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This book develops and validates kinematics and synthesis 
methods for the design of compliant transmission mechanis-
ms, which are the alternatives to classical gears and couplings. 
The  new  theories are generated based  on  two nonlinear phe-
nomena, singularity and buckling, which are often avoided.  
 
The presented results pave the way for a new design platform for 
transmission mechanisms in the different field of applications, such 
as horology, robotics, medical instruments, and MEMS. 
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PREFACE

In the last few decades, compliant mechanisms have shown a unique platform to de-
sign and develop alternatives to classical mechanical concepts and linkages. They are
seeing expanded use due to several advantages such as part-count reduction, increased
precision and reliability, and ability to miniaturize, e.g. to design Micro- and Nano-
Mechanical devices. Although lots of compliant mechanisms in literature can be seen
as a transmission mechanism, there has been no attempt to develop monolithic equiva-
lents of classical transmission linkages such as gears and couplings. The purpose of this
book is to fulfill this knowledge gap.

This book is the work that has been performed from June 2014 – June 2018 at Delft
University of Technology. The research was financed and promoted by the LVMH Watch
Division (TAG Heuer) and was part of a bigger project. The project was started in 2014,
where the LVMH watch Division, Delft University of Technology and TU Delft spin-off
Flexous teamed up to develop a new movement for mechanical wristwatches using com-
pliant mechanism concept. In June 2014, I joined the team as a Ph.D. student to develop
compliant transmission mechanisms. I enjoyed the opportunity to work with a group of
brilliant engineers and researchers where their invaluable feedbacks made a big contri-
bution to this work. For instance, while I was working to use the singularity and non-
linear behaviour of complex linkages to get the frequency and speed doubling feature
(Chapter 2), the industrial requirements on kinematic linearity inspired me to look for
a different alternative. In particular, I managed to utilize buckling, another nonlinear
phenomenon, to design transmission linkages with linear kinematics (Chapter 3).

Meanwhile, my stay at the Technical University of Munich, between September 2017
and December 2017, was also fruitful. Working at a new environment gave me a unique
opportunity to have a deeper insight into singularity analysis in the linkages and turn
it into a mechanism design approach. In particular, it helped me to develop the syn-
thesis method, presented in Chapter 4, for the design of compliant frequency multiplier
transmission mechanisms.

Here, I would like to express my sincere gratitude to all the people who have been in-
volved in my research in one way or another. To my promoter Just Herder for all the years
of fruitful discussion and thinking together on fundamental kinematic challenges, his
sharp feedback, excellent supervision, and encouragement. To my co-promoter Nima
Tolou for his invaluable support and encouragement during my research. For his sharp
comments and feedbacks on the technical aspect of the project and my Ph.D. manage-
ment. Without his supervision and contributions, this research could not have been
successfully conducted. I owe special thanks to both of them for offering me the oppor-
tunity to work on this project.

My gratitude also goes to the Chair of Applied Mechanics at the Technical University
of Munich, Germany. Special thanks to Daniel Rixen for his wise comments and warm
hosting. Great thanks also to my colleagues there, Christian, Eva-Maria, and Morteza.
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I should add great thanks to all PME staff and PME support staff. I am particularly
grateful to Farbod Alijani, Jo Spronck, Volkert van der Wijk, Fred van Keulen, Urs Staufer
and Peter Steeneken for their feedback and support on different occasion. Hassan Hos-
seinNia deserves special mention for his companion and having an open door for hours
of discussion, feedback and suggestions.

I also want to extend a warm thank to my colleagues. To my fellow PhD-candidates
and Post-Docs: Reinier, Gerard, Thijs, Patrice, Milton, Giuseppe, Freek, Stefan, Ali, Ni-
ranjan, Joep, Werner, Jelle, Alden, Wan, and Andres. To my project colleagues from Flex-
ous: Oleg, Wout, Sybren, Marteen, Sjoerd, and Wouter, and from TAG Heuer: Christian,
Thomas, Fabrice, Vincent and its general manager Dr. Guy Sémon. To all my master stu-
dents, Iori, Jan, Henri, Thijs, Marije, Rijk, and Janeau who gave me the chance to learn
and have more fun in parallel with my main Ph.D. research.

My greatest appreciation goes out to my family. To my dear parents, Salimeh and
Hassan, for their endless love, support and encouragement. To my brother Mabood and
my sister Mahroo for their love and encouragement.

I have waited until here to thank the most important one and express my love to her.
To my greatest support, soul mate and running mate Fatemeh (Afagh) Safinia, who gives
meaning to this work.

Davood FARHADI MACHEKPOSHTI
Delft, July 2018



1
INTRODUCTION

This chapter presents the aim of this thesis within the scope of compliant mechanisms and
classical transmission mechanisms. The importance of compliant transmission mecha-
nisms in different field of applications, such as Micro-Electro-Mechanical Systems (MEMS)
and mechanical watches is elucidated. Besides, the background limitations and chal-
lenges are discussed and the structure of this thesis is schemed.
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1.1. BACKGROUND
Transmission mechanisms are conventional machine elements, which provide a con-
trolled transfer of power. Gears, linkages and couplings are the main examples of such
mechanisms. Gears provide speed and torque conversion from a source of power to
an output, whereas couplings convert the motion direction of a rotating input source.
The history of classical gears and couplings dates back to a long time ago, where they
were used in various human-made functional machines, a few of the oldest examples
are shown in Figure 1.1. The south-pointing chariot, known as the first cybernetic ma-
chine (1050–771 BCE, China), used a complex set of gears to indicate south regardless of
the trajectory of the carriage, Figure 1.1 (a) [1]. The Antikythera mechanism, the second
oldest geared instrument (80 BC, Greece), is an ancient analog computer which employs
37 gears wheel to predict astronomical positions, Figure 1.1 (b) [2, 3]. Another example
is the first sundial delineator (1676, England) where a nonlinear coupling was used to
linearize the nonlinear motion of the shadow of a gnomon over the sundial, shown in
Figure 1.1 (c) [4].

(a) (b) (c)

Figure 1.1: Historical background to the classical transmission mechanisms, gears and couplings; (a) South-
pointing chariot (200 AD, China), (b) Antikythera mechanism (80 BC, Greece), and (c) Hooke’s sundial delin-
eator (1676, England).

Advances in fabrication technique and design innovations led to numerous improve-
ments for these continuously rotating rigid-body mechanisms. This enabled their appli-
cation in different scales and field of applications, such as the few examples shown in
Figure 1.2.

For example, consider the classical gears in mechanical wrist watches, shown in Fig-
ure 1.2 (a). A train of several tiny gears transfers the stored energy in the barrel spring
to the oscillating escapement to regulate the release of energy in precisely timed incre-
ments. In addition, gears are applied to transfer the motion of the escapement wheel to
the hands which turn at different speed to indicate the time.

Another example can be found in the Micro-electro-mechanical systems (MEMS),
the technology of microscopic devices. Several MEMS gears are employed in the design
of micro engines, shown in Figure 1.2 (b), to control the torque and speed of the MEMS
actuators. These tiny gears are produced in batch-fabrication without the need for as-
sembly, using polysilicon surface micro machining techniques [7, 8].
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10 μm

(a) (b) (c)

Figure 1.2: Advanced classical transmission mechanisms; (a) meso-scale gear train in the mechanical wrist
watches, (b) micro gears in MEMS-based microengine (Sandia National Laboratories), and (c) constant veloc-
ity couplings in the automotive, measurement instrumentation, and robotic industry [5, 6].

The third example is formed by transmission couplings, shown in Figure 1.2 (c),
which are one of the primary practical examples of three-dimensional linkages with spa-
tial kinematics. These transmission mechanisms accommodate misalignment between
two rotating axes while they keep a constant input-output velocity ratio. They have nu-
merous application in the field of precision measurement and instruments, and laser
processing.

1.2. PROBLEM STATEMENT AND MOTIVATION
Over the centuries, the working principle for these classical transmission mechanisms
has remained almost the same. They consist of multiple rigid links which are engaged
and connected by sliding contacts and movable hinges. The nature of these rigid-body
mechanisms imposes a lot of disadvantages such as wear, friction, backlash, and the
need for assembly, lubrication, and maintenance, which results in reduced precision,
efficiency, and reliability. Moreover, it is difficult and sometimes not cost and energy
efficient to miniaturize these rigid-body mechanisms.

For instance, a couple of meso-scale gears in mechanical watches have to be ma-
chined to near perfection and assembled precisely on tiny jewelry bearings to get a wor-
thy movement with an efficiency about 92%. In spite of this level of perfection and effort
on the fabrication and assembly process, the mechanical efficiency of the whole gear
train in wristwatches usually ends up to 65%.

There are several obstacles to utilize rigid-body transmission mechanisms in MEMS
applications. For example, wear and friction can dominate the performance of MEMS
devices due to the large surface-to-volume ratios and low restoring forces. Figure 1.3
demonstrates a drive wheel in a MEMS micro engine and its rotational bearing after
testing [9]. The evidence of wear and loss of silicon material can be seen in the picture.
Wobbling, backlash, stiction, and poor mechanical efficiency are the other disadvan-
tages of rigid-body mechanisms in MEMS devices [10, 11]. Besides, it is difficult, and it
is not size and cost efficient to integrate the conventional gear transmissions with the
MEMS-based actuating scheme such as electrostatic, piezoelectric, and shape-memory
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10 µm

1 µm

Figure 1.3: Friction and wear in a rotational bearing in a silicon MEMS device [9].

alloys.

Another disadvantage of rigid-body transmissions, like couplings, are usually their
complexity in kinematics. These mechanisms have lots of parts, connections, and hinges.
For example, even a simple coupling like Rzeppa joint, shown in Figure 1.4, has at least
13 different parts. Miniaturization of these transmissions is nearly impossible since the
common MEMS-based fabrication techniques use a single planar layer or multiple lay-
ers of material to produce two dimensional or two and a half dimensional devices [12].

Housing

CageInner Race

Half Sha

Boot

Balls

Clamp

Clamp

Figure 1.4: Rzeppa joint is one of the simplest constant velocity coupling, with at least 13 different components.

Therefore, design alternatives for these classical machine elements, which can deal
with the disadvantages mentioned above, can pave the way for new possibilities and
design platforms in different fields and industries, such as horology, robotics, aerospace,
medical instruments, and MEMS.
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(a) (b)

Figure 1.5: (a) Rigid-body vice grip, and (b) its compliant and single piece counterpart [13].

1.3. COMPLIANT MECHANISMS
To realize sophisticated motions with minimal mechanical complexity the natural elas-
ticity of materials can be employed, rather than using the rigid hinges and connections.
This relatively new paradigm in engineering design, called compliant mechanisms, en-
ables the creation of solid state (monolithic) mechanisms that are strong, compliant,
precise, and reliable [13–16]. Besides, the main advantage of the compliant mechanisms
is the potential for monolithic fabrication and results in the minimum number of parts
to accomplish a specified task [13]. The rigid-body vice grip, Figure 1.5 (a), and its com-
pliant equivalent, Figure 1.5 (b), is an example of part reduction.

There are several methods available in prior art to design compliant mechanisms,
such as rigid-body replacement method [13], Freedom and Constraint Topologies (FACT)
[17, 18], and Topology optimization [19]. The rigid-body replacement method is the
most useful and practical method for the design of large deflection compliant mecha-
nisms [20]. This method uses the traditional kinematic synthesis knowledge and Pseudo-
Rigid-Body Model (PRBM) for the transition to a compliant equivalent [21–23]. Consider
the vice grip mechanism shown in Figure 1.5 (a). Through relatively simple steps a com-
pliant vice grip can be made as shown in Figure 1.5 (b), by cutting a piece of material and
thinning the relatively rigid parts at the points where the rigid-body hinges are supposed
to be.

1.4. KNOWLEDGE GAP AND RESEARCH OBJECTIVE
The rigid-body replacement method will be selected as a suitable design approach for
the transition of existing rigid-body mechanisms to compliant equivalent. However, the
current principles of classical gears and couplings impose three limitations to design
their compliant alternatives.

Continuous Rotation: One of these limitations is that classical transmission mecha-
nisms are rotating continuously but the range of motion for a compliant mechanism will
be limited by the stress in the material which will not allow getting a continuous rotation.

Force Transmission: The transmission principle for conventional gears and couplings
is based on the engagement between separated bodies and form closure like teeth and
sliding contacts, while in compliant mechanisms motion will be transferred by elastic
deformation of its own materials and preferably within a monolithic embodiment.

Kinematics: The kinematic alternatives for these classical transmission mechanisms
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are limited. For instance, gears convert force and speed by converting the motion fre-
quency based on different gearing ratios. However, there is not suitable kinematics as an
alternative to classical gears for motion frequency multiplication.

Therefore, the objective of this thesis is to develop kinematics and synthesis methods
for the design of compliant transmission mechanisms as the alternatives to classical
gears and couplings.

1.5. THESIS OUTLINE
The outline of this thesis is visually illustrated in Figure 1.6. The overall structure of the
study takes the form of six chapters, including:

Chapter 2 introduces and analyzes new methods and kinematics for the design of
compliant frequency doubler transmissions, an alternative to classical gearing mecha-
nism with the ratio of two. The building blocks proposed in this chapter doubles the
motion frequency with nonlinear kinematics by utilizing the presence of singularity in
kinematic chains.

Chapter 3 presents and develops novel kinematics for the design of compliant fre-
quency doubler transmission, an alternative to classical gearing mechanism with a ratio
of two. The proposed building block in this chapter follows linear kinematics and utilizes
buckling in compliant beams to double the motion frequency of a reciprocating input.

A synthesis method to 
design compliant frequency

 multiplier transmissions

Chapter 1

Chapter 2 Chapter 3

Chapter 4

Chapter 5

Chapter 6

Introduction

Compliant frequency
doubler transmissions

utilizing singularity

Compliant frequency
doubler transmission

utilizing buckling

Compliant
transmission

couplings

Conclusions

Figure 1.6: A schematic representation of the outline of this thesis. Two different paths are indicated, with two
green arrows, for the readers. The right path includes Chapters 2, 3, and 4 and address the compliant frequency
multiplier transmission mechanisms as the alternatives to classical gears. The left path contains Chapter 5 and
covers the compliant alternatives to classical transmission couplings.
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Chapter 4 proposes a synthesis method to design compliant frequency multiplier
transmission mechanisms. The frequency doubler transmissions developed in Chap-
ter 2 and Chapter 3 are used as principal building blocks to design any integer frequency
ratios.

Chapter 5 presents the design of compliant transmission couplings which can ac-
commodate different misalignments. The first section develops a compliant constant
velocity coupling for rotational axes with an angular misalignment and the second sec-
tion elaborates on a compliant transmission coupling for rotational axes with a lateral
misalignment.

Chapter 6 summarizes the most important results and implications of this research,
together with recommendations covering potential improvements or aspects for future
investigation before the proposed compliant transmission mechanisms reach commer-
cial maturity.
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2
COMPLIANT FREQUENCY DOUBLER

TRANSMISSIONS UTILIZING

SINGULARITY

Many compliant stroke amplifiers exist for the transformation of displacement and force.
However, the transformation of operating frequency by compliant mechanisms is much
more scarce, and compliant transmission mechanisms for frequency multiplication were
not reported yet. Singularity is one of the focal topics in kinematics, which usually pro-
vides an insight of practical and theoretical limitations for the design and control of the
mechanisms. This chapter presents a new type of compliant transmission mechanisms
which utilizes singularity to double the motion frequency of a reciprocating input mo-
tion. Section 2.2 is concerned with a new movement principle for frequency multiplica-
tion, proposed based on singularity in kinematic chains. The next section, Section 2.3,
discusses the compliant design criteria for this type of transmission mechanisms. The fol-
lowing sections, Sections 2.4 and 2.5, address two different compliant frequency doubler
building blocks with non-linear kinematics. The building blocks in Section 2.4 utilize
the singularity in a four-bar linkage to double an input motion frequency. However, the
input-output velocity ratio is decreased due to the movement around the singularity in a
four-bar mechanism. Therefore, new kinematics and compliant design based on an eight-
bar linkage are developed in Section 2.5 to increase input-output velocity ratio as well as
frequency doubling. Furthermore, in both sections, corresponding designs were dimen-
sioned and fabricated to validate the theoretical models and finite-element model (FEM)
with the experimental evaluations at different length scale.

Parts of this chapter have been published in Journal of Microelectromechanical Systems [1].
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2.1. INTRODUCTION
Displacement, force, and operation frequency are the main criteria for selection of an
actuator for an application, while also size, cost, efficiency, and power supply have a
great impact on choosing an actuator [2]. A power transmission mechanism is needed
when actuator specifications do not match the requirements of a given application.

Many transmission mechanisms exist for the transformation of displacement and
force such as lever mechanisms for the case of translational actuators and gears for
the case of rotational actuators. Lever mechanisms work in finite travel range transla-
tional displacement, while gear mechanisms are based on a continuous rotational dis-
placement. Consequently, gears convert the frequency of an input rotation, while lever
mechanisms solely increase the translational range of an input translation. Gear trains
are the only examples of transmission mechanisms that have been used in mechanical
and micro-electro-mechanical systems (MEMS) [3, 4] to multiply the motion frequency.
However, gears are rigid-body mechanisms which generally give rise to many drawbacks
such as friction, backlash, wear, and the need for assembly, lubrication, and mainte-
nance. Besides, it is difficult to achieve full cycle rotational motion with the existing
MEMS fabrication technology [3].

To deal with the shortcomings of rigid-body mechanisms, many compliant lever
mechanisms exist in the prior art for the transformation of displacement and force in
micro-mechanisms [5–14]. Generally, two types of lever transmission can be found,
these being the mechanical levers, which are based on different planar linkages, and
soft-spring/stiff-spring attenuation [15], examples are shown in Figure 2.1.

uin

uout

uin
uout

a b

Stiff-spring

Soft-spring

Figure 2.1: Different compliant lever transmission mechanisms. (a) A compliant displacement amplifier based
on double slider linkage arrangement [5]. (b) A compliant displacement reducer based on soft-spring/stiff-
spring concept [15].

In spite of different concepts for the design of compliant displacement amplifier
transmissions, the conversion of motion frequency by compliant mechanisms is much
more rare. The monolithic nature of such mechanisms could allow for miniaturization
and enable a compact system design by integration of the transmission mechanism and
actuation part.

In this chapter, we propose a new method for the design of compliant frequency dou-
bler transmissions, based on exploiting the singularity in the rigid-body mechanisms.
The main advantage of the proposed movements is that the mechanism does not need
full cycle rotational joints or frictional contacts to double frequency.
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The first building block presented in this chapter, discussed in Sections 2.4, utilizes
the singularity in a four-bar mechanism. The design principle and the pseudo-rigid-
body model (PRBM) are presented and described in this section. Besides, a compli-
ant micro Frequency-Quadrupler is designed and discussed as a case study based on
a building block approach. Moreover, finite element analysis (FEA) is carried out, and
experiments are conducted to cross validate the characteristics of the proposed com-
pliant transmission mechanism in micro scale. The second frequency doubler building
block developed in this chapter is based on an eight-bar linkage, presented in Section
2.5. The proposed kinematics double both motion frequency and speed of reciprocating
input motion. To validate the kinematics, PRBM, and FEM, a macro scale device was
designed and dimensioned for experimental evaluations.

2.2. MOVEMENT PRINCIPLE
A limited-cycle kinematic is proposed to multiply the motion frequency within a finite
travel range. This will eliminate the need for problematic continuous, infinite travel
range, rotational joints and rigid contact for frequency multiplication at the micro scale.
A generalized input-output kinematic relationships for such a transmission mechanism
is envisioned in Figure 2.2.

u o
ut

uin

uin

(m)

(m
)

Figure 2.2: The generalized input-output displacement relationship of a compliant frequency multiplier trans-
mission mechanism.

To increase the motion frequency, direction of the output motion, uout , need to re-
verse while the input is subjected to the displacement ui n . This behaviour can be shown
in the first kind of singularity in the rigid-body mechanisms (also called serial singu-
larity), where the output link experiences zero velocity while the input subjected to a
displacement. This type of kinematic singularity refers to a configuration where a kine-
matic chain reaches the boundary of the workspace.

Therefore, for a frequency multiplier transmission mechanism, the input-output fre-
quency multiplication ratio can be identified based on the number of singularities of the
first kind, m, in the kinematic chain within the considered range of motion, and can be
given by

fout

fi n
= m +1 (2.1)

where fout (in cycles per second H z) and fi n are the motion frequency of the input and
the output members of the mechanism.
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2.3. COMPLIANT DESIGN CRITERIA
To design a compliant frequency multiplier transmission mechanism different criteria
need to be considered:

• Desired output displacement; can be defined as the desired geometrical or mechan-
ical advantage of a compliant transmission mechanism;

• Transmission stiffness; the stiffness of a compliant transmission mechanism in the
direction of force transmission. In other words, the required stiffness of the trans-
mission mechanism to an output load.

• Actuation stiffness; the stiffness felt by an actuator due to the internal stiffness of a
compliant transmission mechanism.

• Stress limitation; limits to keep away from material failure, i.e. plastic deforma-
tion.

• Dynamics and buckling instabilities.

However, dynamics and buckling instabilities are not addressed in this thesis since the
primary goal is to develop new kinematics and compliant designs.

2.4. A FREQUENCY DOUBLER BUILDING BLOCK BASED ON A FOUR-
BAR LINKAGE

The proposed frequency doubler building block in this section is based on a four-bar
linkage, where for a finite travel range there is only one configuration representing a
singularity of the first kind. This can be shown in the double slider four-bar mechanism,
Figure 2.3 (a), which can be a favorable choice for MEMS devices due to the rectilinear
input and output motions. Therefore, based on Eq. 2.1, the mechanism can multiply the
input motion frequency with a ratio of 1 : 2, Figure 2.3 (b). As can be seen, the motion

Singularity line 

uin

uo

x

y

uin

uo

0

Input Displacement 

O
u

tp
u

t 
D

is
p

la
c
e
m

e
n
t 

x

Δy

(a) (b)

Figure 2.3: The double slider four-bar mechanism (a) rigid-body mechanism representation, (b) the input-
output displacement relationship.
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of the output slider (uo) completes a full cycle while the input slider displaced with ui n

from left to right, which is half a complete cycle.
Theoretically, a frequency multiplier mechanism with the ratio of 2n can be achieved

by concatenating n number of frequency doubler mechanisms, where n = 1,2, ..., N .
However, the output performs a small displacement compared to the input since the
mechanism is working around the singularity. Therefore, this limits the use of this mech-
anism in a serial combination to reach higher multiplication ratios or reach the desired
output displacement.

2.4.1. COMPLIANT DESIGN
Two partial compliant frequency doubler building blocks are proposed, shown in Figure
2.4. The stroke of the output is amplified by arranging two compliant equivalents of the
double slider mechanism in series with a shared input. In the building blocks shown
in Figure 2.4, a general embodiment is assumed for the beam elements of the flexures,
where the geometric parameter a corresponds to the degree of distributed compliance
[16]. The Building block shown in Figure 2.4 (a) can multiply the output frequency when
a rectilinear cyclic motion with sinus function is subjected to the input. Therefore, the
design with the initial configuration at the singularity can be the first building block in
a series connection of frequency doubler mechanisms since the output will be a cosine
motion. However, this can be solved by a pre-deflection at the input of each building
block in respect with the output of the previous block or use the building block with an
angled arrangement, illustrated in Figure 2.4(b).

