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Abstract

A strong s-blocking set in a projective space is a set of points that intersects each
codimension-s subspace in a spanning set of the subspace. We present an explicit
construction of such sets in a (k — 1)-dimensional projective space over F, of size
O;(g°k), which is optimal up to the constant factor depending on s. This also yields an
optimal explicit construction of affine blocking sets in ]F’; with respect to codimension-
(s+1) affine subspaces, and of s-minimal codes. Our approach is motivated by a recent
construction of Alon, Bishnoi, Das, and Neri of strong 1-blocking sets, which uses
expander graphs with a carefully chosen set of vectors as their vertex set. The main
novelty of our work lies in constructing specific hypergraphs on top of these expander
graphs, where tree-like configurations correspond to strong s-blocking sets. We also
discuss some connections to size-Ramsey numbers of hypergraphs, which might be
of independent interest.

1 Introduction

A blocking set in a finite projective or affine space is a set of points that intersects every
subspace of a given dimension non-trivially. In graph terminology, these are vertex
covers of the hypergraphs whose vertex sets are points of the finite space and edges
are the subspaces of the fixed dimension. These objects have been studied extensively
in finite geometry [13, 15], and many connections have been found with related areas
like coding theory. A natural strengthening of this object, that incorporates more
geometrical structure, is a strong s-blocking set: a set B of points in the projective
space PG(k — 1, g), that meets every subspace S of codimension-s in a set of points
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that spans S. We can also think of B as a collection of pairwise linearly independent
vectors in IF’; such that the span (B N §) is equal to S for every vector subspace S of
(vector) dimension k —s. For s = 1, these objects are simply known as strong blocking
sets [17, 22], and they have also been studied under the names of cutting blocking sets
[1, 14] and generating sets [ 19, 20]. Finding the smallest size of a strong blocking set is
amajor open problem in finite geometry, whose importance has increased significantly
in the last few years due to its connection to finding short minimal codes [1, 32]. More
recently, it has been shown in [12] that strong blocking sets of size n over IF’3‘ are
equivalent to linear trifferent codes of length n and dimension &, thus tying them to
another important open problem in information theory, the trifference problem.

In [12, Lemma 1.2], it was shown that a strong s-blocking set of size n in the
projective space PG(k — 1, ¢) gives rise to an affine blocking set of size (g — 1)n + 1
in ]F’; with respect to the (k — s — 1)-dimensional affine subspaces. An application
of the polynomial method [15], combined with a geometric argument [9, Section 3],
then implies that a strong s-blocking set in PG(k — 1, g) must be of size at least
(¢*t'—=1)(k—s)/(q —1).For s = 1, this lower bound was improved in [12, Theorem
1.4]to cy(g+1)(k—1) foraconstant ¢, > 1 that does not have a closed formula, but it
can be computed by solving an equation involving the g-ary entropy function and the
linear-programming bound from coding theory. The best upper bounds are obtained
by taking a random collection of s-dimensional (projective) subspaces [12, Remark
3.4] and they are of the order (¢°*! —1)((s +1)(k —s — 1)) /(¢ — 1), which is roughly
s + 1 times the lower bound. Therefore, it is still an open problem to determine the
smallest size of a strong s-blocking set for every s > 1.

As the random construction suggests, a useful way of constructing strong s-blocking
sets is by using a collection of s-dimensional projective subspaces in PG(k — 1, IF), for
an arbitrary field FF, whose union meets every codimension-s subspace in a spanning
set; this is also known as a ‘higgledy-piggledy’ arrangement of subspaces [20] and
it has connections with subspace designs [21]. Over characteristic 0 fields, or finite
fields of sufficiently large size with respect to the dimension, we know an explicit
construction of such higgledy-piggledy subspaces [20], and thus strong s-blocking
sets, which is a constant factor away (for a fixed s and k) from the lower bound. The
main challenge is then to give constructions in PG(k — 1, g) where both g and s are
fixed, and k — oo. This is also the setting that is more interesting from a coding-
theoretic point of view where we need a fixed alphabet size.

In [5], an explicit construction of size O(gk) was obtained for strong 1-blocking
setsin PG(k — 1, g) using constant-degree expander graphs. This solved the main open
problem on constructing short minimal codes because of their known equivalence with
strong blocking sets [1, 32]. Here, a linear code C < IFZ is called minimal if there
are no two linearly independent codewords x, y in C for which the support of x is
a subset of the support of y. A natural generalization of this, called s-minimal code,
is a linear code C that contains no two distinct s-dimensional subspaces U, V for
which the support of U is contained in the support of V. Here, the support of a vector
subspace is the set of coordinate positions where at least one vector in the subspace
has a non-zero entry.
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1.1 Our results

We give the first explicit constructions of strong s-blocking sets, whose size is optimal
as a function of both g and k for s > 1. In particular, we explicitly construct strong
s-blocking sets of size Os(¢*k) in PG(k — 1, g). This is indeed optimal up to the
dependence of the constant factor on s by the aforementioned lower bound (¢**! —
Dk —s)/(g — D).

Our construction is a far reaching generalization of the approach of [5], which
constructs a strong 1-blocking set. In [5], the authors consider an expander graph
G, whose vertices are O (k) vectors in ‘general position’. Then the desired strong 1-
blocking setis the collection of 1-dimensional subspaces, thatis, points of PG (k—1, ¢q),
that are contained in the union of the 2-dimensional subspaces spanned by the edges of
G. We extend this approach to hypergraphs. We define an (s + 1)-uniform hypergraph
H, whose vertex set is a set of O (k) vectors in IE"; in ‘general position’. Then our
strong s-blocking set B is the collection of 1-dimensional subspaces that are contained
in the union of the (s + 1)-dimensional subspaces spanned by the edges of H. We
build H on top of an expander graph G of degree O;(1), by including all (s + 1)-
tuples of vertices of distance at most s 4 1 from a given vertex in G. This ensures that
H has O (k) edges, and thus B has O;(g°k) elements. We discuss expander graphs
and the notion of ‘general position’ in Section 2. Given a codimension-s subspace L,
the intersection of B and L naturally gives rise to a certain subhypergraph in H. We
argue that the existence of large tree-like configurations in this hypergraph ensures
that L N B spans L. These tree-like configurations and their relationship to spanning
sets is discussed in Section 3.

