaccuracies and disturbances be handled at the same
time?

7. Are feedforward techniques are still useful when a small amount of feedback is
available?

1.4 Approach

The approach taken in this thesis is to study relatively simple systems in simulation
and hardware experiments. Relatively simple means one or two DOF robotic arms in
the horizontal plane, eliminating the effect of gravity. The choice for these systems
makes it easier to interpret the results and to understand the fundamental principles
behind them. These systems will first be modeled and analyzed in simulation. The
simulation studies often include an optimal control study. When fully understood,
the simulation results will be varified in hardware experiments.
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1.5 Thesis outline

This thesis consists of two parts: elasticity in robots and feedforward control in
robots. The chapters of this thesis have some overlap and are independently readable
because they are written as papers for scientific journals or conferences. The first
part of the thesis answers the first three questions above and consists of five chapters:

1. What is the best mechanism to reduce the energy consumption of pick-and-
place robotic arms?

– Chapter 2 presents a non-linear spring mechanism. Using a singular lock-
ing mechanism, the spring is locked at the pick and the place position.

– Chapter 5 presents the bi-directional clutched parallel elastic actuator, in
which a differential mechanism and two clutches control the connection
between the joint and the spring.

2. What is the best locking mechanism for clutched elastic actuators?

– Chapter 3 gives an overview of all locking mechanisms that are used in
robotics and discusses them based on the properties of an ideal locking
mechanism.

– Chapter 4 introduces a new type of locking mechanism: the statically
balanced brake. This locking mechanism eliminates the need of friction
based locking mechanism for a large actuation force.

3. How can the functionality of complex clutched elastic actuators be analyzed?

– Chapter 6 investigates functionalities of current and future CEAs. It pro-
vides and overview of existing CEA designs and introduces a mathematical
framework to analyze the functionalities of all possible CEA designs.

The second part of the thesis answers the last four question above and consists of
four chapters:

4. How can the effect of model inaccuracies be eliminated?

– Chapter 7 considers feedforward control with uncertainties in the part of
the model that is most prone to errors: the friction model.

5. How can disturbances be rejected?
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– Chapter 8 investigates the application of limit cycle theory in the cyclic
motions of robotic arms with repetitive tasks.

6. How can both model inaccuracies and disturbances be handled at the same
time?

– Chapter 9 introduces a new method that consists of finding robustly open
loop stable cycles in simulation and then learning to follow these cycles
on the robotic arm. After learning, the task can be performed with an
open loop controller.

7. Are feedforward techniques still useful when a small amount of feedback is
available?

– Chapter 10 investigates the accuracy of robots while varying the feedback
gain and feedforward strategy.

The thesis ends with a general discussion and conclusion in Chapter 11.
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Elasticity in robots
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Abstract
Most conventional robotic arms use motors to accelerate the manip-
ulator. This leads to an unnecessary high energy consumption when
performing repetitive tasks. This chapter presents an approach to re-
duce energy consumption in robotic arms by performing its repetitive
tasks with the help of a parallel spring mechanism. A special non-linear
spring characteristic has been achieved by attaching a spring to two
connected pulleys. This parallel spring mechanism provides for the ac-
celerations of the manipulator without compromising its ability to vary
the task parameters (the time per stroke, the displacement per stroke
the grasping time and the payload). The energy consumption of the
arm with the spring mechanism is compared to that of the same arm
without the spring mechanism. Optimal control studies show that the
robotic arm uses 22% less energy due to the spring mechanism. On the
2 DOF prototype, we achieved an energy reduction of 20%. The differ-
ence was due to model simplifications. With a spring mechanism, there
is an extra energetic cost, because potential energy has to be stored into
the spring during startup. This cost is equal to the total energy savings
of the 2 DOF arm during 8 strokes. Next, there could have been an
energetic cost to position the manipulator outside the equilibrium posi-
tion. We have designed the spring mechanism in such a way that this
holding cost is negligible for a range of start- and end positions. The
performed experiments showed that the implementation of the proposed
spring mechanism results in a reduction of the energy consumption while
the arm is still able to handle varying task parameters.

2.1 Introduction

There is a growing need for energy efficient robotic systems in the field of industrial
robots as well as in the field of mobile robotic platforms. Industrial robots need to be
energy efficient because of the high cost of energy and the demand for sustainable
industrial processes. Mobile robotic platforms (e.g. household robots) need to be
energy efficient because they have to carry an energy storage (e.g. battery) with
them. The challenge is to reduce the energy consumption of robotic systems, without
compromising their performance.

One of the reasons why robotic manipulators use energy is the use of actuators to
accelerate the manipulator. Most conventional robotic arms use motors as actuators.
In repetitive tasks, the manipulator returns to the same state repetitively. An example
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of such a task is a pick-and-place task, with the task parameters being the time per
stroke, the distance per stroke, the grasping time and the payload. In practice, these
task parameters vary per stroke. Theoretically, such repetitive tasks should only
require the amount of energy equal to the potential energy added to the product,
but this requires re-capturing energy when decelerating and a frictionless system.
Recapturing energy only by means of using the motor as a generator is only efficient
without gearbox and electrical losses, which is often not the case. We propose
to apply a parallel spring mechanism, which stores energy during deceleration and
releases it during acceleration.

Energy efficient repetitive motions have already been implemented in various appli-
cations. Akinfiev et. al. introduced the idea of using nontraditional drives in walking
robots [5]. This led to the reduction in energy consumption of 65% in their robot.
However, these nontraditional drives are fully determined so there is no freedom for
varying the distance per stroke. Systems with repetitive motions that do allow for a
variation of the distance per stroke are naturally oscillating mechanisms (e.g. mass-
spring systems). These mechanisms have already successfully been used to reduce
energy consumption in e.g. toothbrushes [74], compressors [145], shavers [107] and
walking robots [39]. The idea of exploiting the natural motions of a system has also
been applied on manipulators before. Williamson investigated control strategies for
natural oscillating arms [239, 240, 241, 242]. However, he applied this on a robot
that used a PD controller with low gains to create oscillating motions, instead of a
mechanically oscillating device. Current research on mechanically oscillating mecha-
nisms focusses on adaptive springs in series with the actuator [79, 229], which can
introduce unwanted oscillations. Using springs in parallel with the actuator (as we
propose in this chapter), does not introduce unwanted oscillations, but uses these
oscillations to move energy efficiently.

The work most strongly related to this study is that by Akinfiev et. al. [3, 4,
13, 20, 193, 194, 232] who researched mechanically resonant robotic systems and
designed interesting parallel spring mechanisms for those robots. The drawback of
these mechanisms is that they lock into place at pre-determined positions, such that
they are not able to vary the distance per stroke.

The state of the art spring mechanisms for robotic manipulators lack the ability to
vary all the task parameters of pick-and-place tasks. Therefore, the key challenge is
now to design a spring mechanism that reduces the energy consumption of robotic
arms, while the arm is still able to handle a variation in the task parameters.

In this chapter, we introduce a novel parallel spring mechanism, we demonstrate its
ability to handle varying task parameters, and we present the measured reduction of
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Figure 2.1: Prototype of the two DOF robotic arm.

energy consumption.1

The rest of this chapter is structured as follows. Section 2.2 explains the methods
we used. Section 2.3 shows the working principle of the proposed spring mechanism.
Section 2.4, 2.5 and 2.6 show the results from the optimal control study and the
prototype experiments (see Fig. 2.1). Finally, the chapter ends with a discussion
in section 2.7 and in section 2.8 we will conclude that the spring mechanism we
implemented reduces the energy consumption while the arm is still able to vary the
task parameters.

2.2 Methods

2.2.1 Studies

We studied the reduction in energy consumption by first optimally controlling the arm
without the spring mechanism and then comparing its energy consumption with that

1In chapter 1, we mention that the proposed mechanism can be seen as a clutched elastic
actuator with a singularity based locking mechanism, while we do not mention this througout this
chapter. The reason is that this insight was obtained far after this chapter was published as a paper
in 2012 and we chose to largely maintain the content of the original paper.
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(a)                  (b)           (c)

Top view

lower arm

elbow joint

upper arm

shoulder joint 

manipulator

Figure 2.2: The three studies we performed, with a top view of the optimal control study and two
3D views of the prototype. a) An optimal control study of a realistic one DOF model with friction
and copper losses. b) A one DOF prototype to confirm the results from the optimal control study.
c) A two DOFs prototype to show that the principle can also be applied on a system with two
DOFs. The second DOF is actuated by a motor at the base. The torques are transferred through
a timing belt.

of the arm with the spring mechanism. We performed three studies2: a simulation
model, a one DOF prototype and a two DOF prototype (see Fig. 2.2):

(a) A one DOF optimal control study of the simulation model. We obtained
the optimal control strategy by applying optimal control theory [150] on the
simulation models.

(b) A one DOF prototype experiment. The optimal control strategy was imple-
mented on the prototype with one DOF (a rotation in the horizontal plane) by
applying a feed-forward voltage.

(c) A two DOF prototype experiment. The same strategy as with one DOF was
implemented on the prototype with two DOFs (two rotations in the horizontal
plane), of which we will show preliminary results.

The DOFs in the three studies are all in the horizontal plane, which eliminates gravity.
We did this because it was already shown in [231] that gravity can be eliminated by
parallel springs.
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Table 2.1: The task parameters and the variance in the pick/place areas

Parameter Symbol Value
Time per stroke ts 1 s
Distance between pick/place areas d 0.5 m
Grasping time tg 0.5 s
Payload m 1 kg
Width of pick/place areas w 0.05 m

Top view

d

ts
m m

w w

Figure 2.3: Visualization of the task parameters of a pick-and-place task that vary per stroke: the
time per stroke (ts), the distance per stroke (d) and the payload (m). The grasping time (not
visualized) is the time the manipulator has to stand still at the pick/place areas. The width of the
pick/place areas (w) represents the variance in the distance per stroke. The manipulator has to be
able to stand still within these areas.

2.2.2 Task

A pick-and-place task is one of the most common repetitive tasks in industry. Such
a task is mainly defined by four parameters: the time per stroke, the distance per
stroke, the grasping time and the payload (including the gripper). These parameters
are depicted in Fig. 2.3. There are no standard values for those parameters in
industry, so the values listed in Table 2.1 are arbitrary. At the end of section 2.5 we
will analyze how a variation in these parameters influences the energy consumption
of the arm. We also defined the width of the pick/place areas, which represent
the variance in the distance per stroke. We will need this parameter in the next
paragraph.

2The original publication called the three studies configurations. We decided to change the
terminology here, because study (a) and (b) study the same robotic configuration.
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2.2.3 Measurements

We took three different measurements on the energy consumption of a spring loaded
robotic arm:

• The energy per stroke. This is the energy that is needed to move from one
pick/place area of the system to the other. We compared this value between
the situations with and without the spring mechanism attached. In optimal
control studies (eq. 1) and prototype experiments (eq. 2) we calculated this
as follows:3

E =

∫ tf

t0

Tmωm + R

(
Tm
kt

)2

dt (2.1)

E =

∫ tf

t0

UIdt (2.2)

Where ωm is the angular speed of the motor, R is the terminal resistance of
the motor, kt is the torque constant of the motor, Tm is the torque of the
motor, U is the voltage on the motor, I is the current through the motor and
t0 and tf are the initial and final time respectively.4

• The starting up energy. This is the energy that is needed to move to the
pick position at the start. The starting up energy increases when we attach a
spring mechanism because the spring has to be stretched at the start. In both
optimal control studies and prototype experiments, this is calculated by looking
at the energy consumption while moving the system to the pick position.

We also calculated the breakeven point, which is the number of strokes at
which the cumulative energy saved due to the spring mechanism is equal to
the starting up energy. This number is calculated by dividing the starting up
energy by the net energy savings per stroke.

• The standing still energy. This is the energy needed when the motors are
holding the system in place 0.06 rad outside an equilibrium position of the
spring mechanism. This rotation corresponds with half of the width of the
pick/place areas (w) as defined in Table 2.1. To make it comparable with
the amount of energy consumed per stroke, we quantified this as the energy

3Note that these equations imply that we use brushed DC motors.
4The definitions of the initial and the final time were added in this chapter in comparison to the

original publication.
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Arm

Large pulley

Small pulley

Timing belt

Spring

Motor

Figure 2.4: The concept of the spring mechanism. The arm is attached to the large pulley. This
pulley is connected to the small pulley through a timing belt and a spring. The spring is stretched
non-linearly with respect to the rotation of the arm due to the fact that the end points of the spring
make rotational movements. The non-linear stretching of the spring leads to the characteristic of
the spring mechanism.

consumed while standing still during the grasping time (tg). In respectively
optimal control studies and prototype experiments we calculate this as follows:

E = R

(
Tm
kt

)2

tg (2.3)

E = UItg (2.4)

Where tg is the grasping time.

2.3 Novel spring Mechanism

A schematic drawing of the proposed novel spring mechanism is shown in Fig. 2.4.
The key challenge in designing this mechanism was to reduce the energy consumption
of the robotic arm, while the arm would still be able to handle a variation in the task
parameters. We will now explain the requirements on the characteristic of this spring
mechanism that led to the current design.

The characteristic of a spring mechanism can be expressed as the potential energy
stored in the spring as a function of the displacement. In the robotic arm, this dis-
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Figure 2.5: A visualization of the working principle of the proposed spring mechanism. The first
plot shows the potential energy in the system as function of the rotation of the upper arm. The
second plot shows the torque about the shoulder joint as function of the rotation of the upper arm.
[A], [B] and [C] represent the requirements on the characteristic of the arm. [A]: At the pick/place
areas, the derivative of the potential energy is equal to 0 J/rad. This means that there is no torque.
[B]: Outside the pick/place areas, the potential energy increases. This means that there is a torque
towards the pick/place areas. [C]: in between the pick/place areas, the potential energy decreases
fast. This means that there is a torque towards the midpoint. [D]: At the midpoint, the potential
energy has a minimum. The movement of the arm and the spring mechanism are visualized at
the bottom. When the upper arm reaches an angle of π/4 rad, the small pulley has rotated for
about 4.2 rad and the connection between the spring and the small pulley is moving towards the
large pulley, with the same speed as the connection between the spring and the large pulley. This
means that with a virtual small rotation of the arm, no extra energy is stored in the system, so the
derivative of the potential energy graph is 0 J/rad.
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placement is the rotation of the shoulder joint (Fig. 2.2b). The torque about the joint
is equal to the derivative of the potential energy with respect to the displacement:

T = −
∂P

∂θ
(2.5)

Where P is the potential energy stored in the system and θ is the angular displace-
ment.

We propose four requirements on the characteristic of a spring loaded robotic arm
with a repetitive task. These requirements are based on ideas about how to sup-
port the pick-and-place task and have to be verified in future optimizations. The
requirements are also indicated in Fig. 2.5.

A. The spring mechanism should not counteract the task. This means that when
the system is at a pick/place area, the motor should not have to counteract
the spring mechanism to keep the manipulator in place. There should be no
net torque about the joint. This means that the derivative of the potential
energy with respect to the rotation of the shoulder should be zero (or at least
relatively low) at the pick/place areas.

B. The spring mechanism should always provide motions from one pick/place
area to the other. This means that when the system is neither in the
pick/place areas nor in between the pick/place areas, the spring mechanism
has to provide a torque towards the pick/place areas. Therefore, the potential
energy should increase outside the pick/place areas.

C. The characteristic between the pick/place areas should be such that the
system can make fast motions. This means a high and fast drop in potential
energy between the pick/place areas. Therefore, there is a torque towards the
midpoint.

D. D. In between the pick/place areas, there should be a point where the
potential energy reaches a minimum such that the kinetic energy reaches
a maximum. This is called the midpoint.

Linear spring mechanisms do not meet requirement A. Therefore, we propose the
spring mechanism as shown in Fig. 2.4, which has two equilibrium positions at the
pick/place areas. This has the advantage of being energy efficient while still being
able to vary all the task parameters. The time per stroke and the grasping time can be
varied because the system has no eigenfrequency and can stand still at the pick/place
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areas. The distance per stroke can be varied because the spring mechanism has low
torques inside the pick/place areas. The payload can be varied because the working
principle of the mechanism does not depend on the mass. At the end of section 2.5
we will analyze how varying these parameters influences the energy consumption of
the arm.

The working principle of this mechanism is shown in Fig. 2.5. This mechanism is
inspired by the work of Babitsky [13], who designed spring mechanisms with all kinds
of characteristics. The potential energy EP in the spring mechanism is equal to5:

EP =
1

2
kx2 + F0x (2.6)

where

x =
√

(a2 + b2)− l0 (2.7)

with

a = r2 sin
θr1
r2

+ r1 sin θ (2.8)

b = r1 + l0 + r2 − r1 cos θ − r2 cos
θr1
r2

(2.9)

2.4 Optimal Control

In order to compare the system with and without the spring mechanism attached,
the control strategies for both systems have to be optimal. A theoretical framework
for this is given in the field of optimal control theory [150]. The pick-and-place task
is an optimal control problem with fixed final time and fixed final state. We will
now describe the optimal control problem for one DOF. First, we will describe the
simulation model. Second, we will calculate the optimal control strategy.

5In the original publication, the parameters in these equations were not defined. They refer to
the parameters in Table 2.2. The same table listed a parameter called Transfer ratio, which was
unused and is therefore omitted in this chapter. Also note that the minimum distance between the
two pulleys is equal to l0, such that the spring is at rest when θ=0. Also note that θ is the angular
displacement of the joint, meaning that θ is equal to the rotation of the large pulley.
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Table 2.2: The parameters of the simulation model

Parameter Symbol Value
Length of arm l 0.4 m
Inertia of the arm Ijoint 0.185 kgm2

Spring Stiffness k 150 N/m
Pretension of the spring F0 6 N
Initial length of spring l0 10 cm
Radius of large pulley r1 10 cm
Radius of small pulley r2 2 cm
Coulomb friction ccf 0.48 Nm
Viscous friction cvf 0.00 Nms/rad
Torque dependent Coulomb friction ctf 13%

2.4.1 Simulation model

In the simulation model, we included three types of frictional losses: coulomb friction,
viscous friction and torque dependent gearbox losses. These frictional losses were
estimated during a system identification of the prototype. The parameters of the
simulation model are listed in Table 2.2.

The equations of motion are6:

x =

[
θ

ω

]
(2.10)

ẋ =

[
ω(

T+Ts (θ)−cvf ω−ccf−ctf |T |
Ijoint

) ] (2.11)

Where θ is the angle of the shoulder joint, ω is the speed of the shoulder joint, T is
the toque exerted by the motor on the joint, Ts is the torque exerted by the spring
mechanism on the joint, cvf is the viscous friction coefficient, ccf is the coulomb
friction and Ijoint is the mass moment of inertia about the joint.

6The friction terms in these equations are adjusted in comparison to the original publication,
such that the notation is more in line with the rest of this thesis.
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2.4.2 Optimal control strategy

The cost function is equal to the energy consumed per stroke which we can rewrite
as:

J =

∫ tf

t0

Tω + R

(
T

ktn

)2

dt (2.12)

Where n is the gearbox ratio. We can now write down the Hamiltonian:

H = Tω + R

(
T

ktn

)2

+ λ1ω

+λ2

(
T + Ts(θ)− cvf ω − ccf − ctf |T |

Ijoint

)
(2.13)

Using the necessary condition for optimality ∂H
∂T = 0 we find that the optimal control

strategy for T has to suffice:

T =
(Ijointλ2(1∓ ctf )− ω) k2

t n
2

2IjointR
(2.14)

Where the ∓ depends on whether the mechanical power Tω is positive or negative.
Note that the sign of T determines the sign of the mechanical power. Therefore,
both signs should be evaluated and if for both signs the results contradicts itself, the
torque T should be zero. The differential equations of the co-state λ can be derived
from the Hamiltonian and the necessary condition. These equations are:

λ̇1 =
λ2

Ijoint

∂Ts
∂θ

(2.15)

λ̇2 = −λ1 +
k2
t n

2ω

2R
+ λ2

(
cvf
Ijoint

+
k2
t n

2

2IjointR
+
ctf k

2
t n

2sign(λ2 + Ijointω ∓ ctf λ2)

2IjointR

)
(2.16)

The starting conditions of the state x are given by the task parameters (Table 2.1).
The starting conditions of the co-state λ have to be chosen such that the state at
final time tf suffices the task parameters. We found the initial co-state by using
the fminsearch function in MATLAB for a multi-start optimization. The evaluation
function of the optimization returned the distance in state-space to the goal state at
time tf as function of the initial co-state. We found that the multi-start optimization
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Table 2.3: Results of the one DOF optimal control study with and without the spring mechanism
attached.

Measurement With spring Without spring
Energy per stroke (J) 1.02 1.31
Starting up energy (J) 2.24 0.60
Standing still energy (J) 0.00 0.00

gave only one solution for the system without the spring mechanism attached and
one solution for the system with the spring mechanism attached. This suggests that
the control strategy we found is optimal. The results from the optimization are
shown in Fig. 2.6 and Table 2.3.

In Fig. 2.6b we can see that the optimal control torques for both the system with and
without the spring mechanism attached, consist of three phases. When the spring
mechanism is not attached, we first see a phase of linear decreasing torque, then a
phase with zero torque and then again a phase of linear decreasing torque. When the
spring mechanism is attached, we first see a phase with a non-linear torque profile,
then a phase with zero torque and then a phase of linear decreasing torque.

We can conclude that implementing the spring mechanism leads to an energy re-
duction of 22% per stroke, the breakeven point is at 6 strokes and the standing still
energy is 0.00 J.

2.4.3 Parameter variation

Table 2.1 shows the values of the task parameters. We now want to know if the
system can handle a variation in the task parameters. Therefore, we evaluate the
energy consumption of the arm when we decrease the time per stroke with 10%,
increase the displacement per stroke with 0.06 rad (the width of a pick/place area
as defined in Table 2.1) or increase the payload with 10%. These variations are
arbitrary, but we expect them to be a good representation of the variation in a pick-
and-place task. Table 2.4 shows the energy consumption of the arm with and without
the spring mechanism attached, when the parameters are varied. From this we can
conclude that the energy savings due to the spring mechanism only decrease max 4
percent points when we vary the task parameters. The system is most vulnerable to
a variation in the displacement per stroke. When we decrease the time per stroke,
the energy savings of the arm even increase.
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Figure 2.6: Results from the optimal control study. a) The movement of the arm visualized in
state-space. b) The optimal control torque that is applied on the arm by the motor. c) The energy
consumed during one stroke, while being optimally controlled. This graph shows that the system
uses 22% less energy when the spring mechanism is attached. We can also see that without the
spring mechanism attached, part of the energy consumed is recaptured at the end of the stroke by
using the motor as a generator. The amount of energy recaptured is small because of electrical and
frictional losses.
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Table 2.4: The energy consumption per stroke when the time per stroke is decreased to 0.9 s, the
angular displacement is increased to 1.6 rad and the payload is increased to 1.1 kg

Parameter Energy per stroke Energy per stroke Energy
set with spring (J) without spring (J) savings
Normal 1.02 1.31 22%
parameters
Less time 1.11 1.45 23%
More 1.13 1.38 18%
displacement
Additional 1.18 1.47 20%
payload

Table 2.5: Design parameters of the spring loaded robotic arm and requirements on the stroke

Parameter Symbol Value
Length of arm l 0.4 m
Additional payload M 1 kg
Spring Stiffness K 150 N/m
Initial length of spring l0 10 cm
Radius of large pulley r1 10 cm
Radius of small pulley r2 2 cm
Transfer ratio from small pulley to motor r3 1:1.8
Transfer ratio from motor to large pulley r4 1:3
Time per stroke t 1 s
Rotation per stroke θ 1.45 rad

2.5 Prototype experiments with one DOF

2.5.1 Dimensional Design one DOF

The one DOF implemented mechanism as shown in Fig. 2.7 is slightly different from
the conceptual design in Fig. 2.4. A picture of the prototype (including the second
DOF) can be seen in Fig. 2.1. The DOF is created by an 18x1.5mm stainless steel
tube, connected with a joint. The motor is placed on a housing, which also contains
the spring mechanism. AT3-gen III 16mm timing belts were used to transfer torques
within the housing. The joint is actuated by a Maxon 60W RE30 motor with a
gearbox ratio of 18:1. The timing belts provide an additional transfer ratio of 3:1.
The design parameters are shown in Table 2.5. The measured characteristic of the
spring mechanism is compared to the theoretical characteristic in Fig. 2.8.
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Spring Arm

Large pulley

Timing belts

Small pulley

Motor

Figure 2.7: A schematic picture of the practical implementation of the spring mechanism in the
one DOF prototype. In comparison to the concept, an extra timing belt and two extra pulleys
were added because it was easier to drive the large pulley through a timing belt instead of directly
connecting it to the motor and it was hard to get the right transfer ratio between the large and the
small pulley.

2.5.2 Results

The optimal control strategy we found was implemented in the arm as a feed-forward
voltage. The data of the movements of the prototype with one DOF is shown in
Fig. 2.9. In Fig. 2.9a, we can see that the total angular displacement of the arm
with the spring mechanism is equal to the total angular displacement of the arm
without the spring mechanism. In Fig. 2.9b we can see that the current through the
motor has about the same profile as the torque profile obtained in the optimal control
studies (Fig. 2.6), although there are two main differences. The first main difference
is the slow start-up effect, due to the fact that we cannot reach a current of about
2 A instantaneously7. The second main difference is that the current doesn’t drop
below zero as much as in the optimal control study. This is due to the fact that the
friction caused more breaking torque than in simulation. In Fig. 2.9c we can see that
the system with the spring mechanism uses less energy than the system without the
spring mechanism. We can also see that in both cases, the energy consumption of
the prototype is higher than in optimal control studies.

A comparison between the performances of the prototype with one DOF is shown
in Table 2.6. We can conclude that with one DOF the system consumes 19% less

7In hindsight, we suspect that this slow response is mainly due to filtering. The current sensor
on the control board we used for this chapter was not very precise and therefore, the current signal
was filtered, leading to a slow response.
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Figure 2.8: The characteristic of the spring mechanism. The solid line is obtained by measurements.
The dotted line is the theoretical characteristic.



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 33 — #51 i
i

i
i

i
i

Task specific spring characteristic | 33

Table 2.6: Performance of the one DOF prototype with and without the spring mechanism attached.
The values between the brackets represent the standard deviations.

Measurement With spring Without spring
Energy per stroke (J) 1.39 (± 0.02) 1.72 (± 0.01)
Starting up energy (J) 3.44 (± 0.03) 0.71 (± 0.01)
Standing still energy (J) 0.00 (± 0.00) 0.00 (± 0.00)

energy per stroke when the spring mechanism is attached, the breakeven point is at
9 strokes and the standing still energy is 0 J.

2.6 Preliminary Results for two DOFs

We add a second DOF to make the system more applicable. A picture of the two
DOF prototype can be seen in Fig. 2.1. The second DOF is created by an 18x1.5mm
stainless steel tube, connected with the elbow joint. This elbow joint is actuated by
a Maxon 60W RE30 motor with a gearbox ratio of 66:1. The timing belts provide
an additional transfer ratio of 3:1. The motor is placed in the housing and the
torques are transmitted to the elbow through a timing belt, which creates a parallel
mechanism.

The optimal control strategy we found for one DOF was implemented in the arm as
a feed-forward voltage for the motor on the shoulder joint. The motor on the elbow
joint was controlled by a PID controller to keep a constant angle of 0 rad. Due to
the timing belt that functions as a parallel mechanism, 0 rad means that the lower
arm constantly points to the same direction.

Fig. 2.10 shows the energy consumption of the prototype with two DOFs. The
energy consumptions of motor 1 and motor 2 are added. A comparison between the
performance of the prototype with two DOFs with and without the spring mechanism
is shown in Table 2.7. From Table 2.7, we can conclude that with two DOFs
the system consumes 20% less energy when the spring mechanism is attached, the
breakeven point is at 8 strokes and the standing still energy is 0 J.

2.7 Discussion

In this study we showed that using a parallel spring mechanism in robotic systems with
repetitive tasks, can lead to a reduction in energy consumption, while the performance
of the system remains the same. The characteristic of the spring mechanism can be
adjusted such that it fits the requirements of the repetitive tasks.
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Figure 2.9: Results of the one DOF prototype experiments. The thick line shows the mean of the
measurements, the thin lines show the standard deviation. The dotted lines show the data of the
arm without the spring mechanism (n=18), the solid lines show the data of the arm with the spring
mechanism (n=14). a) The movement of the arm, visualized as the angular displacement of the
arm as function of the time. b) The current through the motor as function of the time. c) The
energy consumed by the motor during one stroke. This graph shows that the arm uses 19% less
energy when the spring mechanism is attached.



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 35 — #53 i
i

i
i

i
i

Task specific spring characteristic | 35

Table 2.7: Performance of the two DOF prototype with and without the spring mechanism attached.
The values between the brackets represent the standard deviations.

Measurement With spring Without spring
Energy per stroke (J) 1.77 (± 0.05) 2.21 (± 0.04)
Starting up energy (J) 4.05 (± 0.04) 0.86 (± 0.03)
Standing still energy (J) 0.00 (± 0.00) 0.00 (± 0.00)
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Figure 2.10: The accumulated energy consumption of the two DOF prototype with (n=18) and
without (n=17) the spring. In this graph, the energy consumptions of motor 1 and motor 2 are
added. The thick lines show the mean over different strokes, the thin lines show the standard
deviations. This graph shows that the arm uses 20% less energy when the spring mechanism is
attached.
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The optimal control study showed that an energy reduction of 22% per stroke can
be achieved. In prototype experiments, we achieved an energy reduction of 19% per
stroke (for one DOF). The main difference between the model and the prototype
is the electrical circuit, which caused two additional sources of energy losses. The
first additional energy loss was the electrical resistance. The motor has a specified
terminal resistance of 0.61 Ω, which we used in the simulation model. The measured
terminal resistance is equal to 0.75 Ω. The effective electrical resistance was further
increased by the voltage drop over the brushes of the motor and the inductance of
the motor, which we did not account for in the model. The second additional energy
loss was due to fact that we can not put a step function on the current. Therefore,
both the arm with and without the spring mechanism were not controlled exactly as
they were controlled in the optimal control study.

Due to the additional energy losses, both the arm with and without the spring mech-
anism attached used more energy than in the optimal control study. However, the
absolute amount of energy saved per stroke, is comparable. In optimal control, the
implementation of the spring mechanism caused a reduction in energy consumption
of 0.29 J per stroke. On the prototype (with one DOF) this was 0.33 J per stroke.

The parameters of the morphology of the prototype were not optimized yet. We
expect that the theoretical 22% energy reduction can be increased by optimizing
the spring mechanism for a specific task. Parameters that can be varied include the
spring stiffness and the radii of the pulleys of the spring mechanism.

During the system identification, we found higher frictional constants than expected.
The main sources of friction were the gearboxes. Future research has to include
the reduction of friction in the system. We expect a self-reinforcing effect: First,
reducing the frictional losses will increase the energy savings due to parallel spring
mechanisms. Next, due to the implementation of parallel spring mechanisms, the
torque requirements will be reduced. Finally, reduced torque requirements will allow
for lower gearbox ratios, which will lead to lower frictional losses, increasing the
energy savings due to parallel spring mechanisms.

2.8 Conclusions

In this chapter we presented a robotic arm that uses a parallel spring mechanism to
move more energy efficiently. We can conclude that with using a parallel spring mech-
anism, the natural dynamics of a system can be adjusted such that they support the
required motion of the system. Doing so leads to a reduction in energy consumption
without compromising the systems performance. Theoretically, the implementation
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of the spring mechanism in the robotic arm leads to a reduction in energy consump-
tion of 22%. In prototype experiments we confirmed that the system saves energy,
for a one DOF (19% per stroke) as well as for a two DOF setup (20% per stroke).
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Abstract
Locking devices are widely used in robotics, for instance to lock springs,
joints or to reconfigure robots. This chapter classifies the locking devices
currently described in literature and performs a comparative study. De-
signers can therefore better determine which locking device best matches
the needs of their application. The locking devices are divided into
three main categories based on different locking principles: mechanical
locking, friction-based locking and singularity locking. Different locking
devices in each category can be passive or active. Based on an exten-
sive literature survey, the chapter summarizes the findings by comparing
different locking devices on a set of properties of an ideal locking device.

.

3.1 Introduction

There are numerous robotic systems that utilize locking devices. Although the rea-
sons for using such devices vary across applications, there are two main reasons:
energy management and reconfiguration.

The first and most often cited reason for using locking devices is the energy man-
agement in robotic systems. Especially in the field of mobile robots, energy con-
sumption is an important performance criterion. Examples include household robots
[135], legged robots [39] and aerial robots [151, 209]. Energy consumption is also
critical for wearable devices such as prostheses [11, 214] and exoskeletons [49, 177].
Over the years, the field of robotics has evolved from using stiff actuation to ex-
ploiting springs in series and in parallel with the actuator [228]. The advantage
of using springs is that they provide the possibility of storing and releasing energy
mechanically, which can lower the energy consumption of the actuator [229]. The
disadvantage however is that they are non-controllable energy buffers. Two solutions
have been proposed to control the realease of the energy stored in springs. The first
is to use a continuously variable transmission (CVT) to adjust the position-torque
relation of the spring [65]. However, those CVTs are still not developed well enough
to be widely applied in robots. The second solution is to use locking devices to
control the timing of the energy release. Such locking devices are discussed in this
chapter.

The second most cited reason for using locking devices is to reconfigure a robotic
system. Such systems consist of multiple modules that can be connected and discon-
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nected to form different configurations that perform different tasks. Those modules
are connected and disconnected using locking devices of various designs [62, 67, 68].

The fundamental principles of many locking mechanisms are quite old and have
been described in multiple books, such as [22, 128, 154, 182, 191]. However, the
number of applications of locking mechanisms in robotics is rapidly growing. Almost
half of the citations on locking mechanisms are describing mechanisms that were
implemented from 2010. Therefore, this chapter discusses the potential of them in
robotic applications.

Each locking device principle has advantages and disadvantages, with no single design
fulfilling all of the requirements of the ideal locking device. On the other hand, not ev-
ery application requires a locking device that fulfills all the requirements. Therefore,
this chapter provides an overview of all locking devices useful for robotic applica-
tions and discusses their properties, advantages and disadvantages, starting with the
description of an ideal locking device.

3.2 Locking devices

3.2.1 What is an ideal locking device?

A locking device is a device that switches between allowing and preventing relative
motion between two parts. The requirements of a locking device differ across appli-
cations. This section lists all the requirements one might have on a locking device.
In the rest of the chapter locking devices are evaluated based on how well they meet
each of these requirements, such that the reader will be able to select the most
suitable locking device for their application. An ideal locking device has the following
properties (in random order):

• Adjustable locking directions. The device can switch between locking in zero,
one or two directions.

• Unlocking while under load. While there is a load on the locking device, it
should still be able to unlock.

• Low energy consumption. While the device is (un)locked or while it is
(un)locking, it should not consume energy.

• Lockable in any position. The device has an infinite amount of locking posi-
tions.

• Compact. The device should be small relative to its application.
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• Lightweight. The device should be lightweight relative to its application.

• Short switching time. The device switches instantaneously.

• Inexpensive The device should be inexpensive relative to its application.

• High locking force. The device has unlimited locking torque.

Some locking devices can also be used as controllable brakes, meaning that the lock-
ing torque can be controlled and when the external torque is higher than the locking
torque, the brake slips. Although this property is not necessary for a locking device,
in some application it might be an advantage and therefore it will be considered as
a side note in this chapter.

3.2.2 Categorization

Numerous locking devices are presented in literature. In this chapter, the locking
devices are categorized into three main groups, based on three locking principles
(see Fig. 3.1). The three distinguishable categories are:

1. Mechanical locking: The position of a mechanical component determines the
locking or unlocking. Examples of such components are wedges and pawls.
This position can be determined by an actuator or can depend on e.g. the
position of a joint or the direction of the velocity. These locking devices are
discussed in section 3.3.

2. Friction-based locking: Engaging or disengaging two friction surfaces deter-
mines if the joint is locked or unlocked. This engagement can be determined
by an actuator or can depend on e.g. the position of a joint or the direction of
the velocity. These locking devices are discussed in section 3.4.

3. Singularity locking: Singularities in mechanisms cause a transfer ratio1 to go
to infinity. In such a singular position, the locking device features an infinitely
high locking force and an infinitely small unlocking force. These locking devices
are discussed in section 3.5.

Each of these three groups can be subdivided into active locking devices and passive
locking devices (see Fig. 3.1). Contrary to passive locking devices, active locking
devices use an actuator to change the timing of the locking, the locking position or

1Throughout this thesis, we use the term transfer ratio for both a constant and varying ratio.
The latter is often refered to as the mechanical advantage
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Figure 3.1: Classification of the locking devices into three main categories: mechanical locking,
friction-based locking and singularity locking. All three can be divided into actuated and passive
devices.

the locking torque. Therefore, where passive devices do not require any electronics or
control, active devices often use some kind of state machine controller. Section 3.6
compares all the different devices based on the properties of an ideal locking device
described above and section 3.7 provides a guide for the selection of a suitable locking
mechanism.

3.3 Locking devices based on mechanical locking

Mechanical locking devices all use some kind of obstruction of a part by another part.
For instance, in the latch in Fig. 3.2a, the hook obstructs the pawl. Sometimes, it
is hard to distinguish between mechanical locking and friction based locking devices.
The criterion for the categorization in this chapter is whether the device also works
in a world without friction. If so, it is categorized as a mechanical locking device, if
not, as a friction based device. This section describes mechanical locking devices in
literature and indicates which are active and which are passive.

3.3.1 Latches

Latches consist of a pawl and a hook that can generally lock at one position (see
Fig. 3.2a). Active latches use an actuator to change the position of the pawl or
the hook for two reasons. Firstly, the positions can be changed to determine if the
hook and pawl obstruct each other at the locking position, and thereby enabling or
disabling the latch mechanism. Secondly, the positions can be changed to adjust the
locking position itself. Passive latches are latches of which locking and unlocking is



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 44 — #62 i
i

i
i

i
i

44 | Chapter 3

Input

Output

Driver
Driven 
wheel

Hook
Pawl

Hook

Pawl

Pawl

Gear
(a)          (b)   (c)

(g)   (h)

Hydraulic 
fluid

Valve

(d)           (e)    (f)

Figure 3.2: This figure shows the types of mechanical locking devices with: (a) A latch with one
locking position, (b), a latch with multiple locking positions, (c) a ratchet, (d) a dog clutch, (e)
a cam-based locking device: cam follower, (f) a cam-based locking device: mutilated gears, (g) a
cam-based locking device: geneva mechanism and (h) an hydraulic lock.
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caused by the position or velocity of components of the lock. This can be used in
robots that have to lock or unlock based on the state of the robot.

Active latches have been used in several legged robots and medical devices. Firstly,
Collins and Kuo [40] used a latch in their energy recycling foot prosthesis to tem-
porarily lock a loaded spring. At the beginning of the push-off phase, the latch was
released and the energy returned. Secondly, Collins and Ruina [38] and Wisse et al.
[243] used latches in the knees of their bi-pedal walking robots to lock and unlock
the knee joints, depending on the phase of the walking cycle. And thirdly, Karssen
[99] used a latch in the knee of the bi-pedal running robot Phides to attach a parallel
spring to the knee joint during the stance phase and detach it during the swing phase.

There are other examples of robotic applications that use active latches. Firstly,
Tavakoli et al. [124] used a latch to lock two trunks of a flexible gripper. An SMA
actuator was used to unlock the latch and disconnect the trunks again. Secondly,
Wright et al. [245] used a latch in their snake robot to (un)lock a brake on the
segments of the robot. This latch was actuated by an SMA actuator and held in
place by a bi-stable spring. And finally, multiple modular robots use latches to join
different modules [68]. A recent design of a latching mechanism in modular robots
was made by Parrot et al. [160], who designed a genderless latching mechanism that
can be disconnected by any of the two connected modules.

Latches can also lock at multiple positions, for instance having one pawl and multiple
hooks (see Fig. 3.2b). Such latches have been used by Mitsui et al. [137] in a robotic
hand to lock joints in an underactuated finger. While one DOF in the fingers is locked,
the other DOFs are moved by the actuator. This allows the hand to perform different
kinds of grasps with a limited amount of actuators, causing the arm to be lightweight
and compact.

Unal et al. [226] used passive latches in their ankle-knee prosthesis. Based on the
phase of the walking cycle, multiple latches lock and unlock in order to control the
energetic coupling between the ankle and the knee during the swing phase and the
stance phase.

3.3.2 Ratchets

A ratchet consists of a round gear or linear rack with teeth and a pivoting, actuated
pawl that engages with the teeth and performs the locking (see Fig. 3.2c). In
active ratchets, the pawl is controlled by an actuator that determines engagement or
disengagement. There are two possibilities for the loading of the pawl: compression
(shown in Fig. 3.2c) or tension. The pawl of the ratchet mechanism can also be
powered by a spring instead of an actuator, making it passive. Such a passive ratchet
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allows continuous linear or rotary motion in only one direction while preventing motion
in the opposite direction.

