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Improved polynomial decay for unbounded semigroups

CHENXI DENG, JAN ROZENDAAL AND MARK VERAAR

Abstract. We obtain polynomial decay rates for Cp-semigroups, assuming that the resolvent grows polyno-
mially at infinity in the complex right half-plane. Our results do not require the semigroup to be uniformly
bounded, and for unbounded semigroups, we improve upon previous results by, for example, removing a
logarithmic loss on non-Hilbertian Banach spaces.

1. Introduction
1.1. Setting

We study the asymptotic behavior of solutions to the abstract Cauchy problem

u(t) = Au(t) (t>0),

O — x. (1.1)

on a Banach space X. We assume that (1.1) is well posed, so that the solution operators
form a Co-semigroup (7 (¢));>0 S L(X) of bounded operators, with generator A.
Throughout, we will consider A satisfying C, C p(A), where C; = {z € C |
Re(z) > 0} and p(A) := C\ o (A) is the resolvent set of A. Under these assumptions,
there are two well-known flavors of results that relate information about the resolvent
operators R(A, A) := (A — A~ x e p(A), to asymptotic behavior of the semigroup
orbits.

Firstly, the classical Gearhart—-Huang—Priiss—Greiner theorem [13,17,23] says that,
if X is a Hilbert space, then the semigroup (7'(#));>0 is uniformly stable, and all orbits
decay exponentially to zero, if and only if

sup [R(A, Al cexy < oo. (1.2)
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Versions of this theorem on non-Hilbertian Banach spaces were discovered later [35—
37]. Here an assumption such as (1.2) typically guarantees exponential decay only
for sufficiently smooth initial data, with the degree of smoothness depending on the
geometry of the underlying Banach space. It is relevant to note that all these results
make no a priori assumptions on the growth of the semigroup; only spectral information
is required.

On the other hand, a more recent line of research considers the setting where the
resolvent is not bounded on the right half-plane, but instead blows up along the imag-
inary axis at a specified rate. In this case, the semigroup is not uniformly stable, and
one can at best hope to obtain uniform decay rates for sufficiently smooth initial data.
Semigroups with these properties arise naturally in the study of the damped wave
equation

8t2u(t,x) = Agu(t,x) —a(x)ou(t,x) ((t,x) e R x M), (1.3)

on a Riemannian manifold (M, g), where a € C(M) [1,7,8,21,24,25]. A succession
of results in semigroup theory [3—6,29] has elucidated the relationship between the
rate of resolvent blowup and the rate of decay of classical solutions to (1.1), in the
case where the semigroup is a priori assumed to be uniformly bounded. The latter
assumption is in turn satisfied if the damping function a in (1.3) is non-negative.

However, when considering functions a in (1.3) that change sign, the associated
semigroup need not be uniformly bounded and one may encounter unexpected spectral
behavior (see, e.g., [26,30]). Moreover, polynomially growing semigroups appear
naturally in the analysis of Schrodinger operators with unbounded potentials [10, 15],
perturbed wave equations [14,22], delay differential equations [33] and hyperbolic
equations on non-Hilbertian Banach spaces [9,28].

Hence, it is natural to wonder what can be said when one combines some of the
difficulties of both the lines of research mentioned above, that is, if the semigroup
(T (t))s=0 is not uniformly bounded and the resolvent is not uniformly bounded on the
right half-plane. This is the setting that will be considered in this article.

1.2. Previous work

Throughout, we suppose that C; € p(A) and that there exist 8, C > 0 such that
RO A)llccry < CA+ADP (h e Cy).

It then follows that@ C p(A),butunless 8 = 0, i.e., unless (1.2) holds, the resolvent
might blow up along the imaginary axis, with polynomial rate at most O (|A|#). As
in the work for uniformly bounded semigroups mentioned above, one hopes to derive
polynomial rates of decay for semigroup orbits with sufficiently smooth initial data.

In this regard, it was first shown in [3] that, on general Banach spaces, for each
p>0andt > (p + 1)B8 + 1 one has

ITOxlIx St Pllxlp—a)) (1.4)
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forallr > 1 and x € D((—A)7). Later, [31] improved this estimate under additional
geometric assumptions on the underlying Banach space. Namely, if X has Fourier type
p € [1,2] (see Sect.2.1), then (1.4) holds foreacht > (p+1)8 + % — #. Moreover,
if p = 2,1.e.,if X is a Hilbert space, then one may let t = (p + 1) 8. However, it was
left as an open question whether one may alsolett = (p + 1)8 + % — # for Banach
spaces with Fourier type p € [1, 2) (see also [27, Appendix B]).

Recently, it was shown in [32] that the results from [31] regarding (1.4) can in fact
be improved. More precisely, for each p > 0 and o > % - % one has

IT@xllx St log(®) [1x] p(—a)r) (1.5)

fort >2and x € D((—A)"), wheret = (p + 1) + % — # That is, for p > 0 and
p € [1,2), (1.5) attains the missing endpoint exponent from [31], up to a logarithmic
loss. In fact, [32] combined methods from [31] with ones from the theory for bounded
semigroups in [4] and considered resolvents with more general growth behavior, but
specializing to polynomially growing resolvents leads to (1.5).

