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ARTICLE INFO ABSTRACT
Keywords: Data assimilation (DA) combines numerical model simulations with observed data to obtain the
Data assimilation best possible description of a dynamical system and its uncertainty. Incorrect modeling assump-

State-space models
Bayesian inference
Parameter estimation
Model identification

tions can lead to filter divergence, making model identification an important issue in the field
of DA. Variations in dynamic model structures can result in differences in parameter dimen-
sions, complicating the resampling step in PFs. To meet this challenge, the Sequential Hierarchi-
cal Bayesian Model (SHBM) is proposed in this paper, which integrates the evolution model along
with observation model from the DA scheme, and the hierarchical parameter model. A two-step
resampling method are also proposed to estimate the SHBM: the first step uses the resampling
scheme in the bootstrap filter to resample new particles based on weights, which may produce
some duplicate particles; the second step utilizes the Reversible Jump Markov Chain Monte Carlo
(RIMCMC) methods to draw new particles from the target distribution. This approach ensures
particle diversity, with the first step aiming at avoiding particle degeneracy, and the second step
intends to prevent the sample impoverishment. The performance in the Advection Equation ex-
ample and Lorenz 96 example demonstrates the effectiveness of the proposed method.

1. Introduction

Dynamical System is used to describe systems that evolve over time, which is widely applied in fields such as meteorological
science and signal processing. Building numerical models and estimating with observational data are two important tools for studying
dynamical systems. However, computational errors and stability issues often make it difficult for numerical models to unbiasedly and
accurately characterize dynamical systems, while observations can only provide indirect and partial information.

Data assimilation (DA) combines the numerical models and observations to estimate the interesting states of the dynamical systems
(Gordon et al., 1993; Evensen, 1994). The numerical models are also called the evolution equations, which describe the evolution of
the systems, as well as the interesting states. Typically, the DA problem is solved sequentially over a sequence of assimilation time
windows. Let M : R" — R" denote the evolution model, which is a mapping of the n-dimensional state space into itself. It is assumed
that the state of the dynamic system x, at time ¢ evolves according to the nonlinear difference equation

X, = M(x,_110) + ¢, (@D

where 0 € O is the parameter in the evolution model, and ¢, is the n—dimensional vector denoting the external forcing. The subscript ¢
isatimeindexandr = 1,2 ---, and x is the initial condition. It is usually assumed that ¢, is a white noise sequence (Gordon et al., 1993;
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$M : \mathbb {R}^n \rightarrow \mathbb {R}^n$


$n$


$x_t$


$t$


\begin {equation}x_{t} = M(x_{t-1}|\theta ) + \epsilon _{t}, \label {equ: evolution}\end {equation}


$\theta \in \Theta $


$\epsilon _{t}$


$n-$


$t$


$t=1,2 \cdots $


$x_0$


$\epsilon _{t}$


$E(\epsilon _{t}) = 0$


$E(\epsilon _{t}\epsilon _{r}) = 0$


$r \neq t$


$Cov(\epsilon _{t}) = E(\epsilon _{t} {\epsilon _{t}}^T) = Q_{t} \in \mathbb {R}^{n \times n}$


$h : \mathbb {R}^n \rightarrow \mathbb {R}^m$


$\mathbb {R}^n$


$\mathbb {R}^m$


\begin {equation}z_{t} = h(x_t) + v_t, \label {eq:obs}\end {equation}


$z_t$


$x_t$


$t=1,2,\ldots $


$v_t \in \mathbb {R}^m$


$E(v_t) = 0$


$Cov(v_t) = R_t \in \mathbb {R}^{m \times m}$


$R_t$


$M(\cdot |\cdot )$


$M(\cdot |\cdot )$


$K$


$\{M^1(\cdot |\xi _1), M^2(\cdot |\xi _2), \ldots , M^K(\cdot |\xi _k)\}$


$\xi _k$


$r_k$


$\Theta _k \subset \mathbb {R}^{r_k}$


$r_k$


$\xi _k$


$M^k$


$\theta \triangleq (k,\xi _k)$


$\Theta $


$k$


$\xi _k$


$f_{k, \xi _k \mid z_{1:t}} \triangleq f_{\theta \mid z_{1:t}}$


$z_{1:t}$


$x_{t}$


$t$


$f_{x_{t} \mid z_{1:t}}$


$\theta $


$f_{\theta \mid z_{1:t}}$


$M^k(\cdot |\xi _k), k = 1,2,\ldots ,K$


$1$


\begin {align}\label {eq:shbm1} &z_t = h(x_t) + v_t, \notag \\ &x_t = M^k(x_{t-1}|\xi _k) + \epsilon _t, \notag \\ &k \sim \rho (k), \\ &\xi _k \sim \pi _{\xi _k}.\notag \label {eq:shbm}\end {align}


$k$


$\xi _k$


$k$


$\xi _k$


$\theta $


$k$


$\xi _k$


$\theta $


\begin {equation}\begin {aligned} &\pi _{\theta } = \pi _{k, \xi _k} = \rho (k) \cdot \pi _{\xi _k}, \quad k=1,2,\ldots ,K, \\ &\theta = (k, \xi _k) \in \Theta = \cup _{k=1}^{K} (\{k\} \times \Theta _k) \subset \cup _{k=1}^{K} (\{k\} \times \mathbb {R}^{r_k}), \end {aligned} \label {Xeqn4-4}\end {equation}


$\pi _{\xi _k}$


$\pi _{\xi _{\tilde {k}}}$


$\tilde {k} = k$


$\rho (k) = P(\tilde {k}=k)$


$\theta $


\begin {equation}\pi ^0_{\theta } = \pi ^0_{k, \xi _k} = \rho ^0(k) \cdot \pi ^0_{\xi _k}, \label {eq:pi_theta}\end {equation}


$\theta $


$t$


$z_{1:t}$


$\cup _{k=1}^{K} (\{k\} \times \Theta _k)$


$\theta $


$(x_t,\theta )$


$(x_t^{(i)},\theta ^{(i)})$


$i \in 1,2,\ldots ,N$


\begin {equation*}\begin {aligned} &M(x_t|\theta ) = M^{k}\left (x_t \mid \xi _k\right ), \\ &M(x_t^{(i)}|\theta ^{(i)}) = M^{k_i}\left (x_t^{(i)} \mid \xi _{k_i}^{(i)}\right ), \end {aligned}\end {equation*}


$M^{k_{i}}\left (x_t^{(i)} \mid \xi _{k_{i}}^{(i)}\right )$
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$k_{i}$
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$\theta $
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$\xi _k$


$t=0$


$x_0$


$t=0$


$\pi _{x_0}$


$\pi ^0_{\theta }=\rho ^0(k) \cdot \pi ^0_{\xi _k}$


$\theta $


$\pi _{x_0}$


$\pi ^0_{\theta }$


$x_1$


$x_0$


$\theta $


\begin {equation}\begin {aligned} f_{x_1, x_0, \theta } &= f_{x_1|x_0,\theta }\cdot f_{x_0,\theta } \\ &= \phi (x_1 ; M(x_0| \theta ),\sigma ^2R_n) \cdot \pi _{x_0} \cdot \pi ^0_{ \theta }, \end {aligned} \label {Xeqn6-6}\end {equation}


$\phi $


$N$


$f_{x_1, x_0, \theta }$


$\{x_{0:1}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:1},\theta }$


$\{x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t},\theta |z_{1:t-1}}$


$t$


$t =2,3,\ldots $


$G(x_{0:t}, \theta )$


$z_{1:t}$


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_{0:t}, \theta )|z_{1:t}]\\ &\triangleq \sum _{i=1}^N w_{t}^{(i)}\cdot G(x_{0:t}^{(i)}, \theta ^{(i)}), \end {aligned} \label {eq:hat_gt1}\end {equation}


\begin {equation}w_{t}^{(i)}=\frac {\phi (z_{t} ; h(x_t^{(i)}),\delta ^2R_m) }{\sum _{j=1}^N \phi (z_{t} ; h(x_t^{(j)}),\delta ^2R_m)}. \label {eq:wt-main}\end {equation}


\begin {equation}ESS = \frac {1}{\sum _{i=1}^N w_{t}^{(i)}}. \label {Xeqn9-9}\end {equation}


$N$


$\{x_{0:t}^{(i)},\theta ^{(i)}\}_{i=1}^N$


$\{w_t^{(i)}\}_{i=1}^N$


$\{ x_{0:t}^{(i)\prime },\theta ^{(i)\prime }\}_{i=1}^N$


$N$


$f_{x_{1:t}, \theta |z_{1:t}}$


$N$


$\{x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{x_{t}^{(i)},\theta ^{(i)})\}$


$i=1,2,\ldots ,N$


$x_{t+1}^{(i)}$


$f_{x_{t+1}|x_{0:t},\theta ,z_{1:t-1}} = \phi (x_{t+1}; M(x_{t}^{(i)}|\theta ^{(i)}),\sigma ^2R_n)$


$\{x_{0:t}^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t+1},\theta |z_{1:t-1}}$


$t$


$\{x_{0:t+1}^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t+1},\theta |z_{1:t-1}}$


$w_{t}^{(i)}$


$\theta $


$x_{0:t}$


$z_{1:t}$


$f_{\theta |x_{0:t},z_{1:t}}$


\begin {equation}\begin {aligned} f_{\theta |x_{0:t},z_{1:t}} = \frac {\phi \left (z_t ; h\left (x_t\right ), \delta ^2R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2R_n\right ) \cdot f_{\theta |x_{0:t-1},z_{1:t-1}} }{ E_{\theta |x_{0:t-1},z_{1:t-1}} [\phi \left (z_t ; h\left (x_t\right ), \delta ^2R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2R_n\right )] }, \end {aligned} \label {eq:theta_p3_1}\end {equation}


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{ x_{0:t}, \theta |z_{1:t}}$


\begin {equation}f_{\theta |x_{0:t},z_{1:t}} =\frac {f_{\theta ,x_{0:t}|z_{1:t}}}{f_{x_{0:t}|z_{1:t}}}. \label {eq:sir_kde1}\end {equation}


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{\theta ^{(i)}\}_{i=1}^N$


$f_{\theta |z_{1:t}}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$z_{1:t}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$f_{x_{0:t}|z_{1:t}}$


\begin {equation}\begin {aligned} f_{x_{0:t}|z_{1:t}} \propto \prod _{t_q=1}^t \phi \left (z_{t_q}; h\left (x_{t_q}\right ), \delta ^2 R_m\right )\cdot f_{x_{0:t}}. \end {aligned} \label {Xeqn12-12}\end {equation}


$\{\theta ^{(i)}\}_{i=1}^N$


$f_{\theta |x_{0:t},z_{1:t}}$


$\theta ^{(i)}$


$u^{(i)}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$f_{x_{0:t}}$


\begin {equation}u^{(i)} = \frac {1 / \prod _{t_q=1}^t \phi \left (z_{t_q}; h\left (x_{t_q}^{(i)}\right ), \delta ^2 R_m\right )}{\sum _{j=1}^N[1/\prod _{t_q=1}^t \phi \left (z_{t_q} ; h\left (x_{t_q}^{(j)}\right ), \delta ^2 R_m\right )]}. \label {Xeqn13-13}\end {equation}


$f_{\theta |x_{0:t},z_{1:t}}$


$\theta = (k, \xi _k)$


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t}, \theta |z_{1:t}}$


$t \geq 2$


\begin {equation}\{x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N \triangleq \{x_{0:t}^{(i)}, k^{(i)}, \xi _k^{(i)}\}_{i=1}^N. \label {Xeqn14-14}\end {equation}


$f_{x_{0:t}, \theta |z_{1:t}}$


$(x_{0:t}^{(i)},k_{i}, \xi _k^{(i)})$


$(x_{0:t}^{\ast },k^{\ast }, \xi _{k^\ast }^{\ast })$


$g_{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))}$


$\alpha _{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))}$


$(x_{0:t}^{(i)}, \theta ^{(i)})$


$(x_t^{(i)}, \theta ^{(i)})$


$x_{t+1}^{(i)}$


$x_{0:t-1}^{(i)}$


$(x_t^{(i)}, \theta ^{(i)})$


$x_t$


$\theta $


\begin {equation}\begin {aligned} & f_{x_t,\theta |z_t,x_{0:t-1}=x_{0:t-1}^{(i)}} \\ & \propto \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1}^{(i)} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot f_{\theta |x_{0:t-1}=x_{0:t-1}^{(i)},z_{1:t-1}}\\ & \approx \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1}^{(i)} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot \hat {\rho }(k) \cdot \hat {\pi }_{ \xi _k}(\xi _k). \end {aligned} \label {eq:posterior1t_1}\end {equation}


$i$


$(x_t^{(i)},\theta ^{(i)}) = (x_t^{(i)},k_i,\theta ^{(i)}_{k_i})$


$(x^\ast _t,\theta ^\ast ) = (x^\ast _t,k^\ast ,\xi _{k^\ast }^\ast )$


\begin {equation}\begin {aligned} x_t^{(i)} &= M^{k_i}\left (x_{t-1}^{(i)} \mid \xi _k^{(i)}\right ) + \epsilon _t^{(i)}, \\ x_t^\ast &= M^{k^\ast }\left (x_{t-1}^\ast \mid \xi _{k^\ast }^\ast \right ) + \epsilon _t^{(i)}, \end {aligned} \label {Xeqn16-16}\end {equation}


$\epsilon _t^{(i)}$


$x_t^\ast $


\begin {equation}\alpha = \frac { g(\theta ^{(i)}|\theta ^\ast ,x_{t}^\ast ) a_{k^{\ast } \rightarrow k_i} \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right )\cdot \hat {\rho }(k^\ast ) \cdot \hat {\pi }_{ \xi _{k^\ast }}(\xi _{k^\ast }^\ast )} {g(\theta ^\ast |\theta ^{(i)},x_{t}^{(i)} ) a_{k_i\rightarrow k^{\ast } } \phi \left (z_t ; h\left (x_t^{(i)}\right ), \delta ^2 R_m\right ) \cdot \hat {\rho }(k_i) \cdot \hat {\pi }_{ \xi _k}(\xi _{k_i}^{(i)})} |J|, \label {eq:alpha4}\end {equation}


\begin {equation}J =\bigg | \frac {d q(\xi _k,\mu ) }{d (\xi _k,\mu )}\bigg |_{(\xi _k,\mu )=(\xi _{k_i}^{(i)},\mu ^{(i)})}. \label {Xeqn18-18}\end {equation}


$t$


$G(x_{0:t}, \theta )$


$\{x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t}, \theta |z_{1:t}}$


$G(x_{0:t}, \theta )$


$z_{1:t}$


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_{0:t}, \theta )]\\ &= \int G(x_{0:t}, \theta ) \cdot f_{x_{0:t}, \theta |z_{1:t}} \, dx_{0:t} \, d \theta \\ &= E_{x_{0:t}, \theta |z_{1:t}}[ G(x_{0:t}, \theta ) ]\\ &\approx \frac {1}{N} \sum _{i=1}^N G(x_{0:t}^{(i)}, \theta ^{(i)}).\\ \end {aligned} \label {eq:hat_g}\end {equation}


\begin {equation}\frac {\partial x}{\partial t} = -v \frac {\partial x}{\partial s}. \label {eq:adv}\end {equation}


$x$


$v$


$s$


$t$


$v$


$s$


$s$


$t$


$s$


$v$


$s$


$v_s$


$i$


$v_i$


$i$


$i=1,2,\ldots ,k+1$


$k$


$k \in \{1,2,\ldots , K_{\max }\}$


$[0,L]$


$\{s_0,s_1,s_2,\ldots ,s_n\}$


$s_1=0$


$s_n=L$


$n$


$x$


$\{c_1,c_2,\ldots ,c_k\}$


\begin {equation}\theta = (k,\xi _k) =(k,v_1,v_2,\ldots ,v_{k+1},c_1,c_2,\ldots ,c_k). \label {Xeqn22-22}\end {equation}


$\Theta = \cup _{k \in \mathcal {K}} (\{k\} \times \Theta _{k})$


$k$


$\Theta _{k} \subset \mathbb {R}^{2k+1}$


$M^k$


$k$


$k$


$\xi _k =(v_1,v_2,\ldots ,v_{k+1},c_1,c_2,\ldots ,c_k)$


$k$


$k$


\begin {equation}\rho (k) =\frac {e^{-\lambda }\frac {\lambda ^k}{k!}}{\sum _{i=1}^{K_{max}} e^{-\lambda }\frac {\lambda ^i}{i!}} ,\quad k =1,2,\ldots ,K_{max}. \label {Xeqn23-23}\end {equation}


$\lambda $


$K_{\max }$


$v_1, v_2, \ldots , v_{k+1}$


$\Gamma (\alpha , \beta )$


$\beta ^\alpha v_j^{\alpha -1} e^{-\beta v_j} / \Gamma (\alpha )$


$j=1,2,\ldots ,k+1$


$\alpha $


$\beta $


\begin {equation}\pi _{ \theta }(k,\xi _k) = \rho (k)\cdot \pi _{ \xi _k}(\xi _k) \propto e^{-\lambda }\frac {\lambda ^k}{k!} \cdot \prod _{j=1}^{k+1} [\beta ^\alpha v_j^{\alpha -1} e^{-\beta v_j} / \Gamma (\alpha )] \cdot f_{c}, \label {Xeqn24-24}\end {equation}


$f_{c}$


$c$


\begin {equation}b_k = c \cdot \min \{1, \rho (k+1) / \rho (k)\}, \label {eq:bk}\end {equation}


$k$


$k+1$


\begin {equation}d_k = c \cdot \min \{1, \rho (k-1) / \rho (k)\}, \label {eq:dk}\end {equation}


$b_{K_{\max }}=d_1=0$


$\eta _k$


$\psi _k$


\begin {equation}\eta _k =\psi _k=\frac {1}{2}\left (1-b_k-d_k\right ). \label {Xeqn80-D.8}\end {equation}


$[0, 400]$


$s \in \{ 0,1,2,\ldots ,400\}$


$n = 401$


\begin {equation}x_0(s) = \frac {1}{5} \sin \left (\frac {3\pi }{20} s\right )s\left (\frac {2}{3} - s / 400\right ) \exp \left (-\frac {1}{200} s \right ). \label {Xeqn25-25}\end {equation}
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$\sigma ^2 = 0.2$


$600$


\begin {equation*}x_0^{(i)} = x_0 \cdot (1 + \epsilon _0^{(i)}),\end {equation*}


$\epsilon _0^{(i)} \sim N(0,1)$
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\begin {equation}\mbox {MSE} = \frac {1}{m} \sum _{i=1}^{m} \left ( z_{t,i} - x_{t,i} \right )^2, \label {Xeqn26-26}\end {equation}


$z_{t,i}$
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$50$


\begin {equation}\mbox {MSPE} = \frac {1}{m} \sum _{i=1}^{m} \left ( z_{t,i} - x^f_{t,i} \right )^2, \label {Xeqn27-27}\end {equation}