Active ratchets are used in multiple prostheses. Firstly, Geeroms et al. [64] used
a ratchet in the weight acceptance mechanism of the knee in an active knee-ankle
prosthesis. During the stance phase the knee behaves like a spring, so the spring is
locked parallel to the knee joint. A disadvantage of this device is that it is difficult
to unlock under load, which in this application is not necessary since the ratchet
is not highly loaded at the end of the stance phase. Secondly, Brackx et al. [25]
used a ratchet mechanism in the ankle prosthesis AMPFoot 1 to change the internal
configuration of the foot between the loading phase and the push-off phase.

A passive ratchet is used by Li et al. [117] in an energy storage device for a spherical
hopping robot. Wiggin et al. [238] also used passive ratchets to design a ’smart
clutch’. This smart clutch stores energy in the parallel springs to provide mechanical
assistance during the stance phase and allow free rotation during the swing phase.

3.3.3 Dog clutch

A dog clutch consists of two parts that match each other’s shape (see Fig. 3.2d).
When the two parts are engaged, the relative rotation between the two parts is
blocked; otherwise, the two parts can rotate independently. Dog clutches are discrete
by nature, but have a large locking torque to weight ratio.

Although the dog clutch is a relatively uncommon locking mechanism, it has been
used in several robots. However, only examples of active dog clutches are found in
literature. Elliott et al. [54] used such a clutch to attach and detach a parallel spring
to the joint of a knee exoskeleton. Kossett et al. [108, 109] used a dog clutch to
switch between two modes of the robot: ground mode and flight mode. Palpacelli et
al. [156] used dog clutches to lock one or more degrees of freedom of their spherical
joints. Finally, a special type of dog clutch was designed by Kern et al. [102]. They
use a rope that runs through several parts with mating surfaces. When the rope
is pulled, the parts are pulled together, locking the parts. This locking device was
inspired by the mammalian spine.

3.3.4 Cam-based locking devices

Cam-based locking devices consist of two separate cam surfaces that have comple-
mentary shapes and are engaged (see Figs. 3.2e, 3.2f and 3.2g). In principle, the
engagement of the two surfaces can be actuated, resulting in an active cam-based
locking device. The examples found in literature, however, are passive cam-based
locking devices that lock due to the position of components of the lock. Although
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the working principle itself is independent of friction, the relative motion between the
cams induces friction in the system. The shocks introduced at the transition between
locked and unlocked phase are, on the other hand, relatively small compared to for
example ratchets.

As described by Bickford and Martin [22, 128], a wide variety of intermittent mecha-
nisms is equipped with a cam-based locking device. Intermittent mechanisms consist
of two members, the driver and driven member. As the name depicts, an intermit-
tent mechanism transforms the continuous movement of the driver to an intermittent
movement of the driven member. As such, the driven member has a dwell and a
motion phase. During the dwell phase, a cam-based locking device ensures the driven
member is locked. A first example is the Geneva drive or Maltese cross, which is
widely described in literature (see Fig. 3.2f). Another example of an intermittent
mechanism with cam-based locking devices is the mutilated gear mechanism (see
Fig. 3.2g) which has recently been adopted by Mathijssen et al. [130, 131] in a novel
compliant actuator in order to lock parallel springs.

3.3.5 Hydraulic lock

A mechanical locking principle that is very different from the other principles is hy-
draulic locking. In hydraulic locking devices, the fluid is blocked by closing a valve in
the hydraulic circuit. The advantages of hydraulic locks are that the locking force is
high with respect to the actuation force and that the system can be locked in every
position. However, such a lock can only be used in hydraulic systems, which might
be undesired for other reasons such as leakage or friction.

Such a locking device was used by Mauch [132] in the SWING-N-STANCE above
knee prosthesis. In this prosthesis, the knee is locked or unlocked, depending on the
task that is performed. Another example of a prosthesis that uses an hydraulic lock
is the Otto Bock 3R80 knee prosthesis [155], where a stance phase valve is closed
when the body weight is put on the knee joint. When the body weight is removed,
at the end of the stance phase, the damping is reduced and the knee is able to flex.

3.4 Friction-based locking devices

Friction based locking devices depend on friction in order to prevent motion between
two parts. As described in detail by Orthwein [154], the friction force can be gener-
ated using various mechanisms, such as disk brakes, drum brakes, cone brakes and
band brakes. Since the amount of friction between two surfaces is limited by the
normal force, friction based locking devices generally have a limited locking torque.
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Figure 3.3: This figure shows the types of friction based locking devices with: (a) a bi-stable
brake, (b) an overrunning clutch, (c) a piezo actuated brake, (d) a statically balanced brake, (e) a
wormwheel, (f) a self-engaging brake, (g) a thermic lock, (h) a self-engaging pinion-gear mechanism
and (i) a capstan.

On the other hand, friction based locking devices can lock at every position and can
often be used as a controllable brake.

Most friction based locking devices have some kind of force amplifier, to amplify
the actuation force perpendicular to the two surfaces, leading to a high friction. If
no force amplification is used, the actuation force needs to be high. This section
describes the friction based devices used in robotic applications and indicates which
are active and which are passive. The descriptions also include the type of force
amplification that is used.

3.4.1 Electromagnetic brake

A well known type of brake in robotics is the electromagnetic brake. In this type of
brake, two friction surfaces are engaged by the attractive force between a permanent
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magnet and an electromagnet. Such brakes are relatively simple and cheap, but
often consume a relatively large amount of energy. An electromagnetic brake can
be locked when powered, or locked when unpowered. Since at least switching from
one state to the other requires activation of the electromagnet, an electromagnetic
brake is considered active.

Multiple robots use an electromagnetic brake in parallel with a motor to either in-
crease safety or decrease the energy consumption. Hirzinger et al. [87] used brakes
on all joints of their robotic arm in order to increase the safety. These brakes make
sure that the robot stands still when it is powered down. Sugahara et al. [212]
used electromagnetic brakes on the joints of their bi-pedal walking robot to lower
the energy consumption. When the robot stands still, the brakes hold the joints in
place. This energy saving principle was also used by Rouse et al. [185] in their pros-
thetic knee. Another reason for using electromagnetic brakes is to adjust the joint
impedance. This was done by Morita and Sugano [144] on their robotic arm and by
Sarakoglou et al. [187] in their actuator with controllable mechanical damping. The
latter design does not incorporate a classical electromagnet but a DC motor with a
ball screw to actuate the brake.

3.4.2 Overrunning clutch

An overrunning clutch has an inner and outer raceway similar to bearings, with
cylinders or balls (rollers) between the two raceways and a wedge on one side (see
Fig. 3.3b). The relative rotational speed of the two raceways determines whether
the overrunning clutch locks or not. The rollers of an overrunning clutch can also be
pushed in the wedge using small springs or an actuator. The equivalent linear locking
device uses a friction lever which is mounted around a translating stick. When this
friction lever is rotated, it locks the stick.

An active overrunning clutch is the bi-directional overrunning clutch by Hild and
Siedel et al. [86, 202]. In this clutch, the balls are replaced by wedges that can be
placed in both directions, making locking possible in two directions.

In the asymmetric compliant antagonistic joint developed by Tsagarakis et al. [222],
a two side acting passive overrunning clutch mechanism was deployed to achieve
efficient regulation and maintenance of the pretension of the spring. As a result,
the electric motor is unloaded when not rotating, while still a low friction and highly
backdrivable linear transmission system can be used for the motor. A miniature
passive overrunning clutch was designed by Controzzi et al. [42] for implementation
in the fingers of their robotic hand. Li et al. [118], designed a knee brace for energy
harvesting using an overrunning clutch. And in the knee orthosis by Shamei et al.
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[198], an overrunning clutch is used to attach a support spring during the stance
phase of the gait. A linear variant of a passive overrunning clutch was used in the
ankle prosthesis of Collins and Kuo [40], to store energy in a spring, lock the spring
and release the energy at a specific moment during the gait.

3.4.3 Non-backdrivable gearing

Non-backdrivable gearing are gears that can only be driven from one side. In robotics,
mostly lead-screw and worm drives (see Fig. 3.3e) have been employed. The non-
backdrivability is due to the shear friction, which also results in a very low efficiency.
As a result, non back-drivable gears are passive locking devices.

There are two main reasons for using non-backdrivable gearing. Firstly, the non-
backdrivability is a virtue to protect actuators during human robot interaction (HRI),
such as in the social robot Probo [69] and the robot fingers designed by Morita and
Sugano [143]. Secondly, the non-backdrivability avoids energy losses and overheating
of the motors by static load cancellation. Examples are worm drives in the motors in
the 1 DOF anthropomorphic arm by Gu et al. [75], the worm drive and lead screw
after the variable stiffness motor in the MACCEPA actuator for the step rehabilitation
robot ALTACRO [30], the powered elbow orthosis of Vanderniepen et al. [230] and
the reconfigurable robot of Baca et al. [14].

3.4.4 Self amplifying brakes

Some locking devices used in robotics are based on self amplifying brakes (see
Figs. 3.3f and 3.3h). While only a small force is required to engage both sides of
the brake, the self amplifying effect enables to lock high forces. The self amplifying
effect depends on the direction of the relative motion between the two components
of the mechanism. In one direction, the mechanism will amplify the normal force
since the friction between the two friction surfaces will pull them together. In the
other direction, the mechanism will weaken the normal force and will therefore not
lock as strongly. As such, this principle is suitable for one-direction locking only. An
example of this is shown in Fig. 3.3f. When the small force to engage both surfaces
is delivered by a spring, the amplifying brakes are passive. When this is delivered
by a motor, the amplifying brakes are active and allow to not lock in either of both
directions. The applications found in literature are active self ampifying brakes.

Kim and Choi [106] used an active self amplifying brake for an automotive clutch.
In their clutch, the normal force is amplified by a wedge-like pinion gear mechanism,
which transfers a relative rotational motion into a small translational motion, pushing
the friction plates stronger together (see Fig. 3.3h). Peerdeman et al. [164] used
an active self amplifying mechanism in their underactuated robotic hand to lock the
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joints of the fingers in order to perform certain grasps. This application is similar to
the robotic hand discussed in section 3.3.1.

3.4.5 Capstan

A special type of a self amplifying brake is the capstan. Capstans use the friction
between a pulley and a cable to brake the cable with respect to the pulley (see
Fig. 3.3i). When the cable is tightened around the pulley, the pulley pulls on the
cable, which tightens the cable even more. In robotics, a capstan is mainly used as
a means to actuate a cable. Werkmeister et al. [236] and Baser et al. [16] studied
the capstan drive stiffness and slip error respectively. A capstan cable drive is used,
for example, in the WAMTM Arm from Barret Technology, in an anthropomorphic
dexterous hand [208], in a low-cost compliant 7-DOF robotic manipulator [178], and
in a five degree-of freedom haptic arm exoskeleton [205].

By controlling the force on the cable, a capstan can also be used as an active locking
device. Instead of tightening a cable to increase the friction with respect to the
pulley, a torsion spring is tensioned to reduce the outer diameter and wrap around
the pulley. The elasticity of the spring facilitates the unlocking compared to a cable.
However, locking requires more force due to the bending stiffness. This principle is
used in the clutch on the parallel spring of the actuator proposed by Haeufle et al.
[77].

3.4.6 Fluid brakes and clutches

Fluid brakes or clutches use a fluid which consists of micrometer-sized particles mixed
with any kind of liquid. Of these fluids, electro-rheological (ER) and magneto-
rheological (MR) fluids are studied most in literature. The fluid is placed around a
rotating part like a shaft causing a small damping. By changing the electric or mag-
netic field around this fluid, the particles are aligned, which increases the damping.
So by controlling the magnetic field, the damping of a joint can be controlled [207].

As predicted by Wang and Meng [233], fluid devices are currently being adopted
increasingly in robotics applications. One of the applications is prosthetics where MR
brakes are used to provide controllable resistance. This is for example interesting in
a knee orthosis or prosthesis where significant portions of the gait consist of negative
knee power, which can be delivered by a damper. This is done in the orthoses of
Weinberg et al. [235], Chen and Liao [29], Kikuchi et al. [104] and the prosthesis of
Herr and Wilkenfeld [85]. MR dampers are also incorporated in robotic arms [247]
and haptic devices [181]. More recently a magnetic particle brake was installed by
Shin et al. [199] in combination with Pneumatic Artificial Muscles (PAM) in a hybrid
actuation concept to improve the control performance of the muscles.
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3.4.7 Piezo actuated brake

Piezo actuated brakes use piezo actuators to create a normal force between two
friction surfaces (see Fig. 3.3c). These actuators typically have a small stroke and
therefore the alignment of the components is crucial. However, they are suited
for generating a large force for a large amount of time, making them suitable for
actuating brakes. The idea of a piezoelectric brake was already patented in 1989 by
Yamatoh et al. [246] and was also used in the patented actuator of Hanley et al.
[80]. Piezo actuated brakes are active locking devices since an electric field should
be provided to initiate the locking.

Piezoelectric brakes have been used in robotic applications as well. Firstly, such a
brake was used in an early version of the DLR arm as a safety brake for when the
power is down [88]. Secondly, the passive haptic robot PTER used piezoelectric
brakes to brake its joints [149]. And finally, Laffranchi et al. [114] used a piezo
actuated brake to vary the damping coefficients of joints. In order to do so, the
normal force is varied, depending on the desired damping and the joint velocity.

3.4.8 Bi-stable brakes

One way to reduce the actuation needed for maintaining the normal force in friction
based locking devices is using a bi-stable mechanism (see Fig. 3.3a). Such a mech-
anism has two stable equilibrium positions with one unstable equilibrium position in
between. It doesn’t require force once the mechanism is switched, but it does require
force to switch from one side of the unstable equilibrium position to the other and is
therefore an active locking device. In bi-stable brakes, this spring is used to switch
between the engaged and disengaged state of the brake.

This idea was already patented in 1973 by Parmerlee [159], but has not been widely
used in robotics. Bi-stable locking devices have been used by Cho et al. [36] in
electronics, to hold a lens in place in optical board-to-board communication. Al-
though this example might not be very applicable to robotics, the principle can also
be applied to larger brakes.

3.4.9 Statically balanced brakes

A friction based locking mechanism that completely decouples the friction force
and the actuation force is the statically balanced brake by Plooij et al. [168] (see
Fig. 3.3d). This brake comprises three groups of springs of which the total potential
energy is constant. Therefore, all positions of the brake are equilibrium positions,
while the position of the brake determines the normal force between the two friction
surfaces. Since the actuator now only has to apply a force to move a small part, the
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energy consumption is very low. Although this brake has not been implemented in a
robot yet, it is useful in applications that require a low energy consumption, a small
actuator, unlocking under load, a large amount of locking positions and an adjustable
locking torque. The intended application of the brake is the locking of a spring in a
novel parallel spring mechanism, which is currently being developed.

3.4.10 Thermic lock

The thermic lock uses the difference in thermal expansion coefficients of different
materials to obtain a lock with force closure (see Fig. 3.3g). The mechanism consists
of a shell that can freely rotate around a core. The material of the core has a higher
thermal expansion coefficient than the shell. The temperature control is achieved
by a resistance wire that heats up the brake and which then locks the joint. Since
heating up and cooling down take time, the response time of these brakes is relatively
large. There are no applications of this locking mechanism in robotics known to the
authors.

3.5 Singularity locking devices

Singularity locking devices are characterized by a position dependent transfer ratio.
In its singular position such locking devices have an infinitely high transfer ratio,
featuring an infinitely high locking torque. This section describes the active and
passive singularity locking devices found in literature.

3.5.1 Four bar linkage

One approach to realize singular positions is to use four bar mechanisms (see Figs. 3.4a
and 3.4b). Such mechanisms typically have an input rotation and an output rotation
or translation. In the singular position, three of the four joints of the four bar mech-
anism are aligned, resulting in an infinitely high transfer ratio from the input to the
output. As soon as a singular position is reached, it is impossible to open the locking
by applying torque on the input rotation. Only the action of an actuator pushing
the linkages out of their singular position can open the system (e.g. a torque on one
of the three aligned joints). Therefore, the four bar linkages are considered active
locking devices. The advantages of this mechanism are that the unlocking of the
mechanism can be done when bearing its maximal load and with a very low energy
consumption. The disadvantage is that due to the nature of the system, the locking
is only available in one angular position.

For these reasons this kind of locking device is used in robotics to lock the knee of
the bipedal walking robot by Van Oort et al. [153] and in the transfemoral prosthesis
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Figure 3.4: This figure shows the types of singularity locking devices with: (a) and (b) two different
four bar mechanisms and (c) a non-linear spring mechanism.

AMPFoot 2.0 for realizing the ’catapult’ mechanism [32]. Instead of realizing in a
short time a high power for the push-off phase, a smaller and less powerful motor loads
energy in a locked spring during a longer lapse of time. In the successor AMPfoot
3.0, a passive version is used which is unlocked by hitting a mechanical stop when
walking [31]. A second application is the weight acceptance spring in the knee of
the Cyberlegs alpha prototype [60], of which the mechanism is shown in Fig. 3.4b.
During the stance phase, the spring is attached to a linkage that can be held in place
with only a small actuation force. During the swing phase, the four bar mechanism
is unlocked so the linkage can rotate out of the way and the knee can quickly flex to
provide sufficient ground clearance for the swing phase.

3.5.2 Non-linear transfer ratio

The use of singular postures of human arms is well-known to reduce the required
joint effort and avoid muscle fatigue. This virtue in nature was used by Ajoudani
et al. for a robotic manipulator in [1]. The kinematic degrees of redundancy are
adapted according to task-suitable dynamic costs. Arisumi et al. used the singular
postures of arms to avoid actuator saturation when lifting a load [9]. The non-linear
transfer ratio locking device are passive.

Non-linear transfer ratios have also been used passively. A first example of this is
the non-linear spring mechanism for robotic arms designed by Plooij and Wisse [171]
(see Fig. 3.4c). This mechanism consists of two connected pulleys with a spring in
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between. The transfer ratio from the length of the spring to the rotation of the
link becomes infinitely high at two positions and thus the spring is locked at those
positions. They used this spring mechanism to reduce the energy consumption of
the arm by placing the spring parallel to the motor. A second example is the vari-
able stiffness actuator Compact-VSA of Tsagarakis et al. [223], where the stiffness
regulation is achieved by a lever arm mechanism with a variable pivot axis. When
the pivot moves, the non-linear amplification ratio of the lever changes from 0 to
infinity. And thirdly, the knee of the humanoid Poppy by Lapeyre et al. [115] uses
a spring in parallel to the knee, which locks the knee during the stance phase in a
certain singular position.

3.6 Comparison

In this section, the different types of locking mechanisms are compared on the criteria
given in section 3.2.1. Table 3.1 lists all types of locking devices and shows how well
they score on the criteria, with a score of ++, +, 0, − or −−. A + always indicates
that the device scores well. For instance, if the energy consumption scores ++, this
means that the device uses (almost) no energy.2 The different locking principles (i.e.
mechanical, friction, singularity) will now be discussed.

Mechanical locking devices typically have a low energy consumption. Even when
they are actuated, the only thing the actuator has to do is to position the blocking
part, for instance the pawl. Furthermore, mechanical locking devices typically have
low weight, are small, have a low price and their locking torque is only limited by the
strength of the parts. However, such locking devices also have disadvantages. Firstly,
they are hard to unlock while being under load because of the friction between the
two interfering parts. Secondly, their number of locking positions is limited (except
for the hydraulic lock and the ratchet). And finally, the impacts that occur when a
joint is blocked, will lead to shocks in the system.

Friction-based locking devices have less problems to unlock under load than mechan-
ical locking devices. This is due to the fact that the two friction surfaces can often
be disengaged, releasing the lock. Another advantage of friction based locking de-
vices is that two friction surfaces can be engaged at any position and therefore the
number of locking positions is infinite. And finally, since the locking torque depends
on the friction coefficient and the normal force, the maximum locking torque can
be controlled by controlling the normal force. As such, some friction based locking

2When a locking device scores two plusses on a criterion, it means that it performs (almost)
perfectly. A single plus means that it scores above average. Similarly, a single minus indicates a
below average performance and two minuses means that it performs (almost) as badly as it can get.
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devices can be used as controllable brakes. However, these advantages come with a
downside. Firstly, since the friction surfaces have to be pushed together, the energy
consumption of these locks is typically high. Secondly, the locking torque is limited
by the available normal force between the friction surfaces. And finally, in general
friction based locking devices do not score well on size, weight and price.

Singularity locking devices are less common in robotics, although they score well on
unlocking under load and on the power consumption. Also, their locking torque is
only limited by the strength of the parts, similar to the mechanical locking devices.
Disadvantages are that they typically have one locking position and that they are
relatively large. So in comparison with the mechanical locking devices, they can
unlock under load, but are larger.

3.7 Selection and development

This section provides guidelines for the selection of a locking mechanism and discusses
current and future research directions.

3.7.1 Selection

Table 3.1 lists all the advantages and disadvantages of the different locking mecha-
nisms. As a guide for designers, Fig. 3.5 shows a flow chart that can be used for the
selection of a suitable locking mechanism. Following the flow chart, designers will
find the locking mechanism(s) that is most specifically suited for their application.
However, there might be application specific reasons to prefer another mechanism.
For instance, in an application with hydraulic actuators it would be logical to prefer a
hydraulic lock instead of a latch, although the application might not require infinite
locking positions. Let’s now look at two examples from literature to see how this
flow chart would have lead the designers to their choice.

Firstly, in the knee of the bi-pedal running robot Phides [99], a parallel spring has
to be attached to the joint during the stance phase and detached during the swing
phase. This does not require an adjustable locking torque; (un)locking does not have
to be performed under load and the number of locking positions is one. Therefore,
a latch was used.

Secondly, in the transfemoral prosthesis AMPFoot 2.0 [32], the joint has to be locked
while a small motor loads a spring. This does not require an adjustable locking torque;
since the spring is loaded, the ankle has to be unlocked while being under load and
the number of locking positions is one. Therefore, a singular locking mechanism was
used.
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Figure 3.5: Flow chart for selecting a locking mechanism. This chart will give the most specific lock-
ing mechanism. However, there might be application specific reasons to choose another mechanism.
The references in which the mechanisms are currently used are listed on the right.
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3.7.2 Development

There are four trends that can be observed from recent research and will likely dom-
inate research in the (near) future. Firstly, the amount of robots that incorporate
locking mechanisms is growing rapidly. This can be seen by looking at the publi-
cation dates of the citations. Secondly, new mechanisms were developed recently
that require low actuation power, but have a larger applicability than conventional
mechanical or singularity locking devices. This is logical since locking mechanisms
are frequently used in applications in which energy consumption is crucial. Thirdly,
the use of singularities is a relatively new topic: the references date from the period
2008-2014. And fourthly, recently new actuator technology found its way into locking
mechanisms. Examples include SMAs, piezo actuators and electro- and magneto-
rheological fluids.

3.8 Conclusion

This chapter presented an overview of locking devices that are used in robotics. The
locking devices are divided into three categories: mechanical locking, friction-based
locking and singularity locking. Each category that can be split further into actuated
locking devices and passive locking devices. The locking devices were then evaluated
based on the properties of an ideal locking device. Mechanical locking devices use
relatively few energy, are cheap, small and can lock high torques. Friction based
locking devices can unlock under load, have an infinite amount of locking positions
and can adjust the locking torque. Singularity locking devices can unlock while
being under load, consume little energy and can lock high torques. A flow chart was
provided that will help designers of robots to select a suitable locking mechanism and
shows in which devices similar mechanisms have been used.
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Abstract
Conventional brakes require a powerful actuator, leading to large, heavy
and in most cases energy consuming brakes. This paper introduces a
fundamentally different brake concept called statically balanced brakes
(SBBs). SBBs do not require any actuation force to maintain a braking
torque and only have to move a small mass to vary that torque. There-
fore, their energy consumption is potentially very low. In an SBB, one
of the two friction surfaces is connected through springs to a braking
block. This braking block is connected through a mechanism to a sec-
ond set of springs, the other side of which connects to the ground. The
total energy in the two sets of springs is constant, which results in a
zero-force characteristic at the braking block. The position of this stat-
ically balanced braking block determines the displacement of the first
set of springs and thus the normal force between the friction surfaces.
We categorize mechanisms that can be used in SBBs and show two em-
bodiments: one with leaf springs with a range of positions with negative
stiffness and one with torsion springs and a non-linear cam mechanism.
Results show that the actuation force can be reduced by approximately
95-97% in comparison to regular brakes. This shows that in SBBs, the
actuation force can be almost eliminated and thus showing the potential
of SBBs to be small, lightweight and energy efficient.

4.1 Introduction

Conventional brakes require a powerful actuator that generates a normal force be-
tween two friction surfaces [119, 154]. The amplitude of the normal force, the
friction coefficient and the geometry of the brake together determine the braking
torque. There are applications in which powerful actuators are undesired due to size
and weight limitations or their (potentially high) energy consumption. Therefore,
researchers have worked on designing brakes that require less actuation force.

Research on the reduction of the required actuation force can be split into three
categories, that are also described in the recent review paper on locking mechanisms
[169]. Firstly, self-engaging brakes have been developed that use the relative motion
between the friction surfaces to pull the friction surfaces together and thereby re-
ducing the required actuation force [76, 77, 106, 163]. Disadvantages of such brakes
are that they only work in one braking direction and that they can only disengage
in the opposite direction of engagement. Secondly, spring brakes (also called safety
brakes or parking brakes) use a spring to keep the brake engaged without actuation
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a) b)

Figure 4.1: A picture of the two prototypes of statically balanced brakes. a) A prototype with leaf
springs with a range of positions with negative stiffness. b) A prototype with torsion springs and a
rotational cam mechanism.

force [10, 113, 119, 162]. However, these brakes still require an actuation force to
keep the brake disengaged. This is solved in the third category: bi-stable brakes
[36, 159]. Such brakes have a bi-stable element (e.g. a bi-stable spring), provid-
ing the brake with two stable states: the engaged state and the disengaged state.
However, switching between these two states still requires a high actuation force.

Other researchers focused on implementing actuators with a high force density and
a low energy consumption. The best example of this is piezo-actuated brakes
[80, 88, 114, 149, 246]. Because of their high force density and low energy con-
sumption, they are potentially very effective in solving the issues mentioned above.
However, they require high voltages (that might not be available), very precise man-
ufacturing (since they have a very small stroke) and are expensive. Furthermore, the
brake construction has to be very stiff, otherwise the construction will deform, which
reduces the effectiveness of piezoelectric actuators.

The problem with the state-of-the-art brakes is that the actuator has to be able to
generate a force equal to the normal force between the friction plates. The goal of
this paper is to introduce a brake concept in which the normal force and the actuation
force are decoupled. This concept potentially reduces the actuation force by 100 %.

This new brake concept is fundamentally different from current brake concepts and
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Figure 4.2: A schematic drawing of a statically balanced brake. The right friction surface is con-
nected to a joint that has to be braked. The left friction surface is connected through the normal
force springs with the braking block. A mechanism connects the braking block with the compensa-
tion springs and the other side of the compensation springs connects to the ground. This mechanism
is visualized by the mechanism equation xc = H(xn), that gives the relationship between the posi-
tions of the two sides of the mechanism. The position of the braking block determines the normal
force between the friction surfaces.

is called statically balanced brakes (SBBs, see Fig. 4.1). SBBs do not require an ac-
tuation force to hold a certain braking torque and only require a small actuation force
to vary that torque. Furthermore, with small adjustments, SBBs can be changed to
incorporate any of the three different functionalities mentioned above (i.e. regular-,
spring- and bi-stable behavior), while still only requiring a small actuation force. Stat-
ically balanced mechanisms have also been used amongst others for intrinsically safe
robotic arms [225, 231], exoskeletons [84], prostheses [220] and micro and precision
mechanisms [50, 219].

The rest of this paper is structured as follows. First, section 4.2 explains the con-
cept of SBBs in more detail. Then, section 4.3 categorizes all possible embodi-
ments of SBBs that are relatively simple and therefore small and lightweight. Sec-
tions 4.4 and 4.5 then show two prototypes of SBBs and their performance. Those
results will show that the actuation forces in the prototypes are reduced by 95-97%.
Finally, the paper ends with a discussion in section 4.6 and a conclusion in section 4.7.
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4.2 The concept of statically balanced brakes

In this section we explain the concept of SBBs in more detail. First, we give a general
formulation without assuming linear springs. Then, we work out the equations for
a system with linear springs. Fig. 4.2 shows a schematic drawing of the concept of
a SBB and Fig. 4.3 shows the working principle of a SBB for linear springs. The
brake is engaged by pushing the two friction surfaces against each other. The friction
between the surfaces is assumed to be a Coulomb type friction:

|Ff |max = µFn (4.1)

where µ is the Coulomb friction coefficient, |Ff |max is the maximum absolute friction
force before the surfaces start to slip and Fn is the normal force. The brake in Fig. 4.2
is statically balanced by two groups of springs. The group of normal force springs
is placed between the braking block and the left friction surface. The energy in this
group of springs is equal to En(xn), with xn being the displacement of the springs
as shown in Fig. 4.2. The force in these springs (Fn) is equal to the normal force
between the friction surfaces. Multiplying Fn by the effective radius r of the brake,
gives the braking torque:

|T |max = µFnr = µ
∂En(xn)

∂xn
r (4.2)

This means that the position of the braking block determines the amplitude of the
braking torque. Now if this were the only group of springs, an actuator would still
have to generate the force Fn to hold the braking block in a certain position. In order
to decouple this normal force from the actuation force, a second spring system is
used: the compensation springs. The compensation springs are placed between the
ground and a mechanism that also connects to the braking block. This mechanism
is depicted in Fig. 4.2 as a cloud with the mechanism equation xc = H(xn). This
equation assumes that the overall mechanism has one degree of freedom (DOF). In
section 4.3, we will zoom in on this part and discuss possible mechanisms. Here we
will analyse the static balance of mechanisms from an energy perspective. The energy
in the group of compensation springs is Ec(xc) with xc being the displacement of the
springs as shown in Fig. 4.2. Now the system is statically balanced when E = En+Ec

is constant for all positions of the system. The transfer ratio h from the normal force
springs to the compensation springs at position xn is equal to:

h(xn) =
∂H(xn)

∂xn
=
∂xc
∂xn

(4.3)
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We can now write the condition for static balance as

∂E

∂xn
= 0 (4.4)

∂En(xn)

∂xn
+
∂Ec(xc)

∂xc
h(xn) = 0 (4.5)

Now given the two spring characteristics, this system is statically balanced for all xn
for which it holds that

h(xn) = −
∂xc

∂Ec(xc)

∂En(xn)

∂xn
(4.6)

The force that the compensation spring applies on the braking block can be expressed
as:

Fc =
∂Ec
∂xn

=
∂Ec(xc)

∂xc
h(xn) = −

∂En(xn)

∂xn
= −Fn (4.7)

It is logical that Fc = −Fn because this results in force equilibrium, which is another
way to consider static balancing. Now assume that both the normal force springs
and the compensation springs are linear:

En =
1

2
kn max(xn, 0)2 (4.8)

Ec =
1

2
kcx

2
c (4.9)

where kn and kc are spring stiffnesses and the max operator returns the maximum
value of the two inputs and models the disengagement of the friction surfaces.
Eq. (4.6) now becomes:

h(xn) = −
kn max(xn, 0)

kcxc
(4.10)

From Eq. (4.10) it follows that h(xn ≤ 0) = 0. This means that the mechanism is
in a singular position or that the mechanism contains a clutch that decouples the
two motions. From Eqs. (4.8) and (4.9) and the requirement that E = En + Ec is
constant, it follows that for linear springs, the mechanism should satisfy

xc =

√
2E − knmax(xn, 0)2

kc
(4.11)

Using Eq. (4.3), the transfer function becomes:

h(xn) = −
kn
kc

xn√
2E−knx2

n

kc

(4.12)
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xn
Fo

rc
e Compensation springs

Normal force springs
Overall characteristic

Figure 4.3: The working principle of a statically balanced brake. The compensation springs have a
negative stiffness when measured at the braking block and the normal force springs have a positive
stiffness. Since the stiffnesses cancel out and the equilibrium positions coincide, the overall charac-
teristic has a range of zero force, which is the actuation stroke. A small actuator can position the
brake at any position in this range, controlling the normal force and thus the braking torque.

Fig. 4.3 shows a schematic explanation of the forces in such a mechanism as function
of the position of the braking block. This figure shows that the overall characteristic
is equal to zero for xn ≥ 0, while the normal force at those positions depends linearly
on the position. This means that the actuator does not have to apply any force
to maintain a certain normal force between the friction surfaces. Note that in this
example, h(xn < 0) 6= 0, meaning that the system is not statically balanced for
xn < 0.

The concept of SBBs depends on a decoupling of the normal force between two
friction surfaces and the force required to engage or disengage the brake. Without
the static balancing, the actuator that moves the braking block would also have to
deliver the force that pushes the friction surfaces together. With the static balancing,
the braking block can be moved by an actuator that does not have to counteract
any spring force (Eq. (4.7)). This controlled position determines the braking torque
(Eq. (4.2)).
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4.3 Possible embodiments

The previous section presented requirements on mechanisms for SBBs. Theoretically,
when satisfying those requirements, a reduction in the actuation force of 100 % can
be achieved. In order to design mechanisms that meet those requirements, in this
section we categorize mechanisms that are suitable to be used in SBBs. Two of
those concepts were built and the results will be shown in the next two sections.

The categorization is limited by three constraints that will lead to mechanisms that
have the potential to be small and lightweight. First, we only consider one DOF
mechanisms. More DOF mechanisms for SBBs are also possible, but this requires
extra components and extra actuators, increasing the size and mass of the brake.
Secondly, the type of spring that is used as normal force spring or compensation
spring should match the type of DOF that it is attached to. For instance, we do
not consider mechanisms in which a translational spring is connected to a rotating
link. Such a construction does not allow for alignment of spring and the DOF and
will therefore lead to an increase in size. Thirdly, we only consider mechanisms with
the least amount of components. For instance, a four bar mechanism is considered,
but an eight bar mechanism with one DOF is not considered.

In general, mechanisms can be divided into rigid body mechanisms and compliant
mechanisms. In rigid body mechanisms, all the parts are rigid except for the springs
that are either translational or rotational. For the purpose of this paper, we split
rigid body mechanisms into linkage mechanisms and cam mechanisms. The overall
categorization of mechanisms is shown in Fig. 4.4, that also already shows which
categories are feasible. This section first analyses rigid body mechanisms and then
compliant mechanisms. This analysis results in a list of feasible concepts and a
description of how to construct them.

4.3.1 Rigid body: Linkages

The first class of rigid body mechanisms for SBBS is linkage mechanisms. In order to
categorize one DOF linkages further, we have to realize that the mechanism should
at least possess one singular position. This follows from Eq. (4.10), where the
transfer function becomes zero at position xn = 0. This position should be reachable
to fully unload the normal force spring to obtain a zero braking torque. Therefore,
we categorize both linkage and cam mechanisms further by categorizing singular
mechanisms. There exists literature on singular mechanisms and how to categorize
them [71, 158, 248]. However, those categorizations are based on different types of
mechanical singularities and do not lead to a complete list of mechanisms. Here we
introduce a new categorization that provides such a list and only incorporates simple
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Mechanisms for statically 
balanced brakes

CompliantRigid body

Linkages Cams

T-T R-RT-R R-T TTT TRRTTR TRT

RTT RRRRTR RRT

Figure 4.4: A visualization of the categorization of mechanisms for statically balanced brakes.
A first division is made between rigid body mechanisms and compliant mechanisms. Rigid body
mechanisms are split into linkages and cam mechanisms. Linkages are categorized based on the
nature of their input and output (rotational or translational). One category of linkages leads to a
feasible concept. Cam mechanisms are categorized on the nature of their input, output and cam
movement (rotational or translational). In the grey categories it is possible to obtain perfect static
balance. From the dark-grey categories we show a prototype in this paper.

singular mechanisms, leading to small and lightweight designs. Our categorization of
singular mechanisms is based on the notion that all one DOF singular mechanisms
have one input motion and one output motion. In simple singular mechanisms, these
input and output motions are either translational or rotational motions. In linkages
this leads to four categories:

1. translational input - translational output (see Fig. 4.5a)

2. translational input - rotational output (see Fig. 4.5b)

3. rotational input - translational output (see Fig. 4.5b)

4. rotational input - rotational output (see Fig. 4.5c)

All mechanisms use the same notation. xn and xc denote the displacements of the
springs and can be rotational or translational. xi and xo denote the position of the
input and output translations or rotations. l and θ refer to constant distances and
angles, respectively. kn and kc denote the stiffnesses of the normal force springs and
compensation springs. And finally d and γ refer to distances and angles that change
when the position of the mechanism changes.
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Figure 4.5: The collection of possible simple singular linkage mechanisms. a) A mechanism with
translational input and output. This mechanism can be statically balanced. b) A mechanism with
translational input and rotational output. c) A mechanism with rotational input and output. d) A
statically balanced version of a.

The four categories of mechanisms will be discussed below. Before discussing them,
it should be noted that the placement of translational normal force springs becomes
impractical when they are both rotating and translating; see for example the left
spring in Fig. 4.5a. Therefore, translational normal force springs can only connect
to a slider that is in line with the spring. This also ensures that at a certain position,
the force in the normal force springs becomes zero.

Translational input - translational output

A generalized version of this mechanism is shown in Fig. 4.5a. It consists of two
sliders that intersect in O. θ3 denotes the angle between the two sliders and xi and
xo denote the positions of the sliders measured from O. The link between the two
sliders has length l3 and each slider connects to a spring. The other sides of the
springs are connected to the ground at distances l1 and l2 from O under angles of
θ1 and θ2. Since the left spring should be in line with the left slider, it is given that
θ1 = 0. The energy in the system can be obtained by applying cosine rules:

x2
n =l21 + x2

i − 2l1xi

x2
c =l22 + x2

o − 2l2xo cos(θ2)

l23 =x2
i + x2

o − 2xixo cos(θ3) (4.13)

E =
1

2
knx

2
n +

1

2
kcx

2
c
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E =C1 +
1

2
(kn − 1)x2

i +
1

2
(kc − 1)x2

o (4.14)

+ xixo cos(θ3)− knl1xi − kc l2xo cos(θ2)

where C1 is the constant term:1

C1 =l23 +
1

2
knl

2
1 +

1

2
kc l

2
2 (4.15)

We can derive xo as function of xi from Eq. (4.13) and fill it into Eq. (4.14). Now
for static balance, Eq. (4.4) should hold for all xi , which is only true when θ2 = θ3 =

0.5π, l1 = 0 and kn = kc . Such a mechanism is depicted in Fig. 4.5d, where the
ground can be moved freely along the dashed line. The normal force tension spring is
changed into a compression spring in this example and is connected to friction plates.
The fact that this category leads to a feasible solution is indicated in Fig. 4.4. The
feasible mechanism in this category is not a new mechanism [83]. However, here we
proved that this mechanism is in fact the only feasible mechanism in this category.

Translational input - rotational output

A generalized version of this mechanism is shown in Fig. 4.5b. It consists of one
slider with a zero position xi = 0 at O and a crank mechanism with links of lengths
l1 and l2. One spring is placed between the slider and the ground and the other is
placed between the crank and the ground. Since the left spring should be in line with
the left slider, it is given that θ = 0. The energy in this system can be derived as
follows. First, we define d2 as the distance between the joint that connects the two
bars of the crank and the line d1:

d2 =l1 cos(γ)

d1 =

√
l21 − d2

2 +

√
l22 − d2

2

xi =

√
d2

1 − l24
xn =(xi − l3)

E =
1

2
knx

2
n +

1

2
kc(xc − xc,0)2 (4.16)

where xc,0 is the equilibrium position of the rotational spring. Again for static balance,
Eq. (4.4) should hold for all xi , which is only the case when kn = kc = 0. Since the

1In Eq. (4.14), we added and substracted the same term from E: E = E + al23 − al23 , where
a is taken as 1 Jm−2. The remaining equation incorporates l3 and θ3, where l3 is constant and θ3

varies.
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stiffnesses should be larger than zero, it is impossible to use this mechanism for a
perfectly statically balanced brake, as indicated in Fig. 4.4. The use of imperfectly
statically balanced mechanisms will be discussed in section 4.6.3.

Rotational input - translational output

This system is the same as the system with translational input and rotational output
in Fig. 4.5b, with the difference that the input and output are switched. The energy
in the system can now be calculated by:

xi =

√
d2

1 − l24
x2
n =l23 + x2

i − 2l3xi cos(θ)

E =
1

2
knx

2
n +

1

2
kc(xc − xc,0)2 (4.17)

Since it is impossible to satisfy Eq. (4.4) with non-zero stiffnesses, it is impossible
to perfectly statically balance this system, as indicated in Fig. 4.4.

Rotational input - rotational output

A generalized version of this mechanism is shown in Fig. 4.5c. The input and output
links and the link in between form a four bar mechanism with lengths l1, l2, l3 and l4.
One rotational spring is placed between link 1 and the ground. The second rotational
spring is placed between link 2 and the ground. The energy can be calculated by:

E =
1

2
kn(xn − xn,0)2 +

1

2
kc(xc − xc,0)2

Again, such a mechanism cannot be perfectly statically balanced, as indicated in
Fig. 4.4.

This leads to the conclusion that the only feasible simple linkage mechanism for SBBs
is the one depicted in Fig. 4.5d.