First, we present a construction for s = 2 to illustrate the core of our ideas, which
can be found in Section 4.1. Then, in Section 4.2, we explore connections of strong
blocking sets to a popular topic of extremal combinatorics, known as size-Ramsey
numbers. We use recent results of Letzter, Pokrovskiy and Yepremyan [26] about the
size-Ramsey numbers of tight paths to construct strong s-blocking sets of size O (g*k)
for large prime powers g with respect to s. Here, unfortunately, the constant hidden
by the O (.) notation is astronomical as a function of s. We improve this in Section
4.3, where we present a self-contained construction of strong s-blocking sets of size
at most 20 log$) 45k for every prime power ¢ sufficiently large with respect to s.
We treat small prime powers g separately in Section 4.4, where we provide explicit
constructions of size at most g qCo)” (whichis of the promised form Os(g*k) assuming
q is bounded by a function of s).

Finally, by a known duality between strong s-blocking sets and s-minimal codes
(see Example 3.2 in [35]), these also provide the first explicit constructions of asymp-
totically optimal s-minimal codes. For completeness, we also discuss this relationship
between strong s-blocking sets and s-minimal codes in Section 2.2.
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2 Background
2.1 Expander graphs

In this section, we define and collect some useful properties of expander graphs.

Definition 1 (Expander graph) An (n, d, 1)-graph is a d-regular connected graph on
n vertices such that every eigenvalue of the adjacency matrix other than d is at most
A in absolute value.

Expander graphs are of high importance in computer science [7, 23], coding theory
[5, 30], and combinatorics [26], as witnessed by countless applications. A family
of constant degree expanders usually refers to some infinite family of (n;, d, A)-
expanders, where n; — o0, and A < &d for some ¢ € (0, 1). The Alon-Boppana
theorem tells us that an (n, d, A)-graph can only exist if A > 24/d — 1 — 0,(1).
Graphs achieving this theoretical barrier are called Ramanujan graphs and the cele-
brated result of Lubotzky, Phillips and Sarnak [27] gives explicit constructions of such
graphs for an infinite family of parameters.

Lemma 1 Let g > p be primes congruent to 1 modulo 4. Then there is an explicit
construction of an (n, p + 1,2, /p)-graph for some n = O(g?).

Unfortunately, there are no known explicit constructions of Ramanujan graphs for
every pair of parameters (n, d). However, the previous lemma implies that for every
d and n sufficiently large with respect to d, there is a dp-regular Ramanujan graph
on ng vertices, where dy = ®(d) and np = (1 4+ o(1))n, by well known results
on the distribution of primes. Alon [4] presents further explicit and strongly explicit
constructions of almost Ramanujan graphs for every n. For our purposes, given the
parameter s, we need an infinite family of explicit (n, d, A)-graphs, where d = O;(1)
and A < ed for some fixed ¢ = ¢(s) > 0. The existence of such a family is guaranteed
by Lemma 1.

One of the key technical results about expander graphs is the Expander mixing
lemma. Given a subset U of the vertices of a graph G, G[U] denotes the subgraph of
G induced on U. Also, if U and V are disjoint sets of vertices, then G[U, V] is the
induced bipartite subgraph of G with parts U and V.

Lemma 2 (Expander mixing lemma [7]) Let G be an (n, d, A)-graph. Then for every
U cCV(G),

d 2
2¢(GIUD — —|UI"| = AU
n
Also, for every pair of disjoint U,V C V(G),
d
e(G[U,V])—;|U||V| = A/IUIIVI.

One of the simple consequences of the Expander mixing lemma is the following
statement.
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Lemma3 Let G be an (n, d, A)-graph, and let H be a subgraph of G with at least An
edges. Then H has a connected component of size at least e(H)/d.

Proof Let Uy, ..., Us be the vertex sets of connected components of H, and let b =
max;e[s] |U;|. By the first part of the Expander mixing lemma, we have

d o A db
e(GIUD <= —=IUiI"+ Uil < | == + = | IU;]
2n 2 2

2n
fori =1, ...,s. Therefore,
S N
db A db + An
e( )_Ze([,l)_z<2n+2>|,| >

i=1 i=1
Comparing the left and right hand side, we get

- 2¢(H) — An - e(H).
- d - d

Another useful corollary is the following.

Lemma4 Let G bean (n,d, A)-graph, andletU C V(G). Then G[U] has a connected

component of size at least |U| — %.

Proof Let Uy, ..., Us be the vertex sets of connected components of G[U], and let
b = max;¢[s] |U;|. Then by the Expander mixing lemma,

G = L+ Lo < (212
abtbil) =5 Wik il =\ 5, T g ) il

On the other hand, e(G[U]) > 4L |U|* — 4|U|. Hence,

N

d|U|2 A|U|<Z db Ui = db 2 v
2n 27 &\ 2)7 e 2 '

From this, we get

2 n
bZ|U|—7.

Finally, we need the following technical result.

