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Abstract— The number of independent links that can be hosted
by an antenna platform for line-of-sight (LoS) communications
is limited by its physical size and the interference between the
beams associated with different users. For large-size platforms,
the interference can be reduced by compromising the aperture
efficiency, and this tradeoff is the metric to quantify the effective
use of the platform. This metric fails for antenna platforms that
are not electrically large, for which the aperture efficiency is no
longer a useful parameter. Here we resort to the concept of the
observable field, related to the maximum theoretical directivity,
to estimate the potential number of independent links supported
by moderate-size platforms. This allows the introduction of
coupling coefficients between the beams associated with the
observable portion of the incident field and the beams associated
with the receiving antennas. These coefficients are bounded to
unity for any platform dimension, unlike the aperture efficiency,
and they are maximized when the antenna pattern is equal to the
pattern predicted by the observable field. Accordingly, selecting
beams dictated by the observable field constitutes a benchmark
for the effective use of the volume. Any antenna design can be
compared to this benchmark to assess its merits.

Index Terms— Interference, line of sight (LoS), multi-beam
antennas, observable field, signal-to-interference ratio (SIR).

I. INTRODUCTION

THE next generation of wireless communication systems
[1], [2] will soon require multi-beam antenna system

capabilities [3], [4], similar to those employed in satellite-
based communication [5], [6], [7], [8], [9]. In these systems,
the efficient use of the platform volume is a significant chal-
lenge, especially for the lower frequency bands. This issue has
been recently recognized as significant also by the telecom-
munication industry [10]. However, it had been anticipated
by the scientific community with the original studies on the
degrees of freedom of the field [11], [12], or in the related
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Fig. 1. Depiction of a multi-beam LoS scenario with Nl simultaneous links,
each associated with an incident beam.

electromagnetic multiple-input and multiple-output (MIMO)
scientific community [13], [14]. In this contribution, the
emphasis is posed on line-of-sight (LoS) communication sce-
narios, where several beams corresponding to different data
streams are directed toward the antenna platform (see Fig. 1).
The beams from the users can be plane waves, e.g., for
far-field links, or, more generally, spectra of multiple plane
waves, e.g., for near-field communication scenarios. For a
given link, its data stream corresponds to the desired signal,
while the other data streams interfere. Links are assumed to be
independent if the signal to interference ratio (SIR) remains
above a predefined threshold. It is known that the mutual
coupling between the beams limits the maximum number of
independent beams hosted by a platform [15].

Satellite-based multi-beam communications mainly use
aperture antennas that are large in terms of wavelength. Thus,
the aperture efficiency is the main parameter to consider.
Tapering the aperture distribution leads to lower sidelobes
at the cost of beam widening and aperture efficiency reduc-
tion. However, the aperture efficiency concept, defined for
electrically large antennas, cannot be applied for antennas
whose size is comparable with the wavelength. Accordingly,
to date, an appropriate metric to state how many independent
links can be established on a platform of moderate size does
not exist. To define such a metric, one needs to know how
much power an antenna with a given radiation pattern can
receive. For this purpose, this article exploits the concept of
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Fig. 2. Pictorial representation of the inward and outward components of
the observable field associated with the sphere of radius a enclosing the base
station platform.

the observable field [16] to represent the portion of the incident
field that can be received. This allows the introduction of
a novel coupling coefficient, which correlates the observable
field and the pattern under investigation. The square magnitude
of this coefficient represents the fraction of the maximum
power the antenna bounded by a given volume can receive.
If one or more interferers are present, one can express the
SIR using the introduced coupling coefficient. This allows
us to study several antenna aperture distributions compatible
with the antenna volume, regardless of the specific antenna
design. The proposed methodology constitutes a useful tool to
relate the SIR to the antenna dimensions, aperture distribution,
and the number of simultaneous independent links.

