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Abstract. We show that the canonical decomposition (comprising both the Meyer—Yoeurp and the Yoeurp decompositions) of
a general X-valued local martingale is possible if and only if X has the UMD property. More precisely, X is a UMD Banach
space if and only if for any X-valued local martingale M there exist a continuous local martingale M€, a purely discontinuous
quasi-left continuous local martingale M4, and a purely discontinuous local martingale M¢ with accessible jumps such that M =
M€ + M9 + M*“. The corresponding weak L!-estimates are provided. Important tools used in the proof are a new version of
Gundy’s decomposition of continuous-time martingales and weak L!'-bounds for a certain class of vector-valued continuous-time
martingale transforms.

Résumé. Nous montons que la décomposition canonique (comprenant a la fois la décomposition de Meyer—Yoeurp et celle de
Yoeurp) d’une martingale locale générale a valeurs dans X est possible si et seulement si X a la propriété UMD. Plus précisément,
X est un espace de Banach UMD si et seulement si pour toute martingale M il existe une martingale locale continue M€, une
martingale locale purement discontinue et quasi-continue & gauche M9 et une martingale locale purement discontinue M i sauts
accessibles, telles que M = M€ + M9 + M*“. Les estimées faibles L! correspondantes sont fournies. Les outils importants utilisés
dans cette preuve sont une nouvelle version de la décomposition de Gundy d’une martingale a temps continu, et des bornes faibles

dans L1 pour une classe de transformations de martingales vectorielles a temps continu.

MSC: Primary 60G44; secondary 60G07; 60G57; 60H99; 46N30

Keywords: Gundy’s decomposition; Continuous-time martingales; UMD spaces; Canonical decomposition; Meyer—Yoeurp decomposition;
Yoeurp decomposition; Weak estimates; Weak differential subordination

1. Introduction

It is well-known thanks to the scalar-valued stochastic integration theory that a stochastic integral [ ®dN of a general
bounded predictable real-valued process ® with respect to a general real-valued local martingale N exists and is well
defined (see e.g. Chapter 26 in [26]). Moreover, [ ®dN is a local martingale, so by the Burkholder—Davis—Gundy
inequalities one can show the corresponding L”-estimates for p € (1, 00):

K V4 t 4
/dDdN :FE(/ d>2d[N]>2, >0 (1.1)
0 0

(here [N]: R4+ x Q — R, is a quadratic variation of N, see (4.3) for the definition). The inequality (1.1) together
with a Banach fixed point argument play an important rdle in providing solutions to SPDE’s with a general martingale
noise (see e.g. [12,20,21,26,37,49] and references therein). For this reason (1.1)-type inequalities for a broader class
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of N and @ are of interest. In particular, one can consider H-valued N and L(H, X)-valued ® for some Hilbert space
H and Banach space X. Building on ideas of Garling [16] and McConnell [34], van Neerven, Veraar, and Weis have
shown in [37] that for a special choice of N (namely, N being a Brownian motion) and a general process & it is
necessary and sufficient that X is in the class of so-called UMD Banach spaces (see Section 2.1 for the definition) in
order to obtain estimates of the form (1.1) with the right-hand side replaces by a generalized square function. Later
in the paper [48] by Veraar and in the paper [49] by Veraar and the author, inequalities of the form (1.1) have been
extended to a general continuous martingale N, again given that X has the UMD property.

Extending (1.1) to a general martingale N is an open problem, which was solved only for X = L(S) with g €
(1, 00) in the recent work [15] by Dirksen and the author. One of the key tools applied therein was the so-called
canonical decomposition of martingales. The canonical decomposition first appeared in the work [54] by Yoeurp, and
partly in the paper [36] by Meyer, and has the following form: an X-valued local martingale M is said to admit the
canonical decomposition if there exists a continuous local martingale M€, a purely discontinuous quasi-left continuous
local martingale M9 (a “Poisson-like” martingale which does not jump at predictable stopping times), and a purely
discontinuous local martingale M“ with accessible jumps (a “discrete-like” martingale which jumps only at a certain
countable set of predictable stopping times) such that M = Mg =0as.and M = M+ M9 4 M“. The canonical
decomposition (if it exists) is unique due to the uniqueness in the case X = R (see Remarks 4.2 and 4.4). Moreover,
when X is UMD one has by [51] that for all p € (1, 00),

E|M|? =px E|ME|” +E| M| +E|ME|P, t>o0. (1.2)

In particular, if N is H-valued and ® is L(H, X)-valued, then

/@dN:f@ch+/d>qu+/CI>dN“

is the canonical decomposition given that N = N + N9 4+ N¢ is the canonical decomposition, so

t t t t
/ ddN / ddN°© / ddN? / ddN?
0 0 0 0

which together with Doob’s maximal inequality reduces the problem of extending (1.1) to the separate cases of N¢,
N9 and N“. Possible approaches of how to work with [ ®dN¢, [ ®dNY, and [ ® dN have been provided by [15]:
sharp estimates for the first were already obtained in [48,49] and follow from the similar estimates for a Brownian
motion from [37]; the second can be treated by using random measure theory (see Section 2.4), which is an extension
of Poisson random measure integration theory (see [13] and [14]); finally, the latter one can be transformed to a
discrete martingale by an approximation argument, so the desired L?-estimates are nothing more but the Burkholder—
Rosenthal inequalities (see [5,15,46] for details).

The canonical decomposition also plays a significant rdle in obtaining L?-estimates for weakly differentially sub-
ordinated martingales. The weak differential subordination property as a vector-valued generalization of Burkholder’s
differential subordination property (see [7,23,30,40]) was introduced by the author in [53], and can be described in the
following way: an X -valued local martingale M is weakly differentially subordinated to an X-valued local martingale
M if for each x* € X* and foreach r > s > 0 a.s.

p p

E‘ , t>0,

p
+IE‘

p
+E‘

~p.X E‘

(o0, %)) < |(Mo, x*)],
({42, )], = [(M, )], = [, )], = [(M. 7))

If X is a UMD Banach space and p € (1, 00), then applying L”-bounds (1.2) for the terms of the canonical decom-
position together with L?-bounds for purely discontinuous (see [53]) and continuous (see [51]) weakly differentially
subordinated martingales yields

~ 1 1
(ElMx?)? <cpx(EIMscl?)?, (1.3)
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where the best known constant ¢, x equals ﬂ[% x(Bp.x + 1) (here B, x is the UMD, constant of X, see Section 2.1
for the definition). Sharp estimates for ¢, x in (1.3) remain unknown. Moreover, it is an open problem whether one
can prove weak L!-estimates of the form

AP(M% > 1) Spx EllMoll, 2> 0. (1.4)

Here this question is partly solved: we show that (1.4) holds for M being one of the terms of the canonical decompo-
sition of M (see (1.5) and (4.2)).

The discussion above demonstrates that the canonical decomposition is useful for vector-valued stochastic integra-
tion and weak differential subordination, so the following natural question arises: for which Banach spaces X does
every X-valued local martingale have the canonical decomposition? The paper [51] together with the estimates (1.2)
provides the answer for L”-martingales given p € (1, 00). Then X being a UMD Banach space guarantees such a
decomposition.

The present paper is devoted to providing the definitive answer to this question (see Section 4):

Theorem 1.1. Let X be a Banach space. Then the following are equivalent:

(i) X is a UMD Banach space;
(ii) every local martingale M : R4 x Q — X admits the canonical decomposition M = M€ + M9 4+ M*¢.

Moreover, if this is the case, then for allt > 0 and A > 0
MP((M€); > 2) Sx EllM |,
AP((M?)7 > 1) Sx EllM; |, (1.5)

AP((M)7 > 1) Sx ElIM, .

Notice that the inequalities (1.5) are new even in the real-valued case, even though in that case they are direct
consequences of the sharp weak (1, 1)-estimates for differentially subordinated martingales proven by Burkholder in
[8,9] (see also [39,40] for details), from which one can show the following estimates

AP((M€)T > 1) <2E|M;|,

t

AP((M?)7 > 1) <2E|M],
AP((M?) > 1) <2E|M,].

The main instrument for proving (ii) = (i) in Theorem 1.1 is Burkholder’s characterization of UMD Banach spaces
from [6]: X is a UMD Banach space if and only if there exists a constant C > 0 such that for any X-valued discrete
martingale (f,),>0, for any sequence (an),>0 with values in {—1, 1} one has that

g >1 as. = E|fol>C,

where (g,),>0 is an X-valued discrete martingale such that

& —&n—-1=ay(fu — fu-1), n=1, (16)
8o = ao fo, .

and where g% := sup,.qllgxll. Using this characterization for a given non-UMD Banach space X we construct a
martingale M : R, x  — X which does not have the canonical decomposition (see Section 4.4).

In order to obtain weak L'-estimates of the form (1.5) together with (i) = (ii) in Theorem 1.1 one needs to
use two techniques. The first is the so-called Gundy decomposition of martingales. This decomposition was first
obtained by Gundy in [19] for discrete real-valued martingales. Later in [11,23,33,42] a more general version of this
decomposition for vector-valued discrete martingales was obtained. In Section 3 we will present a continuous-time
analogue of Gundy’s decomposition, which has the following form: an X-valued martingale M can be decomposed
into a sum of three martingales M L M2, and M3, depending on A > 0, such that for each r > 0
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(i) MM Lo@:x) <22, E[IM]|| < SE|| M|,
(i) AP(M>)} > 0) <4E| M|,
(iti) E(Var M%), < TE| M|,

where Var M is a variation of the path of M.