$x^f_{t,i}$


$i$


$\beta $


$\beta $


$30$


$\beta $


$30$


$\lambda $


$\beta $


$\beta = 0.95$


$\lambda $


$1$


$2$


$3$


$30$


$\lambda $


$\lambda = 2$


$\lambda $


$\lambda $


$\alpha $


$0.2$


$0.6$


$c$


$0.1$


$0.3$


$0.1$


$20$


$30$


$\alpha $


$c$


$\alpha $


$c$


$\beta $


$\alpha $


$c$


$c$


$c$


$c$


$c$


$\lambda = 2$


$\alpha =0.4$


$\beta = 0.95$


$c=0.3$


$20$


$0.1$


$10$


$N=60$


$N=100$


$20$


$N=60$


$N=100$


$N=60$


$0.1$


$10$


$N=100$


$20$


$N=60$


$20$


$N=100$


$k$


$k = 1, 2, 3$


$k=2$


$20$


$N$


$t=600$


$t=650$


$k=1$


$k=2$


$k=3$


$40$


$60$


$80$


$10$


$80\,\%$


$t = 600$


$80\,\%$


$k = 1$


$k = 2$


$k = 3$


$0.1481$


$0.2232$


$0.1336$


$1.1317$


$\%$


$0.1$


$0.1$


$N$


$k = 1$


$k = 3$


$\%$


$\%$


$k=1$


$k=2$


$k=3$


$k=2$


$k=1$


$k=3$


$k=1$


$k=2$


$N=80$


$k = 2$


$k = 1$


$k = 3$


$k=2$


$k=3$


$k=3$


$N=80$


$k=2$


$k=3$


$k=2$


$k=3$


$t = 650$


$N=100$


$[0, 600]$


$k = 2$


$k = 2$


$650$


$t=600$


$t=650$


$m$


$30$


$t=600$


$t=650$


$k=1$


$k=2$


$k=3$


$m$


\begin {equation}\frac {dx_j}{dt} = -x_{j-1}(x_{j-2}-x_{j+1})-x_j +F. \label {eq:l96}\end {equation}


$x = \{x_j;j = 1,. . . ,n\}$
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\begin {equation}\frac {dx_j}{dt} = -x_{j-1}(x_{j-2}-x_{j+1})-x_j +F_{j}. \label {eq:l96_2}\end {equation}
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$n-$


$40$


$x = (x_1, \dots , x_{40})^T$


$x_1$


$x_{20}$


$F = 1$


$x_{21}$


$x_{40}$


$F = 6$


$p_{\mbox {true}} = (1, 20, 1, 6)^T$


$(x_{1k},x_{2k},\ldots ,x_{nk})^T$


$n=40$


$t \in [0,30]$


$\Delta t=0.03$


$1001$


$x_0 = (x_{1,0},x_{2,0},\ldots ,x_{n,0})^T = (1.01,1,\ldots ,1)^T$


$k$


$\lambda = 1$


$K_{\mbox {max}} = 2$


$F$


$\Gamma (\alpha $


$\beta )$


$\alpha = 1.5$


$\beta = 0.5$


$k=0$


$k=1$


$30$


$N=15$


$30$


$45$


$60$


$90$


$120$


$t=500$


$t=530$


$k=0$


$k=1$


$k=1$


$k=0$


$k=2$


$3$


$2$


$3$


$3$


$t=0$


$x_0$


$\pi _{x_0}$


$\theta $


$\pi ^0_{\theta }=\rho ^0(k) \cdot \pi ^0_{\xi _k}$


$\pi _{x_0}$


$\pi ^0_{\theta }$


$x_1$


$x_0$


$\theta $


\begin {equation}\begin {aligned} f_{x_1, x_0, \theta } &= f_{x_1|x_0,\theta }\cdot f_{x_0,\theta } \\ &= \phi (x_1 ; M(x_0| \theta ),\sigma ^2R_n) \cdot \pi _{x_0} \cdot \pi ^0_{ \theta }, \end {aligned} \label {Xeqn30-A.1}\end {equation}


$\phi $


$N$


$f_{x_1, x_0, \theta }$


$t=1$


$z_1,x_1, x_0, \theta $


\begin {equation}\begin {aligned} f_{z_1,x_1, x_0, \theta } &= f_{z_1|x_1,x_0,\theta }\cdot f_{x_1,x_0,\theta } \\ &=\phi (z_1 ; h(x_1),\delta ^2R_m) \cdot \phi (x_1 ; M(x_0| \theta ),\sigma ^2R_n) \cdot \pi _{x_0} \cdot \pi ^0_{ \theta }. \end {aligned} \label {Xeqn31-A.2}\end {equation}


$z_1$


\begin {equation}\begin {aligned} f_{x_1, x_0, \theta |z_1} &= \frac {1}{f_{z_1}} \cdot f_{z_1,x_1,x_0,\theta } \\ &=\frac {1}{f_{z_1}} \cdot \phi (z_1 ; h(x_1),\delta ^2R_m) \cdot \phi (x_1 ; M(x_0| \theta ),\sigma ^2R_n) \cdot \pi _{x_0} \cdot \pi ^0_{ \theta }. \end {aligned} \label {Xeqn32-A.3}\end {equation}


$f_{x_0, \theta }= \pi _{x_0} \cdot \pi _{ \theta }$


$x_0$


$\theta $


$N$


$\{x_0^{(i)},\theta ^{(i)}\}_{i=1}^N$


$\pi _{x_0}$


$\pi _{ \theta }$


$f_{x_0, \theta }$


$x_1$


$f_{x_1 | x_0, \theta }(x_1 | x_0=x_0^{(i)}, \theta = \theta ^{(i)}) = \phi (x_{1};M(x_{0}^{(i)}|\theta ^{(i)}),\sigma ^2 R_n)$


$\epsilon _{1}^{(i)} \sim \mathcal {N}_n(0,\sigma ^2R_n)$


$x_{1}^{(i)} = M(x_{0}^{(i)}|\theta ^{(i)})+\epsilon _{1}^{(i)}$


$\{x_1^{(i)},x_0^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_1, x_0, \theta }$


$w_0^{(i)} =\frac {1}{N}$


$G(x_1, x_0, \theta )$


$z_1$


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_1, x_0, \theta )|z_1] \\ &= \int G(x_1, x_0, \theta ) \cdot f_{x_1, x_0, \theta |z_1} d x_1~d x_0~d \theta \\ &= \int G(x_1, x_0, \theta ) \cdot \frac {f_{x_1, x_0, \theta |z_1}}{f_{x_1, x_0, \theta }} f_{x_1, x_0, \theta } d x_1~d x_0~d \theta , \end {aligned} \label {Xeqn33-A.4}\end {equation}


\begin {equation}\frac {f_{x_1, x_0, \theta |z_1}}{f_{x_1, x_0, \theta }} = \frac {f_{z_1|x_1, x_0, \theta } \cdot f_{x_1, x_0, \theta }/f_{z_1}}{f_{x_1, x_0, \theta }} = \frac {f_{z_1|x_1, x_0, \theta } }{f_{z_1}}, \label {Xeqn34-A.5}\end {equation}


\begin {equation}\begin {aligned} \hat {G} &= \int G(x_1, x_0, \theta ) \cdot \frac {f_{z_1|x_1, x_0, \theta } }{f_{z_1}} f_{x_1, x_0, \theta } d x_1~d x_0~d \theta \\ &= E_{x_1, x_0, \theta }[G(x_1, x_0, \theta ) \cdot \frac {f_{z_1|x_1, x_0, \theta } }{f_{z_1}}] \\ &= E_{x_1, x_0, \theta }[ \frac {\phi (z_1 ; h(x_1),\delta ^2R_m) }{f_{z_1}}\cdot G(x_1, x_0, \theta ) ] \\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_1 ; h(x_1^{(i)}),\delta ^2R_m) }{f_{z_1}}\cdot G(x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}). \end {aligned} \label {Xeqn35-A.6}\end {equation}


$f_{z_1}$


\begin {equation}\begin {aligned} f_{z_1} &= \int f_{z_1|x_1}\cdot f_{x_1} d x_1 \\ &=E_{x_1}[ f_{z_1|x_1}] \\ & \approx \frac {1}{N}\Sigma _{j=1}^N \phi (z_1 ; h(x_1^{(j)}),\delta ^2R_m) \end {aligned} \label {Xeqn36-A.7}\end {equation}


\begin {equation}\begin {aligned} \hat {G} & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_1 ; h(x_1^{(i)}),\delta ^2R_m) }{f_{z_1}}\cdot G(x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}) \\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_1 ; h(x_1^{(i)}),\delta ^2R_m) }{\frac {1}{N}\Sigma _{j=1}^N \phi (z_1 ; h(x_1^{(j)}),\delta ^2R_m)}\cdot G(x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}) \\ &= \sum _{i=1}^N \frac {\phi (z_1 ; h(x_1^{(i)}),\delta ^2R_m) }{\Sigma _{j=1}^N \phi (z_1 ; h(x_1^{(j)}),\delta ^2R_m)}\cdot G(x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}) \\ & \triangleq \sum _{i=1}^N w_1^{(i)}\cdot G(x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}), \end {aligned} \label {Xeqn37-A.8}\end {equation}


\begin {equation}w_{1}^{(i)}=\frac {\phi (z_1 ; h(x_1^{(i)}),\delta ^2R_m) }{\Sigma _{j=1}^N \phi (z_1 ; h(x_1^{(j)}),\delta ^2R_m)}. \label {eq:w_1}\end {equation}


$N$


$\{x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{w_1^{(i)}\}_{i=1}^N$


$\{ x_1^{(i)\prime },x_0^{(i)\prime },\theta ^{(i)\prime }\}_{i=1}^N$


$f_{x_1, x_0, \theta |z_1}$


$N$


$\{x_1^{(i)}, x_0^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{x_1^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_1, \theta |z_1}$


$t=2$


$\{x_0^{(i)}, x_1^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_0, x_1, \theta |z_1}$


$f_{x_{0:2},\theta |z_1}$


$(x_1^{(i)},x_0^{(i)},\theta ^{(i)})$


$i=1,2,\cdots ,N$


$x_2^{(i)}$


$f_{x_2|x_1,x_0,\theta ,z_1} = \phi (x_2; M(x_1^{(i)}|\theta ^{(i)} ),\sigma ^2R_n)$


$\{x_{0:2}^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:2},\theta |z_1}$


$z_1$


$z_2$


\begin {equation}\begin {aligned} f_{x_{0:2},\theta |z_{1:2}} &= \frac {f_{z_{2},x_{0:2},\theta |z_{1}}}{f_{z_2|z_1}} \\ &= \frac {1}{f_{z_2|z_1}} f_{z_{2}|x_{0:2},\theta ,z_{1}} \cdot f_{x_{0:2},\theta |z_{1}} \\ &= \frac {1}{f_{z_2|z_1}} \cdot \phi (z_2 ; h(x_2),\delta ^2R_m) \cdot f_{x_{0:2},\theta |z_{1}} \\ \end {aligned} \label {Xeqn39-A.10}\end {equation}


$t$


$d x_{0:t}$


$d x_0~d x_1 \cdots d x_t$


$G(x_{0:2}, \theta )$


$x_2, x_1, \theta $


$z_{1:2}$


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_{0:2}, \theta )|z_{1:2}]\\ &= \int G(x_{0:2}, \theta ) \cdot f_{x_{0:2}, \theta |z_1,z_2} d x_{0:2} d \theta \\ &= \int G(x_{0:2}, \theta ) \cdot \frac {f_{x_{0:2}, \theta |z_1,z_2}}{f_{x_{0:2}, \theta |z_1}} f_{x_{0:2}, \theta |z_1} d x_{0:2} d \theta \\ &= \int G(x_{0:2}, \theta ) \cdot \frac {\phi (z_2 ; h(x_2),\delta ^2R_m)}{f_{z_2|z_1}} \cdot f_{x_{0:2}, \theta |z_1} d x_{0:2} d \theta \\ &= E_{x_{0:2}, \theta |z_1}[ G(x_{0:2}, \theta ) \cdot \frac {\phi (z_2 ; h(x_2),\delta ^2R_m)}{f_{z_2|z _1}}]\\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_2 ; h(x_2^{(i)}),\delta ^2R_m) }{f_{z_2|z_1}}\cdot G(x_{0:2}^{(i)}, \theta ^{(i)}), \end {aligned} \label {eq:g2_2}\end {equation}


\begin {equation}\begin {aligned} f_{z_2|z_{1}} &= \int f_{z_2|x_2,z_{1}}\cdot f_{x_2|z_{1}} d x_2\\ &=E_{x_2|z_{1}}[ f_{z_2|x_2,z_{1}}]\\ &\approx \frac {1}{N}\sum _{j=1}^N f_{z_2|x_2}(z_2|x_2=x_2^{(j)})\\ &= \frac {1}{N}\sum _{j=1}^N \phi (z_2 ; h(x_2^{(j)}),\delta ^2R_m), \end {aligned} \label {Xeqn41-A.12}\end {equation}


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_{0:2}, \theta )|z_{1:2}]\\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_2 ; h(x_2^{i)}),\delta ^2R_m) }{f_{z_2|z_1}}\cdot G(x_{0:2}^{(i)},\theta ^{(i)})\\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_2 ; h(x_2^{(i)}),\delta ^2R_m) }{\frac {1}{N}\sum _{j=1}^N \phi (z_2 ; h(x_2^{(j)}),\delta ^2R_m)}\cdot G(x_{0:2}^{(i)},\theta ^{(i)})\\ &= \sum _{i=1}^N \frac {\phi (z_2 ; h(x_2^{(i)}),\delta ^2R_m) }{\sum _{j=1}^N \phi (z_2 ; h(x_2^{(j)}),\delta ^2R_m)}\cdot G(x_{0:2}^{(i)},\theta ^{(i)})\\ &\triangleq \sum _{i=1}^N w_2^{(i)}\cdot G(x_{0:2}^{(i)},\theta ^{(i)}), \end {aligned} \label {eq:g2_1}\end {equation}


\begin {equation}w_{2}^{(i)}=\frac {\phi (z_2 ; h(x_2^{(i)}),\delta ^2R_m) }{\sum _{j=1}^N \phi (z_2 ; h(x_2^{(j)}),\delta ^2R_m)}. \label {Xeqn43-A.14}\end {equation}


$\{ x_{0:2}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{ w_{2}^{(i)}\}_{i=1}^N$


$\{ x_{0:2}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$N$


$f_{x_{0:2},\theta |z_{1:2}}$


$t-1$


$\{ x_{0:t-1}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t-1},\theta |z_{1:t-1}}$


$\{x_{t-1}^{(i)},\theta ^{(i)})\}$


$i=1,2,\cdots ,N$


$x_{t}^{(i)}$


$f_{x_{t}|x_{0:t-1},\theta ,z_{1:t-1}} = \phi (x_{t}; M(x_{t-1}^{(i)}|\theta ^{(i)}),\sigma ^2R_n)$


$\{x_{0:t}^{(i)},\theta ^{(i)}\}_{i=1}^N$


$f_{x_{0:t},\theta |z_{1:t-1}}$


$t$


$G(x_{0:t}, \theta )$


$z_{1:t}$


\begin {equation}\begin {aligned} \hat {G} &= E[G(x_{0:t}, \theta )|z_{1:t}]\\ &= \int G(x_{0:t}, \theta ) \cdot f_{x_{0:t}, \theta |z_{1:t}} d x_{0:t} d \theta \\ &= \int G(x_{0:t}, \theta ) \cdot \frac {f_{x_{0:t}, \theta |z_{1:t-1},z_{t}}}{f_{x_{0:t}, \theta |z_{1:t-1}}} f_{x_{0:t}, \theta |z_{1:t-1}} d x_{0:t} d \theta \\ &=\int G(x_{0:t}, \theta ) \cdot \frac {\phi (z_{t} ; h(x_t),\delta ^2R_m)}{f_{z_{t}|z_{1:t-1}}} \cdot f_{x_{0:t}, \theta |z_{1:t-1}} d x_{0:t} d \theta \\ &= E_{x_{0:t}, \theta |z_{1:t-1}}[ G(x_{0:t}, \theta ) \cdot \frac {\phi (z_{t} ; h(x_t),\delta ^2R_m)}{f_{z_{t}|z_{1:t-1}}}]\\ &\approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_t ; h(x_t^{(i)}),\delta ^2R_m) }{f_{z_t|z_{1:t-1}}} \cdot G(x_{0:t}^{(i)}, \theta ^{(i)})\\ & \approx \frac {1}{N} \sum _{i=1}^N \frac {\phi (z_{t} ; h(x_{t}^{(i)}),\delta ^2R_m) }{\frac {1}{N}\sum _{j=1}^N \phi (z_{t} ; h(x_{t}^{(j)}),\delta ^2R_m)}\cdot G(x_{0:t}^{(i)}, \theta ^{(i)})\\ &= \sum _{i=1}^N \frac {\phi (z_{t} ; h(x_{t}^{(i)}),\delta ^2R_m) }{\sum _{j=1}^N \phi (z_{t} ; h(x_{t}^{(j)}),\delta ^2R_m)}\cdot G(x_{0:t}^{(i)}, \theta ^{(i)})\\ &\triangleq \sum _{i=1}^N w_{t}^{(i)}\cdot G(x_{0:t}^{(i)}, \theta ^{(i)}), \end {aligned} \label {eq:hat_gt_t}\end {equation}


\begin {equation}\begin {aligned} f_{x_{0:t}, \theta |z_{1:t-1},z_{t}} &= \frac {f_{z_{t},x_{0:t}, \theta |z_{1:t-1}}}{f_{z_{t}|z_{1:t-1}}}\\ &= \frac {f_{z_{t}|x_{0:t}, \theta ,z_{1:t-1}}\cdot f_{x_{0:t}, \theta |z_{1:t-1}}}{f_{z_{t}|z_{1:t-1}}}\\ &= \frac {\phi (z_{t} ; h(x_t),\delta ^2R_m)\cdot f_{x_{0:t}, \theta |z_{1:t-1}}}{f_{z_{t}|z_{1:t-1}}}\\ \end {aligned} \label {Xeqn45-A.16}\end {equation}


\begin {equation}w_{t}^{(i)}=\frac {\phi (z_{t} ; h(x_t^{(i)}),\delta ^2R_m) }{\sum _{j=1}^N \phi (z_{t} ; h(x_t^{(j)}),\delta ^2R_m)}. \label {eq:wt}\end {equation}


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$\{ w_{t}^{(i)}\}_{i=1}^N$


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{ x_{0:t}, \theta |z_{1:t}}$


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{ x_{0:t}, \theta |z_{1:t}}$


$f_{\theta |x_{0:t},z_{1:t}}$


$\theta $


$f_{\theta |x_{0:t},z_{1:t}}$


$f_{\theta |x_{0:t-1},z_{1:t-1}}$


$t=1$


$x_1$


$\theta $


\begin {equation}\begin {aligned} f_{x_1,\theta |z_1,x_0} &= \frac {1}{f_{z_1|x_0}}\cdot f_{z_1,x_1,\theta |x_0}\\ &= \frac {1}{f_{z_1|x_0}} \cdot \phi (z_1 ; h(x_1), \delta ^2R_m) \cdot \phi (x_1 ; M(x_0| \theta ), \sigma ^2R_n) \cdot \pi ^0_\theta . \end {aligned} \label {Xeqn47-B.1}\end {equation}


$\theta $


$z_1$


$x_{0:1}$


\begin {equation}\begin {aligned} f_{\theta |z_1,x_{0:1}} &= \frac {f_{\theta ,x_1,z_1|x_0}}{f_{x_1,z_1|x_0}}\\ &= \frac {f_{\theta ,x_1,z_1|x_0}}{\int f_{\theta ,x_1,z_1|x_0} d\theta }\\ &= \frac {\phi \left (z_1 ; h\left (x_1\right ), \delta ^2R_m\right ) \cdot \phi \left (x_1 ; M\left (x_{0} \mid \theta \right ), \sigma ^2R_n\right ) \cdot \pi ^0_\theta }{ E_{\theta } [\phi \left (z_1 ; h\left (x_1\right ), \delta ^2R_m\right ) \cdot \phi \left (x_1 ; M\left (x_{0} \mid \theta \right ), \sigma ^2R_n\right )] }. \end {aligned} \label {eq:theta_p1}\end {equation}