This article is organized as follows. In Section II, the
concept of the observable field is recalled, and two different
approaches for its evaluation are compared. In Section III, the
novel coupling coefficients are defined, and the expression of
the SIR through these coefficients is introduced. In Section IV,
a benchmark situation is established and used to assess some
preliminary antenna dimensioning. In Section V, the SIR ver-
sus the number of links is evaluated for fixed-size platforms.
Conclusions are drawn in Section VI.

II. OBSERVABLE FIELD PATTERNS

For antennas whose dimensions are comparable with the
wavelength, we resort to the concept of the observable field
[16], [17] and its associated observable power Pobs, which
is the maximum power that can be received by an antenna
enclosed in a given spherical volume of radius a. The
observable field, depicted in Fig. 2, can be expressed as the
superposition of an inward and an outward propagating waves

�eobs(�r) = �einw
obs (�r) + �eout

obs(�r) (1)

where �r = (r, θ, φ) is a point in the far-field region of the
antenna domain. Both terms are characterized by an angular
pattern �V inw/out

obs and a spherical spreading

�einw/out
obs (�r) = �V inw/out

obs

(
k̂
)e± jkr

r
(2)

where the separation of the spatial variables r, θ, φ is used, and
k̂ is defined as k̂ = sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ. The
“classic” procedure to define the observable field resorts to a
spherical mode (SM) expansion of the incident field [18], [19]
and retains only the first Nsp < ka modes, where k is the

Fig. 3. Observable field patterns for spherical antenna domains of radius.
(a) a = 0.02λ0 and (b) a = 7λ0.

Fig. 4. Observable field patterns for small to moderate spherical antenna
domains of radius. (a) a = 0.3λ0, (b) a = 0.5λ0, (c) a = λ0, and (d) a = 2λ0.

free-space wavenumber. An alternative representation is based
on the physical optics (PO) currents and was proposed in
[16] and [17]. It resorts to spatial windowing to select the
equivalent currents distributed on the surface enclosing the
finite domain under analysis: these currents radiate the outward
component of the observable field.

Fig. 3 shows the observable far-field patterns evaluated
using both the PO and the SM procedures for a = 0.02λ0

and for a = 7λ0. The PO and SM curves coincide for the
smaller radius case [see Fig. 3(a)], while they are very similar
up to the fourth sidelobe for the larger antenna case [see
Fig. 3(b)]. However, for antenna dimensions comparable with
the wavelength, the two procedures give origin to significantly
different patterns. In Fig. 4, the observable field patterns are
reported for different radii a. It is apparent that, for these
intermediate platform sizes, the SM observable field patterns
are characterized by a higher number of nulls (equal to the
number of modes Nsp) than the PO patterns. Moreover, the SM
pattern changes in a quantized manner, related to the discrete
number of retained modes Nsp. On the contrary, the PO
observable field has patterns that change in a continuous way
with respect to size.

Authorized licensed use limited to: TU Delft Library. Downloaded on January 23,2023 at 07:28:31 UTC from IEEE Xplore.  Restrictions apply. 
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III. RECEIVED SIGNALS IN TERMS OF OBSERVABLE FIELD

In this section, we use the observable field to evaluate
the beam coupling for a receiving antenna, introducing new
coefficients.

A. Introduction of the Reception Coupling Coefficient

Let us consider the receiving platform enclosed by the mini-
mum spherical volume of radius a, as shown in Fig. 1. Assume
that Nl sources are located in different positions, and they are
all in the far-field with respect to the antenna platform, which
results in Nl plane waves reaching the receiving antenna.
Following the procedure in [16] and [17] or using the SM
expansion [19], the observable field can be calculated for the
i th wave impinging from the direction k̂i . Correspondingly, the
associated power can be indicated as Pi

obs. The capability of a
specific antenna, contained in a spherical volume of radius a
and pointing to the k̂ j direction, to receive the wave impinging
from the direction k̂i can be expressed by defining a reception
coupling coefficient Ci j

obs,a as

Pi j
r = Pi

obs

∣∣∣Ci j
obs,a

∣∣∣2
(3)

where Ci j
obs,a is the coupling coefficient between the observable

field of the incident beams �V inw
obs,i (k̂) and the pattern of the

receiving antenna �V j
a (k̂). To calculate Ci j

obs,a, one can first
express the received power for the j th antenna under con-
jugate matching conditions, following the procedure reported
in Appendix A, as:

