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In this paper, we give necessary and sufficient conditions for a cylindrical continuous local
martingale to be the stochastic integral with respect to a cylindrical Brownian motion. In
particular, we consider the class of cylindrical martingales with closed operator-generated
covariations. We also prove that for every cylindrical continuous local martingale M there
exists a time change 7 such that M o 7 is Brownian representable.
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1. Introduction

In the fundamental work” Doob showed that a real-valued continuous local mar-
tingale can be represented as a stochastic integral with respect to a real-valued
Brownian motion if and only if this local martingale has an absolutely continuous
quadratic variation. Starting from this point, for a Banach space X the follow-
ing problem appears: find necessary and sufficient conditions for an X-valued local
martingale M in order that there exist a (cylindrical) Brownian motion W and
a stochastically integrable function ¢ such that M = fo gdW (we then call M
Brownian representable.) For some special instances of Banach spaces X, Brownian
representation results are well known. The finite-dimensional version was derived in
Refs. T4l and 29 and a generalization to the Hilbert space case was obtained using
different techniques in Refs. [, [1T8 and But for a general Banach space X some
problems arise. For instance, one cannot define a quadratic variation of a Banach
space-valued continuous martingale in a proper way (we refer the reader to Ref. [0,
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where a notion of quadratic variation is defined which, however, is not well-defined
for some particular martingales) and therefore it seems difficult to find appropriate
necessary conditions for an arbitrary martingale to be Brownian representable.
Nevertheless, quite general sufficient conditions (which are also necessary when the
Banach space is a Hilbert space) were obtained by Dettweiler in Ref. [l

In order to generalize the above-mentioned results one can work with so-called
cylindrical continuous local martingales (see Refs. [12] 211, 22] 19} 28 and [33), defined
for an arbitrary Banach space X as continuous linear mappings from X* to a linear
space of continuous local martingales M!°® equipped with the ucp topology. Using
this approach together with functional calculus arguments, Ondrejat?22 has shown
that if X is a reflexive Banach space, then a cylindrical continuous local martingale
M is Brownian representable under appropriate conditions. More precisely, he shows
that M is Brownian representable if there exist a Hilbert space H and a scalarly
progressively measurable process g with values £(H, X) such that

t t
/ lgll?ds < 0o as. Vt>0, [Mz*);= / lg*z*||?ds a.s. ¥Vt > 0. (1.1)
0 0

The definition of a quadratic variation of a cylindrical continuous local martingale
given in Ref.[33 was inspired by this result.

In this work, we show that if [Mx*] is absolutely continuous for each z* € X*,
then there exist a Hilbert space H, an H-cylindrical Brownian motion Wy defined
on an enlarged probability space with an enlarged filtration, and a progressively
scalarly measurable process G with values in space of (possibly unbounded) linear
operators from X* to H such that Mz* = fo Gz* dWp for all * € X*. Moreover,
necessary and sufficient conditions for a so-called weak Brownian representation of
an arbitrary X-valued continuous local martingale are established.

It is well known (see Ref. [3) that each R-, R, or H-valued continuous local
martingale M admits a time change 7 such that M o 7 is Brownian representable.
This assertion is tied up to the fact that [M o 7] = [M] o 7, which makes the
choice of 7 evident. The same can be easily shown for a cylindrical continuous local
martingale with a quadratic variation (see Ref. [33]). Here we prove that such a time
change exists for arbitrary cylindrical continuous local martingales.

To conclude this introduction we would like to point out the techniques devel-
oped by Ondrejat in Refs. and in particular results developing a bounded
Borel calculus for bounded operator-valued functions. Quite a reasonable part of
this paper is dedicated to applying and extending these techniques to a closed
operator-valued g. Of course statements as (I.I]) do not make sense then, but thanks
to closability of g it is still possible to prove some results on stochastic integrability
for such g.

2. Preliminaries

We denote [0, 00) by R...
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The Lebesgue—Stieltjes measure of a function F': Ry — R of bounded variation
is the finite Borel measure pup on Ry defined by pp([a,b)) = F(b) — F(a) for
0<a<b<oo.

Let (S,%) be a measurable space and let (Q,F,P) be a probability space. A
mapping v : X x Q — [0,00] will be called a random measure if for all A € %,
w — v(A,w) is measurable and for almost all w € 2, v(-,w) is a measure on (5, %)
and (S, %, v(+,w)) is separable (i.e. the corresponding L?-space is separable).

Random measures arise naturally when working with continuous local martin-
gales. Indeed, for almost all w € €, the quadratic variation process [M](-,w) of a
continuous local martingale M is continuous and increasing (see Refs. and
24), so we can associate ppp(-,w) with it.

Let (S, %, 1) be a measure space. Let X and Y be Banach spaces. An operator-
valued function f: S — L(X,Y) is called scalarly measurable if for all z € X and
y* € Y* the function s — (y*, f(s)x) is measurable. If Y is separable, by the Pettis
measurability theorem this is equivalent to the strong measurability of s — f(s)x
for each z € X (see Ref. [10).

Often we will use the notation A S B to indicate that there exists a constant
C' which only depends on the parameter(s) @ such that A < CB.

3. Results
3.1. Cwylindrical martingales and stochastic integration

In this section, we assume that X is a separable Banach space with a dual space
X*. Let (2, F,P) be a complete probability space with filtration F := (F})cr, that
satisfies the usual conditions, and let F := o(|J,~, F¢). We denote the predictable
o-algebra by P. -

A scalar-valued process M is called a continuous local martingale if there exists
a sequence of stopping times (7,,)n>1 such that 7, T co almost surely as n — oo
and 1, oM™ is a continuous martingale.

Let M€ be the class of all continuous local martingales. On M!°¢ define the
translation invariant metric given by

|| M || pgroc = Z?an ll A sup M|t] .
t€[0,n]

n=1

One can easily check that the topology generated by this metric coincides with

the ucp topology (uniform convergence on compact sets in probability). Moreover,

M, — 0 in M'"¢ if and only if for every T > 0, [M,]7 — 0 in probability (see
Proposition 17.6 of Ref. [13).

Let X be a separable Banach space, M!°¢(X) be the space of X-valued contin-

uous local martingales. M!°¢(X) is complete under the ucp topology generated by

the following metric:

1M | pprocxy = > 27"E

n=1

LA sup Mt]-
te[0,n]
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The completeness can be proven in the same way as in Part 3.1 of Ref.
If H is a Hilbert space and M € M'°¢(H), then we define the quadratic variation
[M] as a compensator of || M||?, and one can show that a.s.

=Y [

n=1

where (hy, )52, is any orthonormal basis of H. For more details we refer to Chap. 14.3

of Ref.

Remark 3.1. One can show that convergence in the ucp topology on M°¢(H) is
equivalent to convergence of quadratic variation in the ucp topology. This fact can
be shown analogously to the scalar case, see Proposition 17.6 of Ref.

Let X be a Banach space. A continuous linear mapping M : X* — M
is called a cylindrical continuous local martingale. We will write M € Mi‘;‘i( )-
Details on cylindrical martingales can be found in Refs. [12] and B33l For a cyhndrlcal
continuous local martingale M and a stopping time 7 we define M7 : — Mloe
by MTz*(t) = Ma*(t A 7). In this way M7 € Mlc(;,‘“i( ) again.

