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Abstract

In geotechnical site investigation, Robertson’s soil behavior type (SBT) chart is widely used for soil classification based on
two quantities measured during a cone penetration test (CPT), the normalized cone resistance @ and the normalized
friction ratio Fr. Q, and Fg are negatively correlated and provide complementary information for soil classification.
However, this cross-correlation between Q, and Fr has not been explicitly modelled in previous studies of subsurface soil
classification and stratification using an often-limited number of CPT soundings from a specific site. This study aims to
leverage such cross-correlation for improving CPT-based stratification and zonation by a joint sparse representation of O,
and Fy in a vertical cross-section, as well as quantifying their uncertainty under a Bayesian framework. In addition, direct
application of the SBT chart to a vertical cross-section often leads to noisy results (e.g., SBTs fluctuate rapidly and
unrealistically within short distances). The noises are subsequently removed mainly by subjective engineering judgment in
current practices. In this study, a randomization of input measurements is proposed to filter out the noise and improve
computational efficiency simultaneously. Both simulated and real data examples are used to illustrate the proposed method.
The results indicate that the proposed method significantly improves accuracy of the soil classification and stratification
and automatically removes the noise.

Keywords Bayesian compressive sensing - Data cross-correlation - Joint sparse representation - Noise removal -
Soil classification and stratification - Uncertainty quantification

1 Introduction

Soil classification and stratification (or zonation) (e.g.,
obtain the spatial distribution of different soil types) are
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metamorphic processes [8, 16], underground soil profiles
often contain multiple geological layers or units with dif-
ferent physical and mechanical properties; very often the
variabilities in stratification make it difficult to develop
reliable ground models especially when the ground for-
mations involve complex mechanisms of chemical weath-
ering or because of seasonal influences altering
periodically the mechanical properties of the strata. Cone
penetration test (CPT) is used widely for identifying such
layers or wunits, as it can provide near-continuous
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information on physical and mechanical properties of soils
and pore water pressure at the tested location along depth
[9, 37, 42]. To classify soil types based on CPT data,
Robertson [35] developed a soil behavior type (SBT)
classification chart, as shown in Fig. 1a, to identify in-situ
soil types based on two normalized CPT parameters, i.e.,
the normalized cone resistance Q, = (¢—0.0)/d vo, and the
normalized friction ratio Fr = 100f/(q—00), where f;, g,
avo, and ¢’y are the sleeve friction, corrected cone tip
resistance, vertical total stress, and vertical effective stress,
respectively. The Robertson chart in Fig. 1a is divided into
nine zones for nine distinct soil behavior types (SBT1 to
SBT9). Table 1 summarizes soil descriptions for these nine
soil types [36]. In addition, the SBT index (/.), calculated

as I, = \/(3.47 —log 0,)* + (log Fg 4 1.22)%, has been
widely used as a surrogate of O, and Fy [23], and it pro-
vides a reasonable fit to the boundaries in the center of the
Robertson chart [22, 36]. According to the /. values, six
soil behavior types, i.e., SBT2 to SBT7, can be classified as
summarized in Table 1.

Consider, for example, Fig. 1b that shows a set of real
CPT data obtained from an experimental site in the South
Parklands in South Australia [20]. The variations of Q, and
Fg with depth are shown in the first column of Fig. 1b, and
the soil types are determined using the Robertson chart and

Table 1 Description of soil behavior types in Robertson’s soil
behavior type (SBT) classification chart (modified from [35, 36])

Area Soil description Range of SBT index

I

1 Sensitive, fine-grained N/A

2 Organic soils (peats) 1. > 3.60

3 Clays (clay to silty clay) 295 < 1. <3.60
4 Silt mixtures (clayey silt to silty clay) 2.60 < I. < 2.95
5 Sand mixtures (silty sand to sandy 2.05 < 1. <2.60

silt)

6 Sands (clean sand to silty sand) 131 <1. <205
7 Gravelly sand to sand 1. <131

8 Very stiff sand to clayey sand N/A

9 Very stiff, fine-grained N/A

shown in the second column of Fig. 1b. It is observed that
the measured Q, and Fy are highly correlated, with a cor-
relation coefficient calculated as —0.74 in this example. The
cross-correlation between Q, and Fy is of practical signif-
icance as it can provide complementary information for
soil classification and stratification.

Although the CPT soundings can provide near-contin-
uous information in the vertical direction, their horizontal
spacing is usually large, e.g., 10-100 m, due to limited
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Fig. 1 An illustrative example of soil classification using Robertson’s soil behavior type (SBT) classification chart: a Robertson’s soil behavior
type classification chart (modified from [35]); and b a set of real CPT results at the South Parklands site in Australia (data from [20]) with soil

classification results from Robertson’s SBT chart
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budget, time, or site constraints [34]. It is, therefore, nec-
essary to interpret information of soil properties and
identify the soil type at the untested location in a specific
site. That is, CPT-based soil classification and stratification
in a two-dimensional (2D) vertical cross-section often have
to be inferred from a limited number of one-dimensional
(1D) profiles of CPT data [17, 48, 50, 53]. Since the
information along the horizontal direction is limited with
epistemic (statistical) uncertainties [34], the strong cross-
correlation between Q and Fy (e.g., see Fig. 1b) might
offer additional valuable information for improving data
interpretation along the horizontal direction [13] and CPT-
based soil classification and stratification, although such a
cross-correlation has not been modelled in previous
studies.

In addition, the vertical resolution of Q; and Fg along
depth can be as small as 0.005-0.05 m [37], with many
high-frequency variations caused by noise along depth
(e.g., see Fig. 1b). If the CPT data with noises (e.g., see
Fig. 1b) is directly used to identify soil type and strata,
many soil types or layers may be identified within a short
depth range. For example, the soil profile with a depth of
about 5 m below the ground surface in Fig. 1b is divided
into about 16 soil layers, which is not practical in engi-
neering applications. In current practice, because of no soil
sample retrieved from CPT for visual inspection, subjective
engineering judgment is often exercised to manually
smooth the noisy results into a soil stratification with only a
limited number of soil layers [34, 46]. As different engi-
neers might have different engineering judgments, the soil
strata identified by different practitioners may be different.
This underscores a need of an objective and automatic
method to deal with noisy CPT data and improve CPT-
based soil classification and stratification.