$t=2$


\begin {equation}\begin {aligned} f_{z_2,x_2,\theta |z_1,x_{0:1}} &= f_{z_2|x_2,\theta ,z_1,x_{0:1}} \cdot f_{x_2|\theta ,z_1,x_{0:1}} \cdot f_{\theta |z_1,x_{0:1}}\\ &= \phi \left (z_2 ; h\left (x_2\right ), \delta ^2R_m\right ) \cdot \phi \left (x_2 ; M\left (x_{1} \mid \theta \right ), \sigma ^2R_n\right ) \cdot f_{\theta |z_1,x_{0:1}}. \end {aligned} \label {Xeqn49-B.3}\end {equation}


$\theta $


$z_{1:2}$


$x_{1:2}$


\begin {equation}\begin {aligned} f_{\theta |z_{1:2},x_{0:2}} &= \frac {f_{\theta ,x_2,z_2|z_{1},x_{0:1}}}{f_{x_2,z_2|z_{1},x_{0:1}}}\\ &= \frac {f_{\theta ,x_2,z_2|z_{1},x_{0:1}}}{\int f_{\theta ,x_2,z_2|z_{1},x_{0:1}} d\theta }\\ &= \frac {\phi \left (z_2 ; h\left (x_2\right ), \delta ^2R_m\right ) \cdot \phi \left (x_2 ; M\left (x_{1} \mid \theta \right ), \sigma ^2R_n\right ) \cdot f_{\theta |z_1,x_{0:1}} }{ E_{\theta |z_1,x_{0:1}} [\phi \left (z_2 ; h\left (x_2\right ), \delta ^2R_m\right ) \cdot \phi \left (x_2 ; M\left (x_{1} \mid \theta \right ), \sigma ^2R_n\right )] }. \end {aligned} \label {eq:theta_p2}\end {equation}


$t-1$


$\theta $


$z_{1:t-1}$


$x_{0:t-1}$


\begin {equation}f_{\theta |x_{0:t-1},z_{1:t-1}}. \label {Xeqn51-B.5}\end {equation}


$t$


$\theta $


\begin {equation}\begin {aligned} f_{\theta |x_{0:t},z_{1:t}} &= \frac { f_{z_t,x_t,\theta |z_{1:t-1},x_{0:t-1}} }{ f_{z_t,x_t|z_{1:t-1},x_{0:t-1}} } \\ &=\frac { f_{z_t,x_t,\theta |z_{1:t-1},x_{0:t-1}} }{ \int f_{z_t,x_t,\theta |z_{1:t-1},x_{0:t-1}} d\theta } \\ &= \frac {\phi \left (z_t ; h\left (x_t\right ), \delta ^2R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2R_n\right ) \cdot f_{\theta |x_{0:t-1},z_{1:t-1}} }{ E_{\theta |x_{0:t-1},z_{1:t-1}} [\phi \left (z_t ; h\left (x_t\right ), \delta ^2R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2R_n\right )] }, \end {aligned} \label {eq:theta_p3}\end {equation}


$f_{\theta |x_{0:t},z_{1:t}}$


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{ x_{0:t}, \theta |z_{1:t}}$


\begin {equation}f_{\theta |x_{0:t},z_{1:t}} = \frac {f_{\theta ,x_{0:t},z_{1:t}}}{f_{x_{0:t},z_{1:t}}} =\frac {f_{\theta ,x_{0:t}|z_{1:t}}}{f_{x_{0:t}|z_{1:t}}}. \label {eq:sir_kde}\end {equation}


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{ x_{0:t}, \theta |z_{1:t}}$


$\{\theta ^{(i)}\}_{i=1}^N$


$\{ x_{0:t}^{(i)}, \theta ^{(i)}\}_{i=1}^N$


$f_{\theta |z_{1:t}}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$N$


$z_{1:t}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$x_{0:t}$


\begin {equation}\begin {aligned} f_{x_{0:t}|z_{1:t}} &= \frac {f_{z_{1:t}|x_{0:t}} \cdot f_{x_{0:t}}}{f_{z_{1:t}}}\\ & \propto f_{z_{1:t}|x_{0:t}}\cdot f_{x_{0:t}}\\ &= \prod _{t_q=1}^t \phi \left (z_{t_q}; h\left (x_{t_q}\right ), \delta ^2 R_m\right )\cdot f_{x_{0:t}}. \end {aligned} \label {Xeqn54-B.8}\end {equation}


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$z_{1:t}$


$\theta $


$f_{\theta |x_{0:t},z_{1:t}}$


$\{\theta ^{(i)}\}_{i=1}^N$


$f_{\theta |x_{0:t},z_{1:t}}$


$\theta ^{(i)}$


$u^{(i)}$


$\{ x_{0:t}^{(i)}\}_{i=1}^N$


$f_{x_{0:t}}$


\begin {equation}u^{(i)} = \frac {1 / \prod _{t_q=1}^t \phi \left (z_{t_q}; h\left (x_{t_q}^{(i)}\right ), \delta ^2 R_m\right )}{\sum _{j=1}^N[1/\prod _{t_q=1}^t \phi \left (z_{t_q} ; h\left (x_{t_q}^{(j)}\right ), \delta ^2 R_m\right )]}. \label {Xeqn55-B.9}\end {equation}


$\hat {f}_{\theta |x_{0:t},z_{1:t}}= \hat {\rho }(k) \cdot \hat {\pi }_k(\xi _k)$


$\rho (k)$


$\pi _k(\xi _k)$


$\rho (k)$


$\lambda $


$\rho (k)$


$\pi _k(\xi _k)$


$k =1,2,\cdots ,K$


\begin {equation}\hat {\rho }(k) = \sum _{j=1}^N u^{(i)} \mathbb {I}(k_i = k). \label {Xeqn56-B.10}\end {equation}


$\mathbb {I}(\cdot )$


$1$


$i$


$k$


$k_i = k$


$\mathbb {I}(k_i = k)=1$


$\mathbb {I}(k_i = k)=0$


$N_k$


$k_i = k$


$\pi _{ \xi _k}(\xi _k)$


$t$


$\xi _k$


$k$


$N_k$


$k_i = k$


$\hat {\pi }_{ \xi _k}(\xi _k)$


$k =1,2,\cdots ,K$


$\pi _k(\xi _k)$


\begin {equation}\hat {\pi }_k(\xi _k) = \sum _{i_k=1}^{N_k} \frac {u^{(i_k)}}{\sum _{{i_k}=1}^{N_k} u^{(j_k)}} K_h(\xi _k - \xi _k^{(i_k)}) , \label {Xeqn57-B.11}\end {equation}


$\int \hat {\pi }_k(\xi _k) d \xi _k = 1$


$K_h$


$K_h$


\begin {equation}K_h(\xi _k - \xi _k^{(i_k)}) = \frac {1}{(2\pi )^{r_k/2} |H|^{1/2}} \exp \left (-\frac {1}{2} (\xi _k - \xi _k^{(i_k)})^T H^{-1} (\xi _k - \xi _k^{(i_k)})\right ), \label {Xeqn58-B.12}\end {equation}


$H$


$r_k$


$\xi _k$


$\pi _{ \xi _k}(\xi _k)$


$\hat {\pi }_{ \xi _k}(\xi _k)$


$f_{\theta |x_{0:t},z_{1:t}}$


$\hat {\rho }(k) \cdot \hat {\pi }_{ \xi _k}(\xi _k)$


$\theta $


$t$


$f_{\theta |x_{0:t-1},z_{1:t-1}}$


$(x_{0:t}^{(i)},k_{i}, \xi _k^{(i)})$


$(x_{0:t}^{\ast },k^{\ast }, \xi _{k^\ast }^{\ast })$


$g_{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))}$


$\alpha _{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))}$


\begin {equation}\begin {aligned} & g_{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))}\alpha _{((x_{0:t}, \theta ) \rightarrow (x_{0:t}^\ast , \theta ^\ast ))} f_{x_{0:t}, \theta |z_{0:t}} \\ = & g_{((x_{0:t}^\ast , \theta ^\ast ) \rightarrow (x_{0:t}, \theta ))}\alpha _{((x_{0:t}^\ast , \theta ^\ast ) \rightarrow (x_{0:t}, \theta ))} f_{x_{0:t}^\ast , \theta ^\ast |z_{0:t}}, \end {aligned} \label {eq:balance}\end {equation}


$\theta = (k, \xi _k)$


$(x_{0:t}^{(i)}, \theta ^{(i)})$


$(x_t^{(i)}, \theta ^{(i)})$


$x_{t+1}^{(i)}$


$x_{0:t-1}^{(i)}$


$(x_t^{(i)}, \theta ^{(i)})$


$f_{x_t, \theta |z_{1:t}, x_{0:t-1}}$


$x_t$


$\theta $


$x_{0:t-1}$


$z_{1:t}$


\begin {equation}f_{x_t, \theta |z_{1:t}, x_{0:t-1}} = \frac {f_{z_t|x_t, x_{0:t-1}, \theta , z_{1:t-1}} \cdot f_{x_t|x_{0:t-1}, \theta , z_{1:t-1}} \cdot f_{\theta |x_{0:t-1}, z_{1:t-1}}}{f_{z_t|x_{0:t-1}, z_{1:t-1}}}. \label {eq:post_xt-theta}\end {equation}


$\theta $


$x_{0:t}$


$z_{1:t}$


\begin {equation}\begin {aligned} f_{\theta |x_t, x_{0:t-1}, z_{1:t}} &= \frac { f_{z_t, x_t, \theta |z_{1:t-1}, x_{0:t-1}} }{ f_{z_t, x_t|z_{1:t-1}, x_{0:t-1}} } \\ &=\frac { f_{z_t, x_t, \theta |z_{1:t-1}, x_{0:t-1}} }{ \int f_{z_t, x_t, \theta |z_{1:t-1}, x_{0:t-1}} d \theta } \\ &= \frac {\phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{0:t-1} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot f_{\theta |x_{0:t-1}, z_{1:t-1}} }{ E_{\theta |x_{0:t-1}, z_{1:t-1}} [\phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{0:t-1} \mid \theta \right ), \sigma ^2 R_n\right )] }, \end {aligned} \label {eq:theta111}\end {equation}


$x_t$


$\theta $


$z_{1:t}$


\begin {equation}f_{x_t|\theta , x_{0:t-1}, z_{1:t}} = \frac {1}{f_{z_t|\theta , x_{0:t-1}, z_{1:t-1}}} \cdot \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2 R_n\right ). \label {eq:xt111}\end {equation}


$x_t$


$\theta $


$x_{0:t-1}$


$z_{1:t}$


\begin {equation}\begin {aligned} f_{x_t,\theta |z_{1:t},x_{0:t-1}} =& \frac {f_{z_t|x_t,x_{0:t-1},\theta ,z_{1:t-1}} \cdot f_{x_t|x_{0:t-1},\theta ,z_{1:t-1}} \cdot f_{\theta |x_{0:t-1},z_{1:t-1}}}{f_{z_t|x_{0:t-1},z_{1:t-1}}} \\ =& \frac {1}{f_{z_t|x_{0:t-1},z_{1:t-1}}} \cdot \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot \\ &f_{\theta |x_{0:t-1},z_{1:t-1}}. \end {aligned} \label {Xeqn63-C.5}\end {equation}


$i \in \{1,2,\cdots ,N\}$


$x_{0:t-1}^{(i)}$


$z_{1:t}$


\begin {equation}\begin {aligned} &f_{x_t,\theta |z_{1:t}=z_{1:t},x_{0:t-1}=x_{0:t-1}^{(i)}} \\&= \frac {\phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1}^{(i)} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot f_{\theta |x_{0:t-1}=x_{0:t-1}^{(i)},z_{1:t-1}}}{f_{z_t|x_{0:t-1}=x_{0:t-1}^{(i)},z_{1:t-1}=z_{1:t-1}}} . \end {aligned} \label {Xeqn64-C.6}\end {equation}


$f_{x_{t},\theta |z_{1:t}=z_{1:t},x_{0:t-1}=x_{0:t-1}^{(i)}}$


$\theta = (k,\xi _k)$


$x_t$


$\theta $


$z_{1:t}$


$x_{0:t-1}^{(i)}$


\begin {equation}\begin {aligned} & f_{x_t,\theta |z_t,x_{0:t-1}=x_{0:t-1}^{(i)}} \\ & \propto \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1}^{(i)} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot f_{\theta |x_{0:t-1}=x_{0:t-1}^{(i)},z_{1:t-1}}\\ & \approx \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \phi \left (x_t ; M\left (x_{t-1}^{(i)} \mid \theta \right ), \sigma ^2 R_n\right ) \cdot \hat {\rho }(k) \cdot \hat {\pi }_{ \xi _k}(\xi _k). \end {aligned} \label {eq:posterior1t}\end {equation}


$i$


$(x_t^{(i)},\theta ^{(i)}) = (x_t^{(i)},k_i,\theta ^{(i)}_{k_i})$


$(x^\ast _t,\theta ^\ast ) = (x^\ast _t,k^\ast ,\xi _{k^\ast }^\ast )$


$\theta ^{(i)}$


$\theta ^\ast $


$g(\cdot |\cdot )$


$g_{\cdot \rightarrow \cdot }$


$\alpha (\cdot \rightarrow \cdot )$


\begin {equation}\begin {aligned} &g(\theta ^\ast ,x_t^\ast |\theta ^{(i)},x_t^{(i)}) \alpha (\theta ^{(i)},x_t^{(i)} \rightarrow \theta ^\ast ,x_t^\ast ) f_{x_t^{(i)},\theta ^{(i)}|z_t,x_{t-1}=x_{t-1}^{(i)}} = \\ &g(\theta ^{(i)},x_t^{(i)}|\theta ^\ast ,x_t^\ast ) \alpha (\theta ^\ast ,x_t^\ast \rightarrow \theta ^{(i)},x_t^{(i)}) f_{x^\ast _t,\theta ^\ast |z_t,x_{t-1}=x_{t-1}^{(i)}}. \end {aligned} \label {eq:balance1}\end {equation}


\begin {equation}\begin {aligned} & g(\theta ^\ast ,x_t^\ast |\theta ^{(i)},x_t^{(i)}) \alpha (\theta ^{(i)},x_t^{(i)} \rightarrow \theta ^\ast ,x_t^\ast ) \cdot \phi \left (z_t ; h\left (x_t^{(i)}\right ), \delta ^2 R_m\right ) \cdot \\ & \phi \left (x_t^{(i)} ; M\left (x_{t-1}^{(i)} \mid \theta ^{(i)}\right ), \sigma ^2 R_n\right ) \cdot \hat {\rho }(k_i) \cdot \hat {\pi }_{\xi _k}(\xi _{k_i}^{(i)}) \\ =& g(\theta ^{(i)},x_t^{(i)}|\theta ^\ast ,x_t^\ast ) \alpha (\theta ^\ast ,x_t^\ast \rightarrow \theta ^{(i)},x_t^{(i)}) \cdot \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right ) \cdot \\ & \phi \left (x_t^\ast ; M\left (x_{t-1}^{(i)} \mid \theta ^\ast \right ), \sigma ^2 R_n\right ) \cdot \hat {\rho }(k^\ast ) \cdot \hat {\pi }_{\xi _{k^\ast }}(\xi _{k^\ast }^\ast ). \end {aligned} \label {eq:balance2}\end {equation}


$g(\cdot |\cdot )$


$(x_t^{(i)}, k_i, \xi ^{(i)}_{k_i})$


\begin {equation}\begin {aligned} &g(\theta ^\ast , x_t^\ast |\theta ^{(i)}, x_t^{(i)}) \\ =& g(k^\ast , \xi _{k^\ast }^\ast , x_t^\ast | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \\ =& g_1(k^\ast | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot g_2(\xi _{k^\ast }^\ast | k^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot \\ &g_3(x_t^\ast | k^\ast , \xi _{k^\ast }^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \\ =& g_1(k^\ast | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot g_2(\xi _{k^\ast }^\ast | k^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot \\ & \phi \left (x_t^\ast ; M\left (x_{t-1}^{(i)} \mid \theta ^\ast \right ), \sigma ^2 R_n\right ). \end {aligned} \label {eq:g}\end {equation}


$g_1(\cdot | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)})$


$k^\ast $


$(x_t, k, \xi _k) = (x_t^{(i)}, k_i, \xi ^{(i)}_{k_i})$


$g_2(\xi _{k^\ast }^\ast | k^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)})$


$\xi _{k^\ast }^\ast | k^\ast $


$k^\ast $


\begin {equation}\begin {aligned} &g_1(k^\ast | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot g_2(\xi _{k^\ast }^\ast | k^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \\ &\alpha (\theta ^{(i)}, x_t^{(i)} \rightarrow \theta ^\ast , x_t^\ast ) \phi \left (z_t ; h\left (x_t^{(i)}\right ), \delta ^2 R_m\right ) \cdot \hat {\rho }(k_i) \cdot \hat {\pi }_{\xi _k}(\xi _{k_i}^{(i)}) \\ &= \\ &g_1(k_i | k = k^\ast , \xi _k = \xi _{k^\ast }^\ast , x_t = x_t^{(i)}) \cdot g_2(\theta ^{(i)}_{k_i} | k_i, k = k^\ast , \xi _k = \xi _{k^\ast }^\ast , x_t = x_t^{(i)}) \\ &\alpha (\theta ^\ast , x_t^\ast \rightarrow \theta ^{(i)}, x_t^{(i)}) \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right ) \cdot \hat {\rho }(k^\ast ) \cdot \hat {\pi }_{\xi _{k^\ast }}(\xi _{k^\ast }^\ast ). \end {aligned} \label {eq:balance3}\end {equation}


\begin {equation}\begin {aligned} x_t^{(i)} &= M^{k_i}\left (x_{t-1}^{(i)} \mid \xi _k^{(i)}\right ) + \epsilon _t^{(i)}, \\ x_t^\ast &= M^{k^\ast }\left (x_{t-1}^\ast \mid \xi _{k^\ast }^\ast \right ) + \epsilon _t^{(i)}, \end {aligned} \label {Xeqn70-C.12}\end {equation}


$\epsilon _t^{(i)}$


\begin {equation}\begin {aligned} g(\theta ^{(i)}|\theta ^\ast , x_t^\ast ) &= g_1(k_i | k = k^\ast , \xi _k = \xi _{k^\ast }^\ast , x_t = x_t^{(i)}) \cdot \\ &\quad \; g_2(\theta ^{(i)}_{k_i} | k_i, k = k^\ast , \xi _k = \xi _{k^\ast }^\ast , x_t = x_t^{(i)}), \\ g(\theta ^\ast |\theta ^{(i)}, x_t^{(i)}) &= g_1(k^\ast | k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}) \cdot \\ &\quad \; g_2(\xi _{k^\ast }^\ast | k^\ast , k = k_i, \xi _k = \xi ^{(i)}_{k_i}, x_t = x_t^{(i)}). \end {aligned} \label {Xeqn71-C.13}\end {equation}