4.3.2 Compliant mechanisms for SBBs

Instead of having rotational or translational springs and a rigid body mechanism in be-
tween, compliant mechanisms could be used. Applying compliant mechanisms varies
from using springs with a range of positions with negative stiffness to making the
whole mechanism out of one part. Compliant mechanisms are harder to categorize
than the rigid body mechanisms earlier in this section.

In their handbook of compliant mechanisms, Howell et al. [93] categorized compli-
ant mechanisms in two ways: based on the used components and based on their
application. Here, we only indicate that there is a difference between SBBs with one
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compliant mechanism that fulfills the function of both the normal force springs and
the compensation springs in Fig. 4.2 and SBBs with a spring with a range of positions
with negative stiffness that is used in a configuration with two spring systems. The
latter option will be exploited in the embodiment in section 4.4. Two common types
of springs that are known to exhibit the capacity to have range of positions with
negative stiffness are leaf springs [51] and disk springs (also called Belleville springs)
[7].

4.3.3 Rigid body: Cams

The second class of rigid body mechanisms are cam mechanisms. Cams can be cate-
gorized based on the same principle as we used to categorize linkages. Therefore, the
normal force spring and the compensation springs can be translational or rotational.
However, in cams mechanisms, the cam itself can also be rotational or translational,
leading to eight categories (see Fig. 4.4).

In order to keep the discussion of those categories brief, we discuss the building
blocks from which those categories can be constructed (see Figs. 4.6a-d). Due to
the design freedom of cams, all eight categories lead to feasible solutions (as indicated
in Fig. 4.4), although some have clear advantages or disadvantages. Fig. 4.6e shows
one of the eight classes: a rotational cam, a rotational compensation spring and a
rotational normal force spring. Here we discuss the components of such mechanisms,
which can be split into:

1. A translational spring on a translational cam (Fig. 4.6a)

2. A translational spring on a rotational cam (Fig. 4.6b)

3. A rotational spring on a translational cam (Fig. 4.6c)

4. A rotational spring on a rotational cam (Fig. 4.6d)

In the analysis, we make three assumptions for simplicity. Firstly, we assume that the
rollers on the cam have a radius of zero. How the analysis changes with a non-zero
radius is described in [224]. Secondly, we assume that the grounds at which the
springs are connected are in line horizontally with the center of the rotational cam
(see Figs. 4.6b and 4.6d). Grounds that are not in line are also possible and would
add an offset to the equations. Thirdly, we assume that the translational springs are
placed horizontally (see Figs. 4.6a and 4.6b). Translational springs under an angle
are also possible, but would make the analysis unnecessarily complicated.

The notation that is used is as follows. The lengths of the springs are denoted by
xn for the normal force springs and xc for the compensation springs. xn,0 and xc,0
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Figure 4.6: The collection of possible simple cam mechanisms which can be combined to form to
SBBs. The mechanisms have rotational or translational inputs, outputs and cams. Combining two
simple cam mechanisms to obtain a SBB leads to eight categories: a-a, a-c, c-a, c-c, b-b, b-d, d-b
and d-d. e) shows a SBB of configuration d-d.

denote the equilibrium positions of the springs, meaning that the displacements of
the springs are xn − xn0 and xc − xc0 . xcam denotes the position of the cam, which
is translational or rotational. The surface of the cam is obtained in the body fixed
workspace coordinates y1 and y2. l1 and l3 denote the distances between the two
grounds and the center of the cam. And finally, l2 and l4 denote the length of the
links connected to the rotational springs (when present).

In statically balanced cam mechanisms, the cam determines the relationship xc =

H(xn). Now, xn can be chosen freely as function of the position of the cam. Then,
by filling in Eq. (4.11), we obtain:

xc(xcam) =

√
2E − kn(xn(xcam)− xn,0)2

kc
+ xc,0 (4.18)

Using Eq. (4.18), a trajectory for xc(xcam) can be found as function of the trajectory
xn(xcam). Designing a cam now splits into three steps. First, a displacement function
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xn(xcam) should be chosen. Secondly, using this function the displacement function
xc(xcam) can be calculated. And finally, when xn(xcam) and xc(xcam) are known, the
cam surface can be obtained in the body fixed workspace coordinates y1 and y2. We
will now present the equations to obtaining a cam surface with the desired follower
behaviour for the four building blocks in Fig. 4.6. Afterwards, we will give an example
that takes all three steps.

Translational spring - translational cam

An example of such a submechanism is shown in Fig. 4.6a. The shape of the cam
surface for the normal force springs in the workspace coordinates y1 and y2 can now
be obtained with: [

y1

y2

]
=

[
xn(xcam)− l1

xcam

]
(4.19)

This defines the cam surface for the side with the normal force springs. The side
with the compensation springs works the same.

Translational spring - rotational cam

An example of such a submechanism is shown in Fig. 4.6b. The cam shape can be
obtained with: [

y1

y2

]
=

[
(xn(xcam)− l1) cos(xcam)

(xn(xcam)− l1) sin(xcam)

]
(4.20)

Rotational spring - translational cam

This submechanism is shown in Fig. 4.6c. The cam shape in body fixed workspace
coordinates can be obtained with:[

y1

y2

]
=

[
l2 cos(xn(xcam))− l1
l2 sin(xn(xcam)) + xcam

]
(4.21)

Rotational spring - rotational cam

A schematic drawing of this submechanism is shown in Fig. 4.6d. The cam shape
can be obtained using the equations:[

y1

y2

]
= R(xcam) ·

[
l2 cos(xn(xcam))− l1
l2 sin(xn(xcam))− l1

]
(4.22)

where R(xcam) denotes the rotation matrix for a rotation of xcam.



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 76 — #94 i
i

i
i

i
i

76 | Chapter 4

Cam mechanism example (RRR)

As an example, Fig. 4.6e shows the mechanism with two rotational springs and a
rotational cam. A preliminary study showed that this concept was most promising
of all rigid body mechanisms in terms of compactness. Therefore, we also built a
prototype of this concept (see section 4.5). For the analysis we must first choose a
displacement function xn(xcam), the stiffnesses and the equilibrium positions:

xn(xcam) = sin(xcam) (4.23)

kn = kc = k (4.24)

xn,0 = l1 = xc,0, l3 (4.25)

From Eq. (4.18) it follows that the displacement function xc(xcam) is equal to:

xc(xcam) = cos(xcam) (4.26)

Here we chose a sine as a spring displacement function of the normal force springs,
which leads to a cosine in the displacement function of the compensation springs.
For every choice for a spring displacement function, a displacement function of the
compensation springs exists that leads to a perfectly statically balanced mechanism.
The choice for a sine will prove to result in a cam that can rotate 360 degrees. The
cam trajectory for both springs is obtained by filling in Eq. (4.22):[

y1,n

y2,n

]
= R(xcam) ·

[
l2 cos(sin(xcam)))− l1
l2 sin(sin(xcam)))− l1

]
(4.27)

[
y1,c

y2,c

]
= R(xcam) ·

[
l4 cos(cos(xcam)))− l3
l4 sin(cos(xcam)))− l3

]
(4.28)

There are two options to create this cam surface. Firstly the cam can be split in two
halfs where one half connects to the normal force spring and the other half connects
to the compensation spring. Secondly the position of the compensation spring can be
altered and placed vertically in Fig. 4.6e. By doing so a 0.5π phase shift is obtained
in xcam for the compensation spring trajectory. Since sin(xcam) = cos(xcam − 0.5π),
the same cam surface can be used as for both the normal force spring and the
compensation spring. Therefore, the cam is statically balanced for the full 360
degrees. This concept is implemented in the embodiment that will be explained in
section 4.5.
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4.4 Example 1: Compliant mechanism: bi-stable leaf springs

This section presents the first of two prototypes that were build to verify the per-
formance of SBBs. The prototype in this section has compression springs as normal
force springs and leaf springs with a range of positions with negative stiffness as com-
pensation springs (see Fig. 4.7). This concept has a third group of springs, called the
counter springs, to compensate for the non-linear behavior due to disengagement of
the friction surfaces in Eq. (4.8). We chose to build a prototype of this category to
illustrate the possibilities and issues of this type of SBBs. The results in this section
will show that the actuation force is reduced by 95 % in comparison to a regular
brake.2

4.4.1 Static balancing

The energy in the normal force springs is given by Eq. (4.8). The leaf springs with
a range of positions with negative stiffness are the compensation springs in this
embodiment. In the range with negative stiffness, their energy can be approximated
by

Ec =
1

2
kcx

2
c + E0 (4.29)

where kc is negative and E0 is a constant. The third group of springs in this embod-
iment (i.e. the counter springs) engage when the normal force springs disengage.
The energy in this spring system is equal to

Ectr =
1

2
kctr min(xctr , 0)2 (4.30)

where the min operator returns the lowest value of the two inputs. Now if kn =

kctr = −kc and xn = xc = xctr , the total energy in the system is constant:

E = En + Ec + Ectr = E0 (4.31)

4.4.2 Detailed design

Fig. 4.8 shows a section view CAD drawing of this embodiment. The amount of
positive stiffness of the two groups of compression springs was tuned manually, as
will be explained in the next section.

2The aim of both prototypes was to reach a braking torque of approximately 0.8-1 Nm, because
the intended application was the BIC-PEA (see Chapter 5). However, the main result of the
prototypes is not whether or not they reach this braking torque, but how much the required actuation
force is reduced.
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Figure 4.7: A schematic drawing of the statically balanced brake with leaf springs. The left friction
surface is connected to a joint that has to be braked. The right friction surface is connected
through the normal force springs with the braking block. The braking block is connected to the
ground through leaf springs with a range of positions with negative stiffness and through the counter
springs that engage when the friction surfaces disengage. The three configurations at the bottom
show how the springs are deformed when the braking block changes position. They show an engaged
brake (left), a disengaged brake (right) and a brake that is on the verge of engagement (middle).

The used friction materials are the specialized friction material Vulka SF-001 and
rubber. This leads to a friction coefficient of almost 0.8 and does not lead to
sticking behavior. The use of rubber has the disadvantage that rubber tends to wear
fast when there is relative movement of the friction surfaces at the moment a normal
force is applied. However, in clutches, there should be no relative movement when
the device is engaged. If a large amount of relative motion during engagement is
to be expected, SF-001 should be used for both friction surfaces, which leads to a
friction coefficient of 0.5.

Note that the design of this prototype does not include an actuator, because the main
purpose of the prototype is to verify the performance of SBBs and not to be directly
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Figure 4.8: A section view of the embodiment with leaf springs. Parts with the same color (other
than grey) are connected and move as one part. The compensation springs (leaf springs) are
arranged in eight pairs of two. One side of the leaf springs is connected to the braking block (the
red parts), the other side is connected to the ground (the blue parts) through a set of connection
rings. The braking block is connected to the bottom friction (the yellow parts) surface by seven
normal force springs (compression springs) with a total stiffness of 66.8 N/mm. Four axes that
are connected to the braking block are connected to the bottom friction surface through linear ball
bearings. These linear guides prevent a torsional load on the normal force springs. At the bottom
of the braking block, there is a group of counter springs (compression springs) with a total stiffness
of 54.0 N/mm. The top friction surface is connected to the joint (the black part at the top) that
has to be braked, which is connected to the ground by a ball bearing. The colors refer to the online
version of this article.

implemented in an application. For testing purposes, we connected this prototype
to a standard test setup that includes a motor and a loadcell. The same counts for
the prototype in section 4.5.
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Table 4.1: The parameters of the seven cases

Case l (mm) t (mm) α (deg) u (mm)
Case 1 10.0 0.10 10.0 0.0
Case 2 10.2 0.10 10.0 0.0
Case 3 10.0 0.11 10.0 0.0
Case 4 10.0 0.10 10.5 0.0
Case 5 10.0 0.10 10.0 0.2
Case 6 10.2 0.09 9.5 -0.05
Case 7 9.8 0.11 10.5 0.2

4.4.3 Stiffness tuning

The stiffnesses of the three groups of springs have to be balanced. Therefore, we
used a leaf spring model in the software package ANSYS™ of which the correctness
was verified in [51]. The used leaf springs are made of stainless steel with an E-
modulus of 200 GPa and a Poisson ratio of 0.3. The springs have a width of 7.5
mm, a thickness of 0.1 mm and a length of 10 mm. The angle between the leaf
springs and the vertical (see Fig. 4.7) is α = 10 deg. The length and width were
chosen to fit in the housing of the brake. The thickness was chosen such that the
maximum stress is slightly smaller than the yield strength.

In order to test the sensitivity of the characteristic to manufacturing inaccuracies,
we derived the characteristics for one pair of springs with seven slightly different
parameter sets (see Table 4.1). Case 1 uses the intended parameters. In Case 2-5,
the length, thickness, angle and pretension were varied. Pre-tension means that the
distance between the braking block and the ground is reduced. Then, in Case 6 and
7, the worst and best cases in terms of maximum force were tested.

Fig. 4.9 shows the seven characteristics. It shows that the characteristic is very
sensitive to certain manufacturing inaccuracies. Especially, a pre-tension changes the
characteristic drastically. The different parameter variations influence the maximum
force, the stroke of the springs and the stiffness.

Since the final characteristic is very sensitive to inaccuracies, we decided to tune the
stiffnesses in the final design manually. This tuning consisted of three steps. First
we measured the characteristic of the group of leaf springs to determine the amount
of positive stiffness kn and kctr that should be added, which turned out to be kn =
66.8 N/m and kctr = 54.0 N/m. The two groups of springs have a different total
stiffness in order to better match the sinusoidal-like characteristic of the leaf springs.
Second, we added the positive stiffnesses and measured the characteristic again to
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Figure 4.9: The characteristics of seven sets of springs with slightly varied parameters.

determine the off-set in xn and xctr . Finally, we adjusted the off-sets in xn and xctr
accordingly and verified the balancing by measuring the overall characteristic. The
result of this tuning is presented in the next section.

4.4.4 Reduction in actuation force

Fig. 4.10a shows the characteristic of the leaf springs and the tuned characteristic of
the three spring systems combined. The maximum actuation force is 5.9N and the
maximum normal force is 109.6N. Therefore, the actuation force is reduced with 95%
in comparison to a regular brake. The average actuation force within the actuation
stroke is 1.83 N, which is an improvement of 97% in comparison to a regular brake.

4.4.5 Braking characteristic

We measured the braking torque manually at 12 positions by applying torque until
the brake starts to slip and thus measuring the static friction. Fig. 4.10b shows the
braking torque as function of position and the fit through the data. The results show
that the braking torque is a piecewise linear function of the position of the braking
block. The maximum braking torque is 1.08 Nm.

4.5 Example 2: Cam mechanisms: RRR

This section shows our prototype of the concept based on a rigid body approach.
Rigid body mechanisms have the advantage that they are easier to model than com-
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Figure 4.10: Measurements on prototype 1. a) The characteristics of the leaf springs and the
complete statically balanced mechanism. In both cases, the force is measured while moving in both
directions. The difference between the two measurements is due to hysteresis. The maximum
actuation force is only 5 % of the force in the normal force springs. This means that the actuation
force is reduced with 95 % b) The braking torque as function of the position.

pliant mechanisms. We chose to build a prototype with a rotational cam surface
with torsion springs connected to the rotational input and output (see Fig. 4.6e).
The mechanism in Fig. 4.6e is implemented twice, leading to a total of four torsion
springs. An initial case study showed that this concept was most promising in terms
of torque density and the results in this section will show that the actuation torque
is reduced by 97 % in comparison to a regular brake.
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4.5.1 Detailed design

Fig. 4.11a shows a CAD drawing of this prototype. The cam shaft is the braking
block to which an actuator can be connected. When the cam shaft is rotated, the
four followers track the motion induced by the cam surface and the torsion springs
are deflected accordingly. The axles running through the followers connect to two
components: two connect to the braking arms, the other two connect to the ground.
This connection is clarified in Fig. 4.11b. The axles are connected to the followers
through torsion springs with an individual stiffness of 0.64 Nm/rad. The springs are
laser cut out of 3mm thick RVS301 spring steel, which has a E-modulus of 189 GPa.
The springs have a wall thickness of 1.4 mm and makes 1.75 revolutions.

Fig. 4.11b depicts the braking side of the mechanism with the brake arms and the
friction surface disk of the robot axis. The radius of the friction surface disk is
16mm. Clearly, the robot axis can pass through the entire braking device without
obstructions. This has the advantage that this type of brake can also be used
in the middle of an axis. The used friction materials are the specialized friction
material Vulka SF-001 and rubber (the same as embodiment 1), which have a friction
coefficient of 0.8.

4.5.2 Reduction in actuation force

Fig. 4.12 shows both the actuation torque of the cam shaft and the estimated
torque in two torsion springs connected to the brake arms. Every 90 degrees, the
system has a singular configuration in which the brake is either fully braking or dis-
engaged. In those singular configurations, the actuation torque is 0 Nm which is a
100% reduction of the torque in the springs. In the non-singular configurations the
maximum actuation torque on the cam shaft is 0.04 Nm which is a 97% reduction of
the combined actuation torque in the torsion springs connected to the brake arms.

4.5.3 Braking characteristic

Fig. 4.13 shows the braking torque as function of the position of the cam. The
maximum braking torque in clockwise direction is 0.83 Nm and the maximum braking
torque in counter clockwise direction is 0.75 Nm. The cause for this difference is
unclear. Part of the difference can be explained by a self-engaging effect similar to
that in [163]. For the self-engaging effect to explain the complete difference, the
friction force vector should pass the center of the axis of the brake arms at a distance
of 0.8 mm. 0.2 mm can be explained by the friction surface that was slightly thicker
than anticipated and manufacturing inaccuracies. Another 0.1 mm can be explained
by the bending of the brake arms when they apply force on the braking disk. For the
remainder of the difference, we do not have an explanation.
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Cam shaft

Braker axle

Grounded axle

Ground

Brake arm

Grounded axle

Braker axleFriction surfaces

a)

b)

Cam follower

Robot axis

Figure 4.11: Two CAD drawings of the second embodiment. a) An inside view of the embodiment
with torsion springs. b) The back side of the embodiment with torsion springs showing the connec-
tion with the braking arms. Four followers (shown in green) roll over the surface of the cam (shown
in red). Two connect to the ground (shown in blue) and two connect to the brake arms (shown in
yellow). The brake arms then push against a ring on the robot axis (shown in black).

Fig. 4.12 shows the actuation torque for this embodiment when only the two normal
force springs are connected. The resulting actuation torque can be used to estimate
the actual stiffness of the torsion springs. The calculated maximum input torque
was 0.29 Nm and the actual maximum input torque was 0.24 Nm. This leads to the
conclusion that the springs have a 20% lower stiffness than expected from the model
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Figure 4.12: Actuation torque of embodiment 2 for a full rotation of the input cam. The blue
solid graph is the estimated torque in the braking springs, the purple line is the measured input
torque. The maximum input torque is only 3 % of the maximum spring torque. This means that
the actuation torque is reduced with 97 %.
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Figure 4.13: Braking torque of embodiment 2 over a range between 0 degrees (disengaged) to 90
degrees (fully braking) of the cam.
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Table 4.2: Performance of the embodiments

Criterion Leaf springs Rotational cam
Braking torque 1.08 Nm 0.83 Nm
Actuation 5.9 N (= -95%) 0.035 Nm (= -97 %)
Bi-directionality ++ +

Size ∅60x59 mm ∅55x23 mm
Mass 170 g 92 g

and the maximum torque the springs produce is 0.64 Nm per spring instead of the
calculated 0.80 Nm. Note however, that although the springs do not have the same
stiffness as modeled, the brake is still statically balanced as long as the springs are
linear.

4.6 Discussion

This paper introduced the concept of SBBs, categorized all relatively simple mech-
anisms that can be used in SBBs and showed two embodiments. The results show
that the actuation force/torque can be reduced by 95-97% in comparison to a regular
brake. We will now discuss the performance, mechanism selection, the use of imper-
fectly balanced mechanisms, the energy consumption of SBBs and the applications.

4.6.1 Performance

Table 4.2 summarizes the performance of the two embodiments in terms of the
braking torque, actuation force/torque, bi-directionality, size, mass. We will now
discuss those performance criteria separately. A full comparison between SBBs and
other locking mechanisms is provided in [169].

The braking torques of the embodiments are 1.08 Nm, and 0.83 Nm. There are two
options to increase the braking torque. The first option is to increase the radii of the
friction surfaces and the second option is to increase the stiffnesses of the springs.

The maximum actuation force and torque are 5.9 N and 0.035 Nm for the two
embodiments. Since one embodiment has an actuation force and the other has an
actuation torque, the two numbers are hard to compare. However, in embodiment
1, the actuation force is only 5 % of the force in the normal force springs and in
embodiment 2, the actuation torque is only 3 % of the torque in the normal force
springs. This means that the brakes reach reductions of 95 % and 97 % in comparison
to regular brakes. In both cases, the fact that the actuation force is not zero is due
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to hysteresis and imperfect balancing. Both account for approximately 50% of the
maximum actuation force/torque.

For the bi-directionality, we use the qualitative scoring from [169], where ++ denotes
a perfect bi-directionality and −− denotes locking only in one direction. The proto-
type with leaf springs has the same braking torque in both direction and thus scores
a ++. The prototype with a rotational cam has a slightly larger braking torque in
one direction and thus it scores a +.

The size and mass of embodiment 1 are significantly larger than that of embodiment
2. The challenge in both designs is to miniaturize the mechanism for the compensa-
tion springs. In embodiment 1, the leaf springs and their mounting contribute most
to mass and size. One possibility to lower the mass and size would be to replace the
leaf springs by Belleville springs (also known as disk springs) [7]. More space and
mass can be saved by optimizing the design. For example, the braking block, friction
surfaces and housing are not optimized for mass and size. In embodiment 2, the cam
mechanism and springs are all in one plane, making the design more compact.

4.6.2 Mechanism selection

In section 4.3, we categorized all relatively simple mechanisms that can be used
between the braking block and the compensation springs. There are no hard rules
that, when followed, will automatically lead to the best design. However, here we
provide three considerations for selection of a suitable mechanism.

Firstly, rigid body mechanisms in combination with regular springs are easier to model
than compliant mechanisms. As shown in section 4.4, compliant mechanisms can be
very sensitive to manufacturing inaccuracies. On the other hand, compliant mecha-
nisms are potentially very compact because the whole mechanism can be made out
of one part.

Secondly, rigid body designs are in general smaller when the spring, the actuator
and the input and output match. For instance, when a linear actuator is used, it is
inconvenient to connect it to a rotational DOF.

Thirdly, the actuator should not be placed on a joint that can reach a singular
position. For instance in Fig. 4.5b, placing a linear actuator on the vertical slider is
not a good idea, because it will not be able to leave the position where the bar is
vertical. Instead, a rotational actuator could be placed between the bar and one of
the sliders.
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4.6.3 Imperfectly balanced mechanisms

Section 4.3.1 discusses three categories of linkage mechanisms that cannot be per-
fectly statically balanced. Therefore, we did not consider them to be applicable.
However, these mechanisms can be used when an approximately statically balanced
mechanism suffices. Moreover, with imperfectly balanced mechanisms, the different
functionalities mentioned in the introduction can be obtained: the regular brake, the
safety brake and the bi-stable brake. These functionalities can also be obtained in
cam mechanisms and compliant mechanisms. Here we explain how these adjustments
can be obtained in embodiment 1.

The characteristic in Fig. 4.10 shows an almost statically balanced mechanism. At
positions smaller than 0.5mm, the spring force is negative and at all other positions,
the spring force is slightly larger than zero. This means that without any actuation
force, the system will move to the 0.5mm position, at which the brake is engaged.
This behavior is equal to that of a safety brake: when not actuated, the brake
engages.

Changing the zero positions of the normal force or counter springs does not change
the stiffness and thus it only shifts the total characteristic up and down. The am-
plitude of the shift influences the maximum actuation force. When the position at
which the counter springs engage with the ground is changed, the behavior can be
changed to that of a bi-stable brake. Such a brake has two stable positions: one
in which the brake is engaged and one in which the brake is disengaged. When
also changing the position at which the friction surfaces engage (and thus effectively
changing the zero position of the normal springs), the behavior can be changed to
that of a regular brake, which is only braking when actuated.

4.6.4 Energy consumption

Throughout this paper we only considered the actuation force and suggested that
this relates to the energy consumption. Only considering the actuation force has the
advantage that it is independent of the specific actuator that is used. To get an idea
of the actual energy consumption, we will now briefly discuss the power consumption
of a DC motor as a brake actuator. The power of a DC motor that is standing still
is equal to:

P =
F 2
n · R
n2 · k2

t

(4.32)

where R is the motor resistance, n is the transfer ratio from the position of the motor
to the position of the brake and kt is the motor constant. This power consumption
goes to zero when the transfer ratio n goes to infinity. However, since this also
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increases friction, size and mass, this transfer ratio cannot be chosen too large. Now
given a certain n, kt and R, we see that the power consumption scales quadratically
with the actuation force. In most other actuators, the energy consumption will scale
with the actuation force and therefore, a higher actuation force will result in a higher
energy consumption.

There are actuators in which the energy consumption (theoretically) is independent
of the actuation force. Examples are electro-static and piezo-electric actuators.
However, those actuators have other disadvantages that make them less suitable for
application in brakes, as explained in the introduction.

4.6.5 Applications

The intended application of the brakes we introduced in this paper is robotics. The
use of locking devices in robotics is increasing [169]. Such locking devices are mainly
used to reconfigure robots, decrease actuator load when standing still, and control
the energy release of springs. Especially in mobile robots, such as household robots
or walking robots, components that do not consume energy are advantageous.

The main reason for using a SBB in comparison to other brakes is when only a small
actuation force is available and the brake should be able to brake in two directions.
Other possible applications for statically balanced brakes include torque limiters, cars,
trains, buses, trucks and bikes. Especially the safety/parking brake version of the
brake that we showed in this paper is applicable in vehicles such as buses and trucks
that often use such brakes to stand still.

As stated in [169], brakes are often used as locking mechanisms or clutches. Using
a brake as a clutch (instead of quickly switching clutches such as ratchets) has two
advantages. Firstly, a brake can disengage while under load and secondly, the braking
torque is independent of the position of the joint.

4.7 Conclusion

In this paper we introduced a new type of brakes: statically balanced brakes. The
goal of SBBs is to eliminate the actuation force required in regular brakes. With
small adjustments, SBBs can also be used as safety brakes or bi-stable brakes, with
a reduced actuation force. We conclude that the concept of SBBs is promising and
that the required actuation force can be reduced by 95-97% in comparison to regular
brakes. Furthermore, cam mechanisms seem to be the most promising approach for
balancing of the two spring systems because of their design freedom and the fact
that they are relatively easy to model.
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Abstract
Parallel elastic actuators (PEAs) have shown the ability to reduce the
energy consumption of robots. However, regular PEAs do not allow
to freely choose at which instant or configuration to store or release
energy. This chapter introduces the concept and the design of the Bi-
directional Clutched Parallel Elastic Actuator (BIC-PEA), which reduces
the energy consumption of robots by loading and unloading the parallel
spring in a controlled manner. The concept of the BIC-PEA consists of
a spring that is mounted between the two outgoing axes of a differential
mechanism. Those axes can also be locked to the ground by two locking
mechanisms. At any position, the BIC-PEA can store the kinetic energy
of a joint in the spring such that the joint is decelerated to zero velocity.
The spring energy can then be released, accelerating the joint in any
desired direction. Such functionality is suitable for robots that perform
rest-to-rest motions, such as pick-and-place robots. Simulations show
that the energy consumption of our one DOF setup can be reduced
by 73%. In hardware experiments, we reached reductions up to 65%,
which is larger than other concepts with the same functionality.

5.1 Introduction

Energy consumption of robots is an increasingly important performance criterion.
Especially mobile systems that rely on batteries require a low energy consumption
for a long operating time and low weight. Examples include domestic robots [135],
walking robots [39], exoskeletons [49, 177] and prostheses [11, 165, 214]. One of
the most promising approaches to reduce the energy consumption is recapturing
negative work. Two main approaches are commonly applied in robots: generators
and potential energy storage devices such as springs.

Electric motors can function as generators and transfer negative mechanical work
into electrical energy to charge the battery. This has the advantage that the energy
exchange between the energy storage and the joints is fully controllable. However,
electrical motors suffer from copper losses, which decreases the efficiency of the
energy recapture. Moreover, such motors often require gearboxes with large gearbox
ratios that also increase the joint friction and thus increase the energy consumption
of the robot. The efficiency of the energy recapture is further reduced by batteries
that do not have a 100% efficiency. A state-of-the-art robot that uses motors as
generators is the Cheetah robot [192]. Seok et al. report an efficiency of energy



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 93 — #111 i
i

i
i

i
i

The Bi-directional Clutched Parallel Elastic Actuator | 93

51
 m

m

Ø 45 mm

Figure 5.1: A photograph of the BIC-PEA. It weighs 202 g and fits in a cylinder with a length of
51mm and a diameter of 45mm.

recapture from joint to battery in the Cheetah robot of 63%. Assuming that the
efficiency from the battery to the joint is the same, the total efficiency is only 40%.

Storing energy in the form of potential energy is potentially more energy efficient.
Springs typically exhibit a hysteresis of 1-5% and thus high efficiencies seem achiev-
able. Therefore, springs have been placed in parallel with actuators in various ap-
plications (see e.g. [13, 77, 100, 103, 131, 153, 171, 180, 231]). With a reg-
ular parallel spring, the position of the joint directly determines the energy in the
spring. This spring characteristic can be adjusted to match the task (see e.g.
[103, 165, 171, 180]). The parallel spring then provides part of the torque required
to perform the task, lowering the required actuator torques, and thereby reducing
the energy consumption. Reduction of actuator torques should also allow for smaller
gearbox ratios, leading to less gearbox friction, which again reduces the energy con-
sumption.

Regular springs however, do not allow adjusting their characteristic during operation.
This means that at any position, the amount of energy stored in the spring only
depends on the design and not on the control. This greatly reduces the versatility of
the robot in three ways. First, when energy is stored in the spring, the spring exerts a
torque on the joint, which is undesirable when the joint has to stand still. Secondly,
the timing of energy capture and release cannot be controlled independently of the
joint position. And thirdly, the energy that is stored in the spring while decelerating
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in one direction can only be used to accelerate in the opposite direction.

The solution to these problems is to make the energy inflow and outflow of the
spring controllable. This could theoretically be realized by placing an infinitely variable
transmission (IVT) between the joint and the spring, as proposed in [210]. However,
there are no studies showing the working principle or effectiveness of such an IVT.
Therefore, other researchers proposed to use locking mechanisms to control the
energy inflow and outflow of the spring [169]. Locking the spring when standing
still prevents the spring from exerting torque on the joint, solving the first problem
mentioned above [13, 171]. The second problem mentioned above is addressed by
Haeufle et al. [77], who proposed a clutched parallel elastic actuator (CPEA) in
which the parallel spring can be connected to a joint by a controllable clutch. They
report a reduction of 80% in the energy consumption of their emulated knee joint.
However, the problem that still has not been addressed is that the energy that is
stored in the spring while decelerating in one direction can only be used to accelerate
in the opposite direction.

In order to solve this problem, we propose to use the Bi-directional Clutched Parallel
Elastic Actuator (BIC-PEA, see Fig. 5.1), which consists of one differential mech-
anism, two locking mechanisms and one spring that is placed inside the differential
mechanism. The parallel spring can be connected to the joint at an arbitrary position
or speed when the kinetic energy has to be stored in the spring. This energy can
be released at an arbitrary later point in time, accelerating the joint in any desired
direction. This principle is especially suited for rest-to-rest motions, which we will
study in this chapter. We recently presented the working principle and a preliminary
study on the performance of the BIC-PEA at a conference [170].

In this chapter, we analyse how much the energy consumption can be reduced by
implementing the BIC-PEA in systems with rest-to-rest motions. Although the BIC-
PEA provides more functionality than the CPEA, the goal is to reach a reduction
similar to that reported for the CPEA [77].

The rest of the chapter is structured as follows. Section 5.2 provides a more detailed
explanation of the working principle of the BIC-PEA. Next, section 5.3 discusses
the design of our prototype. Then, section 5.4 explains our methods for analysing
the energy consumption in simulation and in hardware experiments. The results in
sections 5.5 and 5.6 show how implementation of the BIC-PEA can lead to a decrease
in the energy consumption up to 65%, depending on the specific task. The chapter
ends with a discussion in section 5.7 and a conclusion in section 5.8.
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Figure 5.2: A schematic drawing of the concept of the BIC-PEA, visualized as a hydraulic system. It
consists of a differential, a spring and two valves (locking mechanisms). The differential mechanism
causes the joint piston to move with the sum of the velocities of the other two pistons. The valves
can lock the two pistons.

5.2 Working principle

In this section, we explain the working principle of the BIC-PEA in more detail.
First, we will explain the components of the BIC-PEA (one differential mechanism,
two locking mechanisms and a spring) and how they are connected. Second, we will
explain the operating principle of the BIC-PEA. A schematic drawing of the BIC-
PEA is shown in Fig. 5.2. This figure shows a hydraulic mechanism for explanation
purposes. The final design of the BIC-PEA is a geared version and will be explained
in section 5.3.2.

5.2.1 Differential mechanism

A differential mechanism is a mechanism with three coupled axes. The coupling is
described by one constraint that can be written in the form:

xj = n1x1 + n2x2 (5.1)

where n1 and n2 are constant positive transfer ratios, xj is the position of the input
and x1 and x2 are the positions of the output of the differential. These three positions
are the three axes of the differential mechanism. Examples of such mechanisms are
a planetary gear, a planetary differential, an automotive differential and a ’movable
pulley and cables’ differential. We call a differential mechanism ideal if n1 = n2,
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which is generally the case for the planetary differential, automotive differential and
’movable pulley and cables’ differential. In the BIC-PEA, the input position xj is
connected to the joint of a robot, hence the subscript j .

5.2.2 Locking mechanisms

A locking mechanism is a component that can switch between allowing and preventing
relative motion between two other components (see [169]). In the BIC-PEA, the
two locking mechanisms are placed between the ground and the two output positions
x1 and x2. The discrete states of the two locking mechanisms are denoted by L1

and L2, which have value 0 if the output position is locked to the ground and have
value 1 if the output position is not locked. Using this notation, eq. (5.1) can be
re-written in terms of velocities:

ẋj = n1ẋ1 + n2ẋ2 (5.2)

with ẋi = 0 if Li = 0, i ∈ 1, 2.

5.2.3 Spring

A spring is a compliant component with (in our case) two connection points. The
potential energy that is stored in the spring is a function of the relative position of the
two connection points. In the BIC-PEA, a spring is placed between the two output
positions of the differential mechanism. Therefore, the displacement of the spring is
equal to

∆x = x1 − x2 (5.3)

where the positions are defined such that ∆x = 0 is an equilibrium position of the
spring. The potential energy in the spring is a function of this displacement:

Es = g(∆x) (5.4)

The generalized force Qs,i exerted by the spring on the i-th axis is given by

Qs,i = −
∂∆x

∂xi

∂g(∆x)

∂∆x
(5.5)

where force is defined in the same direction as position. Examples of commonly used
springs are compression springs, extension springs, torsion springs and spiral springs.
Most springs have a constant and positive stiffness, which means that ∂g(∆x)

∂∆x is a
monotonically increasing and linear function of ∆x :

∂g(∆x)

∂∆x
= k∆x (5.6)
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where k is the spring stiffness. The apparent spring stiffness at the joint is kj , which
is equal to

kj =

(
∂∆x

∂xj

)2

k (5.7)

and the maximum displacement of the spring is called ∆xmax .

5.2.4 Operating principle

Using the two locking mechanisms, there are four modes of operation:

1. L =  and L = : The two output positions are free to move and therefore
the spring deflection ∆x is independent of the joint position xj . Although the
spring might deflect due to inertia and friction, these deflections are negligible
as long as the spring stiffness is sufficiently large.

2. L =  and L = : Output position 1 is locked, meaning that ẋ1 = 0. Since
x1 is now constant, the spring deflection linearly depends on the joint position.
Combined with eq. (5.1), this results in:

∆x = c1 − x2 (5.8)

= (1 +
n1

n2
)c1 −

1

n2
xj (5.9)

where c1 is equal to x1 at the moment that x1 was locked. Substituting in
eq. (5.5) leads to:

Qs,j =
1

n2
·
∂g(∆x)

∂∆x
(5.10)

3. L =  and L = : Output position 2 is locked, meaning that ẋ2 = 0. Since
x2 is now constant, the spring deflection again linearly depends on the joint
position:

∆x = x1 − c2 (5.11)

=
1

n1
xj − (1 +

n1

n2
)c2 (5.12)

where c2 is equal to x2 at the moment that x2 was locked. This leads to the
generalized force:

Qs,j = −
1

n1

∂g(∆x)

∂∆x
(5.13)

In comparison to mode 2, this force is reversed.
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4. L =  and L = : The two output positions are locked and thus the joint
position is locked as well. If the spring is deflected, it will remain deflected
while being in this mode of operation.

From eqs. (5.10) and (5.13), it follows that for the same deflection of the spring, the
joint force can be negative or positive. Now suppose that ẋj is positive. If we want to
decelerate the joint, we switch to mode 3, where the force on the joint is negative.
Once the joint is decelerated to zero velocity and the kinetic energy is transferred to
potential energy in the spring, we switch to mode 4. From mode 4, we can release
the potential energy by accelerating in positive or negative direction (respectively
mode 3 and 2). Similarly, if ẋj had been negative, we would have switched to mode
2 to decelerate the joint.

From eqs. (5.10) and (5.13), it is also clear why an ideal differential is advantageous:
if n1 = n2, the stiffnesses while accelerating in positive and negative direction are
identical.

5.3 Prototype Design

We built a prototype of the BIC-PEA in order to test how much it can reduce the
energy consumption of a standard robotic joint actuated by a DC motor. In this
section we first discuss selection of the spring. Then, we describe the hardware
design of the BIC-PEA. And finally, we present a model and show how the model
corresponds to previous measurements in [170].

5.3.1 Spring selection

The spring is one of the most important component of the BIC-PEA. Selection of
the spring will influence the amount of energy that is saved in certain tasks. The
tasks are defined by a certain allocated time to move tf and distance to move xf .
We hypothesize that the savings will be highest in tasks where the ’natural time to
move’ tn corresponds with the required time to move tf . The natural time to move
is the time it takes to move from the start to the goal position in a frictionless sys-
tem, without actuation. We will verify the hypothesis in simulation in section 5.5.3.
Following this hypothesis, we will now calculate the time to move for a frictionless
system with BIC-PEA and without actuation and derive the spring stiffness that leads
to equality of tf and tt .

Therefore, assume a frictionless system in which the only force that acts is the spring
force and where the spring is exploited up to a maximum excursion ∆xmax . The
motion of this system can be split into three phases: an acceleration phase, a phase
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with constant velocity and a deceleration phase. Since the motion is symmetrical,
the first and the last phase take an equal amount of time. We start at state xj = 0

and ẋj = 0. In the first phase, the motion is described by

xj(t) = −∆xmaxcos

(√
kj
J
t

)
+ ∆xmax (5.14)

where J is the inertia of the robot. This phase ends at time

t1 =
1

2
π

√
J

kj
(5.15)

The velocity at the end of this phase is equal to

ẋj = ∆xmax

√
kj
J

(5.16)

and since the distance that has to be traveled in the second phase is xf − 2∆xmax ,
this phase has a duration of

t2 =
xf − 2∆xmax

∆xmax

√
kj
J

(5.17)

The total time it takes for this system to move to xf is

tn = 2t1 + t2 =

√
J

kj

(
π − 2 +

xf
∆xmax

)
(5.18)

This tn is the natural time to move. Now assuming that this time corresponds with
the time to move (i.e. tn = tf ), we can write the stiffness as function of the system
and task parameters tf and xf :

kj = J

( xf
∆xmax

+ π − 2

tf

)2

(5.19)

When choosing the BIC-PEA parameters ∆xmax and kj , two things should be taken
into account. First, the minimum distance xf ,min that the BIC-PEA should move
is twice the maximum displacement of the spring ∆xmax . Therefore, this maximum
spring displacement should be chosen to match the smallest distance that the system
is expected to move:

∆xmax =
1

2
xf ,min (5.20)

Second, since the energy savings are expected to drop for tasks that are slower or
faster than the natural time to move, kj should be optimized to fit the different task
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parameters. A good approximation is to take the average optimal kj . This means,
finding the mean kj for all expected tasks combinations of xf ,i and tf ,i using

kj =
1

N

N∑
i=1

J

(
2xf ,i
xf ,min

+ π − 2

tf ,i

)2

(5.21)

where N is the number of expected task combinations.

5.3.2 Mechanical design

In this section, we explain the design of our hardware prototype (see Fig. 5.1).
A schematic drawing of the design is shown in Fig. 5.3. We respectively discuss
the differential mechanism, the spring, the locking mechanisms and the mechanical
properties.

As a differential mechanism, we use a planetary differential (see Fig. 5.3). The
positions and velocities in this mechanism are rotational. Therefore, the generalized
forces are actually torques. A planetary differential consists of two internal gears,
one or multiple pairs of planet gears and a joint axis. Within one pair of planet gears,
each gear engages with a different internal gear and the gears engage with each
other. Our prototype has two pairs of planet gears, as can be seen in Fig. 5.4b. The
angular displacements x1 and x2 of the separate sides of this planetary differential
are described by:

x1 = xj + rpxp1 (5.22)

x2 = xj + rpxp2 (5.23)

where rp is the effective radius of the planet gears and xp1 and xp2 are the positions
of the planet gears (see Fig. 5.3). Since the two planets mesh with each other such
that xp1 = −xp2, the overall motion is described by:

xj =
1

2
x1 +

1

2
x2 (5.24)

This differential mechanism is an ideal differential (i.e. n1 = n2 = 0.5).