To model CPT data cross-correlation and noises, this
study proposes a joint sparse representation of Q; and Fyr
for improving CPT-based soil classification and stratifica-
tion. A randomization of input measurements is also pro-
posed to remove noises and improve computational
efficiency simultaneously. Following this introduction, a
framework of the proposed method is introduced in Sect. 2,
and the detailed procedure is presented step by step in
Sect. 3. Then, a simulated example is used to illustrate the
proposed method in Sect. 4. A real data example is also
provided in Sect. 5, followed by concluding remarks in
Sect. 6.

2 Proposed method based on joint sparse
representation of CPT data

Underground soils are formed by multiple geological,
physical, and chemical processes, leading to notable spatial
patterns and variability [33]. Hence, geotechnical data, e.g.,
Q¢ and Fy from a CPT, are usually auto-correlated spa-
tially, enabling a sparse representation in an appropriate
coordinate system [44, 45, 52, 54, 55]. In other words,
when the datasets or signals are auto-correlated, they are
compressible and can be represented by a relatively small
number of significant components [5, 40]. The basic idea of
sparse representation is that an auto-correlated signal, or
CPT data in this study, can be represented as a linear
combination of many basis functions, e.g., discrete cosine
transform (DCT) functions, and only a limited number of
basis functions are non-trivial or important [19, 28, 49].
Mathematically, a set of geotechnical data within a 2D
cross-section, defined by a matrix F with a size of N; x N,
can be expressed as [47]:

N
F=> oBP (1)
t=1

where N = N; x N»; BfD is the /" 2D basis function with
the same size as F, i.e., Ny x N,; and o, is the weight
coefficient corresponding to B?®. B?® may be constructed
from two 1D basis function matrices B! and B%, which is
independent of F. B! and B? has a dimension of N; x N,
and N, x N,, respectively. In this study, different columns
of B! and B? represent the orthonormal discrete cosine
functions with different frequencies. Under a sparse rep-
resentation of F, only a relatively small number of w, are
non-zero or important.

As illustrated in the Introduction, Q, and Fy data from
CPTs exhibit high cross-correlation, due to the physical
and mechanical properties of the soil. Therefore, they may
share a common spatial pattern [13, 51], especially within
the same soil layer. The inherent auto-correlated and cross-
correlated structure in Q, and Fr make it possible to have a
joint sparse representation in an appropriate normalized
coordinate system [2, 27]. Under a joint sparse represen-
tation of Q, and Fg, each normalized dataset is represented
by a sum of two components [1, 12]: (1) a common com-
ponent with a shared spatial feature for both Q, and Fg, and
(2) an individual component with unique spatial features
for Q, or Fy, specifically. Subsequently, the inherent auto-
correlated and cross-correlated structure of Q; and Fr can
be modelled simultaneously by a joint sparse representa-
tion. Note that, when modelling the auto- and cross-cor-
related structure by joint sparse representation, no hyper-
parameter, e.g., trend function or horizontal correlation
length, needs to be modelled from limited measurements.
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This is different from parametric methods like Gaussian
Process Regression (GPR), where accurate estimation of
such parameter is often a significant challenge due to
horizontal data sparsity in geotechnical site investigation
[56].

To properly model the cross-correlated structure, a
normalization of O, and Fg to a common scale is required
before the joint sparse representation. In addition, since the
Q. and Fy are negatively correlated (see Fig. 1b), their
spatial patterns are opposite to each other. On the other
hand, the common component under a joint sparse repre-
sentation framework shall represent positive cross-corre-
lation between two variables considered (e.g., Q; and Fy in
this study). To satisfy the requirement of positive cross-
correlation in the joint sparse representation, a negative
sign shall be added to the Fy data for converting its neg-
ative correlation with @, data into a positive correlation.
After that, the normalized datasets of Q; and Fr within a
2D cross-section, denoted as F'p and F'f,, can be jointly
represented as:

N N
Py = FC+FG = ) 0B+ 3 of B

=1 =1

IN tN (2)
Fr =FC+FL = ofBP +> oBP

=1 =1

where ¢ is the 1™ weight coefficient for common com-
ponent FC; oY and w? are the /" weight coefficient for

U

individual component Fj, and ng’ respectively. Under a

joint sparse representation framework, most of the weight
coefficients are close to zero. Therefore, the important
weight coefficients can be estimated using measurements
from a limited number of CPT soundings. The normalized
measurements of Q, and Fg, denoted respectively as Y’Ql
and Y’FR with a size of M; x M,, can be determined by
their locations of measurements in Fj, and Fy, :

N N
Yy = WiF, ¥ =) of ¥\ B°¥, + ) o/'¥BY,

=1 t=1
N N
Y, =WiF, ¥ =) of ¥ BPY, + Y oW BPY,

7 7 @)

where ¥, and ¥, are problem-specific measurement
matrices, with a dimension of M; x Ny and N, x M,
respectively. Because each pair of Q, and Fyr data is
measured by CPT at the same location, measurement
matrices ¥, and ¥, are the same for both Q, and Fy. Since
¥, and W, reflect the locations of elements of YIQ[ and Y;R
in Fj, and Fj along the column and row directions,
respectively, each measurement matrix can be constructed

@ Springer

from an identity matrix based on the measurement loca-
tions [54].

2.1 Randomization of input measurements

Noisy results of CPT-based soil classification and stratifi-
cation typically exhibit high-frequency variations along the
vertical direction (e.g., Fig. 1b). A basic idea of removing
the noise is to map the CPT data from the original space to
a lower-dimension space. A random matrix (e.g., Gaussian
or Bernoulli random matrix), can directly sense the pro-
jected CPT data in its original domain, thereby maintaining
sensing efficiency without requiring additional prior
knowledge [7, 25]. The high-frequency noises might be
filtered out automatically during this process. Therefore, a
random matrix is used in this study to compress the input
measurements along the vertical direction (i.e., dimension
of N in this study). This is the so-called randomization of
input measurements in data analytics literature [7]. It is
important to emphasize that this randomization does not
involve down-sampling or dropping some measurements
directly, but uses a random linear combination of mea-
surements with all measured information preserved.
Simultaneously, the basis function matrix in Eq. (3) is
compressed using the same random matrix. Note that such
a randomization might also improve computational effi-
ciency by reducing volume of the input data.