COMBINATION WITH A COMPLIANT STROKE AMPLIFIER

The output displacement of the proposed frequency doubler building blocks is limited
by the maximum input displacement and the length of the beams. Therefore, a compli-
ant mechanical stroke amplifier can be paired with the output of the mechanism to am-
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Input 

Shuttle
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uo
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Shuttleα

L

aL

(a) (b)

Figure 2.4: Partially compliant frequency doubler building blocks, with two different initial shapes; (a) at the
singularity, and (b) at the angled arrangement.
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Figure 2.5: Combinations of frequency doubler building block and different compliant stroke amplifier con-
cepts; (a) double slider mechanism (Case I), and (b) lever mechanism (Case II).

plify the displacement with a desired factor. There are different types of compliant stroke
amplifiers available in the prior art which are generated based on different methods such
as topology optimization [5, 6], instant center approach [8], and rigid-body replacement
method. Two different examples are presented herein, which illustrate the combination
of the proposed compliant cycle doubler building blocks with different types of stroke
amplifier concepts, Figure 2.5. The output displacement from the cycle doubler building
blocks, u1

o , can be amplified to a desired output displacement, uout , by a stroke ampli-
fier. The Case I comprises two sets of angled beams where their ends are constrained
by a vertical beam, shown in Figure 2.5 (a). The first set, with the angle of α1, is the
cycle doubler mechanism, equivalent to the angled arrangement shown Figure 2.4 (b).
The second set with the angle of α2 acts as a stroke amplifier with the instant multipli-
cation ratio of t an(α2), where the condition α2 < 45 should be satisfied to get a stroke
multiplication ratio higher than one [8]. Case II, illustrated in Figure 2.5 (b), includes a
compliant cycle doubler building block, equivalent to the arrangement shown in Figure
2.4 (a), paired with a lever arm as a stroke amplifier with a multiplication ratio of b2/b1.

2.4.2. PSEUDO-RIGID-BODY MODEL

KINEMATICS

The input-output displacement relationship of the building blocks, shown in Figure 2.4,
can be described by the Pseudo-Rigid-Body model (PRBM) [17]. Considering a distributed
compliance, a = 0.5, the output displacement of the building blocks shown in Figure 2.4
(a) can be given by

uo = 2γL

(
1−

√
1−

(
ui n

γL

)2
)

(2.2)

where, γ = 0.8517 is the characteristic radius factor for a fixed-guided flexible segment
[17], and ui n is the reciprocating input motion.

In the same manner, the output displacement for the initially angled configuration,
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Figure 2.4 (b), can be determined by

uo = 2γL

(√
1−

(
sinα− ui n

γL

)2

−cosα

)
. (2.3)

where α is the initial angle and for a reciprocating input motion ui n with an amplitude
of Ui n can be given by

α= arcsin

(
Ui n

2γL

)
(2.4)

For lumped compliance, i.e. a < 0.5, the term γL should be replaced by (L−aL) in all
above-mentioned kinematic equations.

STIFFNESS CHARACTERISTICS

An ideal transmission mechanism provides the desired kinematics with a zero actuation
force along its degrees of freedom (DOF) and zero displacements with infinite stiffness
along its degrees of constraint (DOC). Compliant mechanisms naturally deviate from
this ideal definition. Their actuation force is not zero due to their internal stiffness. Be-
sides, distribution of compliance in a compliant transmission mechanism gives rise to
elastokinematic effects in the transmission direction, which leads to a kinematic error
between the input and the output motion when the mechanism is loaded.

The derivations for different stiffness characteristics of the beam modules using Eu-
ler’s equation is discussed in [18]. By applying a similar technique, the proposed trans-
mission building blocks yields the following input-output kinematics in compressive
loading cases

uL
o = uo + Fout L3

2E I

(
1

κ
+λ

(ui n

L

)2
)

(2.5)

where, uL
o is the output displacement in the presence of an output load, Fout . The symbol

E denotes the Young’s Modulus of the material, and I is the second moment of area,
which for a beam with rectangular cross section (Ir ) and a trapezoidal cross section (It )
can be written by

Ir = 1

12
w t 3, It = 1

48
w (t1 + t2)

(
t 2

1 + t 2
2

)
. (2.6)

where, w is the out of plane thickness, t is the in-plane thickness of the beam with a
rectangular cross-section, and t1 and t2 are the top and bottom layer thickness of the
beam with a trapezoidal cross-section, respectively.

In addition the dimensionless parameters λ and κ in Eq. 2.5 can be given by [16, 18]

λ= 2a3
(
105−630a +1440a2 −1480a3 +576a4

)
175

(
3−6a +4a2

)3 ,

κ= 6L2

at 2 .

(2.7)

The actuation stiffness, Kx , of the building blocks shown in Figure 2.4, which are a
combination of two flexure based modules in parallel, can be given by written as

Kx = 12E I

aL3
(
3−6a +4a2

) . (2.8)
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Figure 2.6: The design embodiment of compliant micro Frequency-Quadrupler.

Therefore, the actuation force for a compliant design with N concatenated proposed
frequency doubler building blocks can be given by using virtual work principle

Fi nδui n = K (1)
x ui nδui n +

N∑
n=2

K (n)
x u(n−1)

o δu(n−1)
o +Foutδuout . (2.9)

However, depending on where the stroke amplifiers and output load Fout are consid-
ered in the design, the corresponding terms need to be added.

2.4.3. EXPERIMENTAL RESULTS AND DISCUSSION

DESIGN

A compliant Frequency-Quadrupler is designed based on the proposed method, shown
in Figure 2.6. The set of design parameters are summarized in Table 2.1. Furthermore, a
constant thickness of t = 30µm is considered in the drawing for all the flexures included
in the design. The design composes two frequency doubler building blocks, concate-
nated with a set of stroke amplifiers. The design comprises an input shuttle which can
be subjected to a reciprocating input motion, and it is connected to ground and an in-
termediate shuttle each with two parallel long length flexures. This is a fully compliant
equivalent of the building block shown in Figure 2.4 (a). For an input displacement of ui n

towards the right (from point P1 to point P2), the intermediate shuttle moves downwards
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Table 2.1: Design parameters for the compliant micro Frequency-Quadrupler.

Parameters L1 L2 L3 L4 L5 L6 L7 β1 β2 α1 α2

Values 13 mm 5.5 mm 7.5 mm 3 mm 6 mm 6.5 mm 1 mm 85◦ 110◦ 2.21◦ 10◦

from point P3 to point P4. Besides, the intermediate shuttle follows similar movement
when the input moves towards the left with a displacement of ui n . Therefore, the inter-
mediate shuttle completes two cycles for a full cyclic movement of the input, which re-
sults in a frequency multiplication factor of two. The intermediate shuttle is connected
to ground and a cantilever beam, equivalent to concept Figure 2.5 (a), via two angled
long length flexures, with the angle α1. The endpoint P5 travels to point P6 and then re-
turn back to the same point P5 (a complete cycle), while the intermediate shuttle moves
from P3 to point P4. This provides another frequency doubling effect, which results in an
overall frequency multiplication ratio of four between the input movement and the mo-
tion at point P6. However, the stroke is small due to a consecutive combination of two
motion frequency multipliers. Therefore, a stroke amplifier is connected to the output of
compliant Frequency-Quadrupler mechanism with an multiplication ratio of 1 : 19. The
compliant stroke amplifier design in this paper is based on the instant center approach
[8], which contains a serial combination of double slider building blocks. According to
the virtual work principle and Eq. 2.9, the actuation force of the proposed design can be
given by

Fi nδui n = K (1)
x ui nδui n +K (2)

x u(1)
o δu(1)

o +Ksau(2)
o δu(2)

o , (2.10)

where Ksa is the actuation stiffness of the designed compliant stroke amplifier, and K (1)
x ,

and K (2)
x are the actuation stiffness of the first and second frequency multipliers building

blocks, respectively, which for a distributed compliance can be written as

K (1)
x = 48E I

L3
1

, K (2)
x = 24E I

L3
2

, (2.11)

and, the terms δu(1)
o and δu(2)

o can be driven by the kinematic equations, Eq. 2.2 and Eq.
2.3, respectively,

δu(1)
o = 2ui n

γL1

√
1−

(
ui n

γL1

)2
δui n ,

δu(2)
o =

2

(
sinα− u(1)

o

γL2

)
√√√√1−

(
sinα− u(1)

o

γL2

)2
δu(1)

o .

(2.12)

FABRICATION

A micro device was fabricated in silicon using deep reactive ion etching (DRIE), shown
in Figure 2.7. The prototype was made for experimental evaluations and to verify the
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Figure 2.7: The prototype of the compliant Frequency-Quadrupler transmission fabricated out of Silicon using
DRIE process.

Pseudo-Rigid-Body Model (PRBM) and the finite element model (FEM) of the actua-
tion stiffness and the input-output kinematics. The design was first patterned on a
w = 525µm thickness silicon wafer and then etched by DRIE. This was done with the
basic Bosch plasma etching process, which includes two subprocesses: the etching and
the passivation, to produce a device with a high aspect ratio.

24 µm 

18,5 µm 

Figure 2.8: The zoomed-in scanning electron microscopy (SEM) image of the released device, with a uniform
depth of 525 µm and feature size of 18.5 µm. Top and bottom right are showing the top and bottom view of the
beams, respectively.
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Figure 2.9: Experimental setup to evaluate the actuation force, and the input-output kinematics of the compli-
ant Frequency-Quadrupler.

CHARACTERIZATION

The designed and dimensioned compliant embodiment is composed of flexures with a
rectangular cross-section. However, the released fabricated device will get a trapezoidal
cross section due to the non-constant etching rate of DRIE precess [19, 20]. Therefore, a
scanning electron microscope (SEM) measurement was conducted to find the thickness
of the flexures at the top and bottom layers. The results are then applied to the FEM
and the PRBM by creating a customized cross-section based on the SEM results. The
zoomed-in SEM image of the silicon device is shown in Figure 2.8.

A customized test setup was constructed for testing the actuation stiffness and the
input-output kinematics of the silicon device, shown in Figure 2.9. The force deflection
of the device is measured using a 20 g r am force sensor (FUTEK LSB200) with a resolu-
tion of 20 µN . The force sensor was mounted on a precision linear stage (PI Q-545), with
a resolution of 1 nm and minimum incremental motion of 6 nm, to provide a rectilin-
ear input motion. A displacement of 2 mm is applied to the input shuttle of the micro
device, and the movement of the output shuttle was simultaneously captured by an op-
tical microscope (Keyence VHX-1000E). The displacement was analyzed afterward using
image processing, where it was detected with 500 nm accuracy.

PERFORMANCE

A parametric finite element model (FEM) was created in ANSYS to analyze the silicon
made compliant Frequency-Quadrupler. The beam element based on Timoshenko beam
theory (BEAM188) was used for the flexures, and rigid constraint elements (MPC184) for
the intermediate bodies. Besides, a trapezoidal beam cross section was implemented
for the flexures, based on the results from SEM image with the top layer thickness of
t1 = 18.5 µm and the bottom layer thickness of t2 = 24 µm. Besides, an orthotropic ma-
terial properties for a standard (100) silicon wafer [21] were considered to investigate
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Figure 2.10: The results from Pseudo-Rigid-Body Model (PRBM), finite element model (FEM), and experiment
for the input-output kinematics of the compliant Frequency-Quadrupler.

the device further: Ex = Ey = 169 GPa, Ez = 130 GPa are the Young’s Modulus, νy z =
0.36, νzx = 0.28, νx y = 0.064 are the Poisson’s ratio, and Gy z = Gzx = 79.6 GPa, Gx y =
50.9 GPa,ρ = 2330 kg /m3 are the shear modulus in different directions. The FEM model
was evaluated while the maximum Von Mises stress was limited by the tensile yield
strength of the silicon, 200 MPa. This value is considered far below the maximum yield
strength of the silicon, which is about 6 GPa based on the prior art. This was an in-
dustrial constraint which was considered to prevent any risk of crack growth in silicon
crystal of the proposed transmission mechanism.

The optical displacement measurement, FEM, and the Pseudo-Rigid-Body Model
(PRBM) show the same behavior and order of magnitude for the input-output kinematic
relationship, shown in Figure 2.10. As can be seen, the proposed compliant transmission
mechanism multiplies the input motion frequency with a factor of four, and with a max-
imum output displacement of 120 µm. The PRBM shows maximum 6.7% discrepancy
with the experimental results. This can be explained by the elastokinematic effects since
the presented theoretical plot is based on the PRBM.

The compliant stroke amplifier provides a compressive spring force on the second
compliant frequency doubler building block, corresponded to the angled beams with the
angle α1. The discrepancy between the PRBM and the experiment can be diminished to
1.6% by considering the elastokinematic effects on the displacement u(2)

o using Eq. 2.5.
The corresponding stiffness of the compliant stroke amplifier is Ksa = 8.8 N /mm, which
was calculated by using the FEM model. In general, the performance of the output dis-
placement will be closer to the PRBM model by an increase in the transmission stiffness
Ky of the compliant frequency doubler building block. The improvement can be made
by considering a lumped compliance design, i.e., a < 0.5, or a parallel arrangement of the
angled beams. However, these will increase the actuation force of the compliant device.
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Figure 2.11: Force displacement characteristics of the micro compliant Frequency-Quadrupler. The results are
from the Pseudo-Rigid-Body Model (PRBM), finite element model (FEM), and the experiment.

The force-deflection measurement is illustrated and compared to the FEM, and the
PRBM in Figure 2.11. The results show a nonlinear correlation between the actuation
force and the displacement, which can be explained by the nonlinear kinematics of the
proposed compliant frequency doubler building block. Clearly, by increasing the input
displacement the compliant device behaving as a linear spring, softening spring, and
hardening spring, sequentially. Besides, it is shown that the results from FEM and the
PRBM are in agreement. Although there is a small discrepancy between these results,
maximum 3.4%, which explains the accuracy of the PRBM.

As can be seen in Figure 2.11, the result from measurement shows a more linear stiff-
ness behavior as compared to both the FEM and the PRBM. Besides, a 9.4% discrepancy
is observed on maximum actuation force between the measurement and the PRBM.
These can be explained by uncertainties in the thickness measurement by SEM, ±1.5µm.
A decrease in thickness t of 0.5µm for flexible members with an initial average thickness
of 21.25µm results in 7.8% decrease in the actuation force. Moreover, the difference in
nonlinear stiffness behavior, between the PRBM and experiment, can be explained by
the stiffness of compliant stroke amplifier, in which a similar trend can be observed be-
tween PRBM and experiment by 25% decrease in the actuation stiffness of the compliant
stroke amplifier with an initial stiffness of Ksa = 8.8 N /mm.

Based on the force-deflection results, there is a trade-off between adding compliant
multipliers (frequency or stroke) and the additional motion stiffness that is associated
with those. However, the principle of static balancing can be applied to remove the in-
ternal stiffness of different blocks, since the elastic force is a conservative force stored
in the compliant elements. For instance, a balancing segment (preloaded beams) which
provides a negative stiffness can be added to cancel the positive stiffness of each com-
pliant building blocks [22, 23].
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2.5. A FREQUENCY DOUBLER BUILDING BLOCK BASED ON AN

EIGHT-BAR LINKAGE

In the previous section, compliant stroke amplifiers were concatenated with the pro-
posed frequency quadrupler building block to increase its geometrical advantage (G .A.).
However, even by using the stroke amplifiers with an amplification factor of 1 : 19, the
output travel range of frequency quadrupler transmission was too small, i.e., with an
average G .A. of 0.125. As it was discussed, there were mainly two reasons. First, the fre-
quency doubler building blocks used in the design were based on a four-bar linkage and
entailed a stroke amplifier with a high amplification factor, at least 1 : 152, to achieve an
overall G .A. ≥ 1. Second, the mechanical advantage (M .A.) of a compliant transmission
mechanism is not simply the reciprocal of G .A., due to the internal elastic deformation
of a monolithic system. In fact, for a compliant transmission mechanism with a positive
internal stiffness the M .A. decreases, and results in an overall reduction of G .A.. This will
limit the applicability and design efficiency of the proposed building block approach,
which is based on concatenating different building block of the frequency multiplier and
stroke amplifiers.

Therefore, the objective of this section is to combine both functionalities, frequency
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Figure 2.12: A frequency and speed doubler transmission mechanism. (a) A schematic representation of the
proposed eight-bar linkage. (b) The first configuration, where the mechanism results in an upward output
displacement for an input displacement towards the right. (c) The second configuration, the output moves
again upward for an input displacement subjected towards the left.
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doubling, and displacement amplification, in one transmission mechanism building
block. This will eliminate the need for an extra compliant building block for the stroke
amplification.

Based on Eq. 2.2, there are only two parameters to increase the output displace-
ment of a compliant frequency doubler building block generated based on the double
slider mechanism. These are the input displacement, ui n , and the effective length, L,
of the coupler link. The output displacement can be increased by decreasing the effec-
tive length of the coupler link or applying a larger input displacement. However, both
strategies increase the stress in an equivalent compliant design and are restricted by the
allowable stress in the constitute material.

An eight-bar linkage is proposed, shown in Figure 2.12 (a), which double both the
output displacement and the motion frequency. As can be seen in Figure 2.12 (b) and
(c), the output shuttle always experiences an upward motion while the input recipro-
cates around the singularity configuration. The coupler link in this mechanism is con-
nected to the input and the output shuttles with four binary links. The binary links pro-
vide two instantaneous centers of rotation, C1 between the coupler link and the input
shuttle, and C2 between the coupler link and the output shuttle. The distance between
these two instantaneous centers of rotation represents a virtual coupler link between the
input and the output shuttles. In fact, this is an eight-bar linkage equivalent with double
slider four-bar mechanism in which the effective length of the coupler link can be de-
creased virtually to achieve a larger output displacement. Moreover, the virtual coupler
link changes in length while the mechanism is moving, due to the relocation of the in-
stantaneous centers of rotation, and gives more parameters to optimize the mechanism
for a desired G .A..

2.5.1. COMPLIANT DESIGN

A compliant frequency doubler transmission building block is generated based on the
proposed eight-bar linkage using the rigid-body replacement synthesis method, as shown
in Figure 2.13. As can be seen, the binary links are replaced by the fixed-fixed distributed
flexures with the length of L2. Besides, the rigid-body prismatic joints at the input and
the output shuttles are replaced by two double parallelogram (DP) flexures with the
length of L4, and L5. In fact, these rectilinear flexure bearings provide a translational
degree of freedom (DoF) for the input shuttle along the horizontal line, and for the out-
put shuttle along the vertical line. The position of DP flexures respect to the fixed-fixed
distributed flexures are indicated with the parameters p1 and p2. Although, different rec-
tilinear flexure bearings can be found in the literature to replace the rigid-body prismatic
joints in the design [16, 18, 24–31], where designers might choose different embodiments
depends on the actuation, and transmission stiffness requirements. Here, the DP flex-
ures are selected since it provides relatively low actuation stiffness for the input and the
output shuttles while the bearing stiffness of these suspensions can be adjusted by the
parameters w1, w2, w3, and w4.



2

28 2. COMPLIANT FREQUENCY DOUBLER TRANSMISSIONS UTILIZING SINGULARITY

Coupler
link

Output 
shuttle

Input 
shuttle

L2

L3

L1

L4

L5

w1

w2

w3

w4

p1

p2

α

Figure 2.13: A compliant frequency doubler transmission building block based on the proposed rigid-body
eight-bar linkage.

2.5.2. PSEUDO-RIGID-BODY MODEL
A Pseudo-Rigid-Body Model (PRBM) is presented to study the kinematics and stiffness
characteristics of the proposed compliant design, as shown in Figure 2.14. As can be
seen, the DP flexures are replaced by the sliders and corresponding translational stiff-
ness, K1 and K2, which can be formulated as

K1 = 12E I

L4
3 , K2 = 12E I

L5
3 . (2.13)

where, E is the Young’s Modulus of the material, and I is the second moment of area.
The fixed-fixed distributed flexures can be modeled as binary links, with the length

of L′
2 = γL2, associated with the torsional spring Kt at the hinges. The torsional spring

constant for a fixed-fixed flexible segment can be given by [17]

Kt = 2γKΘ
E I

L2
. (2.14)

where, γ = 0.85 is the characteristic radius factor, and KΘ = 2.65 is the stiffness coeffi-
cient.
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Figure 2.14: Pseudo-Rigid-Body Model (PRBM) of the proposed compliant frequency doubler transmission.
All the torsional springs are equal and indicated with spring constant of Kt .

Moreover, the distances between end points of each two binary links, L′
1 and L′

3, in
the PRBM can be given by

L′
1 = L1 +

(
1−γ)

L2 cosα, L′
3 = L3 +

(
1−γ)

L2 sinα. (2.15)

KINEMATICS

Kinematic analysis is carried out using the PRBM to determine the motion character-
istic of the compliant frequency doubler transmission mechanism. The complex num-
ber method is used for the position and velocity analysis of the mechanism. The vector
loops, loop 1 and 2, are shown in Figure 2.15 and the associated complex vector loop
equations can be formulated as

~r1 +~r2 −~r5 −~r4 = 0 (2.16)

and
~ui n +~r4 +~r3 +~r2 −~yout = 0 (2.17)

or

R1 +R2e iθ2 −R5e i
(
θ3− π

2

)
−R4e iθ4 = 0 (2.18)

and
ui n +R4e iθ4 +R3e iθ3 +R2e iθ2 − yout e i

(
π
2

)
= 0 (2.19)
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Figure 2.15: Vector loops for the proposed eight-bar frequency doubler linkage.

Expressing Eq. 2.18 and 2.19 in terms of their real and imaginary parts results in
following scalar equations

R1 +R2 cosθ2 −R5 sinθ3 −R4 cosθ4 = 0 (2.20)

R2 sinθ2 +R5 cosθ3 −R4 sinθ4 = 0 (2.21)

ui n +R4 cosθ4 +R3 cosθ3 +R2 cosθ2 = 0 (2.22)

R4 sinθ4 +R3 sinθ3 +R2 sinθ2 − yout = 0 (2.23)

where,
R1 = L′

1, R2 = R4 = L′
2, R3 = L′

3 +2L′
2 sinα,

R5 = L′
1 +2L′

2 cosα, yout = L′
3 +uout .

(2.24)

This results in four equations and four unknowns. The angles θ2, θ3, θ4, and the posi-
tion of the output shuttle yout are the unknowns for displacement analysis. These equa-
tions can be solved using a nonlinear equation solving method, such as the Newton-
Raphson method. It is not trivial to express a closed-form equation for the proposed
eight-bar linkage. However, these nonlinear functions can be approximated with a Tay-
lor series expansion, where the unknown can be expressed semi-analytically.