Pi j
r =

∣∣∣V i j
oc I j

a

∣∣∣2

16P j
a

(4)

where V i j
oc is the open-circuit voltage at the input terminals of

the receiving j th antenna when the i th wave is impinging, and
P j

a is the power radiated by the j th antenna when operated in
transmission, fed by the input current I j

a . The product V i j
oc I j

a

can be interpreted as the reaction between the observable field
associated with the direction i and the source feeding the j th
antenna, as described in Appendix B, where we made use of
Lorentz’s reciprocity theorem [20], [21], [23], [24]. Comparing
(3) with (4), we can define the coupling coefficient as follows:

Ci j
obs,a = V i j

oc I j
a

4
√

P j
a Pi

obs

. (5)

In particular, (5) can be evaluated by exploiting the reci-
procity theorem. As shown in Appendix B, when the i th
interfering source and the antenna are at a far-field distance,
we have

V i j
oc I j

a = 2

ζ

∫∫
4π

�V inw,i
obs

(
k̂
) · �V j

a

(
k̂
)
dk̂ (6)

where �V j
a is the angular pattern of the electric field �e j

a (�r) radi-
ated by the receiving antenna, when operated in transmission
and fed in such a way as to generate the j th beam, i.e.,

�e j
a (�r) = �V j

a

(
k̂
)e− jkr

r
. (7)

Fig. 5. Depiction of the antenna and observable field patterns used for the
calculations of the k̂-integrals in (6) and (9).

The terms appearing in (6) are described in Fig. 5,
which shows the outward antenna pattern pointing toward k̂ j ,
the inward observable field pattern from the direction k̂i , and
the integration variable k̂ spanning the entire solid angle for the
calculation of the coupling integral. The observable power and
the power radiated by the receiving antenna can be expressed
as follows:

Pi
obs = 1

2ζ

∫∫
4π

∣∣∣ �V inw,i
obs

(
k̂
)∣∣∣2

dk̂

P j
a = 1

2ζ

∫∫
4π

∣∣∣ �V j
a

(
k̂
)∣∣∣2

dk̂ (8)

substituting (6) and (8) in (5) leads to

Ci j
obs,a =

∫∫
4π

�V inw,i
obs

(
k̂
) · �V j

a
(
k̂
)
dk̂√∫∫

4π

∣∣∣ �V inw,i
obs

(
k̂
)∣∣∣2

dk̂
∫∫

4π

∣∣∣ �V j
a
(
k̂
)∣∣∣2

dk̂

. (9)

The above coefficients represent the counterpart of Stein’s
coefficients [15], which are defined for two beams of the
same transmitting antenna. It is worth mentioning that the
definition of the coupling coefficients in (9) is independent
of the specific method used to evaluate the observable field
and that |Ci j

obs,a| ≤ 1. In the case of i = j , the coefficient
C j j

obs,a is the coupling with the desired beam. The upper limit
|Ci j

obs,a| = 1 is achieved when the outward pattern of the
receiving antenna is chosen to be equal to the inward pattern
of the observable field, i.e., �V j

a (k̂) = �V inw, j
obs (k̂). Under this

condition, the received power is maximized.

B. Evaluation of the Desired Received Signals

In a multi-link communication scenario, one can assume
that the incident field is the superposition of Nl links, where
one is desired and the remaining Nl − 1 are the interferers.
Each link is characterized by a unit vector direction êi for the
electric field, an amplitude Ei , and a direction of propagation
k̂i . We can assume that the waves incident from different
directions are uncorrelated, and they have the same amplitude,
i.e., Ei = E0, ∀i . Accordingly, the expected total power
received at the j th antenna can be expressed as follows:

P j
r =

Nl∑
i=1

Pi
obs

∣∣∣Ci j
obs,a

∣∣∣2 = Ppw
obs

Nl∑
i=1

∣∣∣Ci j
obs,a

∣∣∣2
. (10)

It is worth noting that Pi
obs = Ppw

obs∀i since we have
considered the same excitation for all the directions, and since
the observable power does not depend on the direction k̂i .