Finally, it is important to emphasize that the results from [31] and [32] are far from
optimal if the semigroup (7°(¢));>0 is uniformly bounded. Indeed, in this case [5]
yields, on general Banach spaces and for all p > 0,

ITOxllx St log®)” x| p—ay) (1.6)

fort > 2andx € D((—A)"), where t = pf8. Moreover, by [6], if X is a Hilbert space
then the logarithmic factor in (1.6) can be removed, yielding (1.4) for T = pfS. On the
other hand, for unbounded semigroups on Hilbert spaces and for p = 0 one cannot
in general expect to obtain (1.4) for t < (p + 1)B, as follows from an example of
Wrobel (see [38, Example 4.1] and [31, Example 4.20]). We also refer to [31, Section
4.7.1] for an application to polynomially growing semigroups of the combination of
(1.6) and a rescaling argument.

1.3. Main result
For t > 0 and ¢ € [1, 0], we will work with the real interpolation space
Da(z,q) := (X, D(A"))¢/m,q, where m € N with m > 7 is arbitrary (see also

(2.7)). Moreover, we refer to (2.1) and (2.2) for the definitions of Hardy—Littlewood
type and Hardy—Littlewood cotype, respectively. The following is our main result.

Theorem 1.1. Let A be the generator of a Co-semigroup (T (t)):>0 on a Banach space
X with Fourier type p € [1, 2]. Suppose that C, C p(A), and that there exist § > 0
and C > 0 such that

1RO Allcxy < CA+ AP (e Cy). (1.7

Let p > 0 and sett := (p+ 1) + % — %. Then there exists a C, > 0 such that

IT®xllx < Cot™IxlI Dy, p) (1.8)



99 Page 4 of 18 C. DENG ET AL. J. Evol. Equ.

forallt > 1andx € Dy(z, p). If p > O, then (1.8) also holds with D o(t, p) replaced
by D4(z, q) for any q € [1, 00, or by D((—A)7).

Suppose, additionally, that p > 1 and that X has Hardy-Littlewood type p or
Hardy-Littlewood cotype p'. Then, for p = 0, (1.8) also holds with D 5(z, p) replaced
by D((—A)").

The first two statements of Theorem 1.1 are contained in the main text as Theo-
rem 3.3, while the last statement is Theorem 4.2.

Given that any Banach space has Fourier type p = 1, the first part of Theorem 1.1
applies to general Banach spaces. For p € (1, 2], the assumptions on X in Theorem 1.1
are satisfied in particular if X is isomorphic to a closed subspace of L"(£2), for 2 a
measure space and r = p orr = p’ (see Sect.2.1).

For p € [1, 2), the first part of Theorem 1.1 improves (1.5) by removing the log-
arithmic factor for p > 0, and it yields an endpoint result for p = 0. The second
part of Theorem 1.1 in turn fully extends (1.4)to p =0 and v = 8 + % - #, un-
der additional geometric assumptions. Also note that, for all p € [1,2] and p > O,
(1.8) involves a larger space of initial data than considered in [31] and [32], since
D((—A)%) € Dx(z, 00). On the other hand, for p = 0, (1.8) complements the main
result of [31] on Hilbert spaces, since in general one neitherhas D((—A)%) € Dx(z,2)
nor Ds(t,2) € D((—A)Y).

The exponent t in Theorem 1.1 is sharp for p = 2 and p = 0, as noted above,
and for general p € [1,2] as B — 0, as follows from a modification of an example
of Arendt concerning exponential stability (see [2, Example 5.1.11] and [37, Section
4]). We do not know whether, for a general Banach space with Fourier type p € [1, 2)
and for p = 0, (1.8) also holds with D4 (z, p) replaced by D((—A)").

For any Co-semigroup (7'(¢));>0, there exists an w € R such that

ITOllecx) S e (¢ =0). (1.9)

As already noted, only the case @ > 0 will be of interest in this article. However, it

follows from (1.9) that (1.7) holds whenever Re(A) > wy, for wy > w. Moreover,

(1.7) directly extends to A € iR as well. Hence, (1.7) is in fact an assumption on the

growth of the resolvent as A tends to infinity in the strip {A € C | 0 < Re(}A) < wop}.
One may weaken assumption (1.7) somewhat, by requiring instead that

IR, Al S A+ AP (e Cy) (1.10)
for some By > 0, and that

IRGE, Allcxy S A+ IEDP (£ eR).

Then the conclusion of Theorem 1.1 still holds, and the specific value of By in (1.10)
plays no role. Indeed, the place in the proof of Theorem 1.1 where one genuinely
uses polynomial resolvent bounds for A € C_. is in the proofs of Theorems 3.2
and 4.2, to obtain a dense subset of initial values for which the semigroup orbits are
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integrable, and there the value of B is irrelevant. Instead, as in the theory for uniformly
bounded semigroups, to obtain concrete rates of decay we work with the behavior of
the resolvent on the imaginary axis.

As in [31,32], our techniques in principle also allow for A to have a singularity at
zero. More precisely, one could suppose that (1.7) holds for |[A| > 1, and that there
exists an o > O such that [|[R(A, A)||z(x) < |A|7¢ for [A] < 1. In this case, one has to
assume additionally that —A is an injective sectorial operator (see Remark 2.3), and
the initial values have to be restricted to the range of a suitable fractional power of
—A. For simplicity, we will not consider such a setting in this article.

1.4. The strategy of the proof

Our approach is similar to that in [31] (see also [27]), applying Fourier multiplier
theory to the resolvent on the imaginary axis. However, whereas [31] mostly involved
Fourier multipliers from L? (R; Y) to L9(R; X) for suitable | < p < g < oo and
Y C X, in the present article we proceed differently.