Let Y be a Banach space such that there exists a continuous embedding j :

Y* < X* (e.g., X is densely embedded in Y). Then define M|y : Y* — M!°° by
y* — M(jy*). Obviously M|y € MIS(Y).
Example 3.2. (Cylindrical Brownian motion) Let X be a Banach space and
Q € L(X*, X) be a positive self-adjoint operator, i.e. Va*,y* € X* it holds that
(x*,Qy*) = (y*,Qx*) and (Qz*,x*) > 0. Let W?@ : Ry x X* — L%Q) be a
cylindrical Q-Brownian motion (see Chap. 4.1 of Ref. [4)), i.e.

e W?(.)z* is a Brownian motion for all z* € X,
o EWC(t)z* WO(s)y* = (Qu*,y*) min{t, s}, Va*,y* € X* t,5 > 0.

The operator @ is called the covariance operator of W?. (See more in Chap. 1 of
Ref.[20/ or Chap. 4.1 of Ref. [ for a Hilbert space-valued case and Chap. 5 of Ref.
or of Ref. 25| for the general case). Then W € M5(X).

If X is a Hilbert space and Q = I is the identity operator, we call Wy := W/

an X -cylindrical Brownian motion.

Let X,Y be Banach spaces, * € X*, y € Y. We denote by z* @y € L(X,Y) a
rank-one operator that maps = € X to (x,z*)y.

Remark 3.3. Notice that the adjoint of a rank-one operator is again a rank-one
operator and (z* ® y)* =y 2* : Y* — X*. Also for any Banach space Z and
bounded operator A : Y — Z we have that A(z* @ y) = 2* @ (Ay).
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The process [ : Ry xQ — L(X,Y) is called elementary progressive with respect
to the filtration F = (F;)er, if it is of the form

N M K
(U) = Z Z 1(tn_1,tn Brn Zw ®ykmn7
k=1

n=1m=1 =
where 0 < tgp < --- < t, < o0, for eachn = 1,...,N, Bi,,...,Bun € Fi, 4,
(z3)E, © X* and (ykmn)kKiﬁNl C Y. For each elementary progressive f we
define the stochastic integral with respect to M € M$(X) as an element of

LO(Q: Cy(R 4 Y)):

N M K
/f AM(s) =YY 1, > (M(ta At)z} — M(ty—1 AT} Ykmn-  (3.1)
k=1

n=1m=1

Often we will write f - M for the process [; f(s)dM(s).

Remark 3.4. Notice that the integral (BI)) defines the same stochastic process
for a different form of finite-rank operator ZkK:1 ZTh @ Ygmn. Indeed, let (Apmn)mn
be a set of operators from X to Y such that (A,un)mn = (Zszl Th @ Ykmn)mn-
Then f- M takes its values in a finite-dimensional subspace of Y depending only on
(Amn)mn- Let Yo = span(ran(Amy,))mn- For each fixed y§ € Yy, m and n one can
define £y, € X*, @ — (y§, Amnx). In particular, £,,,(z) = ZkK:1<xz<y6‘,ykmn>,x>.
Then because of linearity of M
K

t N M
<yz;, / 7(s) dM<s>> =S5 1, SO (b A t)ah — Mty ADTE Y5 Yiomn)

n=1m=1 k=1

S

I
M=

1p, (M(ta At) — M(tn_1 AL))

3
I
o
3
I
=

21 (Y0, ykmn>>

3 X
lMZ TR

HM: M=

where the last expression does not depend on the form of (A )mn. Then since Yj
is finite-dimensional, the entire integral does not depend on the form of (A,.n)mn-

We say that M € MIOC( ) is Brownian representable if there exist a Hilbert
space H, an H-cylindrical Wiener process Wy on an enlarged probability space
(Q,F,P) and g : Ry x Q x X* — H such that g(z*) is F-scalarly progressively
measurable and a.s.

Max* :/ g () AWy, a" e X" (3.2)
0

We call that M € ./\/llcoycl( ) is with an absolutely continuous covariation (or

M € M} (X)) if for each z*,y* € X* the covariation [Mx*, My*] is absolutely
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continuous a.s. Note that by Proposition 17.9 of Ref. [13| this is equivalent to [Mxz*]
having an absolutely continuous version for all z* € X*.

3.2. Closed operator representation

In view of the results of Theorem 2 of Ref. [21], the natural problem presents itself
to extend this theorem to the case of an unbounded operator-valued function g.
Such a generalization will be proven in the present subsection.

For Banach spaces X,Y define L;(X,Y) as a set of all closed densely defined
operators from X to Y, Lo(X) := La(X, X).

Let M € /\/lg,‘i(X) be Brownian representable. We say that M is closed operator-
Brownian representable (or simply M € sz'l(X)) if there exists G : Ry x Q —

L(H, X) such that for each fixed z* € X*, G*z* is defined (P x ds)-a.s. and it is
a version of corresponding g*(«*) from (B2).

Definition 3.5. Let X be a Banach space with separable dual, M € /\/llcoycl(X)
Then M has a closed operator-generated covariation if there exist a separable
Hilbert space H and a closed operator-valued function G : Ry x Q — L(H, X)
such that for all * € X*, G*2* is defined (P x ds)-a.s. and progressively measur-

able, and for all z*,y* € X* a.s.
t
[Ma*, My*], = / (Gra®, Gty ds, £ 0, (3.3)
0

Notice that the last assumption is equivalent to the fact that [Mz*] =
Jo IG*z*|? ds as. for all 2* € X*.

Proposition 3.6. Let H be a separable Hilbert space, M € MICOyCI(H) has a closed
operator-generated covariation. Let G : Ry x Q — Lo(H) be the corresponding
covariation family. Then for each scalarly progressively measurable f : Ry xQ — H
such that G* f is defined (P x ds)-a.e. and ||G*f|| € L2 (Ry) a.s. one can define

the stochastic integral fo fdM, and a.s. o
: T
[ / fdM] _ / (G*(3)f(s), G*(s)f(s))ds, T > 0. (3.4)
0 T 0

Proof. Applying the stopping time argument one can restrict the proof to the case
E[fy"(G* f,G* f)ds] < co. First of all it is easy to construct the stochastic integral
if ran(f) C Ho, where Hy is a fixed finite-dimensional subspace of H, since in this
case by redefining G* one can assume that G*h is well-defined for all h € Hy, so
we just work with a finite-dimensional martingale for which (3] obviously holds
according to the isometry Chap. 14.6 of Ref. [19.

The general case can be constructed in the following way. Let (h;)i>1 be an
orthonormal basis of H. For each k > 1 set Hy = span(hi,...,hx). Then by
Lemma A one can construct scalarly progressively measurable P, : Ry x Q —
L(H), which is an orthogonal projection onto G*(Hy,), and a scalarly progressively

1850013-6
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measurable Ly, : Ry x Q — L£(H, Hy,) such that G* Ly, = Py. Let fx = LyG*f. Then
from B2 for fy, the fact that |G* fi|| = || PeG*f| /" ||G* f|| and ||G* fr.—G* f|| — 0
(P x ds) a.s., dominated convergence theorem, Proposition 17.6 of Ref. I3 and the
fact that ran fi C Hy one can construct stochastic integral [ fdM and (B4) holds
true. O

Remark 3.7. Using the previous theorem one can slightly extend Remark 31 of
Ref. 21 in the following way: let ¥ : Ry x Q — L(H) be progressively scalarly
measurable such that G*U* € L(H) a.s. for all t > 0 and [|G*V*|| € L (Ry) a.s.
Then one can define N € ML‘;‘i(H ) as follows:

Nh:/ U*hdM.
0

Moreover, then for each progressively measurable ¢ : Ry x € — H such that
|G*U*¢|| € L2 (R, ) a.s. one has that

loc

/O' pdN = /0 U* ¢ dM. (3.5)

Theorem 3.8. Let X be a separable reflexive Banach space, M € MlcC;Cl(X) Then
M s closed operator-Brownian representable if and only if it has a closed operator-

generated covariation.