Authorized licensed use limited to: TU Delft Library. Downloaded on January 23,2023 at 07:28:31 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 6. Coupling coefficients between the observable field and the antenna
pattern �Va with different excitations for radii. (a) a = 0.5λ0, (b) a = λ0,
(c) a = 2λ0, and (d) a = 7λ0.

By resorting to the coupling coefficients, the expected power
of the desired signal can be expressed as follows:

Sj = Ppw
obs

∣∣∣C j j
obs,a

∣∣∣2
. (11)

Using a tapered illumination makes it possible to reduce
interference by lowering the sidelobe level (SLL). However,
given the antenna dimension, the use of the taper reduces
|C j j

obs,a|, yielding a reduction of the received power of the
desired signal. While the theory developed until now is valid
for generic beams, the examples in this contribution are
specialized to the case in which the incident beams are plane
waves. In the example addressed in Fig. 6, the values of |Ci j

obs,a|
are calculated for a family of antenna patterns �V j

a (k̂), whose
radiation is centered at the broadside. The coefficients |Ci j

obs,a|
are plotted versus θi , i.e., the direction of incidence of the
i th signal. The specific antenna patterns �V j

a (k̂) are derived

from �V j
a (k̂) = �V inw, j

obs (k̂) or by applying different Gaussian
tapers, following the formalism of [22]. For the uniform case,
it appears that |Ci j

obs,a(0)| = 1, as the maximum coupling to
the incident plane wave is achieved. The taper has almost
negligible effects for small antennas, while, for radii a > λ0,
the tapering yields a lower coupling from the side lobes and an
evident reduction of the |C j j

obs,a| around θ = 0◦. In particular,
|Ci j

obs(0)|2 ≈ 0.92 and ≈ 0.72, for the 10 and the 20 dB taper,
respectively.

Fig. 7. SIR versus the radius of the sphere enclosing the antenna for Nl
interferers located on the same plane, and spaced by �θ . (a) �θ = 30◦ and
Nl = 4, (b) �θ = 15◦ and Nl = 7.

C. Evaluation of the SIR

By using the coupling coefficients, the interference at the
j th antenna becomes as follows:

I j = Ppw
obs

Nl∑
i=1
i �= j

∣∣∣Ci j
obs,a

∣∣∣2
(12)

and, consequently, the SIR can be expressed as

Sj

I j
=

∣∣∣C j j
obs,a

∣∣∣2

∑Nl
i=1
i �= j

∣∣∣Ci j
obs,a

∣∣∣2 . (13)

In Fig. 7, the SIR for a configuration with Nl users distrib-
uted at equispaced fixed directions in the range from 0◦ to 90◦
is investigated for �V j

a (k̂) = �V out, j
obs (k̂). SM and PO methodolo-

gies are compared for their prediction of interference. Between
the methodologies, we can note that the PO approach gives
lower SIR values. However, both show oscillations around
a monotonic increase of the SIR versus the antenna radius.
The oscillations indicate that for any given link spacing �θ ,
specific antenna dimensions can enhance the SIR. The curves
show a low SIR for electrically small antenna domains due
to the relatively broad beam. When the domain occupied by
the antenna becomes larger, the main beam becomes narrower,
and the interferers contribute via the antenna side lobes only.
Consequently, the SIR increases. It can be noted that the
SM method presents a stepped behavior, and its peaks are
overestimated if compared with the PO method.