The second important tool is weak differential subordination martingale transforms. Discrete martingale transforms
were pioneered by Burkholder in [4], where he considered a transform ( f;,)»>0 — (gn)n>0 of a real-valued martingale
(fn)n>0 such that

&n—8&n-1=ay(fn — fu—1), n=1,
go=ao fo

for some {0, 1}-valued deterministic sequence (a,),>0. Later in [6,11,17,22,23,33] several approaches and general-
izations to the vector-valued setting and operator-valued predictable sequence (a,),>0 have been discovered, while
the martingale (f;)»>0 remained discrete. In particular for a very broad class of discrete martingale transforms it
was shown that L”-boundedness of the transform implies weak L'-bounds. In Section 4.2 (see Theorem 4.9) we
prove the same assertion for a weak differential subordination martingale transform, i.e. for an operator 7 act-
ing on continuous-time X-valued local martingales such that T M is weakly differentially subordinated to M and
{MX =0} C {(TM)}, = 0} for any X-valued local martingale M. A particular example of such a martingale trans-
form T is M +— TM = M€, where M€ is the continuous part of M in the canonical decomposition. Due to (1.2) this
operator is bounded as an operator acting on L”-martingales if X is UMD, so by Theorem 4.9 the first inequality of
(1.5) follows. Even though in the case of a discrete filtration such an operator has a classical Burkholder’s form (1.6)
from [6] (with (a,),>0 being predictable instead of deterministic, see Proposition 4.13 and the remark thereafter),
such transforms are of interest since they act on continuous-time martingales, which was not considered before.

2. Preliminaries
In the sequel the scalar field is assumed to be R, unless stated otherwise.
2.1. UMD Banach spaces

A Banach space X is called a UMD space if for some (or equivalently, for all) p € (1, co) there exists a constant
B > 0 such that for every N > 1, every martingale difference sequence (d,,)f:’=1 in LP(€2; X), and every scalar-valued
sequence (8,,),]1"=1 such that |¢,| =1 foreachn =1, ..., N we have

N P\ 5 NP\ F
(]E Zendn ) 5,3(E Zd,, ) .
n=1 n=1

The least admissible constant 8 is denoted by 8, x and is called the UMD, constant or, if the value of p is understood,
the UMD constant, of X. It is well-known that UMD spaces obtain a large number of useful properties, such as being
reflexive. Examples of UMD spaces include all finite dimensional spaces and the reflexive range of L?-spaces, Besov
spaces, Sobolev spaces, Schatten class spaces, and Orlicz spaces. Example of spaces without the UMD property
include all nonreflexive Banach spaces, e.g. L1(0, 1) and C([0, 1]). We refer the reader to [10,23,43,47] for details.

2.2. Martingales and cadlag processes

Let X be a Banach space, F = (F;);>0 be a filtration that satisfies the usual conditions (e.g. right-continuity). For
each 1 < p < 0o a martingale M : Ry x Q — X is called an L?-martingale (or, an L?-integrable martingale) if
Moo = lim; oo M; exists in LP(2; X); we call M an L*-martingale if || M;|| = q;x) is uniformly bounded in
t € R;. For a given p € [1,00) we will denote the set of all X-valued L”-integrable F-martingales by Mf((F);



1992 L S. Yaroslavtsev

further, we will denote the set of all X-valued local L?-integrable F-martingales by ./\/lf(’loc (IF). Note that Mff(IF) is
a Banach space endowed with the norm ”M”/\/lé’((ﬂ«‘) =[MxllLr:x)-

We will denote by M;’OO(IF) the set of all X-valued local F-martingales M such that

sup AP(M}, > 1) < ooc.
A>0

In the sequel we will omit F from the notations M?( ), Mf{loc (F), and M;OO ().

Remark 2.1. Let X be a Banach space, M : Ry x 2 — X be a martingale. Then (N;);>0 := (|| M;||);>0 is a submartin-
gale by [26, Lemma 7.11] and the fact that x — ||x|| is a convex function on X. Moreover, by [28, Theorem 1.3.8(i)]
we have that foreacht >0, p>1land A >0

E| M 1P

P(M] > 1) < v

(2.1)
A function f : R4 — X is called cadlag (a French abbreviation of the phrase “continuous from right, limits from
left”) if it is right-continuous and if it has left-hand limits. A process V : Ry x Q — X is called cadlag if it has cadlag
paths. For instance, any martingale M : R4 x € — X has a cadlag version given [F satisfies the usual assumptions
(see [53] for details in the vector-valued setting).
Let 7 be a stopping time. If V : Ry x  — X is cadlag, then we can define AV, : Q — X in the following way:

Vo, =0,
AVy =1 V: —limgp VO\/(r—e)’ 0<1<o00,
0, T =00,

where lim;_, ¢ Vv (r—s) €xists since V has paths with left-hand limits.

One can define the so-called ucp fopology (uniform convergence on compact sets in probability) on the linear space
of all cadlag adapted X-valued processes; convergence in this topology can be characterized in the following way: a
sequence (V"),>1 of cadlag adapted X-valued processes converges to V : R x Q — X in the ucp topology if for
any ¢t > 0 and K > 0 we have that

IP’( sup H Vi — V] || > K) —0, n— oo. (2.2)

0<s<t

Then the following proposition holds.

Proposition 2.2. The linear space of all cadlag adapted X -valued processes endowed with the ucp topology is com-
plete.

Proof. This is just the vector-valued analogue of [45, Theorem 62], for which one needs to apply the vector-valued
variation of [44, Problem V.1]. O

We state without proof the following elementary but useful statement.

Lemma 2.3. Let X be a Banach space, (f;)n>1, f be continuous X-valued functions on [0, 1] such that f, — f in
C([0, 1]; X) as n — oo. Then the function F : [0, 1] = R defined as follows

F(t) =sup| fu(1)

, tel0,1],

Is continuous.
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2.3. Purely discontinuous martingales

Let M : Ry x Q — R be alocal martingale. Then M is called purely discontinuous if [M] is a pure jump process (i.e.
[M] has a version that is a constant a.s. in time). Let X be a Banach space, M : R x 2 — X be a local martingale.
Then M is called purely discontinuous if for each x* € X* a local martingale (M, x*) is purely discontinuous. The
following proposition can be found in [15,51].

Proposition 2.4. A martingale M : R, x Q — X is purely discontinuous if and only if M N is a martingale for any
continuous bounded martingale N : Ry x Q — R such that Ny = 0.

In the sequel we will use the following lemma, which proof can be found in [15,51].

Lemma 2.5. Let X be a Banach space, M : Ry x Q — X be a martingale which is both continuous and purely
discontinuous. Then M = My a.s.

The reader can find more on purely discontinuous martingales in [15,24-26,51,53].
2.4. Random measures

Let (J,J) be a measurable space. Then a family u = {u(w; dt, dx), w € Q} of nonnegative measures on (R4 x
J; B(R1)® J) is called a random measure. A random measure p is called integer-valued if it takes values in NU {oo},
i.e. foreach A € B(R;) ® F ® J one has that u(A) € NU {00} a.s., and if u({t} x J) € {0, 1} a.s. for all # > 0.

Recall that P and O denote the predictable and optional o-algebrason Ry x Qand P=P® J and O :=0Q J
are the induced o -algebras on Q= Ry x € x J. Aprocess F : Ry x 2 — Ris called optional if it is O-measurable.
A random measure y is called optional (resp. predictable) if for any O-measurable (resp. P-measurable) nonnegative
F:Ry x Q x J — Ry the stochastic integral

(t,w) — 10,0 F(s, 0, x)u(w; ds,dx), t>0,0¢€$2,
R+XJ

as a function from R x € to R is optional (resp. predictable).
Let X be a Banach space. Then we can extend stochastic integration to X-valued processes in the following way.
Let F: Ry x Q2 x J — X, u be arandom measure. The integral

t— F(s, -, x)1jon(s)n(;ds,dx), >0,
R+XJ

is well-defined and optional (resp. predictable) if u is optional (resp. predictable), F is 5-strongly—measurable (resp.
P- -strongly-measurable), and fR x| || F|| du is a.s. bounded.

A random measure p is called P-o-finite if there exists an increasing sequence of sets (A;)n>1 C P such that
fR+XJ 14, (s, w, x)pu(w; ds, dx) is finite a.s. and |J,, A, =Ry x € x J. According to [25, Theorem I1.1.8] every

P-o -finite optional random measure p has a compensator: a unique P-o -finite predictable random measure v such
that E fR+X sWdu=E fR+X ; W dv for each P-measurable real-valued nonnegative W. We refer the reader to [25,

Chapter II.1] for more details on random measures. For any optional P-o -finite measure pn we define the associated
compensated random measure by L = — v.
For each P-strongly-measurable F : Ry x € x J — X such that

Ef | Flldi < oo
RyxJ

(or, equivalently, E fR+X s IIF[ldv < 00, see the definition of a compensator above) we can define a process ¢ —

f[O,t]XJ |F|ldi by f[O,t]xJ Fdu — f[o,t]xJ F dv. The following lemma is a vector-valued version of [25, Defini-
tion 1.27].
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Lemma 2.6. Let X be a Banach space, u be a ﬁ-o-ﬁnite optional random measure, F : Ry x Q x J — X be
‘P-strongly-measurable such that IE]R+X] |F|ldu < oo. Then (f[o xJ Fdji);>0 is a purely discontinuous X -valued
martingale.

Proof. It is sufficient to show that

m—></ Fdﬁ,x*>=/ (F,x*)dp, t>0,
[0,7]xJ [0,¢]xJ

is a purely discontinuous martingale for each x* € X*, which can be shown similarly the discussion right below [25,
Definition 1.27]. ([l

The reader can find more information on random measures in [15,25,26,31,32,38].
2.5. Predictable and totally inaccessible stopping times

A stopping time t is called predictable if there exists a sequence of stopping times (7,),>0 such that 7, < 7 a.s. on
{r >0}and 7, /7 a.s.as n — 00. A stopping time 7 is called fotally inaccessible if P(t = o) = 0 for any predictable
stopping time o . Later we will need the following lemma.

Lemma 2.7. Let X be a Banach space, V : R4 x Q — X be a predictable cadlag process. Let T be a totally inacces-
sible stopping time. Then AV; =0 a.s.

Proof. It is sufficient to show that (AV;, x*) = 0 a.s. for any x* € X*. Then the statement follows from [25, Propo-
sition 1.2.24]. O

Let X be a Banach space, M : Ry x 2 — X be a local martingale. Then M has a cadlag version (see e.g. [53]),
and therefore we can define adapted cadlag process M*~ = (M/ ™ );>¢ in the following way

er_ = lim M(T—S)AT’ t 2 O, (2.3)
e—0

where we set M; = 0 for r < 0. Notice that M*~ is not necessarily a local martingale. For instance if X = R and
M is a compensated Poisson process, T := inf;>o{AM; > 0}, then M~ = —(¢t A 7) a.s. for each 7 > 0, so it is
a supermartingale which is not even a local martingale. Nevertheless, if 7 is a predictable stopping time, then the
following lemma holds. Recall that for any stopping time t we define o -field F;_ in the following way

Fro :=0{]~'0 U (.7-", N{r < r}),t > O}
(see [26, page 491] for details).