To realize the randomization of input measurements, the
choice of a good random matrix is essential for joint sparse
representation of Q; and Fr. Gaussian random projections
are often chosen for representation due to their favorable
mathematical properties and the richness of information
extracted, minimizing the risk of losing crucial information
of the original data [4]. The normalized measurements Y’Ql
and Y}R are compressed from a vertical length of M, to M,
(e.g., M. = 101) using a Gaussian random matrix in this
study. The compressed measurements, denoted as Y'Q‘l and

Y}i with a size of M. x M,, can be expressed as follows:

N N
Y =Y, = > of 0¥ BP¥; + ) o' ¥ BP¥,

t=1 t=1
N N

Y =0Y, =) of OV BP¥, + ) o0V B ¥,
=1 =1

(4)

where ® is a Gaussian random matrix with a size of M.

x M. Each element in Gaussian random matrix follows a
random Gaussian distribution with a zero mean and vari-
ance equal to 1/M.. For derivation convenience, Y’Q‘[ and

Y}; are vectorized by stacking sequentially the columns of
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Y,y and Y. This leads to two column vectors y; and yj ,

both with a length of M = (M. x M,):
y/FcR — AR@C + ARQL:
where the sensing matrix A® is a random sensing matrix
with a size of M x N. Each column of A¥, denoted as ozf ,
is obtained from a vectorization of (D‘PIB,zD‘I’Z, i.e. ozf =
vec(®¥,BPW,) (=1, 2, ..., N). of = [0, 05, ..., 0]
is the weight coefficient vector for the common component.
N Ui T U, U U, T
o' = [0, 0y, ..., 0] Y =[], w52, ..., 05]
are the weight coefficient vectors for the individual com-
ponents of O, and Fg, respectively. Then, Eq. (5) can be
further re-written as:

and o w

y/,c AR AR 0 (,!)C
e O — U, 6
y < o
[y%R ‘| |:AR 0 AR:| wUz ( )
Equation (6) can be further simplified as:
¥ =A% (7)
/,c
Y AR AR 0
h e= |78, A= , d
where z L’}i] [AR 0 AR] an
o
o= | 0¥
o

Since correlated Q, and Fy usually have a sparse rep-
resentation, most of the elements in @w° are close to zero.
Therefore, when important weights in ¢ are probabilisti-
cally estimated from compressed measurement ensemble,
ie., y°, the O, and Fy in the target cross-section can be
reconstructed jointly by Eq. (2).

2.2 Joint Bayesian reconstruction of CPT data

Because the CPT soundings are limited along horizontal
directions, substantial statistical uncertainty might be
induced when estimating w® and reconstructing F'Q‘ and
F}R, particularly along horizontal directions. To quantify
the uncertainty in an approximation of w®, denoted as &°, a
Bayesian framework is used for the joint estimation of @&°.
Under a Bayesian framework, the compressed measure-
ment ensemble, y¢, can be used to update the distribution of
o°, with the expression as follows [3]:

_ POl x p(e)
p*)
where p(@°) represents the prior probability distribution
function (PDF) of @°, reflecting the prior knowledge about
@°; p(y°|@°) represents the likelihood function, reflecting
the probability of observing the y¢ given @°; p(y¢) repre-
sents the normalizing constant ensuring an integration of

(8)

p(o°]y°)

the posterior p(@°|y°) to be one. It is seen from Eq. (8) that
the likelihood function p(y°|@°) and the prior PDF p(@°)
are two essential ingredients of the Bayesian framework. A
zero-mean Gaussian measurement error with unknown
variance, ¢°, is adopted for each measurement, leading to
the Gaussian likelihood function [43]:

M,/2 _ eiAeAeT e _ A°h°
‘C) exp( T(y w2) (v w))

P01, 7) = (5

©)

where 1 represents the reciprocal of the unknown variance
of o2 for modelling convenience, i.e., T = 0_2; M, is the
total data point number in the measurement ensemble y°.

To promote the sparsity within the weight coefficient
vector and facilitate identification of the important or non-
trivial weight coefficients, a three-level hierarchical model
is used to model the prior PDF of @°. First, each element of
o, ie., @¢, is taken to follow a Gaussian distribution with
a mean of zero and unknown variance of o, !, 1 = 1,2, ...,
3N, with an expression as [24]:

i—NI oc,l/z < oct(c?)e)z
p(6f|a) = exp | — 242
=1 V21 2

where a represents o, expressed in a vector form, i.e.,
o = [0, %, ..., a3y]; D* is a diagonal matrix with diagonal
element D*(2,f) = o, (£ = 1, 2, ..., 3N). Note that the prior
distribution given in Eq. (10) is conjugate to the likelihood
function given in Eq. (9). This suggests that the conditional
posterior PDF to be derived later also follows a Gaussian
distribution. Then, each element of «, i.e., «, is taken to
follow an inverse Gamma distribution with a parameter y/2
(y > 0) and a constant parameter 1, leading to p(o, 1 y) = y/
2 o, 7% exp[-y/2 o, ~']. Then, the prior PDF of « is expressed
as:

(10)

3N

3N

v y

plaly) = [[p(aly) = [[5% 7 expl- 5]
t=1 t=1

(11)

To avoid manual selection of y values, the unknown
parameter 7 is also taken to follow a Gamma distribution,
which is expressed as:

p(y) = by " exp(—boy) /T (ao) (12)

where a and b, are non-negative constants. In addition, t
is taken to follow a Gamma distribution, and the prior PDF
of 7 is expressed as [24, 47]:

Co .co—1
_ dy T
['(co)
where ¢y and dy, are two non-negative parameters.