The sinθ and cosθ terms can be approximated with a Taylor series expansion of an
arbitrary order as

sinθ = sinθ0 +∆θcosθ0 − ∆θ2

2
sinθ0 + ... ,

cosθ = cosθ0 −∆θ sinθ0 − ∆θ2

2
cosθ0 + ... .

(2.25)
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where, the number of coefficients can be determined based on the required accuracy of
the solution. Considering only the first two terms, neglecting the higher order, the Eq.
2.20-2.23 can be rewritten as

R2 sinθ20∆θ2 +R5 cosθ30∆θ3 −R4 sinθ40∆θ4

= R1 −R5 sinθ30 +R2 (cosθ20 −cosθ40)
(2.26)

R2 cosθ20∆θ2 −R5 sinθ30∆θ3 −R4 cosθ40∆θ4

=−R5 cosθ30 −R2 (sinθ20 − sinθ40)
(2.27)

R2 sinθ20∆θ2 +R3 sinθ30∆θ3 +R4 sinθ40∆θ4

= ui n +R3 cosθ30 +R2 (cosθ20 +cosθ40)
(2.28)

R2 cosθ20∆θ2 +R3 cosθ30∆θ3 +R4 cosθ40∆θ4 − yout

=−R3 sinθ30 −R2 (sinθ20 + sinθ40)
(2.29)

where, θ20, θ30, and θ40 are the initial angles of the mechanism and can be given by

θ20 = 2π−α, θ30 = π

2
, θ40 =π+α. (2.30)

This set of linear equations, where ∆θ2, ∆θ2, ∆θ2, and yout are the unknown, can be
written in form of matrix equation as

Ax = b (2.31)

where, A is the coefficient matrix, x is the vector of unknown, and b is the column vector
of constant terms, which can be expressed as

A =


R2 sinθ20 R5 cosθ30 −R4 sinθ40 0

R2 cosθ20 −R5 sinθ30 −R4 cosθ40 0

R2 sinθ20 R3 sinθ30 R4 sinθ40 0

R2 cosθ20 R3 cosθ30 R4 cosθ40 −1

 , x =


∆θ2

∆θ3

∆θ4

yout

 , (2.32)

and,

b =


R1 −R5 sinθ30 +R2 (cosθ20 −cosθ40)

−R5 cosθ30 −R2 (sinθ20 − sinθ40)

ui n +R3 cosθ30 +R2 (cosθ20 +cosθ40)

−R3 sinθ30 −R2 (sinθ20 + sinθ40)

 , (2.33)

This set of equations has a unique solution which can be given by

x = A−1b (2.34)

where, A−1 is the inverse of A.
The velocities and kinematic coefficients of the proposed eight-bar linkage can be

determined by differentiating the position equations, Eq. 2.18 and 2.19, with respect to
time. This results in the following velocity equations

iω2R2e iθ2 − iω3R5e i
(
θ3− π

2

)
− iω4R4e iθ4 = 0 (2.35)
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and
Vi n + iω4R4e iθ4 + iω3R3e iθ3 + iω2R2e iθ2 −Vout e i

(
π
2

)
= 0 (2.36)

Expressing Eq. 2.35 and 2.36 in terms of their real and imaginary parts results in

ω2R2 sinθ2 +ω3R5 cosθ3 −ω4R4 sinθ4 = 0 (2.37)

ω2R2 cosθ2 −ω3R5 sinθ3 −ω4R4 cosθ4 = 0 (2.38)

ω2R2 sinθ2 +ω3R3 sinθ3 +ω4R4 sinθ4 −Vi n = 0 (2.39)

ω2R2 cosθ2 +ω3R3 cosθ3 +ω4R4 cosθ4 −Vout = 0 (2.40)

By solving the equations for the unknown velocities, the velocity ratios (Kinematic
coefficients) can be given by

ω2

Vi n
= R5 cos(θ3 −θ4)

R2(R5 cosθ3 sin(θ2 +θ4)+R3 sinθ3 sin(θ4 −θ2)+2R5 sinθ2 sinθ3 sinθ4)
(2.41)

ω3

Vi n
= sin(θ4 −θ2)

R5 cosθ3 sin(θ2 +θ4)+R3 sinθ3 sin(θ4 −θ2)+2R5 sinθ2 sinθ3 sinθ4
(2.42)

ω4

Vi n
= R5 cos(θ2 −θ3)

R2(R5 cosθ3 sin(θ2 +θ4)+R3 sinθ3 sin(θ4 −θ2)+2R5 sinθ2 sinθ3 sinθ4)
(2.43)

Vout

Vi n
= R3 sin(θ4 −θ2)+R5 tanθ3 sin(θ4 +θ2)+2R5 cosθ2 cosθ4

R5 sin(θ4 +θ2)+R3 tanθ3 sin(θ4 −θ2)+2R5 sinθ2 tanθ3 sinθ4
(2.44)

STIFFNESS CHARACTERISTICS

Actuation stiffness: The force-displacement characteristic for the proposed compliant
frequency doubler transmission building block can be derived from the PRBM and the
principle of virtual work. This results in

Fi n = F1+2T1
δθ4

δui n
+2T2

δθ4 −δθ3

δui n
+2T3

δθ2 −δθ3

δui n
+2T4

δθ2

δui n
+(F2 +Fout )

δuout

δui n
(2.45)

where, δθ2, δθ3, δθ4, and δuout are the virtual displacements. The ratio of these virtual
displacements to the input virtual displacement, δui n , can be given by the correspond-
ing kinematic coefficients, Eq. 2.41 - 2.44.

The virtual work due to the torsional springs at hinges can be defined from the mo-
ment at the hinges, T1, T2, T3, T4, and the appropriate virtual displacement.

T1 = Kt (θ4 −θ40),

T2 = Kt ((θ4 −θ40)− (θ3 −θ30)),

T3 = Kt ((θ2 −θ20)− (θ3 −θ30)),

T4 = Kt (θ2 −θ20).

(2.46)
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where, Kt is the PRBM torsional spring constant, and θi 0 define the initial position of the
mechanism at which all the spring are undeflected. Besides, the virtual work from the
translational springs at the sliders, K1 and K2, can be given by

F1 = K1ui n , F2 = K2uout . (2.47)

Transmission stiffness: The proposed compliant frequency doubler mechanism is in-
tended to double the motion frequency of actuation against an output load. Since the
output load alters the desired kinematics of a compliant transmission mechanism, it is
essential to discuss the limitations for different loading scenarios.

In the case of a pushing output force, the fixed-fixed distributed flexures will be un-
der tensile loads. This is generally an ideal situation for a compliant transmission mech-
anism to maintain its kinematics in presence of an output load. However, the tensile
forces at the fixed-fixed distributed flexures transfer a reaction force and moment along
the degrees of constraint (DOC) of the rectilinear flexure bearings at the input and the
output shuttles. Since there is an offset between the rectilinear flexure bearings and the
endpoints of the fixed-fixed distributed flexures, the reaction moment is more dominant.
This can impose parasitic rotations at the input and the output shuttles. The double par-
allelogram flexure (DP) at the output shuttle and its free body diagram is shown in Figure
2.16.

The reaction moments, caused by the output load Fout , on the DP flexures can be
expressed as

M1 = D1Fout , M2 = D2Fout . (2.48)

where, M1 is the reaction moment at the input shuttle, M2 is the reaction moment at
the output shuttle, and the coefficients D1 and D2 can be determined by a static force

L5

w3

w4

p2

M2

Fout

θS2

Figure 2.16: Double parallelogram flexure (DP) at the output shuttle and free body diagram.
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analysis, and can be given by

D1 =
4p1R5 cosθ2 cosθ3 cosθ4 +

(
R1R5 cosθ3 −2p1R3 cosθ3 +2p1R5 sinθ3

)
sin(θ2 +θ4)

2R5 cosθ3 sin(θ4 −θ2)+2R3 sinθ3 sin(θ4 +θ2)

+R1R3 (sinθ3 sin(θ4 −θ2)−2cosθ3 sinθ2 sinθ4)+2R1R5 sinθ2 sinθ3 sinθ4

2R5 cosθ3 sin(θ4 −θ2)+2R3 sinθ3 sin(θ4 +θ2)
,

(2.49)
and,

D2 =
R1R5 cosθ3 sin(θ4 −θ2)+ (

2P2R3 cosθ3 +R1R3 sinθ3 −2p2R5 sinθ3
)

sin(θ4 +θ2)

2R5 cosθ3 sin(θ4 −θ2)+2R3 sinθ3 sin(θ4 +θ2)

+ −4P2R5 cosθ2 cosθ3 cosθ4

2R5 cosθ3 sin(θ4 −θ2)+2R3 sinθ3 sin(θ4 +θ2)
.

(2.50)
The moment-angular displacement relationship of the DP flexures at the input and

the output shuttles can be given by

M1 = KθS1
θS1 , M2 = KθS2

θS2 . (2.51)

where, θS1 and θS2 are the parasitic rotations at the input and the output shuttles, re-
spectively. KθS1

and KθS2
are the rotational stiffness of the DP flexures at the input and

the output shuttles, respectively, which can be given by [18]

KθS1
= Ebt 3κ1w2

1 w2
2

24L3
4

(
w2

1 +w2
2

)(
1+κ1λ

(
ui n

2L4

)2) , (2.52)

KθS2
= Ebt 3κ2w2

3 w2
4

24L3
5

(
w2

3 +w2
4

)(
1+κ2λ

(
uout

2L5

)2) , (2.53)

where, b and t are flexure width and thickness, respectively. And the non-dimensional
coefficients λ, κ1, and κ2 are

λ= 1

700
, κ1 =

12L2
4

t 2 , κ2 =
12L2

5

t 2 . (2.54)

By substituting Eq. 2.51 into Eq. 2.48, a direct relationship between the output force
(Fout ) and the parasitic rotations at the input (θS1 ) and the output shuttles (θS2 ) can be
determined. Therefore, this relationship allows designing appropriate DP flexures at the
input and the output shuttles for a given output force and maximum allowable parasitic
rotation of the output shuttle.

In the case of a pulling output force, the four fixed-fixed distributed flexures will be
under compressive loads, and the buckling load of the beams determines the maximum
force transmission capability of the compliant design. Therefore, the maximum output
pulling force can be estimated by the classical Euler–Bernoulli beam theory as

Max. output pulling force: Fout = 4π2E I

L2
2 sinα

. (2.55)
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a
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c

d

Figure 2.17: The prototype of compliant frequency and speed doubler transmission mechanism. (a) A 3D view
of the prototype fabricated out of acrylic for the rigid parts and flexures out of steel. (b) The top view of the
prototype at the rest position. (c) The prototype at the deflected positions, the input is deflected towards the
right, (d) the input is deflected towards the left.

Although, the maximum pulling force can be increased by considering a lumped
compliance design for the four fixed-fixed flexures instead of a distributed compliance.

2.5.3. EXPERIMENTAL EVALUATION AND DISCUSSION
In this section, the proposed compliant frequency doubler transmission building block
is dimensioned and fabricated for experimental evaluation. Moreover, the results from
experiments, finite element model (FEM), and the theoretical model are illustrated and
discussed for the actuation stiffness and the input-output kinematics.

DESIGN AND FABRICATION

A macro scale compliant frequency doubler transmission is designed based on the pro-
posed eight-bar linkage. The prototype design parameters are summarized in Table 2.2.
The device is designed for a maximum input displacement of 1mm, which results in an
output displacement of 2mm with a doubled frequency. The austenitic stainless steel
with the width of b = 8mm and the thickness of t = 0.05mm is used for all flexures in the
design.
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Table 2.2: Design parameters for the compliant macro frequency doubler transmission mechanism. All the
length are given in [mm].

Parameters L1 L2 L3 L4 L5 w1 w2 w3 w4 p1 p2 α

Values 19 40 8.9 12 14.5 7 20 11.5 25.5 13.5 31.5 22◦

A macro device was fabricated with the rigid parts out of Acrylic and the flexures out
of stainless steel AISI316L, shown in Figure 2.17 (a) and (b). The input shuttle is deflected
towards left and right with a displacement of 1mm, Figure 2.17(d) and (c), to illustrate the
motion and the deflection of the proposed compliant transmission mechanism. As can
be seen, both movements yield in an upward displacement for the output shuttle and
result in doubling the frequency of the input motion. As can be seen in Figure 2.17 (c)
and (d), at least two fixed-fixed distributed flexures are always loaded in tension. Besides,
two others are loaded in such that it results in an inflection point. This occurs since
the fixed-fixed flexures are loaded with an applied end force and end moment acting in
opposite directions.

CHARACTERIZATION AND PERFORMANCE

A customized test setup was built to measure the actuation stiffness and the input-output
kinematics of the prototype, shown in Figure 2.18 (a). The force-deflection of the device
is measured using a 10lbs force sensor (FUTEK LSB200), where the nonlinearity, hystere-
sis, and non-repeatability of the force sensor imposes a maximum force measurement
uncertainty of ±0.05N . The force sensor was mounted on a precision linear stage to
provide a rectilinear input motion. A displacement of 1mm is applied to the input shut-
tle of the macro device, and the displacement of the output shuttle was simultaneously
captured by the camera. The displacement was then analyzed using image processing,
where it was detected with 100µm accuracy.

Moreover, a parametric finite element model (FEM) was created in ANSYS to ana-
lyze the proposed compliant frequency doubler transmission mechanism. The beam
element based on Timoshenko beam theory (BEAM188) was used for the flexures, and
rigid constraint elements (MPC184) for the rigid-bodies. The FEM model was evaluated
while the maximum Von Mises stress was limited by 210MPa. The other material speci-
fications are E = 183 GPa, and ρ = 7.9 g r /cm3 which were considered during modeling.

The force-displacement measurement is illustrated and compared to the FEM, and
the PRBM in Figure 2.18 (b). The results show a nonlinear correlation between the actu-
ation force and the input displacement, which can be explained by the nonlinear kine-
matics of the proposed eight-bar linkage. Clearly, by increasing the deflection the com-
pliant transmission behaving as a linear, and softening spring, sequentially. Besides, it
is shown that the results from the FEM and the experiment are in agreement. Although,
there is a small discrepancy between these results, maximum 8.9%, which can be ex-
plained by the uncertainty in the force measurement. As can be seen, the PRBM force
deflection result differs from the FEM and the experiment. The differences are primarily
due to the initial angle α of the fixed-fixed flexures, which decreases the accuracy of the
PRBM.
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Figure 2.18: Characterization and performance of the compliant frequency and speed doubler transmission
mechanism. (a) The experimental set-up to evaluate the actuation force and the input-output kinematics
of the macro device. (b) Force-Displacement characteristics of the device. (c) The results for input-output
displacement relationships, (d) The input-output velocity ratio versus the output displacement. The results
are from Pseudo-Rigid-Body Model (PRBM), finite element model (FEM), and the experiment.

The optical displacement measurement, FEM, and the Pseudo-Rigid-Body Model
(PRBM) show the same behavior and order of magnitude for the input-output kinematic
relationship, shown in Figure 2.18 (c). As can be seen, the proposed compliant trans-
mission mechanism doubles the input motion frequency, with an output displacement
of 2mm. The PRBM shows a maximum discrepancy of 14% and 10.5% with the FEM
and experiment, respectively. The differences can be explained by the accuracy of the
displacement measurement, with percentage uncertainty of 5%, and the accuracy of the
PRBM and the values chosen for the characteristic radius factor and the stiffness coeffi-
cient.

Furthermore, the velocity ratio between the input and the output shuttles versus the
output displacement, calculated from PRBM, is shown in Figure 2.18 (d). This illustrates
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how the output velocity, and as a result the output force, varies at different position of the
output shuttle due to the kinematic nonlinearity of the proposed eight-bar mechanism.

2.6. CONCLUSIONS
This chapter presented a new principle of movement to design compliant frequency
doubler transmission mechanisms. The method exploits the first kind of singularity in
planar mechanisms to double an input motion frequency. In the course of the chapter,
two different frequency doubler building blocks were developed.

The first building block presented in this chapter was based on a four-bar planar
mechanism. A monolithic frequency doubler transmission mechanism was designed
and developed based on the compliant version of the double-slider four-bar mechanism,
taking advantage of its singularity properties. Additionally, the input-output kinematics
and force-deflection characteristic of the proposed compliant transmission mechanism
were addressed by using the Pseudo-Rigid-Body model (PRBM). A compliant Frequency-
Quadrupler transmission mechanism was designed and dimensioned as a case study.
Furthermore, a micro-scale prototype was fabricated out of silicon using Deep Reac-
tive Ion Etching (DRIE) for experimental evaluation. An optical displacement measure-
ment in addition with a force-displacement measurement were performed to analyze
the input-output kinematics and the actuation stiffness of the device, of which the re-
sults verify the PRBM and finite element models. By concatenating multiple of these
mechanisms in a building block approach it was shown that higher frequency multi-
plication ratios can be achieved. However, this ratio was limited by the desired input-
output velocity ratio, i.e. geometrical advantage (G .A). Since the frequency doubler
building block based on a four-bar linkage is inherently limited to a G .A. < 1, it was not
possible to achieve higher frequency multiplication ratios with a G .A. > 1.

Therefore, in the last section of this chapter, a novel eight-bar linkage was devel-
oped to double both the motion frequency and the G .A. An equivalent compliant fre-
quency doubler was designed based on the proposed linkage using rigid-body replace-
ment method. Different design parameters were addressed analytically, using PRBM,
for the input-output kinematics and different stiffness characteristics. Furthermore, a
macro-scale device was dimensioned and fabricated to experimentally evaluate the pro-
posed compliant transmission mechanism.

The compliant transmission mechanisms developed in this chapter have nonlinear
actuation stiffness and finite transmission stiffness. This can introduce dynamic prob-
lems and makes analysis more complicated. Therefore, a natural progression of this
work is to analyze the dynamics and buckling instabilities of the proposed compliant
transmission building blocks.
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3
COMPLIANT FREQUENCY DOUBLER

TRANSMISSION UTILIZING

BUCKLING

The previous chapter introduced frequency doubler transmission mechanisms with non-
linear kinematics. For some applications, the kinematic nonlinearities limit the max-
imum frequency multiplication ratio which can be achieved by concatenating the fre-
quency doubler transmission building blocks. This is imposed by the fact that the non-
linearity can be propagated for higher multiplication ratios and causes a non-uniform
force transmission. This chapter presents a new method for the design of frequency dou-
bler transmission mechanisms with a linear kinematics. The proposed method is based on
switching between two instant center of rotations by utilizing the buckling in the beam.
Section 3.2 presents the methodology used in this chapter. Furthermore, a micro compli-
ant design was dimensioned and fabricated in Section 3.3 as a case study to validate the
analytical model and the finite-element model (FEM) with the experimental evaluations.

Parts of this chapter have been submitted to Applied Physics Letters.
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3.1. INTRODUCTION
Gears are the workhorse transmission concept in mechanical engineering. They have a
long-standing history, from the Antikythera mechanism, one of the oldest geared instru-
ment (80 BC, Greece), which was used to predict astronomical positions [1, 2], to cur-
rent Micro-Electro-Mechanical-Systems (MEMS)-based gears which have been applied
in micro engines [3, 4].

The most common functions include torque transformation which is normally quan-
tified by mechanical advantage (M.A.), i.e. the ratio of output torque over input torque;
and angular velocity transformation which is normally quantified by geometrical ad-
vantage (G.A.), i.e. the ratio of output angular velocity over input velocity. Another key
function of gears is frequency multiplication, considering that revolutions per time unit
from an input shaft are often converted to reciprocating motion at the output. An every-
day example is present in a combustion engine, where timing of the valves is done by a
gear transmission of ratio 2, and the final conversion to reciprocating motion by a cam
mechanism. In this study, this timing function will be referred to as frequency multipli-
cation, characterized analogue to the previous functions by a metric that we shall term
frequency advantage (F.A.), i.e. the ratio of output frequency over input frequency.

Mechanical frequency and speed multiplier mechanisms are necessary for a variety
of applications, including tailoring micro actuators [5], vibration energy harvesting [6, 7],
quantum cascade lasers [8], mass sensing [9], bio-sensing [10], and motion sensors and
accelerometers [11, 12]. Furthermore, integration of frequency multiplier transmission
mechanisms on a local mechanical resonator can approach the limits on position and
displacement measurements, which are ultimately limited by quantum mechanics [13,
14].

Over the centuries, the working principle of gear systems has essentially remained
the same. They consist of discrete components which are engaged and connected by
rolling contacts and suspended by rotational hinges (revolute joints). This gives rise
to numerous drawbacks and source of uncertainties including backlash, friction, wear,
poor mechanical efficiency, and micro stiction [15, 16]. Apart from the need for assem-
bly and lubrication, it is difficult and it is not size and cost efficient to integrate the clas-
sical gear transmissions with the MEMS/NEMS-based actuating and sensing schemes.
Consequently, in vacuum (e.g. high-tech semiconductor industry, space), in biological
environments (e.g. surgical instruments), or any situation where maintenance is to be
avoided, gear systems are unsuitable.

In such cases, compliant mechanisms can be used advantageously. These mecha-
nisms move due to deformation of slender parts, thus avoiding the relative motion of
rigid parts in conventional (linkage or gear) mechanisms [17–25]. As a result, friction
and backlash are absent, and there is no need for lubrication or assembly. However, one
key challenge is that their range of motion is severely limited: compliant joints cannot
do full-cycle rotation as revolute joints (e.g. ball bearings) can. As a result, to date, no
solutions for precise frequency multiplication by compliant mechanisms have been re-
ported.

In this chapter, we show how in spite of the fundamental limitation of motion range
of compliant mechanisms, a monolithic frequency multiplier is conceived, designed and
tested. We demonstrate a new movement with linear kinematics which utilizes elastic
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Figure 3.1: Movement principles. (a) A pair of classical gears, where the input-output velocity and frequency
ratios are dependent and representing the same values, although with different units. (b) The proposed move-
ment for the frequency and speed multiplication with rectilinear input-output motion, where the input-output
velocity and frequency ratios are independent.

deformation and buckling of beams to double motion frequency. This new type of trans-
mission mechanisms makes it possible to adapt the frequency and speed characteristics
of MEMS/NEMS-based local oscillators, sensors, and actuators with an integrated micro
mechanism.

The organization of this chapter is as follows: the design methodology the theoretical
model are introduced and discussed in Section 3.2. A design example was dimensioned
and fabricated as a case study and presented in Section 3.3. Besides, experiments and
finite element model (FEM) are conducted to cross validate the characteristics of the
proposed compliant transmission mechanism. Furthermore, the conclusions based on
the results are given in Section 3.4.

3.2. METHODOLOGY

3.2.1. MOVEMENT PRINCIPLE AND DEVICE DESIGN
We propose a new movement for frequency multiplication, illustrated in Figure. 3.1 (b),
as an alternative to classical gears, as shown in Figure. 3.1 (a). As can be seen in Figure.
3.1 (b), a finite travel range movement with linear kinematics is envisioned to double
the frequency of a reciprocating input motion. Two contact-aided (C-A) joints on oppo-
site side of the input displacement vector ui n represent two instant centers of rotation,
IC1 and IC2, between the lever arm and ground. Therefore, according to the input and
output displacement vectors, ui n and uout , a back-and-forth input motion transmits a
forward output motion and results in doubling motion frequency.