Lemma 2.8. Let X be a Banach space, M : Ry x Q — X be a local martingale, T be a predictable stopping time.
Then M*~ defined as in (2.3) is a local martingale. Moreover, if M is an L' -martingale, then M~ is an L' -martingale
as well.

Proof. Without loss of generality we can let My = 0 a.s. First assume that M is an L°°-martingale. Let (t,),>1
be an announcing to T sequence of stopping times, i.e. 7, < T a.s. on {t > 0} and 7, / T a.s. as n — oo. Then
M™ is an Ll—martingale for each n > 1. Moreover, Mf" — M,T* a.s. as n — oo for each ¢t > 0. On the other hand,
M" =E(M;|F;,) — E(M;|F;_) a.s. as n — oo by [23, Theorem 3.3.8] and [26, Lemma 25.2(iii)], and hence in L'
by the uniform boundedness due to the boundedness of M. Therefore for each r > 0 we have that M~ = E(M,|F;_)
is integrable, hence for all 0 <s <t

E(M;~\F) =E( lim M|F,) = lim E(M"|F) = lim M{" =M,
n— 00 n—oo n—oo - ‘
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where all the limits are taken in L!(£2; X). Hence (M[7)s>0 is a martingale. Moreover, by [23, Corollary 2.6.30]
E|M{ ™| =E|EM/|Fo)| <EIM;| <E|Msll, =0. (24)

Now we treat the general case. Without loss of generality using a stopping time argument assume that M is an
Ll-martingale. Let (M™);,>1 be a sequence of X-valued L°°-martingales such that M7, — My, in LI(Q; X) as
m — oo. Analogously the first part of the proof M~ = E(M,|F;—) for each ¢ > 0; moreover, by (2.4) (M™); )u>1
is a Cauchy sequence in L! (£2; X). Therefore by [23, Corollary 2.6.30], (M™); ~ — Mf_ in L! (R2; X) foreachr > 0,
hence for each t > s > 0 by [23, Corollary 2.6.30]

E(M7™\F) =E( lim (M");"|F) = lim E((M");"|F)

7 m—00

= lim (M™)]" =M]",

m—00

where all the limits are again taken in Ll (€2; X). Therefore (M ™), is an L! -martingale. O
2.6. Compensator and variation

Let X be a Banach space, M : R4 x  — X be an adapted cadlag process. Then a predictable process V : Ry x Q is
called a predictable compensator of M (or just a compensator of M) if Vo = 0 a.s. and if M — V' is a local martingale.
The variation Var M : Ry x Q@ — R, of a cadlag process M : Ry x 2 — X is defined in the following way:

N
(Var M), := | Mo|| + limsup > " | M (t,) — M(t,—1)

mesh—0

I 2.5)

n=1

where the limit superior is taken over all the partitions 0 =1y < --- <ty =*t.
Let V: R4 x Q — X be a cadlag adapted process. Analogously to the scalar-valued situation we can define a
cadlag adapted process V* : Ry x Q — R of the following form

V= sup ||Vill, t>0.
5s€[0,¢]

3. Gundy’s decomposition of continuous-time martingales

For the proof of our main results, Theorem 4.8 and Theorem 4.9, we will need Gundy’s decomposition of continuous-
time martingales, which is a generalization of Gundy’s decomposition of discrete martingales (see [19] and [23,
Theorem 3.4.1] for the details).

Theorem 3.1 (Gundy’s decomposition). Let X be a Banach space, M : Ry x Q — X be a martingale. Then for
each A > 0 there exist martingales MU M? M3 Ry x Q — X such that M = MY+ M? + M3 and

() 1M} L@ x) < 2% E[IM}|| < SE||M,|| for each t >0,
(i) AP((M?)F > 0) < 4E|M,|| for each t > 0,
(iii) E(Var M3); <7E|M,| for eacht > 0.

Remark 3.2. Notice that if M is a discrete martingale (i.e. M; = M|} for any ¢ > 0), then the decomposition in
Theorem 3.1 turns to the classical discrete one from [23, Theorem 3.4.1].

For the proof we will need the following intermediate steps.
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Lemma 3.3. Let X be a Banach space, M : Ry x Q — X be a cadlag adapted process such that E(Var M), < oo for
eacht > 0anda.s.

M, = Z AM,, t>0.

0<s<t
Then M has a cadlag predictable compensator V : Ry x Q — X such that for each t > 0
E|V; || <E(Var V), <E(Var M);. (3.1)
In particular, if M has a.s. at most one jump, then
E[V;|| = E(VarV); < E(Var M); = E|| M,||. (3.2)
Proof. Let 1™ be a random measure defined on Ry x X pointwise in @ €  in the following way:

uM @ B x A)i=Y a0 (AMy(@)), ©eQ.BeBRL),AcB(X). (3.3)

ueB

Notice that (Var M), = ZOSSI |IAM;]| a.s. for each t > 0, so in particular a.s.

(Var M), = / bl deM (x,s), 10, (3.4)
[0,£]x X

Also note that MM is P-o -finite: for each 0 < u < v and ¢ > 0 one has that

E/ Lxfietu.o) du™ =i o E/ 1L e, ) d™
[0,/1x X [0.11xX

<E / ]l dp™
[0,¢]1x X

=[E(VarM); < oo.

Since uM is an integer-valued optional P-o -finite random measure, it has a predictable compensator v™ (see
Section 2.4 and [25, Theorem II.1.8]), and therefore since by (3.4)

E f lxll du™ (x, 5) = E(Var M), < o0,
[0,¢]1x X
we have that

t— Vl:=f xde(x,s), t>0,
[0,/1x X

M

is integrable and cadlag in time due to the fact that it is an integral with respect to the measure v a.s. Moreover, by

the definition of variation (2.5) we have that || V|| < (Var V), a.s. for each ¢t > 0, and hence

E|V, || < E(Var V), < Ef el dv™ (x, 5) & JE/ el e (x, )
[0,1]x X [0,1]1xX
) B (Var M),

where () holds due to the definition of a compensator, and (sx) follows from (3.4). To show (3.2) it is sufficient to
notice that if M has at most one jump then (Var M), = | M;|| a.s. for each t > 0. O

The following lemma is folklore, but the author could not find an appropriate reference, so we present it with the
proof here.
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Lemma 3.4. Let X be a Banach space, V : Ry x Q — X be a right-continuous predictable process, Vo =0 a.s. Then
V is locally bounded.

Proof. For each n > 0 define a stopping time 7, := inf{t > 0: || V;|| > n}. Then a sequence (t,),>1 of stopping times
is increasing a.s. and tends to infinity as n — oco. Moreover, (7,),>1 are predictable by [26, Theorem 25.14] and the
fact that for each n > 1

(r<ni={ sup Vil zn}eP. (35)

0<s<t

Therefore for each n > 1 there exists an announcing sequence (T, )m>1 of stopping times. Choose m,, so that P(t, —
Ty > zln) < % Then (7y,.n)n>1 is such that 7, , — 00 a.s. as n — oo, and for each n > 0 we have that a.s.
Sup()fsfrmn_n ” VS ” =< SupO§s<rn ” VS ” <n. ]

Let 7 and o be stopping times. Then we can set
T—ANoC—:=(TAO0)—. 3.6)
Notice that if M : R4 x £ — X is a cadlag process, then (M* )~ = M*"~"7~,

Proof of Theorem 3.1. By a stopping time argument we can assume that M is an L'-martingale. Define a stopping
time t is the following way:

A
T :inf{t >0:||M;] = 5}'
Let M2' := M — M7 and let M31() = AM1jo.1(7) + M, where by (2.3) we can conclude that a.s.

_ My, >0
M= ’ ’ 3.7
0 {0, T=0. (3.7)

Let N : Ry x Q@ — X be such that N; = AM1jp )(t), t > 0. Then due to the fact that M; = E(M|F7) by [26,
Theorem 7.29], [23, Corollary 2.6.30], and the fact that || M,_| < % a.s., we get

E(Var N)oo = E| AM: | = E| My — My || <E|Me || +E(I|Mr— 117 <o0)

A
=E[Me|l + 5 < oo. (3.8)

Therefore by Lemma 3.3, N has a compensator V. Let
o :=inf{r >0:|V;|| > 1}

be a stopping time. Then by (3.5) o is a predictable stopping time. Define now M = Mo\~ 4 yo— — M;~, M*? =
(M™™ 4+ V)= (M°""~ 4+ V°), M3>2 =N — V where ¢ — AT— is defined as in (3.6). Define M?% := M1 + pm22
and M3 := M3 + M32. Then M = M' + M? + M?>. Now let us describe why this is the right choice.
Step 1: M ! First show that M! is a martingale. Indeed, for each t > 0
| e _ _ _ Co—
M/ = M7 VT = My = (M 4 V= M)
_\o—

= (Mtr — 10,0 AM: + Vi — Méz )

=((M] —M{7)— (N = V)7, (3.9)
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and the last expression is a martingale due to the fact that M7 is a martingale by [26, Theorem 7.12], the fact that
N — V is a martingale by the definition of a compensator, Lemma 2.8, and the fact that by (3.8)

A
E||Nooll < E(Var N)oo < E|| Mool + 5 <.

Now let us check (): [|MZS I, My~ |l < % a.s. by the definition of 7, and |VZ || < A by the definition of o,
so ML <2xas.

Further, to prove the second part of (i) we will use the representation of M ! from the last line of (3.9). Notice that
by [26, Theorem 7.12] and [23, Corollary 2.6.30] for each fixed r > 0

E|Mf| <E|M]|. (3.10)
Moreover,

EIN | =E|M] — M~ | <E[|M] | +E(| M [1r<o0)

A ()
<7 +5(31eawe ) <2207 £ 280011,

where | M} < % < |IM]] on {t < oo} by the definition of 7, and () follows from [26, Theorem 7.12] and [23,
Corollary 2.6.30]. Therefore by (3.2)
E[Vill = EIlN: |l < 2E[| M; || (3.11)

as well. Finally, E||M(§_ | <E|Moll <E|M;| by (3.7) and [23, Corollary 2.6.30]. Consequently, the second part of
(i) holds by the estimates above and by the triangle inequality.
Step 2: M?. First note that

M>=M—-M"+ (M~ +V)— (M +V)"". (3.12)
Let us check that M? is a martingale. M — M is a martingale by [26, Theorem 7.12]. Furthermore,
M*™4+V=M" —(N-V)

is a martingale as well due to [26, Theorem 7.12] and the fact that V is a compensator of N. Finally, (M*~ + V)~
is a martingale by Lemma 2.8.
Let us now prove (ii). Notice that by (3.12)

P((M?); >0) <P(M—M")!>0)+P(M™™+V)— (M~ +V)° ") >0).