Namely, the first part of Theorem 1.1 is proved using Proposition 2.2, which con-
siders multipliers between the Besov space B;’ p(R; Y) and LY (R; X), for suitable
values of p and s. Working with such multipliers allows us to obtain endpoint esti-
mates. In turn, Besov spaces are intimately connected to the real interpolation method,
and in Proposition 2.5, we show that real interpolation spaces can also be used effec-
tively to cancel out resolvent growth, as is required to satisfy the conditions of our
Fourier multiplier theorems. This somewhat different approach also necessitates other
changes to the setup from [31].

On the other hand, for the second part of Theorem 1.1 we consider Fourier multi-
pliers between weighted spaces L” (R, w; Y) and L9 (R, v; X), for suitable weights w
and v. This setting allows us to obtain endpoint results involving fractional domains,
at the cost of having to make a priori assumptions about the mapping properties of the
Fourier transform between such weighted spaces.

1.5. Organization

In Sect.2, we collect some preliminaries on the vector-valued Fourier transform,
vector-valued Besov spaces and interpolation spaces associated with semigroup gen-
erators. In Sect. 3, we then prove the first part of Theorem 1.1, and in Sect. 4, we prove
the final statement in Theorem 1.1.

1.6. Notation and terminology

The natural numbers are N = {1, 2, ...}, and Ny := NU {0}. We write C; := {z €
C | Re(z) > 0} for the open complex right half-plane.

For p € [1,00] and w : R — [0, co) measurable, we denote by L? (R, w; X) the
Bochner space of equivalence classes of strongly measurable, p-integrable, X-valued
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functions on R with respect to the weight w, endowed with the norm

1/
1/ lr@ain = ( /R I @Nfwedr)

for f € L? (R, w; X). We simply denote this space by L?(R; X) when w = 1. For
v € R, the weight w), : R — [0, 00) is given by

wy (x) == [x]” (x € R). (1.11)

The Holder conjugate p’ € [1, oo] of p € [1, 0o] is defined by 1 =
1 for the indicator function of a set S.
The space of bounded operators between complex Banach spaces X and Y is
L(X,Y),and L(X) := L(X, X). The domain of a closed operator A on X is D(A).
We use the notation f(s) < g(s) to indicate that f(s) < Cg(s) for all s and a
constant C > 0 independent of s, and similarly for f(s) 2 g(s) and f(s) ~ g(s).

1, 1 ;
> + o We write

2. Preliminaries

In this section, we first collect some basic definitions involving the vector-valued
Fourier transform, and then, we introduce Besov spaces and state two results which
will be needed to prove the first half of Theorem 1.1. Finally, we collect background
on interpolation spaces and we prove two key results about them.

2.1. The Fourier transform
Let X be a Banach space. The class of X-valued Schwartz functions on R is denoted

by S(R; X), and the space of X-valued tempered distributions by S'(R; X). The
Fourier transform of f € S’(R; X) is denoted by F f or f.If f € L'(R; X), then

FrE) = fR LAl (€ € R).

One says that X has Fourier type p € [1,2] it F : LP(R; X) — LP/(]R; X) is
bounded. Every Banach space X has Fourier type 1, and X has Fourier type 2 if and
only if X is isomorphic to a Hilbert space (see [20]).

We say that X has Hardy—Littlewood type p € (1,2] if

F:LP(R; X) - LP(R, wp_2; X) 2.1

is bounded, where w) is defined in (1.11) for y € R. Moreover, X has Hardy—
Littlewood cotype q € [2, 00) if

F:LIR, wy—2; X) — LY(R; X) 2.2)

is bounded. Note that, if X = C, then (2.1) is the Hardy-Littlewood inequality. In the
latter case, and in fact for any Hilbert space X, (2.1) holds for all p € (1, 2], and (2.2)
for all g € [2, 00).
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If X has Fourier type po € (1,2], then X has Hardy-Littlewood type p for all
p € (1, po) and Hardy-Littlewood cotype for all g € ( p(’), o0) (see [11, Proposition
3.5]). Also, if X is a Banach lattice which is p-convex and p-concave with p € (1, 00),
then X has Fourier type p and Hardy-Littlewood type p if p < 2 and Fourier type
p’ and Hardy-Littlewood cotype p if p > 2 (see [12, Proposition 2.2] and [11,
Proposition 6.9]). This holds in particular if X is isomorphic to a closed subspace
of LP(L2), for Q2 any measure space. For more on the relation between the notions
of Fourier type, Hardy—Littlewood (co)type, and convexity and concavity in Banach
lattices, we refer to [11].

Let Y be a Banach space and m : R — L(Y, X). We say that m is X-strongly
measurable if &€ — m(&)y is a strongly measurable X-valued map for every y € Y.
In this article, we will consider m which have the additional property that there exist
o, Cy > Osuch that [|m(€) ]l 2y, x) < Co(1+|£])* forall £ € R. In this case, we may
set

Tnfi=F'mf) (f € S®; X))
Then T, : S(R; X) — S'(R; Y) is the Fourier multiplier operator with symbol m.

