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ABSTRACT

Quantum gates play an indispensable role in quantum computing, serving as the foun-
dation for executing efficient quantum algorithms. In particular, the development and
optimization of two-qubit gates have emerged as a significant challenge in the field.
In this work, we propose an innovative structure, termed as the FXTFX (fluxonium-
transmon-fluxonium) system, leveraging a tunable transmon as the coupler for two flux-
onium qubits to construct a two-qubit gate. Our FXTFX configuration demonstrates
the capability to achieve a strong coupling strength between the coupler and fluxonium
(g/2m = 226 MHz), while maintaining the ZZ interaction below 10 kHz. Utilizing this
setup, I designed and simulated the CZ gate and show through rigorous simulations that
a gate time of 66 ns produces a high gate fidelity of 99.88%.
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INTRODUCTION

1.1. BACKGROUND

During the past decade, superconducting qubits have made great progress in gate fi-
delity, and have been a competitive candidate for building quantum computers [1].
Among various superconducting qubits, the transmon qubit stands out due to its
widespread use [2]. Nevertheless, transmon qubits exhibit limited anharmonicity, which
can enhance the leakage. Additionally, their high transition frequencies make them sus-
ceptible to dielectric losses[3].

Vladimir Manucharyan and his colleagues in the group of Michel Devoret intro-
duced a novel fluxonium-based qubit[4], which has a relatively large anharmonicity. Be-
sides, fluxonium qubits can exceed 1 ms for the coherence time[5]. Therefore, fluxo-
nium qubits are becoming a competitive alternative to transmon qubits. With these ad-
vantages, researchers[4, 6] demonstrated the fidelity of single-qubit gate on fluxonium
qubits has over 99.99%. However, as the field advances, the creation and optimization
of two-qubit gates for fluxonium become essential. Previous efforts [7, 8] encountered
challenges, such as ZZ interactions, which are unwanted and always-on interactions
in quantum system. Recently, MIT[9] demonstrated the implementations of two-qubit
gate on fluxonium qubits with the gate fidelity around 99.92 %.

In this thesis, we propose an approach: the Fluxonium-Transmon-Fluxonium
(FXTFX) architecture to integrate the benefits of both the transmon and fluxonium
qubits. After deriving the theoretical coupling strength, we can obtain a device design
that meets the target coupling strength value. Simulations are carried out to evaluate
that the ZZ interaction is below 10 kHz in the strong-coupling FXTFX configuration.
Furthermore, by using Rabi Oscillations to excite [101) state to the [111) state, we suc-
cessfully implemented the CZ gate with 7 phase accumulation and, achieved a simu-
lated gate fidelity of 99.88% in 66 ns gate time.



2 1. INTRODUCTION

1.2. OUTLINE

In Chapter 2, we discuss superconducting qubits. This includes an introduction to LC os-
cillators, an exploration of the transmon qubit, and an overview of the fluxonium qubit.
Chapter 3 introduces the novel concept of using tunable transmon as a coupler between
two fluxonium qubits. This chapter not only provides a mathematical breakdown of the
circuit, but also explains the principles of the CZ gates in our device. The focus then
shifts to device design and simulations in Chapter 4. Here, we provide a broad overview
of the design process, starting from the foundational principles of the fluxonium qubit
and resonator designs, and extending to the detailed simulation models. A large part
of this chapter is dedicated to the design and simulation of the FXTFX device. Lastly,
Chapter 5 presents and discusses the measurement results for the fabricated chip.



SUPERCONDUCTING QUBIT

Qubit can be regarded as the building blocks of a quantum computer. For a traditional
computer, a bit is a basic unit for storing information; a quantum bit, similar to a bit, is
the smallest unit for a quantum computer to represent digital information. Like the con-
ventional computer, the quantum computer also encodes information digitally. The most
rapidly developing and successful ways to realize qubit are using natural atoms and ar-
tificial atoms. Natural atoms are the most obvious candidates, like trapped ions[10-13]
or neutral atoms[14-17]. In these systems, the qubit states are represented by different en-
ergy levels or internal degrees of freedom (e.g., electron spin states) of the atoms, which
have been studied extensively over the past decade with a strong theoretical foundation.
Another attractive point is that the interaction between natural atom qubits and environ-
ment is weak leading to long coherence time[14, 18]. However, stability requirements like
the high vacuum and low-temperature environments and the complexity of individual
control[19] limit the scalability of natural atom qubits, which makes it difficult to build
large-scale quantum computers. Conversely, the artificial atom qubits we introduce in
this chapter: superconducting qubits, can be easily integrated into a chip, allowing for
better scalability[20] compared to natural atom qubits. Besides, artificial atom qubits can
be designed based on specific requirements, making it possible to meet desired character-
istics[2, 21-23].

2.1. LC OSCILLATORS

The principle of a superconducting qubit, lies in the quantum mechanical properties
of superconducting circuits to realize the two-level quantum system, which can be
achieved by quantizing the circuit.

Mentioning this, a natural starting point is to consider the LC circuit consisting of an
inductor L and a capacitor C (Fig. 2.1a), and the angular frequency of the oscillations in
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Figure 2.1: (a) Simple circuit diagram for a parallel LC— oscillator. (b) Energy potential for the circuit,
where energy levels are equidistantly spaced. This energy diagram was obtained through the
Scqubits package [24].

the circuit is w = \/?% . We now consider the electrical energy, named T, stored in the
capacitor of the circuit, and the energy of the inductor in the magnetic field, called U.
We can write down energy terms for the capacitor and inductor in terms of the node flux
¢ that is the flux through the inductor created by the current flow.

1 . 1
T==C¢? U=—¢° 2.1
2 ¢ 2L¢ (2.1)

We take the electrical energy as the kinetic energy and the inductive energy as the po-
tential energy. The classical equations of motion in an LC circuit can be found from
the Lagrangian £, which is formulated as the difference between kinetic and potential
energy terms(25].

1 ., 1
L=T-U==Cd*> - —¢? 2.2
2 ¢ 21;4’ 22)

With the Lagrangian of circuit, the generalized momenta Q, which is the magnitude of

the charge on capacitor plates.
Q= 02 =C¢ (2.3)
0y '

The classical Hamiltonian of the system can be derived by using the Legendre transfor-
mation[26].

2 2 2
I (2.4)
2C 2L 2C 2

This form is analogous to the mechanical harmonic oscillator Hamiltonian[27], which
described in mass m = C, momentum p = Q and position x = ¢.

H=Q¢p-<

p2

L 22

H=—+-mwx (2.5)
2m 2

Considering the analogy, quantization can be achieved simply by: the coordinate and its

conjugate momentum can be promoted to quantum operators satisfying the commuta-

tion relation [28]:

[$,Q] = ih (2.6)



2.2. CHARGE QUBIT 5

It is instructive to introduce the creation operator a' and the annihilation operator 4,
which obey the commutation relation: [4, 4] = 1. The flux and charge operator can be
expressed in terms of the creation and annihilation operators as[27]:

(z):Qprf(aT"'a)r O:inpf(dT_a) 2.7)

| Lhw [ h | Chw
(prpf = 2 = zwcy szf = _2 (28)

the zero-point fluctuations of the flux and the charge variables, respectively.

with

With these definitions, we can rewrite the Hamiltonian as:
Aw 1
H= 7(&*@+aah =hw([f€z+§) (2.9)

The eigenstate satisfies atalny = n|n)[29], n=0,1,2,..., which means that the LC circuit
produced discrete energy levels evenly spaced by hiw, as shown in Fig. 2.1b.

As mentioned, we want to implement a two-level system using superconducting
circuits, usually achieved by choosing the eigenstate corresponding to the lowest two
eigenenergies as the computational state. For the construction of a robust and reliable
qubit, there must be a discernible energy difference between these two eigenstates. This
distinction in energy levels facilitates a precise and distinct amount of energy necessary
for transitions between the computational states, contributing to the control and ma-
nipulation of the qubit. The transition frequency of LC circuit is equal, which makes it
impossible to use it to create and control qubits.

2.2. CHARGE QUBIT

In order to realize the addressable two-level system, nonlinearity can be introduced that
requires a modification of the harmonic potential. To achieve this, we use the Josephson
junction (J]), the physics of which was first understood by Brian Josephson in 1962[30]
and these junctions are widely used in the implementation of superconducting qubits
such as charge(31, 32], flux[33, 34] and phase[35] qubits.

2.2.1. JOSEPHSON JUNCTION

Josephson junction is a non-linear and non-dissipative circuit element, which is con-
structed from two superconductors connected by an insulating barrier layer of appropri-
ate thickness, typically 2-3 nm. Brian Josephson showed that the supercurrent through
the barrier is:

I=1I:sing (2.10)

Here, ¢ is the phase difference between the phases of the two superconductors and I is
the maximum supercurrent (Josephson current) that the junction can support[36] (the
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critical current). Josephson also predicted that the time-dependent phase difference ¢
is related to the voltage V across the junction:

po do
v=202F
2 dt

with ¢¢ = h/2e the magnetic flux quantum and ¢ can be described as 27 ¢p(t)/ g, (1) is
the flux introduced in Sec. 2.1. Taken Eq. (2.10) and Eq. (2.11) together is the Josephson
relations. Applying the chain rule, the time derivative of the current can be obtained:

(2.11)

ar _dlde _ anccosgov

= = 2.12
dt  dg dt ®o (2.12)

Rearrange the above equation based on the form of the current-voltage relationship:

v=_—% d_; 4 (2.13)
"~ 2nl.cospdt P '

This gives the expression of Josephson inductance([30]:

Ligy = —P0 2.14)

2nl.cosgp
As aresult, the junction can be regarded as a non-linear inductor with inductance L(¢),
when below the critical current. Replacing the inductor L in the LC circuit with a JJ to

introduce the nonlinearity can make the energy level no longer equally spaced.

The energy stored in capacitor and JJ can be derived by [27]:

Hy =[V(t)l(t)dt=f]csin((p);p—; (%) dt
¢ (2.15)
= Icﬁfsin((p)d(p = —Ejcos(¢)
_ 0.2
Hc = w =4Ec(n— ng)2 (2.16)
2Cs

with Cy = Cj + Cg the total capacitance, including both the self-capacitance C; of JJ and
the voltage Vj is coupled to the qubit island by a capacitance Cg, the charge number
n = Q/2e. Defining ng = Qg/2e to represent the effective offset charge of the external
electric field bias[27], which can also be expressed as ng = C¢ V,/2e, indicating the effect
of the dimensionless gate voltage V¢[32].

Here E; (Josephson energy) is the characteristic parameter of the junction and the
capacitive element can be described as E¢ (charging energy):

_ Polc E e

B2 2.17)
2n ¢ 2Csy

Ey

In this case, the circuit Hamiltonian can be written by combining the charge energy and
the Josephson energy contributions[38]:

H =4Ec(n - ng)* - Ejcos(¢) (2.18)
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2.2.2. COOPER PAIR BOX AND TRANSMON

The nonlinearity introduced by J] makes the Hamiltonian of the circuit non-degenerate,
which allows us to realize an addressable two-level system to manipulate qubits. If the
capacitance in the circuit is small, this is the typical regime for the charge qubit, also
known as Cooper-pair box (CPB), where the Hamiltonian is dominated mainly by the
charging energy Ec.

(@) C, ®) C,
¢ ¢
E
CJ E J Vg C\' Cj Vg

Figure 2.2: (a) CPB circuit. (b) Transmon. A pure Josephson junction tunneling element is
represented as an "X". To simplify the schematic, the junction capacitance Cj is absorbed into the
symbol of the Josephson tunneling element and is represented as a box with an "X" as shown in (b).

For a typical CPB, E;/E¢c < 1, the system’s eigenenergies are highly sensitive to the
offset charge ng. However, increasing the E;/ Ec ratio can suppress the susceptibility to
charge fluctuations exponentially and flatten the charge dispersion.

To access Ej/ Ec > 1, one preferred method is by shunting the junction in the circuit
with a large shunting capacitance, Cs > Cj, to lower the charging energy Ec = e®/2Cs,
Cs = Cj + Cs + Cg, commonly referred to as a transmon qubit circuit[2]. The transmon
is operated in the regime E;/Ec 2 50, in the limit, by expanding the cos(¢) around 0 in
Eq. (2.18) up to forth order[2], the eigenenergies E,, (m = 0) are given by:

1. E
Em =~Ey+\/BECE(m+ ) - l—g(em2 +6m+3) (2.19)
E01 =V 8EcE] - Ec, E12 =V 8EcE] —ZEc, n= —Ec/h (2.20)

E;j is defined as the energy difference between eigenstates |i) and | j) and 7 is the anhar-
monicity.

This transmon regime enables the qubit transition frequency to be less sensitive to
the charge noise, but this comes at the cost of the energy levels becoming more equidis-
tant, which leads to reduce the anharmonicity 1. This can lead to leakage, which is the
quantum error process in that the qubit leaks out the preferred computational states to
a state outside the computational subspace.

2.2.3. DCSQUID

In the superconducting circuit, one key element in controlling qubit control is the ability
to tune the frequency of qubits. As we discussed in the previous section, the transmon
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qubit frequency is determined by E¢ and Ej, which can be tuned by changing its charg-
ing energy or Josephson energy. In comparison to Ec, Ej is usually selected for modifi-
cation, by adding the direct current superconducting Quantum Interference Device (DC
SQUID)[36].

DC SQUID consists of the superconducting loop with two Josephson junctions at
both arms, shown in Fig. 2.3. By applying an external field, the external magnetic flux

Superconductor

Insulator

Figure 2.3: The schematic of DC SQUID with two Josephson junctions at both arms of the
superconducting loop.