A compliant and monolithic design for frequency doubling is generated based on the
proposed movement, as shown in Figure. 3.2(a). Different compliant joints in the design
allow for the desired relative motions between rigid parts by elastic deformation of flexi-
ble segments. The arrangement of the beams imposes constraints and leaves the desired
degrees of freedom (DoF) to follow the prescribed kinematics. The contact-aided joints
are replaced with two buckle-sensitive beams with a length of Lb1 and Lb2 . They provide
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Figure 3.2: Design of the monolithic frequency doubler transmission. (a) Schematic representation and geo-
metric parameters of the design. (b) The buckle-sensitive beams which are employed in the design as the com-
pliant reconfigurable joints. (c) The geometric parameter of the double blade rotary pivot used in the design
as a compliant rotational joint. (d) Forward movement with a displacement of u′

i n . (e) Backward movement

with a displacement of u′′
i n .

two DoF (rotation and translation) when a tensile force is applied, and undergo buckling
and relieve all planar kinematic constraints when a compressive force is applied, shown
in Figure. 3.2(b). Thus, the buckle-sensitive beams constitute compliant reconfigurable
joints. The rectilinear motion of the input and the output shuttles is supported via the
parallelogram flexures with a length of L1, L2, and L3, respectively. Two double blade
rotary pivots, shown in Figure. 3.2(c), are used to provide a relative rotation between the
lever arm and both shuttles.

Two cycles of the movement of the proposed compliant design are shown in Figure.
3.2 (d) and (e). As can be seen, for a forward movement of the input shuttle, the buckle-
sensitive beam in the right side of the input buckles and the lever arm rotates around
the virtual instant center of rotation, IC1, which is along the left buckle-sensitive beam.
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This results in an upward movement of the output shuttle with a displacement of u′
out .

Likewise, the lever arm rotates around the virtual instant center of rotation, IC2, while
a downward motion is subjected to the input. As a consequence, the buckle-sensitive
beam on the left side of the input shuttle undergoes buckling and results in yet another
upward movement of the output, u′′

out . Since the back-and-forth movement of the input
always causes upward displacements for the output, the mechanism doubles the input
motion frequency.

As shown in Figure. 3.2 (a), the position of the buckle-sensitive beams respect to the
input and output shuttles can be chosen in such a way that the instantaneous geometri-
cal advantage, m, for both cycles are equal and can be represented as

u′
out

u′
i n

= u′′
out

u′′
i n

= m. (3.1)

3.2.2. PSEUDO-RIGID-BODY MODEL
The Pseudo-Rigid-Body Model (PRBM) for both cycles are generated, illustrated in Fig-
ure. 3.3 (a) and (b), to determine the stiffness characteristics of the proposed compliant
micro frequency and speed multiplier transmission mechanism. The parallelogram flex-
ures indicated with length L1, L2, and L3, in the compliant design are replaced by sliders
and associated translational stiffness coefficients K1, K2, and K3, respectively, which can
be formulated as

K j = 24E I

L j
3 , j = {1,2,3} . (3.2)

where, E is the Young’s Modulus of the material, and I is the second moment of area. The
second moment of area for a beam with rectangular cross section (Ir ) and a trapezoidal
cross section (It ) can be written by

Ir = 1

12
w t 3, It = 1

48
w (t1 + t2)

(
t 2

1 + t 2
2

)
. (3.3)

where, w is the out of plane thickness, t is the in-plane thickness of the beam with a
rectangular cross-section, and t1 and t2 are the top and bottom layer thickness of the
beam with a trapezoidal cross-section, respectively.

The double blade rotary pivot is modeled as a pin joint with a torsional spring K4

located at its virtual center of rotation, where the stiffness constant is given by [26]

K4 = 8E I (H 2 +Hh +h2)cosϕ

(H −h)3 . (3.4)

The buckle-sensitive beams can be considered as a fixed-fixed flexible segment when
they are under tensile forces. This can kinematically be represented as a binary pseudo-
rigid link with the length ofγLb1 andγLb2 associated with the torsional springs K6 and K5

at hinges, respectively. The torsional spring constant K5 and K6 for a fixed-fixed segment
is given by [17]

K5 = 2γKΘ
E I

Lb2

, K6 = 2γKΘ
E I

Lb1

, (3.5)

whereγ= 0.85 is the characteristic radius factor, and KΘ = 2.65 is the stiffness coefficient.



3

48 3. COMPLIANT FREQUENCY DOUBLER TRANSMISSION UTILIZING BUCKLING

K3

K2

K4 u’out

x
u’in

y

K1

K6

K6

D’

Lb1
γ

θ’2

β’

α’

θ’1
θ’3

K4

x’out

IC1

F’in

Fb2

IC2

θ”1

θ”
θ”

2

β”

α”
x

y

K

L

a

ma

b2
γ

D”

u”in

K1

5
K2

K3
K4

K4

K5

u”out

x”out

3

IC2

F”in

Fb1

IC1

a

b

+ 1
− 1
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Since the buckled beam can not pose any kinematic constraint, they are replaced by
their equivalent buckling forces, Fb2 and Fb1 , in the corresponding PRBM. The buckling
force can be estimated by the classical Euler–Bernoulli beam theory and for the fixed-
fixed beams can be expressed as

Fb1 =
4π2E I

Lb1
2 , Fb2 =

4π2E I

Lb2
2 . (3.6)
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Figure 3.4: Center of rotation drift associated by rotation for a double blade rotary pivot.

KINEMATICS

The kinematics of the compliant design are studied by using the PRBM. As can be seen
in Figure. 3.4, due to the distributed compliance of the double blade rotary pivot, the
virtual center of rotation deviates from its initial position, point O moves to point O′,
with the association of the rotation. This drift in the axis of rotation, denoted as the
offset δ, alters the original rigid-body kinematics by changing the effective length of the
lever arms. This drift, also called axis drift, depends on the amount of rotation θ and the
geometry of the joint, which for the double blade rotary pivot can be given by [26]

δx = HB3 sinθ,

δy = HB3 (n −cosθ) ,
(3.7)

where,

B3 = 1− tanϕ

√
B2

B1
−1,

B2 = (1−n)2

sin2ϕ
,

B1 = 1+n2 −2n cosθ,

n = H +8h

9H
.

(3.8)

In the proposed transmission mechanism, only the x component of the axis drift, δx ,
leads to a deviation from original linear input-output kinematics, shown in Figure. 3.5.
As can be seen, δ′x and δ′′x moves towards right since the rotations at the double blade
rotary pivot, θ′2 and θ′′2 , are counterclockwise in both cycles. Therefore, the instanta-
neous geometrical advantage of the proposed rigid-body mechanism, Eq. 3.1, should be
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Figure 3.5: The influence of the axis drift of the double blade rotary pivot on the effective length of the lever
arms. (a) For a forward movement with a displacement of u′

i n , and (b) for a downward movement with a

displacement of u′′
i n .

rewritten for the compliant design, and can be formulated as

u′
out

u′
i n

=


(

m +1

m −1

)
a + (m +1) a +δ′x(

m +1

m −1

)
a +δ′x

 ,

u′′
out

u′′
i n

=
(

ma +δ′′x
a −δ′′x

)
.

(3.9)

where, δ′x and δ′′x are the x component of the axis drifts associated by the double blade
rotary pivot and can be driven by their corresponding rotation θ′2 and θ′′2 , respectively.

Consider two rigid-body mechanisms with the link length and angles as shown in the
PRBM, Figure. 3.3, the angles θ′2 and θ′′2 can be expressed as

θ′2 = θ′3 −α′−β′,

θ′′2 = θ′′3 −α′′−β′′,
(3.10)

where,

θ′3 = θ′1 +β′,

θ′′3 = θ′′1 +β′′,
(3.11)

and,

θ′1 = arctan

((
γLb1 +u′

i n

)
(m −1)

(m +1) a

)
,

θ′′1 = arctan

(
γLb2 +u′′

i n

a

)
.

(3.12)

The law of cosines can be applied to determine the internal angles α′, β′, α′′, and β′′,
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as

α′ = arccos


a2

(
m +1

m −1

)2

+ (
D ′2 −γ2Lb1

2
)

2D ′a
(

m +1

m −1

)
 ,

β′ = arccos


(
D ′2 +γ2Lb1

2
)−a2

(
m +1

m −1

)2

2γLb1 D ′

 ,

α′′ = arccos

(
a2 +D ′′2 −γ2Lb2

2

2aD ′′

)
,

β′′ = arccos

(
D ′′2 +γ2Lb2

2 −a2

2D ′′γLb2

)
,

(3.13)

where, the length of D ′ and D ′′ are

D ′ =
√(

m +1

m −1

)2

a2 + (
γLb1 +u′

i n

)2,

D ′′ =
√

a2 + (
γLb2 +u′′

i n

)2.

(3.14)

The lateral displacement of the output shuttle in both modes X ′
out and X ′′

out can be
given by

X ′
out = a(m +1)cosθ′2

X ′′
out = a(m +1)cosθ′′2 .

(3.15)

ACTUATION FORCE

The input actuation forces for both cycles, F ′
i n and F ′′

i n for upward and downward input
motion, respectively, can be given by applying the virtual work principle, which results
in

F ′
i n = K1u′

i n +h11Fb2 +K2h12u′
out +2K4h14

(
θ′2

)+K3h13
(
x ′

out −3a
)

+K6h15

(
θ′3 −

π

2

)
+K6 (h15 −h14)

(
θ′3 −θ′2 −

π

2

)
,

(3.16)

and,

F ′′
i n = K1u′′

i n +h21Fb1 +K2h22u′′
out +2K4h24

(
θ′′2

)+K3h23
(
x ′′

out −3a
)

+K5h25

(
θ′′3 −

π

2

)
+K5 (h25 −h24)

(
θ′′3 −θ′′2 −

π

2

)
.

(3.17)
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where, hi j are kinematic coefficients, and can be determined through analytical velocity
analysis of the PRBM

h11 =
δu′

IC2

δu′
i n

= 2m

m +1
,

h12 =
δu′

out

δu′
i n

= m,

h13 =
δx ′

out

δu′
i n

= (m −1)sinθ′2 cosθ′3
sin(θ′3 −θ′2)

,

h14 =
δθ′2
δu′

i n

=− (m −1)cosθ′3
a(m +1)sin(θ′3 −θ′2)

,

h15 =
δθ′3
δu′

i n

= 1

γLb1 (sinθ′3 −cosθ′3 tanθ′2)
.

(3.18)

And,

h21 =
δu′′

IC1

δu′′
i n

=− 2m

m −1
,

h22 =
δu′′

out

δu′′
i n

=−m,

h23 =
δx ′′

out

δu′′
i n

=− (m +1)sinθ′′2 cosθ′′3
sin(θ′′3 −θ′′2 )

,

h24 =
δθ′′2
δu′′

i n

= cosθ′′3
a sin(θ′′3 −θ′′2 )

,

h25 =
δθ′′3
δu′′

i n

=− 1

γLb2 (sinθ′′3 −cosθ′′3 tanθ′′2 )
.

(3.19)

Therefore, for given kinematics and considering a constant beam thickness over the
compliant design, a symmetric actuation force-deflection profile can be established by
satisfying

Lb1 =
p

m +1Lb2 . (3.20)

3.3. DEVICE FABRICATION AND CHARACTERIZATION
A MEMS device was fabricated in silicon using Deep Reactive Ion Etching (DRIE), shown
in Figure. 3.6 (a), where the design was etched on a silicon wafer with a thickness of w =
525µm. The device was made for experimental evaluation of the design, and to verify
the PRBM and the finite element model (FEM) for the actuation stiffness and the input-
output kinematics. The design parameters were optimized by using the proposed PRBM
for linear input-output kinematics and a symmetric actuation force, where the set of
design parameters is summarized in Table 3.1. A thickness of t = 30µm is considered for
all the flexures in the design. Besides, a small initial curvature, with radius of 1000 mm,
was implemented for both buckle-sensitive beams to ensure the buckling direction of
the beams, and avoid the solution convergence into higher order buckling modes in the
FEM.
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Figure 3.6: MEMS device fabrication, characterization, and experimental set-up. (a) Fabricated MEMS device
on silicon using deep reactive ion etching (DRIE). (b) The scanning electron microscopy (SEM) image and
zoomed-in view of output shuttle. (c) The SEM of the top thickness of the flexures t1 = 18.75 µm. (d) The SEM
of the bottom thickness of the flexures t2 = 24.25 µm. (e) The SEM of markers used to calibrate the optical
displacement measurement, with a minimum feature size of 1.5 µm. (f ) Experimental set-up to evaluate the
actuation force, and the input-output kinematics of the MEMS transmission. (g) A detailed view of actuated
MEMS transmission, corresponding to the backward movement.

The designed and dimensioned compliant embodiment is composed of flexures with
a rectangular cross-section. However, the released fabricated device got a trapezoidal
cross section due to the non-constant etching rate of DRIE precess [27, 28]. Therefore, a
scanning electron microscope (SEM) measurement was conducted to find the thickness
of the flexures at the top and bottom layers, as shown in Figure. 3.6 (c) and (d). The re-
sults are then applied to the FEM and the PRBM by creating a customized cross-section
based on the SEM results. An experimental set-up was constructed for testing the actua-
tion stiffness and the input-output kinematics of the silicon device, shown in Figure. 3.6
(f) and (g). The force deflection of the devices is measured using a 20g r am force sensor
(FUTEK LSB200) with a resolution of 50µN . The force transducer was mounted on a pre-
cision linear stage (PI Q-545), with a resolution of 1 nm and minimum incremental mo-
tion of 6 nm, to provide a rectilinear input motion. A displacement of u′

i n = u′′
i n = 100µm

was applied to the input shuttle of the micro device, while the movement of the output
shuttle was simultaneously captured by an optical microscope (Keyence VHX-1000E).
The output displacement was then analyzed using image processing, where the mea-
surement was calibrated by the markers with a minimum feature size of 1.5 µm on the
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Parameters m a Lb1 Lb2 L1 L2 L3 H h ϕ

Values 2 4.3 mm 22.52 mm 13 mm 2.5 mm 3.5 mm 0.6 mm 1.8 mm 0.05 mm 37.5◦

Table 3.1: Design parameters for the monolithic frequency doubler transmission mechanism.

output shuttles. The markers were implemented on the device during DRIE process and
later measured by the SEM, shown in Figure. 3.6 (e). This results in a displacement mea-
surement with an accuracy of 100 nm.

A FEM model was made in ANSYS to analyze the compliant frequency doubler trans-
mission. The beam element based on the Timoshenko beam theory (BEAM188) was used
for the flexures, and rigid constraint elements (MPC184) for the rigid-bodies. Moreover,
an orthotropic material properties for a standard (100) silicon wafer [29] were considered
to investigate the device further: Ex = Ey = 169 GPa, Ez = 130 GPa, νy z = 0.36, νzx =
0.28, νx y = 0.064, Gy z =Gzx = 79.6 GPa, Gx y = 50.9 GPa,ρ = 2330 kg /m3. The FEM was
evaluated while the maximum Von Mises stress was limited by the tensile yield strength
of the silicon, 200 MPa. This value is selected far below the maximum yield strength
of the silicon, which is about 6 GPa based on the prior art. This was an industrial con-
straint which was considered to prevent any risk of crack growth in silicon crystal of the
proposed compliant transmission mechanism.

The optical displacement measurement, the FEM, and the PRBM show the same be-
haviour and order of magnitude for the input-output kinematics, as shown in Figure.
3.7(a). The proposed compliant mechanism doubles the input motion frequency as well
as velocity for an input displacement of ±100 µm. The design parameters are optimized
using the PRBM to keep linear input-output kinematics with a velocity ratio of m = 2.
However, a maximum discrepancy of 0.15% and 0.2% with the PRBM was predicted and
observed, for the input-output velocity ratio, by the FEM and the experiment, respec-
tively, which can be explained by the accuracy of the PRBM.

The results for the force-displacement characteristic obtained by the experiment, the
FEM, and the PRBM are depicted in Figure. 3.7(b). A similar trend in actuation stiffness
for both forward and backward input motion is observed. As can be seen, the first part
of the stiffness behaviour is associated with Euler-Buckling load caused by the buckle-
sensitive beams, with a magnitude of 22.35 mN from PRBM. And the second part follows
with a linear stiffness behaviour, corresponds to the spring forces from other flexural
joints in the mechanism, in addition to a stable post-buckling force from the buckle-
sensitive beams. Moreover, the results from FEM and experiment show 21.2% and 30.4%
decrease in the buckling force predicted by the PRBM, respectively. This can be ex-
plained by the accuracy of the classical Euler-Beam theory, and the effect of the initial
curvature of the beams, as a geometrical imperfection, which was not considered in the
PRBM. Moreover, the discrepancy between the experimental results and the FEM can
be explained by other imperfection factors and uncertainty in thickness measurement,
which is about ±0.8 µm. A decrease in thickness t of 0.2 µm for buckle-sensitive beams
with an initial average thickness of 21.5 µm results in approximately 2.77% decrease in
buckling force.

The fundamental working principle of the proposed monolithic frequency doubler
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Figure 3.7: MEMS device performance; Measured and calculated results. (a) The input-output displacement
relationship shows a linear kinematic. A sinusoidal input displacement with an amplitude of 100 µm resulted
in an output displacement of 200 µm with twice of input frequency. (b) Actuation stiffness characteristic of
the MEMS device, where shows a symmetrical performance for both cycles. The maximum actuation force of
44.8 mN is measured at the input shuttles for both forward and backward movement.

transmission, the theoretical as well as finite element model, were validated on a MEMS
device. According to the kinematics, the input-output velocity ratio m is linear, a max-
imum discrepancy of 0.2%, and can be selected independently from frequency ratio
in the design. Therefore, this level of kinematic linearity enables to design monolithic
frequency multiplier transmission mechanism with the ratio of 2r , by concatenating r
number of proposed frequency doubler device, where r = 1,2, ..., N .

Another important aspect of the proposed transmission mechanism is the actuation
stiffness of the compliant design. As can be seen in Figure. 3.7(b), the proposed move-
ment is associated with an actuation motion stiffness. However, this is strain energy
stored in a monolithic structure, which is a conservative energy and can be transferred
to another source of potential energy, and vice versa. Therefore, static balancing princi-
ple and geometric anti-spring technique can be used to reduce the actuation stiffness of
the MEMS device. For instance, a preloaded beam, which can provide a negative stiff-
ness, can be added along the input shuttle to cancel out the actuation force associated
with the internal stiffness of the MEMS device.

The proposed compliant transmission mechanism provides puling force at the out-
put within the acceptable stress limit of the constituted material, however, the push-
ing force by the output shuttle is below the critical buckling load of the buckle-sensitive
beams. Therefore, the future developments would entail extending the presented ap-
proach for the transmission of pushing forces, for instance, using a mirrored combi-
nation of the proposed compliant design. Moreover, there are some limitations on the
maximum multiplication ratio which can be achieved by using the proposed monolithic
transmission mechanism that are dictated by the dynamics and operational frequency.
A natural progression of this work is to analyze and design for dynamics.



3

56 3. COMPLIANT FREQUENCY DOUBLER TRANSMISSION UTILIZING BUCKLING

3.4. CONCLUSION
This chapter contends to be the first to report a monolithic and contact-less frequency
and speed multiplier transmission mechanism, functionality equivalent with classical
gears. We employ elastic deformation and buckling of slender segments in an embod-
iment that exhibits a precise and linear transmission of frequency and deflection rate.
The input-output kinematics and force-deflection characteristics of the proposed com-
pliant transmission mechanism were described by theoretical modeling, a finite ele-
ment model, and validated experimentally in a silicon MEMS device. The presented
results lay the foundation for the development of new types of transmission mecha-
nisms, suitable for on-chip integration, to adapt the frequency and speed requirements
of MEMS/NEMS-based oscillators, sensors and actuators.
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4
A SYNTHESIS METHOD TO DESIGN

COMPLIANT FREQUENCY

MULTIPLIER TRANSMISSIONS

The two previous chapters presented different frequency doubler transmission mechanisms.
As it was briefly discussed in Chapter 2, higher multiplication ratios based on a power of
two can be achieved by a serial combination of the frequency doubler transmission build-
ing blocks. However, the design of compliant frequency multiplier transmissions with
multiplication ratio based on odd or other prime numbers is not trivial. This chapter
presents a synthesis method, based on serial singularity in mechanism, to design frequency
multiplier transmissions with any integer multiplication ratios. Section 4.1 briefly dis-
cusses the singularity analysis and introduces a graphical method based on the instant
centers of rotation to identify serial singularity in one degree of freedom (DoF) rigid-body
mechanisms. To generate more topologies for frequency multiplier transmission mecha-
nisms, six-bar planar linkages are classified based on serial singularity and presented in
Section 4.2. The results led to develop a synthesis method in Section 4.3 to design transmis-
sion mechanisms with any integer frequency ratios by combining the frequency doubler
building blocks. Furthermore, to evaluate the proposed synthesis method experimentally,
two compliant transmission mechanisms with the frequency ratios of "3" and "4" are de-
signed and dimensioned in Section 4.4 on macro-scale.
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4. A SYNTHESIS METHOD TO DESIGN COMPLIANT FREQUENCY MULTIPLIER

TRANSMISSIONS

4.1. SERIAL SINGULARITY ANALYSIS IN PLANAR MECHANISMS

4.1.1. ANALYTICAL METHOD
A primary analytical description of singularity in closed-loop kinematic chains was in-
troduced by Gosselin and Angeles [1]. They classified three different types of singularity
in the close-loop kinematic chains, where the serial singularity is the first type in this
classification. Moreover, a number of techniques have been developed to investigate
and identify the singularity conditions in mechanisms and parallel manipulators [2–6].

The relationship between input and output coordinates of an arbitrary closed-loop
kinematic chain can be written as [1]

F (θi n ,θout ) = 0 (4.1)

where θi n and θout represents the input and output coordinates, respectively. By dif-
ferentiating Eq. 4.1 with respect to time, the input-output velocity relationship can be
written as

Aθ̇i n +B θ̇out = 0 (4.2)

where

A = ∂F

∂θi n
, B = ∂F

∂θout
. (4.3)

and where A and B are both Jacobian matrices, which are scalers for a single-DoF trans-
mission mechanism. The first kind of singularity (called serial singularity) occurs in the
configuration where matrix A is singular, resulting in zero output velocity for a non-zero
velocity at the input.

Therefore, different poses of serial singularity in the mechanism can be identified
by considering the input-output velocity relationship and investigating the conditions
where the coefficient of the input velocity is zero.

4.1.2. GRAPHICAL METHOD
For a single-DoF mechanism, the input-output velocity relationship can be directly iden-
tified by instant center approach [6, 7]. This aids to graphically identifying the number
of poses, and the conditions for serial singularity in mechanisms.