Lemma5 Let G be an (n,d, ))-graph, and let Uy, ..., U; C V(G) be disjoint sets
such that |\Uy| > tin/d, and |U;| = An/d fori = 1,...,t. Then there is a vertex
x € Uy that sends an edge to every U;, i =1, ..., t.
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Proof The second part of the Expander mixing lemma implies that there is an edge
between any two sets of size more than b = An/d. Hence, if W; C Uy is the set
of vertices that send an edge to U;, then |W;| > |Up| — b. But then |ﬂ§=1 Wi =
|Up| — bt > 0. Any vertex x € ﬂle W; suffices. O

2.2 Coding theory

In this section we define the basic notions from coding theory that we will need later,
and prove the relation between s-minimal codes and strong s-blocking sets.

An [n, k, d], code is a k-dimensional vector subspace of IE"Z such that every non-
zero vector in this subspace has Hamming weight at least d, that is, it has at least
d non-zero coordinates, and there is a vector with Hamming weight equal to d. The
parameter n is the length of the code, k its dimension, and d is the minimum distance
of the code. There are two matrices associated with a k-dimensional code C < Fy. A
generator matrix of C is a k X n matrix, whose rows are the vectors of a basis of C.
A check matrix of C is an (n — k) x n matrix, whose null-space is C.

The dual code of C, denoted by C, is the code generated by the rows of the check
matrix, or equivalently, the subspace orthogonal to C. It is easy to observe that a check
matrix of C is a generator matrix of C L and vice versa.

We now define minimal codes and for self-containment prove their equivalence with
strong blocking sets, which was observed by Alfarano, Borello, Neri, and Ravagnani
[3] for s = 1 but the proof of the general case is very similar. The support of a vector
subspace X of IF;’, denoted by supp(X), is the set of coordinate positions i such that
there is a vector x € X with x; # 0.

Definition 2 (Minimal codes) An [n, k, d], code C is called s-minimal if for any two
distinct s-dimensional subspaces X, Y of C, supp(X) ¢ supp(Y) and supp(Y) &
supp(X).

In other words, the supports of s-dimensional subspaces in an s-minimal code must
form an antichain in the boolean poset 2.

Theorem 6 Let G be a k x n matrix over Fy such that all of its columns are non-zero
and pairwise linearly independent. Then the row-space of G is an s-minimal code if
and only if the columns of G form a strong s-blocking set.

Proof Let C < IF‘; be the row-space of G. An s-dimensional subspace X of C can be
uniquely identified with the row space of M G, where M is a full rank s x k matrix.
Moreover, the null-space of M gives us a codimension s-subspace in F’; which contains
the i-th column of G if and only if the i-th coordinate is equal to O in all codewords of
X . Let ¢ be the bijection from the codimension-s subspaces of F’; to the s-dimensional
subspaces of C that maps the null space of M to the row space of MG.

The columns do not form a strong s-blocking set in IB"; if and only if there is
a codimension-s subspace H such that the set of columns of G that lie in H are
all contained in a subspace T of one dimension less. Thus we can find a distinct
codimension-s subspace H' < ]F’qc such that H N H' = T and all columns of G that are
contained in H are also contained in H'. This happens if and only if [n]\supp(¢ (H)) C
[n] \ supp(¢ (H')), which is equivalent to C not being s-minimal. O
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2.3 Points in general position

Our constructions require a supply of n = O (k) vectors W C IF’; with the following
two properties: for some fixed ¢ = e(s) > 0, every set of en elements of W span
the whole space, and every s + 1 elements of W are linearly independent. Explicit
constructions of such sets can be found in coding theory, as follows.

We need the following well known properties of generator and check matrices of a
linear code. If C is an [n, k, d];-code, and H is a check-matrix of C, then any d — 1
columns of H are linearly independent. Moreover, if G is a generator matrix of C,
then any n — d + 1 columns of G span the whole space. Therefore, the required set
can be constructed by using the columns of the generator matrix of an [n, k, d], code
C where n = O4(k),d > (1 — &)n + 1 and the minimum distance of the dual code
C+ satisfies d+ > s + 2.

Definition 3 (Rate and relative distance) Let {n;};>; be an increasing sequence of
positive integers and suppose that there exist sequences {k;};>1 and {d;};>1 such that
forall i > 1 thereis an [n;, k;, d;], code C;. Then {C;};> is called an (R, §),-family
of codes, where the rate R of this family is defined as

k;
R :=liminf —,
1—00 N

and the relative distance § is defined as

oo di
6 = liminf —.
I—00 N

The main problem in coding theory is to study the trade-off between the rate and
the relative distance of codes. A family of codes for which R > 0 and § > 0, is known
as an asymptotically good code. The Gilbert-Varshamov bound, which follows from
a probablistic argument, shows the existence of such codes for every § € [0, 1 — 1/q)
and R =1 — H,(6), where

Hy(x) = xlogq(q —1)— xlogq(x) - —x)logq(l —X),

is the g-ary entropy function. The first explicit construction of asymptotically good
codes was given by Justesen [25], who showed that for every 0 < R < 1/2, there is
an explicit family of codes with rate R and relative distance § > (1 — 2R)H, ' (3).
Improving the values of the rate R and the relative distance § has been an active area of
research in coding theory since the 1970s. One of the most significant developments
was the use of modular curves to show that, for every square ¢ > 49, there are
explicit constructions of linear codes over I, that beat the Gilbert-Varshamov bound
(see [16, 33] for some recent surveys on these constructions). Another useful tool for
constructing explicit codes is expander graphs [30].

We first note that these well-known explicit constructions of asymptotically good
codes [6, 25, 33, 34] and the discussion above implies the following construction
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where we do not have any restriction on the dual distance. This will suffice for small
prime powers.

Lemma 7 There exists § > 0 and C > 0 such that the following holds for every prime
power q, and sufficiently large k. There exists an explicit construction of a set W C IF’;

of size at most Ck such that any (1 — §)|W| elements of W span IFI(;.
For larger prime powers, we need the following stronger result.