@, through the loop allows the Josephson Hamiltonian to be replaced by[2]
H]: _Efl COS([)l—EIZCOSd)g (2.21)

1 2 represent the superconducting phase difference through junction 1 and 2 individu-
ally, then leads to the relationship(2]
2n®
p1— o =2mn+— 2.22)
@
with integer n. Defining the effective phase difference as ¢ = (¢ + ¢2)/2 and Ejs = Ej; +
Ej, is the Josephson energy sum of the two Josephson junctions. Using the trigonometric
identities, the Hamiltonian can be rewritten as

Hy = _En+Ep COS(¢1 +<P2)COS(<P1 —</J2) LEn-Ep sin((pl +¢2)sin(</>1 —</)z)
2 2 2 2 2 2

()
= —E]z[cos<pcos(M
)

D
+ dsin(psin(m)]
)

nd ®
=—Ejs cos(—m) 1+d2tan2MCOS(¢’—¢’0)
D D

gﬁ;g; is the junction asymmetry, the phase ¢ has the condition: tan¢y =

(2.23)

where d =

d tan(%’g’”). As a result, the Josephson energy can be given by

be

E;=Es cos(%) 1+d? tanz(?) (2.24)

Here, ¢ = 21Dy s/ Dy.
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2.2.4. TUNABLE TRANSMON

In a tunable transmon, the single Josephson junction of a regular transmon qubit we
introduced above is replaced with a DC SQUID, see Fig. 2.4a. This combination imbues
the transmon qubit with an additional degree of control: the qubit frequency, which was
static before, can now be dynamically adjusted by altering the magnetic flux ® across the
SQUID loop. This flux-tunability afforded by the DC SQUID, provides an essential tool
for the precise control of quantum states and interactions.

(@ (b)

© d=0 @ d=0.5
— wo1 — wor
8 w2 8 w12
7 7
Ne N6
T T
S} )
=5 =5
2 2
g4 g4
3 5
o ©
3 L3
2 2
1 1
S0 075 050 025 ot 03 o0k0  ofs 1o S0 075 05 025 000 0% 080 o5 0
Dext/ Do Dext/Po

Figure 2.4: The schematic of tunable transmon and corresponding qubit transition frequencies for the
three lowest energy states as a function of external magnetic flux @ in units of ®g. (a) A symmetric DC
SQUID. (b) An asymmetric DC SQUID, with junction asymmetry d = 0.5. (¢) The transition frequencies for

a transmon qubit with the symmetric SQUID, parameters: Ejy /2w = 40GHz, Ec/2n = 0.18GHz. (d) The
transition frequencies for a transmon qubit with the asymmetric SQUID, parameters: Ej5 /2n = 40GHz,
Ec/2m =0.18GHz, d = 0.5. The transition frequency were obtained using the Scqubits package [24].

Combining DC SQUID into transmon qubits not only enhances the control of indi-
vidual qubits but is also highly advantageous for multi-qubit circuits. This is because
it allows selective participation of qubit interactions to circumvent the frequency colli-
sions, unwanted interactions and mitigate the crosstalk, which benefits the scaling up
of quantum processors. On the other hand, the ability to dynamically tune the qubit
frequency also facilitates operations like two-qubit gates[40] and fast qubit reset.

Building on our understanding of DC SQUID and their impact on transmon qubits,
we will now distinguish between symmetric and asymmetric DC SQUID, shown in
Figs. 2.4a and 2.4b. Despite being a subtle difference, it significantly influences the func-
tionality within quantum circuits, affecting tunability and noise susceptibility.

The slope of the qubit spectrum dw/ 6(%) shows the qubit sensitivity to flux noise.
From Fig. 2.4c we can find when the two Josephson junctions are identical, the sensitiv-
ity is normally not zero unless at ®/®y = +0.5 where the slope is almost zero. But mean-
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while, the transmon frequency is tuned down to near zero, which is too low for operating
qubits with microwave pulses. For comparison, in Fig. 2.4d we plot the transition fre-
quencies of tunable transmon qubits with an asymmetric DC SQUID. At ®/®y = +0.5,
the slope aw/a(%) is still close to zero, but the qubit frequency has been improved
meaning that standard microwave pulses can be used for the qubit control. However,
the precise fabrication of the asymmetric DC SQUID with target parameters remains
difficult, restricting their application.

Despite the design intricacies and distinct benefits of both symmetric and asymmet-
ric tunable transmon qubits, one must note a common limitation: the anharmonicity,
which is not significantly enhanced in these configurations.

2.3. FLUX QUBIT

Now we turn to another significant direction in the landscape of quantum circuit de-
sign: the flux qubits[41]. Instead of encoding quantum information in superconducting
charge excitations as in charge qubits, flux qubits use the direction of persistent currents
in a superconducting loop to define their quantum states[41]. These states, correspond-
ing to the two lowest energy states, represent the two-level quantum system of the qubit,
shown in Fig. 2.5a.

(@) 1
0> >

Figure 2.5: (a) The flux qubit system has two eigenstates |0) and |1) with opposite circulating
persistent current. (b) Flux qubit circuit.

Similar to tunable transmon qubits, flux qubits also use SQUID loop in their de-
sign, where the loop is interrupted by three small-capacitance Josephson junctions, the
Josephson energy in one of which is E;, while the other two have equal Josephson energy
YEj, see Fig. 2.5b, and v is the ratio of the E; of large and small junctions. The potential
energy profile is modified by an additional third junction in comparison to the transmon
qubit with a SQUID. By using the quasi-1D approximation in y > 1, the Hamiltonian can
be approximated as[42]:

H = 4EcN? - Ejcos(¢+ ¢) — 2y Ejcos(/2) (2.25)

The parameters are similar to those of the DC SQUID, with an external flux of ¢, =
2@yt /Dy and ¢ = (¢p1 + ¢2) /2 for two currents in the same direction.

The configuration of a flux qubit with a ratio y > 2, yielding a single well potential,
see Figs. 2.6a and 2.6¢, which shares some similarities with the transmon qubit, both of
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Figure 2.6: (a) and (b) are the contour plots for effective potential of the flux qubit in (¢1, ¢2) plane for two
different y and under external magnetic flux @y = 0.5®¢. (¢) and (d) represent the potential energy as a
function of ¢ (¢2). The potential in (c) is at the point A for y = 2.5, while the potential in (d) is drawn
along the line connecting the points B and C for y = 1.2. The potential energy was obtained using the
Scqubits package [24].

which have a small anharmonicity. By reducing the ratio to 1 <y < 2[34], the change of
the potential landscape from a single well to a double well structure can be achieved,
shown in Figs. 2.6b and 2.6d. This crucial transformation brings a significant advantage:
the ability to work with well-separated energy states.

In the double well regime, the lowest energy states of the system are primarily located
in the two lowest potential wells. This structure effectively creates a two-level system,
where transitions between the two lowest energy states are less likely to induce transi-
tions to higher energy states due to the increased anharmonicity. Flux qubits encode
quantum information differently from charge qubits and are therefore more resilient to
charge noise. They are however more sensitive to flux noise due to their dependence on
the magnetic flux through the loop.

2.3.1. FLUXONIUM

Based on the concept of flux qubits, we introduce fluxonium qubits, which, like flux
qubits, encode quantum information in the flux of a superconducting loop. Unlike flux
qubits, fluxonium qubits[4] include a key added element: superinductor, which allows
them to reconcile the strengths of both charge and flux qubits. Structurally, the cir-
cuit of fluxonium qubits consists of a linear superinductance composed of an array of
N(N = 100) identical Josephson junctions, and a small Josephson junction shunted by a
capacitance[43], as shown in Fig. 2.7.

For flux qubits, there are three Josephson junctions, so the last term in Eq. (2.25) is
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E,
E
o B =C — g
J

Figure 2.7: Circuit diagram of fluxonium qubit.

Cs

X

—2yEjcos(¢/2), but the number of JJ array in fluxonium qubits can reach N = 100. In
this case, using the same approximation, the Hamiltonian can be described as [42]:

H =~ 4EcN? - Ejcos(¢+ ¢e) — NyEjcos(¢/N) (2.26)

Since large JJ arrays can be regarded as the superinductor, the last term in Eq. (2.26) can
be presented using inductive energy Er, = (y/N)E;. Eq. (2.26) can be rewritten as [42]:

1
H=~4EcN? - Ejcos(¢+ ¢e) + EEL</>2 (2.27)

where the above parameters need to satisfy: E; < Ej and 1 < Ej/Ec < 10, the quantity
¢, is the external magnetic flux[43], which plays a significant role in determining the
properties of fluxonium qubit. When ¢, = 0, the energy spectrum and the transition
frequencies are similar to those of the transmon qubit, see Fig. 2.8a.

(@ (b)

$e=0 $e=0.5
\ | 0 | |
\ | | |
125 \ / |3> | |3>
L 8
8 1 \ 7 2> g ;"‘H>
g o/ g | |
H — A § 4 | A
g 25 \ [ |1> \ [\ |
s \ | 3 | g/ | 11>
S \ C
S \ g/ & 2 +
2 i 2 W 10>
25 \ / ‘0> 0 \ / \ ;‘
\V) \V V
50 N :
15 10 5 0 5 10 15 ? 5 10 5 I 5 0 15
¢ ¢

Figure 2.8: Potential energy structure is seen by the change of flux ¢ and the lowest four energy levels
spectrum of the fluxonium qubit circuit, see Fig. 2.7, for two values of external flux ¢,. The potential
energy were obtained using the Scqubits package [24].

However, when operating the qubit near the "sweet spot” (¢, = 0.5), the potential en-
ergy of fluxonium qubits have a double-well shape, as shown in Fig. 2.8b, leads to the two
lowest eigenstates are primarily located in the two potential wells. This means that the
energy difference between their ground and first excited states is substantially different
from that between the first and second excited states. Such an energy level configuration
represents the fluxonium qubit can exhibit a high anharmonicity energy spectrum when
¢ = 0.5, which is beneficial for quantum computing as it allows for selective addressing
of individual transition control.



TRANSMON AS TUNABLE COUPLER
FOR TWO FLUXONIUM QUBITS

In this third chapter, we focus on the theoretical part of EXTEX device. In Section 3.1, we in-
troduce the fundamentals of coupling between qubits, with emphasis on various methods
and system designs that facilitate qubit interactions. Next, Section 3.2 explores the quan-
tization of the circuit, details the energy interactions within the quantum system and ad-
dresses the coupling strength between the qubits. Finally, Section 3.3 gives the exploration
into two-qubit gate, and offers a discussion on Z Z interaction.

3.1. INTRODUCTION

Several types of coupling schemes have been investigated[44-47], and our focus will pre-
dominantly be on capacitive coupling. In the subsequent sections of this chapter, we will
delve into the details of the Hamiltonian for a capacitively coupled quantum system,
then use it to form two-qubit gates.

3.1.1. CAPACITIVE COUPLING BETWEEN TwO QUBITS

Fig. 3.1a shows two qubits with direct capacitive coupling. The general form of the
Hamiltonian for the coupled system can be written :

H=H+H,+H;y,; 3.1)

where H; and H, represent the Hamiltonian of the individual qubits, and Hj,; is the
interaction Hamiltonian due to the capacitive coupling, which couples two quantum
systems variables. The interaction is mediated by a coupling capacitor placed between
the voltage nodes of the two superconducting circuits, which can be described by the

13
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term[42]:
Hinr=Cg1 V2 (3.2)

Here, V; and V; represent the voltage operators of the corresponding voltage nodes be-
ing connected, while Cg stands for the coupling capacitance. The coupling strength is
directly related to the capacitance value Cg, thus adjusting Cg allows us to tune the in-
teraction strength.

@ C, (b) Cp,

‘I } Qubit, Qubit,

Qubitj Qubltz
Coupler

Figure 3.1: Schematic of the quantum system. (a) Direct capacitive coupling. (b) Capacitive coupling
via coupler.

While as can be seen from Fig. 3.1a, the structure of direct capacitive coupling has
apparent simplicity, it has some challenges when considering the development of large-
scale quantum computers. The main drawback is that it leads to a phenomenon known
as "frequency crowding". In a quantum system with multiple qubits, each qubit owns a
unique frequency to avoid crosstalk. Hence, when designing large-scale quantum com-
puters, one needs strategies to address the frequency crowding issue.

3.1.2. TUNABLE COUPLER

Addressing the challenges mentioned above, researchers turned their attention to a
more sophisticated construct in quantum circuit design, tunable coupler, a novel in-
troduction that offers a promising solution to thesis constraints. Tunable couplers, in
essence, serve as controllable intermediaries between two qubits, see Fig. 3.1b. Multi-
ple devices can perform this role, such as qubits[48-52], resonators[53, 54], and other
objects[55, 56].

Compared with Eq. (3.1), the Hamiltonian of a quantum system incorporating a tun-
able coupler acquires an additional term:

H=H,+H)+H .+ H;,; (3.3)

H, and H, are the Hamiltonian of the individual qubits, as described in Eq. (3.1), and H,
is the Hamiltonian of the coupler. H;,; now indicates the strength of the qubits interact-
ing with the coupler and with each other.

Several studies have investigated the design of suitable tunable couplers for quan-
tum circuits. For instance, using a single transmon qubit as a tunable coupler has been
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proposed by researchers in [48, 57, 58]. However, this approach exists a correlated en-
ergy shift due to the residual ZZ coupling, which remains an undesired interaction. To
mitigate this problem, a double-transmon coupler has been investigated as a potential
solution [59]. Despite the advancements in transmon-based couplers, alternative de-
signs utilizing different types of qubits have also been explored. Fluxonium qubits, due
to their lower transition frequency and superior coherence properties, have emerged as
promising candidates. Notably, Weiss et al. discussed the implementation of two flux-
onium qubits interconnected via a flux-tunable coupler [60]. Similarly, the design of a
fluxonium qubit as a coupler for two fluxonium qubits has also been proposed [50].

3.1.3. FLUXONIUM-TRANSMON-FLUXONIUM TUNABLE COUPLER SYSTEM

In this thesis, I aspire to integrate the benefits of both the transmon and fluxonium
qubits by creating a unique circuit configuration where a tunable transmon qubit func-
tions as a tunable coupler for fluxonium qubits, as illustrated in Fig. 3.2, and C;; are the
mutual capacitance between element i and element j.