IV. PROPERTIES OF THE SIR WITH RESPECT

TO THE MINIMUM SPHERE RADIUS

In this section, a benchmark study is presented in order to
estimate the maximum number of independent links supported

Authorized licensed use limited to: TU Delft Library. Downloaded on January 23,2023 at 07:28:31 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 8. (a) SIR in case of uniform aperture distributions, benchmark, for
users uniformly distributed on the FoV, where �θ is the separation angle
between the users. The first and second peaks of each curve are highlighted
in red and green, respectively. Beams and interferers: (b) first interferer on
the first null, and (c) first interferer at 2θnull .

by a platform of finite dimensions. Since the PO methodology
produces systematically more conservative and not quantized
SIR values, in the following, we will maintain our attention on
the PO methodology only. As before, we assume that the main
beam is aligned with the desired signal, while the interferers
are located in fixed directions or allowed to be randomly
moved within an angular sector. Specifically, the scenario we
are considering consists of several users spread around the base
station on a 360◦ field of view (FoV), where the receiving
antenna is located. Polarization matching is considered for
interference to analyze the worst case.

A. Benchmark With the PO Currents

The case �V j
a (k̂) = �V out, j

obs (k̂) is referred to as the “bench-
mark.” Fig. 8(a) shows the SIR for fixed interferers uniformly
separated by �θ . For a larger number of interferers, resulting
from smaller �θ = 30◦, 15◦, 7.5◦, the SIR curves shift and
stretch to the right. It can be noted that the first peak always
corresponds to a ≈ 35λ0/�θ , and its value is ≈18 dB. For
such a dimension a, the main beam of this benchmark uniform
case has its first null at θnull ≈ �θ . Thus, the first peak occurs
when the interferer closest to the signal direction is aligned
with the first null of the pattern [see Fig. 8(b)].

From the curves in Fig. 8(a), one can easily determine a
bandwidth around the peak over which the SIR remains higher
than a threshold level. For instance, if the purpose is to serve
24 equispaced users on a 360◦ FoV with SIR > 15 dB, for
�θ = 15◦ in Fig. 8(a), one can select an antenna domain of
radius a = 2.3λ0, implement a uniform current distribution,
and expect that the desired SIR is guaranteed over about 13%
bandwidth. An equivalent bandwidth can also be found for
the other values of �θ . It may be useful to extend this simple
reasoning to all �θ and assume that the minimum threshold

Fig. 9. (a) Communication scenario with moving interferers and main beam
aligned with the desired signal, and its corresponding SIR obtained with the
benchmark illumination for (b) �θ = 60◦ , (c) �θ = 45◦, and (d) �θ = 30◦
spacing.

to consider independent links to be SIR > 14 dB. A simple
rule for the number of equispaced users in an FoV expressed
in degrees can then be derived for the benchmark distribution

Nequi
14d B = FoV

a

35λ0
. (14)

The second peak of the curves of Fig. 8(a) corresponds
to the configuration of the non-overlapping beams shown in
Fig. 8(c), where the first interferer is aligned with the second
null of the antenna pattern.

In the following, we consider that each interferer is ran-
domly located in an angular sector �θ wide, as sketched in
Fig. 9(a). Since each interferer is randomly located in a sector,
a Monte Carlo analysis has been performed, considering the
interferer uniformly distributed in �θ . Fig. 9(b) shows the
SIR corresponding to 250 realizations for �θ = 60◦, and
assuming the benchmark distribution. In the plot, the average
SIR, the SIR in the case of fixed and equispaced positions of
the users, and the 80% (dark gray area) and the 90% (light
gray area) confidence intervals are also reported. Looking at
the confidence intervals in Fig. 9, we can notice that they
interpolate the maxima and minima of the oscillating fixed-
user SIR. Fig. 10(c) and (d) presents the same analysis for
�θ = 45◦ and �θ = 30◦, respectively. In the last two cases,
since the interferers are angularly closer, the SIR is about
3 and 6 dB lower, respectively, compared with �θ = 60◦.
The confidence interval is also narrower since the interferers
are distributed randomly within a smaller pertinent sector.