Lemma 8 For every integer s and g > 0, there exists C such that the following holds.
Let q be a prime power and k be an integer, both sufficiently large with respect to s
and gq. Then there exists an explicit construction of a set W C IF](; of size at most Ck
such that any s + 1 elements of W are linearly independent, and any go|W| elements
of W span IF];.

Proof For every R e (0, 1), asymptotic Goppa codes provide an (R, §),-family of
codes for some § satisfying R + 8§ > 1 — 1/A(q), where A(q) is Ihara’s constant (see
Section 2.9 in [24]). It is known that for g square we have A(q) = ,/q — 1 and for
arbitrary ¢ we have A(g) = Q2 (log q) (see [11] for further discussion). From Theorem
2.69 and 2.71 in [24] it can be derived that the relative distance of the dual code satisfies
8t =84+2R —1> R — 1/A(q). Therefore the columns of the generator matrix of
an [n, k, d], code from this (R, §),-family give rise to non-zero vectors vy, ..., U, in
IF’;, such that any r of them are linearly independent and any n — d + 1 of them span
the whole space, with
lim E =R,

n—oon

. n—d
lim <R+1/A(),

n—oo n

lim = > R —1/A(q).

n—oo n

For our construction we pick ¢ sufficiently large such that 1/A(g) < &o/4, and set
R = 2/A(g). Then R + 1/A(g) < 3¢9/4 and R — 1/A(q) > 1/A(g), so if k is
sufficiently large, there is a set of vectors W C IF’; with the desired properties. O

Remark 9 An alternative construction can be obtained via asymptotically-good self-
dual codes [31, Theorem 1.6], which also works for large enough g. For g = 2 there
is another construction of self-dual codes given in [8], motivated by quantum error
correction, that we can use.

3 The Hypergraph of Linear Combinations

Given aset U C IF’;, we denote by span(U) or (U) the linear subspace spanned by
U, and dim(U) denotes the dimension of span(U). Say that a linear combination
ajvy +- - - +a,v, of the set of vectors {vy, ..., v} is proper if none of the coefficients
a;j is equal to 0.

Given a set of vectors W C ]F’; and a target set R C FX | we associate the pair
(W, R) with a hypergraph as follows.
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Definition 4 (Proper linear combination hypergraph) For W, R C IE";, let Hy_ g be
the hypergraph whose vertex set is W, and a subset X C W forms an edge if there
is a proper linear combination of the elements of X contained in R. We refer to this
hypergraph as the proper linear combination hypergraph of (W, R).

Definition 5 (Proper span) Given a hypergraph H on vertex set W C FX, the proper

span of H, denoted by pspan(H), is the setof all v € IE‘g such that v can be written as
a proper linear combination of the elements of an edge of H.

With these definitions in hand, our aim in this section is to prove that for certain
tree-like hypergraphs H, if H is a subhypergraph of Hy _, g, then pspan(H) N R spans
a subspace of large dimension in R. To this end, we first define our notion of tree-like
hypergraphs.

Definition 6 (s-tree-like hypergraph) Given a positive integer s, a hypergraph is s-
bounded if the size of every edge is at most s. A hypergraph H is s-tree-like if
it is s-bounded and there is an ordering vy, ..., v, of the vertices of H such that
the vertex v; in the subhypergraph of H induced on {v;, ..., v,} has degree 1 for
i=1,....n—s+ 1.

The main lemma of this section is the following.

Lemma10 Let W, R C FI;. If Hy_, g contains an s-tree-like subhypergraph H on
vertex set U, then
dim(pspan(H) N R) > dim(U) — s + 1.

Proof Let vy, ..., v, be an ordering of U satisfying that the vertex vy in the sub-
hypergraph of H induced on {vy, ..., v,} has degree 1 for £ = 1,...,n —s + 1.
Let e, denote the unique edge containing vy contained in {vy, ..., v,}. Define the
(n — s + 1) x n sized matrix M over I, as follows. As e, is an edge of Hy _, g, there
exist coefficients ay, ..., a, € IE‘Z such that ZLI a;jv; € R, and a; # 0if and only if
vi €ep Clug, ..., ). Set M(£,1) = q;.

Then M is an upper triangular matrix such that M (€, £) # Oforl =1, ..., n—s+1,
thus rank(M) = n — s 4+ 1. Let N be the n x k matrix, whose rows are the vectors
Vi, ..., Uy. Then rank(N) = dim(U) and the rows of the matrix M - N are elements
of pspan(H) N R. Thus,

dim(pspan(H) N R) > rank(M - N) > rank(M) + rank(N) —n = dim(U) — s + 1.

Here, the second inequality is due to Sylvester’s rank inequality. O

4 Constructions of Strong Blocking Sets
4.1 Codimension 2

As a warm-up, in this section, we present an explicit construction of a strong 2-blocking
set of size O (q>k) for every sufficiently large prime power ¢ and sufficiently large k.
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Given aset B C IE";, let BC PG(k — 1, q) denote B/ ~, where x ~ y if x = ¢y for
some ¢ # 0.

Construction. Let o := 1/8 and d = 258, then d — 1 is a prime congruent to 1 modulo
4. Let A :=2+/d — 1 = 32.06, and note that @ > X\ /d is satisfied.

e Assume that g is a prime power sufficiently large to satisfy the requirements of
Lemma 8 with s = 2 and g9 = «/2. That is, there is an explicit construction
Wo C IE"; of nop = O (k) vectors such that any subset of Wy of size at least ang/2
spans X and any three vectors in W are linearly independent.

e Let ng > n = (1 4+ o(1))ng for which there is an explicit construction G of
an (n, d, 1)-graph. This exists by Lemma 1. Associate the vertices of G with an
arbitrary n element subset W of Wj. Note that any an elements of W span FX, and
any 3 elements of W are linearly independent.

e A cherry in G is a 3 element set {x, y, z} such that xy, xz € E(G). Let H be the
3-uniform hypergraph, whose edges are the cherries of G.

o Let B =Jsepp) span(f).
Theorem 11 B is a strong 2-blocking set of size O(q>k) in PG (k — 1, q).