Let n > 1, X1,...,X,, be Banach spaces, Ay € Lo(Xp, Xpt1) for 1 <k <n-—1.
Then we say that A,,_1 ... Ay is well-defined if ran(Ag_1 ... A1) € dom(Ay) for each
2<k<n-1.

Proof. Suppose that M is closed operator-Brownian representable. Let a separa-
ble Hilbert space H, an H-cylindrical Brownian motion Wy and G : Ry x Q —
L(H, X) be such that a.s. Ma* = fo G*x*dWpy for each x* € X*. Then according
to Theorem 4.27 of Ref. [ a.s.
[Mx*, My*| = / (G* 2", G y*)ds, a*,y" € X*.
0

To prove the other direction assume that there exist such a separable Hilbert
space H and G : Ry x Q — Lq(H,X) that (3.3) holds. The proof that M is
Brownian representable will be almost the same as the proof of Theorem 2 of
Ref. but one has to use Lemma [A]] instead of Proposition 32 of Ref. and
apply Proposition 3.6 of Ref. 22| for general Banach spaces.

Suppose first that X is a Hilbert space (one then can identify H, X and X*).
Let Wx be an independent of M X-cylindrical Wiener process on an enlarged
probability space (Q,F,P) with the enlarged filtration F = (F;);>0. Let (0,00) =
U2, By, be a decomposition into disjoint Borel sets such that dist(B,,{0}) > 0
for each n > 1. Define functions ¢, (t) = t"'1p,,t € R, n > 1, and 9o = 1yg.
Let us also denote C,, = 1p,, n > 1, and Cy = ¢y. By Lemma [ATl for each n > 1

1850013-7
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Yo (G*G) and C,(G*G) are L(X)-valued strongly progressively measurable, and
since

1G"GYn (GGl cx) = 1Cn(GT Gl 2x) < 1Bl =1, n=1,

[0(G* Gl 2(x) < Lqoyllzem =1,

then ran(¢,,(G*G)) C dom(G*G) C dom(G) (see p. 347 of Ref. [26)), so G, (G*G)
is well-defined, and according to Problem II1.5.22 of Ref. 18 G, (G*G) € L(X) Px
ds-a.s., therefore for each 2* € X* by Proposition B.6l G, (G*G)x* is stochastically
integrable with respect to M and one can define

Wn(x*):/o G (G*G)a* AM, n>1, WO:/O Po(G*G)a* AW x.

Then by BA) Wy(z*), Wi (y*)] = 0 for each z*,y* € X* and 0 < n < m and
(W (z)] =[5 ICn G*( )G(s))z*||* ds, so for each t > 0

PRI t—Z/HC @6 *||2ds—§j/ Gyt 2 ds

n=0

t
_ / (2", 2")ds = ta* ||
0

Let us define W(z*) = Y07 W, (z*). Thanks to Proposition 28 of Ref. 21] this
sum converges in C([0,00)) in probability. It is obvious that W : X* — M,
x* — W(z*) is an H-cylindrical Brownian motion. Moreover, for each h € X*
one has that by the definition of G* the H- Valued function G*h is stochastically
integrable with respect to Wy, and [G*h - W] = = J,G*(s)hds as. So, to
prove that Mh and G*h-W are indistinguishable 1t is enough to show that a.s. [G*h-
W, Mh] = [, G*(s)hds. By Remark B7 and the fact that a.s. [|G*G,(G*G)|| <
1g, € LIOC(R+) one can apply [BF) so for each n > 1

[/OIG*den,Mh] = [/OIGwn(G*G)G*hdM,/O.hdM]

_ / (GG (G G)G™h, G7RY ds
0

On the other hand W and M are independent so [G*h - Wy, Mh] = 0. To sum up
one has that a.s.

[G*h - W, Mh] = Z/ G)G*h,G*h) :/ |G*h|? ds,
0

which finishes the proof for a Hilbert space case.

Now consider a general reflexive Banach space X. Let a separable Hilbert space
H, j: X — H be defined as in p. 154 of Ref. [I7l Let Wy be constructed as above
but for M|y. Fix * € X* and find (hy,)n>1, C H such that lim,_,o j*h,, = z* and
[M(j*hy,) — M(z*)]7 vanishes almost everywhere for each T' > 0. By the definition

1850013-8
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of G one has fOT |G*(j*hn — 2*)||>ds — 0 in probability for all T > 0, so since
M(j*hy) — M (2z*) uniformly on all compacts in probability and by Theorem 4.27
of Ref. @, Proposition 17.6 of Ref. {3 and Proposition B8 M (z*) and G*z* - Wy
are indistinguishable. O

Thanks to this representation theorem we obtain the following stochastic inte-
grability result.

Theorem 3.9. Let X be a reflexive separable Banach space, M & Mlc‘;,‘i(X) be
closed operator-Brownian representable, G : Ry x Q — Lo(H,X) be the corre-
sponding operator family. Let f : Ry x Q — X ™. Suppose there exist elementary
progressive [, : Ry x Q — X* n > 1, such that f,, — f(P x ds)-a.s. Assume also
that there exists a limit N :=lim,, oo fn - M in the ucp topology. Then f € ran(G*)

(P x ds)-a.s., G* [ is progressively measurable and

= [ 16 fRas. (36)
We then call f stochastically integrable and define
f-M:/AfdM::nliHrr;ofn-M7
where the limit is taken in the ucg topology.

Proof. Formula (B6) is obvious for elementary progressive f by (34). Since [f,,-M]
is absolutely continuous and f,, - M tends to N in ucp, by Lemma [B.1] and the fact
that [N] is a.s. continuous one can prove that [N] is absolutely continuous, hence
by Lemma 3.10 of Ref. [33] its derivative in time v : R4 x  — R is progressively
measurable. Let a Hilbert space H and an H-cylindrical Brownian motion Wy be
constructed for M by Theorem B8 Assume that (hy,)n>1 C H is a dense subset of
a unite ball in H. Then [N, Wirh,] is a.s. absolutely continuous, and has a progres-
sively measurable derivative v,, for each n > 1. Moreover, since by Proposition 17.9
of Ref. [13| |1, wyn,) (1) < u[ljﬁ(l)u[lv/[ihn}(]) for each interval I C R4 and thanks
to Theorem 5.8.8 of Ref. Blone has that v, < v'/?||h,| (P x ds)-a.s. Then thanks
to linearity, boundedness and denseness of span(hy,),>1 in H, we obtain that there
exists a progressively measurable process V : Ry x Q — H such that v, = (V, h,)
(Px ds)-a.s. Let N = V-Wyg. Then [N, ®-Wy| = [N, ®-Wy] for each stochastically
integrable ® : R, xQ — H, hence [N, N] = [N] and [N, f,,-M] = [N, f,,- M] for each
natural n. Without loss of generality one can suppose that lim,, 0[N — fr,- M]7 = 0
a.s. for each T' > 0, therefore a.s.
T

lim |G* f,, = V|?ds = lim [N — f,, - M]r

0 n—oo

n—oo

= lim ([N]p — [N, fo - M)+ ([fn - Mz =[N, fu - M]z)

n—oo

([N]z = [N, Nlz) + ([Nl — [N]r) =0,

1850013-9
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so, N is a version of N. Also by choosing a subsequence one has that G* foe =V
as k — oo, which means that f € dom(G*) (P x ds)-a.s. and (36) holds. O

Remark 3.10. It follows from Theorem B9 and Proposition 17.6 of Ref. 13l that
for any finite-dimensional subspace Yy C Y the definition of the stochastic integral
can be extended to all strongly progressively measurable processes ® : R, x @ —
L(X,Yy) that satisfy (G*®*)* € L2(Ry; L(H,Yp)) a.s. (or equivalently (G*®*)* is
scalarly in L?(Ry; H) a.s.). Moreover, then ® - M = (G*®*)* - Wp.