First estimate P((M — M7)} > 0):

’

P(M—-M")>0)<P(r<1) < ]P’(M,* > %) < Z]ElLLM’”

where the latter inequality holds by (2.1). Using the same machinery we get
P(M™~+ V)= (M~ +V)"") >0) <P(c <1)

() E||V; || Gi) 2E| M
—P(|Vill = 1) < ” t”% ”A |l

’

where (i) follows from the Chebyshev inequality, and (ii) follows from (3.11). This terminates the proof of (ii).
Step 3: M. Recall that

M>=M{~+N-V.
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Therefore by the triangle inequality a.s. for each t > 0

E(Var M), <E| M~ | + E(Var N); + E(Var V),
< E|M || +2E(|N; || < SE[| M, (3.13)

where the latter inequality holds by (3.11), while the rest follows from (3.1) and the fact that E||M(§ T <E|My| <
E|| M|l U

Remark 3.5. Let p € (1, 00), M be an L”-martingale, » > 0, M = M' + M? + M?> be Gundy’s decomposition (see
the theorem above). Then M! is an L? martingale since || M || 1 (q:x) < 2A forall # > 0; M? is alocal LP-martingale
since M3 = Mg " 4+ N —V, where both M~ and Noo = AM; are L’-integrable (the latter is L?-integrable by the
argument similar to (3.8)), and V is locally L”-integrable by Lemma 3.4; finally, M 2 is alocal LP -martingale since
M? =M — M' — M. Therefore all the martingales in Gundy’s decomposition are locally L”-integrable given M is
an LP-martingale.

4. The canonical decomposition of local martingales

The current section is devoted to the proof of the fact that the canonical decomposition (as well as the Meyer—Yoeurp
and the Yoeurp decompositions) of any X-valued local martingale exists if and only if X has the UMD Banach
property. Recall that the Meyer—Yoeurp decomposition split a local martingale M into a sum M = M€ 4+ M? of a
continuous local martingale M€ and a purely discontinuous local martingale M¢, while the Yoeurp decomposition split
a purely discontinuous local martingale M¢ into a sum M? = M7 4+ M? of a quasi-left continuous local martingale
M1 and a local martingale M“ with accessible jumps.

First we give all the basic definitions properly, and thereafter we provide the reader with the proof of the main
statement, Theorem 4.8.

4.1. Basic definitions and decompositions of L” -martingales
Let X be a Banach space. Recall that a purely discontinuous local martingale have been defined in Section 2.3.

Definition 4.1. A local martingale M : Ry x Q2 — X is called to have the Meyer—Yoeurp decomposition if there exist
local martingales M€, M . R4+ x € — X such that M€ is continuous, M4 is purely discontinuous, Mg =0, and
M =M+ M<.

Remark 4.2. Recall that by [51]if M = M€ 4+ M? is the Meyer—Yoeurp decomposition, then (M€, x*) is continuous
and (M?, x*) is purely discontinuous for any x* € X*; therefore this decomposition is unique by the uniqueness of
the Meyer—Yoeurp decomposition of a real-valued local martingale (see [26, Theorem 26.14] and [51] for details).

Let M : Ry x Q — X be a local martingale. Then M is called quasi-left continuous if AM; =0 a.s. for any
predictable stopping time t, and M is called with accessible jumps it AM; = 0 a.s. for any totally inaccessible
stopping time 7 (see Section 2.5 for the definition of a predictable and a totally inaccessible stopping times).

Definition 4.3. A purely discontinuous local martingale M? : R, x € — X is called to have the Yoeurp decom-
position if there exist purely discontinuous local martingales M4, M“ : Ry x Q2 — X such that M? is quasi-left

continuous, M has accessible jumps, M, 4 — 0, and M9 = M9 + M“.

Remark 4.4. Analogously to Remark 4.2 it follows from [26, Corollary 26.16] that the Yoeurp decomposition is
unique.

Composing Definitions 4.1 and 4.3 we get the canonical decomposition.
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Definition 4.5. A local martingale M : Ry x Q2 — X is called to have the canonical decomposition if there exist local
martingales M, M9, M* : R x Q — X such that M€ is continuous, M7 and M“ are purely discontinuous, M7 is
quasi-left continuous, M has accessible jumps, MS = Mg =0,and M = M+ M1 + M“.

Remark 4.6. Notice that if M = M€ 4+ M9 4+ M is the canonical decomposition, then AM{ = A M, for any totally
inaccessible stopping time t since in this case AM¢ = AMZ = 0 by the definition of a continuous local martingale
and a local martingale with accessible jumps. Analogously, AM? = AM; for any predictable stopping time t.

The reader can find further details on the martingale decomposition discussed above in [15,25,26,36,51,54].
Due to [51] the UMD property guarantees the canonical decomposition of any X-valued L”-martingale with p €
(1, 00) and the following proposition holds:

Proposition 4.7. Let X be a UMD Banach space, p € (1, 00). Then any LP-martingale M : R x Q — X has the
canonical decomposition M = M€ + M9 4+ M?, and then for each t > 0 we have that

E|M;||” < By xEIM |7,
E|M|” < By EIMI”, 4.1)
E| M| < By yEIM |7,

where B, x is the UMD, constant of X.

It is a natural question whether the canonical decomposition is possible and whether one can extend (4.1) in the
case p = 1. It turns out that the UMD property is necessary and sufficient for the canonical decomposition of a general
local martingale, while instead of (4.1) one gets weak-type estimates:

Theorem 4.8 (Canonical decomposition of local martingales). Let X be a Banach space. Then X has the UMD
property if and only if any local martingale M : Ry x Q — X has the canonical decomposition M = M€+ M9 + M°.
If this is the case, then for any . > 0 and t > 0

MP((MC); > 2) Sx ElIM I,
AP((M?)] > 1) Sx ElIM, |, (4.2)
AP((M)7 > 1) Sx EllM;|l.

For the proof of the main theorem we will need a considerable amount of machinery, which will be provided in
Sections 4.2-4.4.

4.2. Weak differential subordination martingale transforms

The current subsection is devoted to the proof of the fact that boundedness of a continuous-time martingale transform
from a certain specific class acting on L”-martingales implies the corresponding weak L'-estimates. Such type of
assertions for special discrete martingale transforms was first obtained by Burkholder in [4]. Later the Burkholder’s
original statement was widely generalized in different directions (see [6,11,17,22,23,33]), even though the martingale
transforms were remaining acting on discrete martingales. The propose of the current section is to provide new results
for martingale transforms of the same spirit by considering continuous-time martingales. This will allow us to consider
linear operators that map a local martingale to the continuous part of the canonical decomposition, or the part of the
canonical decomposition which is purely discontinuous with accessible jumps, so weak L!-estimates (4.2) will follow
from L”-estimates (4.1) and Theorem 4.9.
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Before proving the main statement (Theorem 4.9) we need to provide the reader with basic definitions. Let M :
R4 x € — R be a local martingale. We define a quadratic variation of M in the following way:

N
[M]; ;=P — lim Z|M(tn)

mesh—

4.3)

n_

where the limit in probability is taken over partitions 0 =y < - - - <ty = ¢. The reader can find more about a quadratic
variation in [25,26,35,45].

Let M, N : Ry x Q — R be local martingales. Then N is called to be differentially subordinated to M (or N < M)
if [Ng| < |Mp| a.s. and [N]; — [N]s < [M]; — [M]s a.s. foreach 0 < s <t < co. We recommend the reader [1,2,7,23,
40,50] for further acquaintance with differential subordination.

Let X be a Banach space, M, N : Ry x Q — X be local martingales. Then N is called to be weakly differentially

subordinated to M (or N 2)< M) if (N, x*) is differentially subordinated to (M, x*) for each x* € X*. The reader can
find more details on weak differential subordination in [41,51-53].
The following theorem will be an important tool to show Theorem 4.8 and it is connected with [23, Proposi-

tion 3.5.4]. Recall that M§ is a space of all L”-integrable X-valued martingales, and Mf{loc is a space of all locally
LP?-integrable X-valued martingales (see Section 2.2).

Theorem 4.9. Let X be a Banach space, p € (1,00), T : MI;’IOC — MI;(’IOC be a linear operator such that T M <w< M
and

=0 = (TM)i{, =0 aus. 4.4)
for each M € /\/lp Assume that T € E(M ). Then for any M € Mp
AP([(TM)L|| > 2) < CprxEllMosll, A >0, (4.5)

— _P_
where Cp 1 x = 26||T||£(M§) 51 + 28.

Remark 4.10. Notice that if X is a UMD Banach space, then T is automatically bounded on ./\/lp and ||T|| LME) <
'Bp x(Bp.x +1) by (1.3) and [51] since T M << M for any M € ./\/lp

For the proof we will need several lemmas.

Lemma 4.11. Let X be a Banach space, M : Ry x Q — X be a purely discontinuous martingale with My = 0 a.s.
Let uM be the corresponding random measure defined as in (3.3). Assume that

EZ |AM| = / Ixl du™ < oco. (4.6)

520 x X

Then M; = f[O xx X da™ for eacht >0 a.s.