Proof As G is d-regular, it contains at most nd? cherries, so |B| < q3nd2 = O(q3n).
Therefore, |I§| = 0(q%k).

Next, we prove that for every (k — 2)-dimensional subspace L < ]F’;, the set
L N B spans L. Define the hypergraph F on vertex set W as follows: for every cherry
{x1, x2, x3}, there exists at least one non-zero point ajx; + axxa + azx3 in L for
some aj, az, a3 € F,. Here, we are using that any three elements of W are linearly
independent. Add to the hypergraph F the set {x; : a; # 0} as an edge. Then F is
3-bounded, and each cherry contributes a 1, 2, or 3 element edge to F. Furthermore,
pspan(F) C B and F is a subhypergraph of the proper linear combination hypergraph
Hy_ .

Let A C W be the set of one-element edges of F. Then |A| < an, otherwise
dim(A) = k, which is impossible as A C L. Let G’ be the subgraph of G composed
of those edges, that are also edges of F. Then G’ has no component of size more
than an. Indeed, otherwise, if T is a tree of size an in G/, then T is a 2-tree-like
subhypergraph of F satisfying dim(V (7)) = k. Hence, by Lemma 10,

dim(pspan(F) N L) > dim(V(T)) — 1 > dim(L),
contradiction. As G’ has no component of size at least an, Lemma 3 implies that
e(G)) < adn.

Finally, let G* be the subgraph of G composed of those edges that are disjoint from
A, and are not contained in G’. Then

d d
e(G*) > e(G) — |Ald — e(G) = 7" — adn — adn > T".

Using Lemma 3 again, we conclude that G* contains a connected component of size
at least n/4. Let T be a spanning tree of G* and let y, ..., y, be an enumeration
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otllyg’ .
3 5 8

Fig.1 Anillustration of a 3-tree-like subhypergraph K we might find. The dashed edges are the edges of the
tree T', while the black and gray edges (which have size 2 and 3, respectively) are the edges of K. The edges
of K inorderare {1, 6}, {2, 4, 6}, {3, 5, 6}, {4, 9}, {5, 6, 9}, {6, 10}, {7, 10}, {8, 9, 10}, {9, 11}, {10, 11, 12}.

of the vertices of T such that y; is a leaf of the subtree T[y;, ..., y,]. We define a
3-tree-like subhypergraph K of F as follows. For every i € {1,...,n — 2}, there
exists i < j < j"such that y;y; and y;yj are edges of T. But then {y;, y;, y;/} is a
cherry of G, and none of the sets {y;}, {y;}, {y;}, {yi, ¥j}, {yjy;/} is an edge of F', so
at least one of {y;, y;/} or {y;, y;, y;-} is an edge of F. Add this edge to K. Then, K
is 3-tree-like on vertex set {y1, ..., ym} C W, where m > n/4 > an, so

dim(pspan(K) N L) > dim(K) —2 =k — 2,

by Lemma 10. In conclusion, pspan(K) N L C BN L, thus BN L spans L. See Figure
1 for an illustration of K. O

4.2 Explicit constructions via size-Ramsey numbers

In this section, we present an explicit construction of a strong s-blocking set of size
Os(¢°k) in PG(k — 1, g), assuming ¢ is sufficiently large with respect to s. Here,
the constant hidden by the Os(.) notation is astronomical as a function of s, which
will be greatly improved in Section 4.3 by a different construction. However, the con-
struction presented in this section highlights some interesting connections to extremal
combinatorics, in particular to the theory of size-Ramsey numbers, so we believe it is
beneficial to present it.

Given r-uniform hypergraphs G, Hy, H», we write (Hy, H>) — G if for any col-
oring of the edges of G with red or blue, G contains either a red copy of H; or a blue
copy of Hj. The size-Ramsey number of (Hy, H>) is the smallest number of edges in
an r-uniform hypergraph G for which (Hy, H>) — G, and itis denoted by 7 (H{, H>).
In case Hy = H, = H, we may write simply H — G instead of (H, H) — G, and
r(H) instead of 7 (H, H).

This notion was first introduced by Erdds, Faudree, Rousseau and Schelp in 1978
[18] as a natural extension of the usual hypergraph Ramsey numbers. We highlight
that the traditional Ramsey number r(H;, Hy) of (Hi, H>) is the minimal number
of vertices in a graph G for which (H;, H») — G (in which case we can always
assume that G is a complete graph). One of the earliest results concerning size-Ramsey
numbers is due to Beck [10], who showed that if P, is the path of length n, then
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Fig.2 An illustration of a 2 4 6 8
3-uniform tight path of length 6.

F(P,) = O(n). In the past four decades, this area went through tremendous growth,
and the following theorem of Letzter, Pokrovskiy, and Yepremyan [26] generalizes a
long list of results in the topic. The r-uniform tight path of length ¢, denoted by P, ¢,
is a sequence of £ +r — 1 vertices vy, . .., vg4,—1 such that {v;, ..., viy,—1}is anedge
fori = 1,...,£. See Figure 2 for an illustration. The ¢-power of such a tight path,
denoted by Pr” ¢» 18 the r-uniform hypergraph whose edges are all the r-sets contained
in some interval of length » + ¢t — 1 among vy, ..., Vg4r—1.
In [26], it is proved that for every r, ¢, there exists C = C(r, t) > 0 such that

F(P!,) < Cn.

For our applications, we need bounds on the size-Ramsey number of (P, ,, K /),
where K, ; denotes the r-uniform clique of size 7. However, noting that P/, contains
both P, ,, and K, ;, we get the following immediate corollary of the previous theorem.
For every r, ¢, there exists C = C(r, t) > 0 such that

’A'(Pr,n’ Kr,t) < Cn.