2.2. Besov spaces

C°(R). That is, one has ¢1 (&) = 0if |&]| ¢ [1/2,2], gr(§) = 1 (2% 1) for each
k>1land& € R, and

Throughout this article, fix aninhomogeneous Littlewood—Paley sequence (¢ ) ke, <

Y mE =1 (eR).

k=0
Let p,q € [1,00] and s € R. Then the Besov space B;’q(R; X) consists of all
f € 8'(R; X) such that F~(¢y) = f € L?(R; X) for each k > 0, and such that

£l ®x) = I F N gw) * Hisollea(rrrix)) < oo

P4

Then S(R; X) C B;’q(R; X), by [19, Proposition 14.4.3]. Moreover, if p,q < oo,
then S(R; X) is a dense subspace of B;yq(R; X). Finally, we will use the simple
observation that

B, ,R: X) € B, |(R; X) (2.3)
forall p,q € [1,00] and s, r € R with s > r, and that
B) |(R: X) € LP(R; X) € B)) ,(R: X) (2.4)

for all p € [1, oo] (see, e.g., [19, Proposition 14.4.18]).
The following lemma will be used in the proof of Proposition 2.4.
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Lemma 2.1. Let p € [1,00),q € [1,00]and s € (0, 1/p). Then there existsa C > 0
such that 10,00) f € B;ﬁq(R; X) forall f € B[S,’q(R; X), and

110,00 f I8y, R:x) < Cll fllBy, ®:x)-

Proof. For p > 1, the statement in fact holds fors € (—1/p, 1/p), asis shown in [19,
Corollary 14.6.35]. In the proof of the latter result, one can see that for s € (0, 1/p)
one may also allow p = 1. g

Finally, the following Fourier multiplier result, [19, Proposition 14.5.7], is one of
the key ingredients in the proof of the first half of Theorem 1.1.

Proposition 2.2. Let X and Y be Banach spaces with Fourier type p € [1, 2], and let

m : R — L(Y, X) be X-strongly measurable, with supg e [Im (&)l (v.x) < 00. Then
To: BYS 7 ®RY) > L7 ®; X)

is bounded.

2.3. Interpolation spaces

Let A be a linear operator on a Banach space X. For w € (0, 7), set Sy, := {z €
C\ {0} | | arg(z)| < w}. Then —A is a sectorial operator if there exists an w € (0, 1)
such that 6 (—A) C S, and

sup{Ix (A + A) "z |2 € C\S,y) < 00 (2.5)

for each w’ € (w, 7). If —A is a sectorial operator, then the fractional power (—A)% is
well defined for each o € C,, cf. [16, Chapter 3]. If, additionally, A is injective, then
(—A)* is well defined for all @ € C. Note that D((—A)#) € D((—A)%) whenever
B € C satisfies Re(8) > Re(a).

Remark 2.3. Throughout this article, as in Theorem 1.1, we will consider Cy-semigroups
(T (1));>0 with generator A such that Cy € p(A) and

IR Allce < CA+ AP (e Cy), (2.6)

where 8, C > 0 are independent of A. Under these assumptions, —A is a secto-
rial operator of angle 7 /2. Indeed, the semigroup generation property implies that
IR(A, Allzxy S 1/Re(n) for Re(r) large (as follows from (1.9)), which gives a
uniform bound in (2.5) for |A| large if @’ > 7/2. On the other hand, (2.6) implies that
(C_+ C p(A), which in turn yields the required bound in (2.5) for |A| small.

Let —A be a sectorial operator on a Banach space X, and let 7 € (0, co) and
q € [1, oo]. Then the real interpolation space associated with A, t and g is

Da(t,q) :== (X, D(=A)))r/ayq 2.7)
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where o € (7, 00) is arbitrary. It follows from reiteration that D4 (t, ¢) is independent
of the choice of «. In particular, one has

Da(t,q) = (X, D(=A)"))r/m,q = (X, D(A™))z/mq

whenever m € N satisfies m > t. By basic properties of interpolation spaces,
Da(t,q) € Dg(o,r)ifo < t,0orifo =t andr > ¢. By [16, Corollary 6.6.3],

Da(r,1) € D((—A)") € Da(z, 00) 2.8)

forall T > 0. Also, D((—A)%) is adense subset of D (7, ¢) foralla > T and ¢ < o0,
by [16, Theorem 6.6.1].

Finally, if X has Fourier type p € [1, 2] and A is injective, then both D((—A)*) and
D4 (7, p) also have Fourier type p, forall ¢ > 0. Indeed, (—A)" : D((—A)") — X is
an isomorphism, while for D4 (7, ¢) the statement follows from (2.7) by interpolation
(see also [18, Proposition 2.4.17]).

The following proposition, connecting interpolation spaces to the Besov spaces
from the previous subsection, will play a key role in the proof of part of Theorem 3.2.

Proposition 2.4. Let A be the generator of a Co-semigroup (T (t));>0 on a Banach
space X, and suppose that —A is a sectorial operator. Let M > 0 and o € R be such
that | T @)l cxy < Me@™V! forallt > 0, and let p € [1,00), ¢ € [1,00] and s €
(0, 1/p). Then there exists a constant C > 0 such that [t > 1(,00)(t)e " T (£)x] €
B;’q(R; X) forall x € Dy(s, q), with

Il = 10,00 (e T x5, ;) < CllxllDy(s.0)-

Proof. Let J : X — LP(R; X) be the bounded linear operator given by Jx(¢) :=
e~ T (|t])x, forx € X and ¢ € R. Since (Jx)'(t) = —sign(t)e I T (Jt])(w — A)x
for x € D(A) and t # 0, the restricted operator J : D(A) — WDIP(R; X) is
bounded. Real interpolation (see [19, Theorem 14.4.31]) shows that J : D(s, g) —
B, ,(R; X) is bounded as well. Now the proof is concluded by applying Lemma 2.1.

O

In turn, the following proposition will be crucial for the proof of Theorem 1.1.