We proceed with a result which is closely related to [31, Theorem 3.6]. In order
to state it we need the following terminology.

A Banach space X is called a UMD Banach space if for some (or equivalently,
for all) p € (1,00) there exists a constant 3 > 0 such that for every n > 1,
every martingale difference sequence (d;)7_; in LP(; X), and every {—1, 1}-valued
sequence (g;)j_; we have

1
P\ » P

p
E Zé‘jdj < ﬂ E Zdﬁ
j=1 j=1

The infimum over all admissible constants 3 is denoted by 3, x.

There is a large body of results asserting that the class of UMD Banach spaces is
a natural one when pursuing vector-valued generalizations of scalar-valued results
in harmonic and stochastic analysis. UMD spaces enjoy many pleasant properties,
among them being reflexive. We refer the reader to Refs. Bl [T0] and 27 for details.

Let (7}, )n>1 be a sequence of independent standard Gaussian random variables
on a probability space (', F',P’) and let H be a Hilbert space. A bounded operator
R € L(H,X) is said to be y-radonifying if for some (or equivalently for each)
orthonormal basis (hy)n,>1 of H the Gaussian series ) -, <, Rhy, converges in
L?(€; X). We then define -

1
2 2

HRH'y(H,X) = |E ZV;LRhn

n>1

This number does not depend on the sequence (7, )n>1 and the basis (hy,),>1, and
defines a norm on the space y(H, X) of all y-radonifying operators from H into
X. Endowed with this norm, v(H, X) is a Banach space, which is separable if X is
separable. For a Hilbert space X, the space v(H, X) is isometrically isomorphic to
the space of all Hilbert—Schmidt operators from H to X. If (S, A, p) is a measure
space and X = LP(S), then v(H, LP(S)) = LP(S; H) up to equivalence of norms.
For all R € v(H,X) it holds that |R| < |R|yu,x). Let H be another
Hilbert space and let Y be another Banach space. Then the so-called ideal prop-
erty (see Ref. [TT)) holds true: for all S € L(H,H) and all T € £(X,Y) we have
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TRSe€~(H,Y) and
ITRS||., 1,y < TRy, l1S]]- (3.7)

Let X,Y be Banach spaces, and let A € L4(X,Y). A linear subspace Xy C
dom(A) is a core of A if the closure of an operator A|x, : Xo — Y is A (see details
in Ref. [15). Let (S, %, 1) be a measure space, and let F': S — Lq(X,Y) be such
that Fx is a.s. defined and measurable for each x € X. Then F has a fized core
if there exists a sequence (z,)n>1 C X such that span(z,),>1 is a core of F' a.s.
(Notice, that in this particular case the core has a countable algebraic dimension).

Theorem 3.11. Let X be a reflexive Banach space, Y be a UMD Banach space,
M e MI'(X), G: Ry x Q — La(H, X) be the corresponding operator family. Let
G* have a fixed core. Then for a strongly progressively measurable process ®: Ry x
0 — L(X,Y) such that G*®* € L(Y*, H) a.s. which is scalarly in L>(R,; H) a.s.
the following assertions are equivalent:

(1) There exist elementary progressive processes (Pp)n>1 such that:
(i) for all y* € Y*, lim,, oo G*®Fy* = G*®*y* in LO(; L2 (Ry; H));
(ii) there exists a process ¢ € LY(2; Cy(Ry;Y)) such that

¢= lim [ ®,(t)dM(t) inL°(;Cy(Ry;Y)).
n—oo 0
(2) There exists an a.s. bounded process (: Ry x Q — Y such that for all y* € Y*
we have

Co') = [ @Oy ) i@ CoR),
0

(3) (G*®*)* € v(L*(Ry; H),Y) almost surely;

In this case ¢ in (1) and (2) coincides and for all p € (0,00) we have

E sup [COI” =p BIG O oga o - (3.5)
teERL

Proof. Let ¥ : Ry x Q — L(H,Y) be such that U* = G*®* (recall that UMD
spaces are reflexive). Then equivalence of (2) and (3) and the formula (3.8) are just
particular cases of corresponding parts of Theorem 5.9 of Ref. 31l and Theorem 5.12
of Ref. [31 for ¥ thanks to Remark B7] (for (2) one also has to apply Theorem [B.9)).

It remains to prove that (1) for ® and M and (1) for ¥ and Wy are equivalent.
(Notation: (1,®) < (1,9)).

(1,®) = (1,¥) Since ®,, - M exists and the range of ®, is in a certain fixed
finite-dimensional space of Y, n > 1, then by Remark BI0 (G*®})* is stochasti-
cally integrable with respect to Wi, so by Theorem 5.9 of Ref. 31l there exists a
sequence (¥,)r>1 of elementary progressive L£(H,Y )-valued functions such that
U y* — G*Ory* in LO(Q; L2(R; H)) for each y* € Y*, and Uy - Wy — &, - M
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in LO(Q;Cy(R4;Y)) as k — oo. Knowing (1,®) one can then find a subse-
quence {Uy}tr>1 = {Wn,k}r>1 such that limy .o Uiy* = G*@*y* = ¥*y* in
LO(Q; L3 (R4 H)) for each y* € Y* and Wy, - Wy converges in L2(Q; Cp(R4;Y)),
which is (1) for ¥ and Wy.

(L,¥) = (1,9) Let (2})r>1 C X* be such that U := span(z})g>1 is a fixed
core of G*. For each k > 1 define Uy, = span(z7,...,z}). Then due to Lemma [AF]
consider Py : Ry x Q — L(H) and Ly, : Ry x Q — L(H, X*) such that P is an
orthogonal projection onto G*(Uy,) and G* Ly, = Py, (Px ds)-a.s. Consider a sequence
(U,,)n>1 of elementary progressive functions in L°(Q,v(L?*(R4; H),Y)) constructed
thanks to Proposition 2.12 of Ref.[31 such that ¥,, — ¥ in L°(Q,y(L*(Ry; H),Y)).
Let Py : Ry x Q — L(H) be an orthogonal projection onto ran(G*). Then by the
ideal property (3.0), a.s. we have

[(GTP7)" — \IJHPOH“/(Lz(RJr;HLY) = [(G"®")" — \Ijn)pOH“/(Lz(R%H%Y)

<G ™) = W ||y 2y s 1), Y)Y

which means that by Theorem 3.6 of Ref. 31 U, Py is stochastically integrable
with respect to Wy and ¥ Po Wy — (G*®*)* - Wy in L°(Q,v(L*(Ry; H),Y)).
Therefore, one can define W, := (PyU*)*.