According to Bayes’ rule, the posterior distribution is
derived as:

p(7) exp(—dot)

(13)

@ Springer
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¢ o 1lye) = PO Op(@|a)p(aly)p(7)p(7)
p(o*, a7, ly’) P (14)

Because of the term p(y®) in Eq. (14), there is no ana-
lytical expression for the joint posterior PDF of @°, a, t and
y. It is therefore difficult to solve the above formulation
analytically. To address this issue, a Markov Chain Monte
Carlo (MCMC) simulation method called Gibbs sampling
is used to simulate ®° samples for estimating the posterior
distribution of @° [10, 11]. Gibbs sampling requires ana-
lytical expressions of conditional PDFs, such as
p(&°]y, 7, 2,y¢), p(alo®,y,7,y¢), p(t|@°,a,7,y¢),
p(y|@°, &, 1,y°), which can be obtained from the above
equations. Zhao et al. [54] showed that the posterior dis-
tribution of @°, p(@°|y,t,a,y¢), follows a multivariate
normal distribution with a mean p, and a covariance
COV:

Har = COV e (A) Ty a5)
COV, = [(A°)TAT+ D] !

pla|@®,y,t,y°) follows a generalized inverse Gaussian
distribution:

p(ald®,y,7,y¢)

- ﬁexp <‘ “f<cbf)22+ % ‘V> ot /D (16)
t=1

2K, \/oy

where K, is a modified Bessel function of the second kind
with  parameter p of -1/2. p(t|@° a,y,y¢) and
p(y|@°, a,t,y°) follow two Gamma distributions:

p(t|@,a,v,¥°) = Gamma(c,, d,)
p(y|0°, a,1,y°) = Gamma(y,, ;)

where en=M/2+1; dy = do +1/2[(y*)"y* —
2(60°)" (A) Ty + ()" (A)"A@); 9, =3N+ay and
Vp = bo + Z?i’l o '. When ay, by and d, are taken as a
small value (e.g., ap = by = dy = 10~%), a non-informative
prior for @° is achieved, and the posterior distribution of &°
will be driven by measurements. Using Egs. (15)-(17),
many (e.g., N, = 200) cross-correlated RFSs of Fj, and Fj;,

(17)

pair can be generated using Gibbs sampling. The procedure
of Gibbs sampling is as shown in the following steps [54]:

(1) Initialize a,7,y with some arbitrary values (e.g.,
o, = 107*, 7 = 100/(variance of y¢) and y = 1) [43].

(2) Calculate py and COVge using Eq. (15).

(3) Generate a sample of ®° using a random field
generator, such as Cholesky decomposition with
calculated u ;. and COV .

@ Springer

(4) Update p(a|@®,t,7,y°) using the generated sample
of @° and 7.

(5) Sample a from the updated p(a|@®,y, T, y°).

(6) Update p(t|@°, a,y,y°) and p(y|@°,a, t,y°) using the
current sample of @° and a.

(7)  Sample t and y from the updated p(z|@°, «,y,y°) and
pyle°, @, 7,y¢).

(8) Substitute a, 7,y in Step (1) with the current sample
of a,7,y and repeat Step (2) to Step (8) until
prescribed number (e.g., N, = 200) of @° samples are
obtained. In MCMC simulation, a burn-in period is
typically required, with an initial number of samples
(e.g., the first 500) discarded. Furthermore, indepen-
dent samples are usually preferred in MCMC sim-
ulation, by sampling &° at every n;, (e.g., n, = 20)
simulations.

In this study, N, = 200 pairs of Fj, and Fy. 2D random
field samples (RFSs) can be simultaneously generated
using Gibbs sampling. Since the generated RFS pairs of O,
and Fy are in a normalized scale, a postprocessing step is
required to convert the reconstructed Q, and Fr back to the
original data space.

2.3 Quantification of uncertainty and accuracy

In the proposed method, N, pairs of the Q, and Fr RFSs are
sequentially generated for a target cross-section (i.e., with a
size of Ny x N,) with a target spatial resolution. Using
each pair of Q; and Fyr data and the Robertson’s SBT
chart (e.g., Fig. 1a), the corresponding SBT is determined
at each respective location or point within the 2D cross-
section, leading to a probable SBT map sample. Repeating
N, times the above steps leads to N, probable SBT map
samples from N, RFS pairs of the O, and F obtained using
the joint sparse representation from limited CPT soundings.

In the target cross-section, each point has N, probable
SBT. The statistics of N, probable SBT at a given point p
with a coordinate (x;,x;) can be easily calculated. The
probability of different specific SBT, i.e., P(SBT, =s)
(s=1,2,...,9), can be computed based on the occurrence
frequency of each SBT as following [17]:

NS
P(SBT, =s) = ﬁp x 100% (18)
where SBT), is the SBT at point p; N, is the number of map
samples with SBT equal to s at point p. The most probable
prediction (MPP) at one point p is the SBT with the highest
frequency of occurrence. After repeating the above steps
for all points, the MPP SBT map of the target cross-section
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is obtained for soil stratification. In addition, the uncer-
tainty of SBT at a data point p can be quantified by dis-
persion, i.e., Dp(p), reflecting the percentage of non-
matching SBT among N, random samples in comparison to
MPP [29, 38]:

_ S ki ) 1 SBTw(p) # SBTwpr(p)
KACh {0 SBTi(p) = SBTwee(p)

Nr s Lk
(19)

where SBT(p) and SBTypp(p) represent the SBT at point
p of the k™ 2D random SBT samples and MPP, respec-
tively. The dispersion value varies from O to 1, with a large
value corresponding to a low prediction confidence level
and vice versa. The spatial distribution of dispersion in a
vertical cross-section of interest can be determined
accordingly, and areas with large dispersion values often
indicate boundary between strata with different soil types
[38].

In addition, accuracy is used to evaluate the perfor-
mance of the proposed method, when the ground true SBT
map is available for the target vertical cross-section. The
accuracy of the proposed method can be validated by
comparing MPP with the ground true 2D SBT map, using
the following expression [30, 39]:

Acc — S )1 SBTt(pi) = SBTwmpp(pi)
Nix Ny " 0 SBTr(p;) # SBTwmep(pi)
(20)

where N; x N, represents the total number of data points
in the target cross-section; SBTr(p;) and SBTwmpp(p;)
denote the SBT at point p; of the true 2D SBT map and
MPP, respectively. A larger value of Acc in Eq. (20) cor-
responds to a higher accuracy of the proposed method. Acc
can also be used to evaluate the prediction accuracy of
individual CPT sounding by comparing MPP and true CPT
sounding data observed at the same locations. Note that, in
real practices, the ground true is unknown at the untested
locations. The accuracy of the whole cross-section there-
fore cannot be calculated in real practices. It is used only
for validation purposes in the illustrative examples.