Cic
| |
[
( ) L)
C, NE; i NE 5 | F
L T <
- < <
< <
\ J J
Qubit 1 Coupler Qubit 2

Figure 3.2: Circuit diagram of the implemented superconducting circuit, consisting of fluxonium qubit
1 (blue), fluxonium qubit 2 (green) and capacitively coupled to a tunable-transmon coupler (red).

In our quantum circuit design, the operating frequency of the tunable transmon
qubit is inherently higher than that of the fluxonium qubits. This distinct frequency dif-
ference not only contributes to reducing potential frequency crowding issues but also
aids in mitigating crosstalk. Besides, the tunable transmon qubit exhibits excellent tun-
ability characteristics, which enables the construction of multi-qubit devices for large-
scale quantum circuits.

3.2. QUANTIZATION OF THE CIRCUIT

In this section, I implement the aforementioned Fluxonium-Transmon-Fluxonium
(FXTFX) system, delving into the mathematical details behind the quantization of our
proposed circuit. Furthermore, I provide an estimation of the coupling strength among
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the three qubits constituting our system.

3.2.1. DERIVATION OF THE HAMILTONIAN

Initially, we contemplate the general case of two fluxonium qubits coupled via a tunable
coupler as illustrated in Fig. 3.3a. In this system, the two fluxonium qubits, denoted as
Q; and Q-, couple to each other with a coupling strength g;,, and each qubit couples to
the tunable coupler with a coupling strength represented as g;., where i € {1,2}.

Based on the simple chip layout of the FXTFX system, as depicted in Fig. 3.3a, the
corresponding lumped-element circuit diagram is shown in Fig. 3.3b. The tunable trans-
mon consists of a SQUID shunted by a capacitor. Unlike the tunable transmon with a
single pad, each fluxonium qubit is equipped with two pads - top and bottom, which
are individually connected by a small Josephson junction and an inductor. The capac-
itance between the two pads is C;;;p, and each pad has its own grounding capacitance
(me{lt,1b,2¢,2h}).

In order to derive the coupling strengths within the FXTFX system, we must first ob-
tain the Hamiltonian of circuit. The derivation commences with the energetic terms
corresponding to the constituents of the quantum circuit. As indicated by Equation
Eq. (2.1), the energy stored within a capacitor, defined by the node flux @, is T = %C(bz.
When this capacitor bridges two distinct flux nodes ¢; and ¢, the energy term adjusts
toT = %Cij(d)i —d)j)z.

Additionally, the Josephson energy of the tunable transmon Ej. is elucidated in
Eq. (2.24) [40].

nd
Ej. = E]zcos(—en

®
w +d? tanz(%) 3.4)
0

0

Here, Ejs = Ej,, + Ej,, signifies the sum of the Josephson energies, where E;,_, and Ej,,

are the Josephson energies of the left and right junctions, respectively, in the tunable

. Ey—Ee, L .
transmon circuit. The term d = # represents the relative junction asymmetry.
ol or

®,; is the external magnetic flux thfough the loop of the tunable transmon circuit.

In Fig. 3.3b, we number nodes from 17 to 2b on the top and bottom pads of two flux-
onium qubits and the node of the tunable coupler as c. Consequently, the Lagrangian
(&) of circuit is represented in terms of node flux @, can be formulated by combining
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@  Qubit 1 Coupler Qubit 2
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Figure 3.3: (a) A schematic of a tunable coupler (red) mediating the coupling between two fluxonium
qubits (blue and green). The qubit-coupler coupling is described by g1, g2¢, and the direct
qubit-qubit coupling is described by g12. (b) The lumped-element circuit representation of the
schematic in (a). And false colors (blue, red and green) are used to indicate the corresponding circuit
components in (a). Ey; stands for the inductive energy, Ej; indicates for the Josephson energy, C;
denotes for the capacitance of the pad with respect to the ground, C; j are the mutual capacitance
between node i and j.
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the kinetic energy (7) and potential energy (U) terms for the complete quantum circuit:

T= [CUCDM+C1b<I)2 + Co®Z + Cp @3, + Cpp @5,

+Crap(@1: — @1p)% + Cree (@17 — D) + Cropr (@1 — D2)* + Cr o (D11 — Dop)?
+ Crp1( @15 — D197 + Cripe (@1 — D) + Crpo e (D1 — D21)* + Cpop (P11 — Dop)?
+ Ce1t(@c = 10 + Corp (@ = D1)* + Cear(De = D20)® + Ceap (D — P2p)?

+ Con1¢(@2r — D112 Cor1p (@2 — D1p)* + Core(@or — D) + Corop (D2r — Dop)?

+ Cop (Do — D11)2 Coprp (Dop — 1) + Cope (Do — De)? + Copy (Dop — D21)?]

D
U =-Ej cos 2ﬂT+2n

=Py %)
0

Dy — P P
—-Ep cos(2n2t—2b +2n—ez)
) 0

Eri  ®©14—®pn Epp, ®op—Dop 5

= og—2" Log—=L__—20
+2(ﬂ oo )+2(ﬂ o )
L=T-U
(3.5)
where
-1 (Dec
dpc =tan [dtanT] (3.6)

In the equation above, T and U denote the kinetic and potential energies of the quan-
tum system respectively. @y = Z—Z is the magnetic flux quantum and ®; corresponds to
the node flux associated with node i € {1t,1b,2t,2b,c}. ®,i, (k = 1,2,c) is the external
magnetic flux through the loops.

For ease of mathematical manipulation, the kinetic energy term can be rewritten in

matrix form T = 1<1>TC(I) Here, @ represents the vector (D14, D1, D, Doy, Pop], and C is
a5x5 capa<:1tance matrix expressed as follows:

Cn —Cinp —Ciee —Cirzr —Cipp

—Cinp C2 —Cipe —Cipzr —Cipzp
C=|-Cite -Cipe Cs3 —Ce2t —Cep 3.7
—Cirot —Cipzr —Ce2¢r  Caa —Corp

|—Cirop —Corop —Ce2p —Coppp Css

D
0

o)

D,
—Ej.cos 27:5 +21—
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The diagonal elements of this matrix are ascribed by:

Ci1=Crt+Crap+ Crec+ Crrae + Crpzp

Ca2 = Cip+ Cip1¢ + Crpe + Cipar + Crp2p

Cs3=Cc+Ce1t+Cerp+ Ce2t + Ce2p (3.8)
Caa=Cor + Conit + Cop1p + Core + Cop2p

Cs5 = Cop + Copir + Copip + Cope + Copor

Given the relatively large distance separating the two fluxonium qubits, the capacitance
between them is quite minimal, essentially nearing zero. Thus, the capacitive interaction
between two fluxonium qubits can be neglected, and we can approximate:

Cir2t = Cip2p = Cip2t = C1p2p = 0 (3.9

With this simplification, the capacitance matrix can be rewritten into:

Ciu —Ciap —Cige 0 0
-Cinp  C2  -Cipe 0 0
C=]-Ciue -Cipe Cs3 —Co2t -Cep (3.10)
0 0 —Ce2t  Cas —Copp
0 0 —Ce2p —Corap Css

The updated diagonal elements can now be presented by:

Ci1=Cir+Crap+ Cree
C22 = Cip+ Cip1r + Cipe
C33=Cc+Cerr + Ce1p + Ce2t + Ceap (3.11)
Caa = Cor+ Care + Corap
Cs5 = Cop + Cope + Copar

With the Lagrangian of the circuit, we define the generalized momenta q;, which is the
node charges, corresponding to the node flux ®@;:

0

=— 3.12
9%, 3.12)

qi

Building upon the Lagrangian previously derived in Eq. (3.5), Eq. (3.12) can be rewritten

in vector form as g = C®. Here, q =191t 916> 9c> G2t Gob) T

Then apply the Lagrangian to Hamiltonian conversion, the Hamiltonian representa-
tion below:

1
H:ﬁ.¢—$:55T0’167+U (3.13)
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However, the Hamiltonian derived in 3.13 is based on the top and bottom pads of
each fluxonium qubit, which can be called pad basis. This means that the Hamiltonian
can only be obtained for the coupling strength from pad to pad, and from pad to the
coupler. However, this pad basis perspective is insufficient for a comprehensive under-
standing of the system dynamics, particularly when interested in inter-qubit and qubit-
coupler interactions. Thus, it’s necessary to convert to the qubit basis representation of
the Hamiltonian.

To make this transition from pad basis to qubit basis, it is essential to transform the
standard flux variables into a novel set of flux variables based on sum and difference
coordinates. This transformation isolates and emphasizes the critical dynamics that de-
fine the fluxonium qubit behavior and its interaction with another fluxonium qubit or
coupler. In order to effect this transformation, transformation matrix M is introduced,
defined as:

1 -1 00 0]
1 1 00 O
M=(0 0 1 0 O (3.14)
0 0 0 1 -1
0 0 0 1 1|

By applying this transformation matrix, the new flux variables are driven ® as shown in
Eq. (3.15)

e
I
=
S

(3.15)

O —®y| [@]
D1+ Py 23P>
o, |=|o (3.16)
Do —DPyp D,
Do+ Do | | DPox ]

S
I

From Eq. (3.15), the initial flux vector and its transpose in terms of the new flux variables
are rewritten as follows:

d=M"'0, ="M’ (3.17)
Details of the M~! and (M~!)” matrixes are given in Appendix A.

As a direct consequence of this transformation, the kinetic energy term, originally
formulated in terms of the pad basis, can now be expressed in the qubit basis:

| BEO Y E e s
T= 5c1>ch> = ECDT(M’I)TCM’%D = 5<I>ch1> (3.18)
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Here, C denotes the transformed capacitance matrix in the qubit basis.

Subsequently, we define the new canonically conjugate momenta ¢, which corre-
sponds to the variables introduced in Eq. (3.16), as follows:

_ 0Z
qi = —— (3.19)
0D;

The momenta vector then becomes ¢ = [q1, q13, Gc, G+, G2x] T

Using canonical quantization, we could obtain the Hamiltonian:

S e N T S P
H—qu q+U—2qC qg+U (3.20)
with C~! being the new inverse capacitance matrix. This implies that by employing ma-
trix M to perform a variable transformation, we have effectively transitioned from a pad
basis perspective to a qubit basis description of the Hamiltonian.

3.2.2. COUPLING STRENGTH

In the previous subsection, we discussed the Hamiltonian of the FXTFX system from the
perspective of the qubit basis. In this subsection, we will calculate the coupling strength
between the qubits using the Hamiltonian given by Eq. (3.20).

Let’s start by revisiting the general expression of the Hamiltonian for the FXTFX sys-
tem. We can express it as follows:

H=Y) Hi+) H;j, {i,jle{l,2,c}
i i#] (3.21)
:I:I1+H2+I:IC+I:112+I:IM+I:IZC

Here, H; donates the Hamiltonian of the individual fluxonium qubits and tunable cou-
pler, while H;; indicates the interaction between two fluxonium qubits and each with
tunable coupler.

It’s important to note that in the fluxonium qubit, the qubit basis is determined only
by the coordinates ®; and ®,. This is because the difference in flux between the top and
bottom pads of a fluxonium qubit corresponds to the variable primarily used to encode
information. The sum flux variables ®;5 and @25 do not significantly contribute to the
dynamics of interest in our FXTFX system. This is due to the fact that the sum variables
typically represent uniform net charges distributed on the pads, therefore the sum mode
can be considered as "free particles” in the system [51] and can be neglected when writ-
ing down the Hamiltonian.

Taking this into account, we can derive the following Hamiltonian expressions for
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the individual fluxonium qubits and the coupler from Eq. (3.5):

. o E 1
H =-Ep cos(Zn— +2n—) %qﬁ +5C7 L 11g7

D D
R D D E
Hy,=—Ej cos(Zn— +2m —ez) 22— C‘ 4,413 (3.22)
@ Dy ) 2

A (O D, 1 2
H;=-Ej.cos|2n— +2n— |+ -C""[3,3]q;
o} o} 2

2
We can introduce Ec = 35, ¢ = b0 and 71 = 2 %» which is the Cooper-pair number
operator. So Eqg. (3.22) can be rewritten as:

. Epn .
H, = —E]1 COS(d)l +(,be1) + 7(,[)% +4Ec; I’l%

~ Ep, .
= —Ejy cos(po + ea) + T</>§ +4Ecy 72 (3.23)
H, = —Ejccos(p¢ + bec) +4Ecc i
Here,
Ec1=€°C'[1,1], Ecz=€°C'[4,4], Ec.=¢€*C'[3,3] (3.24)
Next, the interaction Hamiltonian can be obtained from Eq. (3.20):
A _1~71 1~71 4251 PO
Hy. = 2C [1,31g19. + 2C [3,11g19. = 4e°C "[1,3]7A fic
S P 1s 226112 a7 7
Hpe = SC7114,3142qc + 5 €113, 41G24c = 4°CT (3,41 Ap e (3.25)
1., 1~ =
Hy» = EC [1,4]6]16]4"1‘5(: [4 1]5]16]4 4e C [1,4]711712
And the inverse capacitance matrix is symmetric, we have c! [i,j1= c! [j,il.
We can also express the interaction Hamiltonian as follows:
Hyc=hgicmne, Hoe=hgochone, Hip=hgaih (3.26)
By comparing these expressions, we can find that:
4€2C71,3] 4€2C71(3,4] 4€2C71(1,4]
glc = T; gZC = Tv ng = T (327)

Here, g1c, 82¢ is the qubit-coupler coupling, and the direct qubit-qubit coupling for two
fluxonium qubits is described by g1». The formula of C™'[1,3], C™'[3,4] and C~'[1,4] are
illustrated in Appendix A.

The derived coupling strengths set the stage for a deeper analysis of the dynamics of
the FXTFX system, which will be helpful for device design and optimization.
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3.3. QUBIT GATES IN SUPERCONDUCTING CIRCUIT

In this section, we describe how two-qubit gates work in the FXTFX system.