We chose to use a torsion spring with a spring stiffness of 0.17Nm/rad and a maxi-
mum displacement of 0.5π rad. We attached two pegs to each side of the spring to
connect to the internal gear (see Fig. 5.4a). The parameters of the BIC-PEA were
chosen for the task with a distance to move of xf = 2π rad and a time to move of
tf = 1 s.

In order to test the spring mechanism, we used two large brakes as locking mecha-
nisms to lock the internal gears. These brakes consist of rubber plates that are each
pushed against a Vulka SF-001 braking disk by a solenoid (see Fig. 5.5).
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Joint axis

Torsion 
spring

Planets

Internal 
gear

Brake pads

x1, x1
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x2, x2
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Figure 5.3: A schematic drawing of the final design of the BIC-PEA. It consists of a planetary
differential, a torsion spring and two brakes. The planetary differential consists of two internal
gears, two planet gears and one planet carrier (the joint axis). The planets have a lateral offset,
such that each planet meshes with the different internal gear of the corresponding color and they
mesh with each other in between the internal gears. The planet axes are connected to the joint axis
by cranks so that the distances between the joint axis and the planet axes are fixed. The planets
can rotate around their axes independent from the rotation of the joint axis. The spring connects
the two internal gears. The differential mechanism causes the joint axis to rotate with the average
velocity of the two internal gears. The brakes can lock the internal gears with respect to the ground.
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Figure 5.4: Photographs of the inside of the prototype.
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The BIC-PEA without brakes as shown in Fig. 5.1 weighs 202 g and fits in a cylinder
with a length of 51mm and a diameter of 45mm. The transfer ratio of the joint
axis to the spring (when one brake is locked) is 1:2. This means that the apparent
spring stiffness at the robot joint is 0.68Nm/rad.

5.3.3 Modeling the BIC-PEA

In [170], the characteristic of the BIC-PEA is measured. In order to generate energy-
optimal trajectories, a model is required. We model the characteristic of the BIC-PEA
in mode 2 and 3 as

Qs,j = kj(x0 − xj)− Tcsign(ẋj) (5.25)

where x0 is the joint’s position when the spring is in equilibrium and Tc is the Coulomb
friction torque. Coulomb friction is mainly generated by the gears and is the main
cause for hysteresis in the mechanism. We used the Nelder-Mead simplex direct
search algorithm of fminsearch in MATLAB to identify the values for kj and Tc
that lead to the least squared error between measurements [170] and model. The
obtained values are kj = 0.71Nm/rad and Tc = 0.12Nm. The fit has a root mean
squared error of 0.08Nm and a peak error of 0.17Nm. In mode 1, Qs,j is equal to
zero and in mode 4, the acceleration of the joint is zero.

5.4 Experimental setup

In this section we explain the experimental setup we used to measure the reduction
in energy consumption. First, we describe the measurement setup. Then, we explain
how we find energy-optimal trajectories in simulation. And finally, we describe the
hardware experiments.

5.4.1 Measurement setup

Fig. 5.5 shows the test setup we used to analyse the energy consumption. It consists
of a Maxon RE-30 brushed DC motor that connects to a body with inertia through
a timing belt. The inertia is represented by an aluminum tube of length 650 mm
that connects to the joint in its center. At both end points of the tube, a brass
block is placed inside the tube to increase the inertia. This setup is not influenced
by gravity. We chose such a setup because it was already shown in [231] that gravity
can be compensated by parallel springs. The motor was chosen based on availability.
The identified parameters of the test setup are listed in Table 5.1. We used a
gearbox ratio of 1:18 because initial simulations showed that this ratio leads to the
lowest energy consumption when the BIC-PEA is not attached. Gearbox selection is
discussed further in section 5.7.4.
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BIC-PEA

Maxon RE-30 
DC motor

Arm

Braking disks

Solenoid

Figure 5.5: The setup to test the influence of the BIC-PEA on the energy consumption. It consists
of a symmetric arm that rotates in a vertical plane. When the BIC-PEA is attached, it directly
connects to the axle of the arm. A Maxon RE30 DC motor with a gearbox of 1:18 drives the system
through a timing belt.

Table 5.1: The model parameters of the one degree of freedom test setup. The values are obtained
through a system identification of the setup.

Parameter arm Symbol Value
Inertia J 0.029 kgm2

Coulomb friction Tcf 0.06 Nm
Torque-dependent friction µtf 21 %
Torque constant kt 25.9 mNm/A
Motor resistance R 1.5 Ω

Gearbox ratio n 1:18
Spring stiffness kj 0.71 Nm/rad
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5.4.2 Simulation experiments

Since we are focusing on rest-to-rest motions, the task that has to be performed is
to move from one position to another, both with zero velocity. First, we analysed
how the performance depends on the two task parameters tf and xf . Therefore, we
varied tf between 0.7 s and 1.7 s and xf between π rad and 3π rad.

Secondly, we varied the stiffness, to verify the stiffness selection hypothesis in sec-
tion 5.3.1. Meanwhile, we keep ∆xmax constant. While varying the stiffness, we
obtain the tasks for which the energy savings are maximal. If the hypothesis is true,
these tasks satisfy eq. (5.18).

In order to fairly compare the system with and without the BIC-PEA, we have to
know how it should move in order to consume as little energy as possible in each
case. Therefore, we used optimal control to find energy-optimal trajectories off-line.
The model of the arm that we used is:

ẍj =
Tm +Qs,j + Tf

J
(5.26)

where Tm is the torque applied by the motor, Tf is the friction torque and J is the
total inertia about the joint. The motor torque is equal to

Tm(t) = ktnI(t) (5.27)

where I is the current through the motor, kt is the torque constant of the motor and
n is the transfer ratio of the gearbox. Tf is equal to

Tf = −(Tcf + µtf |Tm|)sign(ẋj) (5.28)

where Tcf and µtf are the Coulomb friction torque and the torque-dependent friction
coefficient respectively.

We used the optimal control software package GPOPS-II [161] to find energy-optimal
trajectories between the two positions. As solver we used the SNOPT version that
comes with GPOPS II. The cost function that we used is the integral over the
electrical motor power P , which is equal to

P = Tmẋj + I2R (5.29)

where R is the terminal resistance of the motor windings. Note that the power can
become negative when the motor torque opposes the velocity. This would lead to a
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decrease in the cost function and models recapturing energy electrically. Therefore,
using this cost function, we compare the energy consumed by the system with the
BIC-PEA to a system that can use the motor as a generator. The optimization has
a free end time t∗ with a maximum of tf . The overall optimal control problem is
described by:

minimize
Tm(t)

∫ t∗

0

Pdt

subject to t∗ ≤ tf
x(0) = 0

x(t∗) = xf

ẋ(0) = ẋ(t∗) = 0

(5.30)

We assume that it is optimal to switch the BIC-PEA depending on the initial and
the final positions. Therefore, for xj < ∆xmax the generalized force Qs,j is equal to

Qs,j = kj(∆x − xj)− Tcsign(ẋj) (5.31)

for xj > xf − ∆xmax , it is equal to

Qs,j = kj(xf − ∆x − xj)− Tcsign(ẋj) (5.32)

and Qs,j = 0 otherwise.

5.4.3 Hardware experiments

In the hardware experiments, the energy-optimal trajectories that were calculated
off-line, are followed by a manually tuned PD controller in combination with the
feedforward controller that follows from the optimization. For the system without
the BIC-PEA attached, the tuned controller gains are [KP , KD] = [1, 0.2 ][Nm/rad,
Nms/rad]. In the system with the BIC-PEA, a smaller proportional gain appeared to
be optimal: [KP , KD] = [0.5, 0.2 ][Nm/rad, Nms/rad].

The solenoid brakes have a switching time that is not negligible. Therefore, they
are switched at a fixed duration before reaching the switching positions. When
disengaging, the brake is switched 0.1 s before reaching the switching position. When
engaging, this is 0.02 s.

The trajectories that will be tested on the hardware setup have a time to move that
varies between 0.7 s and 1.7 s and a fixed distance to move of 2π rad. In practice,
a task description will consist of several times to move and moving distances. To
show the versatility of the BIC-PEA, we composed a task where the arm has to move
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between four positions. First, it moves from 0 rad to 3π rad in 1 s. Then, it moves
to 4.5π rad in 1.5 s. Next, it moves to 1.5π rad in 1.5 s. And finally, it moves back
to 0 rad in 1 s.

The energy consumption of those motions is calculated by numerically integrating
the electrical power:

E =

∫ tf

0

UIdt (5.33)

where U is the voltage that is applied on the motor. Note that this energy consump-
tion does not include the energy consumed by the brakes. There are two types of
motions, which we will call type 1 and type 2. In motions of type 1, the next motion
continues in the same direction as the previous motion. So after deceleration, the
arm will accelerate while moving in the same direction. In motions of type 2, the
next motion is in the opposite direction of the previous motion. This type of motion
leads to back-and-forth motions. We repeated every task 18 times: 9 times for type
1 and 9 times for type 2. The results are then averaged.

5.5 Simulation results

In this section, we first show the results of the optimal control study for a nominal
task. Then, we show the results for multiple task parameters. And finally, we verify
the stiffness selection hypothesis from section 5.3.1.

5.5.1 Energy savings for a nominal task

Fig. 5.6 shows the optimized motions for moving one revolution in one second, with
and without the BIC-PEA attached. As can be seen in Fig. 5.6d, when the BIC-PEA
is attached, the robot consumes 72% less energy.

5.5.2 Influence of task parameters

Fig. 5.7 shows the energy savings as function of the task parameters. This figure
shows that the maximum percentage of energy that can be saved is approximately
73% and that there is a manifold of tasks in which this can be achieved. The figure
shows that the savings for other tasks are lower, but for a considerable amount of
tasks, the system with BIC-PEA still consumes less energy than the system without
BIC-PEA.

5.5.3 Influence of the spring stiffness

Fig. 5.8 shows two sets of data. First, it shows the manifolds for xf and tf that follow
from eq. (5.19) for nine different stiffnesses. These manifolds represent the natural
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Figure 5.6: The optimized trajectories to move one rotation in one second with and without the
BIC-PEA attached. Note that in c), the torques for the motion with BIC-PEA are multiplied by
a factor 10. The vertical striped lines indicate the switching times of the locking mechanisms.
Therefore, they divide the motion into three phases: a phase in which the spring unloads, a phase
in which the spring is in rest and a phase in which the spring is loading.
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Figure 5.7: The energy savings as function of the task parameters. For every distance to move,
there is a time to move that leads to approximately 73% energy savings. This maximum percentage
of energy saved decreases when the distance to move increases.

motion of the system. Second, it shows the manifolds with the maximum energy
savings in simulation for the same nine stiffnesses. It shows that the two manifolds are
similar, especially at high stiffnesses. The similarity between the analytical manifolds
and the optimal manifolds in simulation shows that the tasks in the optimal manifolds
in simulation indeed coincide with the natural motion of the system. The differences
between the two sets of manifolds is due to the effects of friction, which is larger at
low stiffnesses.

5.6 Hardware results

Fig. 5.9 shows the energy that is consumed by the hardware setup with and without
the BIC-PEA attached. The figure shows that the results in simulation and hardware
experiments are comparable. For the system without the BIC-PEA attached, the
energy consumption decreases when the time to move is increased. For the system
with BIC-PEA, the same holds until a time to move of approximately 1 s, after which
the consumed energy is constant. The latter is caused by the fact that for larger
times to move, the energy-optimal trajectory is to move in approximately 1 s and
then stand still at the goal position.

Fig. 5.10 shows the percentage of energy that is saved by implementing the BIC-PEA
as function of the time to move. The figure shows the same trend in simulation and
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Figure 5.8: The optimal task manifold for nine different stiffnesses. The figure shows the manifold
both from an idealized model (solid lines) and from simulations with a realistic model (dashed lines).
It shows that the two models are comparable, especially at high stiffnesses.
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move of 2π rad. The lines show the energy consumed in simulation and in hardware experiments
for the system with and without the BIC-PEA attached.
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Figure 5.10: The energy savings of the arm as function of the time to move for a distance to move
of 2π rad. The lines show the energy consumed in simulation and in hardware experiments.

hardware experiments: there is a peak at a time to move of approximately 0.9 s and
the savings decrease when the time to move is increased. The peak in hardware
experiments in lower than in simulation: 65% in hardware experiments and 73% in
simulation.

Fig. 5.11 shows the hardware results for performing the realistic task. Figs. 5.11a
and 5.11b show the positions as function of time for the system with and without the
BIC-PEA for 10 runs. Fig. 5.11c shows the energy consumed over time. The system
without BIC-PEA consumed 25.0 (± 0.1) J to complete the task. The system with
BIC-PEA consumed 11.8 (± 1.4) J. This means that implementation of the BIC-PEA
resulted in a 53% lower energy consumption for this task.

5.7 Discussion

In this chapter, we presented the concept of the BIC-PEA and showed its potential
in reducing the energy consumption of robots. In this section we discuss the per-
formance, the applicability, the use of locking mechanisms, selection of the gearbox
and other embodiments of the BIC-PEA.

5.7.1 Performance

The simulation results showed that theoretically 73% energy can be saved by im-
plementing the BIC-PEA. Hardware results showed the same trends as simulation
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Figure 5.11: The hardware results for performing a realistic task. The arm moves from 0 rad to
3π rad to 4.5π rad to 1.5π rad and then back to 0 rad. The times to move are 1 s, 1.5 s, 1.5 s
and 1 s. a) The position of the arm without the BIC-PEA. b) The position of the arm with the
BIC-PEA. c) The energy consumed over time for the system with and without the BIC-PEA.
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results, but the maximum energy savings were 65%. Furthermore, in hardware
experiments, the robot consumed more energy than in simulation. In the system
without the BIC-PEA, this is caused by an imperfect model, introducing the need
for feedback. In the system with BIC-PEA, another cause for the larger energy con-
sumption is the imperfectness of the locking mechanisms. Since the brakes have a
non-zero switching time and sometimes slip slightly, the efficiency of the BIC-PEA
decreases.

In hardware experiments, the energy consumption was measured for rest-to-rest mo-
tions of type 1 and type 2. In the results, the energy consumptions of these two
types of motions were averaged. It should be noted that the results were quanti-
tatively different. For instance, for the motion with a time to move of 0.9 s, the
energy consumptions for the system with BIC-PEA attached were 2.94 (±0.20) J
and 2.34 (±0.46) J for type 1 and type 2 motions respectively. For the system
without BIC-PEA attached this was 8.20 (±0.57) J and 6.71 (±0.13) J. Although
the exact energy consumptions were different, the energy savings for both types of
motions are similar: 64% and 65% respectively.

The fact that the energy consumption of the two types of motions is different is
caused by steady-state errors at the goal positions. As is also visible in Fig. 5.11, the
position has a steady-state error by stopping just before reaching the goal position.
When the next motion is in the opposite direction, the arm starts with a lead with
respect to the reference. When the next motion is in the same direction, the arm
starts with a lag. The feedback control effort it takes to compensate for this lag
causes the higher energy consumption in continuing motions.

The two main losses in robotic arms are friction and copper losses. The energy
consumption of the arm without BIC-PEA consists for 71% of copper losses and
29% of friction losses, for the motion displayed in Fig. 5.6. When attaching the
BIC-PEA, the friction losses remain approximately equal, while the copper losses are
decreased. The copper losses then account for 11% of the energy consumption and
the friction accounts for 89%. Therefore, future research should focus on reducing
the friction losses in robots in order to further reduce the energy consumption.

As mentioned in the introduction, there are two concepts that compete with the
BIC-PEA in terms of energy efficiency. First, mechanical energy could be recaptured
electrically, such as in the Cheetah robot [192]. The advantage of this is that the
energy flow remains fully controllable. However, as mentioned in the introduction,
the energy that can be saved using this approach is only 40%. Furthermore, the
65% savings achieved with the BIC-PEA are in comparison with a system that also
recaptures energy electrically (note the descent of the energy consumed at the end
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of the motion in Fig. 5.6d). To achieve the 40% reduction, specialized motors are
required. Secondly, an existing clutched parallel elastic actuator (CPEA) could be
used [77]. This CPEA has shown to be able to decrease the energy consumption
with 80%. However, such a CPEA cannot use the potential energy in the spring to
accelerate in any desired direction and therefore decreases the versatility of the arm.
For instance, the task in Fig. 5.11 cannot be performed using this existing CPEA.

5.7.2 Applicability

The BIC-PEA is suitable for all robots that perform rest-to-rest motions. The most
common example of such a task in industry is a pick-and-place task with a robotic
arm. However, the applications of BIC-PEAs far exceed robotic arms. In fact, all
machines that decelerate and accelerate again in a repetitive manner would benefit
from an efficient way of energy recapture. For instance, one could imagine that a
wheeled robot that constantly has to come to a standstill and then accelerate again
could benefit from implementation of a BIC-PEA. Also, a manufacturing process
where belts transport a batch of products in intermittent fashion (to allow discrete
operations to be performed on the products) could benefit.

Future research on CPEAs should focus on other configurations with more locking
mechanisms that increase the applicability of the BIC-PEA. For instance, an extra
clutch between the axis of the robot and the input shaft of the BIC-PEA would allow
for the robot to move while the spring remains loaded.

5.7.3 Locking mechanisms

In the current prototype, we used solenoid actuated brakes to lock the internal axes
of the differential mechanism. In the results, we excluded the energy consumption
of the solenoids, because this assumes an ideal locking mechanism. Various types
of locking mechanism have been used in robotics [169]. A locking mechanism that
was specifically designed to have a low energy consumption is the statically balanced
brake [168]. An interesting direction of future research would be to consider different
locking mechanisms. For instance in some applications, active latches can be used
in which the position of locking and unlocking can be set by an actuator.

5.7.4 Gearbox selection

In this chapter, we used the same gearbox ratio for the system with and without the
BIC-PEA. In the introduction we stated that reduction of actuator torques should
also allow for smaller gearbox ratios, leading to less gearbox friction, which again
reduces the energy consumption. Initial simulation studies showed that a gearbox
ratio of 1:6.2 would be optimal for the task of moving 2π rad in 1 s. However, with
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such a small gearbox ratio, the feedback control action leads to high copper losses.
Therefore, in our experience, the gearbox ratio cannot be taken too low, so we used
a gearbox ratio of 1:18.

5.7.5 Other configurations

There are numerous configurations of BIC-PEAs that all have the same functionality.
However, there are two configurations that we would like to mention because of their
distinct advantages: the hydraulic and the planetary gear versions.

A schematic drawing of a hydraulic version is shown in Fig. 5.2. The advantage
of this configuration is that both the differential and the locking mechanisms are
relatively simple: the differential is a three-way tube and the locking mechanisms are
valves. Of course, such a system would only work if the leakage and friction are
minimal.

The planetary gear version is shown in Fig. 5.12. The advantage of this configuration
is that the differential is relatively compact. The disadvantage however is that a
planetary gear is not an ideal differential as described in section 5.2.

5.8 Conclusion

In this chapter, we presented the concept of the Bi-directional Clutched Parallel
Elastic Actuator (BIC-PEA). The BIC-PEA is suitable for implementation in robots
that perform rest-to-rest motions such as pick-and-place robots. We conclude that
using the BIC-PEA, the energy consumption of such robots can be reduced signifi-
cantly without compromising their capabilities. Results show that implementing the
BIC-PEA leads to a decrease of the energy consumption up to 73% in simulation, in
comparison to the same system that also allows for recapturing energy electrically.
In hardware experiments a reduction of 65% was reached. This is larger than all
other concepts with the same functionality.
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Figure 5.12: A planetary gear version of the BIC-PEA, which is compact in axial direction. The
spring is placed between the sun and the internal gear of the planetary gear, as indicated by the
corresponding colors.
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Abstract
This chapter identifies the class of actuators called clutched elastic ac-
tuators (CEAs). CEAs use clutches to control the energy flow into
springs. CEAs in exoskeletons, prostheses, legged robots and robotic
arms have shown the ability to reduce the energy consumption and mo-
tor requirements such as peak torque and peak power. Because of those
abilities, they are increasingly used in robotics. In this chapter, we cate-
gorize existing CEA designs, identify trends in those designs and provide
a taxonomy to analyze their functionality. Based on a literature survey,
current CEA designs are placed in nine categories, depending on their
morphology. The main trend is that CEA designs are becoming more
complex, meaning that the number of clutches and springs increases.
We show with the introduced taxonomy that the functionality can be
analyzed with a constraint matrix, a stiffness matrix and multiplication
of a clutch dependent diagonal matrix with a oriented incidence matrix.
This taxonomy eases the analysis of the functionality of CEAs. Further-
more, it can lead to new CEA designs in which the number of resulting
stiffnesses grows exponentially with the number of springs and clutches.

6.1 Introduction

In autonomous robots, energy consumption is an important performance criterion,
because this directly influences their uptime. Clear examples include walking robots
[39], household robots [135], prostheses [11, 214] and orthoses [49, 177]. One
of the most effective techniques to obtain a low energy consumption is the efficient
recapture of negative work. There are multiple options to store the energy recaptured
from the robot (e.g. electrical, chemical, potential, etc.), of which potential energy is
the most promising in terms of efficiency. This efficiency can even approach 100%.
Compared to other potential energy storages, springs are relatively compact and
therefore preferred. Actuators that use springs to temporarily store energy are called
elastic actuators (EAs). The two most well known EAs are series elastic actuators
(SEAs) [175] and parallel elastic actuators [13, 83] (PEAs).

The problem of EAs is that the timing of energy storage and release is not indepen-
dently controllable from the position of the joints and/or motor. This lack of control
of the energy storage limits the versatility of robots with EAs, especially when using
PEAs. For example, Shirata et al. [200] designed a walking robot with a leg that
includes a spring mechanism to statically balance the robot when standing on that
leg. During the stance phase, this spring mechanism reduces the torques that the
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motors have to deliver. However, during the swing phase, the motors have to coun-
teract these springs. If the stiffness of those springs would be fully controllable, the
stiffness could be eliminated during the swing phase.

In recent years, the use of clutches in EAs has become popular as a tool to control
the energy flow in springs. We call such EAs clutched elastic actuators (CEAs). Such
CEAs have mostly been applied in legged robots [55, 56, 58, 213], underactuated
systems [136] and robotic arms [13]. An alternative for using clutches to control the
energy flow in the springs is the use of continuously variable transmissions (CVTs).
CVTs have mainly been used to control the stiffness of springs in series with the
actuator [79, 228]. In principle, such CVTs could also be used to control the stiff-
nesses of parallel springs. With a CVT, the energy flow of the springs would become
fully controllable [210]. However, current CVT designs are not applicable. They are
typically based on a wheel rolling on a surface, meaning that in order to be able
to transfer high forces, the wheel should be pushed strongly against the surface to
prevent slip perpendicular to the rolling direction. This increases the friction in the
overall system, leading to a limited life time due to wear and a low energy efficiency.
Furthermore, it makes it difficult to vary the transfer ratio. Clutches are inherently
simpler components, because they switch between completely locking and completely
unlocking. Furthermore, they are widely available in various forms [169].

Different applications require different functionalities from their CEAs and thus vari-
ous types of CEAs have been designed. However, the full capabilities and limitations
of CEAs have never been studied. Having a method to analyze the functionality of
CEAs will become increasingly important, due to their increasing complexity. We
envision future CEAs consisting of many springs and many clutches. Such CEAs
show resemblance with human muscles that consist of many elastic elements that
can be locked. In order to prepare for those future CEAs, we provide a method to
categorize and analyze both existing and future CEA designs.

Therefore, the goal of this chapter is threefold. The first goal is to categorize exist-
ing CEA designs. The second goal is to identify trends in those designs. The third
goal is to introduce a taxonomy to analyze functionalities of all possible CEA designs.
These goals are reached using the following structure. Section 6.2 gives a definition
of CEAs and their components. Section 6.3 provides an overview of existing CEA
designs and identifies trends. Section 6.4 evaluates how we can define what func-
tionalities a certain CEA design incorporates. Section 6.5 then provides a taxonomy
for analyzing the functionalities in CEAs. Synthesis and different configurations of
CEAs are discussed in section 6.6. Finally, the chapter ends with a discussion in
section 6.7 and a conclusion in section 6.8.
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Figure 6.1: An example of a CEA, showing the visualization that is used in this chapter. CEAs
consist of bodies that are connected with clutches and springs. In the leg on the left, one spring is
placed in series with a clutch between the lower and the upper leg. A motor is also placed between
the lower and the upper leg. The schematic on the right shows a visualization of this mechanism.
Body 1 connects to the upper leg and body 3 connects to the lower leg. Body 2 is an internal body
in between the clutch and the spring and is therefore visualized in grey. Note that this example does
not include a constraint.

6.2 Components of CEAs

In this section, we briefly define both the terminology and the visualization we use in
this chapter. We define CEAs as all mechanisms that consist of at least one spring
and one clutch and possibly incorporating gears or differentials. The connections
of those components connect to bodies that have a continuous state (position and
velocity).

A spring is an elastic element and in this chapter we assume that it has two con-
nections. The potential energy in the spring is a function of the positions of its
connections. A clutch is a locking device that switches between allowing and pre-
venting relative motion between two bodies [169]. This means that when the clutch
is engaged, the relative velocity between the two bodies is zero. In this chapter,
we consider all clutches to be ideal locking mechanisms as defined in [169]. This
means that we disregard the differences between locking mechanisms such as brakes,
ratchets, latches, non-backdrivable gearing and singular locking mechanisms. Sec-
tion 6.7.3 will discuss how different locking mechanisms might be included in figure
work. A gear determines a constant transfer ratio between two bodies. A generalized
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version of a gear is a differential, which imposes a linear velocity constraint on two
or more bodies.

Fig. 6.1 shows an example CEA in a robotic knee on the left and the schematic
visualization of this CEA on the right. The CEA consists of one springs and one
clutch. The spring is placed in series with the clutch. The clutch-spring combination
and the motor are placed between the upper and the lower leg. This mechanism has
three bodies: body 1 represents the upper leg, body 3 represents the lower leg and
body 2 is the position of the connection between the spring and the clutch.

Note that in the proposed representation, all body positions are absolute positions.
This means that the position of a joint to which the CEA connects, equals the relative
position between two bodies. In Fig. 6.1, the knee angle is equal to the difference
between the angle of body 1 and the angle of body 3. This also means that even
when the knee is locked, the bodies of the CEA can still move with the same velocity
in the same direction.

6.3 Current CEA designs

The goal of this section is to provide a categorization of existing CEA designs and to
identify trends in the use of CEAs. We performed a literature survey by searching for
papers that include either ’clutch’, ’latch’, ’locking mechanism’ or ’lock’ and ’spring’,
’elasticity’ or ’compliance’. We also searched the references of the papers we found.

We categorize the CEAs based on their morphology and briefly discuss the results
that were achieved by implementing them. Existing CEAs can be subdivided into
nine types that are visualized in Fig. 6.2. The order of the types was chosen based
on the number of clutches that are used. In this section we discuss the types in
Figs. 6.2a, b, d, f and i, because they are used most often and are significantly
different from each other.

The names that we use for the types of CEAs are defined by their morphology,
excluding other components such as motors. Per body, we describe how that body
connects to a body with a higher number. For instance, body 1 in the CEA in
Fig. 6.1 connects to body 2 through a clutch. Therefore, its name starts with 2C,
where the numbers indicate the bodies it connects to and the C indicates a clutch.
The connections of different bodies are separated by a dash. Since body 2 connects
to body 3 through a spring, the name for the CEA in Fig. 6.1 is 2C-3S. Differentials
are denoted by the numbers of the connecting bodies between brackets, followed by
a D (see Fig. 6.2d). An example of the notation is a type 4S-4C-4C. This name
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means that body 1 connects to body 4 through a spring, body 2 connects to body 4
through a clutch and body 3 also connects to body 4 through a clutch.

6.3.1 Type 2C-3S

The first type of CEA we discuss, consists of a spring placed in series with a clutch
and has three bodies (see Fig. 6.2a). In most type 2C-3S CEA designs, body 1
connects to one side of the joint and body 3 connects to the other side. When the
CEA also includes a motor, that motor is usually also placed between bodies 1 and
3. When the clutch is locked, bodies 1 and 2 are connected and the elongation of
the spring depends on the relative motion of body 1 and 3. Therefore, the CEA
functions as a PEA when the clutch is locked. When the clutch is unlocked, the
position of body 2 does not depend directly on the position of the output bodies and
the spring goes to its equilibrium position. Therefore, only the motor applies forces
to the output joints when the clutch is unlocked.

Type 2C-3S have been applied both in parallel to a motor [12, 57, 77, 99] and without
a motor [34, 41, 53, 54, 60, 197, 238]. There are four studies with a completely
different implementation of this type of CEA. Two designs placed this CEA in series
with a motor instead of in parallel [129, 222]. One design placed the motor between
bodies 1 and 2, such that the rotation of the motor can be locked [186]. And another
design used bodies 1 and 2 as output bodies [33] . Then, by placing a motor between
body 1 and 3, they can load the spring while not applying torque on the output joint.

This type of CEA has been used most widely and the results show that even the
implementation of a simple CEA can lead to significant reductions of the energy
consumption, peak torque and peak power, both in robots and in humans. In walking
robots and exoskeletons, implementation of such a CEA has been shown the ability
to reduce the electric energy consumption of walking robots and exoskeletons up to
80% [77, 129]. In humans, a reduction of the metabolic cost of transport by 7%
was achieved [41].

6.3.2 Type 2CS

The second type of CEA in literature consists of a spring in parallel with a clutch
(see Fig. 6.2b). Typically, the CEA also includes a motor in between the two bodies.
When the clutch is locked, bodies 1 and 2 are connected and thus the output is
locked. When the clutch is unlocked, the output bodies are not coupled directly and
both the motor and the spring apply a force on the output bodies. This type of CEA
can be used when the joint has to stand still while the spring is loaded. The 2CS type
has been used to lower the energy consumption of robotic arms [13], to insert the
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Figure 6.2: The nine different types of CEAs used in literature. The output bodies and the placement
of the motor are visualized in the most used form in literature. The white bodies are the output
bodies. In i), three modules of a series parallel elastic actuator are visualized. Two modules are
shown in black and one module is shown in grey.
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same amount of energy in every step of a walking robot [38] and to switch between
a rigid and soft connection between a human and a backpack [184].

6.3.3 Type (2,3)D-3S4C-4C

The third type of CEA we discuss, has four bodies, one spring, two clutches and
a differential. Body 1 and 4 are the output bodies (see Fig. 6.2d). As shown in
Fig. 6.2d, bodies 1, 2 and 3 are connected with a differential mechanism. This
differential causes the first body to move with the mean velocity of bodies 2 and
3. When only the top clutch is locked, body 2 connects to body 4 and the spring
connects bodies 1 and 4 through body 3. When only the bottom clutch is locked,
the spring connects the output bodies through body 2. This means that depending
on the state of the clutches, the force on the output joints is positive or negative
and therefore, energy in the spring can be released in clockwise or counterclockwise
direction. Plooij et al. [170] used such a CEA to reduce the energy consumption of
robotic arms with pick-and-place tasks by 65%.

6.3.4 Type 2C3C-3S

The fourth type we discuss, consists of two clutches and one spring, and has three
bodies (see Fig. 6.2f). The purpose of the mechanism is the same as that of type
2S-3C4C-(4)D and this type of CEA has also only been used as a passive CEA.
Collins and Kuo [40] use this type of CEA in their energy recycling foot prosthesis.
The lower leg connects to body 1, the heel connects to body 2 and the front of
the foot connects to body 3. Here, the foot actually consists of two independently
moving parts. This design makes it possible to store energy in the spring during heel
strike and release it during push-off. This led to a reduction of the metabolic energy
consumption by 8% in comparison to a conventional prosthesis.

6.3.5 Type 4S-4C-4C

The last type of CEA is called the series parallel elastic actuator (SPEA) [131]. It
consists of three main bodies (1, 2 and 3) and modules of which multiple can be
connected between those bodies (see Fig. 6.2i). Those modules consist of a spring
and two clutches. Note that for the name of this type, we only considered one
module. Fig. 6.2i shows a system with two modules in black and one in grey. The
joint is placed between bodies 1 and 3 and the motor is placed between bodies 2
and 3. By engaging and disengaging the clutches, the springs can be connected
either in series or in parallel with the motor. When in series, the elongation of the
springs can be controlled; when in parallel, the torque in the springs does not pass
through the motor. Preliminary results show that this concept can reduce the energy
consumption of robots by tens of percents in comparison to a stiff actuator.
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6.3.6 Other designs

There are four other CEA designs that are depicted in Fig. 6.2. The CEA type in
Fig. 6.2c is used to reduce the energy consumption in robots, specifically robotic
arms [45, 171]. The CEA type in Fig. 6.2e is used to mimic normal human ankle
torques using only one spring [226]. The CEA type in Fig. 6.2g is used to obtain an
actuator that mimics some aspects of biological muscles [116]. And finally, the CEA
type in Fig. 6.2f is used to constantly input small amounts of energy into the spring
that are later released to the joint [66].

6.3.7 Trends

Two trends can be observed from literature. First, the use of CEAs is increasing.
More than 60% of the papers cited above, date from 2012 or later. Before 2012,
the maximum amount of papers per year that mentioned the use of a CEA was 2
(in 2010). In the first half of 2015 alone, 5 papers were found in which CEAs were
used. Secondly, the complexity of CEAs is increasing. Five out of seven types of
CEAs with more than one clutch were introduced in 2010 or later, while CEAs with
only one clutch were used more often before 2010. While less complex CEAs are
easy to analyze by hand, the functionalities of more complex CEAs are less obvious.
Therefore, there is a need for a method to analyze the functionalities of CEAs.

6.4 Functionalities

Each CEA has different functionalities and properties, as shown in the previous sec-
tion. This makes them suitable for different applications. In this section we list
all functionalities that can be obtained in CEAs. In the next section, we will de-
scribe CEAs mathematically to analyze which CEAs incorporate which functionali-
ties. Functionalities can be described in terms of the resulting generalized force Qy
on the output joint. This force depends on its turn on the position of the joint y ,
the resulting stiffness ky and the equilibrium position y0:

Qy = −ky (y − y0) (6.1)

where Qy and y are defined in the same direction. Note that here we assume one
output joint, while CEAs could also be used to transfer energy from one joint to
another. The analysis would not change for such a CEA, because the output joints
can be analyzed one by one. Now there are three main modes of operation that
could be obtained with CEAs:
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1. Moving freely: In this mode, the joint can move while no springs are loaded
or unloaded and thus ky = 0. Depending on the specific design and state of
the clutches, springs that were loaded before entering this mode remain loaded
or will move to their equilibrium position.

2. Spring connected: In this mode, there is a fixed relationship between the
position of the joint and the energy in the spring(s) and thus ky > 0. This
relationship can be characterized by the resulting spring stiffness and the equi-
librium position. In some CEAs, the stiffness and equilibrium position can be
set before entering this mode of operation.

3. Output locked: In this mode, the joint and the springs are locked, meaning
that no motion is possible. This can also be seen as an infinite stiffness.

We will now discuss those modes of operation in more detail, including how they are
obtained in current CEA designs.

6.4.1 Moving freely

The moving-freely mode is available if for a certain state of the clutches, ky is zero.
This mode is available in all CEA designs in literature except the type 2CS CEA.
In principle, the moving freely mode is available in the CEA in Fig. 6.2i. However,
Mathijssen et al. [131] integrated the functionality of the two clutches into one
locking mechanism: mutilated gears. Therefore, the states of the clutches in their
CEA are not independent and the moving-freely mode is not available. In principle,
mode 1 can be achieved in every CEA design by the addition of one extra clutch.
See for instance how the addition of one spring to a type 2CS CEA results in a type
2C-3CS CEA.

Mode 1 is used extensively in the knees of walking robots and exoskeletons [34, 53,
54, 60, 77, 99, 186, 197, 221]. The reason is that the torques in a human knee
resemble a stiff spring during the stance phase and a weak spring during the swing
phase. Therefore, during the swing phase, the stiff spring should be decoupled from
the output joint. Another application of the moving freely mode is robotic arms with
pick-and-place tasks [170]. In such tasks, there is a varying distance between the
pick and the place position. Therefore, the spring characteristic should be variable.
This can be done by adjusting the amount of distance the arm travels while being in
the moving-freely mode [170].

Current CEA designs show two different aspects of the moving freely mode. First,
the moving freely mode implies the spring does not apply a force on the output
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bodies. However, depending on the design, the motor can or cannot apply a force on
the output bodies while being in the moving-freely mode. In most CEAs, the motor
is placed in parallel with the CEA [12, 57, 77, 99, 170, 171], meaning that the motor
can still actuate the joint while the spring is disconnected. In other designs, the motor
is placed in series with the CEA and thus when the CEA is in the moving freely mode,
the motor also does not apply forces on the output bodies [129, 221, 222].

The second aspect of the moving freely mode is whether the spring remains loaded
or not. For instance, in a type 2C-3S CEA, the energy in the spring will be lost
when the clutch is unlocked while the spring is loaded. This can reduce the energy
efficiency of the CEA significantly. In order to prevent this, multiple clutches are
necessary. Current CEA designs in which the spring can be locked while the output
can move freely are the CEA in Figs. 6.2c, g and h.

6.4.2 Spring connected

The spring-connected mode is always available, since CEAs are designed to be able
to (un)load the springs. The different transfer ratios from the joint to the spring(s)
determine ky and y0. CEAs differ in how many choices for ky and y0 there are and if
the CEA can switch between those without entering mode 1 or 3. For instance, the
CEA in Fig. 6.2d has two different modes 2. Whether the CEA can switch between
two modes 2 without entering mode 1 or 3 depends mainly on the type of clutches
that is used and the CEA design. Theoretically, all switches are possible. However, in
the CEA in Fig. 6.2d, switching between two spring-connected modes is not possible
because the clutches do not switch infinitely fast and perfectly timed. Therefore, the
mechanism will either enter the output locked mode or the moving-freely mode. An
example in which switching is possible is the CEA in Fig. 6.2i, because the output
bodies are never locked with respect to each other since the connection between the
two always passes through springs. Another issue with switching between different
modes 2 is that springs that are loaded might become free to move and thus their
energy is lost. This of course reduces the efficiency of the CEA and therefore, this
should be avoided.

The trend towards CEAs with more clutches and more springs introduces the possi-
bility of multiple modes 2. The simplest CEA designs in Fig. 6.2a-c have only one
mode 2. In other CEAs, there are two different ways in which multiple modes 2
two are obtained. The CEA in Fig. 6.2d uses a differential to change the resulting
equilibrium position y0. This principle is used to reverse the resulting force Qy on
the output joint. This CEA was designed for robotic arms with pick-and-place tasks
[170]. With this CEA, the energy in the spring can be released while accelerating in



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 128 — #146 i
i

i
i

i
i

128 | Chapter 6

any direction that is required by the task. A similar functionality is obtained by the
CEA in Fig. 6.2e, in which the force is reversed using a gear ratio of -1.

The CEA design in Fig. 6.2i has a unique functionality because it has multiple springs
that can be placed in series or in parallel by the clutches. In such a CEA, the force
that the springs apply on the output joint is fully controllable.

6.4.3 Output locked

The output locked mode is available if for a certain state of the clutches, the output
bodies cannot move with respect to each other. This mode is available in all current
CEA designs except the CEAs in Figs. 6.2a and i. In principle, this functionality can
be added to any CEA with one additional clutch. Note that switching to mode 3 can
induce shocks in the system when the system has a non-zero velocity.

There are three situations in which a locked output joint is useful. First, when the
output joint has to stand still, it might be beneficial to lock the joint in order to
prevent the motor from having to counteract spring forces, gravitational forces or
external forces. For this reason, researchers locked the output joint in robotic arms
with repetitive tasks [13, 170]. Secondly, the joint can be locked while the spring is
being loaded by the motor. Cherelle et al. [33] used a 2C-3S CEA in their ankle-foot
prosthesis. They connected body 1 to the lower leg and body 2 to a lever arm that
connects to the foot. Then, by placing a motor between body 1 and 3, they can load
the spring while not applying torque on the ankle joint. Thirdly, locking the joint can
ease the timing and precision of the release of the energy in the springs. Collins and
Ruina [38] used a 2CS CEA in the ankle of their 3D walking robot. In the ankle,
a spring connects the calf and the back of the foot. This spring is stretched by a
small motor that lifts the front of the foot. During push-off, the energy in the spring
is released at once. This set-up has the advantage that at every step, the same
amount of energy is released.

There are also CEAs in which only the motor is locked. Rouse et al. [186] used
a 2C-3S CEA for implementation in their knee prosthesis. Body 1 connects to the
upper leg and body 3 to the lower leg. The motor is then placed between bodies
1 and 2, such that the rotation of the motor can be locked. Using this CEA, the
motor does not have to deliver torque when the knee torque acts like a spring, but
when needed, the system acts like a regular series elastic actuator.