B. Analysis of the Aperture Distribution Taper

Once the benchmark for the SIR has been assessed, one can
investigate the potential increases of SIR deriving from the

Authorized licensed use limited to: TU Delft Library. Downloaded on January 23,2023 at 07:28:31 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 10. SIR comparison between a uniform distribution, a 10 dB Gaussian
taper, and a 20 dB Gaussian taper for equispaced beams with (a) �θ = 60◦ ,
(b) �θ = 30◦ , (c) �θ = 15◦ , and (d) �θ = 7.5◦ .

use of a tapered aperture distribution, which for large antenna
volumes compromises the main beam efficiency for lower side
lobes. Fig. 10 shows the SIR for the equispaced fixed users in
the case of four different values of �θ : 60◦, 30◦, 15◦, and 7.5◦,
which correspond to Nl : 6, 12, 24, and 48. In all cases, the
taper leads to wider main lobes and to a |Cobs,a| < 1. For larger
radii, the patterns of the tapered distribution are characterized
by lower sidelobes, which result in smaller oscillations of the
SIR, compared to the uniform distribution. On the contrary,
for small domains, specifically for a < 35λ0/�θ , the taper
reduces the SIR.

Fig. 11 shows the SIR in the case of randomly distributed
interferers for several angular sectors �θ and different aperture
distribution tapers. Compared with the benchmark uniform
distribution case, the confidence intervals associated with
tapered distributions become significantly narrower for large
radii of the minimum sphere enclosing the antenna (see Fig. 9).
For smaller radii instead, the confidence intervals become
broader than in the absence of tapering. That is because the
main beam of the antennas becomes wider, and especially for
�θ = 45◦, the interferers are associated with beams that can
arrive from directions relatively close to the main beam.

V. NUMBER OF LINKS FOR FIXED-SIZE PLATFORMS

A useful operative parameter that can be used to assess
the properties of a platform of fixed radius a is the number
of links supported with an SIR larger than a predefined
threshold. Fig. 12 shows the SIR versus the number of links,
or equivalently the spacing �θ , for platforms of radius a = λ0

and a = 5λ0. All the interferers lie on the same azimuthal cut
and are impinging from deterministic directions, equispaced
between −180◦ and 180◦. As expected, the SIR decreases by
increasing the number of links. It is worth noting that the
SIR decreases monotonically starting from a certain number

Fig. 11. SIR with the main beams oriented toward the desired user under the
conditions of (a) 10 dB and (b) 20 dB Gaussian taper, both for �θ = 60◦ ,
(c) 10 dB, and (d) 20 dB Gaussian taper, for �θ = 45◦, (e) 10 dB and
(f) 20 dB Gaussian taper, for �θ = 30◦ .

of links corresponding to a spacing �θ equal to the angular
position of the first null of the antenna radiation pattern.
Beyond this limit, the interferers contribute directly to the main
beam of the receiving antenna. For a small number of links,
the field generated by the interferers interacts with the side
lobes of the receiving antenna mainly, and tapering guarantees
higher SIR values.

Fig. 13 shows the SIR versus the number of links for
the same cases as Fig. 12, but for interferers assumed to
be impinging from random directions within the predefined
sectors. Due to the random positions of the interfering plane
waves, a Monte Carlo analysis of the SIR based on 250 real-
izations has been carried out. The SIR corresponding to the
fixed interferers is compared with the average SIR extracted
from the statistical analysis and the 90% confidence interval.

From Fig. 13(a) and (b), relevant to a one wavelength
radius sphere, it is apparent that the differences between
the number of beams achievable with the tapered and non-
tapered (benchmark) distributions are not significant. However,
from Fig. 13(c) and (d), where the antenna volume is large
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Fig. 12. SIR versus the number of realized links on the same azimuthal
cut with a FoV = 360◦ and fixed interferers, for a radius (a) a = λ0 and
(b) a = 5λ0.

Fig. 13. SIR versus the number of realized links on the same azimuthal
cut with a FoV = 360◦ and moving interferers, for a radius a = λ0, and
(a) uniform aperture distribution, (b) Gaussian taper of 10 dB, and for a
radius a = 5λ0 and (c) uniform aperture distribution, (d) Gaussian taper of
10 dB.