3 Implementation procedure
of the proposed method

Figure 2 shows the procedure of the proposed method for
soil classification and stratification. The implementation of
the proposed method is described below. Firstly, a number
of 1D CPT data (i.e., O, and Fgr) within a 2D vertical cross-
section are collected and used as input data. Then, the input
data is pre-processed to normalize Q, and Fr and convert

them into positively correlated data pairs. To transform the
original measurement y, and yg, into a common scale, z-
score normalization is used in this study. Consider, for

example, the original measurements of O and Fy, yo, =

T T
V0.1,Y0,2, - Yom]  and  Yp = [Vre 1, Yre2s oo YiroM] -
The /™, j = 1,2, ..., M, normalized O, and Fg, Yo,j and Vi, ;

Yo —Ho,
[gon

_ YRR THRg

can be computed as yj, ; = =
: R

/ —
and yp ;=

s

where p, and pp, are the mean of O and Fr measure-
ments; g, and o, are the standard deviation of Q, and Fr
measurements. A negative sign is also added to Fr to
convert negative correlation to positive correlation.

Collect a number of 1D CPT data (i.e., O; and
FRr) within a 2D vertical cross-section

v

Pre-process the input data by normalizing O,
and Fy and converting them into positively
correlated data pairs

v

Construct the compressed measurement

ensemble y* and the random sensing matrix
ensemble A

v

Generate N_samples of non-trivial elements in

@° and jointly reconstruct the N normalized
RFS pairs of O, and Fr

v

Post-process the generated RFS pairs to obtain
N _RFS pairs of O, and Fy in the original data

space

v

Generate N, SBT cross-sections from the
generated RFS pairs of O, and Fy based on
Robertson’s SBT chart

v

Obtain the MPP of SBT cross-section and
quantify the uncertainty

Fig. 2 Flowchart for the proposed method
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After pre-processing the input data, compressed mea-
surement ensemble y° and the random sensing matrix
ensemble A¢ in Eq. (7) can be constructed. The Q, and Fy
measurements are compressed using a Gaussian random
matrix by Eq. (4), respectively, leading to a compressed

e
y,%} The /", r=1,2, ...,

measurement ensemble y¢ = l
Fr
N, basis function Bt2D can be compressed, using the same
Gaussian random matrix by Eq. (4), to construct the ran-
AR AR 0
AR 0 AR}’
based on locations of measurements. Then, N, samples of
non-trivial elements in @° are generated from the com-
pressed measurement ensemble y¢ using Gibbs sampling,
following the procedure described in Sect. 2.2. Conse-
quently, N, RFS pairs of normalized Q, and Fy in the target
cross-section can be jointly reconstructed using Eq. (2).
Once the normalized RFS pairs are reconstructed, they
are converted to obtain N, RFS pairs of Q, and Fy in the
original data space by post-processing the Q, and Fr. The
generated RFSs of O, and Fr are mapped back to original
data space by multiplying oo, and of,, and subsequently
adding the multiplication results to u, and pp,, respec-

dom sensing matrix ensemble A° :{

tively. After that, N, SBT cross-sections are generated from
the RFS pairs of O, and Fr based on Robertson’s SBT
chart. Finally, the MPP of SBT cross-section can be
obtained using the Eq. (18) and the uncertainty can be
quantified using the Eq. (19).

4 Simulated examples of CPT data for soil
classification and stratification

In this section, the proposed method is illustrated and
validated using a set of simulated CPT data. To facilitate
the illustration, a 2D vertical cross-section with four dif-
ferent soil types is simulated, as shown in Fig. 3. The four
soil types simulated are clay, silt mixtures, sand mixtures,
and sand, with the corresponding SBT value of 3 to 6,
respectively. Because the subsurface condition is unknown
in practice, the simulated cross-section in Fig. 3 is for
validation only in this study.

In this example, two CPT parameters, i.e., O and Fg, are
firstly simulated within each soil unit with a resolution of
0.01 m along depth and 0.2 m along horizontal direction
using a spectral random field generator [32]. The random
field simulation produces 2D cross-section pairs of Q, and
Fr, which are stored in two matrices with a size of
1280 x 256. Each matrix represents a 2D vertical cross-
section with a thickness of 12.79 m and a width of 51 m. In
other words, the cross-section contains 256 CPT soundings
(i.e., N, = 256), and each CPT sounding has a depth of
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12.79 m with 1280 data points (i.e., Ny = 1280). Table 2
summarizes the parameters used for random field simula-
tion of each soil unit. The random field parameters include
mean u, standard deviation o, vertical and horizontal cor-
relation lengths, 4, and 1, and cross-correlation coefficient
of In O, and In Fg. In Q; and In Fy are logarithms of Q, and
FR, respectively. In Q; and In Fy are taken to follow normal
distributions, respectively, so O, and Fy follow lognormal
distributions. In this example, an exponential autocorrela-
tion function is adopted and expressed as:

(Ax,)*  (Axy)?
+ bl
)uv An

p = exp[-2 ] (21)
where p is the auto-correlation coefficient between two
points in the cross-section; Ax, and Ax, indicate the
absolute distances between any two points along vertical
and horizontal directions, respectively. Then, two cross-
correlated RFSs of O, and Fy are generated in the 2D cross-
section with spatially varying layer boundary, as shown in
Fig. 4.

Six CPT soundings (M1-M6) at horizontal coordinates
of Om, 102 m, 204 m, 30.6 m, 40.8 m, and 51 m,
respectively (see the six dotted lines in Fig. 4), are adopted
as input to the proposed method. The Q, and Fy profiles of
these six CPT soundings are shown in Fig. 5. The mea-
surement number of input data points accounts for about 6 /
256 x 100% =~ 2.3% of the whole cross-section. Note that
the complete Q, and Fy data in the whole cross-section, i.e.,
Figs. 4a and b, are only used for validation and comparison
of the results from the proposed method.

