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Distributed Adaptive Synchronization in Euler—Lagrange
Networks With Uncertain Interconnections

Tian Tao “, Spandan Roy

Abstract—In this article, we propose a new practical synchro-
nization protocol for multiple Euler-Lagrange systems without
structural linear-in-the-parameters (LIP) knowledge of the uncer-
tainty and where the agents can be interconnected before control
design by unknown state-dependent interconnection terms. This
setting is meant to overcome two standard a priori assumptions
in the literature concerning uncertainty with LIP structure and ab-
sence of interaction among agents before designing the synchro-
nization protocol. To overcome these assumptions, we propose
an adaptive distributed control mechanism having the purpose of
estimating the coefficients of the resulting state-dependent uncer-
tainty structur.

Index Terms—Adaptive synchronization, bounded interconnec-
tions, Euler-Lagrange (EL) dynamics, heterogeneous networks.

|. INTRODUCTION

Euler-lagrange (EL) dynamics can describe the motion of various
mechanical systems [1], [2], robotic manipulators [3], [4], aerospace
systems [5], and many more. Motivated by the advances in multiagent
systems, the problem of controlling a single EL system to track desired
trajectories [6], [7], [8] has recently been accompanied by the problem
of controlling multiple EL systems [9] toward a common behavior. The
problem becomes especially challenging in the presence of uncertainty
in the EL dynamics. Developments in this field use adaptive control
tools and are often referred to as adaptive synchronization of multiple
uncertain EL systems [10], [11], [12]. Recent developments consider
sinusoidal leader signals or sinusoidal disturbances that guarantee the
persistence of excitation for proper estimation of uncertainties [13],
[14], [15] (see also [16] and [17] for the importance of persistence of
excitation in adaptive control and recent efforts to relax this condition).

Crucial aspects worth considering in uncertain EL systems include
the a priori assumptions on the uncertainty: a typical assumption is
the LIP structure [18], [19], which, however, is rarely met in practical
situations. In particular, except for viscous friction, most friction models
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do not satisfy the LIP structure [20]. Another crucial aspect worth
considering in multiple uncertain EL systems includes the assumptions
made on the a priori structure of the interaction, i.e., how the EL systems
interact before the control design. In all aforementioned literature (cf.
also [21], [22], and [23]), interconnections between agents are assumed
nonexistent before control design. That is, the agents interact with each
other only as the result of the synchronization protocol. Before the
control design, each agent is assumed to be unaffected by neighboring
agents. When a priori interaction is considered, such as in [9] and [24],
the control strategy is decentralized (i.e., it assumes that each agent can
access the leader information). These assumptions on the interaction
among agents restrict the applicability of synchronization to many
practical cases in which agents interact in some state-dependent way.
For example, in power systems [25], [26], or in the recently proposed
open multiagent systems [27], interconnections exist before the control
design, coming from the state difference between neighboring agents
(e.g., power flow between neighboring areas).

Therefore, despite the progress in the field, most approaches rely
on two important a priori assumptions concerning uncertainty with
LIP structure and absence of interaction among agents before protocol
design. These a priori assumptions on structure of the uncertainty
and structure of the interaction motivate us toward a novel adap-
tive distributed design for the synchronization of EL networks. First,
we consider state-dependent uncertainty (not necessarily LIP). Then,
differently from standard literature, we consider that the interaction
terms among agents exist before control design, which are also state
dependent. Summarizing, this article addresses and solves the leader-
following synchronization for multiple uncertain EL systems with state-
dependent uncertainty and without a priori bounded interconnections.
As aresult of removing the a priori bounded structure [28], we must seek
for practical synchronization instead of asymptotic synchronization.
To address the presence of state-dependent uncertainty and uncertain
state-dependent interconnections, we propose an adaptive distributed
control mechanism having the purpose of estimating the coefficients of
the resulting uncertainty structure.