Considering a single-DoF transmission mechanism and its instant centers of rota-
tion, the instantaneous input-output velocity relationship can be given by

(I2C − I12) θ̇i n + (I2C − I1C ) θ̇out = 0. (4.4)

where (I ) indicating the instantaneous center of rotation between different bodies: ground
link (1), the input link (2), and the output link (C ). The serial singularity occurs for the
configurations in which the coefficient of input velocity is equal to zero, i.e. (I2C − I12) =
0. This corresponds to the configurations in which the instant center of rotation I2C co-
incides with I12.

For a four-bar linkage shown in Figure 4.1, the instantaneous input-output velocity
relationship can be written as

(I24 − I12) θ̇2 + (I24 − I14) θ̇4 = 0 (4.5)
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Figure 4.1: A planar four-bar linkage and its instantaneous centers of rotation between different links. Link 2
and link 4 are considered as the input and the output members, respectively.

The serial singularity occurs in the configuration where the instant center of rotation
I24 coincides with I12, or in other words when link 2 and link 3 are aligned. A four-bar
linkage can potentially be considered as a frequency doubler building block, since there
is only one serial singularity configuration if a limited range of motion is concerned.

4.1.3. CLASSIFICATION OF SIX-BAR LINKAGES BASED ON SERIAL SINGULAR-
ITY

Methods to identify singularity in one degree of freedom (one-DoF) mechanisms can
be used to classify planar linkages based on the number of poses and the conditions
for serial singularity. This provides a deeper insight into other topologies for frequency
multiplication within planar linkages.

Here, six-bar linkages are classified based on their serial singularity properties. For
a six-bar linkage that is constructed from six links and seven joints, and with link 2 and
link 6 as the input and the output members, respectively, Eq. 4.4 can be rewritten as

(I26 − I12) θ̇2 + (I26 − I16) θ̇6 = 0. (4.6)

The serial singularity occurs in the configurations where the instant center of rotation
I26 coincides with I12. Since the serial singularity is dependent on the kinematic ar-
rangement of a linkage, various situations may produce it. There are five different types
of kinematic arrangements for six-bar linkages, known as Watt-I, Watt-II, Stephenson-
I, Stephenson-II, and Stephenson-III. Considering the proposed graphical method, the
six-bar kinematic chains can be discussed and classified into three main categories based
on the number of serial singularities and their corresponding geometrical conditions.
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Figure 4.2: First category of six-bar linkages and the conditions for serial singularity: (a) Watt-I and (b)
Stephenson-I.

First category: Watt-I and Stephenson-I six-bar linkages are in this category, as shown
in Figure 4.2. For a finite travel range, there is only one serial singularity configuration
in Watt-I and Stephenson-I. For both linkages, this occurs when the instant center of
rotation I26 coincides with I12, which corresponds to configurations in which link 2 is
aligned with link 3.

Second category: The Stephenson-II and Stephenson-III six-bar linkages are in this
category, where there is only one configuration for serial singularity. As can be seen in
Figure 4.3, the instant center of rotation I26 coincides with I12 when the instant center
of rotation I36 aligns with link 2. In other words, the serial singularity in Stephenson-II
and Stephenson-III linkages corresponds to configurations where all three lines along
links 2, 4, and 5 intersect each other at a single point. Since there is only one serial
singularity configuration, Stephenson-II and III can also be represented as frequency
doubler building blocks. One of the advantages of these two six-bar linkages over the
four-bar mechanism is that there are more parameters for kinematic optimization and a
higher G .A.
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4.1. SERIAL SINGULARITY ANALYSIS IN PLANAR MECHANISMS

4

65

Third category: Watt-II is the only example from six-bar linkages which gives two se-
rial singularity poses. As can be seen in Figure 4.4, there are two different conditions
to have the instant center of rotation I26 coincide with I21. The first serial singularity
condition corresponds to the configuration in which the instant center of rotation I24

coincides with I12 (i.e. links 2 and 3 are aligned), and the second serial singularity con-
dition corresponds to the configuration in which the instant center of rotation I46 coin-
cides with I14 (i.e. links 4c and 5 are aligned). These two conditions correspond to serial
singularity in each four-bar loop in the Watt-II six-bar linkage.
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Figure 4.4: The instant centers of rotation for Watt-II six-bar linkage and the conditions for the serial singularity
poses.

In fact, The Watt-II six-bar linkage is a frequency multiplier transmission mecha-
nism topology with two four-bar loops that each are equivalent with a frequency dou-
bler building block. Depending on the initial arrangement of two four-bar loops that are
concatenated, two different scenarios may occur for the maximum number of serial sin-
gularity poses in the Watt-II linkage and their corresponding frequency multiplication
ratios. The first scenario corresponds to an arrangement in which the serial singularity
in Loop 1 occurs before the serial singularity in Loop 2 for a defined travel range. In this
case, Watt-II experiences a maximum of two serial singularity configurations, which re-
sults in a transmission mechanism topology with a frequency multiplication ratio of "3".
The second scenario corresponds to an initial linkage arrangement in which the serial
singularity in Loop 2 occurs before the serial singularity in Loop 1. In this case, Loop 2
can passes its serial singularity configuration maximum two times, while Loop 1 experi-
ences its serial singularity configuration. This results in three serial singularity configu-
rations in Watt-II, which makes it a transmission mechanism topology with a frequency
multiplication ratio of "4".
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4.2. SYNTHESIS OF FREQUENCY MULTIPLIER TRANSMISSIONS
As discussed in Chapter 2, the frequency multiplication ratio of a compliant frequency
multiplier transmission mechanism can be identified based on the number of serial sin-
gularities, m, in the kinematic chain within the considered range of motion, and can be
given by

fout

fi n
= m +1 (4.7)

where fout and fi n are the motion frequencies of the input and the output members of
the mechanism, respectively.

As it was shown in the Watt-II six-bar linkage, topologies for frequency multiplier
transmissions with different number of serial singularity, m, can be generated by con-
catenating a number of frequency doubler building blocks. Here, a synthesis method is
developed based on the arrangement of the serial singularity in planar linkages to design
frequency multiplier transmission mechanisms with any integer multiplication ratios.

In general, there are two different initial configurations for a frequency doubler build-
ing block which can be concatenated to design frequency multiplier transmissions with
any integer multiplication ratios. These are at serial singularity configuration, and at
non-singular configuration. The frequency ratios can be achieved based on the number
of frequency doubler building blocks in the kinematic chain, and their initial arrange-
ment with respect to each other.

The double-slider four-bar mechanism is a basic example of a frequency doubler
building block, discussed in Chapter 2. Two different initial configurations of this build-
ing block, one at the serial singularity configuration and one at an initially angled config-
uration, are shown in Figure 4.5 (a). The building block shown at an initially angled po-
sition (Block-Cos) doubles the frequency of a cosine-wave input reciprocating motion,
and the one at initially configured at serial singularity configuration (Block-Sin) doubles
the motion frequency of a sine-wave input reciprocating movement. By concatenating
these two frequency doubler building blocks, kinematics to design frequency multiplier
transmission mechanism with different frequency ratios can be generated.

The frequency multiplier transmission mechanism with the frequency ratios of "3"
and "4" are shown in Figure 4.5 (b). As it was discussed for Watt-II six-bar linkage, to
design a kinematic for frequency ratio of "3" the serial singularity at the second building
block must occur after the serial singularity in the first building block. To achieve this, a
Block-Cos of double slider mechanism is concatenated with a Block-Sin of double slider
mechanism. As can be seen in Figure 4.5 (b), for the frequency multiplier transmission
mechanism with a frequency ratio of "4", two double-slider linkage both at the angled
arrangement (Block-Cos) are concatenated. In this combination, the serial singularity in
the second building block occurs earlier than the serial singularity in the first frequency
doubler building block, similar to the second scenario of Watt-II linkage, which results
in a frequency ratio of "4". The sequence of the input motion ui n and the corresponding
output displacement uout , indicated with blue arrows, are shown in Figure 4.5(b). Sim-
ilar to the frequency ratio of "4", a frequency multiplier transmission mechanism with
the ratio of 2n can be generated by concatenating n number of initially angled frequency
doubler building blocks, where n = 1,2, ..., N .
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Figure 4.5: Arrangement of a frequency doubler transmission building block to design frequency multiplier
transmission mechanism with different frequency ratios. (a) Double-slider four-bar mechanism as a frequency
doubler building block demonstrated at two different initial configurations. (b) Arrangement of the frequency
doubler building blocks for frequency ratio of 3 and 4. (c) Arrangement of the frequency doubler building
blocks for frequency ratios of 5 and 7. The sequence of the input and the output motions are indicated with
blue arrows and corresponding numbers. The green dashed lines illustrate the serial singularity configuration
of the double-slider mechanism.

Combinations for the frequency multiplier transmission mechanisms with the fre-
quency ratio of "5" and "7" are represented in Figure 4.5 (c). As can be seen, the fre-



4

68
4. A SYNTHESIS METHOD TO DESIGN COMPLIANT FREQUENCY MULTIPLIER

TRANSMISSIONS

quency ratio of "5" can be generated by adding a Block-Sin of double slider mechanism
to the last stage of the frequency multiplier transmission with the frequency ratio of
"4". In the same manner, the frequency ratio of "7" can be represented by a transmis-
sion mechanism with frequency ratio of "6" added with a Block-Sin of the double slider
mechanism. As can be seen in the topology of the transmission mechanisms with the
frequency ratio of "3", "5", and "7", a frequency ratio with a prime or an odd number
can be generated by adding a Block-Sin frequency doubler to a multiplier transmission
mechanism with a frequency ratio of previous even number of that prime or odd num-
ber.

Therefore, the Block-Cos and Block-Sin of the frequency doubler building blocks de-
veloped in the previous chapters can be concatenated in the proposed order to design
frequency multiplier transmission mechanisms with any integer multiplication ratios.

4.3. COMPLIANT DESIGNS AND FABRICATION
To demonstrate the validity of the proposed synthesis method, two compliant frequency
multiplier transmission mechanisms with the frequency ratios of "3" and "4" are devel-
oped in this section. To multiply both G .A. and F.A., the compliant frequency doubler
transmission based on the eight-bar linkage, developed in Chapter 2, is used as a fre-
quency doubler principle. The equivalent compliant building blocks are shown in Fig-
ure. 4.6 for two different initial configurations, named as Block-Cos and Block-Sin.

α
α

u
in= U cos(ft)-U

uin= U sin(ft)

uout

Block-Cos Block-Sin

uout

Output shuttle Output shuttle

Figure 4.6: The compliant frequency doubler building blocks based on the eight-bar linkage are demonstrated
at two different initial configurations. Block-Cos doubles the frequency of a cosine-wave input reciprocating
motion, and Block-Sin doubles the motion frequency of a sine-wave input reciprocating movement.



4.3. COMPLIANT DESIGNS AND FABRICATION

4

69

4.3.1. A COMPLIANT FREQUENCY MULTIPLIER WITH A RATIO OF "3"

A compliant frequency multiplier transmission mechanism with a frequency ratio of "3"
is designed and developed based on the proposed synthesis method, shown in Figure
4.7. As can be seen in Figure 4.7, the first building block is initially at the angled position
(Block-Cos) and the second building block is at the singularity configuration (Block-Sin),
similar to the topology shown in Figure 4.5(b) for the frequency ratio of "3".
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Figure 4.7: The design of compliant frequency multiplier transmission mechanism with ratio of "3".

A macro scale compliant frequency multiplier transmission mechanism with a fre-
quency ratio of "3" is dimensioned. The prototype design parameters are summarized
in Table 4.1. As can be seen in Figure 4.8 (a), a macro scale prototype is fabricated, where
the austenitic stainless steel with the width of b = 8mm is used for all flexures in the
design. The deflections of the compliant prototype at different input displacement are
shown in Figure 4.8 (b)-(d).
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Table 4.1: Design parameters for the compliant macro frequency multiplier transmission mechanism with
ratio of "3". All the length are given in [mm].

Parameters B1 L11 L21 L31 L41 L51 w1 w2 w31 w41 t1 α11 α21

Values B1 20 50 12 20 20 20 60 111 146 0.1 37.2◦ 12.8◦

Parameters B2 L12 L22 L32 L52 w32 w42 t2 α2

Values B2 34 50 17 21 30 66 0.05 25◦

a

c d

b

Figure 4.8: The prototype of compliant frequency multiplier transmission mechanism with a frequency ratio
of "3". (a) The top view of the prototype at the rest position. The prototype at the deflected positions: (b) For
an input displacement of ui n = 0.4 mm towards left, the output displaced about 1 mm towards right. (c) For
an input displacement of ui n = 0.75 mm towards left, the output shuttle moves to its initial position. (d) The
output shuttles moves again towards right while the input is displaced about ui n = 1.2 mm towards left.
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4.3.2. A COMPLIANT FREQUENCY MULTIPLIER WITH A RATIO OF "4"
A compliant frequency multiplier transmission mechanism with a frequency ratio of "4"
is developed based on the proposed synthesis method, shown in Figure 4.9. As can be
seen, the first building block is at the serial singularity configuration (Block-Sin) and the
second building block is at an initially angle configuration (Block-Cos).
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Figure 4.9: The design of compliant frequency multiplier transmission mechanism with ratio of 4.

Similarly, a macro scale compliant frequency multiplier transmission mechanism
with a frequency ratio of "4" is dimensioned, design parameters are summarized in Table
4.2. As can be seen in Figure 4.10, a macro scale prototype is fabricated and the deflec-
tions of the compliant prototype at different input displacement are shown in Figure 4.8
(a)-(d).
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Table 4.2: Design parameters for the compliant macro frequency multiplier transmission mechanism with
ratio of "4". All the length are given in [mm].

Parameters B1 L11 L21 L31 L41 L51 w1 w2 w31 w41 t1 α1

Values B1 22.2 50 10 15 21 20 60 75 115 0.1 22◦

Parameters B2 L12 L22 L32 L52 w32 w42 t2 α21 α22

Values B2 20 50 11 15 25 41 0.05 51◦ 5◦

a b

c d

Figure 4.10: The prototype of compliant frequency multiplier transmission mechanism with a frequency ratio
of "4" at deflected positions. For an input displacement towards right, the output displaced (a) first towards
left, and then (b) moves back to its initial position. Similarly, for an input displacement towards left, the output
displaced (c) first towards left, and then (d) moves back to its initial position.
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4.4. EXPERIMENTAL RESULTS AND DISCUSSION

A customized test setup, described in Chapter 2, was used to measure the actuation
stiffness and the input-output kinematics of the prototypes of proposed compliant fre-
quency multiplier transmission mechanisms. Moreover, a parametric finite element
model (FEM) was created in ANSYS to analyze the proposed designs. The beam ele-
ment based on the Timoshenko beam theory (BEAM188) was used for the flexures, and
rigid constraint elements (MPC184) for the rigid-bodies. The FEM model was evaluated
while the maximum Von Mises stress was limited by 210MPa. The other material spec-
ifications are E = 183 GPa, and ρ = 7.9 g r /cm3 which were considered during model-
ing. Furthermore, the Pseudo-Rigid-Body Model (PRBM) developed in Chapter 2 for the
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Figure 4.11: Characterization and performance of the compliant frequency multiplier transmission mecha-
nism with a frequency ratio of "3". (a) The experimental set-up to evaluate the actuation force and the input-
output kinematics of the macro device. (b) The results for input-output displacement relationships, (c) Force-
Displacement characteristics of the device. (d) The input-output velocity ratio versus the output displacement.
The results are from Pseudo-Rigid-Body Model (PRBM), finite element model (FEM), and the experiment.
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Figure 4.12: Characterization and performance of the compliant frequency and speed multiplier transmis-
sion mechanism with ratio of 4. (a) The experimental set-up to evaluate the actuation force and the input-
output kinematics of the macro device. (b) The results for input-output displacement relationships, (c) Force-
Displacement characteristics of the device. (d) The input-output velocity ratio versus the output displacement.
The results are from Pseudo-Rigid-Body Model (PRBM), finite element model (FEM), and the experiment.

eight-bar compliant frequency doubler transmission is used to study the kinematics and
stiffness characteristics of the proposed compliant designs.

The results for the compliant frequency multiplier transmission with a frequency ra-
tio of "3" are shown in Figure 4.11. The optical displacement measurement, FEM, and
the Pseudo-Rigid-Body Model (PRBM) show the same behavior and order of magnitude
for the input-output kinematic relationship, shown in Figure 4.11 (b). As can be seen, the
proposed compliant transmission mechanism triples the input motion frequency, with
an output displacement of 1 mm. The PRBM shows a maximum discrepancy of 18.6%
and 20% with the FEM and experiment, respectively. The differences can be explained
by the accuracy of the displacement measurement, with percentage uncertainty of 10%,
and the accuracy of the PRBM and the values chosen for the characteristic radius factor



4.4. EXPERIMENTAL RESULTS AND DISCUSSION

4

75

and the stiffness coefficient.
The force-displacement measurement is illustrated and compared to the FEM, and

the PRBM in Figure 4.11 (c). The results show a nonlinear correlation between the actu-
ation force and the input displacement, which can be explained by the nonlinear kine-
matics of frequency doubler building block in the design. As can be seen, the results
from the FEM and the experiment are in agreement. Although, there is a maximum dis-
crepancy of 25% between these results, which can be explained by the uncertainty in the
force measurement, with percentage uncertainty of 2.5%, and the stiffness of the Acrylic
rigid parts which were considered rigid in the FEM model. As can be seen, the PRBM
force-deflection result differs from the FEM, which is primarily due to the initial angle
α1 and α2 of the fixed-fixed flexures, which decreases the accuracy of the PRBM.

The velocity ratio, estimated by PRBM, between the input and output shuttles versus
the output displacement is shown in Figure 4.11 (d). As can be seen, the kinematics of
the output motion for the first cycle is symmetric but differs from the kinematics of the
last half of a cycle. Besides, the third half of the output kinematic shows a higher output
velocity ratio while the variation of this ratio is less than the first cycle.

The results for the compliant frequency frequency multiplier transmission with a fre-
quency ratio of "4" are shown in Figure 4.12. The optical displacement measurement,
FEM, and the Pseudo-Rigid-Body Model (PRBM) show the same behavior and order of
magnitude for the input-output kinematic relationship, shown in Figure 4.12 (b). As can
be seen, the proposed compliant transmission mechanism quadruples the frequency of
a reciprocating input motion. The PRBM shows a maximum discrepancy of 14% and
18.3% with the FEM and experiment, respectively. The differences can be explained by
the accuracy of the displacement measurement, with percentage uncertainty of 10%,
and the accuracy of the PRBM and the values chosen for the characteristic radius factor
and the stiffness coefficient.

The force-deflection measurement is represented and evaluated with the FEM, and
the PRBM in Figure 4.12 (c). The results show a nonlinear correlation between the actu-
ation force and the input displacement, which can be explained by the nonlinear kine-
matics of frequency doubler building block in the design. As can be seen, the results
from the FEM and the experiment are in agreement. Although, there is a maximum dis-
crepancy of 3.5% between these results, which can be explained by the uncertainty in
the force measurement, with percentage uncertainty about 2.9%. Similar to the com-
pliant transmission with a frequency ratio of "3", the difference between the PRBM and
FEM in this device is also caused by the accuracy of the PRBM. However, this deviation
in the compliant transmission design with a frequency ratio of "4" is less. This is due to
the fact that the first frequency doubler building block in this design experiences smaller
deflections, which results in a more accurate PRBM.

In the design of the proposed frequency multipliers, a thinner beam was used for the
second frequency doubler building block in the design. This was considered since the
mechanical advantage M .A. of the compliant building block drops due to their internal
stiffness. Therefore, a further study could assess the static balancing of the compliant
frequency doubler building blocks to cancel out their inherent internal stiffness.
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4.5. CONCLUSIONS
In this chapter, a synthesis method was developed to design compliant frequency multi-
plier transmission mechanisms. The investigation of serial singularity in planar mecha-
nisms using the instant center approach has provided a deeper insight into the relation
between the arrangement of serial singularity in planar linkages and the frequency mul-
tiplication ratio. The results have shown that any integer frequency ratios, e.g. even,
odd, and prime numbers, can be achieved by arrangement of frequency doubler build-
ing blocks. Two compliant frequency multiplier transmission mechanisms with the fre-
quency ratios of "3" and "4" were developed to demonstrate the validity of the proposed
synthesis method. The prototypes were made and experiments were performed to eval-
uate the input-output kinematic and the actuation stiffness of the compliant designs.
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5
COMPLIANT TRANSMISSION

COUPLINGS

The previous chapters developed synthesis methods and new kinematics for the design of
compliant frequency multiplier transmission mechanisms. The proposed embodiments
are devices with a finite travel range of motion as the alternatives to the continuous rotat-
ing classical gears, which convert the speed and force from a source of power to an output.
However, several applications in the field of precision engineering require compliant trans-
mission devices which convert the motion direction from a continuous rotating input to
an output. This chapter aims to design and develop compliant transmission couplings
which can deal with different misalignments between the direction of motion of the input
and output axes. The chapter consists of two sections. Section 5.1 introduces a compli-
ant spatial transmission coupling which can accommodate with angular misalignments.
Section 5.2, presents a compliant planar coupling generated based on rigid-body Oldham
linkage which can deal with lateral misalignments.

Parts of this chapter have been published in Journal of Mechanical Design [1, 2], and Mechanisms and Machine
Theory [3].
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5.1. COMPLIANT COUPLING FOR ANGULAR MISALIGNMENT

5.1.1. INTRODUCTION
Universal joints or power transmission couplings are spatial mechanisms which are used
in general machinery to transfer rotary motion or energy between two angled shafts. For
centuries, Hooke’s universal joint, well-known as Cardan joint, has been used as a pri-
mary solution for power transmission [4]. However, this coupling has a non-uniform,
i.e. non-constant velocity, transfer function. As the misalignment angle between the two
axes increases, the non-uniformity of the speed transmission increases correspondingly.
This caused increased stress on the members of the coupling and potentially harmful vi-
brations on the driven shaft [5]. To overcome the problem of non-uniform transmission,
different types of rigid-body constant velocity universal joints (CV joints), also known
as homokinetic couplings, have been invented [6–11]. A brief but broad overview of the
rigid-body CV joints, a classification, and their performance can be found in [1, 12]. The
rigid-body configuration has many disadvantages, such as wear, friction, and backlash.
Besides, in harsh environments such as deep sea, agriculture, aerospace, or in the clean
room and vacuum conditions, the fact that known CV-Joints need lubrication and main-
tenance presents a serious problem [13]. Moreover, the backlash in rigid mechanical
connections also can become an obstacle in high precision engineering.

Many applications in precision engineering require a precise and small mechanism
to overcome the misaligning issues between two rotating shafts, such as micro measure-
ment systems, medical devices, and precision instruments, etc. Moreover, these appli-
cations are very often situated inside of vacuum or wet environments. Therefore, it is
difficult to use bearings, due to the need for lubrication [13].