3.3.1. TwWo-QUBIT GATES

Two-qubit gates are fundamental quantum gates that act on two qubits simultaneously.
These gates introduce entanglement between qubits, which is a crucial resource for
quantum computing. Some well-known two-qubit gates are: Controlled-Not (CNOT)
gate, Controlled-Z (CZ) Gate and iSWAP Gate. They are all the control gates, one qubit
is chosen as the control qubit and the unitary operator will be applied for another qubit,
also called the target qubit based on the state of control qubit. In this thesis, we will
discuss how to implement the CZ gate with the FXTFX device.

The unitary operator of the CZ gate can be written as the 4 x 4 matrix.

0

Ucz = (3.28)

o = O©o O
o

0
1
0
0

(=N

-1

When the state of control qubit is |1), the target qubit will be rotated by 7 phase (e'” =
-1).

There are several methods to implement the CZ gate, and we will use the Rabi Os-
cillation approach. This method uses resonant interactions to drive Rabi oscillations
between the |11) state and a higher energy state like [12) or |21). By driving a w-pulse,
the system can be excited from [11) to [12) (or |21)) and then brought back to |[11), pick-
ing up a phase of 7 in the process. If this phase is properly controlled, a CZ gate can be
realized[7, 8].

3.3.2. ZZ INTERACTION

Z Z interaction originates from level repulsion between the energy level with both qubits
in the first excited state and some non-computational energy levels[61], which can lead
to unwanted phase shifts, thus affecting the fidelity of quantum gates.

Z Z interaction is quantified by the parameter {, defined as:

_ E101 — Eoo1 — E100 + Eooo
n

Here, E,, represents the eigenenergy corresponding to the eigenstate |m). The quan-
tum state of the system are represented by |nmk), where n, m, and k correspond to the
eigenstates of fluxonium 1, the coupler (tmon), and fluxonium 2, respectively.

4 (3.29)

In the field of fast two-qubit gates, higher coupling strength is generally desirable.
However, higher coupling strengths usually have the negative effect of increased (.
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To understand this behavior quantitatively, we can expand ¢ into its nth-order per-

turbation contributions, (", using the corresponding nth-order corrections Eﬁ,'{), (ne
{2,3,4}), to the eigenenergies of |m):
E(n) _E(n) _E(n) +E(n)
(m) _ 101~ Zo01 ~ 100 T Zo00 (3.30)
¢ h
And the perturbed result for Z Z interaction { can be defined as:
(= ((2) +((3) + ((4) (3.31)
The n-order energy shift to the state |m) is:
|Vm '|2
(2) — J
En =2 0 (3.32)
Vini Vi Vie
E® = Y mj gk km (3.33)
. O O
Jk#m mj " mk
Vinj Vi Vi Vi [Vinj 12| Viie*
W=y 2 Ty AL e (3.34)

] 0 0 0 (0) 2 7(0)
pktzm BB B kEm (B ) E

where Vi, = (mIFIi ntl j) represents the matrix element of the interaction Hamiltonian

between states |[m) and |j). And EO - E;f,) - E(‘O), E,(g) and E© are the unperturbed
mj i i

energies of these states.

3.3.3. DRIVING HAMILTONIAN

The driving Hamiltonian used is given by [62]:

Hy=et)xn (3.35)

Here, £(¢) is the control pulse and 7 is the charge operator. £(¢) is depicted as [42, 63]:
e(t) = gr(f) sin(wqt) + £g(f) cos(wqt) (3.36)

where £/(f) and £¢(#) represent time-dependent amplitudes of the in-phase and out-of-
phase quadrature components of the pulse, respectively, and w is the drive frequency.

(Znt)
1—-cos|—

e(t)—Q
=75 Tg

(3.37)

Choosing the envelope to make sure the ramping is smooth, Q is drive amplitude and 74
is the total duration of the gate operation.
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The latter term in Eq. (3.36) is introduced by the derivative removal by adiabatic gate
(DRAG) technique to mitigate the leakage. In this case, the first order DRAG is propor-
tional to the first derivative of the in-phase pulse that can be written as[63]:

eo(n = A1 (3.38)
n

where A is a scaling parameter and 7 is the anharmonicity. Adjusting A can effectively
modify the control pulse to mitigate the unwanted transitions (leakage) from the com-
putational subspace to higher energy levels. When A = 0, this means that no DRAG mod-
ulation is applied.



DEVICE DESIGN AND SIMULATION

In this chapter, our primary focus is well-designed and simulated FXTFX chip. Section 4.1
describes the intricate design of fluxonium qubit. The design and subsequent simula-
tion of resonators are explored in Sections 4.2 and 4.3, respectively. Moving forward, Sec-
tion 4.4 delves into the design methodologies and simulation techniques for tunable trans-
mon qubits. The FXTFX device, which is the core of our discussion, is elaborated in Sec-
tion 4.5, where we illuminate the approaches for determining and enhancing the coupling
strength. Concluding the chapter, Section 4.6 is wholly dedicated to the detailed simula-
tions of the FXTFX device, ensuring a comprehensive understanding of its functionality.

4.1. FLUXONIUM QUBIT DESIGN

In our superconducting device, the fluxonium qubits play a pivotal role as the primary
data-carrying entities, storing quantum information that will be eventually read out at
the conclusion of a quantum computation. The specific design we utilize for the flux-
onium qubit, as proposed by E Yilmaz [64], is presented in Fig. 4.1. At the heart of the
fluxonium qubit are its essential components, each fulfilling a specific role:

 Capacitor: Represented by the two yellow pads in Figure 4.1.

* Josephson Junction: Positioned centrally between the two capacitor pads, It is a
non-linear element.

* Super-inductance: Located on the left side of the Josephson junction, this ele-
ment is composed of an array of 100 Josephson junctions. It aids in enhancing
protection against charge noise.

 Flux Biasing Line: The green line in the figure is inductive coupled to the qubit,
which provides a means to apply magnetic flux to the fluxonium loop. This capa-
bility allows for adjusting the energy levels of qubit.

26
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Figure 4.1: Fabricated Chip layout of a fluxonium qubit with false coloring.

* Charge Line: The pink line in the figure is capacitively coupled to the qubit capac-
itor. It is used to apply microwave pulses, which can induce state transitions in the
qubit, facilitating precise qubit control.

* Readout Resonator: The blue pad, along with the twisted line, is capacitively cou-
pled to both the fluxonium qubit and the feedline.

4.2, RESONATOR DESIGN AND PROPERTIES

In quantum circuits, resonators play a critical role in interactions between the qubits and
the surrounding environment. Various types of resonators are available for use in quan-
tum circuits, each with unique properties and applications. In this thesis, we choose to
work with coplanar waveguide (CPW) resonators.

4.2.1. GEOMETRY AND MATERIAL SELECTION

The planar geometry of a CPW is depicted in Fig. 4.2, consisting of a central conductor
surrounded by a pair of return conductors, with planes separated by a gap, and the en-
tire structure positioned on a substrate. The characteristic impedance of the CPW is a
crucial parameter and is typically set to a standard value of 50 Q. This choice represents
a balanced comes [65]. Furthermore, adhering to this standard impedance ensures that
the CPW resonator will be compatible with the majority of electronic devices, which are
often designed to operate at 50 Q. However, due to imperfections in our PCB fabrication,
we are faced with a characteristic impedance of 42 Q. In response to this deviation, we
chose to set the impedance of the launch pad (Z) and the CPW resonator (Z;) to about
45 Q. This decision is aimed at reducing impedance mismatch at both the PCB and the
electronic device interfaces. By choosing an intermediate value, we aim to balance the
impedance across these interfaces, thus minimizing insertion losses.
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Figure 4.2: Cross section of CPW resonator design. Central conductor and lateral ground plan (gray) on
top of the substrate(blue). Parameters are discussed in the main text.

In order to achieve this, the design of our CPW line requires a careful selection of ma-
terials and geometrical parameters. In our chip, the substrate is made of silicon and the
superconducting material of conductor is Niobium Titanium Nitride (NbTiN). Utilizing
a CPW calculator[66], the characteristic impedance 7, and effective dielectric constant
€eff for a CPW can be obtained respectively. The used parameters in our design are listed
in Table 4.1.

Parameter Symbol Value
Center strip width w 15 um
Gap width S 5.909 um
Substrate thickness H 525+ 10 um
Dielectric constant €r 11.5 (low temperature)[67]
Effective permittivity €eff 6.249
Characteristic impedance Z 45.046 Q

Table 4.1: The parameters of CPW

4.2.2. FREQUENCY AND LENGTH OPTIMIZATION

The next step is to define the frequency of the resonator, denoted by fy, which is derived

from the wavelength of the signal and its phase velocity. This relationship can be ex-

pressed as fy = 7. v is the phase velocity of the microwave signal, and A represents the

wavelength. They can be further related to the physical properties of the CPW line[68]:
v="0 A=21 @.1)

€eff
Where c is the velocity of light in vacuum, €. is the effective permittivity of the CPW line,
and [ is the length of the resonator. Thus, the resonator frequency fj is given as:

fo= c 1
0_\/€efle

Itis clear from Eq. (4.2) that the frequency fy is inversely proportional to the length of the
CPW, given a fixed e¢sr. Generally, superconducting resonators for quantum circuits are
designed to operate within a microwave frequency range, typically from 4 to 8 GHz[69],

4.2)
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and this frequency range is well supported by readily available commercial microwave
equipment.

The selection of distinct frequencies for each resonator is not an arbitrary choice.
By ensuring a clear separation in the resonance frequencies, we can control and probe
individual resonators without cross-interference. This isolation is essential for precise
qubit manipulation and measurement. Furthermore, distinct frequencies mitigate the
risk of crosstalk, where signals intended for one resonator inadvertently affect another.

4.2.3. DETERMINING COUPLING QUALITY FACTOR AND DECAY RATE

There are two main CPW resonator designs. The quarter-wavelength: In this design,
one end of the resonator is shorted, while the other remains open. The other is the
half-wavelength resonator: For this configuration, both ends of the resonator are either
open or shorted. This is the design we have opted for. As depicted in Fig. 4.3, the half-
wavelength resonator is structured with a CPW line. One side features a coupler with an
open end, while the opposite side terminates in an open end with a readout pad. This
configuration can be further explored in Figs. 4.3b and 4.3c.

(@ (b)

Feedline
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Fluxonium Qubit
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Figure 4.3: (a) Image of a single fluxonium qubit, displaying the half-wavelength CPW microwave
resonator. The resonator capacitive couples to a feedline at one extremity and to a fluxonium qubit at
the other. (b) Zoom in on the capacitive coupler between the resonator and the feedline. (c)
Magnified view of the fluxonium qubit readout pad, which connects to one end of the resonator.

Then we will introduce another critical parameter in the design of resonators is the
coupling quality factor, denoted as Q.. This factor signifies the degree to which the res-
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onator couples to the feedline. Both the length of the coupler, as shown in Fig. 4.3b, and
the distance between the through feedline and the part of the resonator running parallel
with it, determines the coupling factor Q.. The coupling quality factor Q. of half-wave
resonator can be expressed as[70]:

T

@_M%&%

4.3)

In the above equation, w, represents the angular frequency of the resonator and is re-
lated to the resonance frequency fy by w, = 27 fy. Zy and Z, are the characteristic
impedance of the feedline and CPW line. Cy, referred to as the coupling capacitance,
defines the capacitive coupling between the resonator and the feedline.

From Q., we can derive the resonator decay rate, x, which quantifies the rate at which
energy is dissipated from the resonator. A higher decay rate can mean faster energy loss,
and based on Taryn Stefanski’s simulation results, it is necessary to keep x /27 around 5
MHz [63]. The relationship between the decay rate and the quality factor is given by[71]:

K= ﬁ (4.4)

Qc

4.3. RESONATOR SIMULATIONS

With a comprehensive understanding of the resonator design and parameters, it's im-
perative to evaluate its performance through simulation. For this purpose, the electro-
magnetic (EM) simulation software ANSYS-HFSS is used, which allows obtaining the fre-
quency of resonator. Coupling capacitance Cy between the resonator and the feedline
can be obtained using ANSYS-Q3D. In addition, it is able to calculate the coupling quality
(Qc) and the decay rate (k).

4.3.1. DESIGN AND LAYOUT

Superconducting device is usually read by sending a radiofrequency (RF) pulse through
a feedline, which is coupled to a resonator and the resonator is coupled to a qubit. How-
ever, the resonators need to be modeled with Qiskit-Metal, before simulations can be
performed. We integrated four FXTFX devices into the chip, which bolsters redundancy,
and it is vital in reducing vulnerabilities related to fabrication inconsistencies or defects.

To begin, I establish the initial design frequencies for the eight resonators in the cir-
cuit. These frequencies are tabulated as follows:

Resonator 1 2 4 5 7 8 10 11
Frequency(GHz) 68 7.2 7.6 80 63 6.0 5.7 52

Table 4.2: The frequencies of eight resonators
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After determining these frequencies, I proceed to calculate the initial lengths for each
resonator. This calculation is based on the formula previously introduced in Eq. (4.2).
After the initial lengths are identified, I then lay out these resonators in the circuit, as
illustrated in Fig. 4.4. All resonators are capacitively coupled to the same feedline, and
obviously, each resonator has a different length.
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Figure 4.4: The bird view of the readout system. “Q 1” to “Q 11” indicate the locations of the eight
fluxonium qubits. The feedline across through the full chip to make sure each resonator is coupled to it
conventionally.

4.3.2. SIMULATION AND ANALYSIS

Once the resonator system has been constructed, it can be analyzed through an energy
participation ratio (EPR) analysis to obtain its resonant frequency. The process begins
with the creation and activation of an eigenmode design in Qiskit-Metal that I named
"Res". This resonator is then rendered corresponding to the design in ANSYS-HFSS. Re-
fer to Fig. 4.5a for the illustrative model. Following this, the convergence parameters
and junction properties are set within the ANSYS-HFSS design. The subsequent step
involves running the analysis. Electric field distribution of the eigenmode can be visual-
ized in Fig. 4.5b. With this, the resonant frequencies are computed.