Proposition 2.5. Let A be the generator of a Co-semigroup (T (t));>0 on a Banach
space X. Suppose that C. C p(A), and that there exist B > 0 and C > 0 such that

IRG- Az < CA+ADP (1 e Cy). (2.9)
Then iR C p(A), and
sup{l|RGE, A ¥l cpansnpg) ) | € €R ke {0,....,n+1}} < oo

foralln € Ny and q € [1, oo].
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Proof. The required statement is trivial for k = 0 and |£| < 1, so henceforth we will
consider k > 0 and £ € R with |&| > 1.
By basic properties of resolvents, it follows from (2.9) that iR C p(A) and

IRGE, Allcxy < CU+ €N (€ eR). (2.10)

As noted in Remark 2.3, — A is a sectorial operator. Moreover, D((—A)*) = D((1 —
A)?) for any o > 0, by [19, Proposition 15.2.12]. Hence, combining (2.10) and [31,
Proposition 3.4] yields

lglpl IRGE, A)(—=A) Pl £x) < 0. 2.11)
>

Then, fork € {1,...,n}and [§] > 1,

IRGE, ANl £pi—aysy.x) = IRGE, DX (—A) £ (x)
< IRGE, A (A Lo ll(=A) PP o) S 1.

Together with (2.10), this implies
IRGE, ANl cipiayryx S A +1EDP (ke(l.....n+1}). (212
On the other hand, another application of [31, Proposition 3.4] shows that
IRGE, A=A Migon S A+ 15D
This, combined with (2.11), yields

IRGE, A Il £ ayorvsy x) = IRGE, AF(=A)~TVE £«
< IRGE A=A IS IR A=A P ool (=A) P15
Sa+1EpT (2.13)

forallk € {1,...,n+ 1} and |§] > 1.
Now, by (2.8), (2.12) and (2.13), we have

IRGE, ANl cpsmpy.x) S (14 EDP,
IRGE, Al cpsnrnprinx S +I1ENT

for €] > 1 and k € {1, ...,n + 1}. Finally, since

Da((n+ DB, q) = (Danp, 1), Da((n+ DB + 1, 1))

bl

B
T84

interpolating these estimates yields supz |~ [|R(i&, Ak | pat)B,g),x) <00, U
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3. Polynomial stability on real interpolation spaces

This section is devoted to the proof of the first half of Theorem 1.1. To this end, we
need two preliminary results.

We first require the following extension of [31, Proposition 3.2] to the mixed Besov—
Lebesgue setting.

Proposition 3.1. Let A be the generator of a Co-semigroup (T (t));>0 on a Banach
space X, and let Y be a Banach space that is continuously embedded in X. Suppose
that iR C p(A), and that there exist B > 0 and C > 0 such that

IRGE, Allcrx) < CA+IED (€ €R). (3.1

Let p € [1,00) and s € [0, 00) be such that either s > 0, ors = 0 and p = 1, and
suppose that there exist q € [1, 00] and n € N such that

Tri-ayi : By ,(R;Y) — LY(R; X) 3.2)
is bounded for each j € {n — 1,n} N N. Then

TR Ay B‘;’p(R; Y) > L¥[R; X)
is bounded.

We only assume (3.1) to guarantee that the Fourier multiplier operator in (3.2) is
well defined; the specific value of B plays no role here.

Proof. The proof is analogous to that of [31, Proposition 3.2]. For the convenience of
the reader, we provide the argument. It suffices to show that there exists a C > 0 such
that

sup | TrGi- .y f(@)llx = Cllf By, i) (3.3)
k<o <k+1

forevery f € S(R; Y) and k € Z, since S(R; Y) is a dense subset of B;’P(R; Y).
Foreach j € {n — 1,n} NN, there exists a K; > 0 independent of f such that

ITRG. Ay fllLaw:xy = Kjllf By ,R:v)- (3.4)
Hence, there exists a ¢ € [k — 1, k] such that
ITRG..ay fOllx = Kl fllBs ,®&:y)- (3.5)
Now let T € [0, 2]. One can check that

T(0)Trio ap £ (1) = Trgay £t +7) — /0 T() Tyt £t + 7 = r)dr.
(3.6)
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Hence, by (3.5), Holder’s inequality and (3.4), for n > 1 one has

T
ITrG- Ay £+ D llx S NTrRG-Ay f (O]l +/ TR a1 f (&t + 7T —r)llxdr
0

= Kull fllss

p.p

S ISl , @:v)-

®1) + TN Trg ay-1 fllLe @ x)

This implies (3.3) forn > 1.
Finally, for n = 1, by the assumptions on p and s as well as (2.3) and (2.4), one has
B;’p(R; Y)C Bg‘l (R;Y) € LP(R; Y). Hence, Holder’s inequality gives

T T
/ If(t+7—r)lxdr 5/ If @+ —=nlydr < <Pl fllLey)
0 0
S ISy, @:v)-
By combining this with (3.6) in the same manner as before, one obtains (3.3). U

We will also rely on the following version of [31, Theorem 4.6] in the mixed Besov—
Lebesgue setting.

Theorem 3.2. Let A be the generator of a Co-semigroup (T (t)):>0 on a Banach space
X. Suppose that C C p(A), and that there exist § > 0 and C > 0 such that

1RO, Allcxy < CA+ AP (e Cy). (3.7

Lety > 0, p € [1,00) and s € (0, 1/p), and suppose that there exist n € Ny and
q € [1, oo] such that

Trii. ap : By, ,(R; Da(y, p)) — L1(R; X) (3.3)
is bounded for each k € {n — 1,n,n + 1} N N. Then there exists a C,, > 0 such that

ITOxlx < Cat ™" IXDscy+5.p) (3.9)
forallt > 1 and x € Dy(y + s, p).