Proof. By (4.6) there exists N : Ry x Q — X such that N, = ZOgsgz AM; foreacht > 0.Let V=N — M. Then
bOthtHNt_ V[:M[,tzo,and

tu—)Nt—/ xdezf xd,uM—/ xde=/ xdﬁM, t>0,
[0,/]1x X [0,/]1x X [0,/]1x X [0,/]1x X

are martingales. Therefore

m—>v,—/ xde:M,—/ xdaM, t>0,
[0,1]x X [0,1]1x X
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is a predictable martingale, which is purely discontinuous as a difference of two purely discontinuous martingales
(see Lemma 2.6). On the other hand it is continuous by the predictability (see e.g. [29, Theorem 4] and [27,
Corollary 2.1.42]). Hence by Lemma 2.5 this martingale equals zero since it starts at zero, so M = N — V =

-M
f[O,-]XXXd/”L . O

Lemma 4.12. Let X be a Banach space, M, N : Ry x Q — X be purely discontinuous martingales such that N <w< M.
Then E(Var N); < 2IE(Var M); for each t > 0.

Proof. Without loss of generality E(Var M)s, < co. Notice that since N 2)< M, for a.e. (t,w) € Ry x Q2 there exists
a(t,w) € [—1, 1] such that AN;(w) = a(t, w) AM;(w) (see [53]). Therefore a.s. for each t > 0

/[O ] annduN(x,s): ST AN = Y lats.)|IlaM]
1]

0<s<t 0<s<t
< Y IAM,| < (Var M),. (4.7)
O<s<t

Soby Lemma 4.11 N = f[o Ixx X di™, hence

(VarN), = <Var / xda (x,s)>
[0,-]xX t
= (Var(/ xduN(x,s)—/ xva(x,s))>
[0,-1x X [0,-1x X ‘
< (Var/ xd,uN(x, s)) + (Var/ xva(x,s)>
[0,-1x X ' [0,-]x X '

5/ ||x||dMN(x,s)+/ el v r, 5)
[0.1]x X

[0,1x X
N ()
=2 llxlldp® (x,s) <2(VarM),,
[0,1x X
where (x) holds by (4.7). 0

Proof of Theorem 4.9. The proof has the same structure as the proof of [23, Proposition 3.5.16]. Fix M € M‘; and
A>0.Let K := ”T”L(Mf()’ M=M"+ M?*+ M3 be Gundy’s decomposition of M from Theorem 3.1 at the level

a for some « > 0 which we will fix later. Notice that all M!, M? and M3 are local L”-martingales by Remark 3.5.
Then

P = 2) <2([(Ta) ] = 5 ) + B )| = 0) + P () | = 5 ). 4

Let us estimate each of these three terms separately. First,
A\ @ (2)7 & (2 p \’
p(lrm)al=3) 2 (3) Bl (32 ) slwm) )

i) (2K p \? 2K p \’ _
2 (2L ) Ll = (552 ) (MLl Bl

A p—1 o A p—1
i) (2K r 5(4aK L)
(=L ) ey ISE M| = 2 R Myll,
A p—1 20A
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where (i) follows from (2.1), (x) follows from Doob’s maximal inequality [28, Theorem 1.3.8(iv)], (ii) holds by the

definition of K, and (iii) follows from Gundy’s decomposition.
Now turn to M?. By (4.4)

P(TM?)., > 0) <P((M*). >0) < iE||Moo|| 4.9)

Finally, by Lemma 4.12 and the fact that 7 M3 2)< M?3 we have that
E(VarTM?)  <2E(VarM?)_,
hence
3\ % @ 2 2 3
B[] > 2) 2 2B) (o) | < 2E(varTar),

Gi) 4 ) 28
< E(VarM3) <—E||Moo||

where (i) follows from (2.1), (ii) holds by (4.9), and (x) holds by Theorem 3.1(iii). Therefore by (4.8)

5(4aK LoHP 4 .28
AP(|[(T M), A <a|f —ZF— 4+ — E|M.
(M%) >2) < ( ot — ) 1Mool
SUaK L) 4
= ——————+—+28)E|Mull,
20 o
and by choosing o = 411)1(; we get
p p
AP([[(TM) | > 1) < (10Kp_1+16K _1+28>E||Moo||

- (26KL + 28)1E||Moo||,
p—1
which is exactly (4.5). O

The following proposition shows that the operator T from Theorem 4.9 has a special structure given the filtration
F = (F1):>0 is generated by (F,)n>0: such martingale transforms are the same as those considered in [23, Proposi-
tion 3.5.4] and [6].

Proposition 4.13. Let X be a separable Banach space. Let the filtration F = (F;);>0 be of the following form: F; =
Fiy for each t >0, T be as in Theorem 4.9. Then there exists an (F,),>o0-predictable sequence (a,),>0 with values
in [—1, 1] such that A(TM), = a,AM,, a.s. for each n > 0 for any M € M§(

Proof. Let G = (Gy)n>0 := (Fu)n>0 be a discrete filtration. Due to the construction of IF and the fact that G is discrete
we have that any F-martingale M is in fact discrete (i.e. M; = M|; a.s. for each t > 0), hence any martingale has

accessible jumps, so by Lemma 4.20 it is sufficient to use the fact that T M <w< M for any M € ./\/lf( in order to

apply Theorem 4.9. Let us show that there exists a G-adapted [—1, 1]-valued sequence (a),>1 such that A(T M), =

anAM, a.s. for each n > 0. Since X is separable, L?(€2; X) is separable by [23, Proposition 1.2.29]. Let (§™),>1 be

a dense subset of L7 (£2; X). For each m > 1 we construct a martingale M™ in the following way: M/" :=E(§"|F;),
w

¢t > 0. Then we have that (T M)") >0 <K (M]") >0 for each m > 1, so by [53] for each m > 1 there exists a G-adapted

[—1, 1]-valued sequence (a;;' ) >0 such that A(TM™), = a,' AM," for each n > 0. Let us show that for each m # m>
and n > 0 we have that

m m mp,m
a,'=a,;? as.on A", (4.10)
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where Ay := (AM,"" # 0} N {AM,)" # 0}. Let ((cX, c%))k=1 be a dense subset of R? such that for each k > 1
KAM™ + KAM™ £0 as.on AMM2,

w
Then T(c’l‘M’”1 + ck M™) « c’l‘ MM 4+ c’z‘M "2 for each k > 1, and hence by the linearity of 7 we have that for each
k>1as.c anml AMml + céa,TzAM,Tz and c]fAM,r[” + CIEAM,TZ are collinear vectors in X, and
c aZ”AMm1 +620n mEAMR
KAM" + A AM,"

<1 as.on A",

mij,my

by the weak differential subordination. Therefore we can redefine A, up to a negligible set in the following way:

Aprm= A (et AM + 5 AM)™ 0}

k>1
51}.

cKay' AM' + Kay? AM,?
KAM" + A Aam,”?

Let us now fix any w € A" and & > 0. Let x* € X* be such that (AM," (w), x*) # 0 and (AM,"*(w), x*) #0

(such x* exists by the Hahn-Banach theorem and the definition of A;'""""?). Then we can find k > 1 such that

alls

k>1

(Fam (@) + Eam (), x*)
<

|Cl| + |02|

0 <e @11

since ((c, c))i=1 is dense in R? (i.e. k > 0 such that (%, c%) is almost orthogonal to ((AM," (w)x*), (AMy (w),
x*))). But on the other hand (we will omit w for the convenience of the reader)
. chay ' AM' + hay? AM,"? |(c an ' AM" + Aap? AM?, x))|
Kamyt+kam | (KAMY + Eamy? xx)

(K (an? —ay Y AMY™, x*)| — [(chap AM™ + cKay AM™, x*))]
(kam + Eam?, xx)

D am —gm H(AM,TZ,x*)’é —1, 4.12)

where (%) holds by the triangle inequality, (4.11), and the fact that |a; ' | < 1 Since & was arbitrary, (4.12) holds true
if and only if a;, % (w) — ap, ' (w) = 0. Now since w € Ay'""™? was arbitrary, a,,’' =a,> on A},
Now we define foreachn >0 and m > 1:

Bl = {aM] £0},
Bl ={AM" #0}\ B, m=>2,

By=a\ | B
m>1

and define a, in the following way:

an(w):=a,', weB m=>1,
(4.13)
ap(w) =0, weBy.

Then by (4.10) a, = a)? a.s. on {AM" # 0} for all m > 1. Therefore A(TM™), = a, AM" a.s. for all m > 1. Now
let M be a general L”-martingale. Let (M"™*);>1 be a sequence which converges to M in ./\/lff. Fix n > 0. Then by
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[23, Corollary 2.6.30] AM* converges to AM,, in LP(2; X) as k — oo, so by boundedness of a, we have that
an AM* — a, AM,, in L?(Q; X). On the other hand by boundedness of T and by [23, Corollary 2.6.30]

lim a, AM)f = lim A(TM)*) = A(TM),,
k— 00 k— 00 n

where the limit is taken in L?(£2; X). Hence A(TM),, = a,AM,, as.

It follows from (4.13) and [53] that (a,),>0 is G-adapted and bounded by 1. Now let us show that (a,),>0 is G-
predictable. Assume the opposite. Then there exists N > 0 such that ay is Fy-measurable, but not Fy_;-measurable
(here we set F_ to be the o-algebra generated by all negligible sets). Fix x € X \ {0}. Then we can construct the
following LP-martingale M : Ry x @ — X: AM, =0 if n # N and AMy = (ay — E(ay|Fn—1))x. This is an
L?-martingale since by the triangle inequality and [3, Theorem 34.2]

lan —Ean|Fv-1)| o, < llanllco + | Elan| Fv-1) | <1+ |E(lan|Fv-1)] o

<1+ |[EQIFy-1], =2
Then we have that A(T M)y = ay (ay — E(ay|Fy—1))x, and since TM is a martingale,
0=E(A(TM)N|Fn-1) =E(an(an — E(an|Fn-1))x|Fn-1)
=xE(a} — avE(ay|Fy-1)IFn-1)
= x(E(a}|Fn-1) - (E(an|Fy-1)°)

=xE((any — E(aNIJ:N—l))zlfN—l),

so since x # 0 and the fact that (ay — E(ay|Fn_1))? is nonnegative we get that ay — E(ay|Fy_1) = 0 a.s., hence
ay is JFy_i-measurable. O

Remark 4.14. One can extend Proposition 4.13 to the case of a Banach space X being over the scalar field C. The
point is that because of the structure of the filtration F any F-martingale is purely discontinuous, so one can extend

the definition of weak differential subordination in the way presented in [52]; namely, N 2}< M if [(AN;, x*)| <

[{AM;, x*)| a.s. for all t > 0 and x* € X*. Then by applying the same proof one can show that the sequence (a;,),>0
from Proposition 4.13 exists and is still (F,),>0-predictable, but it takes values in the unit disk D := {A € C: [A| < 1}.