Set @, := (LpPpUr)*. Notlce that U = (J, Uk is a core of G*, so ran(G*) =
G*(U), therefore P, — Py weakly and by Proposition 2.4 of Ref. BTl (G*®*,)* =
(PU*)* — U, in LO(Q, v(L2(Ry; H),Y)) as k — 00, s0 one can find a subsequence
@, := &, such that (G*®7)* — ¥ in LO(Q,v(L*(R4; H),Y)) as n — oo. Now fix
n > 1. Since V,, is elementary progressive, then it has the following form: for each
t>0and we

M L J
=D Lt Bin (8,90) D By © Y.

m=1 =1 j=1
Hence by Remark B3]

J
(I) Z Zl(tm 17 m ><Bl t w Z Lk Pk ®yjlm
Jj=1

m=1 =1

Therefore, ®,, takes its values in a fixed finite-dimensional subspace Y,, of Y, and so
by Remark [3.10] one can construct simple approximations of ®,, then (1, ®,,) holds.
This completes the proof. O

Remark 3.12. As the reader can see, the existence of a fixed core of G* is needed
only for (1) in Theorem BTTl Without this condition one can still show that parts
(2) and (3) are equivalent and that estimate (B.8)) holds.

3.3. General case of Brownian representation

In the preceding subsection, it was shown that a quite general class of cylindrical
martingales with absolutely continuous covariation can be represented as stochastic
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integrals with respect to Wiy, and we proved some results on stochastic integrability
for them (PropositionB.6land Theorem B.9)). Unfortunately, such results do not hold
in the general case, and it will be shown in Example BI0] that G from (B3) does
not always exists. The construction in this example uses two simple remarks on
linear operators. For linear spaces X and Y we denote the linear space of all linear
operators from X to Y by L(X,Y), L(X) := L(X, X).

Remark 3.13. Let (24)aea C X be a Hamel (or algebraic) basis of X (see Prob-
lem 13.4 of Ref. [[6lor Ref.[9). Then one can uniquely determine A € L(X,Y") only by
its values on (24 )aea- Indeed, for each x there exist unique N > 0, aq,...,an € A,
and c¢q,...,cy € R such that z = Z:Ll CnZa,, SO one can define Ax as follows:
Az = Z:Ll cn Az, .

Remark 3.14. Any linear functional £ : Xy — R defined on a linear subspace Xg
of a Banach space X can be extended linearly to X using the fact that X has a
Hamel basis (see Part 1.11 of Ref. also Ref. [1)). The same holds for operators:
if Ae L(Xy,Y), where X is a linear subspace of X, one can extend A to a linear
operator from X to Y using the Hamel basis of X. Surely this extension is not
unique if Xo G X.

Example 3.15. We will show that for a Hilbert space H there exists M € Mlc(;‘“i( )
which is not closed operator-Brownian representable. Let (€2, F,P) be a probability
space with a filtration F = (F;);>0 satisfying the usual conditions, W : Ry xQ — R
be a Brownian motion. Without loss of generality suppose that I is generated by .
Let H be a separable Hilbert space with an orthonormal basis (hy,)n>1. Let (&,)n>1
be the following sequence of random variables: for each fixed n > 1, &, € L?(Q) is
a measurable integer-valued function of W (27"+1) — W (27") such that

P(fn = ]{3) = 2_n+112n—1§k<2n, k S N
It is easy to see that (&,)n>1 are mutually independent and each &, is Fo-n-t1-

measurable. For all n > 1 set ¢,, = 2%. Consider linear functional-valued function
0:Ry x Q— L(H,R) defined as

h) = calh,he,) (3.9)

for all h € H such that Y07 |cn(h, he,)| converges, and extended linearly to the
whole H thanks to Remark B4 Fix h € H. Let h = > >~ | [(h, hn)|hy, and a =
S 2 27 hy, € H. Then

2" —1 N 2"-1 3n
5 cnl(h, hi)| S 275 [(hhi)| _ 15
E E |Cn h hgn | = E 2n 1 = f S §<h7a>'
n=0 g=2n—1 n=0 k=2n—1
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Hence by the dominated convergence theorem limy_, o Zﬁ;o len(h, he, )| exists a.s.,
so, for each fixed h € H formula (39) holds a.s. Consider the stochastic integral

My(h) = / 11.2(5)0(R)AWY,,

since integrand is predictable. Moreover, due to the mutual independence of (&, )n>1

E / 11,2)(5)(€(R))2ds = E(¢(R))? < E(£(R))?
Ry

= EZ Z Cncm‘<hv hfn>”<hv hfm>‘

" |(h b |[(, )|
2D enem Y Y, oo
n#m k=2n—1|=2m—1

e} 2m—1 2m-1

hh hh
<y Yy Ml ]

n,m=1k=2n—1|=2m—1

LRI AT 2
=h2+<2 y clllul )

n1k2ﬂ1

1, 1
— AP+ 3{ha)? < (1+ g1al) 1P

so thanks to Lemma 17.10 of Ref. [I3 M;(h) is an L?-martingale. But the above
computations also show that by Proposition 17.6 of Ref. M (h) — 0 in the ucp
topology as h — 0, which means that M is a cylindrical martingale as a continuous
linear mapping from H to M!°c.

Now our aim is to prove that M is not closed operator-Brownian representable.
Suppose that there exist an H-cylindrical Brownian motion Wy : Ry xQ — R on an
enlarged probability space (€2, F, P) with an enlarged filtration F = (F;);>0 (we may
use the same Hilbert space H since all separable infinite-dimensional Hilbert spaces
are isometrically isomorphic) and a closed operator—valued H-strongly measurable
function G : Ry x Q — L (H) such that M;(h) = fot G*h)*dWy.

Since M|jg,1;) = 0 we can assume that G* | 0,11 = 0. Because of the structure of
M, for each pair of vectors h,g € H there exist F;-measurable a,b € L°(Q) such
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that a = ¢(g) and b = —£(h) and aM;(h) + bM(g) = 0 a.s. for all t > 0. As a, b are
Fi-measurable, then for ¢ > 1 one can put a,b under the integral:

t t
0 = aMy(h) + bMy(g) = a/ (@R AWy +b [ (G g) AWy
1 1

t t
= / (aG"h + bG* g)* AWy = / (aG"h + bG" g)*dWyy,
1 0

and by the Itd isometry (Proposition 4.20 of Ref.[4) aG*h +bG*g = 0(P ® ds)-a.s.
This means that G*h and G*g are collinear (P® ds)-a.s. if a and b are nonzero a.s.
If for instance a = £(g) = 0 on a set of positive measure A € F, then M(g)14 =0,
and consequently G*gl 4 = 0 (P® ds)-a.s., hence G*h and G* g are collinear (P® ds)-
a.s.

Taking an orthonormal basis (h;);>1 of H it follows that (P® ds)-a.s. G*h; and
G*h; are collinear for all ¢,j, and by the closability of G* one has that ran(G*)
consists of one vector (P ® ds)-a.s. But this means that G* is a projection on a
one-dimensional subspace, so there exist hy,, by : Ry X Q — H such that G*h =
A

Since the derivative of an absolutely continuous function is defined uniquely,
P-a.s. for a.e. t € [1,2]

[Mhi]; = €(hi)* = |G*(t)hal|* = |G ()| (hi, R (2)) .

But the series of positive functions Y= | [|hZ||*(hi, hig)? = || ||*[|hE||* converges
(P® ds)-a.s., which does not hold true for "5 £(h;)? (because linear functional £
is unbounded (P x ds)-a.s. thanks to the choice of {¢;, }n>1).