Note that (3.7) automatically extends to all A € (C_+, so (3.8) is well defined. Also,
as in Proposition 3.1, the specific value of § in (3.7) plays no role.

Proof. We want to show that [|T(t)x|lx < Cpt™"|lxllp,(y+s,p) forall ¢ > 1 and
x € Da(y + s, p). Since D(A") is dense in Da(y + s, p) whenever [ € N satisfies
[ > y +s, we may suppose throughout that x € D(A’) for some large /. Hence, setting
g(t) == 1t"10,00)(t) T (t|)x for t € R, by [31, Proposition 4.3] we may suppose that
g € L'(R; X). Inturn, [31, Lemma 3.1] then implies that g(£) = n!R(i&, A)"*'x for
all £ e R.

Next, note that (T'(¢));>0 restricts to a Cp-semigroup on D4 (y, p), the generator
of which is the part of A in D4 (y, p), which has domain D4 (y + 1, p). In particular,
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we may fix M > 1 and @ € R such that [T ()|l 2oy, p)) < Me @~V forall t > 0.
Set (1) := 1(0,00)(t)e“ T (|t])x. Then

I fllze®:Dacy,p) < MIXN DAy, p) S X DA +5.p)- (3.10)

Moreover,

1718y, @:Daer.p) S XN DaG.p).DAG+100sp S WXIDAG s ) (B-1D)

as follows from Proposition 2.4 and [34, Theorem 1.10.2]. Also, again by [31, Lemma
3.11, f(¢) = R(w+i&, A)x for all £ € R. In particular, if we set

m(€) = n!(R(i&, A" + wR(i&, A",

then m(£) f(€) = 3(&).

By combining all this, we see that

sup [|1"T(O)xllx = 1T fll Lo ®; x)
>0

< n!(ITrG- Ay f Lo ®:x) + @l Tre. a1 fllLo@:x))-
(3.12)

Forn > 0, one can apply (3.8) and Proposition 3.1 to the final line, and then use (3.11)
as well, to obtain

sup [T (Mxllx S 1 fllBy ,@:Datv.py) S IXIDAG+s5.p)-
>0

For n = 0, the same reasoning can be used for the second term in brackets in (3.12),
while for the first term one can directly rely on (3.10), since Tg;. a0 f = f. O

We are now ready to prove the first part of Theorem 1.1.

Theorem 3.3. Let A be the generator of a Co-semigroup (T (t)):>0 on a Banach space
X with Fourier type p € [1, 2]. Suppose that C+ C p(A), and that there exist § > 0
and C > 0 such that

IR Allexy <CA+ADP (L eCy).

Let p > 0and sett := (p+ 1) + % - #. Then there exists a C, > 0 such that

IT®xllx < Cot™ XDy, p) (3.13)

forallt > 1 and x € Da(z, p). Moreover, if p > 0, then (3.13) also holds with
Da(z, p) replaced by D (7, q) for any q € [1, 0o], or by D((—A)").
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Proof. We first consider the case where p € Np. Recall that, since X has Fourier type
p,sodoes D4((p + 1)B, p). Moreover, by Proposition 2.5,

sup |RG&E, A¥Il 2Dy o+ 1)8.p),%) < 00
£eR

forall k € {0, ..., p + 1}. Hence, Proposition 2.2 implies that
1/p—1/p’ '
Tray By 57 ®R: Da(o + DB, p)) — L7 R; X)

is bounded for every k € {0, ..., p + 1}. Finally, Theorem 3.2 yields (3.13).

To extend (3.13) to general p > 0, we proceed as follows. Fix ¢t > 1 and p > 0.
Let pg, p1 € Ng be such that pg < p < p1, and let & € (0, 1) be such that p =
(1—0)po+06p1.Sett; == (pi + DB+ % - pi fori € {0, 1}. Then, by what we have
already shown,

1T 2Da,p)x) < Coit™ ™

for some constant Cp, > 0 independent of 7. Now, due to reiteration, real interpolation
with parameters 6 and g € [1, oo] gives

1Tl psr.g),x) < Cpt ™"

for some C, > 0 independent of ¢. This proves both (3.13) and the final statement of
the theorem, since D((—A)%) C Da(t, 00). O

4. Polynomial stability on fractional domains

This section is devoted to the proof of the final statement in Theorem 1.1.

The following proposition will play the same role in this section that Proposition 2.2
did in the previous section. For y € R, recall the definition of the weight w), : R —
[0, c0) from (1.11).

Proposition 4.1. Let p,q € [1,00], r € [1,00), y € Rand § € (—o0, 1/r'). Let Y
be a Banach space such that

F:LPR;Y) — L"(R, Wyr; Y) “.1)
is bounded, and let X be a Banach space such that
F:L (R, ws; X) — LI(R; X) 4.2)

is bounded.

Let m : R\ {0} — LY, X) be an X-strongly measurable map for which there
exists a C > 0 such that |m&)|l zyv.x) < Cl&|” 78 forall € € R\ {0}. Then T, :
LP(R;Y) — LY(R; X) is bounded.
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Proof. Simply combine the assumptions on X, m and Y:

1T fllLa@:x) S Imf L ®uws:x) S lwswy—s f llLreyy S I fllLe@:y)
forall f € LP(R; Y). Note that L" (R, ws,; X) € S'(R; X), since § < 1/r. O

We are now ready to prove the last statement in Theorem 1.1, as a special case of
the following result.