Compliant mechanisms are devices that accomplish the desired motion through elas-
tic deformation of the flexures rather than using rigid-body kinematic pairs. Flexure
configurations are frequently used in precision machinery because the deletion of rigid-
body kinematic pairs also eliminates the effect of backlash, wear, friction, and the need
for lubrication [13–16]. Several compliant universal joints based on the Cardan joint can
be found in prior art [1]. Besides, Tanik et al, proposed a PRBM model of the Cardan joint
and its compliant counterpart [17].

The purpose of this section is to present the first fully compliant homokinetic cou-
pling with high misalignment angle and true constant velocity behavior to overcome the
shortcomings of rigid-body CV joints. A design which can be fabricated as a monolithic
piece is desired for micro and macro manufacturing processes such as wire EDM, and
additive manufacturing.

The design of compliant homokinetic coupling is discussed in the following sections.
In Section 5.1.2, the kinematic model of the design is demonstrated and studied regard-
ing degrees of freedom and constant velocity conditions. Pseudo-Rigid-Body Model and
possible compliant equivalents are proposed and analyzed in Section 5.1.3 and 5.1.4.
The theoretical model is then verified with the finite element modeling and the experi-
mental results in Section 5.1.5.
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(a) (b) (c)

Figure 5.1: 6R spatial overconstrained linkages: (a) Bennett 6R hybrid linkage, (b) Double Hooke’s universal
joint arrangement, (c) An angled arrangement of Double Hooke’s universal joint. Blue dash lines indicates the
homokinetic plane.

5.1.2. KINEMATICS

KINEMATIC SELECTION

According to the literature, constant velocity transfer function and high misalignment
angle are the two most important kinematic criteria in the design of power transmis-
sion couplings [1, 12]. Furthermore, it was reported that the spatial and spherical CV
joints, which contain a 6R overconstrained linkage, can transfer the rotary motion uni-
formly with higher misalignment angle such as Double Hooke’s universal joint, Thomp-
son Coupling, and Culver joint, etc. [1]. The main advantage of this class of mechanisms,
overconstrained mechanisms, is that they can be mobile using fewer links and joints that
it is expected from traditional degrees of freedom formula.

The Bennett 6R hybrid spatial linkage, Figure 5.1(a), is the main combination of the
rigid-body CV joints with high misalignment angles [1, 12]. This combination degener-
ates into the Double Hooke’s universal joint, which is a 6R Overconstrained linkage [18],
when each set of three rotational axes intersect each other at right angles and when the
two of them, namely the two central axes Z3 and Z4, are parallel, Figure 5.1(b). Sym-
metrical configuration of a universal joint with respect to the homokinetic plane, which
bisects the input axis, Z1, and the output axis, Z6, perpendicularly, is essential for pro-
viding a constant velocity transmission [19, 20]. According to the d’Ocagne’s theory, a
Double Hooke’s universal joint only transmits rotation in a uniform behavior if the link-
ages are arranged symmetrically, and the input and output axes intersect each other at
the point P in the homokinetic plane, see Figure 5.1(b). Therefore, the constant velocity
transmission can only be achieved if the input and output axes are manually arranged
so that it can be ensured the angle between two shafts and homokinetic plane are equal
[21]. For this reason, plus the fact that the condition is not always fulfilled, i.e. λ1 6= λ2,
the Double Hooke’s coupling is known as a nearly constant velocity universal joint [1].

As can be seen in Figure 5.1(c), An angled arrangement of the Double-Hooke’s uni-
versal joint can guarantee a symmetric configuration respect to the homokinetic plane,
i.e. λ1 = λ2 = λ, in the different misalignment angles. This is achieved by adding a kine-
matic constraint between the axes Z3 and Z4 in the homokinetic plane [22]. However,
this is an additional kinematic constraint on the Double Hooke’s universal joint which is
classified in the prior art as a 6R Overconstrained linkage.

To choose the appropriate compliant kinematic pairs and ensure to provide a one
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Figure 5.2: Angled arrangement of the Double Hooke’s universal joint; linkage arrangement, coordinate sys-
tems, and parameters.

DoF mechanism for a full cycle rotation transmission in all different misalignment an-
gles, the kinematics of the angled arrangement of the Double Hooke’s universal joint is
studied. According to the kinematic, a 3D linkage arrangement, coordinate systems, and
geometric properties are shown in Figure 5.2. As can be seen, Link 2 and Link 6 are the
input and the output shafts respectively, and connected to the ground, Link 1, each with
a revolute joint. Each shaft is connected by a revolute joint to a link called the "Crank
link", Link 3 and Link 5, respectively, where both cranks are of equal length. To illus-
trate the angled arrangement of Double Hooke’s universal joint, the two crank links are
connected with each other by a link called the "Coupler link", Link 4, with the angle β.

DEGREES OF FREEDOM ANALYSIS

The degrees of freedom (DoF) of the linkage, shown in Figure 5.2, is investigated by de-
scribing its kinematic and geometrical constraints with the screw theory. In general,
there are two cases for the degrees of freedom of the universal joints. First, the mech-
anism should be a one DoF system for rotation transmission when the input and the
output axes are grounded by two rotational bearings, as shown in Figure 5.2. Second,
the output axis has to have two rotational DoF respect to the input axis. To achieve this,
n number of similar sets of 4R linkage are required between the input and the output
axes. This number, n, will be determined through the DoF analysis.

The Figure 5.3(a) shows the graph representation of the rotation transmission. If the
output member is assigned to the end effector (EE), the mechanism can be thought of
as a parallel mechanism that is made up of two kinematic chains, ABCDE and F, which
connect the EE to the Ground (G). The constraints spaces applied to the Link 6 can be
obtained by studying the reciprocal screws of each kinematic chain. The Plücker coordi-
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Figure 5.3: Graph representations for the Degrees of Freedom (DoF) analysis: (a) As a rotation transmission
system with only one set of 6R linkage, (b) As a two rotational DoF kinematic pair with at least n number of
similar sets of 4R linkage which are placed with an angular offset between the input and the output axes. The
circles in the graphs indicate different links and the lines represent different revolute joints of the mechanism
shown in Figure 5.2. "G" indicates the fixed link and "EE" indicates the end effector which is the output shaft.

nates of the kinematic joints A, B, C, D, and E can be denoted by

$q =
(
~eT

q ;
(
pq ×~eq

)T
)

, q = {A,B ,C ,D,E } . (5.1)

where, ~eq is the vector parallel to each kinematic joint axis, and pq is the position of
an arbitrary point on the same axis. Therefore, the kinematic screw of kinematic chain
ABCDE can be obtained

$ABC DE =


$A

$B

$C

$D

$E

 . (5.2)

By calculating the null space of the kinematic screw, $ABC DE , the reciprocal screw of
this chain can be written as

$r
ABC DE =

( −sinφ

L1(cosφ−1)
0 1 ; 0 0 0

)
, (5.3)

where, φ is the angle between the input and output axes, and L1 can be determined by
displacement analysis.

In the same manner, the reciprocal screw applied to the output axes, EE, by the kine-
matic pair F can be found. The Plücker coordinate of joint F can be given by

$F = (
sinφ 0 cosφ ; 0 −sinφ(cosφ(L1 +1)+L1) 0

)
. (5.4)
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The reciprocal screws of $F are

$r
F =



$r1
F

$r2
F

$r3
F

$r4
F

$r5
F

 , (5.5)

where,

$r1
F =(

0 0 0 ; 0 1 0
)

, $r2
F = (

0 0 0 ; cotφ 0 1
)

,

$r3
F =(

1 0 0 ; 0 0 0
)

, $r4
F = (

0 0 1 ; 0 0 0
)

,

$r5
F =(

0 1 0 ; cosφ(L1 +1)+L1 0 0
)

.

(5.6)

Therefore, the reciprocal screws, constraints spaces, applied to the EE can be ob-
tained

$C1
EE =



$r
ABC DE

$r1
F

$r2
F

$r3
F

$r4
F

$r5
F


. (5.7)

The DoF of the output axis can be calculated as

F = 6−dim$C1
EE = 6−5 = 1, (5.8)

where, dim$C1
EE is the dimension of the constraints spaces $C1

EE .
Therefore, the angled arrangement of Double Hooke’s universal joint, with the addi-

tional kinematic constraint, is still providing one DoF for rotation transmission. How-
ever, this is valid as long as all three rotational axes in two sides of the homokinetic plane
are intersecting each other at one point, i.e. Z1, Z2, and Z3 at the point O1, and Z4, Z5,
and Z6 at the point O3.

The second DoF analysis is investigated to find the minimum number of similar sets,
n, which are required to be arranged with an angular offset between the input and the
output axes to constrain for two rotational DoF between them. As can be seen in Figure
5.3(b), the mechanism can be considered as a parallel linkage that is made up of n kine-
matic chains, contains four revolute joints (4R) B, C, D, and E in each, which connect
the end effector (EE) to the Ground (G). In this case, the end effector is the Link 6 and
the ground is the Link 2. In the same manner, as the DoF analysis in rotation transmis-
sion, the constraints spaces applied to the output shaft can be obtained by studying the
reciprocal screws of each kinematic chain.

The Plücker coordinates of the kinematic joints B, C, D and E in each set can be de-
fined by Eqn. (5.1). However, the vector parallel to the kinematic joint’s axis for each set



5.1. COMPLIANT COUPLING FOR ANGULAR MISALIGNMENT

5

85

need to be recalculated. This can be given by

~eqm =
[

Y
(π

2

)][
Z

(
(m −1)× 2π

n

)]
~eq , q = {B ,C ,D,E } , m = 1, · · · ,n. (5.9)

where, n is the number of sets of the 4R linkages connected between the input and the
output axes, ~eqm is the vector parallel to the kinematic joint axis, q , from set mth , and
[Y (·)] and [Z (·)] are the rotation matrix around Y and Z axes, respectively.

It can be shown at least three sets, n = 3, of the 4R linkages are required to constraint
for two rotational DoF between the input and the output axes. The kinematic screw of
each of the three parallel kinematic chains between the input and the output axes, which
contains kinematic pairs B, C, D, and E, can be given by

$BmCm Dm Em =


$Bm

$Cm

$Dm

$Em

 , m = 1,2,3. (5.10)

Therefore, the reciprocal screws applied to the EE while the input axis is grounded
can be given by

$C2
EE =



0 0 0 0 0 1

0 g1 g2 1 0 0

0 0 0 0 0 1

−g1 g1 cot
2π

3
−2g2 cot

2π

3
cot

2π

3
1 0

0 0 0 0 0 1

−g1 g1 cot
4π

3
−2g2 cot

4π

3
cot

4π

3
1 0


, (5.11)

where, g1 and g2 can be written as

g1 =
2L1cosθ2

(
sin

(
θ2 +2β

))
sin2β

, g2 =
2L1sinθ2

(
sin

(
θ2 +2β

))
sin2β

. (5.12)

As a result, the degrees of freedom for the output axis can be driven as

F = 6−dim$C2
EE = 6−4 = 2. (5.13)

Therefore, n = 3 is the minimum number of sets required to constraint for two ro-
tational DoF of the output axis respect to the input axis. However, this number can be
increased as long as the mechanism can be fabricated and assembled precisely, to pre-
vent the issues of the overconstrained linkages.

DISPLACEMENT ANALYSIS

The relative position of links and joints is described using a variant of the Denavit and
Hartenberg notation [23–25]. A coordinate system is attached to each link to facilitate a
mathematical description of the mechanism and the relative arrangement of the links,
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Figure 5.2. The coordinate system attached to i th link is numbered i . The 4×4 transfor-
mation matrix relating coordinate system i +1 and i is as follows [23]

Ai =


cosθi −sinθi cosαi sinθi sinαi ai cosθi

sinθi cosθi cosαi −cosθi sinαi ai sinθi

0 sinαi cosαi di

0 0 0 1

 , (5.14)

where, the parameters ai , αi , di , and θi are defined so that: ai is the length of link i , αi

is the angle between the axes of joints i and i +1, di is the offset along joint i , and θi is
the rotation angle about axis i .

The closure equation for the 6R spatial linkage is the following matrix equation

A1 A2 A3 A4 A5 A6 = A7. (5.15)

This is a direct kinematic problem for a 6R spatial linkage, where the angle θ1 is
known as the input shaft movement, and the angles θi , i = 2, . . . , 6 are the unknown
quantities and must be solved by the matrix equation, Eqn. (5.15). Besides, the quanti-
ties ai , di ,αi , i = 1, . . . , 6, appearing in the matrices on the left hand side of this equation
are known and presented in Table 5.1.

The matrix A7 is the 4×4 transformation matrix description the Cartesian coordinate
system 7, attached to the last link with respect to the coordinate system 1, attached to the
ground link and can be obtained as follows

A7 =


0 sin(φ− π

2
) sinφ L1 sinφ

1 0 0 0

0 cos(φ− π

2
) cosφ L1(cosφ−1)

0 0 0 1

 , (5.16)

where, φ is the misalignment angle and L1 need to be determined for different misalign-
ment angles.

To reduce the complexity of the problem, the Eqn. (5.15) can be rewritten as

A3 A4 A5 = A−1
2 A−1

1 A7 A−1
6 . (5.17)

This can be represented in the form
Jx1 Kx1 Lx1 Px1

Jy1 Ky1 Ly1 Py1

Jz1 Kz1 Lz1 Pz1

0 0 0 0

=


Jx2 Kx2 Lx2 Px2

Jy2 Ky2 Ly2 Py2

Jz2 Kz2 Lz2 Pz2

0 0 0 0

 , (5.18)

where,~J j , ~K j ,~L j , and ~P j , j = 1, and 2, represent eight vectors of which the components

are calculated from Eqn. (5.17). By computing the dot product of vector ~P j with itself
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Table 5.1: Denavit and Hartenberg coordinates of the angled arrangement of the Double Hooke’s universal
joint.

i α a d
1 π/2 0 0
2 π/2 0 0
3 β 0 L2 +L3

4 π/2 0 −(L2 +L3)
5 π/2 0 0
6 0 0 0

for two sides of Eqn. (5.18) and to equalize them, ~P1 · ~P1 = ~P2 · ~P2 , the length L1 can be
determined as follows

L1 =
p

2

(
L2 sin

β

2
+ l31 cos

β

2
+ l32

2

)
√

1−cosφ
. (5.19)

By satisfying Pz1 = Pz2 from Eqn. (5.18), it can be shown

L1 sinφcosθ1 sinθ2 +L1 cosθ2(1−cosφ) = (L2 +L3) (1−cosβ) , (5.20)

where,

L3 =
2l31 cos

β

2
+ l32

2sin
β

2

. (5.21)

Angle θ1 can be chosen as the mechanism input. Therefore, the unknown variable θ2

can be obtained by using the tangent-half-angle formulas from Eqn. (5.20) as follows

θ2 = 2arctan

 a2 cosθ1 +
√

a2
2cos2θ1 −a2

1 +a2
3

a1 +a3

 , (5.22)

where,

a1 = 2L2sin2β

2
+ l31 sinβ+ l32 sin

β

2
,

a2 = L1 sinφ,

a3 = L1(1−cosφ).

(5.23)

By equating Py1 and Py2 , Py1 = Py2 , θ3 can be obtained

θ3 = arccos

cos
φ

2
sinθ1

cos
β

2

 . (5.24)
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By computing the following equation(
~P1 ·~P1

)
~L1 =

(
~P2 ·~P2

)
~L2. (5.25)

the relationship between the angles θ2 and θ5 can be shown as

θ5 = θ2. (5.26)

By computing the cross product of vectors ~P j and~L j for two sides of Eqn. (5.18) and

to equalize them, ~P1 ·~L1 = ~P2 ·~L2 , the kinematic relationship between θ3, θ4, and input
angular displacement, θ1 can be given by

θ4 = θ3 = arccos

cos
φ

2
sinθ1

cos
β

2

 . (5.27)

By equating Ky1 and Ky2 , the kinematic equation for angular displacement of the
output shaft, θ6, can be written as

sinθ3 sinθ4 −cosβcosθ3 cosθ4 +cosφsinθ1 cosθ6 +cosθ1 sinθ6 = 0. (5.28)

By substituting Eqn. (5.27) into Eqn. (5.28) and using tangent half-angle formula, the
output angular displacement, θ6, can be obtained as a function of the input shaft angle,
θ1

θ6 = 2arctan

(−1+ tanθ1

1+ tanθ1

)
, (5.29)

Thus,

θ6 = θ1 − π

2
, (5.30)

in which, the first derivative of this equation with respect to the time gives the input-
output angular velocity relationship

ω6 =ω1. (5.31)

Therefore, according to Eqn. (5.31), the angled arrangement of the Double Hooke’s
universal joint is providing a uniform velocity transmission between two angled rota-
tional axes.

5.1.3. PSEUDO-RIGID-BODY MODEL
After the mechanism has been designed and investigated by kinematic synthesis, the
Pseudo-Rigid-Body Model (PRBM) is used to create an equivalent compliant design. Ac-
cording to displacement analysis, all four middle joints have limited cycle movement
respect to a full cycle rotation of the input axis and can be turned into a flexure-based
equivalent. Therefore, the PRBM model can be shown by adding lumped torsional springs
at those joints to capture elasticity of equivalent compliant design, see Figure 5.4.

Moreover, this model is used to obtain the relationship between the input and the
output torque of the compliant design. The analysis is based on static equilibrium, by



5.1. COMPLIANT COUPLING FOR ANGULAR MISALIGNMENT

5

89

Figure 5.4: Pseudo-Rigid-Body Model (PRBM) of the angled arrangement of the Double Hooke’s universal joint.

assuming that masses of compliant parts are negligible. Therefore, static torque analysis
can be done using the virtual work principle.

By considering the kinematic analysis, the equality of each two internal angles Eqn.
(5.26) and Eqn. (5.27), the virtual work of active forces can be written

δW = TInputδθ1 −2T23δθ2 −2T34δθ3 −TOut putδθ6, (5.32)

where, TInput and TOut put are the input and the output torques and Ti j are the internal
moments due to the deflection of the torsional springs between i th and j th link. δθi are
the corresponding virtual angular displacements.

The torsional spring torques can be given by

T23 = K (θ2 −Θ2), T34 = K (θ3 −Θ3), (5.33)

where, Θ2 and Θ3 are the initial angles, the undeflected position of the equivalent tor-
sional springs, respectively, and K is the stiffness constant of the compliant joints in their
intended motion direction and considered equal for all the joints. For a small length flex-
ure, this can be determined by

K = Ebt 3

12L
, (5.34)

where, E , b, t , and L, are the Young’s modulus, the width, the thickness, and the length
of the flexures, respectively.

The virtual angular displacement of the output link can be determined as a function
of δθ1 from Eqn. (5.30)

δθ6 = δθ1. (5.35)

Similarly, δθ2 and δθ3 can be determined as a function of δθ1 from Eqn. (5.20) and
Eqn. (5.28), respectively

δθ2 =− sinφsinθ1 sinθ2

sinθ2
(
1−cosφ

)− sinφcosθ1 cosθ2
δθ1. (5.36)
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(a) (b)

Figure 5.5: Proposed compliant configurations for the PRBM model of the angled arrangement of the Double
Hooke’s universal joint by means of rigid-body replacement synthesis. Replacing the conventional revolute
joint by (a) a small length flexure, and (b) a compliant cross flexure.

δθ3 =−
(
1+cosφ

)
cos2θ1

2
(
1−cosβ

)
cosθ3 sinθ3

δθ1. (5.37)

According to the virtual work principle, the necessary and sufficient condition for
the equilibrium of a single degree of freedom system is that the generalized forces must
vanish in Eqn. (5.32). The input torque can be determined for a given external torque

TInput =−2K
(θ2 −Θ2)sinφsinθ1 sinθ2

sinθ2
(
1−cosφ

)− sinφcosθ1 cosθ2

−2K
(θ3 −Θ3)

(
1+cosφ

)
cos(2θ1)

2
(
1−cosβ

)
cosθ3 sinθ3

+TOut put .

(5.38)

Therefore, the minimum actuation torque in different equivalent compliant designs
of the angled arrangement of the Double Hooke’s universal joint can be determined by
replacing the equivalent torsional stiffness of its compliant joints in Eqn. (5.38).

5.1.4. COMPLIANT DESIGN
This section presents different concept solutions to illustrate the compliant design pos-
sibilities based on the proposed kinematic. The solutions are defined by discernible dif-
ferences on the type of compliant joints used instead of rigid-body kinematic pairs, the
number of sets, and the coupler link arrangement in the design.

A variety of compliant designs based on the PRBM model of the angled arrangement
of the Double Hooke’s universal joint, Figure 5.4, can be proposed through rigid-body
replacement synthesis. The different compliant revolute joints can be used to satisfy the
design criteria. High misalignment angle, compact size, high off-axis stiffnesses (stiff-
ness along degrees of constraint), and low on-axis stiffnesses (stiffness along degrees of
freedom) are the main design criteria for the rotational compliant power transmission
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Figure 5.6: Axes deviation of flexures from their original position, axis drift, can not change the homokinetic
conditions.

couplings [1]. Two design examples based on two different compliant revolute joints are
shown in Figure 5.5. For instance, a small length flexure can be considered to achieve a
high misalignment angle within a compact size, Figure 5.5(a), and a compliant cross flex-
ure [26] can be replaced to provide a high off-axis stiffness result in a compliant device
with a high torque transmission capacity, Figure 5.5(b).

Axis drift, deviation of the center of rotation in compliant revolute joints as a result
of deflection, is not brought up as a design criterion during compliant joint selection
since the proposed compliant design is insensitive to this feature. The axis drift is usu-
ally an obstacle in the design of compliant mechanisms to accomplish the kinematic of
the original rigid-body mechanism. This sometimes can change the kinematic objec-
tive of the rigid-body mechanism after converting into the compliant counterpart. The
deviation of rotational axes of all flexures for this compliant design is shown in Figure
5.6. As can be seen, all vital constraints between the rotational axes which define the an-
gled arrangement of the Double Hooke’s universal joint are still satisfied after deviation.
The intersecting point O2 is moved to point O′

2 which is still in the homokinetic plane.
It is evident that the effective length of crank links, L2, is changed after the deviation
of rotational axes. However, based on the Eqns. 5.26 and 5.27, the equality of angular
displacement, and the resultant the axis drift of the rotational joints at two sides of the
homokinetic plane is independent of L2. Therefore, the axis drift of the flexures in two
sides of the homokinetic plane are the same, and as a result, the symmetrical condition
for uniform velocity transmission is fulfilled.

According to the DoF analysis, at least three sets of the proposed compliant designs
are required to constrain the design to behave as a universal joint, two different combi-
nations of the fully compliant homokinetic coupling are shown in Figure 5.7. As can be
seen, there are two possible ways to arrange the coupler link. Each set can be decoupled
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(a) (b)

Figure 5.7: Fully compliant homokinetic couplings based on the angled arrangement of the Double Hooke’s
universal joint, (a) there is one decoupled coupler link corresponding to each compliant set, (b) all the com-
pliant sets sharing one coupler link and move simultaneously.

from each other with their coupler link, see Figure 5.7(a). Therefore, as the sets are sep-
arated, the combination will allow for a high misalignment angles without any collision
between the links and coupler links. As it is shown in Figure 5.7(b), for the second type of
combination, all sets share one coupler link and move synchronously. However, this ar-
rangement can not accommodate for high misalignment angles as the compliant flexure
might collide with the coupler link.