4.3. Sufficiency of the UMD property

Now we will consider two examples of an operator 7 from Theorem 4.9, which will provide us with the Meyer—Yoeurp
and the Yoeurp decompositions of any UMD space-valued local martingale.

Theorem 4.15 (Meyer-Yoeurp decomposition of local martingales). Let X be a UMD Banach space, M : Ry x
Q — X be a local martingale. Then there exist unique local martingales M€, M¢ : Ry x  — X such that M€ is
continuous, M< is purely discontinuous, Mg =0,and M = M + M“. Moreover, for any & > 0 and t >0

AP((M€)" > 1) Sx ElIM ], wis
WP((M9)* > 2) Sx EIM,]. '

For the proof we will need the following lemma.

Lemma 4.16. Let M : Ry x Q — X be an L'-martingale, (M™)p>1 be a sequence of purely discontinuous X -valued
Ll-martingales such that M, — My in LY(Q; X). Then M is purely discontinuous.



2006 L S. Yaroslavtsev

Proof. Without loss of generality Mo =0 and Mj = 0 a.s. for each n > 1. By Proposition 2.4 it is sufficient to check
that M N is a martingale for any bounded continuous real-valued martingale N with No = 0 a.s. Fix such N. Then due
to Proposition 2.4 M" N is a martingale for each n > 0. Moreover, since N, is bounded for each t > 0, (M"N), —
(MN); in L'(; X). Therefore by the boundedness of a conditional expectation operator (see [23, Corollary 2.6.30])
foreachO<s <t

E((MN),| ) =IE<nli)n;o (M"N)t]]-“s) = tim E((M"N), 1)

= lim (M"N) = (MN);.

n—oo

Hence, M N is a martingale. Since N was arbitrary, M is a purely discontinuous martingale. ]

Proof of Theorem 4.15. By a stopping time argument we can assume that M is an L'-martingale. Fix p € (1, 00). Let
(M"),>1 be a sequence of X-valued L”-martingales such that M, — Mo, in L!(2; X). Without loss of generality
assume that E||Mqs — MZ || < 2,1% foreachn > 1. Let T € E(Mf() be such that 7 maps an L”-martingale N :
R4 x 2 — X to its continuous part N (such an operator exists and bounded by Proposition 4.7). For each n > 1 we

denote T M" by M™ . Then we know that by Theorem 4.9 for eachm >n > 1 and any K > 0

P((Mn,c _ Mm,c)zo -~ K) SP,X %E“Mgéc _ Mgloc” < 1 (4.15)

S oK
hence (M"°),>1 is a Cauchy sequence in the ucp topology by (2.2). Notice that all the M"“’s are continuous local
martingales, which are complete in the ucp topology (see [49, pages 7-8] and Lemma 2.3). Hence there exists a local
martingale M¢ : Ry x @ — X which is the limit of (M"¢),>1 in the ucp topology. Now it is sufficient to prove that
Mg =0 and that (M — M€, x*) is a purely discontinuous local martingale for any x* € X* in order to show that M*
is the desired continuous local martingale. Firstly, Mg =P —1lim,_ Mg '© =0 since M€ is the limit of (M Y p>1
in the ucp topology and since Mg *“ =0 a.s. for each n > 1. Secondly, since M"¢ — M€ in the ucp topology and
M" — M in L1(Q; X), (M" — M"™°, x*) — (M — M€, x*) in the ucp topology for each fixed x* € X*. Without loss
of generality set that E||Mu ||, E||MJ || <1 for each n > 1. Also by choosing a subsequence we can assume that
M®" — M€ a.s. uniformly on compacts. Therefore by Lemma 2.3 the process ¢ — supy—,, sup,, [|M"|| exists and
continuous, and for each m > 1 we can define a stopping time 7,, in the following way

T ::inf{tzO: sup sup||M“"|| zm}.
0<s<t n

Notice that a.s. 1, — 00 as m — oo. First show that ((M — M€)™  x*) is purely discontinuous for each m > 1. Note
that (MM — (MS)Z and (M™)Z — MZ in LY(Q2:; X) as n — oo. Therefore

(07— M) %) (01— 1))

in L'($2), so by Lemma 4.16 ((M — M€)™ , x*) is purely discontinuous. Notice that by letting m to infinity we get that
(M — M€, x*) is a purely discontinuous local martingale for any x* € X*, hence M — M€ is a purely discontinuous
local martingale.

The uniqueness of the decomposition follows from Remark 4.2, while (4.14) holds due to the limiting argument,
(4.15), and the completeness of L!*-spaces provided by (1.1.11) and Theorem 1.4.11 in [18]. (]

Let us turn to the Yoeurp decomposition.

Theorem 4.17 (Yoeurp decomposition of local martingales). Ler X be a UMD Banach space, M4 : R, x Q@ — X
be a purely discontinuous local martingale. Then there exist unique purely discontinuous local martingales M9, M :
Ry x Q — X such that M9 is quasi-left continuous, M® has accessible jumps, Ml =0, and M¢ = M7 + M?.
Moreover, for any .. > 0 and t > 0

RB((M1)] > ) x| o

|

' (4.16)
MP((M)] > 2) Sx E[mf].
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For the proof we will need the following lemmas.

Lemma 4.18. Ler M : Ry x Q — R be a local martingale with accessible jumps, My =0 a.s. Then {M} =0} =
{IM]oo = 0} up to a negligible set.

Proof. Let M = M + M? + M*“ be the canonical decomposition of M (see Section 4.1). Then M4 =0 since M has
accessible jumps. By [26, Exercise 17.3] {(M€)%, = 0} = {[M ] = 0} up to a negligible set. Let us show the same
for M?. Let r :=inf{r > 0: AM; # 0} be a stopping time. Notice that a.s.

(v <00 [ Clan| = o ¢ {9, - .

>0

{t <00} C {Z|AMg|2 >o} = {[m“],, >0},

>0

so we can redefine M4 := (M*“)*. By the definition of T we have that foreacht > 0 a.s. Zogg [AM{| = |AMS 1<,
hence by [54, Theoreme (1-6).3] a.s.

M} =AM{1.<;, 1>0. 4.17)

Therefore since [M?]; = |AM“|2IT<; we have that {(M“)%, =0} = {[M“]e = 0} up to a negligible set.
Let us now show the desired. First notice that by [26, Corollary 26.16] a.s.

{[M1oo =0} = {[M°] + [M*] =0} = {[M] =0} n{[m]  =0}. (4.18)
On the other hand a.s.
{MZ, =0} = {mZ =0} n{am, =0vr = 0} 2 {mZ, =0} N { (M)}, =0}
(M) =0} n (M), =0} 2 {[me], =0} n{[m] =0}
QMo =0},

where (i) holds by (4.17), (ii) follows from the fact that M = M — M?, (iii) follows from the first half of the proof,
and finally (iv) follows from (4.18). (Il

Lemma 4.19. Let M : Ry x Q@ — R be a local martingale, M = M° + M9 + M*“ be the canonical decomposition.
Then up to a negligible set

(M3, =0 = {(M7)7, =0}  {(M9)7, =0} 0 {(31)7, =0]. .19)
Proof. Let N := M€ + M“. First notice that by Lemma 4.18 and [26, Corollary 26.16] a.s.

{Noo =0} = {[Nleo = 0} = {[M°]  + [M] =0}

={[M] =0} n{[m] =0}
= {(M°), =0} n{(m);, =0}. (4.20)

Let 7 :=inf{r > 0: AM, # 0} be a stopping time. Then a.s.

{r <oo} C {M3, >0} c {N >0} u (M) >0}
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since M =N + M?. Let A = {MZ =0} C Q. Then [M]o =[N + M%) =0 a.s. on A, and consequently [N]oc =0
a.s. on A by [26, Corollary 26.16]. Therefore by Lemma 4.18 N =0 a.s. on A, so (M9)5, =0 ass. on A, and
therefore by (4.20)

(M =0} = A c (N5 =0} n{(m7)}, =0}
={(M) =0} n{(m?), =0} n{(m) =0}
The converse inclusion follows from the fact that M = N + M4 and (4.20). ([l

Lemma 4.20. Let X be a Banach space, M, N : R x Q — X be local martingales such that N has accessible jumps
and N & M. Then

P(N; >0) <P(M; >0), t>0. 4.21)

Proof. (4.21) follows from the fact that {M; =0} C {N;" = 0}. Let (x,;}),>0 C X* be a separating set. Then up to a
negligible set

{Mr =0} = Q{(W,x;“))?‘ =0},

n>0

therefore it is sufficient to consider X = R. Let M = M + M? + M? be the canonical decomposition of M (see
Section 4.1). By Lemma 4.19 and (4.20)

{mi =0} c{(M+ M) =0}.
Moreover, by Lemma 4.18
{(M°+ M), =0} ={[M°+ M], =0} c {[M], =0},
Ny =0} = {In1 =0},
and hence since N < M,
{M] =0} c{IM], =0} c{[N]; =0} =N} =0}. O

Proof of Theorem 4.17. Without loss of generality assume that M? is an L'-martingale and M¢ = 0 a.s. We will
divide the proof into two steps.

Step 1. Define a stopping time t = {r > 0: ||M,d|| > %}. In this step we assume that M = (M) (ie. the martingale
stops moving after reaching %, in particular after the first jump of absolute value bigger than 1). Let u™ be the random
measure defined by (3.3), v™ be the corresponding compensator (see Section 2.4). For each n > 1 define a stopping

time
. md
T, =inf{t >0: lxlLjxys>ndv™ >1¢, (4.22)
[0,1]x X

and a process M%" : Ry x Q@ — X in the following way

_ "
M = ((Md)f + AM{ Ay <nlesi +/ 2L dv™ ) , 120, (4.23)
0

[0,6]x X
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where we define M°~ for a stopping time ¢ in the same way as in (2.3). First of all show that 7, — oo a.s. asn — oo.
Notice that by due to Section 2.4

d d
E/ (B3 T =]E/ I/ Lpey=1 du™” <E[AMY|
RyxX RixX

1
<E|m?| +E|mL | LE|ML]+5 o, @24

where (x) follows from the fact that M; = M, and the fact that |M,_|| < % a.s., and (**) holds due to the fact that
M is an L'-martingale. Therefore

Md
/ [xN1jcy>1dv™ <00 as.,
RixX
so by the monotone convergence theorem a.s.
Md
X1 Lx>n dv™ — 0, n— oo,
+xX

and hence 1, — 00 as n — 00.
We need to show that M?" is an L*°-martingale for each n > 1. Clearly M%" is adapted and cadlag. It is also a
local martingale since it can be rewritten in the following form:

d n— - M?
M; M= (Md): - f X1||x||>n1s<r,l dMM , t>0,
[0,/]x X

where the first term is a martingale by Lemma 2.8, and the second term is a local martingale by Lemma 2.6 and the
fact that the process s — 1., is predictable by [26, Theorem 25.14] and the predictability of 7, (the latter follows

from (4.22) and the predictability of M d, see Section 2.4). Moreover, for each fixed ¢ > 0 we have that a.s.