$g(\cdot |\cdot )$


$\xi _{k^\ast }^{(i)\ast } \in r_{k^\ast }$


$\xi _k^{(i)} \in r_{k}$


$\Theta _k$


$\Theta _{k^\ast }$


$\xi _{k^\ast }^{(i)\ast }$


$r_{k^\ast }$


$\xi _{k_i}^{(i)}$


$r_{k_i}$


$\Theta _{k_i}$


$\Theta _{k^\ast }$


$\mu ^{(i)} \sim a_{k_i \rightarrow k^\ast }$


$\Theta _{k^\ast }$


$\Theta _{k}$


$\mu ^{\ast } \sim a_{k^\ast \rightarrow k_i}$


$a_{\cdot \rightarrow \cdot }$


$(\xi _k,\mu ^{(i)})$


$(\xi _{k^\ast },\mu ^{\ast })$


$\hat {\pi }_{k,\xi _k \rightarrow k^\ast ,\xi _{k^\ast }}$


$\xi _k$


$k$


$\xi _{k^\ast }$


$k^\ast $


\begin {equation}\begin {aligned} &g_1(k^\ast |k=k_i,\xi _k=\theta ^{(i)}_{k_i},x_t=x_t^{(i)})\cdot g_2(\xi _{k^\ast }^\ast |k^\ast ,k=k_i,\xi _k=\theta ^{(i)}_{k_i},x_t=x_t^{(i)}) \cdot \\ & a_{k_i\rightarrow k^\ast } \alpha (\theta ^{(i)},x_{t} ^{(i)}\rightarrow \theta ^\ast ,x_{t}^\ast ) \phi \left (z_t ; h\left (x_t^{(i)}\right ), \delta ^2 R_m\right ) \cdot \hat {\rho }(k_i) \cdot \hat {\pi }_{ \xi _k}(\xi _{k_i}^{(i)})\\ &= \\ &g_1(k_i|k=k^\ast ,\xi _k=\xi _{k^\ast }^\ast ,x_t=x_t^{(i)})\cdot g_2(\theta ^{(i)}_{k_i} |k_i,k=k^\ast ,\xi _k=\xi _{k^\ast }^\ast ,x_t=x_t^{(i)}) \cdot \\ & a_{k^\ast \rightarrow k_i} \alpha (\theta ^\ast ,x_{t}^\ast \rightarrow \theta ^{(i)},x_{t}^{(i)}) \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right ) \cdot \hat {\rho }(k^\ast ) \cdot \hat {\pi }_{ \xi _{k^\ast }}(\xi _{k^\ast }^\ast ). \end {aligned} \label {eq:balance4}\end {equation}


$\pi _{x_0}$


$\pi _{ \theta } = \rho (k) \cdot \pi _{ \xi _k}(\xi _k)$


$k$


$k$


\begin {equation}\rho (k) =\frac {e^{-\lambda }\frac {\lambda ^k}{k!}}{\sum _{i=1}^{K_{max}} e^{-\lambda }\frac {\lambda ^i}{i!}} ,\quad k =1,2,\cdots ,K_{max} . \label {Xeqn73-D.1}\end {equation}


$\lambda $


$K_{\max }$


$x$


$k$


$c_1,c_2,\cdots ,c_k$


$[0, L]$


$2k+1$


$L=n$


$F$


$f$


\begin {equation}\begin {aligned} & f_{2,4, \cdots , 2k}\left (\xi _2, \xi _4, \cdots , \xi _{2 j}, \cdots ,\xi _{2 k+2}\right ) \\ =& \int \cdots \int _{-\infty <\xi _1<\xi _2<\cdots <\xi _{2 k+1}} (2 k+1) ! f\left (\xi _1\right ) f\left (\xi _2\right ) \cdots f\left (\xi _{2 k}\right ) f\left (\xi _{2 k+1}\right ) d \xi _1~d \xi _3 \cdots d \xi _{2 k+1} \\ =&\;(2 k+1) ! \int _{-\infty <\xi _1<\xi _2} f\left (\xi _1\right ) f\left (\xi _2\right ) d \xi _1 \cdot \int f\left (\xi _3\right ) f\left (\xi _4\right ) d \xi _3 \cdot \cdots \cdot \\ & \int f\left (\xi _{2 k-1}\right ) f\left (\xi _{2 k}\right ) d \xi _{2 k-1} \int _{\xi _{2 k}<\xi _{2 k+1}<\infty } f\left (\xi _{2 k+1}\right ) d \xi _{2 k+1} \\ =&\; (2 k+1) ! \cdot \frac {f\left (\xi _2\right )}{1 !} \cdot F\left (\xi _2\right ) \cdot \frac {f\left (\xi _4\right )}{1 !}\left [F\left (\xi _4\right )-F\left (\xi _2\right )\right ] \cdot \cdots \cdot \frac {1}{1 !}\left [F\left (\xi _{2 k}\right )-F\left (\xi _{2 k-2}\right )\right ] \cdot \\ & \frac {1}{1 !}\left [F(\infty )-F\left (\xi _{2 k}\right )\right ] \\ =&\; (2 k+1) ! \cdot F\left (\xi _2\right )\left [F\left (\xi _4\right )-F\left (\xi _2\right )\right ] \cdots \left [F\left (\xi _k\right )-F\left (\xi _{k-2}\right )\right ]\left [1-F\left (\xi _{2 k}\right )\right ] \cdot \\ &f\left (\xi _2\right ) \cdot f\left (\xi _4\right ) \cdots \cdot \cdot f\left (\xi _{2 k}\right ) . \end {aligned} \label {Xeqn74-D.2}\end {equation}


$c_1, c_2, \cdots , c_k$


$2$


$4$


$\cdots $


$2k$


$2k+1$


$[0, L]$


\begin {equation}\begin {aligned} & f_{2,4, \cdots , 2k}\left (\xi _2=c_1, \xi _4=c_2, \cdots , \xi _{2 j}=c_j, \cdots ,\xi _{2 k}=c_k\right ) \\ =&\; (2 k+1)! \cdot \frac {c_1}{L} \cdot \frac {\left (c_2-c_1\right )}{L} \cdot \cdots \frac {\left (c_{j+1}-c_j\right )}{L} \cdot \cdots \cdot \frac {\left (L-c_k\right )}{L} \cdot \left (\frac {1}{L}\right )^k \\ =&\; \frac {(2 k+1)!}{L^{2k+1}}c_1\left (c_2-c_1\right )\cdots \left (c_{j+1}-c_j\right )\cdots \left (L-c_k\right )\\ \triangleq &\; f_{c}, \end {aligned} \label {Xeqn75-D.3}\end {equation}


$v_1, v_2, \cdots , v_{k+1}$


$\Gamma (\alpha , \beta )$


$\beta ^\alpha v_j^{\alpha -1} e^{-\beta v_j} / \Gamma (\alpha )$


$j=1,2,\cdots ,k+1$


$\alpha $


$\beta $


\begin {equation}\pi _{ \theta }(k,\xi _k) = \rho (k)\cdot \pi _{ \xi _k}(\xi _k) \propto e^{-\lambda }\frac {\lambda ^k}{k!} \cdot \prod _{j=1}^{k+1} [\beta ^\alpha v_j^{\alpha -1} e^{-\beta v_j} / \Gamma (\alpha )] \cdot f_{c}. \label {Xeqn76-D.4}\end {equation}


$\pi _{\xi _k}$


$\pi _{\xi _{\tilde {k}}}$


$\tilde {k} = k$


$(k_i, \xi ^{(i)}_{k_i}, x_t^{(i)})$


$(k, \xi _k, x_t)$


$k^\ast $


$g_1(k^\ast |k=k, \xi _k=\xi _k, x_t=x_t)$


$\xi _{k^\ast }^\ast $


$k^\ast $


$g_2(\xi _{k^\ast }^\ast |k^\ast , k=k, \xi _k=\xi _k, x_t=x_t)$


$(k^\ast , \xi _{k^\ast }^\ast )$


$x_t^\ast $


$g_3(x^\ast _t |k^\ast , \xi _{k^\ast }^\ast , k=k, \xi _k=\xi _k, x_t=x_t)$


$g_1(k^\ast |k=k, \xi _k=\xi _k, x_t=x_t)$


$k$


$k+1$


$[0, L]$


$k$


$k-1$


$k$


$k$


$v_j$


$k$


$c_j$


$\{(a), (b), (c), (d)\}$


$\{b_k, d_k, \eta _k, \psi _k\}$


\begin {equation}g_1\left (k^* \mid k=k, \xi _k=\xi _k, x_t=x_t\right )=\left \{\begin {array}{@{}ll} b_k & k^*=k+1, \\ d_k & k^*=k-1, \\ 1-b_k-d_k & k^*=k. \end {array} \right . \label {Xeqn77-D.5}\end {equation}


$\lambda , \alpha , \beta , c$


$\Theta $


$\theta ^\ast = (k^\ast , \xi _{k^\ast }^\ast )$


$\theta = (k, \xi _k)$


$\theta ^\ast = (k^\ast , \xi _{k^\ast }^\ast )$


$\theta = (k, \xi _k)$


$r_{k^\ast }$


$r_k$


$\mu $


$r_\mu $


$a_{k \rightarrow k^{\ast }}$


$\mu ^\ast $


$r_{\mu ^\ast }$


$a_{k^{\ast } \rightarrow k}$


$(r_{k^*}+r_{\mu ^\ast }=r_{k}+r_\mu )$


$(\xi _{k^\ast }^*, \mu ^\ast ) = q(\xi _k, \mu )$


$q$


\begin {equation}|J| = \left | \frac {\partial (\xi _{k^\ast }^*, \mu ^\ast )}{\partial (\xi _k, \mu )} \right |. \label {Xeqn81-D.9}\end {equation}


$\theta $


$x_t$


$\theta ^*$


$x_t^*$


\begin {equation}\begin {aligned} \alpha = & \min \{ 1, \mbox { (distribution ratio) } \times \mbox { (proposal ratio) } \times |J|\}\\ = & \min \{ 1, \mbox { (likelihood ratio) } \times (\mbox { prior ratio) } \times \mbox { (proposal ratio) } \times |J|\}\\ = & \min \left \{1, \frac { g(\theta |\theta ^\ast ,x_{t}^\ast ) a_{k^{\ast } \rightarrow k} \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right )\cdot \rho (k^\ast ) \cdot \pi _{ \xi _{k^\ast }}(\xi _{k^\ast }^\ast )} {g(\theta ^\ast |\theta ,x_{t} ) a_{k\rightarrow k^{\ast } } \phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) \cdot \rho (k) \cdot \pi _{ \xi _k}(\xi _{k})} |J|\right \}, \end {aligned} \label {Xeqn82-D.10}\end {equation}


\begin {equation}\begin {aligned} \mbox { (likelihood ratio) } &=\frac { \phi \left (z_t ; h\left (x_t^\ast \right ), \delta ^2 R_m\right )} {\phi \left (z_t ; h\left (x_t\right ), \delta ^2 R_m\right ) } \triangleq \frac {l^\ast }{l^0}\\ \mbox { (prior ratio) } &=\frac { \rho (k^\ast ) \cdot \pi _{ \xi _{k^\ast }}(\xi _{k^\ast }^\ast )} { \rho (k) \cdot \pi _{ \xi _{k}}(\xi _{k})}\\ \mbox { (proposal ratio) } &=\frac { g(\theta |\theta ^\ast ,x_{t}^\ast ) a_{k^{\ast } \rightarrow k} } {g(\theta ^\ast |\theta ,x_{t} ) a_{k\rightarrow k^{\ast } }}\\ \end {aligned} \label {Xeqn83-D.11}\end {equation}
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\begin {equation}\mu = \log \left (\frac {v_j^*}{v_j}\right ) \sim U\left [-\frac {1}{2}, \frac {1}{2}\right ], \label {Xeqn84-D.12}\end {equation}
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$x_{t-1}^{(i)}$


$i$


$t-1$


\begin {equation}\left |\frac {\partial v_j^*}{\partial v_j}\right | = \left |\frac {\partial v_j \cdot e^\mu }{\partial v_j}\right | = e^\mu = \frac {v_j^*}{v_j}. \label {Xeqn88-D.16}\end {equation}
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Lewis et al., 2006; Vrugt et al., 2013), and E(e,) = 0. It is serially uncorrelated, that is, E(ee,) = 0 for r # t and Cou(e,) = E(e,e,7) =
0, € R™", is a known symmetric and positive definite matrix. The observation operator s : R” — R" is a mapping from the model
space, R" to the observation space R™,

z, = h(x,) + v,, 2

defines in general, a nonlinear relationship between the observations z, and the state x,, t = 1,2, .... v, € R™ is a white noise sequence
with E(v,) = 0 and Cou(v,) = R, € R™™ and R, is a real symmetric and positive definite matrix (Lewis et al., 2006).

To improve the assimilation and forecast accuracy, the structures of the evolution equation M(:|-) and the parameter uncertainty
of the evolution model has been infused in the DA scheme, and DA techniques have been developed into a broader class of methods
that can estimate parameters and even include model identification while assimilating states (Wiese et al., 2015; Chang and Zhang,
2019; Bach and Ghil, 2023; Feng and Wang, 2024). The flexibility of particle filter (PF) (Gordon et al., 1993) in model assumptions
makes it particularly suitable for addressing this class of problems, as opposed to other DA methods like the Ensemble Kalman filter
(Evensen, 1994).

The integration of Markov Chain Monte Carlo (MCMC) techniques, known for their efficiency in sampling from high dimensional
probability distributions, substantially improves the performance of PF (Andrieu et al., 2010). Moradkhani et al. (2012) and Vrugt et al.
(2013) presented joint inference of model parameters and states by incorporating MCMC into PF, effectively mitigating the challenge
of sample impoverishment (Elfring et al., 2021). Wiese et al. (2015) combined PF with Reversible Jump Markov Chain Monte Carlo
(RJMCMC) to estimate the directions of arrival of sources when the observation system is uncertain. By infusing RIMCMC into the
DA scheme, Huan and Lin (2024) proposed an innovative Bayesian DA framework using data-driven methods for simultaneously and
recursively identifying physical processes and estimating states and model parameters. Our previous work focuses on the parameter
estimation when the parameters are independent. In this work, we propose a novel approach to enhance the performance of the
resampling step in PF using RJMCMC, aiming at better parameter estimation without the assumption of parameter independence.

Assume that the structure of M(:|-) in the evolution Eq. (1) is uncertain but belongs to a set of K alternative models
{M1(-&), M2(-&y), ..., MK(-|&,)} with the unknown parameter &, which defined on an r,-dimensional parameter space ®, C R’k.
The dimension r, of &, can vary across different models M*. Let @ £ (k, &), which has different dimensions in different parts of whole
parameter space ©.

Almost invariably in a frequentist setting, inference about these two kinds of unknowns, which are the model indicator k£ and
the corresponding model parameter &, is based on different logical principles, but, at least formally, the Bayes paradigm offers the
opportunity of a single logical framework - it is the joint posterior fi ;. , £ fo z,., of model indicator and parameter given data,
which is also named observation in DA literature, z;.,. In this case, the DA problem needs to consider three objectives simultaneously:

¢ The posterior distribution of the state x, at each time 1, Tz
* The posterior distribution of 8, fy,. .,
e The probability that the true model is M*(:|&,),k = 1,2,..., K.

These three objectives correspond to the uncertainties in the state vector, parameters, and model, respectively. Feng and Wang (2024)
proposed a Beta-Dirichlet switching state-space transmission model to track underlying dynamics of diseases, while the method is
suitable for transformation under a limited number of evolution models, and they considered constant parameters in each evolution
model. Hierarchical models can better characterize these three levels of uncertainty, which are introduced in Section 2. To achieve
these objectives, we propose a Sequential Hierarchical Bayesian Model (SHBM) in Eq. (3) to model the dynamic spatial-temporal
process with unknown parameters. The SHBM includes the identification of unknown models, incorporating both an evolution model
and an observation equation for DA proceedings. The SHBM is an extension to the Hierarchical State-Space Model (HSSM), whose
Bayesian inference is usually estimated by Monte Carlo methods (Katzfuss et al., 2020). Unlike the HSSM considered in the previous
literature, the SHBM incorporates multiple distinct parameter spaces.

To estimate SHBM, we utilize the PF and propose a two-step resampling method tailored to the needs of model identification: the
first step uses a resampling scheme in the bootstrap particle filter (Gordon et al., 1993) to resample new particles based on weights,
which may produce some duplicate particles; the second step employs the RIMCMC methods to draw new particles from the target
distribution. The first step aims at avoiding particle degeneracy, while the second step is intended to prevent sample impoverishment.
This approach ensures the diversity of particles at each time step. With our proposed method, we can sequentially assimilate states,
estimate parameters, and identify models. Our contribution also includes adjusting the RIMCMC method to make it more suitable for
the DA framework and providing detailed theoretical derivations for this model.

The remainder of this paper is organized as follows. In Section 2, we present the theoretical model, and the proposed PF with a
two-step resampling is introduced in Section 3. In Section 4, we validate the effectiveness of our new method using a 1-dimensional
advection equation. Conclusions are provided in Section 6.

2. The sequential hierarchical Bayesian model

We propose the SHBM here for model selection with sequentially obtained observation data:

z, = h(x,) + vy,
Xy = Mk(xtfl |§k) + €,
k ~ p(k), 3)
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&~ e, -
The first two equations are the State-Space Model (SSM), describing the evolution of the state of different points in space over time,
and the relationship between the observed data and the state (Corenflos et al., 2021). For different k, the dimension of &, can be
different from each other. The “variable-dimension” issue can be seen as a joint inference about a model indicator k and a parameter
vector & (Green and Hastie, 2009).
The hierarchical parameter 6 for SHBM is composed of k and ¢,. The probability density function of @ is defined as:

Ty = Mg, = p(k)~7t5k, k=1,2,...,K,

K K r (4)
0=(k¢&)EB= uk:]({k} X0, C ukzl({k} X R"),

where T, is the conditional density of g given the random index k = k, and p(k) = P(k = k). Bayesian inference allows us to formulate
the DA problem as the joint probability distribution over all observations and unobservable components of interest, such as the states
and parameters. Given the prior distribution of

my=m), ="k -7, 5)
the posteriors distribution of 6 given observations till 7 z,., can be acquired through Bayesian Theorem.

The SHBM integrates the DA methods from the geophysics literature (Gordon et al., 1993; Katzfuss et al., 2020) with the trans-
dimensional parameter inference from the statistics literature (Green, 1995; Green and Hastie, 2009). It serves as a more general
framework than the traditional Hierarchical Bayesian Models (HBM), which offering greater flexibility in representing the uncertainty
from multiple sources (Rouder and Lu, 2005; Carlin and Louis, 2008; Gelfand, 2012). An HBM is a probabilistic model that incorporates
multiple levels of parameters, each corresponding to a different source of uncertainty. It assumes that the data are generated by a set
of parameters at different hierarchical levels, where each level is conditioned on the parameters from the previous level. For further
details, we refer readers to Van Leeuwen (2009). Given this hierarchical structure, the SHBM is particularly well-suited for exploring
parameter spaces of varying dimensions.

3. Methodological framework

The SHBM can be estimated sequentially using PFs. However, the resampling step of PFs faces two challenges: one is how to
resample from the variable-dimensional parameter space U,’le({k} X ©,), and the other is how to calculate resampling weights corre-
sponding to parameters of different dimensions.