(a)

Figure 4.5: (a) The resonator is rendered corresponding to the "Res" design in ANSYS-HFSS. (b)
Electric field distribution of the eigenmode for the same resonator.
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It's essential to compare the simulation frequency outcomes with the values in Ta-
ble 4.2. If discrepancy occurs, revisit the design and make necessary adjustments for
the length of resonator according to the inverse relationship mentioned in Eq. (4.2), fol-
lowed by re-simulation until the simulation result matches the initial design value. The
method is also applied to the other resonators, and the individual frequencies of each
resonator can be obtained, referred to the "bare frequency” in Table 4.3. Bare frequency
denotes the resonator natural resonance frequency when it remains unaffected by any
external interactions or influences.

4.3.3. EVALUATION OF DRESSED FREQUENCY

However, the resonator in the chip is coupled to the fluxonium qubit. The interaction
can induce a shift in the resonator energy level, yielding a frequency, termed the "dressed
frequency" that is different from the bare frequency. To address this phenomenon and
quantify the dressed frequency, a joint simulation of the qubit and resonator is per-
formed.

The dressed frequency simulations are performed using the quantum part of the
EPR analysis. Creating an analysis object for the combined qubit and resonator, called
"Qubit-Res", as depicted in Fig. 4.6a.

(@)

Figure 4.6: (a) The "Qubit-Res" schematic as visualized in ANSYS-HEFSS. (b) Electric field distribution
of qubit mode. (c) Electric field distribution of resonator mode.

A fundamental distinction lies in the eigenmode number: while a singular eigen-
mode suffices for the bare frequency, the dressed frequency needs to look for 2 eigen-
modes. One with stronger fields on the fluxonium, called qubit mode and the other with
stronger fields on the resonator (resonator mode). The electric field distributions for two
modes are shown in Figs. 4.6b and 4.6¢, respectively. Applying this methodology to the
other resonators, all dressed frequencies are given, as tabulated in Table 4.3.

Resonator 1 2 4 5 7 8 10 11

Initial Design Frequency(GHz) 6.8 7.2 7.6 8.0 6.3 6.0 5.7 5.2
Bare Frequency(GHz) 6.813 7.216 7.615 8.034 6.363 5.968 5.699 5.195
Dressed Frequency(GHz) 6.109 6.474 6.765 7.087 5751 5437 5.186 4.778

Table 4.3: Comparison of initial design, bare, and dressed frequencies across the eight resonators.
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A straight phenomenon from Table 4.3 is that the dressed frequency consistently lies
below its bare frequency for all resonators. This can be attributed to the connection
between the large readout pad of fluxonium qubit and resonator in Fig. 4.3¢, which con-
tributes additional capacitance. Recalling the inverse relationship between frequency
and capacitance, it is evident that an increase in the capacitance decreases the resonator
frequency, resulting in the dressed frequency being lower than the bare frequency.

4.3.4. EVALUATION OF COUPLING CAPACITANCE AND DECAY RATE

With the frequencies determined, our next step is to ascertain the decay rate, denoted
as k. To achieve this, it’s imperative to first understand the coupling capacitance Cy be-
tween the resonators and the feedline. For this purpose, the Maxwell capacitance matrix
in Lumped Oscillator Model (LOM) analysis is employed.

After selecting Resonators 10 and setting up the analysis in ANSYS-Q3D, the Maxwell
capacitance matrix[72] can be extracted, see Fig. 4.7.

g_wb trace_cavity10 trace_TL

g_wb 3244.07410 -1735.59339 -1288.93441
trace_cavity10 -1735.59339 1774.99038 -37.71266

trace_TL -1288.93441 -37.71266  1327.98780

Figure 4.7: The capacitance matrix for resonator 10 with the feedline. The unit of capacitance is fF.

Within the capacitance matrix:

* "trace_cavity01" symbolizes resonator 10.
e "trace_TL" denotes the transmission line.

» The intersecting squares’ values in the rows and columns signify the coupling ca-
pacitance between associated elements.

* The matrix is symmetric, and the main diagonal values reflect the algebraic sum
of their respective row elements.

From Fig. 4.7, the coupling capacitance between resonator and the feedline is 37.71
fF. Using the dressed frequency and coupling capacitance, the coupling quality factor Q.
and decay rate k both can be driven. The following table describes coupling capacitance,
Q. and « for each resonator.

A detailed derivation of the coupling quality factor and decay rate is given in the
Appendix C.
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Resonator 1 2 4 5 7 8 10 11
folw,/2m) (GHz) 6109 6474 6765  7.087 5751 5437 5186  4.778
Capi‘;i‘;gzeg(m 28.87 2678 2458 2335 3149 3436 3771  42.66

Qe 1262.78 130621 1420.11 1434.28 1198.60 1128.85 1029.74 948.94
x/27 (MHz) 4.83 4.95 4.76 4.94 4.79 4.81 503 5.2

Table 4.4: Summary of resonator parameters. The table includes the dressed frequencies (fy), coupling
capacitances Cy, coupling quality factors (Q), and decay rates (k) for each resonator.

4.4. TUNABLE TRANSMON QUBIT DESIGN AND SIMULATION

The tunable transmon serves as the pivotal component within our circuit, functioning
as the coupler interfacing with two fluxonium qubits.

Traditionally, the most prevalent tunable transmon is the Xmon[73]. This design de-
rives its name from the characteristic 'cross’ structure it forms, constructed by intersect-
ing two superconducting coplanar waveguide lines, exemplified in Fig. 4.8a. However,
from Eq. (A.2) we find that the difference between the top pad to the coupler capaci-
tance Ci;/Ce2; and the bottom pad to the coupler capacitance Cyj./C.2p contributes
significantly to the coupling strength, which can use C;,; — Cy¢¢ or Ceop — Ce2 to express.
Thus, Xmon exhibits a week coupling strength when coupled with two fluxonium qubits.

To address this limitation, we propose a novel design: Tmon, visually resembling a
Half-Xmon qubit, see Fig. 4.8b, which was originally implemented in Qiskit-Metal by
Figen. It's worth noting that, contrary to the simplistic structure in figure, the Josephson
junction actually contains a SQUID loop that interfaces with the flux line, allowing for
qubit frequency tuning.

(@) (b)

T L

(c)

flux_bias_line_Q1 ground_main_plane  tmon_Q1

flux_bias_line_Q1 6223778 -81.28064 -0.70706
ground_main_plane -61.28064 309.61469 -179.65994
tmon_Q1 -0.70706 -179.65994  183.28317

Figure 4.8: (a) Xmon qubit design [39]. (b) Proposed tmon qubit design. (c) Capacitance matrix of the
Tmon qubit. The unit of capacitance is fF.

With the structure of the tunable transmon, the next step is to refine the qubit pa-
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rameters by obtaining the Maxwell capacitance matrix through LOM analysis, Fig. 4.8c
shown here. Since the tmon qubit is grounded, the total capacitance Cs can be expressed
directly in terms of the capacitance between tmon and ground, as 179 fF. E./2n =107
MHz can be derived according to the relationship between capacitance and charging en-
ergy in Eq. (2.17). The Josephson energy Ej. can be modulated by adjusting the surface
area of the Josephson junction when the other parameters are fixed [74].

4.5. FXTFX DEVICE DESIGN

Previous section focuses on the design of the tmon qubit. In this section, I integrate
the tmon qubit with fluxonium qubits to create the full FXTFX device. Based on the
simulation results, I then make appropriate design adjustments.

4.5.1. DETERMINING THE COUPLING STRENGTH

The first step in the analysis is to determine the coupling strengths g12, g1, and g, of the
FXTFX device, which can be computed using Eq. (3.27) and Eq. (A.2). To calculate these
values, the layout of the FXTFX device without charge lines, flux lines and resonators was
developed and simulated, as shown in Fig. 4.9.

Figure 4.9: Chip layout of the FXTFX device.

The coupling capacitances between different elements of the FXTFX device were cal-
culated, and the results are as follows:

Ci1b = Cip11 =3.167fF,  Cppopp = Coppy = 3.169fF

Clec =6.251F, Cepr=6.251fF, Cipe=1.789fF, Cgop = 1.787fF
C1r=22.182fF, Co;=22175fF, Cy,=20.713fF, Cy}, =20.718fF (4.5)
Ce=118.740fF, Cjy =31.593fF, Cyo = 25.658fF

C33 =13.480fF, Cy4 =31.593fF, Ci1 =25.658fF

By entering these capacitances in Eq. (A.2), the values of C™![1,3], C™'[3,4], and C™![1,4]
can be calculated. Based on the relationship between the inverse matrix elements in
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Eq. (3.27) and the coupling strength, the coupling strength between qubits can be de-
rived, summarized in Table 4.5.

g1c/2n MHz)  go./2m (MHz)  g12/27 (MHz)
Coupling Strength 127.24 127.36 13.74

Table 4.5: The coupling strengths of the FXTFX device

The coupling strengths are crucial as they define the timescale for qubit entangle-
ment and two-qubit gates. Essentially, the stronger coupling between qubits makes the
gate faster and is the basis of efficient quantum computing.

4.5.2. DESIGN ADJUSTMENTS FOR ENHANCED COUPLING

In an effort to enhance the overall performance of quantum operations, I revisited the
design of the tmon qubits with a specific focus on optimizing their coupling strengths.

DESIGN MODIFICATIONS

Two main design modifications were considered for enhancing the coupling strengths:

* Increasing the surface area of the ends of the tmon qubits, which I will refer to as
the ‘Round Ends’ design (Fig. 4.10a).

* Modifying the geometry of the Tmon ends to adopt a ‘claw’ shape, which I will refer
to as the ‘Claw Ends’ design (Fig. 4.10b).
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Figure 4.10: (a) Tmon design with rounded ends. (b) Tmon design with claw-shaped ends.

After redesigning, the new tmon qubit is integrated into the existing fluxonium qubit
systems. The new coupling strengths are obtained, as tabulated below in Table 4.6.

As observed, the claw-shaped end design shows noticeably higher coupling strengths
compared to the Round Ends design. Importantly, the Round Ends design limits me to
adjustments based solely on the radius and distance between the tmon and fluxonium.
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g1c/2n MHz)  go./2n (MHz)  g12/27n (MHz)
Coupling Strength(Round Ends) 186.84 186.77 29.23
Coupling Strength(Claw Ends) 368.03 368.41 132.71

Table 4.6: The coupling strengths of the FXTFX device with redesigned tmon qubits.

In contrast, the Claw Ends design comes with several adjustable parameters. This flexi-
bility allows to fine-tune the coupling strengths to specific requirements, and is particu-
larly beneficial for high-performance quantum operations.

FINE-TUNING THE CLAW DESIGN

The Claw Ends design allows for various parameters to be fine-tuned, such as the dis-
tance between the claw of the tmon and the fluxonium pad, the length of the claw it-
self, and the inter-fluxonium distance. Here, I demonstrate five different settings for the
FXTFX device, visualized in Figs. 4.11a to 4.11e.

(@ (b) (© (d) (e)

Figure 4.11: Diagram of different configurations for five FXTEX devices. (a) Structure I. (b) Structure
II. (c) Structure III. (d) Structure IV. (e) Structure V.

StructureI  StructureIl  Structure III  Structure IV Structure V

81c/2m(g2/2m) (MHz) 395.56 322.82 299.60 226.56 191.910

g12/2n (MHz) 161.28 90.71 81.089 42.55 30.663

Table 4.7: The coupling strengths of the five FXTFX devices with different properties.

Coupling strengths for these five configurations are given in Table 4.7. The results
confirm that the claw design provides a great degree of freedom in adjusting the strength
of the coupling. Such flexibility not only allows for the optimization of quantum oper-
ations but also offers a pathway to customizing quantum devices for specific computa-
tional tasks.

The following simulations are based on Structure IV, as shown in Fig. 4.11d.

After completing the design of tmon, the layout of full chip design is illustrated in
Fig. 4.12:
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Figure 4.12: The layout of the full chip.

4.6. FXTFX DEVICE SIMULATION

In the previous section, we discussed how to determine the coupling strengths for var-
ious parameter configurations. Utilizing these strengths, we are able to derive the full
Hamiltonian for the FXTFX system, thereby providing insights into its behavior and
properties. In this section, we focus specifically on the simulation of CZ gate using tun-
able couplers in FXTFX devices.

4.6.1. DRIVE FREQUENCY OF CZ GATES

We begin our investigation of the CZ gate by performing energy spectroscopy on corre-
lated energy state transitions. As previously discussed in Section 3.3.1, the CZ gate can be
implemented by driving the |11) state to either the |12) or |21) state, and then reverting
it backto |11).

In our FXTFX system, the transmon frequency significantly exceeds that of the flux-
onium qubits. This hierarchy of frequencies results in the coupler mainly interacting
with the higher energy states of the fluxonium qubits, thus enabling the performance of
two-qubit operations without significantly affecting single-qubit gates.

We donate the quantum state of the system as |[nmk), where n, m, and k represent
the eigenstates of fluxonium 1, the coupler (tmon), and fluxonium 2, respectively. By
using the similar approach in Section 3.3.1, the CZ gate can be achieved by deriving |101)
state to |102) either [201) or |111) states.
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ROLE OF DRIVE FREQUENCY

In implementing CZ gates using the Rabi oscillation technique, a crucial parameter to
consider is the drive frequency. Rabi oscillations are inherently sensitive to the frequency
of the applied microwave drive, as they determine transitions between specific quantum
states.

For instance, transitioning from the [101) to |201) state requires a drive frequency
that should be different from the one needed for transitioning from |100) to [200). In
the absence of the interaction Hamiltonian H;,; = 0, the transition frequencies obey the
following relationship:

fl 7
W101—-201 = W100—200 = Wi_2,  W101—102 = WO01—002 = W1_7 (4.6)

Introducing an interaction Hamiltonian into the system couples the individual qubits,
leading to a more complex energy level structure as illustrated in Fig. 4.13.
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Figure 4.13: The energy level structure of the coupled system.

The interaction Hamiltonian, as given by Eq. (3.26), can be formulated as follows:

Hipe=hgicnine+hgocnane+hgianing 4.7
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Figure 4.14: The energy level structure of the full system for FXTFX device.