L B (U P I TN B R LT

\Tp) X
<l+n+1=n+2.

(Recall that T — At,— := (T A T)—, see (3.6).) Therefore (Md’"),,zl are bounded martingales.

Now let us now show that Mgg" — Mgo in L'($2; X). First, Mgg" = an " a.s., so by the triangle inequality

E|MS, — M| <E|ME - Mg, | + By, — Mg |

Notice that the first term vanishes as n — oo by the fact that ||Mgo — Mfr | <14+ ||AM;] a.s., the fact that 7, — oo
a.s., and the dominated convergence theorem. Let us consider the second term:

E|mg, - — Mg

Tn— Tn—

— d
:E M:.l;_ — (Md)z _ AM‘?1|\AM‘1\|<HIT<T" —f X1|‘x‘|>n dl)M H
" i [0,74)x X

=E|AM{1ccr, = AM{1apgy<nles, —/

Md
x1||x‘|>n dv H
[0,7,)x X

:E AM‘?1||AM§I||>n1f<fn —/
[0,7,)x X

d d
=k / xLjcn i —f xLjc>n v H
[0,5) % X [0.5)x X

Md
x1||x”>n dv H
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d d
< Ef /1L g=n dpe™ +Ef 211 = d™
[0,7,)x X [0,7,)x X

() d ()
= ZJE/ XL gsn dp™ =" 2B AME | 1) A psd =
[0,7,)x X

and the last expression vanishes as n — oo by the monotone convergence theorem. (Notice that (x) follows from the
definition of a compensator and from (4.24), while (k%) follows from the fact that || AM;| > 1 only if = 7 by the
assumptions on M.)

Since each of M%"’s is an LP-martingale for each p € (1, 00), by Proposition 4.7 for each n > 1 there exists the
Yoeurp decomposition M4" = M?" 4+ M%™ of a martingale M%" into a sum of two purely discontinuous martingales
M M4" Ry x Q — X such that M9" is quasi-left continuous, M“" has accessible jumps, and MJ" = Mg™" =0
a.s. (recall that Mg’" =0a.s.). Fix some p € (1, 00). Since an operator 7¢ that maps an L”-martingale M : R} x Q —
X to its purely discontinuous quasi-left continuous part M4 of the canonical decomposition is continuous on E(Mf()
by Proposition 4.7, Theorem 4.9 together with Lemma 4.20 yields that for each m,n > 1 and K > 0

P L

1
< L (B Mt — |+ B| M — m,

),

so (M?"),>1 is a Cauchy sequence in the ucp topology. By Proposition 2.2 it has a cadlag adapted limit. Denote
this limit by M. Let us show that M7 is a purely discontinuous quasi-left continuous local martingale. Let o be a
predictable time. Then AMZ" =0 as., and for any t >0 a.s.

sup |MZ" — MY | = 1,2, sup |MP" — MY
0<s<o

0<s<t
q.n q ,
= os(sup |37, =My, v g - g
1 . n ’
= 5105’ (1121115}11)”1\43\/0_% — M(()l\/a—% || + ||Mg n_ Mg ”)

1
= o= (W22 — 2|+ g — g

o—

> Elaft ”qu - M} —MI" 4+ MY ”

1 1
= Sl |aMI_ — AM2"| = 1o |ami_|. (4.25)
where (x) follows from the triangle inequality. Since
P — lim sup ||qu’n — M H =0,
n—o00 O<s<t
we have that for each t > 0
P— lim 1,<|AMI_|=0.
n—o0 -
But the expression under the limit in probability does not depend on n. Hence 1,</|AM._|| =0 a.s. By letting

t — oo we get that a.s. | AMZ|| =0, and since o was arbitrary predictable, M is quasi-left continuous.
Let now o be a totally inaccessible stopping time. Let us show that a.s.

AMY = AMY, (4.26)
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First notice that for each fixed m >n > 1
q.m (%) d,m (xx) d
AMH 1<r<tAr,, = AMU 1<r<rAr,, = AM(71(7<‘[/\‘L’,,7
4.27)

q,m (i) d,m (ﬁ) d
AMI " o —r <t L apd<n = AMG " lo—r<t, L apdj<n = AMGlo—r <z, 1japd)<n>

where (x) follows from Remark 4.6, and (xx) follows from the definition (4.23) of M?-" and Lemma 2.7. Therefore
by (4.25) applied for our ¢ a.s. for each n > 1

AMglg<‘[/\‘[’l = AMg10'<‘[/\Tnv
. (4.28)
AMG1o—r<v, Y apd)<n = AMZ o=z <, Ly apgd | <n-

By letting n — oo we get (4.26).
Let us show that M1 is locally integrable. For each [ > 1 set p; := inf{t > 0: ||Mf || >1}. Then a.s. foreacht >0

[ ae) | =< [ (ae ) ) + A ()
=1+ |AM)] li=e + | A(M) 1<
<I+|amé| +1
Therefore
E| (M) =1+ 1+E[aMT] < oo,

where E||AM;| < oo by (4.24). Since M1 is cadlag, by [44, Problem V.1] we have that p; — oo as [ — 00, so M1 is
locally integrable.

Now let us show that M? is a local martingale. Let (M?");>; be a subsequence of (M?"),>; such that
M™% — M7 uniformly on compacts a.s. (existence of such a subsequence can be shown e.g. as in the proof of
[45, Theorem 62]). It is sufficient to show that M "™~ is a local martingale for each /, k > 1 since p; — oo and
Ty, — oo as. asl, k — oo. Fix K > 0. Then by (4.27) and (4.28) for each k > K we have that a.s. for each 7 > 0

A (MR = A ()

Therefore by Lemma 2.3 there exists a continuous adapted process N : R4 x 2 — R such that a.s.

, t>0.

Ni= sup (b — ()

Now for each j > 1 define a stopping time o; =inf{t > 0: N; > j}. Fix j > 1. Then for each ¢ > 0 we have that for
any k> K ass.

() o — (M) | < 42 A

Ao PINTy g —NO

and that (M4 *”k)flM"K I (M?), — 0 a.s. as k — oo. Hence by the dominated convergence theory

(M) PR TR ()P i L9 X) as k — oo.
Consequently, ((M' q)fmr"" i )i>0 1S an L'-martingale, which is moreover purely discontinuous by Lemma 4.16.
By letting /, K, j — oo we get that M7 is a purely discontinuous quasi-left continuous local martingale.
M¢ can be constructed in the same way. The identity M? = M9 + M¢ follows from the following limiting argu-
ment:
M4 =ucp- lim man

n—o0
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M? =ucp- lim M?",
n—00

M* =ucp- lim M*",

n—0o0

and the fact that M4" = M9 + M%" for each n > 1.
Step 2. For a general martingale M¢ we construct a sequence of stopping times 7, = inf{r > 0 : ||M;1|| > 5}

For each M4" := (M?)™ we construct the corresponding M9" by Step 1. Then for each m > n > 1 we get that
(M27")tm = M2™ since for any x* € X™* a.s.

<(Mq,n)7-’m , x*) — <Mq,m’ x*)
due to the uniqueness of the Yoeurp decomposition in the real-valued case. Then we just set Mg :=0and

M = ZMtq’nlte(fn—mn]s 1=0,

n>1

where 79 = 0. The obtained M7 will be the desired purely discontinuous quasi-left continuous local martingale.
We can construct M? in the same way and show that then M¢ = M7 + M similarly to how it was shown in step 1.
The uniqueness of the decomposition follows from Remark 4.4, while (4.16) follows analogously (4.14). ]

Proof of Theorem 4.8 (sufficiency of UMD and (4.2)). Sufficiency of the UMD property follows from Theorem 4.15
and Theorem 4.17, while (4.2) follows in the same way as (4.14) and (4.16). O

4.4. Necessity of the UMD property

In the current subsection we show that the UMD property is necessary in Theorem 4.15 and Theorem 4.17, and hence
it is necessary for the canonical decomposition of a local martingale.

Theorem 4.21. Let X be a Banach space that does not have the UMD property. Then there exists a filtration F =
(F)i=0 and an F-martingale M : Ry x Q — X such that M provides neither the Meyer—Yoeurp nor the canonical
decomposition.

For the proof we will need the following lemma which is a modification of the statements from page 1001 and
page 1004 of [6]. Recall that if (f,)n>0 is an X-valued martingale, the we define df,, := f, — f.—1 for n > 1 and

dfo := fo.

Lemma 4.22. Let X be a Banach space. Then X is a UMD Banach space if and only if there exists a constant C > 0
such that for any X-valued discrete martingale (f,)n>0, for any {0, 1}-valued sequence (a,),>0 one has that

gs>1 as. = E|fxl>C,

where (g,)n>0 is an X-valued discrete martingale such that dg, = andf, for eachn >0, g% = sup,o llgnl-

Proof. One needs to modify [6, Theorem 2.1] in such a way that dg, = a,df, for some a, € {0, 1} for each n > 0.
Then the proof is the same, and the desired statement follows from the equivalence of [6, (2.3)] and [6, (2.4)]. O

For the next corollary we will need to define a Rademacher random variable and a Paley—Walsh martingale.