6.5 Taxonomy description

For the selection of CEAs, it is important to be able to analyze the functionalities
of different CEA designs. The goal of this section is to introduce a method for
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finding all values for ky and y0 in Eq. (6.1) that are possible within a certain CEA
design. Therefore, we now introduce a taxonomy that makes it easy to describe all
possible CEAs and analyze their functionality. A CEA always consists of multiple
bodies, spring(s), one or more clutches and possibly a number of constraints on the
bodies. We will now discuss these components separately and give a mathematical
description. Throughout the description, two examples will be explained to clarify
the method: the type 2CS CEA in Fig. 6.2b and the type (2,3)D-3S4C-4C CEA in
Fig. 6.2d.

6.5.1 Bodies

Bodies are movable components between which springs, clutches and differentials
can be placed. Their position is denoted as xi , where i is the number of the body.
Most CEAs in literature have two external bodies and one or multiple internal bodies.

The external bodies are connected to the robot. For instance, they can be connected
to the two sides of a joint, placing the CEA on that joint. An example of a bi-articular
CEA can be found in [226]. CEAs with more than two external body are also possible
and could be used to transfer energy between multiple joints [40]. The internal bodies
are not directly connected to the robot. We call the vector with all body positions
x :

xT =
[
x1 x2 . . . xn

]
(6.2)

where n is the number of bodies.

Example 2CS

This CEA has two bodies and thus n = 2.

Example (2,3)D-3S4C-4C

This CEA has four bodies and thus n = 4.

6.5.2 Differentials

Gears and differentials can both be described as linear holonomic constraints between
bodies. These constraints all have the form:

cTj x =
[
cj,1 cj,2 . . . cj,n

]
x = 0 (6.3)
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where the values for cj,i determine the constraint and j is used to enumerate the
constraints. A set of m constraints can be written as:

CDx =


c1,1 c1,2 . . . c1,n

c2,1 c2,2 . . . c2,n

...
...

. . .
...

cm,1 cm,2 . . . cm,n

 x = 0 (6.4)

where 0 is a null vector in this case. The time derivative of this constraint also holds:

CD ẋ = 0 (6.5)

Example 2CS

This CEA does not include a gearbox or a differential and thus CD is an empty matrix.

Example (2,3)D-3S4C-4C

The differential in this CEA is a standard differential and thus the constraint matrix
CD is equal to

CD =
[

1 − 1
2 − 1

2 0
]

6.5.3 Springs

The potential energy in a spring is a function of the positions of its two connected
bodies, say xi and xj . Assuming a linear spring, the potential energy E in the spring
is equal to

E =
1

2
k(xi − xj − x0)2 (6.6)

where k is the spring stiffness and x0 is the equilibrium position. If E is known as
function of x , the stiffness matrix K and the pretension vector Q0 can be calculated
using:

K =
∂2E

∂x2
(6.7)

Q0 =
∂E

∂x
− xTK (6.8)

So the energy in the springs can be re-written as function of x :

E =
1

2
xTKx +QT0 x (6.9)
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Example 2CS

The spring is placed between bodies 1 and 2. Therefore, K and Q0 are equal to

K =

[
k −k
−k k

]
Q0 =

[
−kx0 kx0

]
Example (2,3)D-3S4C-4C

The spring is placed between bodies 2 and 3. Therefore, K and Q0 are equal to

K =


0 0 0 0

0 k −k 0

0 −k k 0

0 0 0 0


Q0 =

[
0 −kx0 kx0 0

]
6.5.4 Clutches

A clutch switches between allowing and preventing relative motion between two bod-
ies. We define the state of the i-th clutch as li , which has a value of 1 when the
clutch prevents relative motion and a value of 0 otherwise. The number of clutches
in the mechanism is p. Now define the matrix L as the diagonal matrix of [l1, l2 . . . lp]

and LI as a p × n oriented incidence matrix. Then the constraint imposed on the
system by the clutches is

LILẋ = CLẋ = 0 (6.10)

Note that this is a constraint on the velocities and not on the positions, because the
relative positions are set at the moment a clutch is locked. Therefore, we could also
write this as a constraint on the positions with an offset. As an alternative, this offset
can also be set in the pretension vector of the springs Q0. Since all options lead to
the same answers, we will consider the constraint on the positions and assume that
Q0 depends on the clutching positions.

Example 2CS

For this CEA, n = 2 and p = 1. The clutch is placed between bodies 1 and 2,
meaning that LI and L are equal to

LI =
[

1 −1
]

L =
[
l1

]
where l1 and l2 are equal to 0 or 1, depending on the state of the clutches.
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Example (2,3)D-3S4C-4C

In the example in Fig. 6.2d, n = 4 and p = 2. The clutches are placed between
bodies 2 and 4 and between bodies 3 and 4. This means that the matrix LI and L
are equal to

LI =

[
0 1 0 −1

0 0 1 −1

]

L =

[
l1 0

0 l2

]

6.5.5 Determining the motion space

Based on Eqs. (6.5) and (6.10), we can find a basis B for the motion space of the
mechanism:

Z =

[
CD

CL

]
(6.11)

B = null (Z) (6.12)

where the null operator returns a matrix with vectors that form a basis for the null
space of a matrix. Since B is a basis for all possible motions of x , it can be used
to define a minimal set of generalized coordinates q for these motions. From this
vector, the positions of the individual bodies can be calculated:

x = Bq (6.13)

Example 2CS

The clutch in the CEA in Fig. 6.2b has two states. When the clutch is locked, the
mechanism can only move as a whole, meaning that q is a scalar and B is equal to:

B =

[
1

1

]
.

When the clutch is not locked, q is a vector of length two and B is equal to:

B =

[
1 0

0 1

]
Here, the two bodies can move independently and x is equal to q. Note that the
number of columns of B is equal to the number of degrees of freedom of the mech-
anism plus one, because even when the mechanism is locked, the mechanism can
still move as a whole. The rows of B give information on the possible motion of the
bodies. If row i contains only zeros, then the i-th body is locked.
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Example (2,3)D-3S4C-4C

For the possible states of the clutches in this CEA, the matrices Bl1,l2 , containing
vectors that form a basis for the null space, now become

B0,0 =


1 0 0

0 1 0

2 −1 0

0 0 1

 ; B1,0 =


1 0

0 1

2 −1

0 1



B0,1 =


1 0

0 1

2 −1

2 −1

 ; B1,1 =


1

1

1

1


Those four B-matrices show the motion space for the four different states of the
clutches. When all clutches are locked, the only motion that is allowed is when all
bodies rotate in the same direction with the same velocity. When only one clutch is
locked, the motions of bodies 2 and 3 are a function of the motions of bodies 1 and
4. And when none of the bodies is locked, the mechanism can move freely.

6.5.6 Determining the ky and y0

Now, we are interested in the force-displacement relationship between two of the
bodies. Typically, we are interested in the bodies that are connected to the two sides
of a joint or in the bodies between which the motor acts. We call the bodies we are
interested in the i-th and the j-th bodies. Then the output displacement y is the
difference between the two bodies:

y = xi − xj = dT x (6.14)

where d is a vector containing two unity entries, of which one is negative. In or-
der to determine the relationship in Eq. (6.1), we have to find x as a function of
y . Unfortunately, Eq. (6.14) cannot be solved for x , because d is not invertible.
Simplifying the problem to a static analysis, we can find the motion of the whole
mechanism by minimizing the energy in the springs, while still satisfying the con-
straints in Eqs. (6.5) and (6.10). This can be solved using Lagrange multipliers,
leading to the minimization problem:

min
x,λ1,λ2

L(x, λ1, λ2) (6.15)

where λ1 and λ2 are Lagrange multipliers and the Lagrangian L is equal to

L =
1

2
xTKx +QT0 x + λT1 Zx + λT2 (dT x − y) (6.16)
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This can be solved by setting the partial derivatives of L to x , λ1 and λ2 to zero:

∂L
∂x

= Kx +Q0 + ZTλ1 + dλ2 = 0 (6.17)

∂L
∂λ1

= Zx = 0 (6.18)

∂L
∂λ2

= dT x − y = 0 (6.19)

In matrix form this becomes K ZT d

Z 0 0

dT 0 0


 x

λ1

λ2

 =

 −Q0

0

y

 (6.20)

Here λ2 is equal to Qy since it is the force that ensures that Eq. (6.14) holds. Now,
often the matrix in Eq. (6.20) is singular, because there are multiple solutions for
x that satisfy the constraints and for which the energy in the springs is minimal.
An example is a mechanism that can rotate as a whole in absolute sense, while the
relative motion is constrained. This singularity means that the matrix in Eq. (6.20)
is not invertible and that the solution is the sum of the pseudo inverse times a vector
plus any vector that is in the null-space of the matrix. In general, the null-space of
the matrix in Eq. (6.20) contains all motions that do not influence the length of any
spring. Therefore, this space is not interesting for the calculation of ky and y0 and
we can take the pseudo inverse: x

λ1

Qy

 =

 K ZT dT

Z 0 0

d 0 0


†  −Q0

0

y

 (6.21)

=

 A11 A12 A13

A21 A22 A23

A31 A32 A33


 −Q0

0

y

 (6.22)

From this equation, it follows that the parameters in Eq. (6.1) are equal to

ky = −A33 (6.23)

y0 =
A31Q0

A33
(6.24)

Note that the pseudo inverse also exists when the i-th and j-th bodies are locked
with respect to each other. Therefore, it should be checked if Eq. (6.20) holds for
the found x , λ1 and λ2. If it does not hold, then the bodies are locked.
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Example 2CS

The output bodies of this CEA are bodies 1 and 2, meaning that d is equal to

dT =
[

1 −1
]

For the two possible states of the clutches, this gives the following outcomes:

•
[
l1

]
= [0]: the spring is (un)loaded when moving the joint, meaning that

this is a mode 2. ky = k , y0 = Q0k .

•
[
l1

]
= [1]: all bodies are locked, meaning that it is a mode 3.

Example (2,3)D-3S4C-4C

The output bodies of this CEA are bodies 1 and 4, meaning that d is equal to

dT =
[

1 0 0 −1
]

For the four possible states of the clutches, this gives the following outcomes:

•
[
l1 l2

]
=
[

0 0
]
: the output can move freely, meaning that this is a

mode 1. ky = 0, y0 = 0.

•
[
l1 l2

]
=
[

1 0
]
: the spring is (un)loaded when moving the joint, mean-

ing that this is a mode 2. ky = 4k , y0 = −2Q0k .

•
[
l1 l2

]
=
[

0 1
]
: the spring is (un)loaded when moving the joint, mean-

ing that this is a mode 2. ky = 4k , y0 = 2Q0k .

•
[
l1 l2

]
=
[

1 1
]
: all bodies are locked, meaning that it is a mode 3.

Note that when one of the clutches is engaged, the stiffness is always equal to 4k .
On the other hand, the force between bodies 1 and 4 can differ depending on the
clutch that is locked, because the equilibrium position y0 is different for the two
modes 2.

6.5.7 Switching between modes

As mentioned in section 6.4.2, switching between modes can lead to energy loss,
because loaded spring might become disconnected from the output bodies without
being locked by clutches. This energy loss is undesirable because it decreases the
energy efficiency of the CEA. Therefore, before performing a switch, the energy in
the springs before and after the switch can be calculated. Using Eq. (6.21), the
position vector x can be calculated before and after the switch. Then, the energy in
the system can be calculated using Eq. (6.9).
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6.6 The future of CEA design

We envision future CEAs consisting of many springs and many clutches. Section 6.3
showed that there already is a trend towards such CEAs and Section 6.5 provided a
taxonomy that eases the analysis of current and future CEA designs. This section
focuses on the design of future CEAs. First, we discuss the synthesis of new CEAs.
Secondly, we discuss the CEAs for stiffness control and force control. Thirdly, we
propose a new CEA design in which the number of reachable combinations of ky and
y0 grows exponentially with the number of clutches and springs.

6.6.1 Choosing a suitable CEA

The question now is how to select a suitable CEA for a certain application. We
suggest three approaches that span the space of possible approaches from manual
to automated design: optimization, heuristics and using building blocks.

In an optimization approach, the configuration of the clutches, springs and differen-
tials are included in an optimization algorithm. This algorithm can either have the
goal to approach a certain functionality or can be part of a co-optimization that
optimizes both design and control. It should be noted that the amount of possible
mechanisms grows fast with the amount of used components. Therefore, the search
space might have to be limited or an optimization algorithm should be used that can
handle large and odd-shaped spaces.

In a heuristic approach, the designer determines the functionality that he or she thinks
is desired and tries to find a CEA that matches that functionality. The limitations
of this approach are the skills, the knowledge and the time of the designer.

There is a third approach that helps the designer to find a suitable CEA: using building
blocks. Here we mention four building blocks that are particularly interesting. First,
a type 2C-3CS CEA is a building block that can be placed between two bodies and
can be used to arbitrarily connect those bodies, decouple them, or place a stiffness
between the two. Secondly, a type (2,3)D-3S4C-4C CEA is a building block that can
be used to reverse the torque between two joints. Thirdly, multiple type 2CS CEAs in
series are a building block that can switch between being disconnected, being locked
or having multiple different stiffnesses. And finally, a module of a type 4S-4C-4C
CEA is a building block to switch a spring between being in series or in parallel with
the motor.

6.6.2 Force control and stiffness control

The two main reasons for using CEAs is to control the force and to control the
stiffness. These two reasons lead to different CEA designs. For controlling the
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force Qy , there are two techniques that can be used. First, when considering only
one spring, the force on the output joint changes when changing the transfer ratio
between the spring and the output joint. This influences both ky and y0. This
technique is exploited in two existing CEA designs: the ones in Figs. 6.2d and 6.2e.
Secondly, when using multiple springs, the springs can be placed in parallel, such that
they connect and disconnect from the joint. An example would be to place multiple
type 2C-3CS CEAs in parallel. Another example of such a CEA is the type 4S-4C-4C
CEA in Fig. 6.2i. In such a CEA, the force is even fully controllable, because the
motor can change the equilibrium positions of the springs.

For controlling the stiffness, the same techniques can be used as for controlling the
force, since those techniques also change ky . However, there is a third technique to
change the stiffness that does not involve changing the force: placing multiple type
2CS CEAs in series (see Fig. 6.3a). The challenge in such a design is to keep the
energy efficiency high, as discussed in section 6.5.7. The general rule for keeping the
efficiency high is to only unlock springs in which the force is similar to the force in
the springs that are already unlocked. A new CEA design based on this principle is
introduced in the next section.

6.6.3 A newly proposed CEA design

Based on the building clock method, we propose a new CEA design in which the
number of combinations of ky and y0 grows exponentially with the number of clutches
and springs. It is based on the CEA in Fig. 6.3a, in which the number of resulting
stiffnesses is equal to 2p − 1, where p is the number of clutches. This CEA also
has a locked mode. However, it has no moving-freely mode and the Qy cannot be
reversed arbitrarily.

To increase the functionality of the CEA in Fig. 6.3a further, we propose to use this
CEA as a building block again and combine it with the type (2,3)D-3S4C-4C CEA
in Fig. 6.2d. This results in the CEA in Fig. 6.3b, where bodies 1, 2 and 3 connect
through a differential. This CEA includes a moving-freely mode and a locked mode.
Furthermore, given the states of the clutches 3. . . p, Qy can be positive or negative
depending on the states of clutches 1 and 2. The number of resulting stiffnesses is
2p−2−1. Since y0 can be set by changing the states of clutches 1 and 2, the number
of possible combinations of ky and y0 is 2p−1 − 1. Note that in order to reach this
exponential growth in resulting stiffnesses, the stiffnesses of the individual springs
should all be different.
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Figure 6.3: A visualization of two CEAs consisting of building blocks. a) A CEA where a type 2CS
CEA is placed in series multiple times. b) A CEA in which the CEA as visualized in a) is placed
inside a differential mechanism, allowing the force to be reversed.

6.7 Discussion

In this chapter we analyzed the class of mechanisms called clutched elastic actuators
(CEAs). Although CEAs existed for decades, most studies that use CEAs date from
after 2010. We provided a unified mathematical description that can be used to
easily analyze the functionality of different CEAs. In this section, we discuss the
current use of CEAs, series and parallel elasticity, the components that are used and
the use and limitations of the introduced taxonomy.

6.7.1 Current use of CEAs

The nine types of existing CEAs show that very different CEA designs have been
implemented in robots. However, their functionalities are still limited. This follows
from the fact that only one type of CEA has more than one spring and only a few have
four or more clutches. As the reason for using multiple springs and many clutches,
Mathijssen et al. mention that they ’believe that the way transmissions and springs
are used, needs drastic innovation’ [131]. In this chapter we showed that with more
complex CEAs, the possible combinations of ky and y0 can grow exponentially with
the number of springs and clutches, meaning that the energy inflow and outflow of
the springs can be controlled better.
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Most CEAs are implemented to reduce the energy consumption, peak torque or peak
power. The underlying principle to reduce the energy consumption is that springs are
more efficient at storing and releasing energy than motors. By recapturing negative
energy and releasing it at a later instance in time, the motor consumes less energy.
Typically, reductions in the energy consumption between 20% and 80% are reported.
Since the energy efficiency of springs themselves is typically 90%-95%, we expect
that reported reductions in the energy consumption will be even higher in the future.
The challenge will be to reduce the energy consumption while keeping the versatility
of the robot at an acceptable level. With the same line of reasoning, it can be shown
that CEAs lead to a reduced peak torque and peak power.

6.7.2 Series elastic and parallel elastic

The taxonomy of CEAs includes both clutched parallel elastic actuators and clutched
series elastic actuators. In some designs, the spring(s) can even be switched between
a series and a parallel configuration. However, in most CEAs, the springs are placed
in parallel to a motor. This matches with the reasons for designers to use CEAs:
energy efficiency, peak torque and peak power. The peak torque is not reduced
by SEAs, because the torque on the joint also passes through the motor. For the
same reason, the reduction in energy consumption is limited using SEAs, because the
copper losses scale quadratically with the torque. The peak power can be reduced in
some applications using SEAs, because the spring can be used as an energy buffer,
separating high torques and high velocities in time. Therefore, we expect the best
results from CEAs that are in parallel with the motor or from hybrid systems, such
as the series parallel elastic actuator, which is a type 4S-4C-4C CEA.

6.7.3 Components

The components of CEAs we considered in this study are springs, clutches and
differentials. Springs are well studied components with high energy efficiencies and
are commercially available. One way in which springs might be improved, is the
use of materials that can store much energy per volume or per mass. The extent
to which differentials are studied varies per amount of bodies that are involved. A
two-body differential is the same as a gear, which is a well known component. Three-
body differentials are also studied widely, since they are used in cars and planetary
gearboxes. However, when they are to be widely applied in robots, they will need more
development, especially in terms of compactness. Furthermore, four-and-more-body
differentials are hardly studied at all. Clutches are still subject to many recent studies.
The main challenge is to make clutches with a high torque density that consume little
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energy and can lock at every position. Recent clutch designs include piezoelectric
clutches [114], statically balanced brakes [168] and electro static clutches [48].

Two components that are related to CEAs were omitted from this study: contin-
uously variable transmissions (CVTs) and dampers. A CVT can be seen as a gear
ratio that can be varied by a controller. Such a component could be interesting in
combination with clutches and springs because it would allow for a more continuous
variation of the stiffness instead of a discrete variation. A similar idea was proposed
by Wang and Zhu [234] who called their device a geared infinitely variable transmis-
sion. Current limitations to CVTs include their compactness, efficiency and reliability.
Dampers were omitted from this study because they are dissipative elements that
are not ideal from an energy perspective. However, they might be useful to improve
the control bandwidth of robots [70, 157]. Therefore, they might be implemented
in CEAs in the future. Such actuators might then be called clutched impedance
actuators (CIA).

6.7.4 Limitations of the introduced taxonomy

The taxonomy that was introduced in this chapter can be used to analyze the different
values for ky and y0 that can be reached given a certain morphology. In the taxonomy,
we used ideal clutches to categorize different CEA designs. In practice, the choice
for a certain type of clutch has an impact on the working of the CEA. Section 6.4.2
already discussed that with clutches that do not switch infinitely fast and perfectly
timed, the functionality decreases.

In general, switches between modes can only be performed when it only requires
one clutch to be switched. However, this general rule might not hold when passive
clutches are used. An example of a passive clutch is a one way clutch that locks
the motion in one direction and allows motion in the other direction. Such clutches
react on a load and therefore react on the state of the other clutches. Therefore,
future work should address the question how the choice for a certain type of clutch
influences the functionality.

6.8 Conclusion

This chapter presented an overview of current CEA designs and provided a taxonomy
for analyzing functionalities of current and future CEAs. We conclude that function-
ality can be analyzed using a constraint matrix, a stiffness matrix and multiplication
of a clutch dependent diagonal matrix with a oriented incidence matrix. With these
matrices, it is possible to calculate the resulting stiffnesses and equilibrium positions
and thus the resulting force on the output bodies. Current CEA designs are split into
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nine types, based on the placement of the spring(s), clutch(es) and differential(s).
Although CEA designs are becoming more complex, their full potential will only be
reached with multiple clutches, springs and differentials. Based on the introduced
taxonomy, we proposed a new CEA design, showing that in CEAs, the number of
resulting stiffnesses and equilibrium positions can grow exponentially with the number
of clutches and springs.
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Part II

Feedforward control in robots
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Abstract
To design feedforward controllers for robots, a model that includes fric-
tion is important. However, friction is hard to identify, which causes
uncertainty in the model. In this chapter we consider rest-to-rest mo-
tions of robotic arms that use only feedforward control. We show that it
is possible to design feedforward controllers such that the final position
of the motion is robust to uncertainty in the friction model. We stud-
ied a one DOF robotic arm in the horizontal plane, of which we show
analytical, simulation and hardware results and we also show simulation
results of a planar two DOF arm. Our friction model includes three
types of friction: viscous, Coulomb and torque dependent friction. The
results show that it is possible to eliminate the sensitivity of the final
state to uncertainty in the three types of friction.

7.1 Introduction

We are fascinated by the question what is still possible without feedback on robotic
arms. Control without feedback is called feedforward control or open loop control.
Although intuition tells us that accuracy in the presence of model uncertainty and
disturbances using only feedforward control is hopeless, humans use feedforward
control for fast motions and are still able to perform their tasks accurately [47].
In this chapter, we present the surprising result that the final state of rest-to-rest
motions of robotic arms can be made insensitive to uncertainty in the friction model.
Possible fields of application include environments with heavy radiation, such as
nuclear disaster areas or space, where feedback might be difficult and applications in
which a large amount of agents are controlled with one input signal [19].

Generally, feedforward control laws use models of the system to compute control
signals. These models often include friction, which is hard to model accurately
despite the amount of literature on friction identification [21, 23, 46, 52, 152]. Such
inaccurate modeling introduces model uncertainty. Usually, the controller relies on
feedback to compensate for uncertainty in the model. We are interested if it is
also possible to incorporate robustness of the final position of motions to model
uncertainty in the feedforward controller of robotic arms. As case studies, we use
robotic arms with one and two DOF in the horizontal plane that are controlled with
only a feedforward controller.

Multiple researchers share our fascination for only feedforward control and have
shown positive results. Firstly, Schaal and Atkeson showed that it is possible to
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Task

Initial
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Goal
position

Top view

T=n kt I-Tf

I

t

q, q

feedforward 
controller

.

Figure 7.1: A schematic representation of the subject of this chapter. The one DOF robotic arm
in this picture has to perform a rest-to-rest motion: move from the initial to the goal position.
The controller is a feedforward controller, which means that the state (i.e. position q and velocity
q̇) is not used to determine the control signal. The control signal is a current I, which is only a
function of time. The resultant torque on the arm is the motor torque minus the friction torque.
In this chapter, we investigate the sensitivity of feedforward motions to uncertainty in the friction
parameters. These model uncertainties usually cause the arm to end up in a different state than
the goal state. We aim to eliminate this error in the final state. (figure from [167])

perform robot juggling with an open loop controller [189]. Seyfarth et al. showed
a similar example in which feedforward control schemes for the swing leg retraction
improved the stability of running in a humanoid robot [196]. And finally, Mombaur
et al. showed that even stable walking and running are possible by creating open
loop stable periodic motions [138, 139]. Although interesting, these researches did
not account for model uncertainty.

Also robustness of feedforward controllers to model uncertainty has been studied
before. Firstly, Singhose, Seering and Singer showed that input shaping to reduce
vibrations can be performed in open loop while being robust to uncertainty in the
natural frequency and damping of the system [203, 204]. Secondly, Akella and
Mason showed that the result of several pushing actions in planar manipulation can
be made robust to uncertainty in the initial position of the object [2]. Thirdly, Becker
and Bretl showed that using open loop control on differential drive robots, the final
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position of a motion can be made robust to uncertainty in the wheel diameter [18].
They also showed that this works for balls with an uncertain diameter that roll over
a moving plate [17]. All previous examples of feedforward control with robustness to
model uncertainty concern systems with first order dynamics. Recently we showed
the potential of using feedforward control on robotic arms with an inaccurate model,
which is a second order system [167]. There is one technique all these examples
use: a certain task redundancy1 is exploited in order to make the controller robust.
We are continuing on the last example, by exploiting task redundancy in rest-to-rest
motions of robotic arms.

Exploiting the task redundancy to compensate for model uncertainty has also been
observed in humans. The human nervous system introduces large time delays of
typically 150 ms [44, 216] and therefore humans must partially rely on feedforward
control [47]. Since the internal model of humans is inaccurate [101] they exploit
task redundancy to minimize the error due to model uncertainties. Error-minimizing
feedforward signals have been reported in eye movements [82], but also in the games
of darts and skittles [37, 146, 147, 206].

The task we consider in this chapter is a pick-and-place task, which also possesses
redundancy (see Fig. 7.1). The task consists of rest-to-rest motions where only
the initial and final position matter and the path in between can be chosen freely.
We demonstrate that by choosing the right feedforward controller, it is possible to
essentially eliminate the sensitivity of the final state to uncertainty in the friction
model.

We extend our research in [167] in three ways. Firstly, we start with an analytical
approach to gain more understanding of the principles behind feedforward control of
robotic arms with friction model uncertainty. Secondly, we show improved results on a
one DOF simulation model with multiple uncertainties at the same time. And thirdly,
we show simulation results on a two DOF simulation model. For completeness, we
also show the hardware results from [167].

The rest of this chapter is structured as follows. Section 7.2 provides the problem
formulation of the problem that is considered in this chapter. Sections 7.3, 7.4 and
7.5 show analytical, numerical and hardware studies respectively, on one and two
DOF systems. The chapter ends with a discussion in section 7.6 and a conclusion
in section 7.7.

1Task redundancy means that there are multiple ways to fulfill the task perfectly.
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7.2 Problem formulation

This section describes the problem of feedforward control with friction model uncer-
tainty. First, the problem is formulated in general terms, then two case studies are
introduced that will be studied in this chapter and finally, the task description of the
arms will be discussed.

7.2.1 General problem

We consider mechanical systems of the form

ẋ(t) = f (x(t), u(t), p) (7.1)

where x is the state containing the positions q and the velocities q̇, u is the input
and p are the friction parameters. The motions we consider have an initial state x0

and a final state xf , leading to the following initial condition and motion constraint:

x(0) = x0 =

[
q0

q̇0

]
(7.2)

x(tf ) = xf =

[
qf

q̇f

]
(7.3)

where tf is the time to move. We now define y as the state at tf , which is a function
of x0, u and p:

y(x0, u(t), p) = x(tf ) = x(0) +

∫ tf

0

f (x(τ), u(τ), p)dτ (7.4)

The goal is to make the final state of the arm insensitive to the friction parameters.
We define sensitivity as:

Si j =

∣∣∣∣∂yj(x0, u(t), p)

∂pi

∣∣∣∣ (7.5)

S(u(t)) =

i=k∑
i=1

j=n∑
j=1

ci jSi j (7.6)



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 150 — #168 i
i

i
i

i
i

150 | Chapter 7

where Si j is the sensitivity of final state j to parameter i , S is the total sensitivity
and ci j is the weighing factor corresponding to parameter pi and the jth state.2

In this chapter we weigh all sensitivities equally, meaning that ci j=1 for all i and
j . The sensitivity Si j is equal to zero when the final state j is insensitive to the
friction parameter pi . Note that this definition differs from the classical definition
of sensitivity in control [61]3. This goal can be transformed into an optimization as
follows:

minimize
u(t)

S(u(t)) (7.7)

subject to |u(t)| ≤ umax ∀t
q(tf ) = qf

q̇(tf ) = q̇f

(7.8)

where k is the number of friction parameters, n is the number of states, and umax is
the maximum input.

7.2.2 Case studies

There are two case studies we consider in this chapter: a one DOF arm and a two
DOF arm, both in the horizontal plane (see Fig. 7.2a and 7.2b). We also show
results from hardware experiments on a one DOF arm to confirm the results from
simulation (see Fig. 7.2c).

The equations of motion of the models will be given in the sections discussing the
specific models (sections 7.3.1, 7.3.2, 7.4.1 and 7.4.2). In all models, the actuation
torque applied by the DC motors on the joints is equal to:

T = nkt I (7.9)

Where T is the actuation torque kt is the motor constant, n is the gearbox ratio
and I is the current through the motor. Since we use motor controllers with current
control, the current is used as the input u.

Our frictional model consists of three commonly used types of friction: viscous
friction, Coulomb friction and torque dependent friction:

2The original publication defines k and n in the subsequent paragraph: k is the number of friction
parameters and n is the number of states.

3We decided to still use the term sensitivity here, because it describes best the meaning of this
measure
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    (a) One DOF      (b) Two DOF           (c) One DOF 
          top view             top view                  3D view

Figure 7.2: The three configurations we studied: (a) Simulation models of a one DOF arm in the
horizontal plane. (b) A simulation model of a two DOF system in the horizontal plane. (c) Hardware
experiments on a one DOF robotic arm to show that the principles found in the simulation studies
work on a hardware setup.

Tp =

{
pv q̇ + sign(q̇)(pc + pt |T |) for q̇ 6= 0

min(pc + pt |T |; |T |)sign(T ) for q̇ = 0

}
(7.10)

where Tp is the frictional torque, pv is the viscous friction coefficient, pc is the
Coulomb friction constant and pt is the torque dependent friction coefficient. Torque
dependent friction is less commonly used than the other two. The way we use it is
similar to the force dependent friction term in [52]. We included this type of friction
because model identification showed the presence of torque dependent friction.

7.2.3 Task description

We consider rest-to-rest motions, which are very common motions for robotic arms.
For instance, in industry pick-and-place tasks depend on accurate rest-to-rest mo-
tions. In practice, a robotic arm performing rest-to-rest motions has to move between
a number of positions. In the analytical studies, we will keep the task description
generic. In the numerical results, we will show specific results where the one DOF
arm moves from 0 rad to 1 rad and the two DOF arm moves from [−0.5, 0] rad to
[0.5, 0] rad, all with a time to move of tf = 1s. In the one DOF case, we will analyse
how the results change when changing the task. This will show that other initial and
goal positions lead to identical results as long as the distance between the two does
not exceed a certain threshold.
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7.3 Analytical Studies

In this section, we study the problem analytically, in order to understand the principles
behind feedforward control of robotic arms with friction model uncertainty. For this
purpose, we study two one-DOF models: a model with only viscous friction and a
model with only Coulomb friction. The first model is a negative example, showing
that for this model uncertainty in the viscous friction cannot be compensated for.
The second model is a positive example, showing that uncertainty in the Coulomb
friction can be compensated for.

7.3.1 With only viscous friction

In the one DOF model with only viscous friction, the equations of motion are:

d

dt

[
q

q̇

]
=

[
q̇

1
Jjoint

(ktnI − pv q̇)

]
(7.11)

where Jjoint is the inertia about the joint. If we now integrate the second row of this
equation with respect to time we get

Jjoint q̈ = ktnI(t)− pv q̇ (7.12)

Jjoint∆q̇ =

∫
ktnI(t)dt − pv∆q = 0 (7.13)

where ∆q is the change in angular position and ∆q̇ is the change in angular velocity.
∆q̇ is equal to zero since we start and end with zero velocity. Here, I(t) can be
chosen freely, as long as the motion satisfies the constraints in (7.8). Suppose that
I∗(t) is a feedforward control signal that satisfies the constraints and add δ(t) to
the signal, which represents all possible changes in the feedforward control signal:

∆q =
ktn

pv

∫
(I∗(t) + δ(t))dt (7.14)

=
ktn

pv

(∫
I∗(t)dt +

∫
δ(t)dt

)
(7.15)

Since the final position of the motion should not change in order to satisfy (7.8),
all possible changes δ(t) of the feedforward control signal are constrained by the
following equation:
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∫
δ(t)dt = 0 (7.16)

Combining (7.15) and (7.16), leads to

∆q =
ktn

pv

∫
I∗(t)dt (7.17)

From (7.17), we see that ∂∆q
∂pv

is independent of changes of the feedforward control
signal that reach the same end state for the nominal value of pv . This shows that
all the changes in the feedforward control signal that satisfy the constraints, do not
influence the sensitivity of the final position of the arm to the viscous friction.

Apparently, on the system we are considering it is impossible to achieve the goal
of this chapter: sensitivity of the feedforward motion to uncertainty in the friction
model is independent of the chosen feedforward controller.

7.3.2 With only Coulomb friction

So now consider a one DOF system with only Coulomb friction. In this system, the
equations of motion are:

d

dt

[
q

q̇

]
=

[
q̇

1
Jjoint

(I(t)kt − pcsign(q̇))

]
(7.18)

The changes in velocity and position are equal to:

∆q̇ =

∫
I(t)ktn

Jjoint
dt − pc

∫
sign(q̇)

Jjoint
dt (7.19)

∆q =

∫∫
I(t)ktn

Jjoint
dt2 − pc

∫∫
sign(q̇)

Jjoint
dt2 (7.20)

In (7.19) and (7.20), we see that there are three components that influence the final
position of the arm: the current through the motor, the sign of the velocity and the
amplitude of the Coulomb friction pc . Note that the Coulomb friction is a bang-bang
torque. A change in the Coulomb friction constant has two effects:

1. The amplitude of the bang-bang Coulomb friction torque scales
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Table 7.1: The model parameters of the arm with only Coulomb friction. All inertial terms are
combined in the inertia about the joint (Jjoint).

Parameter Symbol Value
Viscous friction pv 0 Nms/rad
Coulomb friction pc 0.19 Nm
Torque dependent friction pt 0 %
Inertia Jjoint 0.17 kgm2

Motor constant kt 26.7 mNm/A
Gearbox ratio n 1:54

2. The switch times of the sign(q̇) function change.

If we assume the second effect is negligible, then the total effect of changing the
Coulomb friction is a scaling of the frictional term in (7.19) and (7.20). If we now
choose our feedforward control signal such that:

∫
sign(q̇) dt = 0 (7.21)

and

∫∫
sign(q̇) dt2 = 0 (7.22)

then a change in the amplitude of the Coulomb friction torque has no effect on the
final position and velocity.

The assumption above is not valid, as we will now show with an example, but does
lead to small values of the partial derivatives in (7.5). To show this, we used a
simulation of a robotic arm of which the parameters are given in Table 7.1. Fig. 7.3
shows a motion that satisfies Eqs. (7.21) and (7.22). The motion has three phases:
first, it starts with a negative velocity, second, it continues with a positive velocity
and finally, it ends with a negative velocity again. Figs. 7.3e and 7.3f show that the
derivatives of the final position and velocity to the Coulomb friction are approximately
zero (0.009 (Nms)−1 and 0.012 (Nm)−1). The derivatives are not exactly equal to
zero because of the change in switch times.
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Figure 7.3: A simple example of a motion that satisfies the requirements to eliminate the effect
of an uncertain Coulomb friction on the final position and velocity. Both the single and the double
integral of the Coulomb friction over the time are approximately equal to zero. They are not exactly
equal to zero, because the amplitude of the Coulomb friction also influences the zero crossing of
the angular velocity. (a) The current through the motor as function of time. (b) The position of
the arm as function of time using the nominal friction values. (c) The integral of the Coulomb
friction over time. (d) The double integral of the Coulomb friction over time. (e) the final position
of the arm as function of the Coulomb friction parameter change. (f) the final velocity of the arm
as function of the Coulomb friction parameter change.

7.4 Numerical Studies

In the previous section, we showed analytical results for a one DOF system with
only viscous friction or with only Coulomb friction. However, when the complete
friction model is considered (i.e. viscous, Coulomb and torque dependent friction)
or when the dynamics are non-linear, obtaining analytical results becomes infeasible.
Therefore, in this section, we perform numerical studies with a complete friction
model (viscous, Coulomb and torque dependent friction). Although we showed in the
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Table 7.2: The model parameters of the arm with the complete friction model, based on a system
identification of our one DOF arm. All inertial terms are combined in the inertia about the joint
(Jjoint).

Parameter Symbol Value
Viscous friction pv -0.05 Nms/rad
Coulomb friction pc 0.19 Nm
Torque dependent friction pt 22 %
Inertia Jjoint 0.17 kgm2

Motor constant kt 26.7 mNm/A
Gearbox ratio n 1:54
Maximum current Imax 10 A

previous section that in a system with only viscous friction, uncertainty in the viscous
friction cannot be compensated for by the choice of the feedforward controller, in
this section we will show that compensation is possible when the two other friction
terms are non-zero. The two systems we consider are a one DOF robotic arm and
a two DOF robotic arm. We will show that on both systems, the sensitivity to all
three friction model uncertainties can be eliminated.

7.4.1 One DOF robotic arm

Method

The equations of motion for the one DOF model with complete friction model are
given by

d

dt

[
q

q̇

]
=

[
q̇(

ktnI−Tp
Jjoint

) ] (7.23)

where Tp is the frictional torque from Eq. (7.10). For the one DOF numerical
study, we used the parameters values in Table 7.2, which are based on a system
identification of the robotic arm in Fig. 7.2c.

The sensitivities in Eq. (7.5) are calculated using a finite difference approximation,
with a 0.1% difference in the model parameters. In the numerical optimizations, we
parameterized the controller as a piecewise constant current signal with N controller
steps of equal length. An example of an input signal with N = 3 is shown in
Fig. 7.4. These N controller steps are used as decision variables in the optimization
in Eq. (7.7), constrained by Eq. (7.8). Since numerical optimization does not exactly
reach zero, we set a threshold below which we call the outcome of an optimization
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Figure 7.4: An example of a feedforward control signal and the motion that results from the
controller. The signal represents the current through the motor as function of the time. There are
4 set points in total (t0 . . . t3) and the current is constant in between the set points. The duration
of the signal is 1 second. (b) Shows the position of the arm as function of time using the nominal
friction values. (c) and (d) show the final position and final velocity as function of the parameter
value of the Coulomb friction. The dotted lines show the partial derivatives of the final position and
velocity with respect to the parameter value. The goal of the optimization is to minimize a weighed
sum of these derivatives

equal to zero. This threshold is equal to the function tolerance of the optimization
algorithm, which was set to 10−6.

We used two techniques to speed up the optimizations. Firstly, instead of propagating
the equations of motion using an ODE solver, we used the fact that the equations of
motion of this one DOF system are piecewise linear, with switching times at changes
in control signal and when the velocity crosses zero. Therefore we can calculate the
exact end state with a number of calculation steps smaller than 2N. Secondly, we
made use of the fact that the goal velocity of rest-to-rest motions is zero (q̇f = 0).
Due to the Coulomb friction in the system, an infinitely small velocity will be reduced
to zero by coasting (u = 0) for a small amount of time. Therefore, in order to
satisfy ∂q̇f

∂p = 0, we let the system coast from t = tf − 0.05s to t = tf . Now
the optimization has to satisfy two equality constraints (see Eq. (7.8)) and has to
minimize one partial derivative per uncertain parameter ( ∂qf∂pi

). Therefore, we used
N = 2 + k where k is the number of uncertain parameters.
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The optimizations were performed with a multistart of the MATLAB function fmincon
and were run on an Intel DuoCore i7-2620M CPU.

Results

Firstly, we obtained results with only one uncertain parameter at a time and thus
N = 3. The 50 starts of the optimization had an average duration of 26 ms. In
all the three optimizations, the partial derivatives (Eq. (7.5)) were all smaller than
10−9 which is smaller than the function tolerance of the optimization algorithm and
are therefore considered zero. Lowering the function tolerance to 10−12 did lower
the partial derivatives to 10−13, while the motions did not change significantly. We
chose to use the slightly larger function tolerance of 10−6 to keep the computational
cost low. The results with an uncertain Coulomb friction are shown in Fig. 7.5. It
shows that the final position of the arm is approximately 1 rad, even if pc changes
with 100% of the estimated value. Furthermore, it shows that the arm first moves
away from the goal position, before moving towards it. We observed this behavior in
all the three cases: with an uncertain pv , pc and pt . Although optimization results
can be hard to interpret, we saw the same behavior in the previous section in Fig. 7.3.
Therefore, in all the three cases, probably some kind of condition as in Eq. (7.20) is
satisfied.

Fig. 7.6 shows the partial derivatives as function of the goal position. It shows
that every partial derivative is zero up until a certain threshold of the goal position.
This threshold is smallest for the viscous friction (approximately 1.8 rad), is slightly
larger for the torque dependent friction (approximately 2.3 rad) and is largest for
the Coulomb friction (approximately 6 rad). These values depend on the amount
of friction, the inertia and the maximum torque. The latter is a combination of the
motor constant, the gearbox ratio and the maximum current.