Due to this energy repulsion, the degeneracy of transition frequencies will be boosted:

W101—201 # W100—200,  W101—102 # W001—002 (4.8)

The parameter A in Fig. 4.14 indicates the frequency mismatch between the transi-
tions w191—201 and wipo—200 transitions. When A is sufficiently large, a targeted pulse
can selectively transition the system from |101) to |201) state while preserving the clos-
est transition [100) to |200) remains unexcited. This allows for the CZ gate to be imple-
mented with individually addressable transitions, enhancing its robustness. The same
principle can be extended to implement CZ gates for [101) — [102) and |101) — |111)
transitions.

In fact, the gate time is characterized by A, in general, larger values of A lead to faster
gate[7]. Consequently, optimizing A becomes a pivotal task. One strategy for increas-
ing A involves carefully selecting Hamiltonian parameters for the fluxonium qubits and
examining the resulting energy level separations.

DETERMINING THE OPTIMAL EXCITATION PATH FOR CZ GATE

In this section, I use the Scqubits package[24] to determine the most suitable excita-
tion path for the implementation of CZ gate. The focus is primarily on assessing the
frequency mismatches A across different devices.

One of the primary challenges in fabricating fluxonium qubits is achieving unifor-
mity in the JJ array. Given the precision required in the fabrication process, there are
often discrepancies in the E; values between different fluxonium qubits within the same
device. To investigate how these discrepancies influence the frequency mismatch within
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Ec/2n(GHz) Er/2n(GHz) E;/2n(GHz)

Device A/B/C  Fluxonium 1 1.005 0.816 4.75
Coupler 0.18 40 (d=0)
Device A Fluxonium 2 1.005 0.806 4.39
Device B Fluxonium 2 1.005 0.806 4.55
Device C Fluxonium 2 1.005 0.806 4.70
g12/2n(GHz) 81c/27m(goc/2m) (GHzZ)
Device A/B/C 0.042 0.226

Table 4.8: The Hamiltonian parameters for Device A, Device B and Device C. d is the junction asymmetry,
with d = 0 indicating that the two Josephson junctions of the coupler (tmon) are identical.

the FXTFX system, I consider three different device configurations in Table 4.8, each
characterized by varying E; values for the second fluxonium qubit.

To assess the frequency mismatches (A) for different Hamiltonian parameters in the
FXTFX system, an external flux sweep on the coupler (@) is performed for each de-
vice configuration. The results, as depicted in Figs. 4.15a and 4.15b, showcase the fre-
quency mismatches A?°! and A'!! across Devices A, B, and C.

From Fig. 4.15a, it is observed that A1 = )101-201 — W100—200 holds the relationship:
AZCOI > A%Ol > Ai(n. The underlying reason for this ranking can be attributed to when
both fluxonium qubits are in excited states, the larger similarity of the Hamiltonian pa-
rameters leads to a stronger repulsion between the [102) and |201) energy levels. Such
an effect is observed as an increase in the A value, which is advantageous for enabling
faster CZ gates.

While modifying the Hamiltonian parameters of fluxonium qubit affects A?%!, it
keeps A!!! unchanged, as shown in Fig. 4.15b. The transition from [101) to |111) easily
leads to a large A'!! compared to the other two transitions. Only when the external flux
of the coupler is between 0.38 and 0.4 can A?*! reach above 0.1 GHz, and this requires a
relatively high similarity between the Hamiltonian parameters for two fluxonium qubits.
In contrast, for the transition from |101) to |111), a relatively high A!'! is more easily at-
tained by tuning @, ./®o around 0.2 or 0.25.

Further simulations of the transition from |101) to |111) investigate the effect of vary-
ing the Josephson energy (Ej) of the tunable coupler on the frequency mismatch A,
When varying the E; of the transmon (35, 40, and 45 GHz), it is easy to realize AN abhove
0.1 GHz by choosing a suitable @, as shown in Fig. 4.15c.

The simulations reveal that regardless of the specific E; value, a smooth and substan-
tial frequency mismatch can be obtained by fine-tuning @, c.

Therefore, I finally chose [101) to |[111) transition for CZ gate in the following content.
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Figure 4.15: (a) The frequency mismatch w101—201 — @100—200 for Devices A, B, and C. (b) The
frequency mismatch wi91—111 — weo1—011 for all Devices. (c) The frequency mismatch
w101—111 — Wo01—011 With different Ey for Device C.

FREQUENCY MISMATCH USING MEASURED FLUXONIUM QUBITS FOR CZ GATE

Having established the [101) to |111) transition as the foundation for the CZ gate imple-
mentation in the FXTFX system, the next step is to delve into the precise calculations
that will guide the quantum gate operations.

Fluxonium qubits in Fig. 4.12 are measured, and the Hamiltonian parameters of flux-
onium qubits 7 and 8 in Device 3 are listed in Table 4.9. Other parameters (coupler and
coupling strengths) are still the designed values.

Ec/2n(GHz) Er/2n(GHz) E;/2n(GHz)

Device3 Fluxonium 7 0.858 0.835 3.732
Fluxonium 8 0.864 0.827 3.815
Coupler 0.18 40 (d=0)
g12/21(GHz) 81c/2m(g2./2m)(GHz)
Device 3 0.042 0.226

Table 4.9: The Hamiltonian parameters for Device 3.

With these parameters as the foundation, AN for Devices 3, as demonstrated in
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Fig. 4.16, inform us about the optimal operating points for our system.

Wip1-111 — Woo1-011

010 4 —— Device 3

0o

Frequency Mismatch A(GHz)

a0 005 010 015 020 025 030 035 040
Deat, /Doy

Figure 4.16: The frequency mismatch for Device 3.

The figure indicates that by tuning ®,, ./® to around 0.3, higher values of A!'! can
be realized. This finding is instrumental in setting the stage for the effective realization
of the CZ gate, affirming the selected transition as a robust pathway for gate implemen-
tation in our device. The following is simulated using the Hamiltonian parameters of
Device 3.

4.6.2. LEAKAGE AND FIDELITY OF TWO-QUBIT GATE

In Section 3.3.3, the driving Hamiltonian has been discussed. By adding this item into
the Eq. (3.21), The Hamiltonian of the FXTFX system is:

ﬁ=;ﬁi+§jﬁij+ﬁdnve, {i,j1efl,2,c} 4.9)

First, only the on-resonant in-phase pulse is applied, w, being the transition fre-
quency from |101) to |111) state and A = 0. Here, I use Device 3 to evaluate the leakage
and fidelity.

The driving amplitude depends on the value of the frequency mismatches A'!!, and
has the relationship: Q/27 < A, Al is equal to 0.106 GHz with the Hamiltonian
parameters for Device 3 and @,/ P9 = 0.31. Here, we set the drive amplitude as Q/27 =
15MHz initially and the corresponding gate time T = 66 ns.

Fig. 4.17a illustrates the time-dependent population dynamics of the states [101) and
[111) during the execution of the CZ gate operation. Starting in the |101) state, the system
undergoes a coherent transition to the [111) state due to the Rabi drive (with a maximum
population of around 0.970 in the |111) state). Subsequently, the system returns to its
original state, completing the CZ operation.
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Figure 4.17: (a) Population of the states [101) and [111) during the two-qubit gate with
Q/2m =15MHz, A = 0 as a function of time when the initial state is [101). (b) Population dynamics of
states [000), |100), [001), |101) under the influence of a drive pulse designed to excite the |101) state to
the |111)state.

STATE FIDELITY

We can also get the population of computational states for the two-qubit gate with
Q/2n =15MHz, A = 0 as a function of time, as shown in Fig. 4.17b.

The figure depicts the time evolution of the populations of each computational state
in the presence of drive pulse. In the idealized situation, the drive pulse would exclu-
sively act on the |101) state, transitioning its population from 1 to 0 and then returning
it back to 1 by the end of the pulse. Simultaneously, the populations of other computa-
tional states would remain unperturbed, maintaining their population at 1 throughout
the entire pulse duration.

As mentioned earlier, the population of state [101) performs almost perfectly. Mean-
while, the other three computational states [000), |100) and |001) have very minor popu-
lation fluctuations. Although they exhibit a deviation from the initial population, this is
small and these populations revert to their original value of 1 at the end of the gate time.
This implies that the overall magnitude of the leakage is minimal, indicating robustness
in our gate operation. The temporary fluctuations in states |000), |100) and |001) could
be attributed to various factors, including the imperfections in the drive pulse, unin-
tended resonances, or cross-talk between qubit states.

Table 4.10 illustrates the state fidelity values computed post-operation. These high
fidelity values, particularly being close to 1. Despite slight transient deviations, the sys-
tem largely operates as expected.

[000) [100) |001) [101)
State Fidelity 0.9997 0.9993 0.9996 0.9989

Table 4.10: The state fidelity values for computational states.
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ACCUMULATED PHASE

For our CZ gate implementation, which relies on the Rabi oscillation between the [101)
and [111) states to introduce a 180° phase shift. In order to verify if the process generates
the corresponding phase shift, calculating the accumulated phase 6 is necessary.

Eq. (4.10) expresses the formula of the acquired phase, which is computed from the
individual phases ¢; ik accumulated by the |i jk) state, and should achieve the value 7
for CZ gate.

0 = oo — 100 — Poo1 + P101 =T+ 27k, keZ (4.10)

Fig. 4.18 presents the evolution of the accumulated phase of our CZ gate operation
as a function of gate time. By the end of the gate time, the accumulated phase is close
to 7. Achieving this phase value ensures the introduction of the desired 7 phase shift,
which is essential for the effective realization of our CZ gate.

Q2n=15MHz, A=0

@ n2

0 —— Accumulated Phase

0 10 20 30 40 50 60 70
Time, ns

Figure 4.18: The accumulated phase 6 during the gate time.

GATE FIDELITY

After having considered state fidelity and phase accumulation in our quantum system,
we can evaluate quantum gate performance, usually in terms of gate fidelity. This fi-
delity indicates how closely the operation of our implemented quantum gate matches
the target operation.

The two-qubit gate fidelity can be defined as [62, 75]

Tr(@ %) + | Tr( % Wigea))

2
=— 4.11
nn+1) ] ( )
where n is the dimension of the computational subspace, which is 4 for our two-qubit
gate system. 9/ is the implemented unitary operation described by our quantum system
and %;geq is the ideal unitary operation of the process. For CZ gate, Wigeal = Uz and the
matrix of Ugz can be found in Eq. (3.28)

With the above equation, the average gate fidelity can be calculated as & = 99.87%
with the gate time T = 66 ns.
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DRAG APPLICATION

When comparing the system’s performance without DRAG (A = 0) to the performance
with DRAG applied, we note a significant improvement in the phase coherence of the
system. The DRAG modulation enhances the accumulated phase from 3.12 to a more
optimal value of 3.14. This refined phase control contributes to an increased gate fidelity,
with & reaching 99.88%, measured at a gate time (1) of 66 ns.

4.6.3. SUPPRESSION OF ZZ INTERACTION
In Section 3.3.2, I introduced the formula for the Z Z interaction (:

_ E101 — Eoo1 — E100 + Eooo
173

Here, E,, represents the eigenenergy corresponding to the eigenstate |m).

¢ (4.12)

As mentioned previously in Section 3.3.2, a remarkable feature of the FXTFX device
is its ability to effectively suppress ZZ interaction. This suppression is clearly demon-
strated in the simulated ZZ interaction data for Device 3, presented in Fig. 4.19. It is
evident that ¢ consistently remains below 10 kHz, thus demonstrating remarkable sup-
pression capabilities.

7 (kHz)

oo o1 oz o3 04 05

mexr. c)r lD[)

Figure 4.19: Simulated { as a function of the coupler flux for the FXTFX Device 3 parameters.

For a comprehensive understanding of this phenomenon, I extend the ZZ interac-
tion ¢ to fourth order, as detailed in Appendix B. The expanded interaction can be pre-
sented as:

(= ((2) +((3) + ((4) (4.13)

The first-order correction to { is zero, whereas the subsequent terms are given by:

((2) = g%z(g)r ((3) = glzglcg%(g)y ((4) = g%cgzzc(?) (414)

Upon examining the second-order term, as detailed in Appendix B.2, we observe that
¢ g) is negative, as shown in Fig. 4.20a. This negative value is a consequence of the energy
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eigenstate | j) having higher energy than |m), resulting in negative Ep,; values. Crucially,
only direct transitions between the two fluxonium qubits contribute to {® and other
transitions, which are between fluxonium qubit and coupler will offset each other.

The third-order term, denoted as {®, which is derived in Appendix B.3, exhibits a
contrasting behavior compared to the second-order term. Instead of contributing neg-
atively, it introduces a positive value to the ZZ interaction, see Fig. 4.20a. Notably, this
term not only involves g1, signifying transitions between the two fluxonium qubits, but
also incorporates transitions between fluxonium qubits and the coupler. Consequently,
terms such as g;. and gy are integral to the third-order term.
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Figure 4.20: (a) The simulation result for (2), 14 ®) and 4 @ with respect to the external flux of the
coupler. (b) A comparison between the negative { ®) term and the sum of {® and {® terms.

Conversely, the fourth-order term, ¢ @ the derivation of which can be found in Ap-
pendix B.4. Much like the second-order term, its contribution to the ZZ interaction is
negative, as depicted in Fig. 4.20a. Meanwhile, the fourth-order ZZ interaction is pri-
marily due to transitions between the coupler and fluxonium qubits, with g;.(g2.) is
much larger than g;» condition.

To provide a visual representation of these behaviors, I have included Fig. 4.20a,
which graphically shows the simulation results for (), ¢(®, and ¢(® with respect to
changes in the external flux of the coupler. Furthermore, Fig. 4.20b offers a useful com-
parison between the negative {® term and the sum of (¥’ and (¥ terms. The gap be-
tween these two lines provides a clear visualization of the total ZZ interaction, high-
lighting the critical mechanism by which the FXTFX system effectively mitigates ZZ in-
teractions.