Definition 4.23 (Rademacher random variable). Let & : 2 — R be a random variable. Then & has the Rademacher
distribution (or simply & is Rademacher) if P(§ =1)=P(¢ =—-1) = %
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Definition 4.24 (Paley—Walsh martingale). Let X be a Banach space. A discrete X-valued martingale (f;,),>0 is
called a Paley—Walsh martingale if there exist a sequence of independent Rademacher random variables (r,),>1,
a function ¢, : {—1,1}*"! — X for each n > 2 and ¢; € X such that df,, = r,¢,(r1,...,rn_1) for each n > 2,
dfi =ri¢1, and fy is a constant a.s.

Corollary 4.25. Let X be a Banach space that does not have the UMD property. Then there exists an X -valued Paley—
Walsh Ll-martingale (fa)n=0 and a {0, 1}-valued sequence (a,),>o such that P(g%, = 0o) = 1, where (g,)n>0 is an
X -valued martingale such that dg, = a,df, for eachn > 0.

Proof. Without loss of generality all the martingales used below are Paley—Walsh (see [23, Theorem 3.6.1]), so the
resulting martingale will be Paley—Walsh as well. By Lemma 4.22 we can find N; > 0, an X-valued martingale
= ),qu;o and a {0, 1}-valued sequence (a,ll)f:]l0 such that IEHfI{,1 | < % and

1
1\*
B((s')y, = 1) > 5
where gl = (g},)fz\lo is such that dg,ll = a,idfnl foreachn =0, ..., Ni. Now inductively for each & > 1 we find Ny > 0
and an X-valued Paley—Walsh martingale f* = (f,f)f:’io independent of f!, ..., f*~! such that ]E||f/\‘,k I < 2% and

1
P((g")y, >2Cx) > 1 - 7

where gk = (g&),

)f:ll 0 is such that dg’,f = affdf,f foreachn =0, ..., N;, and C > 2k is such that

B 1
IE”((gl)*N1 +-+ (gk l)jvk_] > Cy) < 5

Without loss of generality assume that fé‘ =0 a.s. for each k > 1. Now construct a martingale (f,),>0 and a {0, 1}-
valued sequence (a,),>0 in the following way: fo =ap=0a.s., df, = dfn’; and a, = afn ifn=Ni+---+Nr_1+m
for some k > 1 and 1 <m < Ni. Then (f,,),>0 is well-defined,

Tim Ellfull =El fooll = Y E| £ <1
k>1

by the triangle inequality, and for an X-valued martingale (g,),>0 with dg, = a,df, for each n > 0, for each k > 2

1
P(g, 4sn, > Ck) = P((gk)jvk > 2Cx, (gl)”;v1 + (gk—l)*Nk_] <Cy)>1- T

hence g%, = oo ass. O

Proof of Theorem 4.21. By Corollary 4.25 we can construct a discrete filtration G = (G,),>0 and an X-valued
Ll—integrable Paley—Walsh G-martingale (f;,),>0 such that

Ell fooll = lim Ellfull <1, (4.29)
n—oo
and such that there exists {0, 1}-valued sequence (a,),>0 so that
P(gk =o00) =1,

where (g,)n>0 is an X-valued martingale with dg, = a,df, for each n > 0.

Since (fn)n>0 is Paley—Walsh, there exist a sequence (r,,),>0 of independent Rademacher variables, a sequence
of functions (¢,),>1 with ¢1 € X and ¢, : {—1, 1}”*1 — X for each n > 2, so that df, = rp¢,(r1,...,rn—1) a.s. for
eachn > 1.
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Now our goal is to construct a continuous-time X-valued martingale M which does not have the Meyer—Yoeurp
decomposition (and hence the canonical decomposition) using ( f,)»>0. Let us first construct a filtration F = (F;);>0
on R in the following way. By [51, Section 3.2] for each n > 0 we can find a continuous martingale M" : [0 L1x

) W
Q — R with a symmetric distribution such that M} =0 a.s., [M", | <1as,
on+l
]P’(M” L = 0) =0, (4.30)
T
and
P(M", #signM", )< S — 4.31)
on+1 on+l 2n(||¢n loo + 1)

Let (7n)n>0 be a sequence of independent Rademacher random variables. Without loss of generality assume that all
(Fn)n>0 and (M"),>o are independent. Then set Fy to be the o -algebra generated by all negligible sets, and set

Fiog te(l— 5,1 —51),a,=0,n >0,
£ o (Fi_ g Fn), t=1—2,1%,an =10,n20,
0(]:1—2%’ (Msn)se[O,t—l—zL,,])’ re(l— bk 1- W]»an =1,n>0,
o(Fs:s€[0,1)), t>1.
Let (0,,),>0 be a sequence of independent Rademacher variables such that o, =7, if a, =0 and o, =sign M" | if
on+l
an, = 1 (in the latter case o, has the Rademacher distribution by (4.30) and the fact that M" , is symmetric). Now
on+1
construct M : Ry x Q — X in the following way:
0, t=0,
My 1 te(l— 51— 57),a,=0,n>0,
M, =M1 +0udu(01,... 0n1), t=1- 57,8, =0,n>0, (4.32)
Mg M @0, te(= gl = giglan =10 20,
limy— o0 M_1, t>1.
2"

First we show that lim;,_, oo M, _ 1 exists a.s., hence M is well-defined. By [23, Theorem 3.3.8] it is sufficient to show
that there exists & € L' (Q; X) such that M,_ 1 =E(|F,_1) foralln > 1. Notice that (M,_ 1 ),>0 is a martingale
n n n -

since M, _ Lo Ml_% equals either o0,¢, (01, ...,0,—1) (if a, =0) or M" | ¢n(o1,...,0,-1) (if a, = 1). Both
2 Z T
random variables are bounded, and in both cases the conditional expectation with respect to F,_ 1 gives zero. Now
2”

let us show integrability. Let ( fn)nzo be an X-valued martingale such that fo =0 a.s. and

dfy=0npn(or,....0n_1), n=>1. (4.33)

Then ( fn)nZO has the same distribution as (f;)s>0, so it is L'-integrable. Now fix n > 1 and let us estimate || fn —
M, 1]
1—L

on

7 ®
Ellfo—M,_) | =E

n
Zde’k(Ul, )]
k=1

n
- Z(Uk(ﬁk(fn, sk Dlgmo + MY, gr(or, ... ok 1g=1)
k=1

2k+1
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n

Z(Gk —M* | V(or, ... o)1=

k—1 2k+1

=E

G
< ZE” crk—Mk BIACIRN ]

(111)
ZZP ok;éMk )||¢k||oo < 22 % < (4.34)

k=1

where (i) follows from (4.33) and the definition of M from (4.32), (ii) holds by the triangle inequality, (iii) follows
from the fact that a.s. for each n > 1

low —M", | <lonl+|M", |<2;

on+1 on+1

finally, (iv) follows from (4.31). Let us show that there exists Jj-measurable & € LY(Q; X) such that M 1l =
~ ~ n
E(&|F,_1) for each n > 1. First notice that E( foo|F;_ 1 ) = f for each n > 1. Moreover, by (4.34) the series
2” 2n

o0
Z Ok — m* 1 ¢k(0'1, cos Ok=1)1g=1

k=1 2k+l
converges in L! (2; X). Therefore, if we define & := foo —n, then

EEF 1) =E(foo —nlF_1)

oo
(Z or — M* | ¢k(01, s 0k g =1 ‘ﬂ;ﬂ)
=1 2k+T

I
\z

o0
Z ak — ML)@(GL---,Uk—l)lak:ﬂ}-l—%n)

2k+1
k
E ox — M, pr(or,....ok—Dlg=1 =M, 1,
— 2k+ 21

so one has an a.s. convergence by the martingale convergence theorem [23, Theorem 3.3.8].
Now let us show that M is a martingale that does not have the Meyer—Yoeurp decomposition. Assume the contrary:
let M = M“ + M€ be the Meyer—Yoeurp decomposition. Then one can show that for each n > 1

n
d
MT | = E okdr (01, ..., ok—1)1g =0,
T 5

ZM" Gr(01, .., o%—1) g1,
k+T

k=1 ?
by applying x* € X* and showing that the corresponding processes (M f , »x*) and (M 1c , »X™) are purely discon-
o o
tinuous and continuous local martingales respectively (see Remark 4.2). Now let us show that M€ is not an X-valued

local martingale. If it is a local martingale, then

P((M°),

[e.¢]

= 00) = P((M°)" = 00) =0,
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since M¢ as a local martingale should have cadlag paths (even continuous since M“ assume to be continuous). But for
each fixedn > 1

B(M); = 00) = B((M° = M5, )} = 00) = (@ — 805 = (M° = M1, )})
where (g,),>0 is an X-valued martingale such that dg, = a,d fn a.s. for each n > 0, and hence by the construction in
Lemma 4.22 g% = oo a.s. Further,

*

P((g — &n)ie = (M° — M;)l) =1-P((§— &)k # (M — M )))

on

2k+1

o
>1- Zlak=1P(Mk1 # o%)
k=n

oo
>1-Y P(M*, s#signm*, )
k=n 2%

+1 2k+1
(;) | — 1
- 271—1 ’
where (x) follows from (4.31). Since n was arbitrary, (Mc)j6 = (M°€)%, = 0o a.s., so M€ can not be a local martin-
gale. (]
Proof of Theorem 4.8 (Necessity of UMD). Necessity of the UMD property follows from Theorem 4.21. (]

Remark 4.26. One can also show that existence of the Yoeurp decomposition of an arbitrary X-valued purely dis-
continuous local martingale is equivalent to the UMD property. We will not repeat the argument here, but just notice
that one needs to modify the proof of Theorem 4.21 in a way which was demonstrated in [51, Section 3.2].

Remark 4.27. The reader might assume that one can weaken the Meyer—Yoeurp decomposition and consider a de-
composition of an X-valued local martingale M into a sum of a continuous X -valued semimartingale N¢ and a purely
discontinuous X -valued semimartingale N, which perhaps may happen in a broader (rather than UMD) class of Ba-
nach spaces. Then for any reasonable definition of an X-valued semimartingale we get that N = M€ 4 A for some
continuous local martingale M¢ and an adapted process of (weakly) bounded variation A. Hence M = N¢ + N9 =
M€ + (N4 + A), where N4 + A = M — M€ is a local martingale, which is purely discontinuous, so M should have
the Meyer—Yoeurp decomposition as well in this setting, which means that the UMD property is crucial.
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