Secondly, we obtained results with three uncertain parameters at the same time and
thus N = 5. The 100 starts of the optimization had an average duration of 53 ms.
The results of the optimization are shown in Fig. 7.7. We again see that the arm
first moves away from the goal position. This was to be expected since the three
separate optimizations showed this behavior. Furthermore, Fig. 7.7 shows that the
final position is most sensitive to an uncertain torque dependent friction. The partial
derivatives (Eq. (7.5)) were all zero.

7.4.2 Two DOF robotic arm

Methods

We performed the same optimizations as on the one DOF model on a two DOF
SCARA type arm model (see Fig. 8.3), to see how the results extrapolate to a
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Figure 7.5: The results of the optimization with an uncertain Coulomb friction. (a) The current
through the motor as function of time. (b) The position of the arm as function of time using
the nominal friction values. The dashed lines show the position over time with -40% and +40%
parameter change. (c) The final position as function of the parameter value of the Coulomb friction.
(d) The final velocity as function of the parameter value of the Coulomb friction. The two bottom
graphs show that the partial derivatives of the final state with respect to the parameter are zero.

Table 7.3: The model parameters of the two DOF arm.

Parameter Symbols Values Unit
Viscous friction pv1, pv2 -0.05, -0.14 Nms/rad
Coulomb friction pc1, pc2 0.19, 0.60 Nm
Torque dependent friction pt1, pt2 22, 32 %
Inertia about COM JC1, JC2 0.023, 0.178 kgm2

Mass upper arm m1, m2 0.809, 1.502 kg
Length of link upper arm l1, l2 0.41, 0.43 m
Position COM lC1, lC2 0.07, 0.33 m
Motor constant kt1, kt2 26.7, 28.1 mNm/A
Gearbox ratio n1, n2 1:54, 1:198
Maximum current Imax1, Imax2 10, 10 A

robotic arm with non-linear dynamics. We used the TMT method [121] to obtain
the equations of motion of the two DOF simulation model, which are too long to
include in this chapter. In the two DOF model, a motor actuates the absolute angle
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Figure 7.6: This figure shows the partial derivative of the goal position to the parameter changes
as function of the goal position. The partial derivatives for all the three parameter variations are
zero until a certain threshold on the goal position.
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Figure 7.7: The results of the optimization on a one DOF arm with three uncertain friction param-
eters at the same time. (a) The current through the motor as function of time. (b) the position of
the arm as function of time using the nominal friction values. (c) The final position of the arm as
function of the three parameter changes. The bottom graph shows that the partial derivatives of
the final position with respect to the three parameters values are zero.
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Figure 7.8: Top view of the two DOF SCARA type arm model. The second joint is actuated
through a parallel mechanism (not shown in this figure), such that the angle of the second arm is
an absolute angle. The friction acts on the absolute angles of the joints.

of the second joint. Since approximately all friction is caused by the motor, the
friction in the second joint is a function of the absolute angular velocity of that joint.
The friction between the first link and the second link is assumed to be zero.

The parameter values of the two DOF model are listed in Table 7.3. In this model,
there are multiple parameters that influence the inertia of the upper and lower arm:
the inertias about the centers of mass (COMs), the lengths of the arms, the masses
of the arms and the positions of the COMs. The 3 friction parameters per joint lead
to 6 uncertain parameters and thus 12 partial derivatives that should be equal to
zero. Therefore, on both joints we took N = 8.

Results

Figs. 7.9c and 7.9d show the final positions of the two arms as functions of the
parameter changes. The values of the partial derivatives are smaller than the function
tolerance of the optimization and are therefore considered zero.

Figs. 7.9b shows the positions of the two joints as functions of time. The first joint
shows the same behavior as the one DOF system: it first moves away from the goal
position before moving towards it.

One optimization of the two DOF system takes about 10 hours, with the current
state of technology, which is too long to be applicable. We will discuss this issue in
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Figure 7.9: The results of the optimization on a two DOF arm with three uncertain friction param-
eters at the same time. (a) The currents through the motors as function of time. (b) the positions
of the joints as function of time using the nominal friction values. (c) The final position of the first
joint as function of the six parameter changes. (d) The final position of the second joint as function
of the six parameter changes. The two bottom graphs show that the partial derivatives of the final
position with respect to the parameters values are approximately zero.

section 7.6.

7.5 Hardware Study

In the previous sections we saw that in theory, feedforward controlled motions of our
robotic arm can be made insensitive to friction model uncertainty. In this section,
we show that this is also possible on the robotic arm itself. We verify the results
with an uncertain Coulomb friction on our one DOF robotic arm and show that the
sensitivity to this friction uncertainty can be eliminated to negligible levels. Firstly,
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we will explain the test set up, secondly, we will explain our test protocol and finally,
we will show the results.

7.5.1 The robotic arm

Fig. 7.2c shows a picture of the one DOF robotic arm, which is the same arm as
in [171], but without the spring mechanism. The DOF consists of an 18x1.5mm
stainless steel tube connected with a joint to the ground. A weight of 1 kg is
connected to the end of the tube, which represents the weight of a gripper plus a
product. The motor is placed on a housing and AT3-gen III 16mm timing belts are
used to transfer torques within the housing. The joint is actuated by a Maxon 60W
RE30 motor with a gearbox ratio of 18:1. The timing belts provide an additional
transfer ratio of 3:1. The model parameters as shown in Table 7.2 are based on a
system identification of this robotic arm.

To change the Coulomb friction, we designed a mechanism that adds Coulomb fric-
tion by clamping a nylon sleeve bearing on the motor axis. The Coulomb friction can
be increased by tightening the screw of the clamping mechanism. Every time after
we changed the Coulomb friction, we ran a system identification to determine the
amount of friction that was added.

7.5.2 Test protocol

We performed an online optimization to find the feedforward controller that is most
robust to uncertainty in the Coulomb friction. This optimization consisted of test-
ing a grid of 32 different feedforward controllers and selecting the best one. Each
feedforward controller had three current set points of which the first one was deter-
mined by a grid of 32 set points. The other two set points were determined by the
constraints on the final position and final velocity in simulation.

Instead of using the derivative as a performance measure, we used the root mean
squared (RMS) of the position errors using three different values for the Coulomb
friction: 0.19 Nm, 0.22 Nm and 0.25 Nm.

7.5.3 Results

Fig. 7.10 shows the current and the position as function of time for a typical exper-
imental run. The two controllers shown are the two resulting in the minimum and
maximum errors in the hardware experiments. It also shows that the current profiles
with minimal and maximal error in hardware experiments correspond to the current
profiles with minimized and maximized sensitivity in simulation. For systems with
more DOFs it is less feasible to perform a grid search and thus the current profiles
from simulation should be used.



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 164 — #182 i
i

i
i

i
i

164 | Chapter 7

0 0.5 1 1.5−0.5

0

0.5

1

1.5

 

0 0.5 1 1.5
−2
−1
0
1
2

 

Time(s)

P
os

iti
on

 (
ra

d)
C

ur
re

nt
 (

A
)

(a)

(b)
Time(s)

0%
+12%
+26%

Minimal E on robot
Maximal E on robot
Minimized E in sim
Maximized E in sim

Minimal E
Maximal E

Figure 7.10: A typical example of the data obtained from hardware experiments. This figure shows
the minimized and maximized motions for a changing Coulomb friction. a) The feedforward current
as function of the time. The solid lines correspond to the motions with minimized and maximized
error in hardware experiments. The dashed lines are optimized current profiles in simulation. This
graph shows that the current profiles optimized in simulation are the same as the current profiles
with minimal and maximal error in hardware experiments. b) The position of the arm as function
of the time. We clearly see that the spread in the final position of the minimized motion is smaller
than that of the maximized motion. For the minimized motion, it is hard to distinguish the three
lines, for the maximized motion the spread is clearly visible. (Figure from [167])

The minimal and maximal RMS were 0.002 rad and 0.092 rad respectively. These
hardware experiments confirm the main conclusions of the simulation study: the
errors due to uncertainty in the friction model can be reduced to approximately zero
(at least for the Coulomb friction). Furthermore, again the optimal motion first
moves in negative direction before moving towards the goal position.

7.6 Discussion

In this study we researched motions of a one and two DOF robotic arm, controlled
by a feedforward controller. The task consisted of fixed initial and goal positions and
a fixed time per stroke. We showed that the choice of the motions in between the
initial and goal positions is important for the sensitivity of the final state to friction
model uncertainty. For all systems, this sensitivity can be eliminated.
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7.6.1 Implications

The results of this study are important to consider when implementing feedforward
control. The correct use of feedforward control improves the performance of the
system and this study shows that the performance can even be improved in such a
way that the friction parameters do not have to be known accurately. The interesting
result is that all optimized motions do not move from the initial to the goal position
directly, but first move away from the goal position. We showed why this strategy
is advantageous in one DOF with an uncertain Coulomb friction and we expect that
similar explanations hold for other friction uncertainties and systems.

This study also has implications on the field of human motion control. Recent studies
in the field of human motion control focused on the uncertainty (i.e. noise) in the
control signals [82]. It would be interesting to research the accuracy of the internal
models of humans and the influence of this accuracy on the motions humans choose.
Another interesting topic for future research would be the influence of noise on the
performance of feedforward control in robotic systems.

The one DOF system is a system with linear dynamics and non-linear friction and
the two DOF system is a system with non-linear dynamics. We expect that the
results of this research can be extrapolated to a variety of other systems. We did
not consider gravity in this study. Adding DOFs that are influenced by the gravity
adds non-linearity to the system. We expect that sensitivity minimizing feedforward
controllers can still be found on such systems.

7.6.2 Linearization

In this study, we used a linearization of the influence of a parameter on the final
state as a measure of the performance of a feedforward controller. This linearization
only accounts for infinitely small parameter changes and thus it does not tell anything
about finite parameter changes. However, many of our results showed that the errors
in the final position were even small with large parameter changes (see e.g. Fig 7.5
and Fig. 7.7). A first alternative to linearizing is to sample a couple of parameter
values around the estimated value (e.g. estimated value -10% and estimated value
+10%) and minimize a sum or RMS of the errors at those parameter values, as we did
in [167]. However, such an optimization takes longer since more decision variables are
needed. A second alternative would be to also take into account higher order partial
derivatives, as in [18]. We do not expect that this will lead to a better performance
since the results already show a low second order derivative (see Figs. 7.5, 7.7 and
7.9).
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7.6.3 Adding feedback

In most applications, some kind of feedback is available. Combining a separately
designed feedback controller and a robust feedfoward controller will in general not
lead to good results, since in general the superposition principle does not hold. An
approach could be to first design a feedback controller and then optimize the com-
bination of that controller with a feedforward controller to be robust to model un-
certainty. Although showing the feasibility of this approach is part of future work, an
interesting approach was recently proposed by Ansari and Murphey [8].

7.6.4 Optimization duration

For the one DOF system, the duration of one optimization was 5.3 seconds. This
is still too slow for performing optimizations while the arm is performing its task.
However, there are obvious ways to solve this problem, like creating a database of
motions and only use the optimization to adjust the closest motion from the database
to fit the required motion. Such an optimization should not require a multistart
and should therefore take about 50 ms for the considered system. In general, the
optimization would be fast enough if the optimization time is shorter than the time
to move, which in our example was 1s.

A problem arises when the systems become more complex: more DOFs or more
uncertain parameters. An example of this is the two DOF system in section 7.4.2,
for which an optimization had to run for 10 hours to find a reasonable solution. This
problem is caused by the large number of local minima in the optimization function.
These local minima are caused by a combination of highly non-linear dynamics and
a relatively large number of decision variables. Although this problem is suited for
parallelization, it would require more than 36000 cores to speed up the optimization
to 1 second per motion. Therefore, the best approach would be to search for methods
that do not have this large amount of local minima.

Because of this large optimization time, we did not perform an elaborate two DOF
study on the influence that the initial and goal positions have on the results. However,
trying a couple of random tasks showed that similar results can be obtained for other
tasks. We expect that what we showed for the one DOF system, also holds for the
two DOF system: the sensitivity can be reduced to zero if the distance between
initial and goal positions does not exceed a certain threshold.

7.6.5 Other optimization goals

In this chapter, we optimized feedforward controllers such that the sensitivity to
friction model uncertainty was minimized. However, both in industry and in human
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Figure 7.11: The time and energy optimal motions as function of time. (a) The current through
the motor of the time optimal motion. (b) The current through the motor of the energy optimal
motion. (c) The position of the arm of the time optimal motion. (d) The position of the arm of
the energy optimal motion. The dashed lines show the position over time with -40% and +40%
parameter change.

motion control, other cost functions are used as well. Two common cost functions
are the time per stroke and the energy consumption per stroke. The question that
remains is how these commonly used cost functions perform with an uncertain friction
model in comparison to the results of the optimization in this chapter.

Fig. 7.11 shows the energy and time optimal motions of the one DOF system with a
complete friction model. The time optimal torque profile was obtained by minimizing
the time the system reaches the goal state. The energy optimal torque profile was
obtained by minimizing the integral of the electrical motor power over time (see
[171]). The values of the partial derivatives are shown in Table 7.4. This shows
that both the energy and time optimal motions are very sensitive to friction model
inaccuracies, and so a trade-off has to be made between energy, time and robustness.

7.7 Conclusion

In this chapter, we optimized feedforward controllers for robustness to uncertainty
in the friction model. On both the one and two DOF system, we eliminated the
sensitivity of the final position of rest-to-rest motions to parametric uncertainty
in the friction model. Interestingly, all motions that are robust to friction model
uncertainty, first move away from the goal position before moving towards it. Such



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 168 — #186 i
i

i
i

i
i

168 | Chapter 7

Table 7.4: The partial derivatives of energy and time optimal motions

pc pv pt

Energy optimal
∂q
∂pi

-0.626 0.163 -0.499
∂q̇
∂pi

-1.318 0.357 -0.839
Time optimal
∂q
∂pi

-0.154 0.074 -0.499
∂q̇
∂pi

-0.344 0.180 -1.109

motions eliminate the sensitivity by reducing the integral of the effect of the friction
torque to zero.
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Abstract
Most conventional robotic arms depend on sensory feedback to per-
form their tasks. When feedback is inaccurate, slow or otherwise un-
reliable, robots should behave more like humans: rely on feedforward
instead. This chapter presents an approach to perform repetitive tasks
with robotic arms, without the need for feedback (i.e. the control is
open loop). The cyclic motions of the repetitive tasks are analyzed us-
ing an approach similar to limit cycle theory. We optimize open loop
control signals that result in open loop stable motions. This approach
to manipulator control was implemented on a two DOF arm in the hori-
zontal plane with a spring on the first DOF, of which we show simulation
and hardware results. The results show that both in simulation and in
hardware experiments, it is possible to create open loop stable cycles.
However, the two resulting cycles are different due to model inaccura-
cies. We also show simulation and hardware results for an inverted pen-
dulum, of which we have a more accurate model. These results show
stable cycles that are the same in simulation and hardware experiments.

8.1 Introduction

The vast majority of robotic manipulators require sensory feedback in order to per-
form their tasks. Humans, on the other hand, use both feedback and feedforward
(or open loop) control when controlling their body [47]. Using feedforward allows
humans to control their body despite having large time delays (typically 150 ms
[43, 215]). Although robots have faster feedback loops, feedforward still has advan-
tages. First, feedforward can anticipate on future states of the system, second, is
can offer cheaper control when the cost is critical, and third, it is suitable for systems
with slow and imprecise feedback, such as camera based feedback.

In a previous study, we showed the remarkable result that sensitivity to some modeling
inaccuracies can be eliminated by choosing the right feedforward controller [174].
This result was similar to observations in humans, who minimize the influence of
uncertainty on the final position of feedforward controlled movements [81]. Where
the previous study only considered short motions (one second), this chapter takes
those ideas a step further by considering long term stability of open loop controlled
robotic arms (see Fig. 8.1), inspired by (human) stable walking motions.

One of the commonly cited disadvantages of open loop controllers is that they cannot
directly compensate for perturbations, since those perturbations are not fed back into
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Figure 8.1: This figure shows the top view of the concept of open loop stable manipulation for our
two DOF robot setup. Since there is no feedback available, the torque signal is a function of time
only. Using numerical optimizations, we find torque signals that result in open loop stable cycles
and allow the robot to perform repetitive tasks. Both the path displayed and the current signals are
obtained from hardware experiments.

the controller. Since most tasks of robotic arms are repetitive, we propose to view
them as cycles and consider the inherent stability of those cycles. If the trajectories
we perform are stable, perturbations will simply decay over time, without the need
for sensory feedback.

Other researchers have already used the inherent stability of specific motions in order
to create functional robots. Those robots can be split into two groups: robots with
only limited state feedback and robots without any state feedback.

A well known example of robots with limited state feedback is given by Schaal and
Atkeson [188], who studied open loop stable juggling with a robotic arm. In their
case, open loop means that the state of the ball is not used as an input for the
controller, but the arm itself is position controlled. Other examples include a timed
position controlled swing leg retraction to stabilize running [195] and rope turning
without measuring the state of the rope [105].
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The group that is more related to this study is the group of robots without any
state feedback. The most striking result in this group was obtained by McGeer, who
introduced the concept of passive dynamic walking [133].Those walkers do not have
motors and thus they do not use any feedback control, while their walking motion
is stable. The stable walking motions do not rely on the motion being stable at
each point in time, rather they work due to the existence of stable cyclic motions,
called limit cycles. Such cycles were later on used in so called limit cycle walkers
in combination with feedback control [73, 89, 95]. The work most strongly related
to this paper is that by Mombaur et al. [140, 142]. They found stable open loop
controllers for walking and running robots by optimizing the open loop controllers
for both stability of the motion and energy consumption. These results on a variety
of systems indicate that open loop stable control can be an effective approach for
robotic arms as well.

The goal of this chapter is to introduce a new approach in robot manipulator control:
open loop stable manipulation and to show the first results using this approach. We
show results both in simulation studies and in hardware experiments.

The remainder of this chapter is structured as follows. Section 8.2 explains the con-
figurations we studied and the optimization method we used. Section 8.3 shows the
results for the two DOF robotic arm, including a description of the simulation model,
the simulation results and the hardware results. Section 8.4 shows the results for the
inverted pendulum, including a description of the simulation model, the simulation
results and the hardware results. Finally, the chapter ends with a discussion in Sec-
tion 8.5 and a conclusion in Section 8.6, where we will conclude that it is possible
to perform manipulation tasks with an open loop controller by performing open loop
stable cycles.

8.2 Methods

We studied open loop stable task execution of robotic arms by optimizing the open
loop controller such that the task is performed by a stable cyclic motion. In this
section, we discuss the configurations we studied and the optimization method.

8.2.1 Configurations

We studied four configurations, which are also shown in Fig. 8.2:

(a) A simulation model of a two DOF robotic arm. On this model we optimized
the open loop controller such that the arm makes stable cyclic motions while
performing the specified task.
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Figure 8.2: The four configurations we studied: (a) a simulation model of a two DOF robotic arm,
(b) a two DOF robotic arm, (c) a simulation model of an inverted pendulum and (d) an inverted
pendulum.

(b) A prototype of a two DOF robotic arm. We implemented the controller
obtained in (a) on a two DOF robotic arm to test how the controller performs
on a real system. The results will show that the open loop controller generates
stable cycles on the robot, but does not converge to the same trajectory as
in (a). In Section 8.5.2, we will argue that this is caused by a bending of the
second DOF due to gravity.

(c) A simulation model of an inverted pendulum. We used the same techniques
as used in (a) to obtain open loop stable motions of an inverted pendulum.
We show that on this system, the results have an intuitive explanation.

(d) A prototype of an inverted pendulum. We implemented the controller ob-
tained in (c) on an inverted pendulum to test how the controller performs on
a real system for which an accurate model is known.

8.2.2 Optimization method

The stability of limit cycles can be assessed with a number of different measures,
such as Lyapunov stability [211] or contraction analysis [122, 127]. We used the
classic notion of Poincaré maps [211] to find the stability of the open loop controlled
motions, which we will now explain.

Consider a non-linear system described by the following differential equation:

ẋ = f (x, u(t)) (8.1)
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Since we use open loop control, we can consider the time as an extra state. Using
transverse coordinates [15, 126, 201] with the time as phase variable in this appended
state space is the same as using error dynamics in the original state space. This means
that we can set a Poincaré section at t = tf . We calculated the error dynamics along
the trajectory x∗(t) that results from the input u∗(t). Since the controller is open
loop, the error dynamics are simply given as the difference between the current state
and the trajectory state, both at the same time:

ẋ∗ = f (x∗, u∗(t)) (8.2)

δx = x − x∗ (8.3)

δ̇x = f (x, u∗(t))− f (x∗, u∗(t)) (8.4)

Linearizing the dynamics along the trajectory results in:

δ̇x =
∂f (x∗, u∗(t))

∂x
δx (8.5)

= A∗(t)δx (8.6)

Where A∗ is the linearized system matrix, and δx the error-state. We constrained
the motions to be cyclic with period tf (see below), which results in a cyclic A∗(t)
with the same period. Since system (8.6) is linear, we can take the state transition
matrix Ψ from t = t0 = 0 to t = tf . Because we know A∗(t) analytically, we can
find Ψ by numerically computing the solution to the following initial value problem:

Ψ̇ = A∗(t)Ψ, Ψ(0) = I (8.7)

Similar to the monodromy matrix in Poincaré map analysis of limit cycles, the motion
is stable if the eigenvalues of Ψ have an absolute value smaller than one:

|λ (Ψ(tf )) |max < 1 (8.8)

To find a trajectory, we now use an optimal control approach similar to [142]. We
used the above condition as a constraint rather than to minimize the left hand side of
it, because of two reasons. First, the above condition specifies the convergence rate
of the limit cycle, and does not specify other stability related factors, such as basin of
attraction [90] and robustness against model uncertainties. Second, in practice other
performance issues are also of concern, such as energy consumption and speed. We
chose to use the integral of the squared input as objective, resulting in the following
optimization:

minimize
u(t)

∫ tf

t0

u(t)2dt (8.9)
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subject to|λ (Ψ(tf )) |max < 0.9

|u(t)| < umax

x(0) = xpick

x(t1) = xplace

x(tf ) = xpick = x(0)

(8.10)

Where u(t) is the input, umax is the maximum input and xpick and xplace are the pick
and place states (see Section 8.3.2). The constraint that the final state is equal to
the initial state causes the resultant motion to be cyclic.

In case of a setup with multiple motors, we used the integral of the sum of squared
inputs as cost function. We used this cost function because it is often used in other
control applications. Furthermore, the resulting controllers are relatively smooth,
whereas a time-optimal controller would be bang-bang. Such a bang-bang controller
is undesirable in robot experiments, because it is more likely to be affected by un-
modeled effects such as backlash. The optimization is performed using the optimal
control package GPOPS [179] in Matlab.

8.3 Two DOF manipulator

We implemented open loop stable manipulation on a SCARA type arm with two
DOFs: two revolute joints moving two links in the horizontal plane (see Fig. 8.2b
and 8.3). Since there is no spring present on the second joint of the arm, an open
loop controlled motion must depend on dynamic effects for stabilization. Specifically,
the zero input does not lead to a stable result. Since the dynamic effects are highly
non-linear, it is not obvious whether stable motions exist. This section starts with
a system description, including a description of the robotic arm and the simulation
model. Next, we explain the task the arm has to perform, followed by simulation
results and hardware results.

8.3.1 System description

Fig. 8.1 shows a picture of the two DOF robotic arm [171]. The DOFs are created
by two 18x1.5mm stainless steel tubes, connected with two revolute joints, with a
spring on the first joint. A mass of 1 kg is connected to the end of the second
tube, which represents the weight of a gripper with product. The motors are placed
on a housing and AT3-gen III 16mm timing belts transfer the torques within the
housing. The joints are actuated by Maxon 60W RE30 motors with gearbox ratios
of respectively 18:1 and 1:66. The timing belts provide an additional transfer ratio
of 3:1 on the first joint and 5:3 on the second joint.
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Figure 8.3: Top view of the two DOF system with a linear spring on the first joint. The second
joint is actuated through a parallel mechanism (not shown in this figure), such that the angle of
the second arm is an absolute angle. The friction acts on the absolute angles of the joints.

Table 8.1: The model parameters of the two DOF arm.

Parameter Symbol Value Unit
Coulomb friction µc1, µc2 0.0481, 0.0218 Nm
Viscous friction µv1, µv2 0.03, 0.03 Nms/rad
Torque dependent friction µtf 1, µtf 2 21.87, 31.91 %
Inertia J1, J2 0.0233, 0.0871 kgm2

Mass m1, m2 0.809, 1.599 kg
Length l1, l2 0.410, 0.450 m
Position of COM lg1, lg2 0.070, 0.325 m
Motor constant kt1, kt2 26.7, 28.1 mNm/A
Gearbox ratio n1, n2 1:54, 1:110 rad/rad
Spring stiffness k1 1.6 Nm/rad

We used the TMT method [120] to obtain the equations of motion of the simula-
tion model of this arm, which are too long to include in this chapter. The model
includes 19 parameters, which are listed in Table 8.1. We included three types of
frictional losses: Coulomb friction, viscous friction and torque dependent gearbox
friction. Torque dependent gearbox friction is less commonly used than the other
two, however, from the parameter values obtained through a system identification of
the motor it is clear that this type of friction is not negligible (see Table 8.1). The
way we implemented it is similar to the force dependent friction term in [52]. The
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friction in a joint is equal to:

Tf = −µv · ω − sign(ω) · (µc + µt · |T |) (8.11)

for ω 6= 0

Tf = −min(µc + µt · |T |; |T |) · sign(T ) (8.12)

for ω = 0.

ω is the velocity of the joint, T is the torque exerted by the motor on the joint, and
µv , µc and µt are the coefficients of viscous, Coulomb and torque dependent friction
respectively.

The simulation model includes a DC motor. The torque applied by the DC motor
on the joint is equal to:

T = n · kt · I (8.13)

Where kt is the motor constant, n is the gearbox ratio and I is the current through
the motor. The current through the motor is constrained to 1 A (see eq. 8.10).

Coulomb friction and torque dependent friction introduce discontinuities in the equa-
tions of motion, which are difficult for GPOPS to handle. Therefore, we optimized
the open loop controller on a model with only viscous friction, and added a torque
afterwards to compensate for the Coulomb friction and torque dependent friction.
Such a compensation can only be done when it does not effect the stability of the
cycle, so when A∗ is independent of both the compensated friction and the input.
Both the Coulomb friction and the torque dependent friction depend on the state
through a sign function, which is a piecewise constant function. Since A∗ is the result
of linearizing along the state, A∗ does not depend on those friction terms (neglecting
the always stabilizing effect of the discontinuity in the sign function). To make A∗

independent of the input, we consider momenta instead of velocities. The equations
of motion then become:

ẋ = f (x) + Bu(t) (8.14)

With x , the state consisting of positions and momenta, and B a constant matrix.
Following the definition in eq. (8.6), we see that A∗ is therefore independent of u.
Such a transformation is possible for many mechanical systems. Although such a
transformation is not necessary, our specific optimization was faster with the trans-
formation. For easier interpretation, we will show the velocities in the results.

8.3.2 Task

The robotic arm has to perform a pick-and-place task. The important task parame-
ters are the pick state, the place state and the time per stroke. We show the results
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of the optimization for a motion which starts at t = 0 at the pick state xpick , goes
to the place state xplace at t1 and then returns to the pick state at tf with

xpick =


−0.7 rad
−0.85 rad

0 rad/s
0 rad/s

 ; xplace =


0.7 rad
−0.3 rad
0 rad/s
0 rad/s

 (8.15)

Where x is the vector consisting of the positions of the first and second arm, and
their respective angular velocities. t1 and tf are free parameters in the optimization,
but bounded as follows:

0.1 s ≤t1 ≤ 1.2 s (8.16)

0.1 s ≤tf − t1 ≤ 1.2 s (8.17)

The goal is to find a path that statisfies the task constraints (that also include a
stability-enforcing constraint) according to eq. (8.10), and then minimize the integral
of the square of the current (see eq. (8.9)). Although we only show the result of
one specific task, similar results were obtained using other task constraints. In none
of these cases multi-starts or tuned initial conditions were needed, even though the
optimization is non-convex.

8.3.3 Simulation results

Fig. 8.4 shows the position of the gripper in the workspace. The gripper does not
start at the stable cycle, but converges to it. The sharp corners in the motion are the
pick and place positions. Similar results were obtained for different pick and place
positions.

Fig. 8.5 shows an example motion converging to the stable cycle in state space. The
motion starts at a distance from the pick state xstart = xpick + [0.07;−0.15; 0; 0]

and converges to the open loop stable cycle.

Fig. 8.6 shows the motion and current profile that result from the optimization. In
Fig. 8.6a and 8.6b, we see that the motion starts and ends at the pick state, while
at t ≈ 1.2 s, the arm is at the place state.

8.3.4 Hardware results

Fig. 8.7 shows the position of the gripper in the workspace. It clearly shows that the
gripper does not start at the stable cycle, but converges to the cycle. Comparing
the hardware results (Fig. 8.7) with the simulation results (Fig. 8.5) leads to the
conclusion that although both the simulation and hardware results show convergence
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Figure 8.4: This figure shows the plot of the end point of the arm in simulation. The plot shows the
stable cycle from simulation (thick dotted red line) and the motion of the robotic arm that starts
from a perturbed position and converges to the stable cycle (thin blue line).
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Figure 8.5: This figure shows the state space plot of the simulation data for the two DOF robotic
arm. The plot shows the stable cycle (thick dotted red lines) and a motion that starts from a
perturbed position and converges to the open loop stable cycle (thin lines).

to a stable cycle, the stable cycles themselves are different. In Section 8.5.2 we will
argue that the difference is probably caused by a bending of the second DOF due
to gravity. In Section 8.4, we will show that for a simpler system (i.e. an inverted
pendulum), our model is accurate enough to predict the exact cycle.

Fig. 8.8 shows the motion of the arm in state space. We see that the motion
converges to a stable cycle in state space. When comparing Fig. 8.8 with Fig. 8.5,
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Figure 8.6: This figure shows the simulation data for the two DOF robotic arm as function of time.
The figure shows the positions of the joints (a), the velocities of the joints (b) and the torques
about the joints (c).

we see that range of positions of the upper arm is smaller in hardware experiments,
and that the range of positions of the lower arm is larger in hardware experiments.

Fig. 8.9 shows the time series of a typical cycle of the robotic arm in hardware ex-
periments. Again we see that the hardware results differ from the simulation results.
In Fig. 8.9b, we notice that the velocity signals show a vibration at approximately 10
Hz. This vibration is caused by the elasticity of the timing belts between the motors
(with encoders) and the joints.

The accompanying video shows a demonstration of the disturbance recovery of the
two DOF arm. This video also indicates that the basin of attraction is large. In
Section 8.5.2, we will show this basin of attraction in more detail.

8.4 Inverted pendulum

In the previous section, we showed the results of a two DOF SCARA type arm. These
results show that pick and place motions can be performed in an open loop stable
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Figure 8.7: This figure shows the plot of the gripper in hardware experiments. The plot shows the
motion of the robotic arm that starts from a perturbed position and converges to the stable cycle.
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Figure 8.8: This figure shows the state space plot of the hardware experiments on the two DOF
robotic arm. The plot shows the motion of the robotic arm that starts from a perturbed state and
converges to the open loop stable cycle. In order to obtain a smooth graph, the velocity data is
filtered with a fifth order Butterworth filter with the cutoff frequency at 10 Hz.

manner. However, there was a difference between simulation and hardware results
due to model inaccuracies. In this Section we move to a simpler system, allowing
us to both give an intuitive explanation for how the stabilization works, and indicate
that with a more accurate model hardware experiments and simulation can be made
to match. For this purpose an inverted pendulum is used (see Fig. 8.10).

8.4.1 System description

Fig. 8.2d shows a picture of the inverted pendulum setup we used. The pendulum
consists of a disk with an off-centered mass, which is connected to a DC motor
without a gearbox in between. This direct drive actuation results in low friction,
which makes the system easier to model. The DC motor is voltage controlled with
a maximum voltage of 5 V (see eq. 8.10).
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Figure 8.9: This figure shows the data of a typical motion of the hardware experiments on the two
DOF robotic arm as function of time. The figure shows the positions of the joints (a), the velocities
of the joints (b) and the current through the motors (c).
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Figure 8.10: Side view of the one DOF system with linear viscous friction and gravity.

The differential equation for this system is[
θ̇

ω̇

]
=

[
ω

c1 sin(θ) + c2U + c3ω

]
(8.18)

Where, U is the input voltage, and c1, c2 and c3 are the model parameters, which we
identified through a system identification and are listed in Table 8.2. In this model,
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Table 8.2: The model parameters of the two DOF arm. The values are obtained through a system
identification of the inverted pendulum.

Parameter Symbol Value Unit
Gravitational term c1 112.9 s−2

Motor parameters term c2 28.0 V −1s−2

Damping term c3 -1.8 s−1

c1 can be seen as the gravitational term, c2 as the motor parameters term and c3 as
the damping term, which includes the back-emf term of the motor. All these terms
have the inertia of the pendulum included.

We again used GPOPS to optimize an open loop controller such that we obtain an
open loop stable motion for the task described below.

8.4.2 Task

The task we will look at is a motion with the initial and final position of the arm
both at 1/5π (nearly upright position). Simply not moving will not result in stability,
since by itself this is an unstable position. So at first, it seems impossible to find
an open loop stable solution. However, this is possible when we allow the pendulum
to swing to the region between 1/2π and 3/2π (around the lower equilibrium) during
the motion. The goal is to find a path that is stable according to (8.8), and then
minimize the integral of the square of the voltage (see eq. (8.9)). We limit the
duration of the motion to 1.2 seconds.

8.4.3 Simulation results

Fig. 8.11 shows the result of the optimization, which can be explained intuitively.
Since eq. (8.18) is linear in the velocity and the input, the A∗-matrix of the pendulum
only depends on the position. That is, being in a state with θ between −π/2 and
π/2 has a destabilizing effect, and being in a state with θ outside that range has
a stabilizing effect. Loosely speaking, a stable motion requires that the stabilizing
effects compensate the destabilizing ones. This means that the system should spend
enough time in sufficiently stabilizing positions to counter the time it spends in the
destabilizing positions. In Fig. 8.11, we see that the pendulum moves directly from
the destabilizing initial position to stabilizing positions, where it spends most of the
time before moving back at the end of the motion. We use the condition in eq. (8.8)
to evaluate if the stabilizing effects are compensating the destabilizing effects.
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Figure 8.11: This figure shows the data for the single pendulum in the vertical plane as function of
time. The figure shows the position of the joint (a), the velocity of the joint (b), and the torque
about the joint (c) for both the simulation as the hardware experiments.
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Figure 8.12: This figure shows the state space trajectory for the single pendulum in the vertical
plane. The plot shows the stable cycle as determined in simulation (thick dotted line) and a motion
on the hardware setup that starts from a perturbed position and converges to the stable cycle (thin
line).
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8.4.4 Hardware results

Fig. 8.12 shows the results of applying the input signal found in simulation on the
hardware setup. It shows a motion being initialized in a perturbed position, after
which it converges towards a cycle close to the one predicted by simulation. Fig. 8.11
shows that the motion over time after convergence is the same in simulation and
hardware experiments. This shows that when an accurate model is available, the
method we used finds a controller that performs the desired task on the real system.
Extending the method to allow task performance even when accurate models are
not readily available is an important next step in the research on open loop stable
manipulation.

8.5 Discussion

8.5.1 Model mismatch

For the two DOF robotic arm, the results from simulation (see Fig. 8.4, 8.5 and
8.6) are clearly different from those of the hardware experiments (see Fig. 8.7, 8.8
and 8.9). However, both simulation and hardware experiments show convergence to
a stable cycle. These results show that the specific cycle the system converges to is
sensitive to unmodeled behavior. For the inverted pendulum, we showed the results
from simulation and hardware experiments are the same. This is due to the fact that
the inverted pendulum is easier to model accurately.

There are three possible ways to reduce errors due to unmodeled behavior and thereby
improve the control performance. First, the model of the system can be extended
to include more of the unmodeled dynamics. Since modeling inaccuracies will always
exist, a second approach would be to include the sensitivity to modeling inaccuracies
in the optimization as in [174]. However, since sensitivity to modeling inaccuracies
cannot always be reduced [174], we expect the best results from the third approach:
tuning or learning open loop stable cycles online.

8.5.2 Basin of Attraction

In this chapter we focused on the calculation of open loop stability, which is a minimal
requirement for making open loop manipulation work, but it gives little information
about the rejection of realistic (i.e. finite) disturbances. Therefore, we simulated the
arm using a grid of initial positions in order to see if they converge to the intended
stable cycle. Fig. 8.13 shows this data, which is a slice of the 4D basin of attraction.
This shows that the majority of initial positions (within the mechanical limits of



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 186 — #204 i
i

i
i

i
i

186 | Chapter 8

Mecha
nical

 limits Convergence without

reaching mechanical 
limits

q1 (rad)

q2
 (

ra
d)

−1 0 1

−3

−2

−1

0

1

2

3

Converging
Non-converging

Figure 8.13: This figure shows the basin of attraction of the open loop stable cycle for different
initial positions. The white region depicts all initial positions that result in convergence to the cycle.
The blue dotted line depicts the mechanical limits of the robotic arm. All initial positions within
the red line result in convergence while staying within the mechanical limits. The non-converging
initial positions are divided into three groups. First, light blue depicts convergence to the intended
cycle with an error in θ2 of 2π rad; second, dark blue depicts an error in θ2 of 4π rad and third,
black depicts an error in θ2 of 6π rad or more. So all initial positions converge to the same cycle,
although in some cycles, the second joint has rotated for exactly one or multiple revolutions.

the arm) result in convergence to the cycle. This result means that precise initial
positioning of the arm is not required for converging to the intended cycle.

Interestingly, the basin of attraction analysis shows that all initial positions converge
to the same cycle, although in some cycles, the second joint has rotated for exactly
one or multiple revolutions. While implementing several feedforward controllers on
the robotic arm, we found that most feedforward controllers (including the one shown
in this chapter) result in two stable cycles: one with negative θ2 and one with positive
θ2. We expect that this is caused by a bending of the arm due to gravity, which is
larger around θ2 = ±π2 rad than around θ2 = 0 rad. We suspect that this difference
between the model and the arm is the main cause for the mismatch of the cycles in
simulation and in hardware experiments. In order to improve the prediction of the
cycle by the model, a stiffer arm can be used or this bending can be modeled. A
second cause of the model mismatch could be the friction, which is hard to model in
general.
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8.5.3 Implications

The idea of using open loop stability of periodic motions to analyze repetitive ma-
nipulation tasks is a new approach in robot manipulator control. It allows for robotic
arms to be controlled when feedback is too slow (e.g. using camera feedback or
control over great distance), too imprecise (e.g. due to cheap, noisy sensors [112])
or even impossible (e.g. in micro-scale applications or due to radiation), or when the
input is limited and planning is required.

There is no fundamental reason why stable cycles would not exist in robotic arms
with more DOFs, or for more complex tasks (e.g. obstacles or interactions with
the environment). However, we expect that it will be more difficult to find such
cycles and maybe impossible to find cycles that include the pick- and place positions.
Finding trajectories can be made easier by tuning the dynamics of the system, such
that all trajectories are stable, i.e. the system is contractive. Such tuning could be
done by adding springs on all joints or changing the mass distribution.

8.5.4 Applicability

The concept of open loop stable manipulation as presented in this chapter is not fully
applicable yet, since it consists of finding one stable cycle. In practice, tasks consist
of moving between multiple positions in a certain (not necessarily predefined) order.
Since the computations are too complex to perform online, we see two approaches
to make open loop stable manipulation fully applicable in the future.

The first approach is to move in a stable periodic motion which covers most of
the task space. Whenever necessary, the controller can make open loop controlled
deviations from this cycle to the specified positions after which the manipulator
returns to the main cycle.

The second approach is to divide the space into a grid and build a library of feed-
forward controllers for moving between the grid positions. The controller can then
create various stable cycles by combining multiple trajectories from this library into
a stable cycle that tracks the specified positions.

8.6 Conclusions

In this chapter we introduced an approach to control robotic arms, without the need
for state feedback. We conclude that this approach is promising for robotic arms that
perform repetitive position tasks without feedback. Small disturbances on the state
of the system will decay over time and the robotic arm will asymptotically return to
its original trajectory. Both simulation and hardware experiments show convergence
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to an open loop stable cycle, but the cycles they converge to are not the same,
probably caused by a bending of the second DOF due to gravity. We expect that
this problem can be solved by online learning of the stable cycles.
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Abstract
Robotic arms have been shown to be able to perform cyclic tasks with
an open-loop stable controller. However, model errors make it hard to
predict in simulation what cycle the real arm will perform. This makes it
difficult to accurately perform pick and place tasks using an open-loop
stable controller. This chapter presents an approach to make open-
loop controllers follow the desired cycles more accurately. First, we
check if the desired cycle is robustly open-loop stable, meaning that it
is stable even when the model is not accurate. A novel robustness test
using linear matrix inequalities is introduced for this purpose. Second,
using repetitive control we learn the open loop controller that tracks
the desired cycle. Hardware experiments show that using this method,
the accuracy of the task execution is improved to a precision of 2.5cm,
which suffices for many pick and place tasks.