We propose a PF method that incorporates a two-step RIMCMC resampling scheme. In Section 3.1, we describe how to estimate
the SSM using PFs when the dimension of 6 is fixed. Section 3.2 outlines the estimation of the distribution of hierarchical parameters.
In Section 3.3, we present the details of the two-step RIMCMC resampling procedure.

3.1. Sequential Monte Carlo methods

PFs aim to solve a recursive state and parameter estimation problem using an ensemble of weighted particles (Elfring et al., 2021).
Each particle represents a sample of (x,,6) from the target distribution, denoted as (x§’>,0<">), and i € 1,2,..., N. For simplicity, we
adopt following notational conventions:

M(x,|0) = Mk(xt [ fk),
MGL100) = M (x0 ] &0),

(

where Mk (xti) | 5;’?) denotes the evolution equation for the state x®

t
the ith ensemble member, and k; is the model index associated with the ith ensemble member. To simplify the discussion, we first
consider 0 as a whole instead of the hierarchical parameters k and &,.

At the initial time step ¢ =0, given the initial state x, at time t = 0 with prior distribution z,, and the prior distribution zz:g =

and parameter 5,(("‘) under the k; model. The index i refers to

PO (k) - zrgk for 0, where r,  and 7[2 are independent. The joint density function of x|, x,, and parameter 0 is given by:

fx],xo,e = fx1|x0,6' . fxoﬂ (6)
= P(x;; M(xo|0),6°R,) - 7, - 7y,

where ¢ is a probability density function of the multivariate Gaussian distribution. PFs generate samples - are also called ensemble
members - from the distribution for the SHBM (3) at every time step. To obtain an ensemble of N samples from the joint distribution
fx,.x0.0> We follow the sampling procedure for random vectors as outlined in Algorithm 1.
Using Algorithm 1, we obtain an ensemble of samples {xg?l,eﬂ')}i’i , from distribution Sxp.y .0+ Assume an ensemble of samples
M) )N P '
{xy.,,0" .}i=1 from 'dlstrlbutlion fXOEXsG‘Zl:r—']
observations z, ., its posterior estimate is:

G= E[G(xq.;,0)|zy ]

is also available. Then at every time step 7, t = 2,3, ..., for any function G(x,.,.6), given the

A (7

() (@) i
w - G(x;),09),

™=
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Algorithm 1 Generate the ensemble from f, . o-

1: First, generate N independent samples {x(') (")}fi | from 7z, -n'g, where 60) = (kiyé/(ci,))' Fori=1,2,..., N, draw k; from p°(k), then
draw 01((") from 7[-?;(» , thus obtaining the ith sample of 6 as (k;, §(i)) =90,
2: Draw samples x(i) of x; from £y |, o(x11x0 = xf)"),e =00) = ¢(x; M(x(’>|9(’)) 6’R,). Specifically, draw e ~ N,(0,6%R,) so that
(l) M( (‘)le(l)) + € (‘)

where
W = ¢z h(x). 8 R,,) ®
CXN ¢z h().62R,,)

The effective sample size (ESS) is defined as:

ESS=—1 ©)

Z,N 1 w(’)
It serves as a criterion for evaluating the effectiveness of an ensemble of weighted particles (Elvira et al., 2018; Albarakati et al.,
2022). A higher ESS indicates that the particle weights are more evenly distributed, suggesting a more representative sample of the
target distribution.

Applying the resampling strategy of the bootstrap PF (Gordon et al., 1993), we draw N samples with replacement from the
ensemble {xg), 60} with weights {w }N ¥, as sampling probabilities. This results in {x('>' 6@"}N . For details on the bootstrap
filter, refer to Gordon et al. (1993) and Godsﬂl (2019). These N particles are sample reahzatlons from the posterior distribution
fx,..01z,.,- For convenience, we relabel the resampled N particles as {xg?,,m')}[:l

Using conditional probability density sampling, for each {xﬁ") ,0D)}, where i = 1,2, ..., N, draw x | from the conditional distribu-

HON [y 1xp om0y = SXexts M(x"169), 62 R,,). This yields an ensemble {xg:)t, 6D} N | from the joint d15tr1but1on Fxgonr 01z, - Thus at

(!)

time step ¢, we have an ensemble {x . 9(‘)}"’ from the joint distribution f, . ., . The details of the sequential Monte Carlo

(SMC) method are provided in Appendlx A. However, due to the presence of large weights w(') many duplicate particles may ap-

pear after resampling. To mitigate this, we apply Markov chain Monte Carlo (MCMC) methods to move the duplicate particles. The
resampling procedure is described in detail in Section 3.3.

3.2. The estimation of the conditional distribution of parameters

The conditional density of 6 given x,.; and z,., fy)y, .-, can be expressed recursively
¢(z,; h(xt)’ 52Rm) : ¢(x,; M(x,_l | 9)"72Rn) 015002121201
Epixoryorsy 10(2i 1 (x;). 82R,,) - d(x;: M(x,_y | 0).02R,)]

This recursive expression is difficult to compute in practices, but can be approximated by samples {xg"?t,a(")} "i , drawn from the
distribution Fxg. 01z, At each time step. The conditional density can also be written as:

(10)

f9|x0:t,21:, =

f9v"0:r|zl:r

f6|x0:,,z]:, = (11)

fXO:r|Zl:r

However, this form is not easily directly derived from the samples {xg,) » 6D} ,11 ,- Nonetheless, it is natural to consider (60} ,11 , as

samples from the marginal posterior fy. , and {x; @ }i’i
the state trajectory.

Given the observations z;., and the ensemble {xg:) t}ﬁ ,» the distribution f, . can be approximated using importance sampling,
based on the expression:

Fapons H #(z1,0(x, )8 R ) - Fry 12
tq=1

Using formula (11), we treat {§)} ¥ as an ensemble of samples from folxg.p.z,.,» and assign 0¥ weights u) (Doucet et al., 2001; Bishop

, as samples drawn with equal probability from the marginal distribution of

and Nasrabadi, 2006). Since {xg:)t}fi , are an ensemble of equally probable samples from f, , the importance weights are computed
as:

VT 6(z2,0(x0 ). 5°R,, )
ST oo ()0

Given the ensemble of particles, the posterior probability density function fy), .  can be estimated using either parametric or
non-parametric methods. The estimation methods and other details are provided in Appendix B.

u® = (13)

4



Y. Huan, G. Wang and H.X. Lin Computational Statistics and Data Analysis 216 (2026) 108304

3.3. The two-step RIMCMC resampling method.

We propose a new PF with a two-step resampling scheme. After the arrival of a new observation and the weights calculation, the
first resampling step applies the bootstrap PF method (Evensen et al., 2022). This generates a preliminary ensemble of particles with
equal weights, though it may result in multiple instances of the same particle. This approach is a computationally efficient approach
and helps mitigate particle degeneracy. To reduce the particle duplication and improve diversity, the second step utilizes the RJIMCMC
methods to draw new particles from the target distribution. The target distribution defined over 0 = (k,&,), spans multiple models
and a variable-dimensional parameter space, which is a challenge not addressed in the previous works.

Given the samples {x, (’) 00 }N after the bootstrap resampling from f, ., , for r > 2, which has duplicate particles. We denote
the ensemble of partlcles as

{xé,:)t’ pyN 2 {xf)’:)t, k(:)’él((i)},-]i,. 14)

To obtain an ensemble of samples that better represents f, ., , (Gilks and Berzuini, 2001), the RIMCMC resampling is applied.
For the particle (xg:) I,ki,gl((i)) required to be resampled, a new particle (xj. . k*,&;,) is proposed using a Markov transition function
8((xg:10)—(x%, 6% The proposed particle is accepted with an acceptance probability X((xg:0)—(x, 6%) such that the detailed balance
condition is satisfied (Doucet et al., 2000; Elvira et al., 2018).

If (x(’) 0®) is a duplicate particle that requires resampling, note that only (x,
@)

0 ) is used to generate the next state x |- Therefore,

we retain the trajectory x(l) and draw a new pair (x,”,0?). At this point, the target distribution becomes the posterlor dlstrlbutlon

t—1

for x, and 0:
X1,012;.%0:4— l—xi))l 1
o plzh(). Ry - 95 M2, 10).02R,) Sy (15)

~ ¢(z:h(x,),6°R,,) ~¢(x,, ( O 9) ) k) - g ().
The current ith particle is (x(') 00y = (x(') k;, 0,((')), and the proposed particle is (x,6*) = (x}, k*, &;,). The sampling scheme can be
specified as:
(z) K ( @) | £ )
= Mb (52 60 ) + e
X = MF (x1 &) +e.
@) s

(16)

i.e., the same noise term ¢,
2(0D10*, xays . d(z, h(x¥),8%R,,) - pk*) - 7, (EE)
a= Dot $aiblri). &R L), a7
80109, xMay b (2 h(x" ). 62R,, ) - k) - 7 (E)
where the Jacobian determinant of the transformation is:
_ ‘d‘l(fk’ﬂ)
d(€. 1)

is used when proposing x;, the acceptance ratio is given by:

18)

=) D)

The resampling step for selecting new particles is summarized in Algorithm 2, with further details provided in Appendix C. At
time ¢, for any function G(x,.;,6) the state trajectory and parameters, we now have an ensemble {xg_> » 69} ,11 , from the posterior
distribution f, ;. Therefore, the posterior estimate of G(x,.,, #) given the observations z, ., is:

G = E[G(xy.,, 0)]
= / G(xg:1,0) - fxoz,,9|zlj, dxy;, d6

EX011~9|11 i [Gxg:- 0)]

N
1 N X
M 2 GG 00,
i=1

19)

The Algorithm 3 concludes our proposed PF with RJIMCMC resampling method.
4. Case study: One-dimensional advection equation
4.1. Problem background

The advection equation describes the local change of a physical quantity due solely to the advection of that quantity. The simplest
form is the one-dimensional advection equation:

ox ox
Lo 21
o Uos (21)
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Algorithm 2 The second resampling step with RIMCMC method.

1: Initialization: An ensemble {xg,)t, 0W}N  after the first resampling step.

2: For each particle i need to be resampled, the current particle is (x;i), 00y = (x;i), k;, H;{O).

3: Propose a consistent transition from the k;th model to the k*th model by drawing x® from ay, > and construct a corresponding
u* such that

Eon) = 4 u), (20)

where ¢ is a given bijective mapping from the space of (5,((’?, uD) to the space of (3970}
4: Compute the acceptance ratio by Eq. (17).
5: Accept or reject the proposed particle based on the acceptance ratio a.

 If the proposal is rejected, retain (xgi) Lk, 5,((’1)).

i

(i)

« If the proposal is accepted, replace (xﬁ”, ki &) with (x}, k*, &) and reassign (xgi ), k;, g)).

6: (xgi) Lk, 5;(’;) )& (xgi), 0") along with the given x.,_; serves as a sample from f, o

7: A new ensemble of particles {xg?r, k;, f{”}ﬁ . 4 {xg?t,e“')}ﬁ | s obtained as samples from Sxous
: = : = it

01z

012y

Algorithm 3 The PF with RIMCMC resampling method.
1: Initialization:

2: Give the prior distribution z, and 79 = p'(k) - ngk.
3: samples {xg:)l,ﬁ(")}fil from f,, o by Algorithm 1.
4: For time step ¢, t = 1,2,_...:
5: An ensemblg {ng » 60} ,11 | from f, . o (whent=1)or f, ., (whent>2)and new observation z, are available.
6: Calculate wgl) by Egs. (A.9) or (A.17).
7: Resample {xg:) 0@} with probabilities {wi” }¥, and relabel as { xg:) 0@}, then they are an ensemble of samples from
fXU:lv9|7~l:1' .
8: For the particles in {xg:)t, 6W}N  which need to be resampled,
: Propose a proposal particle (xg:) 1> X;»0") and accept/reject it by Algorithm 2.
10: End For .
11: The output is {xg:)t, 00} l]i \» which is an ensemble of samples from f, ., . Forany function G(xy.,,0) of x.,, 6, given the

observations z; .,, its posterior estimate is given by Eq. (19), and the corresponding estimate of fy), . . is p(k) - Zy ().
12: t=t+1.
13: End For

Here, the state vector x represents the value of a physical quantity at different spatial coordinates, such as the concentration of a
substance; v is the system velocity; s is the spatial coordinate in the horizontal direction; and ¢ is time. This equation indicates that
the local change in the physical quantity is due to the uneven horizontal distribution of the quantity and the movement of the system.
If v is constant, meaning the system moves with a constant velocity along the s direction, the shape of the wave remains unchanged.
If s changes with time ¢ or varies along the s direction, then the equation becomes nonlinear.

Due to terrain or other factors, the velocity v often changes with the position s. To model spatially varying velocity, we define
v, as a piecewise function, resulting in a series of interval points at the locations of interest. The velocity in the ith segment is v;,
where i is the segment index, i = 1,2, ...,k + 1. The number of discrete points k is also an unknown parameter, but its range is known:
ke {12, ..., Kyl

Considering the Eq. (21) on a set of discrete points within the spatial interval [0, L] denoted as {s, s, 55, ..., s,}, where s; = 0 and
s, = L. The number n corresponds to the dimension of the state vector x. Let {c, ¢, ..., ¢, } represent the critical points that separate
different velocity segments.

The unknown parameters in Eq. (21) are:

0 =(k, &) =(k, 01,00, ., Upy1,C15Cos v s € (22)

The parameter space is ® = U,c({k} X ©,), for each k, ®, c R**1, Denote the model M* as the advection equation with k disconti-
nuities. The parameters for model k are &, = (v}, Uy, ..., Upi1: €15 Cas e s Cp).

The prior of the true model under the kth model, i.e., the probability of having k discontinuities, follows a truncated Poisson
distribution:

_,1/1"
¢
p0 = k=12..K
Zi:fe_i_!

(23)
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where 1 and K, are given. The velocity parameters v,,v,,...,v;,; follow a I'(e,p) distribution with the density function
p* u‘j’.’“e‘ﬂ”/ /T(a), for j =1,2,...,k+ 1, where « and p are given. The prior distribution of the parameters is

lk k+1
mo(k, &) = p(k) - 7, (&) o “H : Hl[ﬂ“u;’*le"’”f /T@]- £, (24)
=

where f, denotes the prior distribution of location parameter. The proposal is implemented through four types of transitions: (a)
adding a discontinuity point, (b) removing a discontinuity point, (c) changing one of the velocity, and (d) changing the position of
one discontinuity point. A hyper-parameter ¢ controls the proposal density of model type through Egs. (D.6) and (D.7). Complete
specifications of the prior distributions and proposal mechanism are provided in Appendix D.

4.2. The simulation settings

Consider the one-dimensional advection equation on 401 integer points within the interval [0,400]. The locations s &
{0,1,2,...,400}. The dimension of the state vector is n = 401. We set the initial state vector as

xo(s) = ésin(%s)s(% —s/400) exp (—ﬁs). (25)

Assume that observations can only be acquired at 40 points, meaning the observation dimension is approximately one-tenth of the
state vector dimension. In the simulation, these points are randomly selected. Each observation is modeled as the true plus Gaussian
noise with mean 0 and variance 62 = 0.2. Observations are collected every 10 time steps and used in the assimilation process. The
total number of simulation time steps is 600. The ensemble of initial state vectors is generated as:

xg) =xp-(1+ e(()i)),

where e(()i) ~ N(0,1). There are 2 discrete spatial points at s = 100 and s = 250. Velocities in these segments are 0.7, 0.2, and 0.4,
respectively.

4.3. Investigating the impact of priors

It is well-known that RJMCMC methods are particularly sensitive to prior choices (Barker and Link, 2013). We first examine the
prior sensitivity of the proposed algorithm through simulation.

For the prior of the model parameters, we take a truncated Poisson distribution with strength 4 = 2 and the maximum number of
discrete spatial points K,,,,, = 3. The velocity parameter in each segment follows a I'(«, g) prior distribution, where a« = 0.4. To sample
the ensemble of parameters, we first draw the model index k from the truncated Poison distribution, and then draw the corresponding
parameters. At each DA step, the particles in the ensemble are resampled using Algorithm 3.

To systematically examine the impact of the prior parameter f on the results, we first perform simulations with § ranging from
0.55 to 1.55 in increments of 0.2, conducting 30 replicate runs for each value.

We use the following Mean Squared Error (MSE) at the 600th time step as an indicator of the assimilation error:

m
1 2
MSE = — > (20— x0) s (26)
i=1
where z,; are the observations at the ith observation location, and m is the total number of observations. To evaluate the forecasting
performance, we also compute the Mean Squared Prediction Error (MSPE) using predicted states 50 time steps ahead:

m
MSPE = % > (2~ xfl.)z, @7)
i=1
where xt/: ; denotes the foretasted state at the ith location.

The simulation results are presented in Table 1 and illustrated in the left panel of Fig. 1. The results indicate that the mean
values of MSE and MSPE exhibit minimal sensitivity to variations in f. This stability is attributed to our method’s implementation of
RJMCMC in each resampling step: as the algorithm sequentially assimilates more observational data over time, the influence of prior
information gradually diminishes. Next, we fix # = 0.95 along with other parameters and vary A across values 1, 2, and 3. Based on the

Table 1

The average MSE and MSPE over 30 simulations across different g values. Results
demonstrate that the proposed method shows relatively low sensitivity to prior
parameter f.

p 0.55 0.75 0.95 1.15 1.35 1.55

MSE 0.481901 0.637324 0.528046 0.385506 0.548772 0.464786
MSPE 0.970376 1.414456 0.847632 0.963518 1.274058 1.116736
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Fig. 1. The effect of the prior on the proposed method. The left subfigure shows the average MSE and MSPE over 30 simulations as f varies. The
right subfigure displays the average acceptance rate at each time point over 30 simulations under different A values. The results indicate that the
prior has a limited influence on the outcomes of our method.

Table 2

The average MSE and MSPE over 30 simula-
tions across different A values.

A

1

MSE
MSPE

0.672550
1.253647

2 3
0.449901 0.632588
0.925636 1.574184

MSE and MSPE across Different a Values

Metric MSE - MSPE
15
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©
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Fig. 2. The average MSE and MSPE over 30 simulations as « (left) and ¢ (right) varies.

Table 3

The average MSE and MSPE over 30 simulations across different « and ¢
values. Results demonstrate that the proposed method shows relatively low
sensitivity to prior parameter f.

averaged results from 30 simulations (summarized in Table 2), 4 = 2 yields relatively smaller errors. The right panel of Fig. 1 illustrates
the variation in acceptance rates over time under different A values, indicating that 4 has only a minor effect on the acceptance rates.

In addition, we also conduct simulations with « ranging from 0.2 to 0.6, and ¢ from 0.1 to 0.3, both in increments of 0.1, conducting
20 replicate runs for each value. The simulation results are presented in Fig. 2 and Table 3, which also indicate the low sensitivity to
variations in « and c. The selection of ¢ is relatively sensitive for both MSEs and MSPEs, because c¢ is the hyper-parameter that con-
trols the model proposal probability. A reasonable ¢ can help with model identification. Therefore, caution should be exercised when
selecting c. These findings suggest that prior information on model types (e.g., number of segments) requires more careful consid-
eration, whereas the priors on model parameters have a relatively weaker influence on the outcomes. Therefore weakly informative

0.5

a 0.2 0.3 0.4 0.5 0.6
MSE 0.3858896  0.4064508 0.2306556 0.1938879 0.5921764
MSPE 1.1510757 1.3306954  0.8654554 0.7029578 0.7251362
c 0.1 0.2 0.3 0.4 0.5
MSE 0.4506588  0.9674379  0.2110012 0.3375425 0.4396401
MSPE 1.1570758 1.7142358 0.8448592 0.7692091 1.2960018

prior distributions with 1 =2, « = 0.4, # = 0.95, and ¢ = 0.3 are used utilized in the following simulations.