By incorporating the expressions for each order of (¥ from Eq. (4.14) into Eq. (4.13),
I obtain a comprehensive expression for  as follows:

{=80lP + 8128108200y + 81850
2 #(2) 2 +3) , 4 #@4) (4.15)
= 81205 +8128i.C +8ilk

In this expression, I assume that g;, and g». are equal, and introduce the notation g,
with i € {1,2}, to represent the coupling strengths between fluxonium qubits and the
coupler. Further insights can be gained by taking the partial derivative of Eq. (4.15) with




48 4. DEVICE DESIGN AND SIMULATION

respect to g12:

_7®

ac _ @, 2,6 _ _ % 2
E—Zgu(}; +8:.¢5 =0, gu—Tg)gic (4.16)

This equation provides the relationship between g;» and g;. in minimizing {. When
setting @y c = 0.31dg, the values of each order of { g” are tabulated in Table 4.11.

(P GHzY (Y (GHz ) (¥ (GHzZ )
-0.0269 0.0501 -0.0241

Table 4.11: The value of {'1", n € 2,3,4, at ®¢ys,c = 0.31®q.
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Figure 4.21: (a) Numerical simulation of { as a function of g12 and g;. in Eq. (4.15) for Device 3. With
the coupler, a ratio of coupling strengths in Eq. (4.16) could show the minimum ¢ (blue line). Dark
dot is corresponding to the coupling strengths for our device. (b) A magnified view of (a), focusing on
the region around our device.

After obtaining the values presented in Table 4.11, I construct a graph illustrating the
minimum achievable {. Within this plot, our device is represented as the dark dot. As
depicted in Fig. 4.21b, this point is in proximity to the blue curve, which signifies the
minimum ¢ achievable with the coupler. This closeness to the curve helps to explain
why our device exhibits a remarkably low Z Z interaction. Moreover, Fig. 4.21b serves as
a zoomed-in visualization derived from the data presented in Table 4.11, showing that
the ZZ interaction of Device 3 is maintained below 3 kHz when ®.y; . is set to 0.31®y.
This notably low Z Z interaction demonstrates the FXTFX device’s effective suppression
capabilities.



FABRICATION AND MEASUREMENT

In this chapter, we will discuss the details of measurement results for fabricated FXTFX
devices.

5.1. FABRICATION

The chip was fabricated by Figen, and its optical image of the wire-bonded chip can be
seen in Fig. 5.1a. Wirebonding is the interconnect technology to ground the device and
also provides a pathway for electrical signals to and from the chip.

For a more detailed perspective, refer to Fig. 5.1b. This is a false-colored optical mi-
crograph of a single FXTFX device. Each fluxonium qubit, is accompanied by a flux line
(purple line) and a charge line(green line). The readout line is positioned at the base of
the fluxonium qubit (dark blue part). The tunable transmon is solely equipped with the
flux line.

5.2. MEASUREMENT SETUP

Superconducting qubits, as depicted in Fig. 5.1a operate under extremely cold condi-
tions, specifically at milli-Kelvin (mK) temperatures. Achieving this low temperature
is paramount to observing dominant quantum effects, which would otherwise be ob-
scured by thermal noise.

5.2.1. COOLING MECHANISM

A specialized cooling system was used. Measurements were performed using a BlueFors
LD400 dilution refrigerator (DR), which is capable of cooling the superconducting de-
vice to an environmental temperature of 8 mK. This ensures an environment conducive

49
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sl

Fluxonium Transmon Readout Line Flux Line Charge Line

Figure 5.1: (a) The layout of chip after wire bonding. (b) False-colored optical micrograph of the two
fluxonium qubits and the transmon along with readout resonators, charge lines, and flux lines.
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for the qubits to function optimally. An illustration of the measurement setup is pro-
vided in Appendix D. For clarity and simplicity, the schematic diagram shows only the
measurement setup associated with a single FXTFX device on the chip.

5.3. RESULT

The measurement results were done by Eugene Y. Huang, Taryn V. Stefanski and Sid-
dharth Singh.

5.3.1. RESONATOR CHARACTERISATION

Before diving into more complex measurements or operations with the qubits, it’s crucial
to ensure that basic elements of the chip, like the readout resonators, are working as
expected. The Vector Network Analyzer (VNA) is employed for this purpose. By sweeping
across a broad frequency range, it confirms the resonance frequencies of the resonators.
When an input signal V;;, is sent into the resonator, the relationship between the input
and output V,,,; is denoted by the equation: V,,; = S21 Vjp,.

Notably, when the readout signal resonates with one of the readout resonators, S»;
displays a distinct dip in its amplitude, indicating the resonance occurrence. Fig. 5.2
illustrates the magnitude response of Sy; for the first designed readout resonator. By
examining this distinct dip, the resonance frequency of the resonator is discernible. In
this case, the resonant frequency of the first resonator is pinpointed at 5.819 GHz.

Resonator 1

0.2

0.0+ r v T T
790 800 810 820 830 840

Frequency [MHz] +5 GHz

Figure 5.2: Measured S21 versus frequency trace of for Resonator 1.

Detailed magnitude responses of S»; for the other resonators are furnished in Ap-
pendix E.1. Furthermore, a comprehensive list of resonance frequencies for all res-
onators is presented in Table 5.1.

The difference between the simulated and measured frequencies (from 0.23 GHz to
0.35 GHz) can be attributed to the kinetic inductance energy of NbTiN being higher than
anticipated in the simulation. This results in a lower resonant frequency, consistent with
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Resonator 1 2 4 5 7 8 10 11
Simulated Frequency(GHz) 6.109 6.474 6.765 7.087 5.751 5.437 5.186 4.778
Measured Frequency(GHz) 5.819 6.133 6.427 6.728 5476 5.178 4.945 4.544

Discrepancy(GHz) 029 0.341 0.338 0.359 0.275 0.259 0.241 0.234

Table 5.1: Comparison of simulated and measured frequencies across the eight resonators.

the relationship between inductance and frequency as shown in Eq. (4.2).

Following the resonance frequency confirmation, some additional evaluation is es-
sential. The power scan is to assess the functionality ("liveness") of a qubit and find the
maximum readout amplitude. Furthermore, the flux scan and two-tone spectroscopy
are essential in ascertaining the sweet pot for fluxonium qubits.

5.3.2. QUBIT CHARACTERISATION

Having established the readout parameters, we proceeded with qubit spectroscopy, an
essential step in the measurement characterisation of a qubit system. This involves
sending microwave pulses across a range that encompasses the expected qubit transi-
tion frequency, while the qubit readout frequency remains fixed. The qubit frequency is
determined by identifying the peak in the readout signal.

Once the qubit frequency is discerned, Rabi oscillation is performed to calibrate the
m-pulse amplitude. This amplitude represents the microwave amplitude required to
transition the qubit from the ground state |0) to the excited state |1).

Upon completion of these preliminary steps, we have established the foundational
parameters to control the qubit. Subsequently, three key measurements are performed
for qubits at the sweet spot: the relaxation time (77), the Ramsey experiments (T,), and
the Echo experiments (Tz‘”h").

Figs. E.3a and E.3b in Appendix E.2 show the T; time for the fluxonium qubit 7 and
fluxonium qubit 8 of Device 3 within the chip, which is approximately 16.54 us and 28.9
ps. This time indicates the average time for a qubit to relax from its excited state |1) to the
ground state |0). In comparison, the tmon qubit 9 in Device 3 has a notably shorter T}
time of 330 ns, as illustrated in Fig. E.3¢c (Appendix E.2). Additionally, the echo dephasing
times, TZeCh", for these fluxonium qubits are provided in 22 and Fig. E.4b, measured to
be 8.47 us for qubit 7 and 8.55 us for qubit 8. The T. 2“’“’ time provides the dephasing
characteristics of the qubits, indicating their ability to maintain coherence over time.

When implementing the CZ gate, we need to use the Rabi oscillation to drive the
[101) to |111) transition. Hence, we don’t want the tmon to decay during the middle of
the operation, which means the T; time of tmon is particularly important. Similarly,
the coherence time T, of fluxonium qubits is essential. CZ operation is fundamentally
dependent on the accumulation of specific phases. If fluxonium qubits lose coherence
quickly, the accumulated phase might not be correct, leading to gate errors.
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For successful quantum operations, it’s crucial that the gate operation time be signif-
icantly shorter than the shortest T} and T, times among the three qubits. As discussed
in Section 3.3, gate fidelity varies with the gate operation time. For a gate time of 66 ns,
we achieve a fidelity of & = 99.88%. This operation time is within the coherence times of
the fluxonium qubit. However, potential risk arise from the short T; of tmon and there’s
an increased likelihood of the tmon decaying mid-operation, potentially introducing er-
rors.

The coherence times of our fluxonium qubit and tmon impose limits on the lengths
of our quantum gate operations. However, we're optimistic about our future prospects in
this direction. As a precedent, Xin, a fellow master student, has successfully optimized
the driving pulse and readout, resulting in significantly enhanced coherence times of
Ty = 74 ps and T{°"° = 20.7 ps. As for the tmon, considering that this is our first fabrica-
tion and measurement of this new qubit, there is still enough space for optimization to
extend its T} time, whether in terms of design, fabrication, pulse shaping or otherwise.



CONCLUSION AND OUTLOOK

6.1. SUMMARY OF MAIN WORK

In this thesis, we have introduced a configuration that combines the coherence advan-
tages of fluxonium qubits with the tunability and high-frequency attributes of tunable
transmon qubits, presenting a promising avenue for the development of robustness,
large-scale quantum computing architectures.

In Chapter 3, we delved deep into the derivation of theoretical formula describing
the coupling strengths between qubits in the FXTFX device. We embarked on the de-
sign of the tunable transmon, named tmon in Chapter 4. Subsequently, it was integrated
with two fluxonium qubits previously designed by Figen. Through evaluations using the
derived coupling strength formulas for the FXTFX system, we made iterative improve-
ments concerning the shape of the device and the inter-qubit distances. Our finalized
design adopted a strongly coupled FXTFX device, characterized by coupling strengths of
g12/2n=42MHz, and g1./27 = g»./27m = 226 MHz.

Upon determining the Hamiltonian parameters, we employed Scqubits package to
assess the device’s Z Z interaction, which we successfully maintained below 10kHz with
strong coupling strengths. A thorough frequency mismatch A evaluation between [101)
to [111) and |101) to |201) /|102) led us to opt for the [101) to |111) transition to imple-
ment the CZ gate. For fabricating complex fluxonium qubits, this transition is nearly
insensitive to changes in the Hamiltonian parameters of fluxonium qubits.

Performance evaluation, a critical procedure in our study, was conducted by assess-
ing state fidelity across four computational states, accumulated phase investigations,
and gate fidelity. An enlightening discovery was the role of DRAG pulses in enhancing
gate performance, ultimately achieving a gate fidelity of 99.88% with a gate time of 66ns.
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6.2. OUTLOOK

While we have successfully designed and simulated the CZ gate with a fidelity of 99.88%,
there remain promising avenues for further enhancements.

1. Drive Pulse Optimization and Error Analysis: Our attempts at adjusting the value
of A have yet to push the gate fidelity to 99.9%. A detailed error source analysis
in the future can offer insights into optimizing the drive pulse further. Further-
more, drawing from Xin’s use of Optimized Randomized Benchmarking for Imme-
diate Tune-up (ORBIT) to improve single-qubit gate fidelity, similar methods can
be used to bolster two-qubit gate performance.

2. Improving Qubit Coherence: Optical micrographs show that impurities are
present on the chip surface as well as that the flux lines are too far away from the
tunable transmon, thereby constraining gate performance and increasing error
rate. To address these issues, a rigorous fabrication process is crucial. By adopt-
ing cleaner fabrication techniques and optimizing the geometry of the flux line
to decrease its distance from the tunable transmon, we can aim to enhance the
coherence times of our qubits.

3. Asymmetric Josephson Junctions in Tmon: Our current design employs symmet-
ric Josephson junctions in the tunable transmon, providing a broad frequency
spectrum. This assists in identifying optimal frequencies for CZ gate implemen-
tation and the suppression of ZZ interactions. For future designs, asymmetric
Josephson junctions may be considered. They can potentially allow a wider flux
range in the Tmon for the CZ gate. However, achieving the right balance of asym-
metry between junctions might necessitate more intricate design and fabrication
processes, increasing potential error sources.

By identifying current limitations and developing potential solutions, we hope to further
improve two-qubit gate fidelity. The development of our FXTFX device is an important
step forward in the evolving field of quantum computing, especially in the area of two-
qubit gate implementations.
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ADDITIONAL CONTENT FOR
CIRCUIT QUANTIZATION

A.1. TRANSITION MATRIX

1 1 ] [ 1 1 ]
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1 1 1 1
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M'=|0o 01 0o of ™MH'=]lo 0o 1 0 0 A1)
1 1 1 1
o oo i 1 o 0o o I -1
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A.2. DETAILS OF INVERSE MATRIX VALUES

To calculate the concrete values for the coupling strength, we can use the following for-
mulas for C"1[1,3], C"1(3,4] and C[1,4]

(C1:¢C22 —C11Cipe) + C111b(Cipe — Cize)

c'[L,3]=
C11C22Cs3
C 3,4 = (Ce2:Cs5 — C44%2l;:): +§2t2h(Cc2b — Ce2r)
33C44Css 2
cl,4 = (Ce2:Cs5 — CeapCas) (Cr1p(Crpe — Cire) = C11Crpe + CrrcCo2)
’ C11C22C33C44Cs5
n Cor2h(Ceop — Ce21) (C22Crtc — C11Crpe)
C11C22C33C44Cs5
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DERIVATION FOR /Z/ COUPLING

B.1. HAMILTONIAN

RATE

We start from the Hamiltonian, which could be found in Section 3.2.2, the interaction

Hamiltonian for the FXTFX device can be described as
Hjnt = Hic+ Hac + Hy2

=hgich e+ gochafic +Tigiafi fip

(B.1)

Here, 71;, i € {1,2, ¢} is the charge operator. In the harmonic Oscillator basis with creation

and annihilation operator at(a), it can be written as[62]
R i ( Er

ng=—
V2 8E¢

= Ik at-a
" V2 8Ec

fig is fluxonium charge operator and 7, is for transmon qubit.

it -a

Hence, Eq. (B.1) can be rewritten as
ngic EriEje 1 .4 .. .t .
Hint=- —=(—=)*(a;' —a)d. —dc)
int i:ZLZ 4\/2 ECiECC 1 1 (4 (4
_hgi2 EpnEr
4v2 Ec1Ec

Vi (ayt - (' - da)

The Z Z interaction ( is given by

_ Ex01 — Eoo1 — Er00 + Eooo

¢ n
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B.2. SECOND ORDER TERMS

Second order corrections are given by Eq. (3.32)

[ Vinjl
2 J
Egn) = Z ©) (B.5)

The eigenstates and its corresponding contributions are shown in the below table

m j Contributions
[101)  |000) P
2
1002) E101—002
2
1200) Ey01—200
4
1202) Ej01—202
[100)  |201) B
1
|001) E100—001
[001) |102) e
1
1100} Eoo1—100
1000)  [101) 50001101

Table B.1: Second order terms for ZZ interaction.