Moreover, one can explicitly define a hypergraph H with at most Cn edges such
that every two coloring of the edges of H contains a monochromatic copy of P! ,.
Given a graph G, let G* be the u-power of G, that is, any two vertices of distance at
most u are joined by an edge. Also, G[Kp] denotes the D-blow-up of G, which is
the graph in which every vertex is replaced by a clique of size D, and if there is an
edge between two vertices in G, then all edges are drawn between the corresponding
cliques of G[Kp]. We also use K,(G) to denote the r-uniform hypergraph, whose
edges are the r-cliques of G. Let G be an g-expander, which is defined to be a graph
that satisfies that between any pair of vertex sets of size at least € - v(G), there is an
edge. By the Expander Mixing lemma, (n, d, 1)-expanders satisfy this property with
& = A/d. The following is a (very) special subcase of Theorem 6.1 in [26], where we
only use that Prt’ , contains both a tight path of length ¢, and a clique of size ¢.

Theorem 12 Let r, t be integers, then if =" and A are sufficiently large with respect
tor,t, and o, u, D are sufficiently large with respect to €, A, the following holds. Let
n be an integer, let G be an g-expander on at least an vertices of maximum degree A,
and let H = K, (G"[Kp]). Then

(Prn, Krt) = H.
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We point out that if G has maximum degree d, then v(H) = Dv(G) and e(H) <
(2d)*"v(H). Unfortunately, the dependence of the parameters ¢, A, «, u, D on r and
t is quite poor. While in [26] there are no explicit dependencies calculated, these
parameters grow at least as fast as the usual Ramsey number of an r-uniform clique

. . . 280 . .
of size ¢. This number is at least 22 , where the tower is of height r — 2.

To construct our strong s-blocking set in F’; , we consider the (s + 1)-uniform hyper-
graph H given by the previous theorem (with parameters 7, n chosen appropriately
with respect to s and k) and associate its vertices with certain vectors in ]F';. Then our
strong s-blocking set B is the set of all linear combinations of the edges of H. Given
a hyperplane L of codimension s, L defines a two coloring on the edges, where an
edge is colored red if there is a proper linear combination of the vertices of the edge
contained in L, otherwise it is colored blue. In our next lemma, we show that if any
s 4 1 vertices of H are linearly independent, then this coloring cannot contain a large
blue clique.

Lemma 13 For every positive integer s, there exists R = R(s) such that the following
holds for every prime power q larger than s. Let U C ]F’; be a set of R vectors such
that every s + 1 elements of U are linearly independent. If L is an s-codimensional
subspace of FX, then Hy_, 1 contains an edge of size exactly s + 1.

Proof We show that R = (s + 2)! suffices. Assume that Hy_,; contains no edge of
size s + 1. For every 1 < £ < s, let F; be the £-uniform hypergraph formed by the

£-element edges of Hy_, . O

Claim 14 F; contains no set of edges whose union has size s + 1.

Proof Assumeto the contrary thatey, ..., e, € E(Fy)suchthat|ejU---Ue,| = s+1.
Then foreveryi = 1,...,m and x € e; there exists a; x € F, \ {0} such that
Vi = Z aixx €L
xee;
But then for arbitrary by, ..., b, € F,, we also have

m
Zbiyi = Z Z b,-a,-,x -x € L.
i=1

xeeU--Uey, \i:xee;

Using our assumption ¢ > s, we can choose b1, ..., by, such that none of the coef-
ficients Zi:x ce; bia; x is 0. Indeed, choosing by, ..., b, randomly from the uniform
distribution on I, the probability that ) ;.. ¢; biai x = 0is 1/q, so with probability at
least 1 — s /g, none of the coefficients are 0. This is a contradiction, as then L contains
a proper linear combination of the elements of e U --- U e,, s0e1 U---Uey, is an
s + 1 element edge of Hy_ r. O
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In particular, the previous claim implies that F; contains no (s + 2 — £)-star, that
is, s + 2 — £ edges, all of which intersect in a set of size £ — 1. As the number of
(¢ = 1)-sets is (Zfl), this gives

R R
e(Fp) < (s+1 _E)<E B 1) < s<€ B 1).

Let H; be the (s + 1)-uniform hypergraph of those edges e which contain some edge
of Fy. Then

e(Hz)S( k=t )e(Fe)fs( R )( R—t >§Rs_
s+1—-1¢ L—1)\s+1—-¢

Therefore, the total number of edges in the union of Hy, ..., Hy is at most s R®. Hence,
if R=(s+2)!,thensR’ < (sfl)’ which means that some (s + 1)-element set f C U
is not an edge of any of the Hy, ..., Hy. In other words, no linear combination of
elements of f is contained in L. But as the element of f span a subspace of dimension
s + 1, this is impossible, contradiction.

After these preparations, let us present our construction in detail.

Construction. Let t = R be given by Lemma 13, let r = s 4+ 1, and let &, « > 0 and
integers u, D be given by Theorem 12. Let d = p + 1, where p is the smallest prime
congruent to 1 mod 4 larger than 16/¢2, and let A = 2/d — 1. Note that 1 /d < ¢.

e Letg be aprime power and k be an integer, both sufficiently large such that Lemma
8 holds with ¢9 = 1/(2D«). That is, there is a set Wy € IF’; of mo = Oy, ¢, (k)
vectors such that any m/(2 D) elements of Wy span FX, and any s + 1 are linearly
independent.

e Let ng = moy/D, and let G be an explicit construction of an (n, d, 1)-graph for
some ng > n = (1 + o(1))ng. This exists by Lemma 1. Note that G is an &-
expander.

e Let H = K, (G*[Kp]), thenm := v(H) = Dn > mg/2. Associate an m element
subset W of W) arbitrarily with the vertices of H. Write £ = m/(« D), and note that
any £ elements of W span IF’;, and any s + 1 are linearly independent. Moreover,
(Pro.Kry) — H.

e Let B = cpn) span(f).