8
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Table 4
The average MSEs and MSPEs over 20 simulations for three different bandwidth choices when ensem-
ble size N = 60 and N = 100.

Ensemble Size Original bandwidths 0.1 times bandwidths 10 times bandwidths
N=60 MSE (1 = 600) 0.5106497 0.5127474 0.6047179
- MSPE (1 = 650)  1.2501598 0.9938791 0.9683806
N =100 MSE (1 = 600) 0.1813500 0.2157441 0.2054888
- MSPE (1 =650)  0.6733092 0.9300546 0.7207709
Average Acceptance Rate over Time for Three Estimation Methods ESS over Time for Three Estimation Methods
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Fig. 3. The two upper subplots display the average acceptance rates and ESSs under different bandwidth selections when the ensemble size N = 60.
Red, blue, and green lines represent the original bandwidth, 0.1 times the bandwidth, and 10 times the bandwidth, respectively. The two lower
subplots show the corresponding results for N = 100. Larger bandwidths lead to higher acceptance rates. However, due to the resampling step, the
choice of bandwidth has almost no effect on ESSs. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

4.4. Comparison between different parameter estimation methods

Both parametric and nonparametric methods introduced in Appendix B can be used to estimate parameter’s prior distributions at
each time step, which are necessary for computing the acceptance probability in Eq. (17).

When employing the nonparametric estimation method, the selection of a bandwidth requires attention. We initially conduct 20
repeated simulations under the default bandwidth, 0.1 times the bandwidth, and 10 times the bandwidth with a set size of N = 60 and
N = 100. The average MSEs and MSPEs for the three scenarios are listed in Table 4. The variation of average acceptance probability
over time under the three scenarios is presented in Fig. 3. The results indicate that although increasing the bandwidth improves
the average acceptance rate, it does not necessarily lead to a reduction in MSE and MSPE. The choice of bandwidth depends on
several factors, most notably the ensemble size, as well as observation errors, among others. More studies on determining the optimal
bandwidth are needed in future research.

We also compare the two estimation methods with setting the informative prior distributions. The average acceptance rates, ESSs,
MSEs, and MSPEs from 20 independent simulations with ensemble size N = 60 are presented in Table 5 and Fig. 4. The results reflect
that due to the resampling process and the gradual integration of information from new observations over time, the three methods
show no significant differences in ESSs, MSEs, and MSPEs.

The left subplot of Fig. 4 shows that the average acceptance rate curve for the nonparametric estimation method is decreasing,
while the curves for the other two methods show an increasing trend in the initial time steps.

9



Y. Huan, G. Wang and H.X. Lin Computational Statistics and Data Analysis 216 (2026) 108304

Table 5
The average MSEs and MSPEs over 20 simulations for three prior distribution esti-
mation methods.

Preset Prior Nonparametric estimation Parametric estimation

MSE (¢ = 600) 0.6479366 0.3487666 0.7887746
MSPE (r = 650) 0.7515748 1.4288716 0.5269815
Average Acceptance Rate over Time for Three Estimation Method ESS over Time for Three Estimation Methods

27

25
20%

Average Acceptance Rate
S
3

24
10%

Time Time

Method === Preset Distribution === Nonparamefric Estimation =+~ Parametric Estimation Method == Preset Distribution =s= Nonparametric Estimation =s= Parametric Estimation

Fig. 4. The acceptance ratios and ESS of three estimation methods. The average acceptance rate curve for the nonparametric estimation method
(blue) is decreasing, while the curves for the parametric method (green) and preset informative prior (red) show an increasing trend in the initial
time steps. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Proposal counts, acceptance counts, and acceptance rates for the four types of proposals (from left to right).

The nonparametric estimation method uses a set of kernel functions centered on the samples to estimate the parameter distribution.
As the resampled particles gradually approach the true values over time, the estimated distribution becomes very sharp, particularly
with some model probabilities dropping to zero. This results in proposed parameters being accepted only when they are near the
peak of the estimated distribution. However, once a parameter proposal is accepted, the corresponding particle tends to be very close
to the true value. In contrast, the other two methods start with more dispersed particles in the initial ensemble. As these particles
converge toward the true values, the proposal distribution becomes relatively closer to the target distribution, leading to the initial
upward trend in acceptance rates. This trend eventually stabilizes within a certain range, indicating that the parameter estimation is
gradually converging.

Weakly informative prior distributions are used in the following simulations. We ran one DA process with an ensemble size
N =100 to demonstrate the acceptance of the four RIMCMC resampling proposals. The three subplots in Fig. 5, from left to right,
show the proposal counts, acceptance counts, and acceptance rates of the four proposals. The figure illustrates that the acceptance
rates of proposal types (a) and (b) are relatively lower compared to the other two types, which also ensures that particles can more
accurately search for the true parameter values under the current model Fig. 5.

4.5. Comparison with the SMC and pMCMC methods

We compare our method with the pMCMC methods (Moradkhani et al., 2012; Vrugt et al., 2013), which address similar application
scenarios. In pMCMC methods, the resampling step is also divided into two stages: first, particles are resampled using SIR, and then a
proposal is generated for the resampled particles, followed by an accept/reject decision. Compared to Vrugt et al. (2013), the method
by Moradkhani et al. (2012) places greater emphasis on maintaining consistency between parameters and states during proposal
generation. A primary distinction between the two methods lies in the different MCMC techniques used to generate proposals. A
review of the follow-up studies to these two articles reveals that subsequent work has not introduced significant changes to the core
theoretical framework. Therefore, we focus our comparison on the method proposed by Moradkhani et al. (2012). We also include a

10
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Table 6
The average MSEs and MSPEs of 30 simulations for the three methods with a varying ensemble
size N.
Ensemble Proposed pMCMC pMCMC pMCMC SMC
Size method k=1) k=2) k=3) k=2)
20 0.4952799 0.8646048 0.9798698 1.2214387 2.747683
40 0.2582725 2.2935382 0.3983601 0.5978624 3.174342
MSE (7 = 600) 60 0.2299756 0.3906565 0.3605533 0.7396862 3.000455
80 0.2051728 0.8072615 0.2835920 0.6896150 3.061852
100 0.2497857 0.2830056 0.2056855 0.4091987 2.884548
120 0.2001557 0.3826623 0.2677825 0.5180791 2.806456
20 1.2250328 1.6850393 2.1043719 1.8136866 1.848615
40 0.4443996 2.9192545 1.8131713 1.1547955 2.007069
MSPE (1 = 650) 60 0.5458624 2.0246323 1.5278236 1.4413560 1.969988
80 0.4311186 2.0697486 1.6385844 1.9707802 1.993398
100 0.3342038 1.8474003 1.4226972 0.9666893 1.899599
120 0.2762879 1.9304805 1.2572423 1.3673224 1.984324
MSEs at t = 600 MSPEs at t = 700
< - < -
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Fig. 6. Variation of MSEs at = 600 (left) and MSPEs at ¢ = 650 (right) with respect to the ensemble sizes. Blue, green, red, and purple represent

our proposed method, pMCMC with k = 1, pMCMC with k = 2, and pMCMC with k = 3, respectively. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

Table 7
Average runtime (in seconds) for different methods under varying ensem-
ble sizes.

Ensemble Proposed pMCMC pMCMC pMCMC SMC

Size method k=1) k=2) k=3) k=2)

40 507.756 820.624 931.988 920.902 339.614
60 567.380 733.970 945.788 1189.910  423.112
80 1162.936 2107.070 2415.552 2551.018 971.342

comparison with the SMC method as a benchmark (Vetra-Carvalho et al., 2018). Since the pMCMC and the SMC are not designed to
handle the issue of variable-dimensional parameter spaces, we fix the number of change points k to specific values for each method:
k =1,2,3 for pMCMC, and k = 2 for SMC. This avoids requiring these methods to search across multiple parameter spaces ensuring
a fair comparison.

4.6. The results and discussion

We studied the variation in MSEs and MSPEs across three methods with respect to the ensemble size. For each configuration, we
conducted 20 independent simulations, calculated the average MSEs and MSPEs values. The results are summarized in Table 6. Since
the SMC method does not include MCMC or RJIMCMC-based particle movement after resampling, it exhibits higher MSE and MSPE
values under identical settings. For clarity, only the results of our proposed method and the pMCMC methods are illustrated in Fig. 6,
which shows that our method performs relatively well.

Additionally, we further investigated the computational cost of these methods for ensemble sizes of 40, 60, and 80. For each
ensemble size, we recorded the average computation time across 10 independent program runs. These results are summarized in
Table 7, and visualized in Fig. 7. The findings demonstrate that our proposed method does not significantly increase computational
burden compared to basic SMC, while achieving shorter computation time than the pMCMC method.

The SMC method demonstrates lower computational costs primarily because it avoids recomputing evolution equations after re-
sampling to generate new particles. While our proposed method requires Jacobian determinant calculations during cross-dimensional
proposals, it avoids proposing parameters across all dimensions, which contributes to its greater efficiency in parameter proposal.

11
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Computation Time Comparison Across Methods
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Fig.7. Average single-run computation time (in seconds) versus ensemble size across different methods. The results show that our proposed method
maintains a comparable computational burden to the basic SMC, while achieving shorter computation time than the pMCMC method.
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Fig. 8. The pointwise posterior 80 % credible intervals. Blue, green, red, and purple represent the credible intervals and means obtained by our pro-
posed method, the pMCMC method with k = 1, the pMCMC method with k = 2, and the pMCMC method with k = 3, respectively. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The dominant computational burden in the entire DA process stems from the computation of evolution equation. The RIMCMC
component incurs significantly lower costs compared to recomputing evolution equations, meaning that the additional expense in-
troduced by our method is mainly due to repeated evolution equation calculations.

As evidenced by the error metrics in Table 6 and computation time comparisons in Table 7, both our proposed method and
PMCMC increase computational demands, but achieve substantial error reduction that justifies the additional cost. For the remaining
experiments, we focus on comparing the proposed method with the pMCMC approach.

To more clearly demonstrate the effectiveness of the proposed method, we present the posterior mean of the state and the pointwise
posterior 80 % credible intervals at time 7 = 600 from a single simulation. Results from the proposed method, and the pMCMC method
are shown in Fig. 8. The corresponding MSEs for four runs are 0.1481, 0.2232, 0.1336, and 1.1317, respectively. The pointwise estimates
of the velocities obtained by each method are displayed in Fig. 9. In the figure, the black line segments represent the true velocity
values, which exhibit discontinuities at the 100th and 250th locations. The blue line shows the estimated velocities (the posterior
mean) by the proposed method, and the blue shaded band indicates the corresponding pointwise posterior 80% credible interval. The
figure also displays the posterior means (solid lines) and pointwise 80% posterior credible intervals (shaded bands) obtained using
the pMCMC method with fixed k = 1 (green), k = 2 (red), and k = 3 (purple).
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Fig. 9. Estimated velocities. The true pointwise velocity is shown by the black line, alongside the posterior means (solid lines) and pointwise
posterior 80% credible intervals (shaded bands). These intervals represent the regions between the upper 0.1 quantile and lower 0.1 quantile of
the N particles, as obtained using various methods. Notably, fixing k = 1 (green line) or k = 3 (purple line) causes significant deviations in the
velocity estimates. In contrast, the proposed approach yields the most accurate results, closely matching the true velocity. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. The results of our method for model identification and location parameter estimation with N = 80. The upper half of both subplots shows
the bar plots of the position parameters corresponding to the particles with k = 2. The light red and red bars represent the positions of the first and
second discrete spatial points, respectively. In the left subplot, the blue bar plot represents the position parameters corresponding to the particles
with k = 1. The bottom-right subplot shows the bar plot of the position parameters for particles with k = 3, where yellow, light green, and dark
green bars correspond to the positions of the three discrete spatial points. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

The results demonstrate that both the proposed method and pMCMC (k = 2) achieve reasonable velocity estimates. In contrast,
the pMCMC with k = 1 or k = 3 produces significantly poorer estimates. The case with k = 1 is particularly problematic - its constant-
velocity assumption causes dramatic estimation errors on the left portion of the domain, as clearly shown by the wide divergence
between the faded purple confidence band and the true values. Notably, the proposed method yields more accurate estimates than
even the pMCMC approach with k = 2. This improved performance is attributed to the novel particle proposal mechanism employed
in our method, which jointly updates both velocity and position parameters. This integrated approach enhances estimation precision
across all dimensions.

The results of our method for model identification and location parameter estimation are shown in Fig. 10. The figure shows
that nearly all particles identify models with either k = 2 or k = 3. Although some identification ambiguity remains - approximately
half of the particles recognizing k = 3 - the identified models closely approximate the true model. As illustrated in the plot, the third
discrete spatial point (shown in dark green) tends to be distributed either near the true second discrete spatial position or toward the
right endpoint. This spatial distribution effectively diminishes the practical impact of the third point. The left subfigure of Fig. 11
displays the temporal evolution of particle counts identifying model indices, revealing that the majority of particles recognize models
with either k =2 or k = 3. The right subfigure presents the time-varying counts of particles detecting two discrete spatial points,
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Fig. 11. Particle identification performance for model indices and discrete spatial point detection with ensemble size N = 80. The left subfigure
displays the temporal evolution of particle counts identifying model indices, showing that the majority of particles recognize models with either
k =2 or k = 3. The right subfigure presents the time-varying counts of particles detecting two discrete spatial points, demonstrating that nearly all
particles successfully identify both discrete spatial points as time progresses. To quantify this, the number of particles falling within the intervals
[75,125] and [225,275] are respectively used to represent the number of particles identifying the two breakpoints.
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Fig. 12. State predictions at time ¢ = 650 using two methods with ensemble size N = 100 based on observations from the time interval [0, 600]. The
left subplot shows the predicted mean and uncertainty intervals produced by our method, while the right subplot shows the results from the pMCMC
method with k = 2. The dark blue line represents the predicted mean, the blue shaded area represents the pointwise 80 % confidence interval, and
the light blue lines correspond to individual particle predictions. The red line represents the true values. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. The variation of MSEs at ¢ = 600 (left) and MSPEs at ¢ = 650 (right) as a function of the number of observations. Blue, green, red, and
purple lines represent our proposed method, pMCMC with k& = 1, pMCMC with k = 2, and pMCMC with k = 3, respectively. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

indicating that nearly all particles successfully identify both discrete spatial points as time progresses Fig. 12. The prediction results
of the proposed method and the pMCMC method with k = 2 at the 650-th time step are presented in Fig. 12. The results demonstrate
that the proposed method achieves predictions closer to the true values.

Next, we investigated how the MSE (r = 600) and MSPE (¢ = 650) vary with the number of observations m, comparing the proposed
method with the pMCMC approach. The averages of the results from 30 independent simulations are shown in Fig. 13 and summarized
in Table 8. These findings show that the proposed method consistently achieves significantly lower MSEs and MSPEs across different
observed datasets, outperforming pMCMC in terms of estimation and prediction accuracy.
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Table 8
Average results from 30 simulations reporting the MSEs and MSPEs for four
methods, evaluated across varying numbers of observations m.

m Proposed pMCMC pMCMC pMCMC
Method k=1 k=2 k=3

20 1.1082071 2.1316883 2.2123202 2.5927941
40 0.2582725 2.2935382 0.3983601 0.5978624
60 0.1383734 0.4028563 0.3532119 0.5166435
80 0.1035852 0.2596242 0.1869100 0.3470573

MSE (r = 600)

20 1.9961356 2.3305962 2.1398791 3.2322982
40 0.4443996 2.9192545 1.8131713 1.1547955
60  0.5079265 1.9862264 1.4702752 1.1174952
80  0.1872246 2.0801137 1.5717806  0.8841347

MSPE (1 = 650)

MSEs at t = 500 MSPEs at t = 530
o~ ™1
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Fig. 14. The figure shows the variation of MSEs of the Lorenz 96 model at 7 = 500 (left) and MSPEs at ¢ = 530 (right) with respect to the number
of observations. In the figure, blue, green, and red represent our proposed method, pMCMC with k = 0, and pMCMC with k = 1, respectively. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

5. Nonlinear evolution case: Lorenz 96 model

In the next experiment, we apply our method to the extensively used medium-dimensional dynamical system known as the
Lorenz’96 model (L96) (Lorenz, 1996). This model, which is developed by Edward Lorenz, represents a nonlinear chaotic dynamic
system governed by the equation:

dx;

dr
where x = {x;;j = 1,...,n} is the n—dimensional state vector. Previous studies, such as Herrera et al. (2010), Van Kekem and Sterk
(2018) have considered more complex variants of the L96 model by modifying the forcing terms. Here adopt the following modified
form:

==X (X —xj4)—x; + F. (28)

dx ;

= = %G = x) =X+ F (29)
where F = (Fj5i=1,...n} is the corresponding n—dimensional force parameter assumed to be piecewise constant. We consider a
40-dimensional state vector x = (xy, ..., x49)7, where x; to x,, correspond to forcing F = 1, and x,, to x,, correspond to forcing

F = 6. Thus, the true parameter vector is pyrye = (1,20, 1,6)T. The true solution (x4, X, ..., X,). , Where n = 40, is computed over
the time interval 7 € [0, 30], with a time step Ar = 0.03, resulting in a total of 1001 time steps. The initial condition is set as x, =
(X1,0:%2,00 - » Xp )T = (1.01,1, ..., DT,

For the prior of the model parameters, the model index k follows a truncated Poisson distribution with strength 1 = 1, and the
upper bound Ky ax = 2. The forcing term F on each segment follows a I'(a, ) prior distribution, where a = 1.5 and g = 0.5.

We compared our method with the pMCMC methods (with k = 0 and k = 1). The average MSEs and MSPEs from 30 independent
simulations and across ensemble sizes N = 15, 30,45,60, 90, and 120, are shown in Fig. 14. The results clearly demonstrate that our
proposed method consistently outperforms the pMCMC approaches.

6. Discussion and conclusions

In this paper, we proposed the Sequential Hierarchical Bayesian Model (SHBM), which integrates a State Space Model (SSM)
to address the data assimilation (DA) problems with uncertainties in both the form of the equations and their parameters. At the
initial stage of DA, employing a general model like SHBM helps prevent particle filter (PF) divergence caused by incorrect modeling
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assumptions. We introduce a two-stage resampling PF method incorporating the RIMCMC method. This approach enables dynamic
identification of the model’s form, including the dimensionality of the unknown parameters, during the DA process.

We provided both theoretical derivations and practical applications to demonstrate the effectiveness of our method. By resampling
across multiple models and different parameter space of varying dimensions, our approach effectively overcomes the common issue of
particle diversity deficiency in PF and meets the resampling requirements in parameter spaces of different dimensions. The proposed
method allows for sequential model identification, parameter estimation, and state assimilation throughout the DA process.