Remark 3.16. Using the previous example and Example 3.22 of Ref. one can
see that in general for a separable Hilbert space H the following proper inclusions
hold:

ML (H) G MY (H) S MGNH) & ML (H),

where M!°¢ (H) is the subspace of Mcycl( ) with an absolutely continuous
quadratic variation (the quadratic variation of a cylindrical continuous local mar-
tingale was defined in Ref. B3)), and ngdld( ) is the linear space of cylindrical
continuous local martingales with a bounded operator-generated covariation (con-

sidered for instance in Refs. 21 and 22).

In the general case one can still represent a cylindrical martingale with an
absolutely continuous covariation as a stochastic integral with respect to Wy, but
then one has to use linear operator-valued functions instead of L. (H, X )-valued,
and some important properties are lost.

Theorem 3.17. Let X be a Banach space with separable dual, and let M €
Mlcoycl( ). Then M is Brownian representable if and only if it is with an absolutely
continuous covariation.
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We will need the following lemma.

Lemma 3.18. Let H be a separable Hilbert space, and let M : Ry x Q — H
be a continuous local martingale such that (M,h) has an absolutely continuous
variation for all h € H a.s. Then [M] also has an absolutely continuous version.

Moreover, there exists scalarly measurable positive Hilbert—Schmidt operator-valued
Ry x Q — L(H) such that a.s. [(M,h),(M,g)] = [,(®h,Pg)ds.

Proof. Since H is a separable Hilbert space one sees that

[M], = i[(M, el asVt>0 (3.10)

n=1

for any g1ven orthonormal basis (e,)n>1 of H. Let f,, : Ry x Q — Ry be such that
[(M,en)): = fo fn(s)ds a.s. Vn > 1,¢t > 0. Then thanks to (BI0) and the domi-
nated convergence theorem oo | fn converges in Li (Ry) a.e. Let f:=> 0" fn.
Then [M]; = fo s)ds a.s. for all ¢ > 0, which means that [M]; is absolutely
contlnuoub a.s.

The second part is an easy consequence of Theorem 14.3(2) of Ref. [[9. O

Proof of Theorem B.17. One direction is obvious. Now let M be with an abso-
lutely continuous covariation. First suppose that X is a Hilbert space. Consider
a Hilbert—Schmidt operator A with zero kernel and dense range. For instance set
Ah,, = %hn for some orthonormal basis (hy)n>1 of X. Then according to Theo-
rem A of Ref. [[2 M(A(-)) admits a local martingale version, namely there exists
a continuous local martingale M : Ry x Q — X such that M(Az) and (M x)
are indistinguishable for each € X. Notice that M has an absolutely continuous
quadratic variation by Lemma BI8] Also by Theorem 8.2 of Ref. @l there exists an
enlarged probability space (Q, F,P) with an enlarged filtration F = (F;);>0 such
that there exist an X-cylindrical Brownian motion Wy : R, x @ x X — R and X-
strongly progressively measurable ® : R, x Q — £(X) such that M = fo P dWx.

Now fix h ¢ ran(A). Let (z,,)n>1 be a Q-span of (hy,)n>1. Denote by fn, fun
the derivatives of [Mh] and [Mh, Wxx,] in time, respectively. For each n > 1
and for each segment I C Ry |pamnwye,|(I) < u[l/Q](I)u[ll//‘,wa,L](I) a.s. by
Proposition 17.9 of Ref. So, according to Theorem 5.8.8 of Ref. 2, |fnn(t)] <
(fn(£)) 2|z a.s. for almost all £ > 0. One can modify f,, on (z,)n>1 in a linear
way, so it defines a bounded linear functional on span(hy),>1. Therefore, there
exists scalarly progressively measurable aj, : Ry x Q — X such that f., = (an,z,)
a.s. for almost all ¢ > 0.

Now consider N = [ja;dWx. Then [Mh,Wxg] = [N,Wxg] for all g € H,
and consequently [Mh,® - Wy] = [N, ® - W] for each F-progressively measurable
stochastically integrable ® : Ry x Q@ — H, and so [Mh,Mg] = [N, Mg] for all
g € ran(A) and [Mh, N] = [N]. Let (gn)n>1 C ran(A4) be such that g, — h. Then
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[Mh — Mg,] — 0 in ucp, and so
[N — Mgn] = [N]+ [Mgn] — 2[N, Mgy
= ([N] = [N, Mgy]) + ([Mgn] — [Mh, Mgy])
— ([N] = [N, Mh]) + ([Mh] — [Mh]) = 0

in ucp, and therefore N and Mh are indistinguishable.

For a general Banach space X, define a Hilbert space H and a dense embedding
j: X — H as in p. 154 of Ref. I7. Let (ha)aca be a Hamel basis of H and
(z5)pea U (ha)aen be a Hamel basis of X* (thanks to the embedding H — X*
and Theorem 1.4.5 of Ref. 8). Let Wy be a Brownian motion constructed as above
for M|y € Mfgj( ), i.e. for each o € A there exists progressively measurable
ap, Ry xQ — H such that Mh,, and fo a, dWpy are indistinguishable. Using the
same technique and the fact that j* : H < X* is a dense embedding, for each § € A
one can define progressively measurable Qg Ry x Q@ — H such that Mz} and
Jo ;; dWy are indistinguishable. Using Remark B.13] we can now define an X*-
strongly progressively measurable operator-valued function F': Ry xQ — L(X*, H)
such that for each z* € X* a.s. Ma* = [ (Fz*)* dWg. m|

The next theorem is an obvious corollary of Theorem 3.6 of Ref. 31l and Theo-
rem 5.13 of Ref. BTl

Theorem 3.19. Let X be a UMD Banach space, H be a Hilbert space, Wy
Ry x Q@ x H — R be an H-cylindrical Brownian motion, M € Mlcoycl( ), and
DRy xQ — L(X*, H) be scalarly predictable measurable with respect to filtration
Fw, generated by Wy such that M = fo O dW . Then there exists an X -valued
continuous local martingale M : Ry x Q — X such that Mx* (M x*) for each

x* € X* if and only if ® € L(X*, H) (P x ds)-a.s. and ®* € y(L*(Ry; H), X) a.s.

3.4. Time change

A family 7 = (75)s>0 of finite stopping times is called a finite random time change
if it is nondecreasing and right-continuous. If F is right-continuous, then by to
Lemma 7.3 of Ref. I3l the induced filtration G = (Gs)s>0 = (Fr,)s>0 (see Chap. 7
of Ref. [13) is right-continuous as well. M € MIOC( ) is said to be T-continuous if
a.s. for each z* € X*, Mz* (and thanks to Problem 17.3 of Ref. [13 equivalently
[Mz*]) is a constant on every interval [1,_, 75|, s > 0, where we set 79— = 0.

Remark 3.20. Note that if M € Mlc(;‘“i( ) is 7T-continuous for a given time
change 7, then M o7 € /\/lloc( ). Indeed, for each given z* € X* one concludes
thanks to Proposition 17.24 of Ref.[13 M 2* o is a continuous local martingale. Also
for a given vanishing sequence (z},)n>1 C X™* one can easily prove that Mz} or — 0
in the ucp topology by using the stopping time argument and the fact that Mz} — 0

in the ucp topology by the definition of MIOC( ).
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The following natural question arise: does there exist a suitable time change
making a given M € Mlc(;,‘“i(X ) Brownian representable? The answer is given in the
following theorem.