Theorem 15 B isa strong s-blocking set of size O5(q°k) in PG(k — 1, q).

Proof The parameters ¢, r, &, &, u, D, d only depend on s, which implies that m =
Oy (k). Hence, |B| < |E(H)|¢*t! < 2d)“"m = Os(¢**'k) and B = Oy (¢°k).

We show that for every s-codimensional subspace L < ]F’;, B N L spans L. Color
eachedge f € E(H) withred or blue as follows. If there is a proper linear combination
of the elements of f that is contained in L, then color f red, otherwise color f blue.
Note that the red edges are also edges of Hy—, ;. By Lemma 13, this coloring contains
no blue clique of size . Hence, H must contain a red tight path P of size £. Then
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dim(V(P)) = k, as any £ elements of V(H) span ]F’;. But a tight path is also an
r-tree-like hypergraph, hence Lemma 10 implies that

dim(pspan(H) N L) > dim(V(P)) —r+ 1=k —s.

Hence, as pspan(H) C B, we conclude that B N L spans L. O

4.3 Optimal constructions for large primes

In this section, we present our best construction of a strong s-blocking set, assuming
q is sufficiently large with respect to s.

Construction. Let r = s + 1, and let d = p + 1, where p is the smallest prime
congruent to 1 mod 4 such that p > 64r2, and let A = 2/d — 1.

e Letg be aprime power and k be an integer, both sufficiently large such that Lemma
8 holds with &9 = 1/(8rd"). That is, there is a set Wy C F’; of ngp = Oy (k)
vectors such that any r elements of Wy are linearly independent, and any n¢/(8rd")
elements of Wy span IF’;

e Letng > n = (1 4+ o(1))ng be such that there exists an (n, d, A)-graph G. This
exists by Lemma 1. Let W be an n element subset of Wy, and assign the elements
of W to the vertices of G. Note that any n/(4rd") elements of W span Fz.

e Let H = K, (G"), that is, the edges of H are those r-tuples, whose every vertex
is within distance at most » from some vertex x € V(G). Note that e(H) < nd" 2

o Let B = UfeE(H) span( f).
Theorem 16 B is a strong s-blocking of size 20 g kg in PGk — 1, q).

Proof The size of B is at most e(H)g**! < nd”¢**! = 20671089k 45+1  Hence,
|é| — 20(x2 logs)kqs'

We show that if L C IF’; has codimension s, then L N B spans L. For an integer ¢
and vertex x € V(G), let B;(x) denote the set of vertices of G of distance at most ¢
from x. Given an integer £ € [r] and a vertex x € V(G), say that

(1) x is £-full if for every £-tuple of vertices f C By_1(x), the span of f intersects L
non-trivially.

Observe that every vertex x is (s 4+ 1)-full, as L has codimension s. Also, a vertex is
1-full if and only if x € L. If a vertex x is 1-full, color it with color 1, otherwise, color
x with an integer £ € {2, ...,s + 1} such that x is £-full, but not (¢ — 1)-full. Then
every vertex is colored with some color. Therefore, there exists a color £ € [r] such
that the set of vertices Uy C V(G) of color £ has size at least n/r. If £ = 1, it means
that every element of Uy is contained in L. But every n/r vertices of V (G) span FX,
a contradiction. Hence, we may assume that £ > 2. As |Ug| > n/r > 4in/d, we can
apply Lemma 4 to find U C Uy of size at least n/r — 2?‘7” > n/(2r) such that G[U] is
connected. Let |U| = m, let T be a spanning tree of G[U], and let x1, ..., x;;, be an
enumeration of the elements of U such that x; is a leaf in the subtree T [x;, ..., x;].
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Fig.3 An illustration for the
proof of Theorem 16. An
example of an ¢ = 4-tree-like
hypergraph we might build on
the union of the edges

Sioeees s

f1 fo

As x; is not (£ — 1)-full, there exists an (£ — 1)-tuple f; C By—2(x;) such that the
span of f; intersects L trivially. Let F = | /., f;. Note that the sets fi, ..., f, are not
necessarily disjoint. However, f; is contained in By (x;), hence f; and f; are disjoint
if the distance of x; and x; is more than 2(¢ — 2). The number of vertices of distance
at most 2¢ — 4 is at most d2¢=*, so U contains at least |U|/d?¢~* > |U|/d* vertices,
any pair of which are at distance more than 2¢ — 4. This implies |F| > |U |/d> >
n/ (4rd®), so the elements of F span ]F’;

We show that Hy_, ;[ F] contains an £-tree-like spanning subhypergraph. For i =
1,....m et F; = f U fu—1 U---U fi_it1. Let Hy be the empty hypergraph on
vertex set F1 = fy,, then Hj is £-tree-like. Having already constructed an ¢-tree-like
hypergraph H; on vertex set F; for some i € [m — 1], we construct H; as follows.
As x,—; is a leaf in T[x;,,—;, ..., X1, it has a unique neighbour x; in this tree with
ze{m—i+1,...,m}.Forevery y € f,,—; \ F;, consider the ¢-tuple g = {y} U f;.
Here, y € fiu—i C By—2(x;—i), but x;,,—; is a neighbour of x;, so y € By_1(x;) as
well. Also, f, C Bg—2(x;), so g C By_1(x;). Thus, by (i), there is a non-zero linear
combination of elements of g contained in L. Let g’y C g be such that a proper linear
combination of elements of g’y isin L, then g; is an edge of Hy_, [ F]. Also, me must
have y € g;, otherwise g;, C f;, contradicting that the span f, intersects L trivially.
Define H;y; to be the hypergraph on Fi+1 = F; U f;,;,—; we get by adding the edges
g/y to H; forevery y € f—i \ Fi. Then H;1 is an £-tree-like subhypergraph spanning
Hyw_, [F;+1]. In conclusion, H,, is an {-tree-like subhypergraph of Hy _, on vertex
set F,,, = F. But then by Lemma 10,

dim(pspan(H,,) N L) > dim(F) — ¢+ 1=k — £+ 1.
This is impossible if £ < s, as the dimension of L is k — s. Therefore, we must have