(i.e., a = 5λ0) it is apparent that for Nl < 50, the tapering
provides SIR higher than the benchmark (even 5 dB). The
limit is dictated by the position of the first null and can be
easily calculated with the approximate formula (14).

VI. CONCLUSION

An analysis of multi-beam antenna platforms for LoS
mobile communications was provided. In particular, a new
class of coefficients was introduced. They represent the cou-
pling between the investigated patterns and the one associated
with the observable field for the antenna platform of given
dimensions. These coefficients can be used to evaluate the sig-
nal and the interference between beam-shaped links supported

by the platform. Then, for the specific case of plane-wave-
like links, a benchmark is established that allows estimating
the maximum number of independent links that a platform can
support. This benchmark is taken to be an antenna radiation
pattern equal to the inward portion of the observable field.
This choice guarantees that the signal from the desired users
is maximized. Accordingly, any other solution for the pattern
design can be compared to the benchmark to assess its merits.
The observable field was calculated using the procedure based
on the PO currents to examine the potential advantages of the
benchmark. Two cases were investigated. For both, the users
were tracked by a dedicated beam. The first case implied links
between fixed equispaced interferers, while the second case
regarded randomly distributed interferers within predefined
angular sectors. The SIRs associated with the Gaussian distri-
butions with 10 and 20 dB edge taper were compared to the
benchmark. It resulted that, for fixed equispaced interferers,
it is possible to exploit the maximum gain associated with
the benchmark cases to achieve the maximum SIR at least
over relatively narrow bands (10%–15%). However, for ran-
domly distributed interferers, the advantage of the benchmark
disappears, even for narrow bandwidths, when the antenna
linear dimension is larger than 3λ0. In these cases, tapered
distributions provide higher SIR.

APPENDIX A
EXPRESSION FOR THE RECEIVED POWER

The power received by the j th antenna, under impedance
matching conditions, due to the i th impinging wave can be
written as follows:

Pi j
r = 1

8

∣∣∣V i j
oc

∣∣∣2

R j
L

(15)

where V i j
oc is the open circuit voltage induced by the i th inci-

dent field, and R j
L is the antenna load resistance. As suggested

in [20], by multiplying the numerator and the denominator of
(15) by the power P j

a radiated by j th antenna, when fed by
the current I j

a , one obtains

Pi j
r = Pi j

r P j
a

P j
a

= 1

8

∣∣∣V i j
oc

∣∣∣2

R j
L

1

2

R j
L

∣∣∣I j
a

∣∣∣2

P j
a

= 1

16

∣∣∣V i j
oc I j

a

∣∣∣2

P j
a

. (16)

APPENDIX B
APPLICATION OF THE RECIPROCITY THEOREM

This Appendix is intended to prove (6), which relates V i j
oc I j

a

with the reaction integral between the pattern of the inward
observable field and the one that the receiving antenna would
radiate when used in transmission. The starting point is the
application of Lorentz’s reciprocity theorem [23], [24], which
gives

V i j
oc I j

a =
∫
©
∫

S f

(
�ei

obs × �h j
a − �e j

a × �hi
obs

)
· n̂ f d S. (17)

Although the steps leading to (17) are described in
[23] and [24], we briefly report them here, revised to adapt to
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Fig. 14. Representation of Problem 1 and Problem 2 used in the reciprocity
theorem.

the notation of this article. Please note that the formula of (17)
is rigorously valid for any arbitrary incident field, however,
here we assume that the only portion of the incident field that
can interact with the receiving antenna is the observable field.