Theorem 3.21. Let X be a Banach space with a separable dual space, M €
MlcC;,CI(X) Then there exists a time change (7s)s>o such that M o T is with an
absolutely continuous covariation, i.e., Brownian representable.

Proof. Let (2}),>1 C X* be a dense subset of the unit ball of X*. Consider
the increasing predictable process F' : Ry x Q@ — Ry given by F(t) = (1 +
>, 5 arctan([Ma}];)), and consider the time change 7, = inf{t > 0: F; > s}
for s > 0. This time change is finite since lim; o F'(t) = oo.

For each fixed w € 2 and n > 1 one has pp,+) < pp. Then by Lemma B
one sees that py,-] < pr a.s. for each z* € X*, so M is 7-continuous. Moreover,
for each 2™ € X* a.s. one has fi{yz+0r] = U[Ma*]or <K [iFor, Where the last measure
is a Lebesgue measure on R, so by Remark Mot e /\/llcoycl(X) is with an
absolutely continuous covariation. O

Let X be a separable Banach space, and let M € M¢(X). Then M is weakly
Brownian representable if there exist a Hilbert space H, an H-cylindrical Brow-
nian motion Wy and a function G : Ry x Q@ — L(X*, H) such that for each
z* € X* the function Gz* is stochastically integrable with respect to Wy and
(M, z*) = Jo Gz* dWp a.s. Thanks to Part 3.3 of Ref. 33 there exists an associated
cylindrical continuous local martingale M € Mlc(;,‘“i(X ), so the following corollary of
Theorem holds.

@rollary 3.22. Let X be a Banach space with a separable dual space, and let
M Ry xQ — X be a continuous local martingale. Then there exists a time change
(Ts)s>0 such that M o T is weakly Brownian representable.

Remark 3.23. Unfortunately we do not see a way to prove an analogue of The-
orems in the present general case even for an X*-valued integrand. The
main difficulty is the discontinuity of the corresponding operator-valued function.
One of course can prove such an analogue for integrands with values in a given
finite-dimensional subspace of X*, but this would amount to a stochastic integral
with respect to an R%valued continuous local martingale for some d > 1; the theory
for this has been developed by classical works such as e.g., Ref. [19]

Appendix A. Technical Lemmas on Measurable Closed
Operator-Valued Functions

The following lemma shows that a Borel bounded function of a closed operator-
valued scalarly measurable function is again an operator-valued scalarly measurable
function.
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Lemma A.1. Let (S,X) be a measurable space, H be a separable Hilbert space, and
f: 8 — La(H) be such that (h;)52, C dom(f*(s)) for each s € S and (f*h;)i>1 are

measurable for some fized orthonormal basis (h;)i>1 of H. Let g : R — R be finite

Borel measurable. Then g(f*f): S — L(H) is well-defined and scalarly measurable,
lg(F* L)) < NlgllLee () for each s € S.

To prove this lemma we will need two more lemmas.

Lemma A.2. Let H be a Hilbert space, and let T € Loi(H). Then T*T € Lo(H).

Proof. According to Chap. 118 of Ref. [26] there exists a bounded positive operator
B € L(H) such that B = (1+7T*T)~! and ran(B) = dom(T*T). Since ker B = {0}
by the construction, T*7T is densely defined. Furthermore since B is closed, by
Proposition 11.6.3 of Ref. 34 T*T = B~! — 1 is also closed. |

Lemma A.3. Let H be a Hilbert space, A C Lo(H) be such that (hy)22, C
dom(A*) for a certain orthonormal basis (hy), of H. For each n > 1 let P, €
L(H) be the orthogonal projection onto span(hy, ..., h,), and set A,, :== P, A. Then

(i) the operators ((i + A% An) " Yn>1, (i + A*A)~L are bounded;
(ii) (i + A% A,)"th — (i + A*A)~'h weakly for each h € H.

Using Problem II1.5.26 of Ref. [I5] we note that A, C (A*P,)* € Lq(H) for

all n.

Proof. The first part is an easy consequence of Theorem XI.8.1 of Ref. B4l To
prove the second part we use the formula

((i+ A% Ap) ™ — (i + A*A) Y
= (i+ A"A) V(A A— A A, (i + A% A,)*h, heH,

which follows from the fact that for each n > 1 there exists h € H such that
h = (i + A} A,)h. Thanks to p. 347 of Ref. 26 ran(A*A — i)~ C dom(A*A), and
therefore for each h,g € H and n > 0

(((i+ AL An) ™" = (i + A"A) "), g)
= ((i + A" A)TH AT A — AL AL) (i + AL AL) My g)
= ((A*"A— AL A,) (i + AL An) 7 th, (A*A — i) g)
= (A(i + AL An) Thy A(A*A — i) 1g)
— (An(i + AL An) " Th, Ap(ATA — i) 1g)
= ((A— Ap)(i + AL An) " th, A(A*A — i) 1g)
— (An(i + AL An) " h, (A — A)(ATA — i) 1g)
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={(i + AL A) " h, (I — P,)A*A(A*A— i) g)
—(An(i 4+ A% A, h, (A, — A)(ATA — i) 1g).
Let H, = span(hy,...,hy). Note that (A*A —i)~'g € dom(A*A) C dom(A) (see

p. 347 of Ref.[26) and ran(A—A,,) L H,,so (A, —A)(A*A—i)"tg € ran(A,—A) L
H,. Also A, (i + A% A,)"th € ran(A,,) C H,,. Therefore, for each n > 1

(An(i+ A% AL hy (A, — A)(A*A —i)1g) =0,
and for the sequence (Qy)n>1:= (I — Py)n>1 C L(H) that vanish weakly
((F+ALA) = (i + A*A) Hh,g) = ((i + AL AL) T h, QAT A(A* A — i) tg)
< (i + AL A) T Bl QuATA(ATA — i) g,

which vanishes as n tends to infinity, where according to Example VIII.1.4 of Ref. 34]
(i + A% An) 7L <1 for each n > 1. O

Proof of Lemma [Ad] First of all, one can construct g(f*f) (without proving
measurability property) by guiding Chap. 120 of Ref. 26| by constructing a spectral
family of f* f(s) for each fixed s € S, and further using bounded calculus (Chap. 126
of Ref. 26) for the corresponding spectral family.

To prove scalar measurability we have to plunge into the construction of the
spectral family. Let us first prove that (i + f*f)~! is scalarly measurable. Notice
that by Theorem XI.8.1 of Ref. B4l (i + f*f(s))~! € L(H) for each s € S. We will
proceed in two steps.

Step 1. Suppose that f(s) is bounded for all s € S. Fix & > 1. Consider
span((i + f*f)hi)i1<i<k. This is a k-dimensional subspace of H for each s € S
since i + f*f is invertible. Let P; be defined as an orthogonal projection onto
span((i + f*f)hi)lgigk, (gi)lgigk be obtained from ((i + f*f)hi)lgigk by the
Gram—Schmidt process. These vectors are orthonormal and measurable because
(((i + f*f)hi, (i + f*f)hj))i<ij<k are measurable, so P is scalarly measurable.
Moreover, the transformation matrix C' = (¢;;)1<i,j<r such that

k
j=1

has measurable elements and invertible since by Theorem XI.8.1 of Ref. 34 ker(i +
f*f) = 0. So, one can define the scalarly measurable inverse (i + f*f) ™ P:
k
i+ ) Peg = dijg, )y
j=1

where D = {dij}lgi,jgk =C 1 _

Now fix s € S, g € H. Let zj, = (3’—|—f*(s)f(s))_1Pk(s)g. Since (i+ f*(s)f(s))~!
is a bounded operator and limg_,~, Prg = g (because by Theorem XI.8.1 of Ref. B4l
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ran(i+f*(s)f(s)) = H), then (i+f*(s)f(s)) 19 = = := lim—o k. So (i+f*f) g
is measurable as a limit of measurable functions.