Here, Epy—j = Em — Ej, E101—~000 = —Eooo—101 and E100—001 = —Eoo1—100. Hence, only
computational eigenstates evolve the energy shift will no contribution for the ZZ inter-
action.

The second order Z Z interaction can be summarized as

1
((2):g_szL1EL22 bt 2
32 |Ec1Ec2 Eio1—002 Eio1—200 Eioi—202 Eioo—201  Eooi—102" (B.6)
)
= 81285

B.3. THIRD ORDER TERMS

Third order corrections are given by Eq. (3.33)

m . E(O) E(O)
Jk#m mj*~ mk

(B.7)
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m j k Contributions
[101) [211) [112) m
110) i
202) A
[200) m
1) [112) gt
110) b
002) g2
|000) m
[112)  |202) m
002) gt
[110)  |200) m
|000) m
1100) 210y |111) "=
201) g
010y |111) m
001) gt
1y 2oy g
00) gl
[001) 012) |111) m
102) gl
010y  |100) m
iy
111y  |102) m
100) gl
[000) |110) |011) m
101) b
[011) [101) ’

Eo00—011 Eo00—101

Table B.2: Third order terms for Z Z interaction.

Here, we only illustrated j # k items, for instance, when m = [101), j = |112),k =
|211), its contribution is the same as m = [101), j = [211), k = |112) element.

We can calculate the sum of above elements, named Y. E~! and the final result for {®
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is
1
(O = _ 81281c82c [ EnEpEj ]2 Elyo

128v2 | Ec1Ec2Ece (B.8)
= g1281c82¢(
B.4. FOURTH ORDER TERMS
The fourth order corrections are given by

V. 12 2
E}(ﬁ) _ Z Vm]V]kalVlm _ Z |Vm]| [Vinkl (B.9)

i KTEm E(O) E(O) E(O) jZm (E(O) )ZE(O)

mj—mk~ml
Because g12 < gic, we omit the g1 term in the derivation of the fourth-order perturba-
tion. Besides, there are two types of terms in are denoted by I and II and listed in Ta-
bles B.3 and B.4. Here, we only illustrated j # [ items, for instance, when m = [101), j =
[211), k =121}, 1 = |112), its contribution is the same as m = [101), j = |112), k = |121),] =
|211) element.

Table B.3: Table:I. Fourth order corrections for |101) states.

m j k 1 Contributions
887.8
1101y  [211) 1121) 1112) o Ew; ;1 X2

1202) 1112) e Eiﬁigf(fz X2
1222) 1112) e Eiﬁigf; X2
1121) 1110) ey Eillf’f;l e X2
1200) |110) e Ef);g;;o X2
1220) 1110) s Eiﬁigfﬁoamﬁm x
1121) 011y f——ro wa’fm Froran 2 offset

1211) 1200) 211) v Eiﬁigf(foﬁwmu

487,85

1220) 211) T Em; 222;0 —
1202) [211) e Eiﬁigf(fzamu
222) 211) —_— Eillig;;EwHH
1121) 211) Emf'fm 5 offset

|011) 1121) [112) e Elgo;gl}fl %2
1022) [112) T Eiﬁigf; B

Continued on next page
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Table B.3 - continued from previous page

m j k 1 Contributions
—
1002) 1112) o gf)l%jzoz X2
1121) 1110) e Eéﬁfﬁ %2
1000) 1110) T Ef;;ff);o F—— X2
1020) 1110) TS Eﬁigffo —— X2
[011) 1121) 1011) EmHmeicmEm — offset
1000) 011) e Ei%”;gif,o —
1002) 011) e Ef);g;(;z —
1020) 1011) T ﬁf);igézco e
1022) 1011) oo e
[112) 1121) 110)  5—— wajcl%l 5—— x 2 offset
1112) 1121) 12 Elﬁfjcm s offset
1002) 1112) P Ef)llig;;ﬁmhm
1022) 1112) e Ef)'lig(f; —
1202) 1112) _— Ei;i%;z ——
1222) 1112) e Elgolligf; ——
[110) 1121) 110y 5— Emf"fm 5—— offset
1200) 1110) o ;f;;zzoo -
1220) 1110) . ;fészzo —
1020) 1110) P Eiﬁigffofsmmo
1000) 1110) £1c8).

E101-110E101—000E101—110

Table B.4: Table:1. Fourth order corrections for [100), |001) and |000) states.

m j k 1 Contributions
4g1c
[100) |210) [120) [010) E100ﬂ210E100ﬂ120E100a010 x 2 offset
glchD
1120} 111 ElOOHZlOEIOOAIZOEIOOAlll x
glchC
1221) |111) Eio0—210F100—221 Eloo111 2

Continued on next page
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Table B.4 - continued from previous page
m j k 1 Contributions
1201) I111) T ;i;f;m %2
1210) 1120) 2100 Elﬁffuzo 7 offset
1221) 1210) v Eifj;l —
2 52
1201) 1210) o Eifj{; —
1010) 1120) [111) — Eiff;o o X2
1021) 111) EmeEf);igg;l o X2
1001) [111) B Efééfiﬁl o X2
1010) 1120) 1010) EmMmEmfymEm — offset
1021) 1010) — Eéhig;; —
1001) 1010) o Ei;f;) S
I111) 1001) [111) o Eigf)zfn —
1221) [111) — Eiszcl —
1201) [111) —_ Eil]igf(fl —
1021) 1111) E100—~111E1g0;c—'g022015100—111
122) iy wa;n 5— offset
1102) R Elij”;w 7—— offset
120) iy wa;zo 5— offset
1001y [012) 1122) 1111) EOOMIZEiﬁ;EOOHH x 2
1102) [111) T E(iﬁﬁz(fz X2
1021) [111) o E(illigf; o X2
1021) 010)  F—ro Eoofifm Foo 2 offset
1012) 122) 1012) EOOPOle(i;gngom_m
1102) [012) o E(f)llc_.glzoczl?om—o]z
1021) |012) EOOMHEOO;"’;ZI 5 offset
1010) 1120) [111) E(101ﬂ01015§)1%ig122005001a111 x
1021) 1111) el
2 52
1100) 1111) vy Eféflezo Foorirs ™ 2
1010) 1120) |010) 281,85

Eo01-010E001—120 001010
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Table B.4 - continued from previous page

m j k 1 Contributions
j021) 010) Eoff}()%l ——— offset
1100) 1010) T E‘j;lego —
[111) 1100) 1111) v EfélegoEmHH
1221) I111) EOOPHIEOOEZHEOOI — offset
1201) 1111) EOOHHEOijmEom — offset
1021) iy Eooi%zzlEgm — offset
1122) 111) e E(féf}fﬁomm
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|000)  [110) 1020) 1011) o Ej);goz;o X2
1121) 011) — ;{Zf;;l X2
101) 011) bk x2
000—110 0003101 000—011
[110) 1101) 1110) T Ef;gle; S
1121) 1110) EoooﬁuoE(f);igf;EmHm
1200) 110y g Eoof;cm 5 offset
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1220) 110y Eoofizzzo 7 offset
[011) 1101) 1011) o Ef;;legl ——
2 52
1121) l011) o E(f);igf; ——
1002) 011) Eoofj;mEooo — offset
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1022) 1011) 48 offset

E000—011 E000—022 E000—011

Table B.5: Table:II. Fourth order corrections.

m j k Contributions

28]
|101) |211) [011) ——=lc_____ offset

(E101-211)%E101 011

Continued on next page
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Table B.5 - continued from previous page

m j k Contributions
112) $
1110) —Bcfe
(EIOI—EII) Eyo1—110
1211) (Emgﬁ offset

l011) 211) Mm offset
n2 =
1110) —Sif
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[110) m offset
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|110) 211) M%
011) wj+
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|010) (El()(;g+018)3 offset
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1001)  012) 1010) Mm offset
111 #
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1010) 1012) 28 offset
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Table B.5 - continued from previous page

m j k Contributions
77
81c82¢
1111) (500171010)2E001a111
[010) — 82 offset
(%m—ggg)fgz
[111) [012) il
(5001a11£) 55001ﬂ012
glcg2£
1010) (500171111)250014010
81
[111) ——1c— offset
(5001—.1£1)
2
glchC
1000} [110) |011) (Emoquoﬁfbmaon
|110> (EOO(?W offset
- 2
glcg2c
1011) 1110) (500071011)25000410
ch
[011) e offset

From the above table we can find the g;.‘ » 1 €1,2 items will no contribution to the total
fourth order ZZ interaction because the equal and opposite items will offset them.

We can calculate the sum of above effective elements, named Y E~! and the final
result for (@ is

5 11
EnEpREy, |2
Ec\EcoEZ,

_ 02 52 44
=81c82¢ E

2 2
(W = 8182
1024

re

(B.10)



COUPLING QUALITY AND DECAY
RATE

This appendix details the calculations for the coupling quality factor (Q.) and the decay
rate (x) of the resonators used in this project. We begin by revisiting the formula for the
coupling quality factor of a half-wavelength resonator:

T

= C.1
w% 2y Z; C2

Qc

In this formula, Zy and Z; are the characteristic impedances of the feedline and the res-
onator, respectively, set to 45 Q. The angular frequency of the resonator is denoted by
wr, and Cy represents the coupling capacitance between the resonator and the feedline.
For the purposes of this appendix, we focus on the derivation process for Resonator 10.

The dressed frequency fy of Resonator 10 is 5.186 MHz, which gives the value of
wr/2m. Utilizing ANSYS-Q3D for electromagnetic simulation, the following Maxwell ca-
pacitance matrix is obtained:

g_wb trace_cavity10 trace_TL

g_wb 3244.07410 -1735.59339 -1288.93441
trace_cavity10 -1735.59339 1774.99038 -37.71266

trace_TL -1288.93441 -37.71266  1327.98780

Figure C.1: The capacitance matrix for resonator 10 with the feedline. The unit of capacitance is fF.

From this matrix, I extract the coupling capacitance value, Cy. = 37.71fF. Substituting all
these values into Equation C.1, I calculate the coupling quality factor, Q., to be approxi-
mately 1029.74, a dimensionless parameter.
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The next step is to calculate the decay rate (x), which can be determined using the
formula:
fo

K 2 (C.2)
Applying this formula, the decay rate for Resonator 10 is found to be 5.03 MHz. This
methodology can be similarly applied to calculate the Q. and « for the other resonators
in the circuit.



MEASUREMENT SETUP

The FXTEFX chip is located at the bottom, encased in a Mu-metal cylinder, to effectively
shield the superconducting device from potentially disruptive magnetic fields. Addition-
ally:

e Attenuators are installed to filter out excess thermal photons from higher-
temperature stages, thereby minimizing noise.

* Eccosorb filters, are employed to absorb thermal radiation noise.

* Low-pass filters aid in reducing high-frequency noise that might interfere with the
operation of qubit.

* A circulator, a unique nonreciprocal microwave device[76], is positioned at the
coldest section of the cryostat. Its function is twofold: directing the readout in a
singular direction and shielding the qubits from noise propagating from the out-
put line.

The high-electron-mobility transistors (HEMT) play a pivotal role as the primary
readout electronics. Their function is to amplify the faint signals produced by the qubits,
preparing them for transmission to the room-temperature equipment. Post this, the out-
put line undergoes another round of amplification using room-temperature amplifiers.

Outside the cryostat, the amplified signals encounter an 1Q mixer for downconver-
sion. Subsequently, these signals are transmitted to Ultra High Frequency Quantum An-
alyzer (UHFQA). Notably, the UHFQA also has the capability to generate signals that are
fed into the device’s input line.

For signal generation specific to the charge line, the multi-channel High-density Ar-
bitrary Waveform Generator (HDAWG) is utilized. Where the required frequency exceeds
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Figure D.1: Measurement setup for a single FXTFX device.
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the HDAWG upper limit, the signal from the HDAWG is combined with an RF source
originating from the local oscillator (LO). Conversely, flux line signals can directly be
generated by DC sources to ensure operations occur at the desired energy levels.




ADDITIONAL MEASUREMENT
RESULTS

E.1. READOUT RESONATOR SPECTROSCOPY

Here, we illustrate the magnitude response of S,; for all designed readout resonators.
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Figure E.1: Measured S21 vs frequency trace of for Resonatorl, 2, 4, 5.
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E.2. QUBIT SPECTROSCOPY
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Figure E.2: Measured S21 vs frequency trace of for Resonator 7, 8, 10, 11.

E.2. QUBIT SPECTROSCOPY

Here, we show the T) for fluxonium qubits 7, 8, and tmon 9.

(a)

Figure E.3: T7 measurement for fluxonium qubits 7, 8 and tmon 9 (d) 77 measurement for Tmon 9.
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The following figures are T¢°" for fluxonium qubit 7 and 8.
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Figure E.4: Echo experiment for fluxonium qubits 7 and 8.
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