Fig. 14 shows an antenna enveloped by a surface S f , located
in its far-field, and having the outer normal unit vector n̂ f .
The antenna is fed by a waveguide having the cross-section
Sa, whose normal unit vector is n̂a . We define V as the volume
comprised between S f , Sa, and the perfect electric conductor
(pec) box, assumed to enclose the circuit connected to the
antenna. Problem 1 refers to the receiving antenna, where
the antenna terminals are open-circuited, while Problem 2
considers the same antenna when transmitting. In Problem 1,
the observable field �ei

obs and �hi
obs is generated by the sources

�j i
obs and �mi

obs located outside V, inducing the open-circuit

voltage V i j
oc at the antenna terminals. Problem 2, where the

antenna is assumed to be fed by the current I j
a and radiates

the fields �e j
a and �h j

a , is a fictitious problem formulated to apply
the reciprocity theorem. By applying Lorentz’s reciprocity
theorem to the volume V, since no currents are contained
within, one can write∫∫

Sa

(
�ei

obs × �h j
a − �e j

a × �hi
obs

)
· n̂ad S

+
∫
©
∫

S f

(
�ei

obs × �h j
a − �e j

a × �hi
obs

)
· n̂ f d S = 0. (18)

Being the antenna of Problem 1 open-circuited, the magnetic
field �hi

obs on Sa has non-zero normal component solely, making
the triple product �e j

a × �hi
obs · n̂a|Sa vanish. Then, by assuming

that in the waveguide only a single mode is supported,
�ei

obs and �h j
a can be decomposed as

�ei
obs = V i j

oc�e0 (19)
�h j

a = I j
a
�h0 (20)

with �e0 and �h0 being the modal eigenvectors, and V i j
oc and

I j
a their associated amplitudes. By substituting (19) and (20)

in (18), one obtains

V i j
oc I j

a

∫∫
Sa

�e0 × �h0 · (−n̂a)d S

=
∫
©
∫

S f

(
�ei

obs × �h j
a − �e j

a × �hi
obs

)
· n̂ f d S. (21)

According to the orthonormality property of the eigenvec-
tors �e0 and �h0, the integral in the left hand of (21) is equal to
one, thus proving (17).

Since S f is in the far-field, the fields �e j
a (�r), �h j

a (�r) radiated
by the antenna can be rewritten as follows:

�e j
a (�r) = �V j

a

(
k̂
)e− jkr

r

�h j
a (�r) = 1

ζ
r̂ × �V j

a

(
k̂
)e− jkr

r
(22)

and the observable field as

�ei
obs(�r) = �V i,inw

obs

(
k̂
)e jkr

r
+ �V i,out

obs

(
k̂
)e− jkr

r
,

�h j
a(�r) = 1

ζ
r̂ ×

(
− �V i,inw

obs

(
k̂
)e jkr

r
+ �V i,out

obs

(
k̂
)e− jkr

r

)
. (23)

By substituting (22) and (23) into (21), and omitting the k̂
dependence of the patterns for compactness, one obtains

V i j
oc I j

a = 1

ζ

∫
©
∫

S f

1

r2

[( �V inw
obs + �V out

obs e−2 jkr
)

×
(

r̂ × �V j
a

)
+

− �V j
a ×

(
r̂ ×

(
− �V inw

obs + �V out
obs e−2 jkr

))]
· n̂ f d S. (24)

By expanding the vector triple products in (24), we can
notice that the terms containing �V out

obs cancel out, while the
ones containing �V inw

obs sum up. Thus, the expression simplifies
as follows:

V i j
oc I j

a = 2

ζ

∫
©
∫

S f

1

r2
�V inw

obs

(
k̂
) · �V j

a

(
k̂
)
r̂ · n̂d S. (25)

By assuming that S f is a sphere centered at the antenna
reference system, r̂ · n̂d S/r2 = dk̂, leading the integration on
the solid angle [i.e., (6)]

V i j
oc I j

a = 2

ζ

∫∫
4π

�V inw
obs

(
k̂
) · �V j

a

(
k̂
)
dk̂. (26)

Note that on the left-hand side of (26), neither V i j
oc nor

I j
a is conjugated, as it derives from Lorentz’s reciprocity

theorem. Despite the product V i j
oc I j

a being dimensionally a
power, it configures itself as a reaction [21] and relates
quantities (V i j

oc and I j
a ), associated with different sources of

two separate problems.
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