There is an error motion between the input and the output angular displacement
when a compliant coupling is loaded due to the elastokinematic effects. This mainly
depends on the input-output rotational stiffness (Kr ), stiffness in the rotation transmis-
sion direction, of the compliant coupling and the output torque (TOut put ). The input-
output angular displacement relationship, Eqn. 5.30, can be rewritten for the compliant
homokinetic coupling as

θ6 = θ1 − π

2
− Tout put

Kr
, (5.39)

Therefore, uniform velocity transmission, Eqn.5.31, is still valid since Kr is constant
during a full cycle rotation, and assuming the output torque is constant.

5.1.5. FABRICATION AND EXPERIMENTAL EVALUATION
This section presents a case study that proves the findings of this research and demon-
strates the usefulness of compliant homokinetic coupling as a compliant transmission
mechanism. The design and prototype are described in more details, and the results are
then evaluated by experimental setups and finite element modeling.

PROTOTYPE

The design, which is shown in Figure 5.7(a), is dimensioned and fabricated for the ex-
perimental evaluation. The selected combination will allow studying the behavior of the
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(a) (b)

Figure 5.8: The prototypes of the fully compliant homokinetic coupling, compliant CV joint. (a) An Aluminum
prototype fabricated for experimental evaluations, the rigid parts are fabricated out of Aluminum, and the
flexures are cut out of austenitic stainless steel. (b) A single-piece demonstrator printed out of plastic.

compliant homokinetic coupling with the minimum number of sets, high misalignment
angle, and a simplified design for fabrication. An aluminum prototype with the flexures
out of stainless steel AISI316L was made, Figure 5.8 (a). The set of parameters that de-
fined the geometry and stiffness are summarized in Table 5.2. The mechanism is dimen-
sioned to provide 45◦ misalignment angle. The maximum misalignment angle,ψ=π−φ,
was limited by the yield strength of austenitic stainless steel AISI316L: 500 MPa. The rel-
evant material specifications are E = 183 GPa, and ρ = 7.9 g r /cm3. For a misalignment
angle of ψ= 45◦, the kinematic analysis predicted a maximum range of motion of 22.5◦
for each compliant joint of the design during a full cycle movement.

Figure 5.9: Predicted stress of the compliant homokinetic coupling under 45◦ misalignment angle between the
input and the output axes.
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Table 5.2: Prototype design parameters for the fully compliant homokinetic coupling, compliant CV joint.

Parameters Values
l31 4 mm
l32 32 mm
L2 40 mm
β 60◦
L 12 mm
b 10 mm
t 0.2 mm

The input-output rotational stiffness (Kr ), and the actuation stiffness are studied by
the finite element model, which the results are presented in the next section. Besides,
the results are also evaluated to ensure the maximum Von Mises stress is lower than
the material tensile yield strength. A parametric finite element model was created in
ANSYS for the analysis of the compliant homokinetic coupling, shown in Figure 5.9. The
beam element based on the Timoshenko beam theory, BEAM188, was used for the small
length flexures, and MPC184 was used for the rigid links. The boundary conditions were
applied in different time steps for the two different cases. In the first step for all cases,
the misalignment angle of 45◦ is applied while the input axis was fixed in all directions

(a) (b)

Figure 5.10: The measurement setups (a) to analyze the input-output angular velocity relationship, (b) to study
the input-output rotational stiffness, Kr , of the design. In both figures, the setup is adjusted for the misalign-
ment angle of ψ= 45◦.
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and the output axis was free. For the first case, modeling the rotational stiffness of the
design, the output axis was fixed in all directions, and the input was only free to rotate
around itself. In the second case, actuation stiffness analysis, both shafts were free to
rotate around their axis and fixed for all the other degrees of freedom.

EXPERIMENTAL EVALUATION

A velocity measurement setup was built to experimentally evaluate the kinematic char-
acteristic of the fully compliant homokinetic coupling, Figure 5.10(a). The input shaft
of the prototype is connected to the drive motor and is actuated at different angular ve-
locities. The driven shaft is free to rotate around the output axis, and its position can
be adjusted for different misalignment angles. Two discs with 10 magnets are attached
on each shaft to study the input-output angular velocity relationship. The circuits will
be closed while one of the magnets is facing to the switch sensor. The data was read by
using a data acquisition module, DAQ, and their waveform was then recorded. As can be
seen in Figure 5.11, the experimental data verify the uniform velocity transmission of the
fully compliant homokinetic coupling for different misalignment angles. It is observed
that the maximum error between the theoretical and the experimental results is about
0.8%.

A static torque measurement setup was constructed to investigate the input-output
rotational stiffness, Kr , of the proposed compliant homokinetic coupling, Figure 5.10(b).
The input shaft was connected to a rotational motor, and the output shaft was directly
connected to the static torque sensor, HBM T20WN, which was mounted on an ad-
justable stage for different misalignment angles. The input shaft was actuated, and the
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Figure 5.11: The kinematic model and experimental data for the input-output angular velocity relationship
of the compliant homokinetic coupling. The experimental data was recorded at three different misalignment
angles, ψ= 15◦, 30◦, and 45◦.
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Figure 5.12: Results of the moment-angular displacement characteristic, the input-output rotational stiffness
Kr , of the compliant homokinetic coupling at ψ= 45◦ misalignment angle. Experimental data (Exp) was eval-
uated for the design with three compliant sets, n = 3. Besides, finite element modeling (FEM) are shown for
three, four and five compliant sets, n = 3, 4, and 5.

reaction torque at the output shaft was measured by the static torque sensor which was
linked to the angular displacement of the input shaft. The results for 45◦ misalignment
angle, both from experimental data and finite element modeling, are shown in Figure
5.12. Moreover, the torque capacity of the design for more number of the compliant
sets are predicted by finite element modeling. As can be seen, by increasing the num-
ber of sets the maximum torque transmission capability of the compliant homokinetic
coupling is increased.

As can be seen in Figure 5.13(a), a measurement setup was made to study the ac-
tuation torque required to deal with the internal stiffness of the design, the stiffness of
the design while the output is free. The setup was performed for ψ = 45◦ misalignment
angle, and the data was recorded and analyzed for one full cycle rotation of the device.

Figure 5.13(b) shows the results of the experiment, PRBM model, and the finite el-
ement modeling of the actuation stiffness of the compliant homokinetic coupling. The
results are for the different number of compliant sets during a full cycle rotation, and
with ψ = 45◦ as misalignment angle for all cases. The experimental results support the
finite element modeling of the design with three compliant sets, n = 3, where the maxi-
mum error between them increases to about 25%. Besides, it is verified that the results
from finite element modeling are consistent with the PRBM model. However, there is
a difference which is corresponding to the fact that the small length flexures also allow
for a small torsion rather than a pure bending only, this can be seen in Figure 5.9. The
differences will be increased when the transmission mechanism is loaded at the output
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Figure 5.13: Actuation torque required to deal with the internal stiffness of the compliant homokinetic cou-
pling. (a) Measurement setup to evaluate the actuation stiffness. (b) Results from finite element modeling
(FEM), PRBM model, and experimental evaluation (Exp) for different number of compliant sets, n = 3, 4, and
5. The results for all cases were performed at ψ= 45◦ misalignment angle.

axis. Moreover, the effect of increasing the number of compliant sets on actuation torque
are shown in Figure 5.13(b). As can be seen, by increasing the number of compliant sets
the minimum actuation torque required to deal with the internal stiffness of the device is
decreased. Therefore, it can be concluded the designed compliant device is a nearly stat-
ically balanced compliant power transmission coupling. This is mainly due to the fact
that the designed compliant device can be preloaded while applying the misalignment
angle between the input and the output axes. The design is nearly statically balanced
since the number of compliant sets is limited. However, by having an infinite number of
compliant sets around the rotational axes, this design can theoretically be fully statically
balanced.
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5.2. COMPLIANT COUPLING FOR LATERAL MISALIGNMENT

5.2.1. INTRODUCTION
There are different types of applications where a constant velocity transmission cou-
pling, which can transfer a rotational power between parallel axes, can be applied. It can
be used in micro/meso scale transmission systems where two gears with the same num-
ber of tooth have been used [27, 28]. Moreover, such a power transmission coupling can
accommodate with lateral alignment errors, parallel misalignment, between rotational
axes. This is a need in many applications such as precision measurements, micro en-
gines, laser processing, and etc [29]. In state of the art, several kinds of constant velocity
joints have been invented to accommodate with alignment errors [1]. However, these
are made based on rigid-body mechanisms, and like gears, they are leading to many
disadvantages such as wear, friction, backlash, need for assembly, maintenance, and lu-
brication. Besides, sometimes a precise or expensive assembling process is essential to
have a proper transmission or gearing mechanism in micro scale applications [30].

Compliant mechanisms have shown a great potential in affording new solutions,
to deal with above-mentioned obstacles, for power transmission mechanisms [31–34].
Compliant mechanisms gain their motion from elastic deformation of flexible members
rather than from rigid-body kinematic pairs [13]. These mechanisms are a favorable
choice in the field of precision engineering due to the elimination of rigid-body kine-
matic joints, which eliminates the disadvantages of rigid-body linkages.

Several patents on near-constant velocity flexible couplings, which can accommo-
date small alignment errors, were found in literature [35, 36]. The designers have con-
sidered an extra degrees of freedom, either by using wire flexures or an extra flexure, to
enable the devices for angular misalignment as well as lateral misalignment. However,
this will allow for a non-constant velocity rotation transmission between the input and
the output axes due to the asymmetric linkage arrangement with respect to the homoki-
netic plane [19]. Besides, designs sometimes contain simple compliant four-bar mecha-
nisms to approximate straight-line movement to compensate for lateral misalignments.
However, this approximation also leads to a nonuniform velocity transmission [37].

conventional rigid-body pairs offer near zero stiffness around the motion axis and
high stiffness along the constrained axes. However, compliant kinematic pairs require
significant force and energy due to the elastic deformation of the flexible members. There-
fore, a compliant mechanism offers a poor efficiency, and it requires continuous force to
hold the mechanism in position [38]. This results in several disadvantages for compli-
ant transmission mechanisms such as nonuniform torque/force transmission, deficient
travel range, low speed, and demanding for larger actuators. However, the deformation
energy is stored in flexible members. Therefore, the mechanism can be statically bal-
anced as the elastic force is a conservative force. As a result, these mechanisms can be
actuated with much less energy as compared to the unbalanced compliant design [38–
41].

The aim of this section is to design a compliant and statically balanced constant ve-
locity power transmission mechanism between two parallel rotational axes with a lateral
offset. The design is furthermore required to be planar, making it desired for micro fab-
rication techniques such as double sided Deep Reactive Ion Etching (DRIE).

The design of the proposed compliant transmission mechanism is described in the
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following subsections. The kinematic of Oldham coupling is explained in Section 5.2.2.
The Pseudo-Rigid-Body model (PRBM) and static balancing are studied and developed
in Section 5.2.3. The compliant design is illustrated and the torque transmission capa-
bility is discussed by the theoretical model in Section 5.2.4. The proposed compliant
design is then evaluated experimentally in Section 5.2.5.

5.2.2. KINEMATICS
The compliant transmission mechanism, proposed in this chapter, is created by em-
ploying conventional kinematic synthesis and corresponding Pseudo-Rigid-Body Model
(PRBM). This section describes the rigid-body kinematic of the design, which is based
on the rigid-body Oldham coupling. Moreover, the PRBM model is introduced to de-
velop the static balancing and study the torque transmission capability of the equivalent
compliant design.

The rigid-body Oldham coupling is a four-bar mechanism, RPPR, for constant veloc-
ity rotation transmission between two parallel rotational axes with a lateral offset [37].
There are three mobile links in this mechanism. The first and second links are rotat-
ing around the input and the output axes, respectively. The third link, which is a middle
component, is then connected to the first and second links by two prismatic joints which
their motion axes are perpendicular to each other. The schematic of the Oldham cou-
pling and its simplified geometrical representation are shown in Figure 5.14.
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Figure 5.14: Oldham coupling (a) Rigid-Body schematic (b) Simplified geometrical representation

When the input axis rotates through some angle, θ2, the floating disc, link 3, rotates
through the same angle. This in turn rotates the output axis, link 4, through the same
angle but with 90◦ phase shift due to the right angle between the two prismatic joints,

θ4 = θ2 + π

2
. (5.40)

Therefore, there is a uniform, one-to-one, rotational velocity transmission between
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the input and the output axes, i. e. ω4 =ω2.
The position of the sliders, r2 and r4, varies during full cycle movement of the mech-

anism and for a given input angle, θ2, can be expressed

r2 = L1 cosθ2, r4 = L1 sinθ2. (5.41)

where, L1 is the offset between the input and the output axes and considered as the
length of the ground link.

Therefore, the maximum displacement required at the prismatic joints can be given
by

∆r2 =∆r4 = 2L1. (5.42)

5.2.3. PSEUDO-RIGID-BODY MODEL
In order to study the static balancing conditions of the compliant design, a PRBM model
for the Oldham coupling is presented, as shown in Figure 5.15. The sliders joined by a
pin joint are considered at each rotational axes since the mechanism will be connected
to the input and the output rotating axes. Therefore, the two sliders in the PRBM model,
which the input and the output axes are suspended on each, are replaced by two linear
springs.

1

2

3

4

K x K y

x y
TInput

θ
2

P

L1

Figure 5.15: The proposed Pseudo-Rigid-Body model for the Oldham coupling with the sliders joined at the
axes by a pin joint.

As the rotational axes will be suspended by a series combination of the linear flex-
ure bearings, the torque transmission capability is limited by their in-plane rotational
stiffness, Kθ, within the stress limit of the flexible material. Moreover, depends on differ-
ent linear flexure bearings used in compliant design, the in-plane rotational stiffness of
linear flexure bearings may be depends on their displacement with respect to their rest
position, r2 and r4, due to the elastokinematic effects. Therefore, the overall in-plane
rotational stiffness of the device, i.e. transmission stiffness, Km , can be given by

Km = Kθ(r2)Kθ(r4)

Kθ(r2)+Kθ(r4)
. (5.43)

ENERGY EQUATION AND STATIC BALANCING

If the compliant elements are replaced at each prismatic joint, the mechanism can be
modeled as illustrated in Figure 5.15. The energy equation can be given by adding the
energy storage terms for each linear springs
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Figure 5.16: Two linear flexure bearings with their geometrical parameters (a) Paired Double Parallelogram
flexure (DP-DP), and (b) Double Parallelogram flexure with Nested Linkage (DP-NL).

Ve = 1

2

(
Kx x2 +Ky y2) (5.44)

where, Kx and Ky are the spring constant in motion direction of the sliders as shown in
the Figure 5.15, and the x and y are the deflection of each spring.

The principle of virtual work can be applied to drive the input torque, T2, which can
be given by

T2δθ2 −δVe = 0. (5.45)

The mechanism can be statically balanced, T2 = 0, by having a constant value for
total elastic potential energy of the mechanism over different input angle. This can be
accomplished by having two zero length linear springs Kx and Ky with a constant and
equal stiffness coefficient, i.e. Kx = Ky = K . Moreover, the input and the output axes
have to be collinear, L1 = 0, when the linear springs are located at their rest positions,
point P . As a result, the total potential energy of the mechanism is constant and can be
rewritten as

Ve = 1

2
K

(
x2 + y2) = 1

2
K L2

1 = const . (5.46)

Therefore, any equivalent compliant design based on the proposed PRBM model,
Figure 5.15, and the above-mentioned conditions can be statically balanced.

5.2.4. COMPLIANT DESIGN
The rigid-body replacement synthesis [13] is considered to design the compliant rotation
transmission mechanism based on the proposed PRBM model, shown in Figure 5.15.
The two frictional prismatic joints, which are the main sources of the energy lose, can
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Table 5.3: Qualitative comparison of different types of linear flexure bearings reported in prior art. Double
Parallelogram flexure (DP), Paired Double Parallelogram flexure (DP-DP), Clamped Paired Double Parallelo-
gram flexure (C-DP-DP), Double Parallelogram flexure with External Linkage (DP-EL), Double Parallelogram
flexure with Nested Linkage (DP-NL), Double Tilted flexure (DT). For the first three criteria, the DP-DP design
is considered as good solution (0) for comparison. The excellent and poor performance are indicated by (+)
and (−), respectively. For the last criterion, the designs with one grounding point are scored by (+) and those
with more than one grounding points are scored by (−).

Criteria

Linear flexure bearings
Stroke over

footprint

In-plane
rotational
stiffness

Dynamic
performance

Ease of
integration into

PRBM model
DP [42] + − − +
DP-DP [43] 0 0 0 +
C-DP-DP [44] − 0 0 +
DP-EL [29, 45, 46] − + + −
DP-NL [47] − + + −
DT [48, 49] − 0 0 +

be replaced by the linear flexure bearings and hence the PRBM model can be converted
into a single-piece compliant design. In order to have a uniform velocity transmission,
a precise rectilinear flexure bearing is required as replacement of prismatic joints in the
PRBM model.

A brief overview and a qualitative comparison of different linear flexure bearings re-
ported in literature, which provide precise rectilinear motion, is presented in Table. 5.3.
Stroke over footprint, in-plane rotational stiffness, dynamic performance, and ease of
integration into the PRBM model for fabrication are considered as the design criteria to
compare different linear flexure bearings.

Designers might weight each of the above mentioned criteria differently based on
their design requirements, and select different linear flexure bearings for the integration
into the proposed PRBM model. As can be seen in the Table. 5.3, Double Parallelogram
flexure with Nested Linkage (DP-NL), shown in Figure 5.16(b), and Double Parallelo-
gram flexure with External Linkage (DP-EL) giving better in-plane rotational stiffness
and dynamic performance. However, the frame (ground) parts of this type of linear flex-
ure bearings are apart and can not be connected in the same plane, as shown in Figure
5.16(b). As a consequence, at least five design layers are required to convert the PRBM
model into a compliant embodiment. Therefore, the whole transmission mechanism
can not potentially be fabricated with micro planar fabrication technique such as dou-
ble sided DRIE [50], which allow for maximum three design layers. More alternatives, for
the linear flexure bearings based on the DP-NL and the DP-EL, can be found in prior art
where there is a single ground member [51]. However, this will end up to a much larger
footprint of the design as the external linkages need to be placed inside of the mecha-
nism.

The Paired Double Parallelogram flexure (DP-DP) design, shown in Figure 5.16(a), of-
fering a good trade off between all criteria. The single ground link is also made it desired
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Figure 5.17: Statically balanced fully compliant transmission mechanism based on the proposed PRBM model
of the Oldham coupling.

for planar fabrication technique. Therefore, in this study, a DP-DP linear flexure bearing,
is selected for further design process and model validation.

As can be seen in Figure 5.17, a statically balanced fully compliant power transmis-
sion mechanism, compliant equivalent of the PRBM model shown in Figure 5.15, is de-
signed by using DP-DP linear flexure bearing. The two linear flexure bearings are placed
on top of each other with 90◦ offset between their motion directions. They are connected
to the input and the output axes by the housing which are considered on their main shut-
tles. Both flexure bearings share their frame (ground), which is corresponding to the Link
3 in equivalent PRBM model shown in Figure 5.15.

The torque transmission capability of the design is corresponded to the in-plane ro-
tational stiffness, Kθ , of the selected linear flexure bearings within the stress limit of the
material. The closed-form nonlinear stiffness for the DP-DP linear flexure bearing is a
function of the location of the main shuttle with respect to the frame, x, and can be given
by [48]

Kθ(x) = Ew t 3κP 2
1 P 2

2

12L3
(
P 2

1 +P 2
2

)(
1+κλ( x

2L

)2
) , (5.47)

where, w and t are flexure width and thickness, respectively, and

λ= 2a3
(
105−630a +1440a2 −1480a3 +576a4

)
175

(
3−6a +4a2

)3 , κ= 6L2

at 2 . (5.48)

By substituting Eq. 5.41 and Eq. 5.47, into Eq. 5.43, the in-plane rotational stiffness,
transmission stiffness, of the proposed compliant design, Km , can be given by

Km = Ew t 3κP 2
1 P 2

2

12L3
(
P 2

1 +P 2
2

)(
2+κλ

(
L1
2L

)2
) . (5.49)
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(a) (b)

Figure 5.18: The large scale prototype of statically balanced fully compliant power transmission mechanisms,
(a) at the rest position, and (b) at the deflected position, 20mm lateral offset.

Therefore, as can be seen in Eq. 5.49, the transmission stiffness of the proposed
PRBM model and the compliant design is a constant value over a full cycle rotation of
the input axis, i.e. it is independent from the location of the main shuttle, where the axes
are attached, with respect to the frame. Moreover, the torque transmission capability of
the device can be independently increased by a proper choice of the parameters P1 and
P2 such that it does not effect the maximum range of motion of the shuttles.

The distribution of compliance in a compliant transmission mechanism give raise to
elastokinematic effects, which in the case of a compliant coupling results in error motion
between the input and the output rotations. This error depends on the output load,
Tout , and the transmission stiffness of the coupling, Km . Therefore, the input-output
kinematic relationship of the Oldham coupling, Eq. 5.40, for an equivalent compliant
design can be rewritten as

θ4 = θ2 + π

2
− Tout

Km
. (5.50)

Assuming a constant output torque, the equivalent compliant coupling yet provides
a constant velocity transmission, i. e. ω4 = ω2, since the transmission stiffness, Km is
constant based on the Eq. 5.49.

5.2.5. FABRICATION AND EXPERIMENTAL EVALUATION

Fabrication and experimental evaluations of the proposed compliant rotational power
transmission mechanism are discussed in this section. Two features of the compliant
design will be evaluated experimentally. These are the static balancing of the compliant
transmission mechanism and the input-output rotational stiffness, transmission stiff-
ness, of the compliant device. Besides, the results from experiments, finite element mod-
eling (FEM), and theoretical modeling will be illustrated and discussed in this section.
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Table 5.4: Prototype design parameters of statically balanced fully compliant rotational power transmission
mechanism.

Parameters L(mm) t (mm) w(mm) a P1(mm) P2(mm)
Values 50 0.2 5 0.5 28 84

PROTOTYPE

A macro scale device was constructed for the experimental evaluation, Figure 5.18 (a).
The austenitic stainless steel AISI316L is selected for the flexible members. The device
is designed and dimensioned for a maximum lateral offset of 20 mm, Figure 5.18 (b),
which is limited by the yield strength of AISI316L rated at 500 M pa. The prototype design
parameters of the statically balanced fully compliant transmission mechanism are given
in Table 5.4.

EXPERIMENTAL EVALUATION

The static balancing feature of the proposed compliant transmission mechanism is in-
vestigated experimentally by two approaches. The mechanism is able to remain at any
arbitrary position without requiring any effort, as shown in Figure 5.19.