4.1 Generation of RFS pairs of Q, and Fy data

Using the six sets of CPT data shown in Fig. 5, N, = 200
2D RFS pairs of complete O, and Fgr cross-sections are
generated by the proposed method. Four examples of
generated RFS pairs are shown by colormap in Fig. 6. Note
that a total of 400 RFSs are generated in pairs, i.e., 200
RFS pairs of Q; and Fg, from only six CPT soundings.
Mean and standard deviation of the 200 RFS pairs are

07 SBT

Layer - 6
= 4
é Layer 2: Silt mixtures 5
= (SBT=4)
8‘ 8 Layer 3: Sand mixtures (SBT=5) 4
a

3
L e |
0 10 20 30 40 50

Horizontal coordinate (m)

Fig. 3 A simulated 2D cross-section with different soil zones
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Table 2 Parameters used in random field simulation of Q, and Fy data in each layer

Soil layer Mean Standard Horizontal correlation length Vertical correlation length Cross-correlation coefficient
deviation (m) (m)
InFr InQ; InFy In O In Fr In O In Fr In O,
Layer 1 1.7 26 0.15 0.15 25 25 4 6 -0.7
Layer 2 09 3 0.15 0.15 40 40 4 6 -0.7
Layer 3 03 36 0.15 0.15 35 35 4 6 -0.7
Layer4 -03 44  0.15 0.15 30 30 4 6 -0.7

shown in Fig. 7. The averages of 200 RFS pairs of Q, and
Fr are shown in Figs. 7a and b, respectively, and they are
very similar to the original simulated data in Figs. 4a and b,
although some local differences are observed. This is due
to the uncertainty of joint sparse representation arising
from limited number of CPT soundings. For quantification
of uncertainty, standard deviation of 200 Q, and Fr RFSs

(a)
M1 M2 M3 M4 M5 M6 O
01 100
~ 80
= 4
z 60
g' 81 40
H i 1 N B
ol ——  — I} N
0 10 20 30 40 50

Horizontal coordinate (m)

are calculated and shown in Figs. 7c and d, respectively. It
is observed that the uncertainty of Q. and Fy is relatively
small at the locations with CPT soundings, but increases at
locations without measurements.

To clearly show the performance of the joint sparse
representation, the 1D profiles at three locations without
measurements Ul1-U3 (see the three thin solid lines in

® e Input CPT soundings
M1 M2 M3 M4 M5 M6 Fr
01 10

= 4

= 6
g' 8- 4
2
12 0

0 10 20 30 40 50
Horizontal coordinate (m)

Simulated a O, and b Fr 2D cross-section with spatially varying soil layer boundaries

(a) M1 (b) M2 (c) M3 (d) M4 (e) M5 () M6
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3 >
F 5 <
44 11 1 b - 15 11
[ 3 ke 3
~ b ) 3 i f,;
g | . | 3
= H ) 2 : 3
o, H H | 3 5
O N H b P ’.,
R gt 44 14 . 1 4 %
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i : i |i |
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Fig. 5 Profiles of simulated CPT soundings at M1-M6: a M1; b M2; ¢ M3; d M4; e M5; and f M6
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Fig. 6 Four examples of generated RFS pairs of Q; and Fr: a RFS pair 1; b RFS pair 2; ¢ RFS pair 3; and d RFS pair 4

Fig. 7) are provided respectively in Fig. 8. These three
locations are all located at the midpoint between two input
CPT soundings, each representing the worst situation for
prediction. Figure 8 shows the original O, and Fy profiles
by black solid lines and the mean of 200 RFSs from the
proposed method by orange solid lines. It is evident that
two lines have consistent trends, although some differences
occur at the locations with local variations and abrupt
jumps. A 95% confidence interval is depicted by two blue
dashed lines. Most local variations fall within the 95%
confidence interval. In addition, four examples of the RFSs
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are shown in each subplot by four grey solid lines. The
results indicate that the proposed method for the joint
sparse representation of O, and Fr performs well with
properly quantified uncertainty.

Then, the generated N, = 200 RFS pairs of Q, and Fy
are used to produce N, = 200 random samples of SBT map
according to Robertson’s SBT chart. The details of the soil
classification and stratification based on the generated RFS
pairs of Q; and Fy are described in the next subsection.
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Fig. 7 Statistics of 200 RFS pairs of Q, and F: a mean of Q,; b mean of Fy; ¢ standard deviation (SD) of Q; and d standard deviation (SD) of Fy
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Fig. 8 Comparisons between original CPT profiles and representation
profiles of Q, and Fy at three untested locations U1-U3

4.2 Generation of SBT cross-sections
and uncertainty quantification

Using one pair of 2D Q, and Fr RFSs, SBT at each point
within the cross-section is determined based on

Robertson’s SBT chart, leading to a random sample of SBT
map. By repeating this step 200 times for 200 RFS pairs of
QO and Fg, 200 SBT cross-sections are generated. Four
examples of SBT cross-sections are depicted in Figs. 9a—d.
These four 2D SBT cross-sections correspond respectively
to the four RFS pairs of Q, and Fr shown in Figs. 6a—d.

Each point in the cross-section has 200 probable SBT
samples generated by the proposed method. The MPP of
SBT cross-section is then obtained by Eq. (18) for showing
the most probable SBT at all points, as illustrated in
Fig. 10a. In the MPP cross-section, four SBTs (i.e., SBT3
to SBT6) are identified in Fig. 10a. The MPP is generally
comparable to the ground true cross-section (i.e., Fig. 2)
with an accuracy of 93.5% by Eq. (20), although the MPP
is not perfectly identical to the ground true condition
because of the uncertainty arising from a limited number of
CPTs used as input. The uncertainty is quantified by cal-
culating the dispersion by Eq. (19), as shown in Fig. 10b.
Most areas within each soil layer are shown as dark purple
or dark blue, indicating the small dispersion or small
uncertainty of SBT within each soil layer. In contrast, the
light yellow indicates the large dispersion or high uncer-
tainty of SBT, mainly appearing around the boundaries
between different soil types.