Step 2. In general case one can consider the function fx = Pyf for each k >
1, where P, € L(H) is an orthogonal projection onto span(hq,...,hx). Then by
Lemma[A3 and thanks to Step 1 applied to fj one can prove that (i+ f*(s)f(s))"'h
is a weak limit of measurable functions (i+ f;(s) fx(s)) ~1h, so, since H is separable,
it is measurable.

For the same reason (f*f — i)~! is scalarly measurable, therefore (1 +
(FH)) =G+ ff) Y f f —i)~! is scalarly measurable.

Now guiding by the construction in Chap. 120 of Ref. 26l one can consider the
sequence of orthogonal Hilbert spaces { H;(s)}i>1 depending on s such that orthog-
onal projection Py, onto H; is scalarly measurable (thanks to Proposition 32 of
Ref. 211 and the fact that Py, = 1(1%,%]((1 + (f*£)*)71)). Then by Chap. 120 of
Ref. 26 f*(s)f(s)Pm,(s) is bounded for each s. Moreover, ran(f*(s)f(s)Pg,(s)) C
Hl(S) Vs € S, SO PHzf*fPH1 = f*fPHl and g(f*fPHl) S — E(H, Hl) is
well-defined and thanks to Proposition 32 of Ref. 21| scalarly measurable. Finally,
since ||g(f*fPu;)l| < |lglle~ and H = @;H;, then one can define g(f*f) :=
ooy 9(f* fPr,) as in Chap. 120 of Ref. 26, which is scalarly measurable and by
Chap. 120 of Ref. 26 [|g(f* f)[| < [lgllL~ as well. O

Corollary A.4. Let (S,%, 1) be a measure space, H be a separable Hilbert space,
f 8 — La(H) be such that f*h is a.s. defined and measurable for each h € H.
Let g : R — R be finite Borel measurable. Then g(f*f): S — L(H) is well-defined
and scalarly measurable, ||g(f*f)(s)|| < |lgllzo(w) for almost all s € S.

The following lemma can be proved in the same way as the second part of
Lemma A.1 of Ref. 33l

Lemma A.5. Let (S,3, 1) be a measure space, H be a separable Hilbert space, and
let X be a Banach space. Let Xo C X be a finite dimensional subspace. Let F :
S — La(X, H) be a function such that Fx is defined a.s. and strongly measurable
for each x € X. For each s € S, let P(s) € L(H) be the orthogonal projection
onto F(s)Xo. Then P is strongly measurable. Moreover, there exists a strongly
measurable function L : S — L(H, X) with values in Xo such that FL = P.

Appendix B. Lemmas on Absolute Continuity of Quadratic
Variations

The main result of this subsection provides a surprising property of a limit in the
ucp topology.

Lemma B.1. Let (M,)n>1, M be real-valued continuous local martingales, and
F : Ry x Q — R be a continuous progressively measurable nondecreasing process
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such that ppy,) < pr a.s. for each n > 0. Let My, — M in ucp. Then ppy < pir
a.s.

We will need the following lemma.

Lemma B.2. Let (My),>1 be a sequence of real-valued continuous local mar-
tingales starting from 0 such that [M,] is a.s. absolutely continuous for each
n > 0. Then there exist a Hilbert space H, an H -cylindrical Brownian motion Wy
on an enlarged probability space (0, F,P) and a sequence of functions (Fp)n>1,
Fn:R+x§—>H,n21 such that

M, =F, -Wg, n>1.

Proof. For each k > 0 we consider separately (M, (t) — My (k))n>1, kK <t < k+1.
(The resulting cylindrical Brownian motions WI’} can be glued together thanks to
the independence of Brownian motion increments).

It is enough to consider the case kK = 0. For each n > 1 one can find a nonzero
real number a,, such that

1 1

IF’{ sup |a, M, (t)| > —n} <5,
0<t<1 2 2
1 1

P{[anMn]l > 2—n} < 2_n

Without loss of generality redefine M, := a,M,. Let H be a separable Hilbert
space with an orthonormal basis (hy,),>1. Then > 2 | M,h,, converges uniformly
a.s. Therefore, " | M,h, converges in ucp topology, and M := > >°  Myh, :
[0,1] x @ — H is an H-valued continuous local martingale. Moreover, thanks to
LemmaBI8 [M] = "7 | [M,] a.s. and [M] is absolutely continuous as a countable
sum of absolutely continuous nondecreasing functions. Now using H-valued ana-
logue of Brownian representation results one can find an H-cylindrical Brownian
motion Wg on an enlarged probability space (Q, F,P), operator-valued function

®:R x Q — L(H) such that
(M,h) = ®h-Wy, heH.
In particular,
M, = (M, h,) = ®h, - Wy, heH. m|
Proof of Lemma [B.I]l Without loss of generality suppose that F'(0) = 0 and
F(t) /" oo ast — oo a.s. Otherwise redefine
F(t):=F(({t)—F(0)+t, t>0.

Also by choosing a subsequence set M,, converges to M and [M,] converges to [M]
uniformly on compacts a.s. as n goes to infinity.
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Let (7s)s>00 be the following time change:
Ts:i=1inf{t > 0: F(t) > s}, s>0.

Then for each n > 1 by Proposition 17.6 of Ref. and the fact that pp,) < pr
a.s., M, is 7-continuous (see Chap. 7 of Ref.[13)). Since M,, is 7-continuous and M,
converges to M uniformly on compacts a.s., then M is 7-continuous, and one can
then define local martingales

Np:=Myor, n>1,
N:=MorT,

which are defined on a probability space (Q, F,P) with an induced filtration G =
(Gs)s>0 = (Fr,)s>0 (see Chap. 7 of Ref. M3). Also by Theorem 17.24 of Ref.
[Nyn] = [My] o7 a.s., hence since pujpr,) < pr

HIN,] = H[M,]or K UFor = A

so by Lemma [B2] there exist a separable Hilbert space H, an H-cylindrical Brown-
ian motion Wy on an enlarged probability space (€2, F, P) with an enlarged filtration
G and a sequence of functions (Fn)n>1, Fn : Ry X Q — H,n > 1 such that

N, =FE, - Wy, n>1.

But we know that N, — N uniformly on compacts a.s. since 7, — 00 a.s. as
s — 00, so there exists a progressively measurable function R : Ry x Q — R,
t — sup,,~q |Np|(t) + ¢, which is nondecreasing continuous a.s. For each natural k
define a stopping time py := inf{t > 0 : R(t) > k}. Then N£* — N** uniformly on
compacts a.s. But N+, N are bounded by k, hence they are L?*-martingales, and
the convergence holds in L?. Hence using the cylindrical case of the It6 isometry
(Remark 30 of Ref. [21]) one can see that (Fj, 1 ,])n>1 converges to a function F*
in L?(Ry x Q; H). Therefore, NPt = F* . Wy, so [NP¥] = [N]Px = [i [|[F*(s)||* ds
is absolutely continuous. Taking k to infinity and using the fact that pr — oo as
k — oo one can see that [N] is absolutely continuous. Then

HIM] = H[NJoF K fxoF = HF- O
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