(a) (b) (c)

(d) (e) ( f )

Figure 5.19: The proposed compliant transmission mechanism is statically balanced and can remain at any
position without requiring a continues torque to hold the mechanism in position. Blue lines indicated on the
middle glassy part of prototype are indicating the mechanism at different position.
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Input axis
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Figure 5.20: Experimental setup for the actuation torque measurement.

As it is shown in Figure 5.20, an experiment was performed to study the actuation
stiffness of the compliant device. This is done by studying the input torque at the in-
put axis, while the output axis was unloaded. The motor was mounted on an XY stages
to provide the lateral offset between the axes. The input axis was attached to the hous-
ing of the main shuttle from the upper DP-DP linear flexure bearing. The output axis,
was only free to rotate and attached to the lower DP-DP linear flexure bearing. First, the
actuation torque was measured without any lateral offset between the rotational axes,
where both linear flexure bearings where at their rest positions during a full cycle mo-
tion. This torque corresponded to the inertia of the device, the frictions at the bearing
where the output axis was grounded, and the other sources of energy loss in the mea-
surement setup. Further, the actuation torque was recorded after applying a lateral off-
set of L1 = 20mm, and this amount was subtracted from the first torque measurement

Drive axis

Prototype 

Output 

axis

Static torque 

sensor

Adjustable 

stage

Figure 5.21: The measurement setup to analyze the transmission stiffness of the prototype. The measurement
was performed at L1 = 20mm, the lateral offset between the axes.
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Figure 5.22: Results of the experiment and finite element modeling (FEM) for the actuation torque of the pro-
posed compliant transmission mechanism. The measurement was performed at 20mm lateral offset between
the input and the output axes.

and shown as the input torque required to deal with the internal stiffness of the device.
Moreover, a setup was constructed for experimental evaluation of the in-plane rotational
stiffness, transmission stiffness, of the compliant transmission mechanism, shown in
Figure 5.21. The output axis is directly mounted on a static torque sensor, HBM T20WN.
Besides, the torque sensor is attached to an adjustable stage to tune for lateral offset
between the axes. The drive axis is connected to the housing of the main shuttle from
the upper DP-DP linear flexure bearing and was actuated for some angles. The reaction
torque at the output axis is then recorded with respect to the input rotation.
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Figure 5.23: The results from experiment and the theoretical model for the in-plane rotational stiffness, trans-
mission stiffness, of the statically balanced compliant transmission mechanism and each DP-DP linear flexure
bearing of the design at different input axis angular displacement.
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Figure 5.24: Torque-Angular displacement characteristic of the statically balanced compliant transmission
mechanism. The results are from experiment, finite element modeling (FEM), and the theoretical model.
These were recorded at L1 = 20mm, lateral offset between the axes.

The measurement result for the actuation torque is shown in Figure 5.22. As it is
shown, the measurement result and FEM modeling indicate the compliant design based
on the proposed PRBM model is statically balanced as this was also proven by the the-
oretical model in Section 5.2.2. However, the measurement shows some torque was still
needed to force the device. This was mainly due to the friction which was increased at
the bearing of the output axis, caused by the reaction force from deflected linear flexure
bearings, while applying the lateral offset between the axes.

The transmission stiffness of the macro scale prototype based on the theoretical
model and experiment are shown in Figure 5.23. As can be seen, an in-plane rotational
stiffness of Km = 57.29 N m/r ad is predicted by the theoretical model. As aforemen-
tioned, shown in Eq. 5.49, the in-plane rotational stiffness of the device is independent
from the angular displacement of the input axis. This means the mechanism has a con-
stant in-plane rotational stiffness at any location of the input axis during a full cycle ro-
tation, shown in Figure 5.23. Although, the in-plane rotational stiffness of the belonging
DP-DP linear flexure bearings are not constant during the full cycle rotation of the mech-
anism.

Besides, the torque-angular displacement characteristic are shown in Figure 5.24.
These were evaluated by the experiment, theoretical model, and finite element model-
ing. As can be seen, the device is capable to transfer more than 100 N mm torque, at
lateral offset of L1 = 20 mm, within 500 M pa stress limit. An in-plane rotational stiffness
of 51.35 N m/r ad and 54.05 N m/r ad were recorded through experiment and finite ele-
ment modeling, respectively. The results from experiment and finite element modeling
agree with the theoretical model within 5.66 % and 10.37 %, respectively.
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5.3. CONCLUSIONS
First large deflection and fully compliant homokinetic coupling for angular misalign-
ments is presented and its principle is described in the first section of this chapter, Sec-
tion 5.1. The kinematic and Pseudo-Rigid-Body Model (PRBM) of the proposed compli-
ant design were studied. It was shown, the uniformity of the rotation transmission of
the device is insensitive to the axis drift of the used flexures. Moreover, a prototype was
manufactured and evaluated by experimental data, and it is shown that the results sup-
port the kinematic model, PRBM model, and the finite element modeling. The results
indicate that by increasing the number of compliant sets around the rotational axes the
required actuation torque will be reduced significantly and the device can be labeled as
a nearly statically balanced compliant power transmission coupling. Moreover, the in-
crease in the number of the compliant set enhances the torque transmission capability,
by increasing the rotational stiffness of the compliant design. It can be concluded that
the proposed compliant homokinetic coupling is feasible and may have great potential
in micro measurement systems, medical devices, power transmission systems, and pre-
cision instruments.

In the next section, Section 5.2, a compliant and potentially monolithic transmis-
sion coupling for lateral misalignment is presented. The design is generated based on
the proposed Pseudo-Rigid-Body model (PRBM) of Oldham coupling. Moreover, The
PRBM model is applied to develop for static balancing and study torque transmission
capability of the design. It was shown the proposed fully compliant design is statically
balanced and therefore can be expressed as a high efficient power transmission mech-
anism. Moreover, the static balancing feature of the design makes it suitable for high
torque applications, where the high stiffness of the linear flexure bearings will not ef-
fect on the required actuation torque. Although this will increase the effort to make the
lateral offset between the input and the output axes. The design can be fabricated by
common micro scale manufacturing process such as double sided Deep Reactive Ion
Etching (DRIE) and LIGA due to the planar design configuration. The design map pre-
sented in this section, based on the proposed PRBM model, can aid in designing and
sizing this monolithic and statically balanced power transmission mechanism for vari-
ous applications and design criteria in different length scales.
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6
CONCLUSIONS

This thesis was undertaken to develop new kinematics and synthesis methods for the de-
sign of a new generation of compliant transmission mechanisms as alternatives to clas-
sical gears and couplings. In this chapter, the previous chapters are looked over and the
main original contributions of the performed research are discussed. Furthermore, the
limitations of the approach proposed in this research are addressed and recommendations
for further research are given.
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6.1. CONCLUSIONS
Advances in the field of Micro-Electromechanical-Systems (MEMS) have inaugurated
the urge to design alternatives to classical transmission mechanisms with high energy-
efficiency and minimal mechanical complexity. Compliant mechanisms have shown a
great potential to realize sophisticated motion with minimal mechanical complexity by
employing the natural elasticity of their constituted materials. It is in this context that
this thesis set out to innovate kinematics and synthesis methods for the design of com-
pliant and monolithic transmission mechanisms as the alternatives to classical gears and
couplings.

The five chapters of this thesis have shown three major contributions to the field
of transmission mechanisms: Development of new kinematics, compliant designs, and
synthesis method.

6.1.1. DEVELOPMENT OF NEW KINEMATICS
One of the more significant findings to emerge from this study is the finite travel range
kinematics which was proposed as an alternative to classical gears for frequency multi-
plication. It was shown that the geometrical advantage (G .A.) and the frequency advan-
tage (F.A.) of the proposed movement can be designed independently, unlike in classical
gears where these two are the same. The results in Chapter 2 and Chapter 3 have identi-
fied two approaches to double the motion frequency (F.A. = 2).

The findings reported in Chapter 2 shed new light on the application of the serial
singularity in planar linkages for the design of frequency doubler transmission mecha-
nisms, a principle ratio for frequency multiplication. Two kinematic articulations, one
based on a four-bar linkage, and one based on an eight-bar linkage were proposed for
frequency doubling (F.A. = 2). However, both designs have shown a nonlinear G .A. due
to the nonlinear kinematics of the proposed linkages. The results indicate that the de-
sign based on the eight-bar linkage provides a better kinematic linearity compared to the
design based on the four-bar linkage since there were more parameters for kinematic op-
timization. The kinematics developed in Chapter 3 have shown that frequency doubling
with a linear G .A. can be achieved by switching between two instant centers of rotation
of a lever arm. This was carried out by employing reconfigurable kinematic pairs on the
lever arms.

Furthermore, the use of screw theory for the degrees of freedom (DoF) analysis in
Chapter 5 has led to a better understanding of the spatial 6R linkages for application in
rotational couplings. It was shown that a perfect constant velocity transmission cou-
pling can be realized by adding an extra kinematic constraint on the Double-Hooke’s 6R
linkages without sacrificing the essential DoFs of a universal joint.

6.1.2. DEVELOPMENT OF COMPLIANT DESIGNS
This thesis has reported a diversity of monolithic and contact-less designs for transmis-
sion mechanisms, both couplings, and frequency multipliers. All the theoretical analyses
regarding the kinematics and stiffness characteristics of the proposed compliant trans-
mission designs were validated using the experimental results and finite element models
(FEM). Prototypes were made of several designs at different length scales, where the mi-
cro transmission devices were fabricated out of silicon using Deep Reactive Ion Etching
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(DRIE).

The compliant designs and analyses presented in Chapter 2, Chapter 3, and Chapter
4 lay the foundation for the development of new types of transmission mechanisms, suit-
able for on-chip integration, to adapt the frequency and speed requirements of MEMS-
based oscillators, sensors, and actuators. The results of the stiffness analyses and ex-
periments have shown that there is a trade-off between adding compliant frequency
doubler building blocks and the associated additional motion stiffness. Furthermore,
it was shown in Chapter 3 how a buckle-sensitive slender segment can be employed as a
compliant reconfigurable kinematic pair, which enables to switch between two instant
centers of rotation for frequency doubling with linear kinematic.

The compliant frequency multiplier transmission mechanisms have shown a great
potential to integrate energy storage and transmission functionality. For instance, in the
application of mechanical wrist watches the internal stiffness of the the proposed com-
pliant transmission designs can potentially replace the conventional Barrel spring and
gear train. This allows for size and component reduction, and increases the mechanical
efficiency in such applications.

Two compliant designs were shown in Chapter 5 as alternatives to transmission cou-
plings. These were a compliant homokinetic coupling for angular misalignment, and a
monolithic transmission mechanism for lateral misalignment between rotational axes.
The results highlighted the importance of the constancy of the bearing stiffness (rota-
tional stiffness) of the rotational couplings over the range of motion. This was found
essential to guarantee a constant velocity rotation transmission of a compliant coupling
in presence of a constant output load. It was further shown that the uniformity of the
rotation transmission of the compliant homokinetic coupling can be insensitive to the
axis drift of the used flexures by a symmetrical design arrangement of the flexures with
respect to the homokinetic plane. The results indicate that by increasing the number
of compliant sets around the rotational axis the required actuation torque will be re-
duced significantly and the proposed compliant homokinetic coupling can be labeled as
a nearly statically balanced compliant transmission coupling. Moreover, the increase in
the number of compliant sets enhances the torque transmission capability, by increasing
the rotational stiffness and maximum load of the compliant design.

6.1.3. DEVELOPMENT OF SYNTHESIS METHOD

A synthesis method was developed in Chapter 4 to design compliant frequency multi-
plier transmission mechanisms by concatenating different frequency doubler building
blocks, which were developed in Chapter 2 and Chapter 3. The investigation of serial
singularity in planar mechanisms using instant center approach has provided a deeper
insight into the relation between the arrangement of the serial singularity in the planar
linkages and the frequency multiplication ratio. The results have shown that any integer
frequency ratios based on even, odd, and prime numbers can be achieved by arrange-
ment of frequency doubler building blocks.
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6.2. LIMITATIONS AND RECOMMENDATIONS
Apart from the accomplishments in this thesis, several limitations still remain and need
to be acknowledged. This can open a range of future research avenues for the next fron-
tier of compliant transmission mechanisms.

A natural progression of this thesis is to analyze the dynamics and buckling instabili-
ties of the proposed compliant transmission mechanisms. Many applications require an
understanding of dynamic operating conditions, since the dynamical performance of a
compliant mechanism may deviate from its static performance. Therefore, developing
dynamic models for the proposed compliant transmission mechanisms provides valu-
able insight into the dynamic performance, and allows for further design improvements.

The scope of the proposed compliant frequency doubler transmission building blocks
in Chapter 2 was limited to four-bar and eight-bar linkages, which was a good trade-off
between complexity and performance. Since a higher number of links gives more pa-
rameters for the kinematic optimization, a further study could assess the possibilities of
frequency doubling in other one-DoF planar mechanisms such as ten-bar, twelve-bar,
and fourteen-bar linkages.

The kinematic nonlinearity and the nonlinearity of the actuation stiffness of the pro-
posed compliant frequency multiplier transmission mechanisms results in a nonlinear
output force, i.e. output force variations. This limits the practicability of the proposed
transmission mechanisms in some applications. For instance, the precision of the os-
cillator in a mechanical watch is dependent on the level of the constancy of the output
force in the transmission line. Further research should be undertaken to explore differ-
ent strategies to statically balance the proposed compliant frequency multiplier trans-
mission mechanisms to result in a constant output force.



SUMMARY

Classical human-engineered transmission mechanisms such as linkages, gears, and cou-
plings are well established designs which made out of multiple parts and rigid hinges.
However, these mechanisms impose disadvantages such as wear, friction, low precision
and reliability, need for assembly and lubrications, and difficulty for miniaturization. By
employing the natural elasticity of materials, rather than using rigid hinges and connec-
tions, sophisticated motions can be realized with minimal mechanical complexity. This
relative new paradigm in engineering design, called compliant mechanisms, enables the
creation of monolithic mechanisms that are strong, compliant, precise, scalable, and
cost-effective.

The kinematics of classical gears and couplings impose several limitations to design
their compliant alternatives. One of the main limitations is that gears and couplings are
rotating continuously but the range of motion for an elastic mechanism is limited by the
stress in the material. Another limitation is that the transmission principle for conven-
tional gears and couplings are based on the engagement between separated bodies and
form closure, like teeth and sliding contacts. However, compliant mechanisms transfer
motion by elastic deformation of their own materials within a monolithic embodiment.
Therefore the aim of this thesis has been to develop kinematics and synthesis methods
for the design of compliant and monolithic alternatives to classical gears and couplings.

In Chapter 2 insights from serial singularity in planar linkages are used to develop
kinematics for frequency duplication, which is a functionality equivalent with a gear-
ing ratio of two. Two compliant transmission building block, one based on a four-bar
linkage, and one based on an eight-bar linkage have been proposed for frequency dupli-
cation. The input-output kinematics and force-deflection characteristic of the proposed
compliant transmission mechanisms have been studied by using a Pseudo-Rigid-Body
model (PRBM). Furthermore, corresponding designs were dimensioned and fabricated
at different length scale to validate the PRBM and finite-element model (FEM) with the
experimental evaluations. Results have shown a nonlinear geometrical advantage (G .A.)
due to the nonlinear kinematics of the proposed linkages.

The kinematics developed in Chapter 3 have shown that frequency duplication with
a linear G .A. can be achieved by switching between two instant centers of rotation of
a lever arm. This was carried out by employing elastic deformation and buckling of
slender segments in an embodiment that exhibits a precise and linear transmission of
frequency and deflection rate. Furthermore, the input-output kinematics and force-
deflection characteristics of the compliant design were described by a theoretical model,
and validated experimentally in a silicon MEMS device.

A graphical method based on the instant centers of rotation in planar linkages was
proposed in Chapter 4 for the synthesis of frequency multiplier transmission mecha-
nisms. It has shown that any integer frequency multiplication ratios can be achieved by
arrangement of frequency doubler building blocks. Furthermore, the developed synthe-
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sis method was experimentally validated with two compliant designs with the frequency
ratios of "3" and "4".

Compliant transmission couplings, which can deal with different misalignments be-
tween the direction of motion of the input and output axes, were developed in Chap-
ter 5. Two compliant designs were shown as alternatives to classical transmission cou-
plings. These were a compliant homokinetic coupling for angular misalignment, and
a monolithic transmission coupling for lateral misalignment between rotational axes.
The proposed compliant designs have been studied by using PRBM and validated ex-
perimentally. The results highlighted the importance of the constancy of the bearing
stiffness (rotational stiffness) of the compliant rotational couplings over their range of
motion. This was found essential to guarantee a constant velocity rotation transmission
of a compliant coupling in presence of a constant output load.

Furthermore, the use of screw theory for the degrees of freedom (DoF) analysis in
Chapter 5 has led to a better understanding of the spatial 6R linkages for application
in rotational couplings. It was shown that a precise constant velocity homokinetic cou-
pling can be achieved by adding an extra kinematic constraint on the Double-Hooke’s
6R linkages without sacrificing the essential DoFs of a universal joint. Furthermore, it
was shown that the uniformity of the rotation transmission of the compliant homoki-
netic coupling can be insensitive to the axis drift of the used flexures by a symmetrical
flexure design arrangement.



SAMENVATTING

Klassiek door de mens ontworpen mechanismen, zoals stangenmechanismen, tanwie-
len en koppelingen, zijn veel gebruikte en bekende ontwerpen, bestaande uit starre li-
chamen en scharnieren. Aan deze mechanismen kleven echter ook nadelen. Ze hebben
last van slijtage en wrijving, hebben vaak een lage precisie en betrouwbaarheid, moeten
geassembleerd en gesmeerd worden en zijn vaak moeilijk te miniaturiseren. Door de na-
tuurlijke elasticiteit van materialen te gebruiken in plaats van starre verbindingen, kun-
nen geavanceerde bewegingen worden gerealiseerd met minimale mechanische com-
plexiteit. Dit relatief nieuwe paradigma in werktuigbouwkundig ontwerp, compliante
mechanismen genoemd, maakt monolithische mechanismen mogelijk die sterk, com-
pliant, nauwkeurig, schaalbaar en kosteneffectief zijn.

De kinematica van klassieke tandwielen en koppelingen leggen echter wel enkele
beperkingen op aan het ontwerp van hun compliante alternatieven. Een van de be-
langrijkste beperkingen is dat tandwielen en koppelingen vrij kunnen roteren, terwijl
het bewegingsbereik van een elastisch mechanisme wordt beperkt door de spanning
in het materiaal. Een andere beperking is dat het transmissieprincipe voor conventio-
nele tandwielen en koppelingen gebaseerd is op het in elkaar grijpen van losse lichamen
en vormgeslotenheid zoals tanden en glijcontacten, terwijl in compliante mechanismen
bewegingen worden overgedragen via elastische deformatie van het materiaal in één en-
kel lichaam. Daarom is het doel van dit proefschrift om methoden te wontwikkelen voor
de kinematische analyse en synthese van compliante en monolitische alternatieven voor
klassieke tandwielmechanismen en koppelingen.

In hoofdstuk 2 worden inzichten in seriële singulariteiten voor mechanismen in het
vlak gebruikt voor het ontwikkelen van kinemematica voor frequentieverdubbeling, het
functionele equivalent van een tandwieloverbrenging met overbrengsratio twee. Twee
compliante transmissiebouwblokken, één gebaseerd op een vierstangenmechanisme en
de ander gebaseerd op een achtstangenmechanisme, worden voorgesteld om frequen-
tieverdubbeling te bereiken. De ingangs en uitgangs kinematica en het kracht-weg ge-
drag van de voorgestelde compliante transmissiemechanismen zijn bestudeerd met be-
hulp van een Pseudo-Rigid-Body-model (PRBM). Daarnaast zijn de ontwerpen gedi-
mensioneerd en vervaardigd om het PRBM en het eindige-elementenmodel met de ex-
perimentele evaluaties te valideren. De resultaten laten een niet-lineare overbrengings-
verhouding zien als gevolg van de niet-lineare kinematica.

De kinematica ontwikkeld in hoofdstuk 3 laat zien dat de frequentieverdubbeling
met een lineare overbrengingsverhouding kan worden gerealiseerd door te wisselen tus-
sen twee momentane rotatiecentra van de hefboomarm. Dit is gerealiseerd door ge-
bruikt te maken van de elastische vervorming en het knikke van slanke segmenten op
een manier die een nauwkeurige en lineare transmissie van de frequentie en mate van
verbuiging bewerkstelligd. Verder worden van het voorgestelde mechanisme de ingangs
en uitgans kinematica en het kracht-weg gedrag beschreven met behulp van een theore-
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tisch model en word deze experimenteel gevalideerd door middel van een MEMS appa-
raat.

Een grafische methode op basis van momentane rotatiecentra voor de synthese van
transmissiemechanismen voor frequentievermenigvuldiging in het vlak wordt voorge-
steld in hoofdstuk 4. Door middel van deze methode is aangetoond dat elke geheeltal-
lige frequrentievermenigvuldiging kan worden behaald door een aaneenschakeling van
bouwblokken die de frequentie verdubbelen. Daarnaast is de ontwikkelde synthese me-
thode experimenteel gevalideerd met twee compliante transmissiemechanisme-ontwerpen
voor frequentievermenigvuldiging met een factor 3 en 4.

Compliante transmissiekoppelingen die om kunnen gaan met verschillende uitlijn-
fouten tussen de in- en uitgangsbeweging worden gepresenteerd in hoofdstuk 5. De
ontwerpen bieden een alternatieven voor klassieke transmissiekoppelingen. Een com-
pliante homokinetische koppeling voor een uitlijnfout in de hoek tussen de assen en een
monolithische transmissiekoppeling voor een translationele uitlijningsfout worden ge-
presenteerd. Deze compliante transmissiekoppelingen zijn bestudeerd met behulp van
PRBM en experimenteel gevalideerd. De resultaten benadrukken het belang van een
constante draagkracht (torsiestijfheid) van de compliante rotatiekoppeling over hun be-
wegingsbereik. Dit bleek essentieel om een constante rotatiesnelheid over te kunnen
dragen met behulp van een compliante koppeling in het geval van een constante uit-
gansbelasting.

Het gebruik van screw theory voor de analyse van de graden van vrijheid in hoofd-
stuk 5 heeft geleid tot een beter begrip van de ruimtelijke 6R stangenmechanismen voor
applicaties in rotatiekoppelingen. Hieruit bleek dat een precieze homokinetische kop-
peling met een constante snelheidsoverbrenging kan worden gemaakt door het toevoe-
gen van een extra kinematische beperking aan Double-Hooke’s 6R stangenmechanis-
men zonder dat de essentiële graden van vrijheid van een universele koppeling worden
opgeofferd. Daarnaast is aangetoond dat de uniformiteit van de rotatietransmissie van
de compliante homokinetische koppeling ongevoelig kan zijn voor asafwijkingen door
de flexibele elementen symmetrisch te plaatsen ten opzichte van het homokinetische
vlak.
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