The proposed method is performed using a desktop
computer with a CPU of Intel Core i7-10700 at 2.9 GHz
and 32 GB RAM in this study. In this simulated example, it
takes about 109.2 s, less than two minutes, for generating
200 RFS pairs of Q; and Fy in joint sparse representation.
To benchmark the computational efficiency of the pro-
posed method, a similar study but with a deterministic
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Fig. 9 SBT cross-sections from the four Q, and Fr RFS pairs shown in Fig. 6: a SBT map sample 1; b SBT map sample 2; ¢ SBT map sample 3;

and d SBT map sample 4
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Fig. 10 Soil classification and stratification results from joint sparse representation of Q, and Fy: a most probable prediction; and b dispersion

sensing matrix is also performed. It takes about 1491.6 s,
over twenty minutes, under the same conditions. Using a
randomization of the input CPT measurements signifi-
cantly improves computational efficiency. It is more than
ten times faster than a similar study without randomization
of input measurements.

4.3 Effect of data noise

To simulate the noisy CPT data and validate the ability of
denoising using the proposed method, a white Gaussian
noise with a signal-to-noise ratio (SNR) of 15 dB is sim-
ulated and added to the input Q; and Fr. An SNR of 15 dB
indicates that the signal power is 10" (approximately
31.6) times greater than the noise power. A Gaussian
random variable with zero mean and variance scaled to
achieve this SNR is added to the original data, resulting in
noisy profiles of Q, and Fgr. The profiles of input Q, and Fg
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with a white Gaussian noise are illustrated in Fig. 11. For
fair comparison, the noisy inputs are positioned at the same
locations as those in Fig. 5. Then, 200 RFS pairs of Q, and
Fr are generated by joint sparse representation from the
simulated noisy CPT data. Subsequently, 200 probable
SBT cross-sections are obtained from the 200 generated
RFS pairs according to the SBT chart. The MPP of SBT
cross-section is obtained from the statistics of 200 probable
SBT cross-sections using Eq. (18), as shown in Fig. 12a.
The uncertainty is quantified by calculating the dispersion
using Eq. (19), as shown in Fig. 12b.

Four SBTs (i.e., SBT3 to SBT6) are identified in
Fig. 12a, which are the same as Fig. 10a. Although the
input data contains white Gaussian noise, the spatial vari-
ation trend can be clearly captured using the proposed
method. The overall accuracy of the prediction from noisy
input is calculated as 93.4% by Eq. (20). That is virtually
identical to 93.5% when using input data without noises.
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Fig. 15 Layout of 41 CPT soundings (F1-F41) in a cross-section at
the South Parklands site in Australia (modified from [21])

Similarly, large dispersion or high uncertainty of SBT
appears around the boundaries between different soil lay-
ers, and they are also close to the true boundaries in Fig. 3.
In addition, white Gaussian noises with different SNR
levels are tested to validate its denoising capability. The
results indicate that the proposed method can denoise
automatically when using noisy input data for the soil
classification and stratification.
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4.4 Effect of joint sparse representation

To demonstrate the advantage of modelling data cross-
correlation, a comparative study is conducted using a single
representation of SBT index (/.) for CPT-based soil clas-
sification and stratification. As shown in Fig. 13, the input
1. data from the six simulated CPT soundings are calcu-
lated using the input Q; and Fr shown in Fig. 5. For a fair
comparison, a randomization of input measurements is also
performed on the /. obtained. Then 200 RFSs of I, are
generated from the input /. data by Eq. (1). According to
the I.-based soil classification summarized in Table 1, 200
probable SBT cross-sections are obtained from 200 gen-
erated RFSs of I.. The MPP of SBT cross-section is then
obtained from statistical analysis of the 200 probable SBT
cross-sections by Eq. (18) and shown in Fig. 14a. The
uncertainty is quantified by a dispersion plot calculated by
Eq. (19) and shown in Fig. 14b.

In Fig. 14a, four SBTs (i.e., SBT3 to SBT6) are deter-
mined in this example. Although /.-based prediction can
identify all soil behavior types in this example, it may miss
the information of SBT1, SBTS, and SBT9 in other situa-
tions, e.g., the real data example in the next section. The
overall accuracy from I.-based prediction is calculated as
91.5%, which is slightly lower than the prediction from
joint sparse representation under the same conditions.
Figure 14a shows that / .-based prediction performs poorly
in identifying soils of SBT3 when compared to prediction
using joint sparse representation. That is because I .-based
soil classification disregards the cross-correlation between
QO and Fg. This cross-correlation between Q, and Fr pro-
vides additional information for improving accuracy of
CPT-based soil classification and stratification. Moreover,
the quantified uncertainty between 0 and 2 m deep in
Fig. 14b is significantly greater than that in Fig. 10b. In
general, the performance of the proposed method is better
than the I.-based prediction in this simulated example.
Leveraging data cross-correlation by joint sparse repre-
sentation of Q, and Fy improves CPT-based soil classifi-
cation and stratification.
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Fig. 16 Q, and Fy profiles of the 10 real CPT soundings used as input data

5 Real data example

The proposed method is illustrated and validated using a
set of real CPT data in this section. The CPT data is taken
from an experimental site in the South Parklands in South
Australia [20, 21]. Figure 15 shows the layout of 41 CPT
soundings in the cross-section F of interest at the study site.
The cross-section F starts at location of CPT sounding F1
and ends at location of CPT sounding F41, with the length
of 50 m and minimum interval between each nearby CPT
soundings of 1 m. In this example, 10 CPT soundings (i.e.,
F1, F2, F8, F11, F14, F20, F25, F29, F35, and F39) in this
cross-section are used as input to the proposed method for
the prediction of soil classification and stratification. The
QO and Fy profiles of these 10 input CPT soundings are
shown in Fig. 16. In the vertical direction, the interval is
0.005 m, and the max depth is 4.945 m. The vertical and
horizontal dimensions of the cross-section are 4.945 m and

50 m with the target spatial resolutions of 0.005 m and
0.5 m, respectively. Hence, the target cross-section has a
matrix dimension of 990 x 101. The measurement data
point number of each input parameter (e.g., Q) is 8,469,
and the measurement ratio in this study is about 8,469 /
(990 x 101) x 100% =~ 8.5%.