Theorem 4.2. Let A be the generator of a Co-semigroup (T (t)):>0 on a Banach space
X with Fourier type p € (1, 2], and suppose that X has Hardy-Littlewood type p or
Hardy-Littlewood cotype p'. Suppose that Cy C p(A), and that there exist B > 0
and C > 0 such that

IRG- Az < CA+ADF (e Cy).

Let p > 0and sett := (p+ 1) + % — #. Then there exists a C, > 0 such that

IT()xllx < Cpt PlIxD(=a)7)
forallt > 1 and x € D((—A)").

Note that Theorem 4.2 is independent of Theorem 3.3 in the special case where
o = 0. For p > 0, the conclusion of Theorem 4.2 already follows from Theorem 3.3.

Proof. The proof is analogous to that of [31, Theorem 4.9], and as such also similar
to the proof of Theorem 3.3. We will indicate what the key steps are.

By interpolation, cf. [31, Lemma 4.2], it suffices to consider p € Ny. Then, using
arguments as before but relying on [31, Proposition 3.4] instead of Proposition 2.5,
one can show that

)

1
IRGE, AN cpi—ayyx) < 1+ [E]) G 4.3)

forallk € {1, ..., p 4+ 1} and an implicit constant independent of £ € R.

Next, note that D((—A)") has the same Fourier type and Hardy-Littlewood type
and cotype as X, because X and D((—A)") are isomorphic. In particular, if X has
Hardy-Littlewood type p, then one may apply Proposition 4.1 with r = p, g = p/,
y = # — % and § = 0. On the other hand, if X has Hardy-Littlewood cotype p’, then
one can apply Proposition 4.1 withg =r = p/,y =0and § = % — # In both cases,
it follows from (4.3) that

Tr..ap - LP(R; D((=A)7)) — LY (R; X)

is bounded for all k € {1, ..., p + 1}. Now [31, Theorem 4.6] concludes the proof.
O



99 Page 16 of 18 C. DENG ET AL. J. Evol. Equ.

Acknowledgements

The second author is grateful to Yuri Tomilov for helpful conversations about the topic
of this article. The third author would like to thank Oscar Dominguez for pointing out
reference [12] and for helpful discussions.

Data Availability Data sharing is not applicable to this article as no datasets were
generated or analyzed during the current study.

Declarations
Conflict of interest The authors have no conflict of interest to declare that are relevant
to the content of this article.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights
to this article under a publishing agreement with the author(s) or other rightsholder(s);
author self-archiving of the accepted manuscript version of this article is solely gov-
erned by the terms of such publishing agreement and applicable law.

REFERENCES

[1]  Nalini Anantharaman and Matthieu Léautaud. Sharp polynomial decay rates for the damped wave
equation on the torus. Anal. PDE, 7(1):159-214, 2014.

[2] Wolfgang Arendt, Charles J. K. Batty, Matthias Hieber, and Frank Neubrander. Vector-
valued Laplace transforms and Cauchy problems, volume 96 of Monographs in Mathematics.
Birkhéuser/Springer Basel AG, Basel, second edition, 2011.

[3] Andrds Batkai, Klaus-Jochen Engel, Jan Priiss, and Roland Schnaubelt. Polynomial stability of
operator semigroups. Math. Nachr., 279(13-14):1425-1440, 2006.

[4]  Charles J. K. Batty, Ralph Chill, and Yuri Tomilov. Fine scales of decay of operator semigroups. J.
Eur. Math. Soc., 18(4):853-929, 2016.

[S]  Charles J. K. Batty and Thomas Duyckaerts. Non-uniform stability for bounded semi-groups on
Banach spaces. J. Evol. Equ., 8(4):765-780, 2008.

[6]  Alexander Borichev and Yuri Tomilov. Optimal polynomial decay of functions and operator semi-
groups. Math. Ann., 347(2):455-478, 2010.

[71  Nicolas Burq. Décroissance de 1’énergie locale de 1’équation des ondes pour le probleme extérieur
et absence de résonance au voisinage du réel. Acta Math., 180(1):1-29, 1998.

[8]  Ralph Chill, David Seifert, and Yuri Tomilov. Semi-uniform stability of operator semigroups and
energy decay of damped waves. Philos. Trans. Roy. Soc. A, 378(2185): 20190614, 2020.

[9]  Elena Cordero and Fabio Nicola. Sharpness of some properties of Wiener amalgam and modulation
spaces. Bull. Aust. Math. Soc., 80(1):105-116, 2009.

[10] E. Brian Davies and Barry Simon (1991). L? norms of noncritical Schrodinger semigroups. J.
Funct. Anal., 102(1):95-115.

[11]  Oscar Dominguez and Mark Veraar. Extensions of the vector-valued Hausdorff-Young inequalities.
Math. Z.,299(1-2):373-425, 2021.

[12]  José Garcia-Cuerva, José L. Torrea, and Kazaros S. Kazarian. On the Fourier type of Banach
lattices. In Interaction between functional analysis, harmonic analysis, and probability (Columbia,
MO, 1994), volume 175 of Lecture Notes in Pure and Appl. Math., pages 169-179. Dekker, New
York, 1996.



J. Evol. Equ. Improved polynomial decay Page 17 of 18 99

[13]
[14]
[15]
[16]
[17]

(18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]
[26]
(271
(28]
[29]
[30]
(31]
(32]
[33]
[34]
[35]
[36]

(371

Larry Gearhart. Spectral theory for contraction semigroups on Hilbert space. Trans. Amer. Math.
Soc., 236:385-394, 1978.