£ = s + 1, in which case the previous inequality tells us that B N L spans L. See
Figure 3 for an illustration of the £-tree-like hypergraph H,,,. O
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4.4 Optimal constructions for small primes

Finally, we present our construction for small prime powers ¢g. In this setting, our goal
is to show that there is an explicit strong s-blocking set of size Oy 4 (k), as we imagine
g being bounded by some function of s.

Construction. Letr = s+1,lete = §/2, where § is givenby Lemma 7. Letd = p+1,
where p is the smallest prime congruent to 1 modulo 4 larger than 16¢% /2. Let

r=2d —1,then A/d < £/(2¢*).

e Assume that k is sufficiently large satisfying the requirements of Lemma 7, and
sufficiently large with respect to g. Let Wy C IF’(; be a set of ng = O (k) vectors
such that any (1 — 8)ng elements of Wy spans IF";

e Letng > n = (1 + o(1))ng for which there is an explicit (n, d, A)-graph G. This
exists by Lemma 1 (here, we are using the assumption that k is sufficiently large
with respect to ¢, so n is sufficiently large with respect to d). Let W be an arbitrary
n element subset of Wy, and associate the elements of W to the vertices of G. Note
that any (1 — &)n elements of W span IF’;

e Let H be the r-uniform hypergraph on vertex set W, where f € W) is an edge if
there is some x € W such that every element of f is within distance at most one
from x in G.

o Let B =J ey span(f).

Theorem 17 B is a strong s-blocking set of size qo(sz)k inPk—1,q).

Proof The size of B is at most ¢*Tle(H) < ¢t (2d)"n < qo(sz)k, s0 |B| = qo(sz)k
as well.

We show that if L < F’; has codimension s, then B N L spans L. Let wy, ..., w;
be a basis of the orthogonal complement of L. For every z € IFfI, let U, C V(G) be
the set of vertices x € V(G) such that (x, w;) = z(i). Then U, is the intersection of
W with a coset of L. In particular, the sets U, for z € I partition V(G) into ¢ parts,
and Uy = L N W. Observe that for every z, if x, y € U,, then x — y € L. Hence, if
z # 0, then {x, y} is an edge of the proper linear combination hypergraph Hy .. In
particular, every edge of G[U,] is an edge of Hw_, 1. In general, we observe that if
x1 €Uy, ..., x, € U, then a linear combination ajx; + - - - 4+ a,x, is contained in
Lifandonlyifaiz; 4+ ---+a,z, =0.

Letb = An/d,and let S C IF; be the set of vectors z such that |U;| > (¢° + 2)b.
Furthermore, let V, C U, be the vertex set of the largest component of G[U,], then
V.| = |U;| —2b > ¢°b by Lemma 4. Let V' = | J._¢ V;, then

zeS

VI=D IVl =n=> U] = 2b>n—q"(g" +2)b—2bg*

zeS ¢S zeS
>n(l —=2¢*1/d) > n(1 —¢).

Therefore, V' spans ]F’; Next, our goal is to construct an r-tree-like subhypergraph of
Hw_, 1, whose every edge is contained in some edge of H.
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Fig.4 An illustration for the proof of Theorem 17.

If S only contains the zero vector, then V' = Vj, and V' C L, which contradicts
that L does not span the whole space. Hence, we may assume that S contains at least
one non-zero vector. Let ¥ C S be a basis of the subspace of F; spanned by S. So
1 < |Y| < s, and select an arbitrary yp € Y. Apply Lemma 5 to the sets (V;);es
with Vy, playing the role of V. We have |V,| > |S|An/d for every z € S, so the
condition of Lemma 5 is satisfied. Hence, there exists a vertex x,, € Vy, such that
for every z € S\ {yo}, there exists some x, € V; such that {xy,, x;} is an edge of G.
Now forevery z € S\ Y, the |Y| + 1 vectors z, {y},ey are linearly dependent. More
precisely, there is a linear combination summing to zero, where the coefficient of z is
not zero. Hence, Hy_. 1 contains an edge f; suchthatx, € f; C {x;}U{x,:y e Y'}.
Observe that f; is also a subset of some edge of H. The union of these edges f, for
z € S\ Yisan (Y| + 1)-tree-like subhypergraph of Hy_,;, whose union is the set
of vertices {x; : z € S}. In order to cover the rest of the vertices of V', we observe
that G[V;] has a spanning tree T;. But then there is an enumeration vy, ..., vjy,| of
the vertices of T; such that v; is a leaf in T;[v;, ..., vjy,|], and v)y,| = x;. Now the
edges f; for z € S\ Y together with the edges of the trees 7, for z € S form an
(1Y | + 1)-tree-like subhypergraph Hy of Hy _,; on vertex set V’. This is witnessed
by any ordering of V’ in which the vertices {x, : y € ¥} come last, preceded by any
ordering of {x; : z € S\ Y}, and before that any ordering of the rest of the vertices
which respects the orderings of the trees 7. See Figure 4 for an illustration.

The proper span of Hy is contained in B, and by Lemma 10,

dim(pspan(Hp) N L) > dim(V') — (Y| + 1) +1 >k — .

Therefore, we must have |Y| = s, and B N L spans L, finishing the proof. O
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