9.1 Introduction

This research aims at future applications where sensing and feedback are undesirable
due to costs or weight; or difficult due to small scale, radiation in the environment
or frequent sensor faults. A recent example of such an application is the control of a
swarm of nano-scale medical robots [19]. These applications inspire us to investigate
an extreme case of feedback limitations: solely open-loop control on robotic arms.
Control without any feedback can only be effective if two key problems are addressed:
disturbances (e.g. noise and perturbations) and model inaccuracies.

The first problem, handling disturbances on an open-loop controlled robot, has mainly
been addressed by creating open-loop stable cycles. The best known examples of this
are passive dynamic walkers, as introduced by McGeer in 1990 [134]. Since those
walkers do not have any actuators, there is no computer feedback control. The
walking cycle of those walkers is stable, which means that small perturbations will
decay over time. Such stable cyclic motions are called limit cycles. Limit cycle theory
was later used to perform stable walking motions with active walkers, of which the
closest related work is that by Mombaur et al. [139, 141]. They optimized open-loop
controllers for both stability and energy consumption and performed stable walking
and running motions with those robots. Open-loop stable motions have also been
used before to perform tasks with robotic arms. In 1993, Schaal and Atkeson showed
open loop stable juggling with a robotic arm [189]. Even though their controller had
no information about the position of the ball, they showed that any perturbation in
this position decays over time, as long as a specific path of the robotic arm itself
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Figure 9.1: This figure shows the top view of the concept of robust open-loop stable manipulation.
We first optimize a cycle that stands still at the pick and place positions for open-loop stability.
Next, we check the cycle for robustness to model uncertainty. Then, using repetitive control on
the robotic arm, we learn an open-loop controller that tracks the cycle. After the learning, the
open-loop controller performs the task without any feedback.

can be tracked. In a recent study, we showed that it is possible to perform repetitive
tasks on a robotic arm with solely an open-loop current controller [172].

The second key problem with feedforward control (i.e. model inaccuracies) prevents
the approach in [172] to be fully applicable: it causes a difference between the
motion as planned in simulation and as performed in hardware experiments. Handling
model inaccuracies on open-loop controlled robots has recently become the subject
of research. Singhose, Seering and Singer [203, 204] researched vibration reducing
input shaping of open-loop controllers while being robust to uncertainty in the natural
frequency and damping of the system. Becker and Bretl [18] researched the effect
of an inaccurate wheel diameter of unicycles on the performance of their open-loop
velocity controller. In their case, open-loop control means that the position of the
unicycle is not used as an input for the controller, but the velocity of the wheels is.
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In a previous paper, we showed that on a robotic arm, different open-loop current
controllers have different sensitivities to model inaccuracies [174]. We found open-
loop current controllers of which the end position of the motion is independent of
the friction parameters. However, the motions that handle the model inaccuracy
problem of feedforward control, the stability problem still exists, i.e., disturbances
acting on these motions will grow over time.

Since these two problems of disturbances and model inaccuracies in open-loop control
have only been addressed separately, no applicable purely open-loop control scheme
has been devised. This chapter shows that repetitive tasks can be performed stably
by robotic arms with an open-loop voltage controller, even when an accurate model
is not available.

In order to achieve this goal, the problem is split into two phases (see Fig. 9.1).
In the first phase the robustness of the system is analyzed with a novel method
based on linear matrix inequalities (LMI)[190]. In the second phase repetitive control
(RC)[123] is used to learn the exact control input, such that the desired positions
are reached accurately. During this learning phase, very slow feedback is allowed,
this feedback can be removed after the learning has been completed.

The rest of this chapter is structured as follows. Section 9.2 shows why the problem
can be split into two phases, and explains the robustness analysis method and the
repetitive control scheme. Next, Section 9.3 shows the experimental setup we used
to test our approach. Then, Section 9.4 shows the results of both the numerical and
the hardware experiments. Finally, the chapter ends with a discussion in Section 9.5
and a conclusion in Section 9.6.

9.2 Methods

In this section we explain our methods. First, in Section 9.2.1 we discuss the basic
concept of the stability analysis. Second, Section 9.2.2 explains our approach to
perform robustly stable open-loop cycles. Then we will describe the two steps of this
approach separately: a robust stability analysis (Section 9.2.3) and learning of an
open-loop controller (Section 9.2.4).

9.2.1 Open-loop stable manipulation

A system described by the differential equation ẋ = f (x, u) can be linearized along a
trajectory x∗ caused by input u∗(t):

dx̄

dt
= A∗(t)x̄ (9.1)
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with

A∗(t) =
∂f

∂x

∣∣∣∣
x∗(t),u∗(t)

(9.2)

where x̄(t) = x(t) − x(t)∗ is the state error. For the ease of notation, the time
dependency of variables is occasionally dropped if it is unambiguous to do so. For
example A∗(t) will be written as A∗.

If both trajectory and input are cyclic with period tf , stability can be assessed by by
discretizing the system using a time step tf . To be able to draw upon the research in
stability of limit cycles, note that such discretization is the same as a Poincaré map
of the system with the time appended to the state vector. The Poincaré section is
then taken as t = tf , and the time is reset to 0 after crossing this section. Previously
(notably in [141] and [172]), verifying stability was done using the eigenvalues of
the linearized discrete system. But that approach does not allow incorporating model
uncertainty in the stability analysis.

To obtain a method that does allow uncertain models, we use a quadratic Lyapunov
function, J = x̄TM(t)x̄ , with positive definite M(t). The idea is that for a stable
system, an M(t) can be found such that the norm J is always decreasing over
time. For cyclic systems this means the following two constraints should be satisfied
(cf. [217]):

M(t)A(t)∗ + Ṁ(t) + A(t)∗
T

M(t) ≺ 0, ∀t ∈ [t0, tf ] C1

M(tf )−M(t0) � 0 C2

where ≺ and � are used to indicate negative/positive definiteness respectively, Ṁ is
the time derivative of M and the subscripts 0 and f denote initial/final time. The
first of these constraints ensures that the Lyapunov function is decreasing at each
time instant. The second constraint makes sure that it becomes stricter after each
cycle, i.e., that having the same error (x̄) as a cycle before means that the Lyapunov
function has increased. Note that only one of the two inequalities needs to be strict
in order for stability to hold.

When there are model inaccuracies, two changes occur that make the above condi-
tions invalid. Firstly, A∗(x∗(t)) is no longer accurate when in state x∗(t). Secondly,
when using a fixed open-loop controller on an uncertain system, the trajectory is not
fully predictable, so in general x(t) 6= x∗(t), when using the input u∗(t). In the next
section we will outline our approach to solve these two issues.
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9.2.2 Robust open-loop approach

To find motions that are open-loop stable even when the model is not accurately
known, we will focus on input affine systems with constant input matrix, i.e., systems
that are described by the following differential equation:

ẋ(t) = f (x(t)) + Bu(t) (9.3)

where B is a constant matrix. The equations of motion of serial chain robots can be
written in this form, by considering phase-space rather than state space (i.e. using
momenta rather than velocities). Systems where the control input enters the system
via a constant matrix have the advantage that the linearized error dynamics do not
depend on u (cf. Eq. (9.2)):

A∗(t) =
∂f

∂x

∣∣∣∣
x∗(t)

(9.4)

Because the local stability of the motion only depends on the linearized error dy-
namics, the stability for motions of such a system only depends on the states of
the motion, and not on the inputs used. This is the key insight that allows robust
open-loop control, by splitting the problem into two stages:

1. Finding a trajectory through the phase-space that is stable, even if the (lin-
earized) system dynamics differ from their nominal value by some uncertain
amount.

2. Learning the inputs for that trajectory. When done online, this learning can
take into account the uncertain dynamics.

With this two stage approach, an open-loop controller is found that accurately con-
trols the robot in a way that is both accurate and stable. These two properties hold
even when facing modeling errors, which is important for hardware implementation.

There are two important remarks to be made about this approach. Firstly, the robust
trajectory found should be a valid trajectory for the physical system, and thus for
all realizations of the uncertainty in the model. That means there should exist an
input for which the trajectory given is a solution to the differential equation. In our
case this means the inertia matrix has to be known accurately in order to translate
momenta into the velocities that correspond to the time derivatives of the positions in
the planned trajectories. Secondly, for the learning step some feedback is required,
which means the robot is no longer purely open-loop controlled. However, such
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feedback can be delayed and can be removed once the feedforward signal is known.
This allows opportunities for external sensing, such as cameras based feedback during
the learning phase.

In Section 9.2.3 the methods used to find a robust trajectory will be explained. Sec-
tion 9.2.4 explains how Repetitive Control is used to learn the open-loop controller.

9.2.3 Finding robustly stable trajectories

The first step in our approach is to find trajectories that are stable. To do so, we
use an optimization approach, further explained in Section 9.3. Then we test if the
resulting trajectory is robustly stable. In this section we derive a novel robustness
test, which is summarized in Algorithm 1.

For this section, we assume that we have a known trajectory for which we want to
determine how robust it is. We model the uncertainty of the system through an
integer number of uncertain parameters δj , that enter the linearization affinely using
known state and time dependent matrices ∆j(t), i.e.

A(t) =
∂f

∂x

∣∣∣∣
x=x∗(t)

+
∑
j

∆j(t)δj (9.5)

where we will take A∗(t) = ∂f
∂x

∣∣
x∗(t)

as the certain part of the dynamics, and ∆(t) =∑
j ∆j(t)δj as the uncertain part. Here the ∆j are known matrices describing how

the uncertain parameters δj enter the system dynamics. As a result, we have a time
varying uncertain system ˙̄x = A(t,∆)x̄ = (A∗(t) + ∆(t))x̄ .

From theory of Linear Matrix Inequalities [190, Prop. 5.3], we know that if each δj is
constrained to some interval δj ∈ [δj , δ̄j ], then the constraint C1 holds for all ∆(t), if
it holds for the ∆(t) created by the vertices of the hypercube of allowed δj . The ∆(t)

values connected to these vertices will be called ∆0(t), which is a finite set. The
choice for ∆0(t) depends on the expected model inaccuracies. The robust stability
constraint now becomes:

MA∗ + Ṁ + A∗TM + ∆T0M +M∆0 ≺ 0 C3

Note that this constraint is a sufficient, but not necessary condition for robust stabil-
ity. Making M a function of ∆ would reduce the conservativeness [190]. However, in
implementation this would also result in much greater complexity and computation
time, so we have elected not to do so.
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Furthermore, constraint C3 determines whether the trajectory is robustly stable or
not, but it does not give a continuous measure of robustness. To add this measure,
we try to find the maximal constant εx , such that the following constraint holds:

MA∗ + Ṁ + A∗TM + εx∆T0M + εxM∆0 ≺ 0 C4

The value of εx is the robustness measure.

What is left is a way to find an M(t) that satisfies the constraints. Before describing
our approach, we will briefly discuss two approaches that involve optimizing a paramet
rized M(t), and are unsuitable in this case, but at first sight might seem applicable.

The first of these approaches is the most straightforward conceptually and has been
used in literature [35, 125, 217]. The idea in that research is to parameterize M(t),
and then optimize these parameters. The literature referred to establishes that this
parameter optimization can be cast as a convex problem by using Sum Of Squares
programming. The disadvantage of this approach for our problem is that the opti-
mization of M(t) requires many (> 1000) decision variables and is therefore com-
putationally expensive and sensitive to numerical errors.

The second approach is to parameterize M(0) only, and rework equation C1 or C3
into a differential equation, which can be integrated to findM(t). The basic example
would be

Ṁ = −εs I − A∗
T

M −MA∗ (9.6)

with εs a small positive constant. This allows to optimize M(0), such that M(tf )

found using integration satisfies equation C2. This approach of integrating Ṁ could
potentially be extended to incorporate the uncertain dynamics into the differential
equations, for instance by viewing M as an ellipsoid, and using a minimum volume
ellipsoid covering algorithm. However, even then the method of searching for M(0)

and using forward integration is troublesome. The number of parameters is greatly
reduced compared to approaches where M(t) as a whole is approximated and opti-
mized, but at the cost of losing convexity. This greatly increases the computation
time and introduces the risk of finding local minima.

Since these two approaches that involve searching for M(t) do not work, we propose
a method which does not involve such optimization, but rather immediately computes
a (suboptimal) M(t). This method is based on the fact that all time varying systems
with periodic coefficients are reducible [63, Sec. XIV.3], i.e. can be transformed into
a time invariant system. The idea is to find a Lyapunov function for the certain part
of this time invariant system and then transform this Lyapunov function back to the
time variant system for the robustness check.
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The transformation to the time invariant system is based on the state transition
matrix of the nominal system x̄(t) = Φ(t)x̄(0), which can be found by integrating
the following initial value problem:

Φ̇(t) = A∗(t)Φ(t), Φ(0) = I (9.7)

Now if we define L(t) = Φ(t)Φ(tf )
− t
tf and the transformation x̄ = L(t)y , we get

for the state transition matrix of y :

ẏ =
1

tf
ln(Φ(tf ))y (9.8)

which is a time invariant, but possibly complex-valued system [63, Sec. XIV.1]. For
this system we can then find a Lyapunov function yTMyy by solving for the positive
definite matrix My using standard LMI techniques. In principle it would be possible
to incorporate a worst-case transformed ∆(t) in that equation, but for simplicity we
optimize to find a Lyapunov function with the smallest time derivative, i.e. maximize
εy in:

1

tf
ln(Φ(tf ))TMy +My

1

tf
ln(Φ(tf )) + εy I ≺ 0 (9.9)

The resulting My is then transformed back to x̄ coordinates:

M(t) = L(t)−TMyL(t)−1 (9.10)

Finally, the maximum εx that satisfies constraint C4 at all times is found using a
numerical LMI solver. The time derivative of M that is needed for this step is readily
determined analytically. We omit these expressions because they are too lengthy.

As Eq. (9.7) can only be solved numerically, a natural time sampling approach is
used. That is, the constraint C4 is only tested at the sampling times that are used
by the solver that integrates Eq (9.7). In this case, we used the MATLAB ode45
solver. This time sampling is inspired by [217], which discusses the correctness of
such a sampling procedure for a similar robustness test.

In many cases one or more of the singular values of the state transition matrix Φ(tf )

are nearly zero [183]. This means that some errors are reduced to nearly zero after
one cycle. This can happen for instance with a high damping constant, which could
arise from using voltage control.

Such a nearly singular state transition matrix makes the numerics of the above scheme
ill-conditioned. Furthermore, the resulting LMI-test is very sensitive to small changes
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Space of 
nonsingular 
solutions

Basis for 
solution 
space

Nearly singular direction

t=0 or t=tf t≠0 and t≠tf

Basis for 
nonsingular 
solution space

Figure 9.2: Explanation of the transformations required for model reduction. At time t = 0 or
t = tf , the singular value decomposition can be used to find a basis for the solutions space. In the
left figure it can be seen that this basis has the advantage that the singular directions are clearly
separated. The right figure shows that by using the same basis at other times, the non-singular
dimensions are described using more basis vectors than are required to span the space. The solution,
also indicated in the right figure is to use a projection, in our case by computing the column echelon
form. This particular projection ensures the basis is periodic, which allows the robustness analysis
to be performed.

in the nearly singular directions. This numerical sensitivity is in contrast with the fact
that in many cases, such near singularity is some intrinsic property of the system or
trajectory, and is not influenced by some small changes in model parameters. In
those cases the above scheme is sensitive to errors that are irrelevant. Therefore we
disregard these near-singular directions by assuming the error in those directions is
always 0.

Since the system is time varying, the relevant directions are also time varying. So
what is needed is to find a time varying basis for the non-singular space of the
error dynamics, see Fig. 9.2. The robustness test described previously requires a
periodically time varying system, therefore the basis for the non-singular dimension
should also be periodically time varying.

First, to disregard the near singular directions, use the singular value decomposition
of the state transition matrix at time tf : Φ(tf ) = UΣV T . Define Uχ as the columns
of U that correspond to the singular values that are not nearly 0. These columns are
an orthonormal basis for the not-nearly-singular space of Φ(tf ). In particular, define
x̃(t) coordinates by the transformation x̄ = Ux̃ . Then

Φ̃(t) = U−1Φ(t)[Uχ, 0] (9.11)

is the state transition matrix for x̃ , where the errors in the singular dimensions are
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immediately set to zero (by the multiplication with [Uχ, 0]). The columns of UΦ̃(t)

now form a time varying basis for the non-singular space of the x̄-dynamics. However,
this basis is not periodic yet.

This periodicity can be enforced by using the following transformation, which defines
x̂(t):

x̄(t) = Urcef
(

Φ̃(t)
)
x̂(t) (9.12)

where rcef signifies the reduced column echelon form. To see that it works, it is nec-
essary to realize that after exactly one cycle, the columns of Φ̃ span the same space.
Furthermore, Φ̃(0) is simply the identity matrix with the last diagonal entries turned
into 0. Therefore Φ̃(tf ) also spans this same space, and the reduced column echelon
form then finds the correct basis: the identity matrix with the last entries turned into
0. As a result rcef(Φ̃(0)) = rcef(Φ̃(tf )). This means that the transformation in Eq.
9.12 is periodic, and can therefore be used in the robustness test. The procedure of
the robustness test, including this transformation is denoted in Algorithm 1, in which
each step is described and the relevant equations for that step are then referred to.

This leaves only two remarks on the implementation of this transformation. First,
the reduced column echelon form of a smoothly varying matrix is smoothly varying,
meaning the time derivative of the transformation exists. To speed up computation
we use finite differences to compute this derivative. Second, the transformation as
defined above does not actually reduce the number of states in the computation, but
rather sets the states to zero. By substituting Uχ for [Uχ, 0] in Eq. 9.11, the size of
the state vector is reduced, which again speeds up computation.

9.2.4 Repetitive control

The stability of the trajectories computed by the optimization is independent of the
input and finite modeling errors. The next step is to learn the input that tracks
the trajectory on the robotic arm. When the trajectory is learned, the feedback is
disconnected and the task is performed stably with the learned open-loop controller.

There are two (similar) learning algorithms which are commonly used for learning
of repetitive motions: Iterative Learning Control (ILC) and Repetitive Control (RC)
[123]. Both algorithms use the input and error from the previous iteration (cycle)
to compute the input in the current iteration. The only difference between the two
is that in ILC every iteration starts at the same state, where in RC every iteration
starts at the final state of the previous iteration. We use RC, because it allows us
to immediately start a new iteration at the end of every movement cycle, whereas
ILC would require a reinitialization after every cycle to start the new iteration, which
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Algorithm 1 Robustness test

Compute state transition matrix Φ(tf ), Eq. (9.7)
if nearlySingular(Φ(tf )) then

Reduce system dimension, Eqs. (9.11)-(9.12)
end if
Make system time invariant by transformation, Eq. (9.8)
Find My , the Lyapunov function for that system, Eq. (9.9)
Initialize robustness measure, εx ← 1000

for all t in time discretization do
Find M(t), Lyapunov function of first system, Eq. (9.10)
Numerically find Ṁ(t) as required in constraint C4.
ε̄← maximum εx that satisfies constraint C4 at time t
εx ← min(ε̄,εx)

end for

would take time and require fast and precise state feedback. The repetitive control
runs on a real time target with a sampling frequency of 500 Hz. Therefore, we will
use discrete time notation with time step k .

The repetitive control scheme we used is

u(k) = u(k − p) + α(k) · (∆uP (k) + ∆uD(k)) (9.13)

with

∆uP (k) =

p−1∑
i=0

φ(i) · P · e(k − p + i) (9.14)

∆uD(k) =

p−1∑
i=0

σ(i) ·D · (e(k − p + i)− x̄(k − 2p + i)) (9.15)

x̄(k) = x∗(k)− x(k) (9.16)

where u(k) is the control input, p is the number of time steps in one iteration, x̄(k)

is the error, x∗ is the desired state and x is the actual state. α(k), φ(i), σ(i), P and
D are explained below.

The learning rate α(k) is a function of time and can vary between 0 and 1. A varying
α(k) reduces the chance of converging to a sub-optimal solution.

The filter gains φ(i) and σ(i), for i = 1, . . . , p, determine how much the different
errors in the previous iterations contribute to the change in the input signal. The
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filtering accounts for measurement noise and prevents oscillations in the RC. The
sum of the elements of φ(i) and the sum of the elements of σ(i) are both equal to
1, to obtain a (weighted) moving average filter.

The learning gains P and D are Nu × Ns matrices (with Nu the number of inputs
and Ns the number of states). The P and D we used have the following structures:

P =

[
P11 0 P13 0

0 P22 0 P24

]
(9.17)

D =

[
D11 0 D13 0

0 D22 0 D24

]
(9.18)

Using this structure, errors in the state of one joint have no direct influence on the
control signal in another joint (i.e. there are no cross terms). The ∆uP term can be
seen as the proportional term of the RC, since it leads to a change in u proportional
to the errors in the previous iteration. The ∆uD term can be seen as the damping
term of the RC between two iterations, since it leads to a change in u proportional
to the change in errors between two iterations.

9.3 Experimental setup

We tested our approach on a two DOF SCARA type arm. This type of arm can per-
form industrially relevant tasks with a simple mechanical design. In the experiment,
the arm has to perform a rest to rest motion, typical for a pick and place task. In this
section the hardware setup and task description will be addressed, along with param-
eters in our approach that were set specifically for the experiments. Note however
that the general approach does not depend on the exact values of the parameters,
which were manually tuned.

9.3.1 Hardware setup

Fig. 9.1 shows a picture of the experimental two DOF robotic arm [171]. The arm
consists of two 18x1.5mm stainless steel tubes, connected with two revolute joints,
with a spring on the first joint. A gripper is connected to the end of the second tube.
The motors are placed on a housing and AT3-gen III 16mm timing belts are used to
transfer torques within the housing. The joints are actuated by Maxon 60W RE30
motors with gearbox ratios of respectively 66:1 and 18:1. The timing belts provide
additional transfer ratios of 5:4 on both joints. The parameters of this robotic arm
are listed in Table 9.1.
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Table 9.1: The model parameters of the two DOF arm.

Parameter Symbol Value Unit
Damping µv1, µv2 7.48, 0.56 Nms/rad
Inertia J1, J2 0.0233, 0.0871 kgm2

Mass m1, m2 0.809, 1.599 kg
Length l1, l2 0.410, 0.450 m
Position of COM lg1, lg2 0.070, 0.325 m
Motor constant kt1, kt2 25.9, 25.9 mNm/A
Gearbox ratio g1, g2 82.5:1, 22.5:1 rad/rad
Spring stiffness k1 1.6 Nm/rad

The large damping terms are caused by the back-emf of the motors (since we use
voltage control and not current control). The viscous and Coulomb friction are
neglected in this chapter since they are small compared to the back-emf induced
damping. The equations of motion and the transformation to momenta can be
derived using standard methods [121, Chap. 3], and are omitted from this chapter
because they are too long. Because the second joint is connected to its motor via
a parallelogram mechanism (see [171]), the angle of the second arm is taken as the
absolute angle, i.e., relative to the world frame.

9.3.2 Task description

We let the manipulator perform a cyclic pick and place motion, with pick and place
positions at [0.4, 0.1] rad and [-0.2, -1.2] rad respectively. At the pick and place
position, the arm has to stand still for 0.2s, which would be required to pick or place
an object. The time to move between the pick and the place position is 1.4s. Hence,
the total time of one cycle is 3.2s.

9.3.3 Optimization

To find a robustly stable trajectory an optimization is used. First, the trajectory is
optimized for fast convergence, by minimizing the maximal eigenvalue modulus of
the linearized Poincaré map, see the stability measure in [172]. The input was taken
as a piecewise linear input, consisting of 20 pieces, with an absolute maximum value
of 5V. Then, the robustness of the resulting trajectory is verified using the approach
outlined in Section 9.2. The uncertain dynamics ∆(t) consist of two uncertainties:
uncertainty on the linearized stiffness on the first and second joint. The bounds on
these uncertainties are constant and taken as ±0.3 and ±1.0 Nm/rad respectively.
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Table 9.2: The parameters used in optimization and RC

Symbol Value Symbol Value
tRCf inal 300 s
P11 1.5 V/rad D11 0 V/rad
P22 0.6 V/rad D22 0.4 V/rad
P13 0.3 Vs/rad D13 0 Vs/rad
P24 0.4 Vs/rad D24 0 Vs/rad

9.3.4 Repetitive control parameters

We let the robotic arm learn the cycle from simulation while t < tRCf inal . During
this learning period, the learning gain decreased linearly from α = 1 at t = 0 s to
α = 0 at t = tRCf inal s.

The filter gains we used are equal to

φ(i) = σ(i) =
−(i − 1)(i − 50)

| − (i − 1)(i − 50)| ∀i ≤ 50 (9.19)

φ(i) = σ(i) = 0 ∀i > 50 (9.20)

The result of using these filter gains is that the change in input signal depends on
errors in steps k − p to k − p + 50, see Eq. 9.13. Therefore the RC scheme is non-
causal. This filter has two purposes. First, taking a weighed average over multiple
measurements reduces the influence of sensor noise. Second, the non-causality takes
into account that the input relates to the acceleration, which means it takes some
time to have a measurable effect on the state, which consists of the positions and
the velocities.

The remaining parameters are shown in Table 9.2. All PD and filter gains we used
in the repetitive control algorithm are based on experience rather than on extensive
calculations. Also, note that in this chapter we do not not prove that the repetitive
controller is stable. Experience on the robot shows that the repetitive controller is
stable as long as the gains Pi j and Di j are not too high.

9.4 Results

This section presents the results from both the optimization in simulation and hard-
ware experiments. First, using the LMI based robustness analysis, we optimize the
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Figure 9.3: The cycle of the robotic arm after learning. The red line shows the desired cycle that
was obtained from simulation. The blue solid line shows the cycle of the robotic arm after 300s of
learning. (a) The position of the first joint, (b) the position of the second joint, (c) the velocity of
the first joint and (d) the velocity of the second joint.

trajectory for both stability and robustness. Second, we learn the open-loop controller
that tracks this trajectory. When the controller is learned, the feedback is discon-
nected and the robotic arms can perform its task with solely open-loop control. The
video accompanying this chapter shows the hardware experiments.

9.4.1 Simulation results

The red lines in Figs. 9.3a-d show the cycle obtained from optimization. The cycle
has a maximal eigenvalue modulus of 0.70 and a robustness value of εx= 0.038.
These results are interpreted in Section 9.5.2.
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Figure 9.4: This figure shows the motion of the arm in workspace. The red line shows the desired
cycle that was obtained from optimization. The blue solid line shows the motion of the robotic arm
that does not start on the cycle but converges to the cycle. After approximately two cycles, the
arm returns to tracking the desired cycle with its final accuracy of 2.5 cm.

9.4.2 Hardware results

Fig. 9.5 shows the learning curve of the repetitive control. It shows two curves that
correspond to the absolute position error of the end effector at the pick positions
(blue line) and the place position (red line). These errors were calculated by taking
the errors at the time in the cycle when picking and placing are to take place. The
learning phase takes about 40 cycles, which corresponds to 128s. After the cycle
is learned, the error at the pick position is approximately 1cm and the error at the
place position is approximately 2.5cm. These errors are small enough to perform
many basic pick and place tasks, as found for instance in the food and packaging
industry. Furthermore, these errors are also within the grasping-ranges of modern
robotic grippers [26][110].

The blue solid lines in Figs. 9.3a-d show the cycle after it was learned on the robotic
arm. The graphs show that the cycle on the robotic arm is the same as the one
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Figure 9.5: The absolute error in the pick and place positions while learning. This graph shows that
the absolute error decreases to approximately 1 cm for the pick position and 2.5 cm for the place
position.

obtained from simulation.

Fig. 9.4 shows the motion of the gripper in workspace. The red line shows the cycle
that was obtained from simulation and the blue solid line shows the robotic arm that
starts at a perturbed state and converges to the desired cycle. Within two cycles,
the arm follows the desired cycle.

9.5 Discussion

9.5.1 Applicability

The techniques presented in this chapter make open-loop stable manipulation appli-
cable. Previous work showed that model uncertainties lead to a cycle that differs too
much from the intended cycle to be applicable in e.g. pick and place tasks [172].
With the learning of the open-loop controller, the errors in the position of the gripper
decreased to 1-2.5cm. Furthermore, when the arm is perturbed, it converges back
to the desired cycle within approximately two cycles.
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Some applications, however, might require a more accurate controller (i.e. with
errors smaller than 2.5 cm). There are no fundamental problems that limit the
accuracy of our approach. There are however, two problems specific to our robotic
arm and implementation that do limit the accuracy. Firstly, velocity estimation is
not accurate due to quantization noise due to a coarse encoder. This makes it hard
to learn the desired cycle. Secondly, the state is filtered in our implementation of
repetitive control, leading to a smooth control signal. However, a non-smooth control
signal might be required to track the desired cycle more accurately. In conclusion,
depending on the application, the setup and implementation can be changed to
increase the accuracy to the desired level.

The learned feedforward approach is applicable to many tasks. A new cyclic task can
be handled by the same procedure of learning a feedforward trajectory, testing the
robustness with Algorithm 1, and learning the input signal with repetitive control.
At the moment the learning takes the most time, 300s. The optimization (1s) and
robustness test (5s) take much less time. Reducing the time needed to learn a new
task will further increase the applicability and is therefore an important part of our
future research.

The main drawback of the current approach is that some feedback is required during
the learning phase. However, this feedback can be delayed (almost a whole cycle)
and can be removed after the learning has finished. The (delayed) feedback could
therefore be provided by e.g. cameras. One interesting direction for future work
would be to research repetitive control schemes without full state feedback. This
could mean omitting certain states or reducing the frequency of the feedback.

This feedback requirement also comes up in situations where large disturbances are
expected to occur after learning. In such situations the robot should know whether
it has converged back to the desired cycle. This requirement can be satisfied with
cameras, or even more basically, by using a switch at a certain position that checks
the timing of passing that position.

9.5.2 Interpreting robustness measure

The robustness test depends on the choice of ∆, which is to some degree arbitrary.
In previous experiments on this robotic arm, bending of the second joint was hypoth-
esized to be one of the main causes of model-reality mismatch [172]. Therefore ∆

was chosen to emphasize this error, which depends only on the position of the second
joint.

For the chosen ∆, the resulting robustness measure εx of 0.038 indicates that the
spring stiffness of ±0.038 Nm/rad could be added to the second joint. This seems
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insignificant to the effective spring stiffness of around 1.6 Nm/rad that is in place on
the first joint. However, note that adding any negative spring stiffness to the second
joint would make that joint unstable by itself. Therefore low values of εx should be
expected.

9.5.3 Hybrid systems and Coulomb Friction

Despite the fact that robustness against modeling errors is checked, there are still
two modeling-related issues that are not accounted for in the current approach.
Firstly, when performing an actual pick and place motion, the model will consist
of two phases with different end-point masses with an impact phase in between to
model the grasping. Secondly, a more accurate friction model would include Coulomb
friction. Both these effects can be added by using a hybrid system model. Such hybrid
models are quite generally used in analysis of systems with limit cycles, mostly to
cope with impact in walking, e.g. [237]. Under some basic transversality conditions,
as discussed in [28], the current approach can be extended to such hybrid models.
We see that inclusion as the logical next step in the research in open-loop control of
robotic arms.

9.5.4 Scalability

The experiments were done on a two DOF robotic arm. Such an arm has similar dy-
namics to SCARA type arms, which are often used in industry. The current approach
therefore already can be used for realistic industrial situations. However, there are
also many robotic arms which have a larger number of joints and rotate in 3D. For
such a setup the approach remains untested.

There are three possible concerns for this approach for higher DOF robots. Firstly,
there is the possibility that no stable trajectories exist. This is unlikely, and it can be
ensured not to happen if springs are used on all joints to stabilize the system. Sec-
ondly, the required computation will become more extensive. However, because only
a feedforward signal is required, no full state exploration is necessary. Furthermore,
the number of free parameters in the robustness approach is independent of the
number of DOFs on the robot. Thirdly, although earlier results on a two DOF arm
suggest that the basin of attraction of our approach is quite large [172], for multiple
degrees of freedom it becomes more likely that the robotic arm will converge to a
different cycle after a large perturbation. Again, this could be prevented by using
springs on all joints to stabilize the system. Combining all of the above, we expect
that our approach scales well to higher DOF robotic arms.
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9.6 Conclusion

In this chapter we showed that repetitive tasks can be performed stably by robotic
arms with an open-loop controller, even when an accurate model is not available. We
used an LMI-based robustness analysis to check the robustness to model inaccuracies.
We then used a repetitive control scheme to track this trajectory with the robotic
arm. Hardware experiments show that using this approach, position errors can be
reduced to 2.5 cm, making open-loop control applicable in tasks such as picking and
placing objects.
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Abstract
High feedback gains cannot be used on all robots due to sensor noise,
time delays or interaction with humans. The problem with low feed-
back gain controlled robots is that the accuracy of the task execution
is potentially low. In this chapter we investigate if trajectory optimiza-
tion of feedback-feedforward controlled robots improves their accuracy.
For rest-to-rest motions, we find the optimal trajectory indirectly by
numerically optimizing the corresponding feedforward controller for ac-
curacy. A new performance measure called the Manipulation Sensitivity
Norm (MSN) is introduced that determines the accuracy under most
disturbances and modeling errors. We tested this method on a two
DOF robotic arm in the horizontal plane. The results show that for all
feedback gains we tested, the choice for the trajectory has a significant
influence on the accuracy of the arm (viz. position errors being reduced
from 2.5 cm to 0.3 cm). Moreover, to study which features of feed-
forward controllers cause high or low accuracy, four more feedforward
controllers were tested. Results from those experiments indicate that a
trajectory that is smooth or quickly approaches the goal position will be
accurate.

10.1 Introduction

High precision in robotics is usually achieved with high feedback gains. However, there
are applications in which such high gains are undesirable or infeasible. For instance, in
the presence of sensor noise or time delays, high feedback gains will make the robot
unstable. A second example of robots in which high gains are undesirable are robots
that interact with humans. In such robots, high feedback gains increase the risk of
injury. These examples show that it is important to develop alternative techniques
to obtain high precisions that work even on robots with limited feedback.

To that end, multiple researchers have taken the idea of feedback limitations to an
extremum and have focused on executing tasks with robots without any feedback.
A first example is the concept of passive dynamic walking, as introduced by McGeer
[134]. Those walkers do not have motors and therefore no feedback control, and still
walk with a stable gait. These gaits do not rely on the motion being stable at each
point in time, rather they work due to the existence of stable cyclic motions, called
limit cycles. Such cycles were later on combined with feedback control in so called
limit cycle walkers [72, 89, 94]. Mombaur et al. [139, 141] found stable open loop
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Figure 10.1: A photograph of the robotic arm we use to test our method: a two DOF SCARA type
arm, which has to move between the pick and the place positions.

controllers for walking and running robots by optimizing the open loop controllers for
both stability of the motion and energy consumption.

Control without feedback has also been applied on robotic arms. A well-known ex-
ample is the work of Schaal and Atkeson [189], who studied open loop stable juggling
with a robotic arm. In their case, open loop means that the state of the ball is not
used as an input for the controller, but the arm itself is position controlled. In pre-
vious work, we showed that it is possible to perform open loop motions with robotic
arms that are insensitive to model inaccuracies [167, 174] and to perform open loop
stable cycles in which state errors vanish without any feedback [172, 244]. In [244],
we optimized trajectories for open loop stability, and used an initial on-line learning
approach to improve the precision of the purely feedforward controlled robot. In
these studies, the trajectory itself was effected by the choice of feedforward con-
troller, which was optimized. In the rest of this chapter, we consider the feedforward
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controller and the trajectory to contain the same information, since they can be
translated into each other using the model of the robot.

Previous examples show that the most common technique to stabilize robots without
feedback is to optimize trajectories for their open loop stability [139, 141, 172, 174].
In practice, a certain amount of feedback will always be available, and therefore the
advantages of both control paradigms should be exploited to achieve higher precision
[112]. However, it is unclear if trajectory optimization is useful for robots with at
least a little feedback.

Therefore, the question we will answer in this chapter is: does the choice of the
feedforward controller influence the accuracy of systems with (limited) feedback?
We will answer this question by studying a two degree of freedom (DOF) SCARA
type robotic arm in the following way. First, in section 10.2 we explain the methods
that we used, including the setup and task we study. Then, in section 10.3 we
introduce the Manipulation Sensitivity Norm (MSN), which we use to estimate the
lower and upper bounds of the accuracy of the arm given a certain feedback controller.
Next, in section 10.4 we show the results of four alternative controllers that indicate
that smooth and goal directed motions result in high accuracy. These results are
discussed in section 10.5. And finally in section 10.6, we will conclude the chapter.

10.2 Methods

In this section we explain the methods we used. First, we explain the systems under
consideration, including the controller. Second, we describe the robotic arm that is
used as a test case. Third, we discuss the specific task that is studied. And finally,
we discuss the feedforward term in the controller.

10.2.1 System description

The type of system considered in this chapter is a serial chain robotic arm moving
in the horizontal plane. The equation of motion of such a system is described by a
second order differential equation:

q̈ = f (q, q̇) +M−1(q)τ (10.1)

with q the absolute angles of the links of the robot, q̇ and q̈ the angular velocities
and accelerations, and τ the motor torques, which are used as control inputs. Note
that this system is non-linear due to the Coriolis and centrifugal terms f (q, q̇), and
the configuration dependent mass matrix M. To control the robot, both a feedback
and a feedforward term are used, hence τ = τf b + τf f .
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Because the goal of this chapter is to investigate the effect of feedback gain limi-
tations, we structure the feedback controller in such a way that it depends on only
one parameter, namely ω, which is the desired natural frequency of the controlled
system. For the purpose of constructing the feedback controller from this ω, the
system is simplified by neglecting f (q, q̇), and decoupling the resulting system by
considering only the diagonal entries of the mass matrix at position q = 0. In other
words, only considering the simplified system

diag(M(0))q̈ = τ (10.2)

Note that this simplified system is only used to construct the feedback controllers and
that the system we study is the non-linear system in Eq. (10.1). By using diagonal
gain matrices K and C, we obtain the following, second order linear differential
equations:

diag(M(0))q̈i = −Kq − Cq̇ (10.3)

Because all matrices are diagonal, the differential equations are decoupled, which
means that they can be solved separately. Finally, we choose the gains such that
the natural frequency of all decoupled parts are set to a desired value (ω), and the
damping ratio is set to 1, i.e. critically damped. Therefore, the controller gains are
set by solving: √

k

m
= ω (10.4)

c

2
√
km

= 1 (10.5)

for each part. The natural frequency ω is then used as the parameter to vary the
gains. These feedback gains are then used to stabilize the robotic arm around a
desired trajectory:

τf b = −K(q − qdes)− C(q̇ − q̇des) (10.6)

The feedforward term is simply a torque as function of time: τf f (t). This term
leads to the desired trajectory: q̈des = f (qdes , q̇des) + M−1(qdes)τf f (t). Because
of this relation between feedforward controller and trajectory, we use the two terms
interchangeably in this chapter.

The goal of this chapter is to study the effect of the feedforward controller on the
accuracy of a rest-to-rest motion under disturbance. Our approach to studying the
effect is to optimize the feedforward controller to minimize or maximize this disturbed
accuracy. The optimization is done using single shooting, a basic optimal control
approach.
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Table 10.1: The model parameters of the two DOF arm.

Parameter Symbol Value Unit
Damping µv1, µv2 0.2, 0.2 Nms/rad
Inertia J1, J2 0.0233, 0.0312 kgm2

Mass m1, m2 0.809, 0.784 kg
Length l1, l2 0.410, 0.450 m
Position of COM lg1, lg2 0.070, 0.195 m
Motor constant kt1, kt2 25.9, 25.9 mNm/A
Gearbox ratio g1, g2 82.5:1, 22.5:1 rad/rad

10.2.2 Hardware setup

To test our approach, we use a two DOF SCARA type arm [171] (see Fig. 10.1).
This type of arm was chosen as it is the simplest that can perform industrially relevant
tasks. The arm consists of two 18x1.5mm stainless steel tubes, connected with two
revolute joints. An end effector is connected to the end of the second tube. The
motors are placed on a housing and AT3-gen III 16mm timing belts are used to
transfer torques within the housing. The joints are actuated by Maxon 60W RE30
motors with gearbox ratios of respectively 66:1 and 18:1. The timing belts provide an
additional transfer ratios of 5:4 on both joints. Because the second joint is connected
to its motor via a parallelogram mechanism (see [171]), the angle of the second arm
is taken as the absolute angle, i.e., relative to the world frame. The end effector
acts in the vertical plane and thus its motions do not influence the dynamics of the
first and second DOF. The mass of the end effector is incorporated in the inertial
terms of the second DOF. The arm is controlled through xPC-target in MATLAB at
a frequency of 1 kHz. The parameters of this robotic arm are listed in Table 10.1.

10.2.3 Task description

We let the manipulator perform a cyclic pick and place motion, with pick and place
positions at [-0.2, -0.3] rad and [0.2, 0.4] rad respectively. The time to move between
the pick and the place position is 1.05 s. Hence, the total time of one cycle is 2.1 s.