Jerome A. Goldstein and Markus Wacker. The energy space and norm growth for abstract wave
equations. Appl. Math. Lett., 16(5):767-772, 2003.

Alexander Grigor’yan. Heat kernels on weighted manifolds and applications. In The ubiquitous heat
kernel, volume 398 of Contemp. Math., pages 93—191. Amer. Math. Soc., Providence, RI, 2006.
Markus Haase. The functional calculus for sectorial operators, volume 169 of Operator Theory:
Advances and Applications. Birkhéduser Verlag, Basel, 2006.

Fa Lun Huang. Characteristic conditions for exponential stability of linear dynamical systems in
Hilbert spaces. Ann. Differential Equations, 1(1):43-56, 1985.

Tuomas Hytonen, Jan van Neerven, Mark Veraar, and Lutz Weis. Analysis in Banach spaces. Vol.
1. Martingales and Littlewood-Paley theory, volume 63 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer, Cham, 2016.
Tuomas Hytonen, Jan van Neerven, Mark Veraar, and Lutz Weis. Analysis in Banach spaces. Vol.
1II. Harmonic analysis and spectral theory, volume 76 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer, Cham, 2023.
Stanistaw Kwapien. Isomorphic characterizations of inner product spaces by orthogonal series with
vector valued coefficients. Studia Math., 44:583-595, 1972.

Gilles Lebeau. Equation des ondes amorties. In Algebraic and geometric methods in mathematical
physics (Kaciveli, 1993), volume 19 of Math. Phys. Stud., pages 73—-109. Kluwer Acad. Publ.,
Dordrecht, 1996.

Lassi Paunonen. Polynomial stability of semigroups generated by operator matrices. J. Evol. Equ.,
14(4-5):885-911, 2014.

Jan Priiss. On the spectrum of Cq-semigroups. Trans. Amer. Math. Soc., 284(2):847-857, 1984.
James V. Ralston. Solutions of the wave equation with localized energy. Comm. Pure Appl. Math.,
22:807-823, 1969.

Jeffrey Rauch and Michael Taylor. Exponential decay of solutions to hyperbolic equations in
bounded domains. Indiana Univ. Math. J., 24:79-86, 1974.

Michael Renardy. On the linear stability of hyperbolic PDEs and viscoelastic flows. Z. Angew. Math.
Phys., 45(6):854-865, 1994.

Jan Rozendaal. Operator-valued (Lp, Lg) Fourier multipliers and stability theory for evolution
equations. Indag. Math., 34(1):1-36, 2023.

Jan Rozendaal and Robert Schippa. Nonlinear wave equations with slowly decaying initial data. J.
Differential Equations, 350:152—188, 2023.

Jan Rozendaal, David Seifert, and Reinhard Stahn. Optimal rates of decay for operator semigroups
on Hilbert spaces. Adv. Math., 346:359-388, 2019.

Jan Rozendaal and Mark Veraar. Sharp growth rates for semigroups using resolvent bounds. J. Evol.
Equ., 18(4):1721-1744, 2018.

Jan Rozendaal and Mark Veraar. Stability theory for semigroups using (L?, L?) Fourier multipliers.
J. Funct. Anal., 275(10):2845-2894, 2018.

Genilson Santana and Silas L. Carvalho. Refined decay rates of C-semigroups on Banach spaces.
J. Evol. Equ., 24(2): 28, 2024.

Grigory M. Sklyar and Piotr Polak. On asymptotic estimation of a discrete type Cp-semigroups on
dense sets: application to neutral type systems. Appl. Math. Optim., 75(2):175-192, 2017.

Hans Triebel. Interpolation theory, function spaces, differential operators. Johann Ambrosius Barth,
Heidelberg, 1995.

Jan van Neerven. Asymptotic behaviour of C(-semigroups and y-boundedness of the resolvent. J.
Math. Anal. Appl., 358(2):380-388, 20009.

Lutz Weis. The stability of positive semigroups on L, spaces. Proc. Amer. Math. Soc.,
123(10):3089-3094, 1995.

Lutz Weis and Volker Wrobel. Asymptotic behavior of Cg-semigroups in Banach spaces. Proc.
Amer. Math. Soc., 124(12):3663-3671, 1996.



99 Page 18 of 18

[38]

C. DENG ET AL.

J. Evol. Equ.

Volker Wrobel. Asymptotic behavior of Cq-semigroups in B-convex spaces. Indiana Univ. Math.

J., 38(1):101-114, 1989.

Chenxi Deng

School of Mathematics and Statistics
Beijing Institute of Technology
Beijing 100081

China

E-mail: chenxideng @bit.edu.cn

Jan Rozendaal

Institute of Mathematics
Polish Academy of Sciences
Sniadeckich 8

00-656 Warsaw

Poland

E-mail: jrozendaal @impan.pl

Mark Veraar

Delft Institute of Applied Mathematics
Delft University of Technology

P.O. Box 5031 2628 Delft CD

The Netherlands

E-mail: M.C.Veraar@ tudelft.nl

Accepted: 4 November 2024



	Improved polynomial decay for unbounded semigroups
	Abstract
	1. Introduction
	1.1. Setting
	1.2. Previous work
	1.3. Main result
	1.4. The strategy of the proof
	1.5. Organization
	1.6. Notation and terminology

	2. Preliminaries
	2.1. The Fourier transform
	2.2. Besov spaces
	2.3. Interpolation spaces

	3. Polynomial stability on real interpolation spaces
	4. Polynomial stability on fractional domains
	Acknowledgements
	REFERENCES