We applied our method to the advection model and the Lorenz 96 model, which are commonly used in spatial-temporal process
studies. In both cases, our method achieved significantly lower MSPEs lower MSPEs compared to pMCMC methods that do not
account for the evolution model uncertainty. This improvement stems from our method’s ability to consider multiple candidate
models and generate more diverse ensembles of particles, resulting in more robust predictions. This aligns with the concept of
Bayesian Model Averaging (Zhu et al., 2016). However, existing methods often rely on fixed sample sizes per model or require
higher-quality observations (Bach and Ghil, 2023). Inspired by a reviewer’s suggestion, integrating our method with BMA presents a
promising direction for future research. The large MSPEs of the pMCMC method with k = 1 in the advection model example and k = 0
in the Lorenz 96 model example highlight the risks of incorrect model assumptions, such as an inaccurate number of discontinuous
points, which can lead to the PF divergence. Our method effectively mitigates this issue with only a modest increase in computational
cost.

In the case of the advection model, as shown in Fig. 10, our resampling method effectively identifies the locations of velocity
change points. After the resampling step, most particles have chosen the parameter k = 2 or 3, which means there are either 2 or 3
discontinuity points. For particles with 3 discontinuity points, the third discontinuity point is near the left boundary of the interval,
which has little influence on the prediction. This suggest that our method accurately identifies the form of evolution equation. The
presence of particles identifying a third discontinuity point may be influenced by the choice of the prior distribution, the number of
observations, and the observational error. Overall, the results demonstrate that our method effectively identifies the model indices,
and estimates parameters, and enables accurate prediction of future state vectors.

While promising, the proposed method may face challenges when applied to more complex systems. Extending this framework
to higher-dimensional parameter spaces is an important direction for future research. The primary challenges stem from two key
aspects: first, the increasing number of candidate models and higher parameter dimensionality complicate RIMCMC implementation,
particularly in maintaining reasonable acceptance rates and designing effective proposal distributions; and second, higher dimen-
sions exacerbate particle degeneracy in PF (Snyder et al., 2008). These challenges currently entail significant computational costs, a
limitation shared by many advanced PF methods.

The proposal distribution in the proposed resampling method is influenced by the prior distributions of the model and parameters,
which are application-specific. Appendix D provides the specific formula for the proposal distribution used in Section 4. The theoretical
derivation of our resampling method is presented in Section 3 and Appendix A. From the derivation process, it can be seen that the
resampled particles are an ensemble of more efficient samples drawn from the posterior distribution, enabling more accurate statistical
inference.

In summary, the proposed SHBM provides a refined framework for parameter estimation in DA, effectively capturing the uncer-
tainty in both model parameters and their dimensionality. By treating the dimensionality of parameters as an inferable parameter,
our model and method provide enhanced flexibility for various applications. The proposed PF estimation with two-step RIMCMC
resampling demonstrates strong performance in both case studies. The R code used to implement our methods on the examples is
available at: github.com/lwhuanyue/Two-stage-Resampling-PF-with-RJMCMC.

Appendix A. The SMC procedure
A.1. The initial conditions of SMC

At the initial time ¢ =0, we assume the initial state x, follows a prior distribution x, , and the parameter ¢ follows a prior
distribution 71'2 = pO(k) - zrok, where 7, and 7:2 are independent. The joint density function of x;, x(, and parameter 0 is given by:

fx],x0,€ = fxl |x0.60 fxoﬂ

(Al
=¢(x1;M(x0|9),62R,,)~7er T :

0
0

where ¢ denotes the probability density function of a multivariate Gaussian distribution. At every time step, a PF generates samples
- also referred to as ensemble members - from the distribution defined by the SHBM in Eq. (3). An ensemble of N samples from the
joint distribution fy , 4 is obtained using the sampling method for random vectors in Algorithm 1.

A.2. Estimation in the initial steps of SMC
At time ¢ = 1, the joint density of z;, x;, xy, 0 is given by

Farx1x00 = F2ixy %00 Fx1x00

) 5 o (A.2)
= d(z1: h(x)),6"R,,) - p(x 13 M(x010),6°R,) - 7, - 7.
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Given the observation z,

1
fxl,xo,e\zl = f_ : le,xl,xo.G
zy

(A3)
— - B(z13 h(x), 87 R,,) - x1; M(x010), 67 R,) - 7 - 7.
21
Since fy g =7y, 7, Xo and 6 are independent, we draw N independent samples {x(i) G(i)}’i , according to x, and =, re-
spectively. These form an ensemble from the d1str1but10n fxp0- Next, we draw samples x; from f, . 0(x1lxo _x(‘) =00) =

dlx;; M (xg>|9<'>), 62R,). Specifically, we sample €1 ~ N,(0,6%R,), and compute x(l') =M (xg)lﬁ('))+ei’). This yields an ensemble
{x(li),xg), 6“)}’.’1 , from the joint distribution f,, . ¢. As the ensemble members are sampled independently from the same distribu-

. S . . . G _ 1
tion, the initial weights are uniformly assigned as wO’ =5

For any function G(x,, x,, 6) , the posterior estimate given z, is

G = E[G(X],XO, G)IZI]

:/G(x],xo,c?)-fxl,xUledxl dx, df

(A.4)
fxl-xoﬂlzl
= [ G(x1,x0,0)- o Fryxg.0dx1 dxo do,
X1.X0,0
Using the identity:
fxl,xo,e\zl _ le|x1,x0,€ : fxl,xoﬂ/le _ le\xl,xo,g (A.5)
fxl,xo,é’ fxl,xo,é’ le ’
we obtain the following expectation which can be approximated using the Monte Carlo estimator:
N fz |x1.,x0.0
G =/G(x1,x0,0) . %fn,xﬂﬂdxl dxg d
“1
S 211 %0.0
= E, 1, 0lG(x1.%,0) - e Ll Ll
a (A.6)
$(zy; h(x;), 6% R,,) '
= Exl,xo,ﬁ ° G(th()s 9)]
Iz
N . i)y <2
i Z @(z1;h(x)"), 6°R,,) ~G(xm O gy,
N i=1 le 0
The marginal likelihood f, can be approximated:
le :/fz||x| 'fx,dxl
= Exl [le|X1] (A7)
1
~ I Oz h(]). 6 R,)
o)
. )y s2
A 1 @(zy5 h(x"),6°R,) O 0 o0
Gzﬁzf-G(xl .Xg»09)
i=1 1
1 i Bz hxD), 82 R,,) G0 0 g0y
~ o N ] ’ 0 bl
NS =N bz A, 62R,,)
N )y 52 (A.8)
_ Z ¢(Zl,h(x ) 6“R ) G( 0) (,) 0([))
= =N bz ), 2R ) 1%
23w GG XD, 00),
i=1
where
y BGEEhG),6R,)
w(]') _ ! 1 m (A.9)

IV Gz (), 62 R,,)

Using the resampling strategy of the original PF (Gordon et al., 1993), draw N samples with replacement from {x(’) (i), 6"} ,]i |
with probabilities {w(li) } I’i ,- This results in a new set of particles {x(l')', x(()’)', 69y IA=’ \» which are samples from the posterior distribution
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. For convenience, we relabel these N particles as {x"”,x”,8®}" . Consequently, the ensemble {x\,§®0}N ' samples from
Feyolzy- F i label these N particles as {x\",x{",00}¥ . C tly, th ble {x\", 00}V les fi
the marginal posterior f, . (Gordon etal., 1993).

At time ¢ = 2, we begin with the sample {xg), x(li), 0D} I’i | from the joint distribution f . ., - The nextstep is to obtain a sample re-
alization of the joint distribution f 9., . Using conditional probability density sampling, for each triplet (x(li), xg), 09),i=1,2,-,N,
draw x| from the conditional distribution Frylxy g0, = B2 M (x\"169), 6> R,). This yields the samples {xg?z, 9@} from the joint
distribution f, _ g|.,- The posterior distribution given observations z; and z, is:

f flzﬁo:z"”zl
X0:2.01z1:0 =
0:2,0121:2 flz|11

1
= f_fz2|x0:2,0.z| : fx0:2,9|z| (A.10)
2z

= - (293 h(x,), 8°R,,) - Sxp2012)
N

For any 1, let dx., denote dx, dx, --- dx,. Then, for any function G(x.,, 6) of x,, x;, 0, the posterior estimate given observations z, .,
is
G = E[G(x5.0)]2) 5]

= / G(x0:2:0) * fry..012).2,9%0:2d0

Sxo:2011.
=/G(x0:2,9)' %fxn:z,mz,dxo:zdg
x0:2,0121

P(223 h(x,),6°R,,)
=/G(x0:2,6'). 2 - 2 m 'fx0:2,9|z]dx0:2d9 (A.11)
2z

B(z5; h(x,), 67 R,,)

1
fzzlzl

= Ey.,.012,[G(x0:2,0) -

N . i)y <2
P(z9; h(x,"),6°R,,) ; .
r PTG, 00),
NS Falz '
According to equation (63) in Doucet et al. (2000),
sz\Zl = /flzlxbzl 'flelldxz
= Exz\zl [fzz|x2,z]]

(A.12)

Q

N
1 .
N Z fzzlxz(Z2|x2 = xg))
j=1

J

1 il i

¥ 2‘1 B(z2y: h(x). 87 R,,),
P

Therefore,

G

E[G(xy.5,0)|z,.,]

N . Dy 2
@(z5; h(x;),6°R,,) . .
2 2 m AG(xf)':)zﬂ('))

z|-

1 Sz,

B(z03 h(x)), 62 R,,)

T+ 3N, bz h(xY), 82R,,)
P22 h(x3)), 6 R,,)

1 2L bz h(xY), 62R,,)

LGP _g®
Glxp.5.0")

2
z|-
™=

(A.13)

i

Gy, 0)

A

M=

CRPTRCEP)
wy - G(xg5, 07,
1

where
B(2: h(xY), 8 R,,)
T e hD), 3R,

Resample {xg,)z,é’(")}f;' , with probabilities {wg)}ﬁ , and relabel the resampled particles as {xf{?z,w}{i ,» then these are N samples
from the posterior distribution £, g, ,-

= (A19)

2
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Assume that at time ¢ — 1, {xg,)t_l,e(i)} N is a sample realization from the joint distribution Fxour1 0121, - Using conditional

probability density sampling, for each {xﬁ?l,eﬁ))}, i=1,2,---,N, draw xf” from the conditional distribution f | 6z, =

e M(xf?1 |69), 62 R,). This yields an ensemble {xg:)t, o0 }iIL from the joint distribution fy_ g, _,-

A.3. Estimation in the general steps of SMC

At time ¢, for any function G(x,.,, ), given the observations z,.,, its posterior estimate is given by:
G= E[G(xq:1, O]z ]

:/G(XO:ne)‘fxoz,,9|zlj,dx0:td9

fx o

0:1:0121:0-15%

=/G(x0:t70)‘—fxotl,ﬁ\zlz,_]dx():tde
fx0:1~9|zl:t—l

Pz, h(x,), 6°R,,)
=/G(x0:,,0) : % : fx():,.mzl:,_,dxo:tde
Zl21:0-1

= Ey., 0z, [G(x0:1,0) - —¢(Z';;l(xt)’ 52Rm)]
[ LT
& iz, h(x), 8 R,,)
Zf Falzim
#(z; h(x\"),6°R,,)
; + 2L Bz ), 62R,,)
Bz, ("), 8R,,)
XN 9 hD), R,

(A.15)
 Glxg! 0)

z|-

Gy, 0)

z|-

i

@) p)
G, 0)

-

- Gxy), 00,
1

where

fzr»"o:rvmzl:r—l

fx(]:r’9|zlzz—1~zr - f
221241

_ fZ,|X0;;,0.21;171 ) fx(]:rs9|zlzt—l
fzz|zl:t—l
¢(zf; h(x’)’ 52R"’) i f-"[):r»9|ll:t—l
fzr|zlzr—l

(A.16)

and
d(z; h(x\"), 82R,,)

w? = - .
T bz ("), 67R,,)

t

(A.17)

Resample {xg:) 0N with probabilities {wii)}fi ,» and relabel the resampled particles as {xg? 0@}, then they are an ensemble

of samples from f, . . Therefore, at each time step, the PF maintains an ensemble {xg_) » 00} ,11 \» representing samples from the

posterior distribution fy g, -

Appendix B. Estimation of the conditional distribution of parameters

In this appendix, we derive the estimation of the conditional distribution of parameters fy),, . ., . First, consider the conditional
density of 0, fyy,., -, ,» which can be derived from the recursive expression of fy,, -/ .-
At time ¢ = 1, the joint distribution of x; and 6 is:

Txy 012150 = 7 e
z1lxo

1 (B.1)

fZ]|x0

“(zy3h(x)), 82 R,,) - p(x); M(xl0), 6% R,,) - 7.
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Thus, the conditional density function of 6 given z; and x,., is:

s _ fG,xl,zllxo
Olz1.x0:1 — 7
121:%0:1 fxlszl 1%
_ f{},xl .z1 |xg (B 2)
/ fG,xl,zl|x0d6 '
_ d(z13h(x).6°R,,) - d(x: M (x010).0°R,) - 7
Eylg(z15h(x,),62R,,) - b(x13 M (xq 1 6),62R,)1
At time ¢ = 2, we have
Torxplzix01 = Saalxnb.zix0:0 * Sxal0z1x0: " S0121x010 (B.3)
= P(235h(x3),8° Ry, ) - D(3x2: M (x| 0),67R,) - fopz, x., -
Thus, the conditional density function of 6 given z,., and x ., is:
_ fG»Xz’Zzlll’XO:l
f9I21:21X0:2 - f
x.22121.X0:1
vaX2’22|Zl’x0:l
(B.4)

-/ Jo.x.2312) x990
— ¢(22;h(x2)’52Rm) ~d)(x2; M(xl | 9)’02RH) o1z
Egizy xo, [#(225h(x2), 62R,, ) - (x23 M (x, 1 60),62R,, )]
At time ¢ — 1, we assume the conditional density function of ¢ given z;.,_; and x.,_; is:
f9|X0:1—leI:r—l' (B.5)

Then, at time ¢, the conditional density of # becomes:

f _ fZ,,X,,HIZI;,_pXo;,_]
Olx0:121:0 —
fzrvxl|zl:1—lvx0:1—1

fzrsxrsmzlzz—]vxozr—l

= (B.6)
/ ther’mzl:r—l X011 do
_ d(z:h(x,), 8 R,,) - p(x: M (x,y | 0),62R,,) Solxgmiz1m
E9|x0;,_],z|:,_] [qb(z,; h(xf)’ SZRM) : ¢(xl; M(xf—l | 6')’O_an)]
From Egs. (B.2), (B.4), and (B.6), we can derive a recursive expression for the conditional density Solxg. 0,210
Although this expression is analytically intractable in practice, it can be approximated by samples {xg:)t, 60} [’i | from £y, at
each time step.
The conditional density can also be expressed as:
fﬁ,xo. 2] f(),xo. |z;.
felxo:r,zm = f = f —. (B.7)
X0:-21:1 x0:¢121:

However, this form is not directly computable from the particle ensemble {xg,)t, 6" }fi , sampled from f, ., . However, naturally,

(i
0

t}fi |» the posterior distribution ofx,., is:

(003N from {x ,00}N are samples of f,. ,and {x'’ }¥ are N samples drawn with equal probability.
i=1 0:t i=1 01z, irli=1 Y

Given z,., and {x?

0:
f _ le:r‘x[):r .fx():r
X012 T fz
1t
O(lezt"‘():t .f"o:t (BS)

t
=11 ¢(th;h(x,q),62Rm) S
fg=1
(i)
0

This distribution can be estimated using the importance sampling. Given {x;: } ,Ii , and z,.,, it is difficult to draw corresponding 6
samples from fp,., . . However, through formula (B.7), let {6@} be an ensemble of samples directly from folxg.p.z1.,» and assign

6" importance weights u) (Doucet et al., 2001; Bishop and Nasrabadi, 2006). Since {Xg:)t }fil are equally probable samples from on:I’
the weights are given by:

VT2 #(z,0(x0).5°R,,)
SO/ 2 (z,:0(x2). 2R, )1

u = (B.9)
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There are many methods to estimate the distribution of parameters fﬁanmz .., = (k) - #,(&). Under the assumption that random
variables p(k) and 7z, () follow a known distribution family with unspecified parameters, parametric estimation methods can be
employed. For instance, if p(k) follows a Poisson distribution, its intensity parameter 4 can be estimated from samples via maximum
likelihood or moment estimation. This approach achieves high efficiency with minimal samples when model specifications are correct,
as it only requires estimating a limited number of parameters. When estimating the prior distribution, one may also specify the
distribution form and corresponding parameters based on empirical knowledge. In such cases, appropriate parameters are often
selected to make the distribution relatively flat. The hyperparameter of p(k) and 7, (£,) can be estimated after the bootstrap resampling,
which can generate an ensemble of equally weighted samples.

If no assumption is made about the distribution, nonparametric estimation methods can be utilized. For k = 1,2, ---, K, let

N
pk) =Y uPik; = k). (B.10)
j=1

I(-) is the indicator function, which equals 1 when the ith ensemble member follows the kth model, i.e., when its model index
k; = k, I(k; = k) = 1; otherwise, I(k; = k) = 0. Let N, be the number of particles for k; = k. The corresponding probability density
function denoted as 7, (§,), which may represent either a prior distribution or a posterior distribution. As in DA scheme, the posterior
distribution of parameter at time step # will be the prior distribution for the next time step. The estimated density function of &, given
k from the N, samples of k; = k is denoted as 7, (§;).

For k = 1,2, ---, K, the kernel density estimate of the conditional distribution 7, (&,) is given by:

N, .
K uli) (i2)

&)=Y S K- &), (B.11)

N .
ir=1 Zik‘;l M<j
where [ #,(£,)d&, = 1. Here, K, is a multidimensional kernel function. A common choice for K, is the multidimensional Gaussian
kernel:
1

Gy _
Ky =& = YTy e

1 . _ .
xp (-3 — & H G - 8)). (B.12)
where H is the bandwidth matrix and r, is the dimension of ¢;. Thus, the kernel density estimate of 7 (&) is obtained as g (&),

and the corresponding estimate of folxg.pzy., 18 PK) - 7z (€. Similarly, this method can also be used to estimate the prior distribution
of 9 at time ¢, Solxos 121010 which is required in the acceptance ratio in Eq. (17).