Using the 10 CPT data as input, N, =200 2D SBT
cross-sections are generated using the proposed method.
The MPP and dispersion of SBT cross-section are then
obtained and shown in Figs. 17a and b, respectively. Seven
SBTs (i.e., SBT3 to SBT9) are identified in Fig. 17a. In
addition, the large dispersion mainly appears at the
boundaries between different SBTs, as shown in Fig. 17b,
similar to the results of the simulated example shown in the
previous subsection. Note that the I .-based soil classifica-
tion cannot be used in this example, because it cannot
identify very stiff soils, i.e., SBT8 and SBT9, which occur
about half of the cross section.
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Fig. 17 Soil classification and stratification results in real data example: a most probable prediction; b dispersion; ¢ SBT distribution from the
original CPT data; and d SBT distribution from the CPT data after proper moving average

In real practices, the ground truth is unknown at the
untested locations. Hence, to evaluate performance of the
proposed method, the SBT results from the proposed
method are compared with those directly calculated from
the remaining 31 CPT soundings. The SBT distribution
from original CPT data directly based on Robertson chart is
shown in Fig. 17c. It is obvious that the results are noisy
and unrealistic, with rapid fluctuation of SBTs within a
short distance. To filter out the noises in the engineering
practices, moving average of CPT data is a simple and
effective method, particularly when there is no prior
information or subjective judgement. Therefore, in this real
example, moving averages of original Q; and Fy data are
conducted along the vertical direction. Because the typical
vertical correlation lengths of CPT data range from 0.1 m
to 2.2 m, with a mean of 0.9 m [33], the length of the
moving window is set as 1 m. Figure 17d shows the SBT
distribution after moving average of CPT data, and the
results in Fig. 17d is used for comparison with the results
obtained from the method proposed in this study. The
comparison shows that the SBT results from the proposed
method are consistent with results after removing data
noises from the 31 remaining CPT data by moving average.
The overall accuracy of the whole cross-section is com-
puted as 85.5% by Eq. (20). Note that, while the original
CPT data can not provide complete stratification informa-
tion (see Fig. 17c), the proposed method, using only 10
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CPT soundings, is able to predict a complete cross-section
with high accuracy and quantified uncertainty.

For detailed comparison of individual CPT soundings, 4
specific CPT locations (i.e., F5, F15, F27, and F31) are
chosen. Figures 18a—d respectively plot the SBT derived
directly from the original CPT data, the SBT obtained from
CPT data after moving average, and predictions using the
proposed method of these four CPT soundings. Although
the SBTs directly from original CPT data exhibit rapid
fluctuation, the proposed method could provide predictions
consistent with the moving-averaged results at these four
validation locations with high accuracy. That indicates the
proposed method can not only capture the spatial variation
trend of soil stratification, but also remove the noises
automatically. Furthermore, the statistical analysis of
accuracy of 31 validation CPT soundings is performed and
shown in Fig. 18e. The histogram plot in Fig. 18e shows
that prediction accuracy of 31 CPT soundings ranges from
56.0% to 97.2%, with a mean of 84.1% and a median of
86.0%.

In addition, for cross-validation, a comparison of most
probable prediction with soil logging from the borehole
BH-F5 is performed (see Fig. 15 for the borehole location).
The borehole BH-F5 contains four layers, as shown in
Fig. 19a. Because the soil types in the second and third
layer are almost the same, those four layers can be sim-
plified into three layers, i.e., a clayey sand layer at depths
from 0 to 0.3 m, followed by a fine to medium grained sand
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Fig. 19 Comparison between a soil logging from the borehole BH-F5
(modified from [20]) and b most probable prediction using proposed
method

layer at depths from 0.3 to 1.6 m and a silty clay layer with
some fine sand at depths from 1.6 to 5.0 m. The location of
borehole BH-F5 is at the center of cross-section F, as
shown in Fig. 15. The most probable prediction obtained
from the proposed method at the same location is shown in
Fig. 19b. This SBT profile shows that soils at depths from 0
to 0.16 m are mainly very stiff sand to clayey sand, and
soils at depths from 0.16 to 2.40 m are very stiff and fine-
grained, and soils at depths from 2.40 to 4.95 m are mainly
clay (clay to silty clay). The results from the proposed
method are generally consistent with the borehole logging,
although there may be some differences between SBT
boundaries and the boundaries obtained from borehole.
That is because the stratification methods for CPT and
borehole are different, i.e., the CPT stratification is based
on soil behavior types, while borehole stratification is
obtained through visual inspection of soil sample compo-
sitions [35]. The proposed method performs well for both
simulated and real data.

6 Summary and conclusions

A novel method was developed in this study for CPT-based
soil classification and stratification using joint sparse rep-
resentation of CPT data with consideration of data cross-
correlation and noises. The proposed method jointly
reconstructs the strong-correlated Q, and Fr from limited
CPT soundings in a target cross-section. Under the joint
sparse representation framework, the auto- and cross-cor-
related structure of Q; and Fr can be modelled simulta-
neously. To filter out the high-frequency noises
automatically, a randomization of input measurements is
conducted. In addition, the uncertainty is quantified under a
Bayesian framework. The implementation procedure of the
proposed method was described in detail. The proposed
method was illustrated and validated using both simulated
and real data examples.

The results show that the proposed method accurately
and efficiently predicts the spatial distribution of SBT from
limited CPT soundings by joint sparse representation.
Many probable samples of SBT cross-sections are gener-
ated to quantify the uncertainty, and it is found that large
uncertainty mainly occurs at boundaries of different soil
layers. The proposed method efficiently leverages on
additional valuable information from the strong data cross-
correlation between Q, and Fr. Modelling such cross-cor-
related structure by the proposed method improves the
CPT-based soil classification and stratification from sparse
CPT soundings. In addition, when handling the noisy CPT
data, a scenario often encountered in practice, the proposed
method is able to automatically filter out the noises and
capture the important spatial pattern for soil stratification

@ Springer
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and zonation in a data-driven manner. Furthermore, the
proposed method also significantly improves computa-
tional efficiency, when compared to existing methods
without a randomization of input measurements. The pro-
posed method might also be extended to adopt complicated
basis functions, such as those constructed using data
obtained from nearby or similar sites [14, 15], in future
studies.
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