10.2.4 The feedforward term in the controller

We test the accuracy resulting from different feedforward controllers: minimization
and maximization of the novel Manipulation Sensitivity Norm (see section 10.3) and
both smooth and time optimal trajectories (see section 10.4). The feedforward
controller has to be parameterized in order to be able to optimize it.
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Figure 10.2: An example of a feedforward controller. The controller is parameterized as a piecewise
linear function with the length of every part being 0.3 s. These torques over time are used as
decision variables in the optimizations.

The optimization schemes parameterize the torque signals for both joints as a piece-
wise linear signal, with the length of every piecewise part being 0.3 s. The space
of such signals is called U . The system states are constrained to be on the pick
and place motions at the pick and place times. This also ensures that the motion is
cyclic. Finally, the absolute value of both torque signals is bounded by τmax = 1 Nm
in order to prevent reaching the actuator limits when when feedback is needed. An
example of such a feedforward control signal is shown in Fig. 10.2.

In the remainder of the chapter, the piecewise linear torque signals are optimized
for various goals. These goals are expressed as a function C(τf f ), which is either
maximized or minimized. Combined with the task description, this leads to the
following optimization problem:

minimize
τf f (t)∈U

C(τf f )

subject to |τ(t)| ≤ τmax ∀t
q(0) = qpick

q(1.05) = qplace

q(2.1) = qpick

q̇(0) = q̇(1.05) = q̇(2.1) = [0, 0]

(10.7)

10.3 Optimality study

In this section we estimate the lower bound and upper bound of the accuracy of
the arm, given a certain feedback gain ω. First, we introduce a new measure for
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disturbance and modeling error rejection, called the Manipulation Sensitivity Norm
(MSN). Then, we use this measure to optimize feedforward controllers in simulation,
both minimizing and maximizing the MSN. Finally, we apply these controllers on the
hardware setup, to test their accuracy.

10.3.1 The Manipulation Sensitivity Norm

To judge the quality of a feedforward signal, a measure is needed that quantifies the
feasibility of performing a manipulation task when there are disturbances or modeling
errors. This section explains the novel Manipulation Sensitivity Norm (MSN), which
is inspired by the gait sensitivity norm used for bipedal walking robots [91]. This
inspiration comes from the insight that a pick and place task can be seen as a
repetitive motion and can therefore be analyzed using limit cycles [172]. The effect
of disturbances on limit cycles on bipedal robots can be captured by the gait sensitivity
norm, which analyses the system based on an estimation of an input-output relation
that is defined once per step. This means that the effect of a realistic disturbance
profile during one step is taken as input, and a performance measure as it occurs
during that step is the output. In walking robots, a possible output is the step
time. A slight modification of the gait sensitivity norm can be used to analyze the
performance of manipulation tasks. This modification is the MSN, and requires four
steps to compute.

1. Defining output indicators

2. Defining a set of realistic disturbances as input signals

3. Obtaining the input to output relation

4. Computing the appropriate system norm of the input output relation.

The first step is to define output indicators. For pick and place tasks, output indi-
cators are a measure of the distance of the arm to the desired path. To make the
analysis as clear as possible, we use the error in the absolute angles of the links at
the pick position, which is the initial position of the cycle. The MSN will compute
the gain from a set of realistic disturbances to this output measure and is therefore
a measure of accuracy when moving under real world disturbances.

The next step is to define the disturbances, which are used as inputs. For our analysis,
we use three disturbances: a torque on the first link during the first 0.15 s of the
cycle, a varying end-effector mass that represents a product that has a different
weight than expected and a varying viscous friction coefficient. These inputs have
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a nominal value of 0, and their value is allowed to change every cycle. Note that
the last two inputs, mass and friction, are typically seen as parameter variations.
For this linearized analysis, there is no mathematical distinction between such a
parameter variation and a more traditional disturbance such as the torque. This
justifies treating parameter variations and disturbances in the same way. Do note
however, that the parameter uncertainty is lasting, which should be reflected when
computing the input-output gain.

In the third step, the input-output relation in Eqs. 10.8-10.9 are obtained using a
finite difference scheme. At the beginning of every cycle, very small (10−5) initial
condition disturbances are used to obtain a Jacobian matrix A, by comparing the
initial state to the state after exactly one cycle. Then, small values (10−5) of the
inputs are used to obtain the input to state Jacobian B. Finally, the relation to
the output is linearized, again both for initial error and inputs, obtaining C and D
respectively. The procedure is described in more detail in [91]. We now obtain a
state space system S of the form:

x(n + 1) = Ax(n) + Bu(n) (10.8)

y(n) = Cx(n) +Du(n) (10.9)

where x is a vector containing the errors in the state after each cycle and y is a vector
containing the errors in the positions at the pick position. In this linearized discrete
system, the matrix A depends on the system dynamics and the chosen trajectory and
B depends on how the inputs influence the state error. Note that for our choice, the
output indicators are already linear in the state and D = 0.

The last step is to compute an appropriate norm, which is the main difference be-
tween the gait sensitivity norm and the MSN. For walking, it is important that the
walking motion recovers to normal after the disturbance stops. For manipulation,
the disturbances tend to last, meaning we are interested in the maximum error in the
situation where the disturbance continues to exists, The appropriate norm is thus
the induced L∞ norm:

‖S‖L∞ = sup
u 6=0

‖y(u)‖∞
‖u‖∞

(10.10)

What remains is to compute ‖S‖L∞ . The L∞-induced norm is the same as the L1

norm of the impulse response [24, 166]. Rather than computing the complete L1

norm, we approximate it by taking the sum of the first N steps, with N = 100,
chosen sufficiently large. Take gi j(n) as the impulse response from input j to output
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Figure 10.3: A visualization of the calculation of the MSN. a) The impulse response of the system.
b) The sum of the absolute values of the impulse response. The MSN can be interpreted as the
amount of error given a unit input, which would have radians as unit. Since the input for which the
error is largest differs per cycle, we chose to not use a unit for the MSN.

i . Now the Manipulation Sensitivity Norm can be written as:

MSN = ‖S‖msn = max
i

N∑
n=0

∑
j

|gi j(n)| (10.11)

The MSN is the amount of error given a unit input and therefore could have radians
as unit. However, the specific input for which the error is largest differs per cycle.
Therefore, we chose to not use a unit for the MSN. The calculation of the MSN is
visualized in Fig. 10.3 and the overall procedure is summarized in Algorithm 2.

When computing the MSN, we should scale the size of the inputs in order to take into
account the difference in the effect they have and the realistic sizes of those inputs.
Since the expected disturbances depend heavily on the system under consideration,
we choose a different approach, which highlights the capability of the MSN to take
into account multiple disturbance sources at the same time. The input sizes are
scaled such that the MSN of each of the three inputs considered separately is 1,
when feedback gains specified by ω = 1 s−1 are used for the MSN minimization.
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Algorithm 2 Calculating the MSN

1: procedure MSN(τ(t), ω,N)
2: Determine [q(t), q̇(t)] . Eq. (10.1)
3: Determine K . Eq. (10.4)
4: Determine C . Eq. (10.5)
5: Determine A . Finite difference on q0

6: Determine B . Finite difference on u
7: for j = 1..J do
8: for n = 1..N do
9: Determine gi j(n) . Eqs. 10.8-10.9
10: end for
11: end for
12: Determine MSN . Eq. 10.11
13: return MSN
14: end procedure

The overall optimization for minimizing/maximizing the MSN is described by eq. (10.7),
with as cost function

C(τf f = ±MSN(τf f ) (10.12)

We used fmincon with 20 initial conditions determined by multistart in MATLAB®

to solve the optimizations.

10.3.2 Simulation results

Fig. 10.4 shows the minimum and maximum MSN that were obtained as functions
of the natural frequency parameter ω. This figure shows what was to be expected:
increasing the gains results in a decrease of the MSN. The figure shows both the
maximum and the minimum MSN that were obtained by optimization. At low gains,
the maximization does not result in stable controllers, meaning that the MSN is
infinitely large. This instability shows that at these gains the unstabilizing dynamical
effects are larger than the stabilizing effects of the feedback controller. For ω >

5 s−1, the difference between the cycles with minimized and maximized MSN is
negligible.

The red lines in Fig. 10.6a and 10.6b correspond to two optimized cycles. The cycle
in Fig. 10.6a was obtained by maximizing the MSN and the cycle in Fig. 10.6b was
obtained by minimizing the MSN. These cycles were obtained for ω = 2.7 s−1. The
corresponding values for the MSN are 12.2 and 1.6 respectively. Finally, Fig. 10.7
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Figure 10.4: The minimized and maximized MSN as function ω, as found in simulation.
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Figure 10.5: The errors at the pick position as function of ω, as found in hardware experiments.
The errors are shown for trajectories with a minimized MSN and a maximized MSN.

shows the time evolution of the torque signals, the feedforward term of which was
obtained in simulation.
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10.3.3 Hardware results

Fig. 10.5 shows the position error of the end effector at the pick position during
hardware experiments as function of the natural frequency parameter ω. These
errors are the average error over 10 cycles after letting the robotic arm converge for
2 cycles initially. The standard deviation over these 10 cycles is negligible. Logically,
the errors decrease when the feedback gains are increased.

At the pick position, the error of the MSN minimizing trajectory is 0.3 cm at ω
= 2.1 s−1, in between ω = 2.1 s−1 and ω = 4.5 s−1, the error of that trajectory
is approximately 2.5 cm and for ω >4.5 s−1, the error drops to approximately 0.3
cm again. The error of the maximized-MSN-trajectory is larger than 2.5 cm, for
almost the whole range of gains. Only, for ω = 7.7 s−1, the error becomes 1.8 cm.
This significant difference between the errors of these two trajectories means that
the choice for the feedforward controller is important for the accuracy of the task
execution.

Fig. 10.6 shows two typical sets of hardware results. These results were obtained
for a controller with ω = 2.7 s−1. The plots show the state space trajectories for a
maximized MSN and a minimized MSN. They show that the three trajectories differ
significantly: the trajectory with maximized MSN covers a larger part of state space
than with minimized MSN. The measurements on the prototype show the 10 cycles
used in determining the errors used in Fig. 10.5. It can be seen that the arm has
converged, and only very little variation between cycles occurs.

Fig. 10.7 shows the torques for the two different feedforward controllers with ω =

2.7 s−1. The plots show both the feedforward torque and the actual torque. The
difference between the two is due to the feedback controller. The plots clearly
show that the feedback control effort is larger when following the trajectory with
maximized MSN (Fig. 10.7a), than when following the trajectory with minimized
MSN (Fig. 10.7b).

10.4 Alternative motion profiles

In the previous section, the feedforward controllers under study were determined by
minimizing or maximizing the MSN. To further study which feedforward controllers
lead to accurate motions, four more methods to generate a feedforward controller
will now be compared. The simulation and hardware results for these controllers are
found in Fig. 10.8 and 10.9 respectively.

The first of the controllers is used to compare the minimized and maximized MSN
trajectories to a trajectory that is standard in industry: a trapezoidal velocity profile.



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 224 — #242 i
i

i
i

i
i

224 | Chapter 10

−1 −0.5 0 0.5 1 1.5
−5

0

5

Positions (rad)

V
el

oc
iti

es
 (

ra
d/

s)

−1 −0.5 0 0.5 1 1.5
−5

0

5

Positions (rad)

V
el

oc
iti

es
 (

ra
d/

s)

First joint
Second joint
Reference

(a)

(b)

Reference

Figure 10.6: State space plots of the optimization and hardware results for ω =2.7 s−1. a) The
cycle with a maximized MSN. b) The cycle with a minimized MSN.

The trapezoidal velocity profile is created by dividing the time to move between pick
and place position in three equal parts: one part each for acceleration, constant
velocity and deceleration. The same procedure is used to move from place to pick
position. Both the MSN in simulation, and the position error on the hardware show
that this trapezoidal trajectory has accuracy closer to the minimized MSN trajectory
than to the maximized MSN trajectory. In hardware results, the error of the trajec-
tories with minimized MSN and trapezoidal velocity profile are not even significantly
different.

So, why does this standard controller perform as accurate as the optimally accurate
one? There are two potentially beneficial aspects to this trapezoidal trajectory.
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Figure 10.7: The torques as functions of time for the results with ω =2.7 s−1. a) Torques for the
cycle with a maximized MSN. b) Torques for the cycle with a minimized MSN.

First, it is relatively smooth, without large accelerations back and forth. Second, it
approaches the goal directly, and is already close to the goal position for the last
part of the motion. To test if these two effects are indeed beneficial, we compare
feedforward controllers with these two specific aspects.

If smooth controllers lead to accurate motions, it should be impossible to make an
inaccurate motion with a smooth controller. To test this, we performed the MSN-
maximization with a smoothness constraint. Here we took the smoothness as a
maximal torque time derivative of tf /4 Nm/s. This rate allows the torque to go
from maximum to minimum and back in one cycle. As can be seen in Fig.10.9, this
maximization with constraint has similar accuracy as the minimization in hardware
results. This indicates that smoothness is indeed beneficial for accuracy.

To test whether a quick motion towards the goal leads to low errors, we optimized
a cost function that squares the error with the goal position. This new optimization
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Figure 10.8: The MSN as found in simulation experiments. The errors are shown for six types of
trajectories.

is otherwise the same, but minimizes the following cost function:

C(τf f ) =

∫ tf

0

(q(τf f )− qg(t))T (q(τf f )− qg(t))dt (10.13)

With qg(t) being the way-point position when t < tf /2, and the initial position oth-
erwise. Again, the results show that this squared error minimization gives accuracy
close to the minimized MSN trajectory, as expected.

In order to confirm these results, we also tested the motion with a maximize the
squared error function? Because this would lead to a motion that moves away from
the target, and only reaches the target at the very last moment, this motion is
expected to result in relatively large errors. Furthermore, moving away, and then
rapidly towards the target is not very smooth, which is also likely to affect the
accuracy adversely. Figs. 10.8 and 10.9 show that this prediction is indeed true. The
trajectory performs worse than the other trajectories, although still not as poorly as
the maximized MSN trajectory.

10.5 Discussion

In this section, we discuss the results as presented in this chapter. As can especially
be seen in Fig. 10.5, the choice for a certain trajectory is important for the accuracy
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Figure 10.9: The errors at the pick position as function of ω, as found in hardware experiments.
The errors are shown for six types of trajectories.

that is achieved. For high gains (ω > 3.2 s−1), this choice makes the difference
between a negligible position error and an error of multiple centimeters. For medium
gains (1.9 s−1 < ω < 3.2 s−1), this choice makes the difference between negligible
position errors and errors between 5 and 27 cm. And for low gains (ω < 1.9 s−1)
this choice makes the difference between stability and instability.

The simulation and hardware results match well. Particularly, the shape of Figs. 10.4
and 10.5 are similar. There are however two differences. First, the difference in error
between the trajectories does not converge to 0 when the gains increase in hardware
experiments, whereas the difference in MSN does convergence in simulation. The
second difference is the hump in error and MSN that occurs around ω = 3 rad/s.
These differences are small and are caused by unmodeled dynamics that were not
taken into account in our choice for disturbances in the MSN-computation. The most
likely effects are elasticity in the timing belts and backlash. Because the simulation
and hardware results are so similar, the MSN is a good approximation for accuracy,
and can be used to find feedforward controllers in cases when feedback gains are low,
yet accuracy is important.

The shape of Figs. 10.8 and 10.9 are similar, but there are clear differences. The first
and most important difference is that only two control strategies lead to errors that
are significantly larger than the minimum error. Those two control strategies are the
maximized MSN and the maximized squared error. These results suggest that there
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are two principles that lead to small errors: smoothness and being close to the goal
position before the end of the motion. Therefore, we expect that other common
profiles such as minimal energy, minimal torque, minimal acceleration and minimal
jerk will also perform well. The second difference is that in the hardware results, the
accuracy of the MSN-optimized feedforward controllers only give an estimate of the
range of possible accuracies. This can be seen in Fig. 10.9, in which the minimized
MSN controller is not the most accurate one for 2.1 s−1 < ω < 4.5 s−1.

In simulation, there are two points where one of the comparison trajectories has an
MSN that is outside the range given by the MSN minimization and maximization.
Specifically, this occurs for the In both these instances, the difference is small, and
caused by the choice of step size in simulation. In optimization, a sampling time of
0.01 s is used to save computation time. For Fig. 10.8, a sampling time of 0.001 s
was used, because this aligns with the robot hardware.

As ω goes to zero, both the MSN and the error in hardware results get very large.
This is logical since the system without feedback is not stable. Fig. 10.5 shows
that for feedback with ω < 1.8 s−1, the error is larger than 2.5 cm and therefore
picking up objects of reasonable size will be difficult. If the feedback gains cannot
be increased, more mechanical feedback has to be implemented. The most straight-
forward approach is to place springs at the joints. In our previous work [172, 244],
we showed that with a spring at the first joint, tasks can be performed stably even
when ω = 0.

The results from this chapter can be improved by incorporating the feedback in a
Repetitive Control (RC) scheme [123]. In an RC scheme, the feedforward controller
is adjusted based on the state error in the previous cycle. In the most simple form,
the feedforward controller in the current cycle is equal to that in the previous cycle
plus the feedback that was applied. Such an RC scheme was used before on robotic
arms to learn open loop stable trajectories [244].

There is an interesting parallel between the controller we use in this chapter and
human movement control. Similar to our controller, humans also exploit the advan-
tages of both feedforward and feedback in order to optimize their performance [47].
For fast motions, humans cannot rely on feedback at all, due to the large time delays
(typically 150 ms for humans [44, 216]). Therefore, they have to rely on feedforward,
in which control signals are generated based on the prediction of an internal model
[101]. In slower motions, more feedback is used to correct for inaccuracies in the
internal model and external disturbances.

Another interesting parallel with human motion control is the fact that smooth mo-
tions perform well. In human motion control, there is an ongoing debate about the
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cost function humans use optimize their motions. Suggested cost functions are the
maximum jerk [59, 92], change of torque [227] and sensitivity to motor noise [81].
Other researchers suggest that humans perform some kind of stochastic optimal
control in which variability in task irrelevant directions is ignored [218]. The problem
in this debate is that all cost functions result in approximately the same smooth
motions. Similarly, we expect that all smooth motions that result from such cost
functions will perform well in terms of accuracy.

10.6 Conclusion

In this chapter we focused on the question ‘does the choice of the feedforward
controller influence the accuracy of systems with (limited) feedback?’. The answer
to this question is: ‘yes, the choice for a certain feedforward controller makes the
difference between an accurate and an inaccurate task execution.’ The feedforward
controller was tuned using the novel Manipulation Sensitivity Norm, which measures
the accuracy while taking into account disturbances and model errors. Feedforward
controllers that were either minimized or maximized for this norm were implemented
on our robotic arm. Results show that for a large range of feedback gains, the
error varies between 0.3 and 2.5 cm, depending on the choice for the feedforward
controller. Further experiments with alternative feedforward controllers indicated
that a trajectory that is either smooth, or approaches the goal position quickly, will
be accurate. Therefore, the commonly used trajectory with a trapezoidal velocity
profile performs well and is a good choice in terms of accuracy.

Acknowledgement

This work is part of the research programme STW, which is (partly) financed by the
Netherlands Organisation for Scientific Research (NWO).



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 230 — #248 i
i

i
i

i
i

230



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 231 — #249 i
i

i
i

i
i

D
IS

C
U

SS
IO

N
 &

 
C

O
N

C
LU

SI
O

N

11
Discussion, conclusions and

future directions



i
i

“thesis_Plooij” — 2015/11/20 — 9:34 — page 232 — #250 i
i

i
i

i
i

232 | Chapter 11

The topic of this thesis is improving the performance of robotic arms by using inspi-
ration from humans. Part I focused on reducing the energy consumption of robots
by using elasticity. Section 11.1 discusses the results of the first part of this thesis.
Part II focused on increasing the reliability of robots by using feedforward control and
its results are discussed in section 11.2. This chapter ends with general conclusions
in section 11.3 and interesting future research directions in section 11.4.

11.1 Elasticity in robots

This section discusses the results of the first part of the thesis. It starts with a recapit-
ulation of the results, answering the first three research questions of this thesis. Then,
two choices that were made in chapter 1 are revisited in sections 11.1.2 and 11.1.3.
First, we chose to limit the research to one and two DOF robotic arms, where in
practice, robots have more DOFs. Therefore, section 11.1.2 discusses how the re-
sults in the first part of this thesis extend to robots with more DOFs. Secondly, we
chose to use locking mechanisms in PEAs as opposed to using continuously variable
transmissions. In section 11.1.3, we evaluate this decision. Finally, one of the most
critical parts in the development of future CEAs is the design of the locking mecha-
nisms. Therefore, section 11.1.4 discusses the requirements of locking mechanisms
in CEAs and evaluates the statically balanced brake concept.

11.1.1 Recapitulation

Regarding the mechanical design of robotic arms, three questions were addressed.
The main results on those questions are:

• What is the best mechanism to reduce the energy consumption of pick-and-
place robotic arms?
In Chapter 2, we proposed to use a non-linear spring mechanism that reaches
a singular position at the pick position and the place position. Moving between
the pick position and the place position costs less energy because the spring
takes over large part of the torque of the motor. In Chapter 3, we showed
that this mechanism can also be seen as a singular locking mechanism. These
locking mechanisms have the disadvantage that they can only lock at a limited
amount of positions, limiting the amount of possible pick and place positions.
Therefore, this non-linear spring mechanism limits the versatility of the arm
too much. As opposed to singular locking mechanisms, friction based locking
mechanisms are a type of locking mechanisms with an infinite amount of locking
positions. Therefore, they are more suitable for this application.
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In Chapter 5, we proposed the BIC-PEA, which is a new type of CEA that uses
friction based locking mechanisms. Using a differential mechanism and two
locking mechanisms, the spring can be disconnected from the joint, locked or
connected to the joint at any desired position. Furthermore, at the beginning
of a movement, the direction of acceleration can be chosen by selecting which
locking mechanism to release first. Implementation of such a mechanism can
lead to a reduction in the energy consumption up to 65%. With a differential
mechanism with low friction, the reduction in energy consumption might be
increased to 80-90% in the future.

In pick-and-place tasks, it is crucial to be able to vary the pick position and the
place position on the fly. The BIC-PEA is the only type of EA that allows for
such versatility, while still reducing the energy efficiency drastically.

• What is the best locking mechanism for clutched elastic actuators?
The three most important properties for a locking mechanism to be applicable
in CEAs, are the ability to unlock under load, have a low energy consumption
and lock at many positions. In Chapter 3, we showed that friction based
locking mechanisms are the most promising, because they unlock well under
load and lock at many positions. However, their disadvantage is that they
typically consume much energy. In Chapter 4, we introduced the statically
balanced brake. These brakes consume few energy because they do not have
to generate a large normal force between the friction surfaces. This means
that this type of brake can unlock under load, has a low energy consumption,
has infinite locking positions and is controllable. Statically balanced brakes are
the only locking mechanisms with these properties.

• How can the functionality of complex clutched elastic actuators be analyzed?
In Chapter 6, we proposed a framework to analyze the functionalities of CEAs.
We argued that CEAs consist of springs, differentials and clutches that can be
expressed in terms of a stiffness matrix, a constraint matrix and a combination
of a diagonal clutch matrix and an incidence matrix. Using this description,
the set of possible resulting stiffnesses can be found. Furthermore, it can
lead to new CEA designs in which the number of resulting stiffnesses grows
exponentially with the number of springs and clutches.

11.1.2 On extending the research to large DOF systems

The research on the mechanical design of robotic arms has mainly focused on one
DOF systems. The question that remains is: how well do the results in one DOF
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translate to a system with more DOFs? We see three approaches to implement
PEAs in systems with multiple DOFs:

The first approach is to place a PEA on every joint, such that all joints are moved
separately from their initial to their goal position. However, we expect that this is
not optimal in systems where the dynamics of different joints influence each other,
because during the motion, energy will be transferred from one joint to another.
This will make it hard to start and end every movement with the same amount of
potential energy in every PEA.

The second approach is to use one joint as the main DOF. In many pick and place
tasks, the variations in the pick positions and place positions are small. Therefore,
the arm can be designed such that the main distance of the movement is performed
by one joint with a PEA and the variations are performed by the other joints. This
approach is explored in Chapter 2, where the first joint is connected to a PEA and
the second joint is only actuated by a motor. The results show that the reduction
in the energy consumption in the one DOF and two DOF system are comparable,
showing that this can be a feasible approach.

The third approach would be to design PEAs that connect to multiple joints and
are therefore bi-articular, tri-articular, etc. Using such PEAs, the energy could be
distributed over multiple joints at the beginning of the movement and could be
recaptured from multiple joints at the end of the movement. Chapter 6 provides a
framework to analyze such mechanisms.

Depending on the application, the second or the third approach should be pursued.
The second approach is the simplest and should therefore be considered first. How-
ever, not all applications allow for one joint to be the main DOF. In such systems,
the second approach decreases the versatility of the robot too much. The solution
is to pursue the third approach, which will lead to a higher versatility.

11.1.3 On the application of locking mechanisms or continuously vari-
able transmissions

The approach that was explored in this thesis was to use locking mechanisms to
control the energy inflow and outflow of the PEA. This section discusses the choice
for locking mechanisms in comparison to the possible use of a continuously variable
transmission (CVT).

Theoretically, with a perfect CVT, the energy inflow and outflow of the spring can
be controlled completely. Such a system would perform at least as good as the PEAs
described in this thesis and would in most cases perform better. However, current
CVT designs are not applicable yet, because they are typically based on a wheel
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rolling on a surface. In order to be able to transfer high forces, the wheel should be
pushed against the surface to prevent slip. This results in the desired friction between
the wheel and the surface, but also increases the friction in the overall system. This
friction causes energy losses, that decrease the efficiency of the CVT. Moreover, it
will also induce wear, limiting the life time of the CVT.

A CEA can be seen as having a discretely variable transmission between the joint and
the spring. In this thesis, we showed that this functionality can be enough to reduce
the energy consumption drastically. Chapter 6 showed that with locking mechanisms,
the amount of resulting stiffnesses that can be obtained in CEAs, grows exponentially
with the number of springs and locking mechanisms. Therefore, we envision that in
the future, CEAs will consist of many small springs, many small locking mechanisms
and maybe even many small motors. The resulting mechanism can be seen as the
robotic equivalent of human muscles. Such actuators will outperform PEAs with
CVTs in terms of compactness, life time and efficiency.

11.1.4 On the design of locking mechanisms

Critical in the design of clutched (parallel) elastic actuators is the design of the locking
mechanisms. Chapter 3 provides a list of nine properties that are important in locking
mechanisms in general: adjustable locking directions, unlocking while under load, low
energy consumption, lockable in any position, compact, lightweight, short switching
time, inexpensive and high locking force. Here, we discuss the importance of those
properties in CEAs and to what extent statically balanced brakes from Chapter 4 are
applicable.

In order to be able to apply multiple locking mechanisms in CEAs, the most important
properties are unlocking under load, low energy consumption and inexpensiveness.
The unlocking under load is required, because when the locking mechanisms have to
unlock, the springs are typically loaded. The low energy consumption is important,
because otherwise the energy that is saved by implementing the CEA, will be con-
sumed by the locking mechanisms. And the inexpensiveness is important, especially
in future CEAs with many locking mechanisms.

Depending on the exact application, compactness and lightweight might be impor-
tant. In mobile robots, weight and size usually matter and thus the CEA will only
be implemented if it is relatively small and lightweight. On the other hand, in robots
that are mounted to the ground, weight and size are usually less important, especially
when the CEA can be placed on the ground instead of on the links of the robot.

The last four properties might be less important in general, but will contribute to
the capabilities of the CEAs. A short switching time will make the timing of the
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energy release and recapture easier. Being lockable at every position results in a low
backlash, where a high backlash reduces the efficiency of the CEA. A high locking
force allows for higher spring forces and thus a larger amount of energy that can
be stored. And finally, in some CEAs, adjustable locking directions are preferred,
because this causes some locking mechanisms to be unlocked passively by a changing
direction.

In chapter 3, we evaluated all locking mechanisms used in robotics. The best avail-
able locking mechanism concept is the statically balanced brake since it has a low
energy consumption and unlocks well under load. At the moment, SBBs consist of
many parts, making the locking mechanism relatively expensive. However, there is
no theoretical lower bound on the number of parts of a statically balanced brake and
thus they could become inexpensive in the future. Also the compactness and the
weight will depend on the ability to reduce the amount of components. The two best
alternatives for statically balanced brakes are piezoelectric brakes [114] and electro-
static clutches [48], the most promising of which are the electrostatic clutches. The
main disadvantage of electrostatic clutches is that they require high voltages. If such
high voltages are available or the required voltage would be reduced, electrostatic
clutches would be a promising concept for CEAs.

11.2 Feedforward control in robots

This section discusses the results of the second part of the thesis. It starts with a
recapitulation of the results, answering the last four research questions of this thesis.
Then two topics are discussed that have played an important role throughout the
thesis. Section 11.2.2 discusses the applications of pure feedforward control. And
section 11.2.3 compares human feedforward control and robotic feedforward control.

11.2.1 Recapitulation

Regarding open loop control in robotic arms, three questions were addressed. The
main results on those questions are:

• How can the effect of model inaccuracies be eliminated?
This question is addressed in Chapter 7, where feedforward controllers are
optimized such that the sensitivity to inaccuracies in the friction model are
minimized. The results showed that the sensitivity to all the used friction
parameters could be eliminated. This resulted in an arm that could move from
one position to another, independent of the exact amount of friction. The same
technique can be used to reduce the sensitivity to other model parameters, such
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as the motor constant and motor resistance [174]. In a one DOF system, the
sensitivity to the inertia or the initial position cannot be reduced. However,
preliminary results on a two DOF system show that in a system with non-linear
dynamics, sensitivities to those parameters can be reduced.

• How can disturbances be rejected?
This question is addressed in Chapter 8, where the repetitive motions are
analyzed using limit cycle theory. Small disturbances diminish over time when
the motion that the arm performs is a stable limit cycle. Results show that such
cycles can be found when there is a parallel spring on the first joint. This spring
stabilizes the first joint, while other dynamic effects, such as Coriolis forces,
stabilize the other joints. The results in Chapter 8 also show that although it
is possible to perform open loop stable cycles on robotic arms, the exact cycle
the arm performs can be very sensitive to model inaccuracies.

• How can both model inaccuracies and disturbances be handled at the same
time?
This question is addressed in Chapter 9, where the robotic arms learns to
perform cycles that are open loop stable, even when the model of the arm is
inaccurate. This means that before the cycle is performed without feedback,
the arm needs a period of learning that requires feedback. The learning was
performed using repetitive control, which allows for feedback with one cycle
delay, making camera feedback feasible. The results show that the accuracy is
improved with respect to the control setup in Chapter 8. At the pick and the
place positions, the arm has a maximum position error of 1-2.5 cm, which is
accurate enough for coarse pick-and-place tasks.

• Are feedforward techniques still useful when a small amount of feedback is
available?
In Chapter 10, the accuracy of a robotic arms is studied as function of the feed-
back gain, while the motion is optimized for sensitivity to disturbances. The
results show that for all gains, minimizing the sensitivity results in a better ac-
curacy than maximizing the sensitivity. Therefore, pure feedforward techniques
can still be useful when (partial) feedback is available.

11.2.2 On the application of feedforward control

The research on feedforward control started because of two reasons. The first reason
was that humans use feedforward control and we expected that a more fundamental
understanding of the capabilities of feedforward control, would lead to better per-
formance of robots. The second reason was that we had an academic interest to
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what is still possible when no feedback is available. Soon after starting the research,
we realized that the first reason was not that strong and that the applications were
unclear. As stated in chapter 1, we now believe that pure feedforward techniques
are useful in applications that have to be very reliable and have to work even when
sensory feedback fails.

Next to reliability, we foresee seven reasons for using open loop control. First, sensors
increase the price of a robot. Although sensors are currently not the most expensive
components of robots, future applications might require very cheap and possibly
even disposable robots. In such applications, it is preferable to use cheaper, less
accurate or no sensors at all. Secondly, sensor signals might be disturbed by (for
instance) radiation. This might cause the system with feedback to become unstable.
Places with a large amount of radiation include nuclear reactors and space. A third
reason for using open loop control is because sensors consume energy. Although
sensors are currently not the largest energy consumers in robots, future applications
might require very low energy consuming robots. Therefore, sensorless control will
be beneficial in such applications. There are also applications in which sensors could
be too large. This occurs especially in miniature robots. An example of such an
application has been researched by Becker et al. [19], who research miniature drug
delivering agents within the human body. A fifth reason for using open loop control
is because processing all signals might become infeasible. This can be the case when
many robots have to be controlled with one computer. Processing all the sensor
signals or computing all the control signals might become infeasible. For this reason,
Becker and Bretl. [17, 18] researched the use of one control signal to control multiple
robotic agents. Next, feedback is per definition too late. Since feedback always
responds to an error, there will be a tracking error. In theory, feedforward control
does not have this tracking error and by using feedforward control, the accuracy
could improve. And finally, humans use feedforward control. By studying feedforward
control in robotic arms, new insights might be obtained regarding how humans control
their body.

11.2.3 On human and robotic feedforward control

The last reason mentioned in the previous section for studying feedforward control
is because this might lead to new insights into human motion control. This section
discusses the differences and similarities between human and robotic feedforward
control.

The reasons for using feedforward control in humans and robots are different. Hu-
mans use feedforward control because their nervous system introduces large time
delays of typically 150 ms [44, 216]. Therefore, high feedback gains will destabilize
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the body and humans must partially rely on feedforward control [47]. This would not
be a problem if humans had a (nearly) perfect model of their body. However, the
internal model of humans is often inaccurate [101], resulting in motions that deviate
from the planned motions, which is a problem in tasks where accuracy is important.
Therefore, they have to use special techniques to compensate for their slow feedback
and inaccurate model.

The techniques used by humans and the techniques used in this thesis are similar:
both exploit a task redundancy to increase the performance. In the game of darts
for instance, there are infinite ways to hit a certain target. This means that there is
a manifold of position-velocity combinations at which the dart can be released such
that it will hit the target. When moving along this manifold, the timing of the release
is not important and can be performed with feedforward control [37]. Similar motions
can be observed in the game of skittles [146, 147]. Another example of a redundant
task is hammering, where the only thing that matters is that the hammer hits the
nail vertically. Therefore, the path towards the nail can be chosen and variability in
that path is allowed. Humans have shown the ability to exploit dynamics in order to
lower the variability in the part of the task where accuracy is required [148]. The
techniques used in this thesis also exploit task redundancy. When the task is to
move from one position to another within a certain time, the trajectories in between
can be chosen freely. The research in this thesis shows that the choice for a certain
trajectory influences the stability and accuracy.

Chapter 10 shows an interesting parallel between human motion control and robot
feedforward control: smooth motions perform well. In research on human motion
control, there is an ongoing debate about the cost function humans optimize their
motions for. Suggested cost functions are the maximum jerk [59, 92], change of
torque [227] and sensitivity to motor noise [81]. Other researchers suggest that
humans perform some kind of stochastic optimal control in which variability in task
irrelevant directions is ignored [218]. What makes this debate difficult is the fact
that all those cost functions result in smooth motions that are approximately similar
[81]. This shows similarities with the smooth motions in the feedback-feedforward
controlled system in Chapter 10. All smooth motions seem to perform approximately
equal when it comes to accuracy.

11.3 General conclusions

The main conclusions of this research are:
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• The implementation of a clutched elastic actuator in parallel with the motor
can reduce the energy consumption of robots with 65%. The setup with a
differential and two locking mechanisms causes the versatility to remain high.

• Statically balanced brakes solve the problem of regular friction based locking
mechanisms that a large actuation force is needed. The concept of statically
balanced brakes allows for friction based locking mechanisms with an actuation
force that is reduced with 95-97% in comparison to regular friction based
locking mechanisms, while being relatively small.

• Feedforward control on robotic arms is possible when there are disturbances,
model inaccuracies or both.

11.4 Future directions

This final section discusses two directions for future research.

11.4.1 Clutched Elastic Actuators

The CEAs in this thesis have snown the ability of CEAs to reduce the energy con-
sumption of robots drastically. A reduction of 65% was reached and with more
efficient components, even higher reductions will be obtained. The most important
limitation of the current design is that it is only suited for robots with rest-to-rest
motions. In order to reduce the energy consumption of all robotic devices, it is cru-
cial that the versatility of CEAs is increased further. This will have a large impact
on the field of mobile robots, since a reduction of 80% means that the uptime of
the robot is increased with a factor 5. One of the key aspects of more versatile
CEAs is the question how to increase the number of springs and locking mechanisms
while having a compact and lightweight design. Especially the design of small and
lightweight locking mechanisms is a challenging research topic. Next to statically
balanced brakes, other actuation principles such as electrostatic actuators should be
investigated.

11.4.2 Gearboxes

One of the main contributors to energy losses in robots are the gearboxes. Most
robots use either planetary gears or harmonic drives as gearbox in between the motors
and the joints. Both suffer from friction and sometimes non-backdrivability, especially
when the transfer ratios are large. On the other hand, gearbox ratios cannot be taken
too small, because this will increase the copper losses in the motors. In transferring
linear motions into rotational motion or vice versa, this problem has mostly been
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solved by the introduction of spindle drives. The efficiency of such spindles are high
because they rely on rolling contacts. An interesting direction for future research
would be to develop a gearbox that is based on rolling contacts.
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Chapters 8, 9 and 10 are papers that were written in close collaboration with Wouter
Wolfslag, leading to shared first authorships. The fact that both authors contributed
equally to those chapters does not mean that both authors contributed equally to all
parts of the chapters. The goal of this appendix is to describe the task division as
clearly as possible. Note however that in reality the task division has been less clear,
because all ideas were discussed extensively between the two first authors.

A.1 Chapter 8: Feedforward control and stability

The main idea for this chapter came from a discussion between Wouter Wolfslag,
Martijn Wisse and Michiel Plooij. Michiel Plooij performed the initial (one DOF)
simulations for this paper, showing the feasibility of the approach. Wouter Wolfslag
performed the optimizations as presented in the chapter. Michiel Plooij then imple-
mented the results of the optimizations on the two DOF robotic arm and Wouter
Wolfslag performed the hardware experiments on the pendulum setup. Finally, Michiel
Plooij analyzed the basin of attraction in simulation.

A.2 Chapter 9: Robust open loop stable manipulation

The main idea of designing a robust open loop stable cycle in simulation and learning
it on the hardware setup came from Wouter Wolfslag. Wouter Wolfslag also designed
the algorithm to find those cycles. Michiel Plooij designed the Repetitive Controller
and performed the hardware experiments.

A.3 Chapter 10: Feedforward with low gain feedback

The main idea for this chapter came from Michiel Plooij. Wouter Wolfslag then pro-
posed to use a norm, similar to the Gait Sensitivity Norm and designed the algorithm
to calculate the MSN. Finally, Michiel Plooij performed the hardware experiments.
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Propositions

1. Locking mechanisms outperform continuously variable transmissions as a tool
to control the energy into springs (this thesis)

2. Springs in parallel to the motor outperform springs in series with the motor in
lowering the energy consumption, peak torque and peak power (this thesis)

3. Currently used friction models in robotics are inadequate for both energy opti-
mal control and feedforward control

4. Robotics research should be less focussed on making cool robots and more on
generic methods

5. The replacement of caregivers by robots should be compensated by extra social
activities for patients

6. All engineering is optimization; the challenge is to find the right cost function,
parameterization and solver

7. Working hard towards a vague goal is better than working hard to make the
goal clearer

8. A strong belief in the reachability of all goals through hard work and determi-
nation does not do justice to peoples who are less ’successful’

9. Making the energy supply sustainable is more important than reducing the
energy consumption

10. The world is not fundamentally causal

These propositions are regarded as opposable and defendable, and have been approved as

such by the supervisor prof. dr. F.C.T. van der Helm.
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Stellingen

1. Locking mechanismes presteren beter dan continu variabele transmissies om
de energie in veren te regelen (dit proefschrift)

2. Veren parallel aan de motor zijn beter dan veren in series met de motor in het
reduceren van de energieconsumptie, het piekkoppel en het piekvermogen (dit
proefschrift)

3. Wrijvingsmodellen die gebruikt worden in de robotica zijn ontoereikend voor
zowel energieoptimale- als sensorloze aansturing

4. Robotonderzoek zou minder moeten focussen op het maken van coole robots
en meer op het ontwikkelen van generieke methodes

5. De vervanging van zorgverleners door robots moet gecompenseerd worden door
extra sociale activiteiten voor patienten

6. Ingenieurswerk is optimalisatie; de uitdaging is het vinden van de juist kost-
functie, parametrisatie en oplossingsalgorithme

7. Hard werkend vaag doel nastreven is beter dan hard werken om het doel te
verduidelijken

8. Een sterk geloof in de maakbaarheid van de wereld doet geen recht aan mensen
die minder ’succesvol’ zijn

9. De energievoorziening verduurzamen is belangrijker dan het verminderen van
de energieconsumptie

10. De wereld is niet fundamenteel causaal

Deze stellingen worden opponeerbaar en verdedigbaar geacht en zijn als zodanig goedgekeurd

door de promotor prof. dr. F.C.T. van der Helm.
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