Appendix C. Details of the RJMCMC resampling step for APF

For a particle (xg:),, k;, 51(:)) that needs to be resampled, a new particle (x(’;: Sk 8 IS proposed using a Markov transition function

8((x0:1-0)—(x, 0% with an acceptance probability a(, 0~ (x5, 0") (Doucet et al., 2000; Elvira et al., 2018), such that:
HE i1’ o H

Bl(x0:1:0)= 0 Hoz10)=Cxp, 00 0., 6120:,

(C.1)
:g((x;:l,é‘*)—>(x0:,,6‘))a((x;*):!,9*)—>(x0:r,9))fx(’;”,€*\z():,’
where 0 = (k, &,).
If (xg:) - 0¥y is a duplicate particle, only (xg"), M) is used to draw xf’j , at the next time step. Therefore, we retain xgl_ , and draw
a new (xfi) ,00) from Sx,6121.1.x0.,, - The joint posterior distribution of x, and ¢ given x,.,_, and observations z, ., is:
Sz x0:0m = ISR PER AT NS PR (L PRE . (C.2)
flx‘x():t—lyzl:r—l
Then the conditional density of 8 given x., and z, ., is:
felx,,xou,l,zl;, _ f;rsxxs‘g'zl:r—lvx[):r—l
20X 20 10-1%0: 11
 Jrx0iz 00
bl 40 €3
_ b(z3h(x,). 87 R,) - d(xs M (x0:4-1 10).0°R,) * Soy, 2.,
E9|x0:,71,z1:,71[¢(z,;h(x,),62Rm) “p(x;3 M (xg.,_y | 9),02Rn)]’
Similarly, the conditional density of x, given 0 and z,., is
L6021 L - d(zh(x;),8°R,,) - p(x M(x,_, | 6),6%R,,). (C.4)

fzt|9,X0:r—]vZI:t—]
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From Eq. (C.2), the joint conditional probability density function of x, and 6 given x,.,_, and z,., can be further written as

_fZ,|x,,x0;,_1ﬁ,zl;,_1 ) fx,|x0;,_1,6,zl;,_1 ) f9|"0:z—lvzl:1—l
fx,,9|z]:,.x0:,_1 - f
Z1X0: =121 :1-1
1 C.5
=Bz h(x). 5" Ry) - B M (5,1 16).07R,): €5
Z;1X0:1-1,2 1111
f9|"0:1—1’zl -1
For a fixed i € {1,2,---, N}, given xg?t_ . and observations z;.,, the target distribution for the MCMC step is:
fxr’9|zl:z=zlznx0:r—1=x(0i:),,1
. 2 . (i)
G (2 h(x,). 8 Ryy) - b M (50 |9) ).fmx(m o (C.6)

—-17%0:1% 11

fZ:|X0:171:X8;),_1~7'1:H:Zl:171
Therefore, an MCMC method can be used to construct a Markov chain whose stationary distribution is the target posterior dis-

tribution f_ @ - Existing particle filters using MCMC methods as resampling methods only apply to cases where the
001
dimension of the particles does not change. However, since 6 = (k, &), the parameter space dimension can change from pre-resampling

to post-resampling, so we refer to Green’s RIMCMC (Green, 1995), which allows the dimension of the Markov chain to change.

The posterior distribution of the x, and ¢ given observations z;., and a specific particle of the previous state xg,)t_ | s

X021 1=21:4:X0: -1 =X,

—®
xrs9|21~x0:r—l—xoi,,1

o<¢(z,;h(x,),52Rm)~¢(x,;M< o |0) )'fele:,71=x{;3,,l,z1;,fl (€7
~ Bz (%) 52 R,) - b M (0, 16),6°R, ) - 5K - 7, (G0

The current ith particle is given by (x(') 00y = (xii), ki, 0/({")), and the proposed particle is (x}, 0*) = (x}, k*, &) If the dimensions of
6" and 6* are the same, it is easy to satisfy the balance condition. We define a Markov transition function g(-|-) to denote the density

from the current particle to the proposed particle (or denoted as g._,.) with an associated acceptance probability function a(- — -)
such that

O Dyao® . @ 4 -
g(e*a x;klel > X )a(el S X, 0 ,X;k)fx(,) 9“)|Zr»xx—]=xtl) =

0} (:) " 0, (1) (C.8)
g0 167, x)a(0", x; — 6 ) x 04 20 =x?
Substituting from Eq. (C.7),this becomes:
iy (D) i) () . (i) 2
80”5109, X0, x” — 0, x) - §(z:(x" ). 5°R,, )
(x5 M (22, 169),6%R, ) - ik - g, ()
(C.9)

=g(0", x\" 10", x1)a@*, xF = 6D, x") - p(z,:h(x}).6°R,,)-
(37 M (x2,107).6R, ) - 5k - g G-

The proposal density g(:|-) differs from the standard RJIMCMC formulation due to two key considerations. First, model-specific
proposal design is still required. In the DA framework where observations arrive sequentially, both states and parameters are updated
iteratively. Second, to maintain the dynamical system balance during proposals Moradkhani et al. (2012), our algorithm first proposes
parameter, followed by the corresponding states. The likelihood function is not directly related to the parameters, but is instead derived
through the observation equation that links the states and observations. We simplify the detailed balance condition via strategic state
vector sampling, thereby completing the algorithmic design. Given the current particle (xg’), k;, 5(')), the proposed density can be
decomposed as:

80", x;10. %)

=g(k", & xy 1k = ki & = 51(;,)”9 =x")

=g, (k*|k = k;, & _5(1) _ (i)). E Kk =k, & =§(i) — (i)).
=& ir Sk =X.7) &gk, ir 6k kXt =%
GOk &k = ki & = &) x, = x)
=81 1’5k 5 =X, 8&oGpx s ,,ék fk’,x, X,
(M (52, 0*),5212”).

(C.10)
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Here, g,(-|k = k;, &, = 5(') = xgi)) denotes the probability of selecting a new model k* from the state (x,,k, &) = (xﬁ'), k,,ﬁ(i_)). The
second part (&K k= ki & = 5,(:1), X, = xi") ) is the probability of selecting new model parameters S lk* after choosing the new
1
model k*.
Substituting Eqs. (C.10) into (C.9), the balance condition becomes:

sk Ik = ki & = &0 % = X)) - (& K k= ki = &) x, = x)
a0, x" = 0" x)p (25 h(x" ). 7Ry, ) - Bk - e, (€
= (C.11)
kilk = k* g% _ Dy . 0([)kk_k* e _ .
gl( ,l - 5§k_ék*sx{_xt ) 82( kil = ’ék_fk*7xt_xr )
a0, x; = 00, xNp(z,:h(x). 67 R,,) - H(K*) - 75, (EL).
Therefore, the sampling scheme can be specified as:
D _ prki ( 0] |§<z)) +€<r>

(C.12)
=M (x, 1 g) +e,

i.e., the same noise e,(i) is used for both the current and proposed states. Finally, the proposal densities can be redefined as:

X, = X(I))'

g(0V16%, x7) = g (k; |k = k*,&, = Spes
gz(HLi)lki,k =K & =X =X,

g(0*|9(i)’x§i)) =g (K lk=k.& = 51(:,)”% _ x%. .
Q& Ik k= k& = & x, = x{7),

The design of the proposal function g(:|-) must account for transitions between parameter spaces while ensuring reversibility. Let
5(’>* € ry+ and § € ri. The key to proposing parameters from the space ©, to the space ©,. lies in introducing random auxiliary
variables. Since 2;’( D" is r«-dimensional, and éfl(:’) is r; -dimensional, the proposal distributions for the auxiliary random variables need
to be designed based on the specific parameter spaces. In particular, proposing parameters from the ®,, space to the ©. space requires
a random variable x4 ~ Qg and similarly, proposing parameters from the ©,. space to the ®, space requires a random variable
H* ~ ay«_,. Here, a._, is a given probability density function. To ensure that (&, u®) and (&, u*) have the same dimensionality.

Let 7 ¢ iz, De the given probability of transitioning from parameters &, under model k to parameters &, under model k*. The
detailed balance condition is then

g1 (kK |k =k;, & = 0]((ii),x, = XEi)) : gz(fz* |k* k= k;, & = Gl(ci‘_),x, = xgi))~
e 100, 57 = 0%, 302 (2 (5 ), 87 R,, ) - 5K,) - 2, (6
- (C.14)
gikilk =K. & =& x, = x") - g0V |k k = k*.& = &, x, = x\)-
TN = R 6 = Gpws At — Ay 82 e 1T T ’ék—ékth_xy)
gy, @0, x7 = 00, x)p(z: h(x}), 8°R,,) - pK") - g, (&1

This formulation leads directly to the acceptance ratio used in Eq 17.

Appendix D. Definition and derivation of the transition functions

Let the prior distribution of the initial state be denoted by 7, , and the prior distribution of the model and parameters by z, =
p(k) - g, (&p)-
The probability of the true model following the kth model, i.e., the probability of having k discontinuities, follows a truncated
Poisson distribution:
—A Ak
¢ u
pl)= —H k=12, K, (D.1)

K i
Z' max e_g/}_
i=1 il

where A and K, are given.

Assuming the geographical space is finely discretized, i.e., the state vector x has sufficiently high dimensionality, we consider the
positions of the k discontinuities ¢, c,, -+, ¢, to be drawn from the uniform distribution over [0, L]. These positions correspond to
the even-order statistics among 2k + 1 uniformly distributed points with L = n. Let F be the cumulative distribution function of the
uniform distribution and f be the probability density function of the uniform distribution.

23



Y. Huan, G. Wang and H.X. Lin Computational Statistics and Data Analysis 216 (2026) 108304
The joint density of the even-order statistics for these points is given by:
o2k (52,54, VIR v§2k+2)
[~/ Qo D1 () (62) = 72 ok )ds 0 A
—00<E) <E < <Eopy

=2k + 1)!/ e (&)1 (&)de '/f(f3)f(54)d53 T
—00<1 <4

/ £ (s ) £ (60t ey / £ (Eenn ) dsins

&k <Eok1 <0 (D.2)
(&)

—ar L) L8 e pg) e L) - Feaa))

L[Fe0) - F(e)]

=k + D! F(&)[F(&) = F(&)] - [F(&) = F&2)][1 - F(&x)]-
F(&) - F(&) - f(&x)-
Thus, ¢, ¢,, -+, ¢, correspond to the 2nd, 4th, ---, 2kth points from the 2k + 1 points in [0, L]:

Fraon(E=cl &y =cp, e by = ¢ju e 8y = ¢4 )

—@Qk+1)- 2. (-a)  (4m-¢g) (L-a) (l)k
- L L L L L (D.3)
2k + 1!
= e G (c2—er) = (ejpn =€) (L =)
27,
The velocity parameters v, v,, -+, vy, are assumed to follow a I'(a, §) distribution with the density function p* v‘j”le_ﬁ"/ /T(a), for
j=1,2,-,k+ 1, where a and § are given. The prior distribution over parameters is then:
2k k+1
ok, &) = p(k) - 7z, (&) o e—*F st e e - f.. (D.4)
b

Here, 7, is the conditional density of 7y, given that the model index k = k.

For simplicity in notation, the particle (k;, .f;("‘) s xg[)) is abbreviated as (k, &, x,). According to Eq. (C.10), new parameters are proposed

in three steps through the RIMCMC method:

e First, propose a new model index k* using g, (k*|k = k,&, = &, x; = x,),
* Second, propose new parameters &;, corresponding to the k*th model using g,(&. [k*. k = k, & = &, x, = x,),
e Third, given (k*,¢;,), obtain the corresponding x} using g5(x;|k*, &}, k = k& = & x; = x,).

The model transition probability g, (k* |k = k, &, = &, x, = x,) defines transitions between models. Transitions are restricted to adjacent
model indices or staying in the current model, resulting in four types of transitions:

e (a) Transition from model k to model k + 1: Add a discontinuity point by drawing a point uniformly from [0, L],

¢ (b) Transition from model k to model k — 1: Remove a randomly selected discontinuity point randomly from the k discontinuity
points,

* (c) Stay in the current model k and randomly change one of the velocity parameters v; in one of the intervals,

e (d) Stay in the current model k and randomly change the position of one of the discontinuity points c;.

When proposing a particle, the first step is to select the type of model change {(a), (b), (c), (d)} with probabilities {b;, d;,n;., vy }:

by K*=k+1,
g1 (k" | k=k& =&.x,=x,)=1d, kK =k-1, (D.5)
l—b,—d, k*=k

The probabilities for transitions are defined as:
e For (a) - adding a discontinuity-point to increase from k to k + 1:
by = c-min{1, p(k + 1)/p(k)}, (D.6)
e For (b) - removing one discontinuity point:
d, = c¢-min{1, p(k — 1)/p(k)}, (D.7)
where by =d; =0.
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e For transitions (c) proposing a new velocity 7, and (d) - proposing a new position y;:
1
”k:l//kzz(l_bk_dk)- (D.8)

Here, 4, a, f, ¢ are predefined hyper-parameters. Once these hyper-parameters are specified, the probabilities of the four transitions
are determined, enabling the proposal of new particles across the entire parameter space ©. For (a), the proposed new parameter
0* = (k*, éz*) has two more dimensions than the original parameter 6 = (k, &), while for (b), the proposed new parameter 0* = (k*, &)
has two fewer dimensions than the original parameter 6 = (k,&,). To reconcile this mismatch, the following steps are taken: If the
proposed parameter dimension ry. differs from the original parameter dimension r;, then: draw a random variable y of dimension
r, from a;_.; draw a random variable x* of dimension r,. from ay._,; ensuring (rj« +r,» = ri +r,), thus (Cprs M) = q(§ ) is @
bijection, where g is a predefined transition function. The Jacobian determinant of the transition is:

0. 1)
(k. 1)

For each parameter particle  and the corresponding x,, propose a proposal parameter particle §* and the corresponding x;. The
acceptance probability is given by the formula (17):

|| = . (D.9)

a =min{1, (distribution ratio) x (proposal ratio) x |J|}

=min{1, (likelihood ratio) x ( prior ratio) x (proposal ratio) x |J|}

(D.10)
[ 8O0 e b (zih(x)). 8 Ry) oK) -y )
=min s ,
8(6*16, xt)akek*‘ﬁ(zx; h(x,),&z Rm) - p(k) - e, (€1)
where

sh(x} ,52Rm *

(likelihood ratio) = M S r

é(z;h(x,),52R,) [1°

k*) - me . (&)

(prior ratio) = M (D.11)

p(k) - g, (&)
8(016%, x7)ape
g(0%10, x)aj_ i+
When proposing a new parameter, first select the type of transition in the form {(a),(b),(c),(d)} with probability distribution
{by, dy. m, Wi}, and propose new parameters &, and the corresponding x; under that transition type.
Assume that the current particle follows model k, which has k+1 segments, the original parameter is 6=
(k, 01,09, 0+, Uggqs €15 €05 005 €p)-
Type (c): Changing a velocity parameter

For (c), randomly change one of the velocity parameters v; on an interval. The steps for proposing the new parameter are as
follows:

(proposal ratio) =

(1) Select one of the k + 1 velocities {v;,v,, -+, vy, } with probability Kll to change the jth velocity Oj =12, k.

(2) Draw y from a uniform distribution U [—% %] (where y is the reparameterized variable).
(3) Set u = log <—f> So,
J
(4) The proposed parameter becomes 6* = (k,v;, vy, -, v;f, e Upg 1> €1 €y oot 5 e
(5) Accept or reject the proposed parameter 6*.

Since the proposal of new parameters is done by drawing from a uniform distribution,

1o Y NU[_l l] (D.12)
M = log " 350 .

J

the ratio of the acceptance probability is:

p, = (likelihood ratio) X ( prior ratio) x (proposal ratio) x |J|

Pt oy
10 ﬁaU?_le_ﬁUj /T(a) | 9v; (D.13)
_r (TY .
7 <_) e {=#(s =)}
with the likelihood functions:
Iy = d(z,; h(M"(xj?] | gk) +¢™),62R,,) (D.14)
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and
1= gz h MY (50 165 ) + ), 8 R, ), (D.15)

where xi?l is the state of the ith particle at the previous time 7 — 1.
The Jacobian determinant is:

avt
J

7,

v*
=t = U—’ (D.16)

J

LM
du] e

an

Thus, the acceptance probability is:
avelvcity = min{Lpu}' (D17)
Type (d): Changing a discontinuous point

For (d), changing the position of one of the discontinuity points c;, the steps for proposing a new parameter are as follows:

(1) Select one of the k discontinuity points j € {1,2, ---, k} with probability % to change the jth discontinuity point c;.

(2) Draw c* from the uniform distribution U[c i1sC j] (i.e., uniformly select cj’.‘ from the coordinates contained in U [c 15 € j]).
(3) Propose the parameter 6* = (k, vy, Uy, =+, Uy, €1, Cp, o cj* )

(4) Accept or reject the proposed parameter 6*.

The ratio of the acceptance is:

—c* *_
(o5 (g7m)

L L
= x— &
Pe 10 (eje1=¢j)  (¢=¢jm1)
L L (D.18)

i (om=g)(g )

o (Cj+1—cj)(cj—cj—1) '

Thus, the acceptance probability is:

a, = min{1,p,}. (D.19)

Type (a): Adding a discontinuity point
For (a), moving from model k to model k + 1, which involves adding a discontinuity point. This transition increases the dimen-
sionality by 2 (a new discontinuity point and a new velocity). The steps are:

(1) Draw c* from the uniform distribution U[0, L], which falls in a interval [c¢ 5 €] with velocity v e
(2) Draw y from U[0, 1] and determine U; and v;_‘ " using the equations:

(c* = cj)log(v;f) + (i1 — c*)log(vm) = (¢j1 — ¢;)log(v))

Ca o 1—p (D.20)

— =
v
' H

(3) Propose the parameter
0" =(k+ 1,00y, -, Vi_1» U;-\', Uj+1, Uit s Ugg15 €15 €25 705 € C;, Citl> s Cr)-
(4) Accept or reject the proposed parameter 8* based on the acceptance probability.
The prior distribution of the k discontinuity points is given by the even-order statistics among 2k + 1 uniformly distributed points:

foaok(Ea= el &=y = ¢ ppgn = €)

(2=e) (gm=g)  (L-a) (L) (0.21)

1
=Qk+ 1! —-
2k+1) L L L L

A
= fc,k’

where F is the cumulative distribution function of the uniform distribution.
For the k + 1 discontinuity points, the joint distribution is similarly defined using the even-order statistics of the 2k + 3 points:

— — — ¥ — —
oo (& = €18 = e300 &y = €, 600 = € Epgn = ¢)

aza . (0) (uc) | Log 1y 2

L L L L T

€1
=Q2k+3)! =
( ) 2 3

A
= ferr1-
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Thus, the ratio of the prior distributions for the discontinuity points is:

ekt _ Qk+2)2k+3) (c* —¢;)(ejs1 —c*)

(D.23)
Jex L (¢j1=¢))
For the new velocities v* and v;f+ i draw u from U0, 1].
The prior distribution ratio for the velocities is:
Fuer P01 M@ - prote " T@)
fox pev*=1 e /T (a)
v o / (D.24)
* ok a—
s Y Uj+1
“T\ o eXp{‘ﬁ(”7+”?+l ‘”f>}'
The Jacobian Determinant is:
( e )V
v+ U >
1
|J] = NS T (D.25)
v
J
The proposal distribution ratio is:
1
/ div1 57 diyy - L
pk+1 _ + T+1 — k+1 (D.26)
Ip b7 b - (k+1)
Let
* k+1) [ f f
_ 0 opk+ D) ekt Jugst Jpktl ] (.27)

Py =—

PO k) Sek fok Fok
Then, the acceptance probability is:

Apipepy = MiIN {l,pb}. (D.28)

Type (b): Removing a discontinuity point

To maintain symmetry with Type (a), we derive the formulas for transitioning from model k + 1 to model k, which involves
removing a discontinuity point and reducing the dimensionality by 2.

The steps for proposing a new parameter when moving from model k + 1 to model k are:

(1) Select one of the k + 1 discontinuity points with probability k%l to remove. Suppose the (j + 1)th discontinuity point c;; is

removed.
(2) Calculate the velocity parameter v;f for the merged interval [cj’.‘, c;fH] = [¢;, ¢j42] using:
(cjp1 — ;) 10g(V;) + (¢jyp — €jpp) l0g(v;4) = (cj’.*+1 - cj’f)log(v;f) (D.29)

(3) Propose the parameter 6* = (k, vy, v,, S Vj_1s v;f, Uj42s > U1 €15 €25 5 €5 €25+ » Ck)-
(4) Accept or reject the proposed parameter §* with probability:

PR { L } (D.30)

Py

Note: the (k + 1)th discontinuity point removed corresponds exactly to the added discontinuity point in Type (a).
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