The rest of this article is organized as follows. Section II introduces
basic notation; the synchronization problem is formulated in Section
III. Adaptive synchronization laws are presented in Section VI, and
Lyapunov stability analysis is given in Section V. Section VI presents
simulations. Finally, Section VII concludes this article.

Il. BASIC NOTATION

We will adopt standard notation, such as I for the identity matrix
of dimension N, 1y for the N-dimensional vector of ones, A(-) and
A(+) for the minimum and maximum singular values of a matrix,
respectively, and || - || for the 2-norm. We use graphs to represent a
network of nodes (or agents). A directed graph G is described by the
pair (V, £), comprising the node set V 2 {vy, ..., vy } and the edge set
£ C YV x V. The node set does not include the leader node v, due to its
special role. An edge is a pair of nodes (v;,v;) € £, which represents
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that agent ¢ has access to the information from agent j, i.e., agent j
is a neighbor of agent ¢ (not necessarily vice versa). The neighbor
set of agent i is denoted by N;. For those nodes i that can receive
information from the leader, we have b; > 0; otherwise, b; = 0. Let
B = diag (b1, ...,bx) € R¥*N_ The edges in € are described by the
adjacency matrix A = [a;;] € RN*N, where a;; > 0 if (vj,v;) € €
and a;; = 0 otherwise. The following is a standard condition for
achieving synchronization in directed graphs [18], [29], [30] (existence
of a directed path from the leader to any follower node).

Assumption 1: The directed augmented graph representing the con-
nections between the graph G and the leader node v, contains a directed
spanning tree with the root being vy.

[II. SYNCHRONIZATION PROBLEM

Let each node 7 € {1,..., N} be represented by EL dynamics (in
the following, let us remove time dependence for brevity)

Mi(qi(1))Gi(t) + Ci(gi(t), 4i (1)) (t) + Gi(a:(1))
+ Fi(i(t) + Hiei(t), €:(1) + di(t) = ma(t) (1)

where q;, ¢i, G; € R™ are the generalized coordinates and their deriva-
tives, and 7; € R™ is the control input. The system dynamics (1) com-
prise the mass/inertia matrix M;(g; ), the centripetal term C; (g;, g; ), the
gravity term G (g;), the friction term F;(q; ), and an external bounded
disturbance ||d; (t)|| < d; ¥t (with possibly unknown d;). In addition,
(1) includes an interconnection term H;(e;, €;) depending on the local
synchronization error e; € R™ and its derivative é; € R™

€= Z aij(ai — q;) + bi(g — qo) (2a)
JEN;

=Y ai;(¢ — ;) +bi(di — do) (2b)
JEN;

where qg, §o € R represent the state of the leader and its derivative.
As common in EL literature, we consider ||qo || < o, ||doll < do [10],
[14]. We take g and gy unknown constants.

Remark 1 (Interconnection before control design): The dynamics
in (1) depart from considering a priori disconnected dynamics, i.e.,
when the dynamics of each agent ¢ are unaffected by neighboring states
g; and ¢; before control design [10], [11], [12], [13], [21], [22], [23].
In fact, the terms H; (e;, €;) in (1) are active even before control design.
These interconnection terms, which cannot be designed or bounded a
priori (cf. Property 4) require a new design not available in the literature.

The following properties for the dynamic terms in (1) are taken or
further extended from standard and recent EL literature [31], [32].

Property 1: There exist &;, g;, fi € RT such that ||C;(q;, ¢;)|| <
Cillgll, 1Gs(g)ll < gi, [1Fi(di)ll < fillgsll-

Property 2: The matrix M;(q;) is symmetric and uniformly positive
in g;. There exist positive constants m and 7 such that 0 < m/,, <

Property 3: The matrix M;(q;) — 2C;(q;, q;) is skew symmetric,
i.e., for any nonzero vector s, we have s (M; (¢;) — 2C;(gi, G;))s = 0.

Property 4: There exist hi;, hai, hai, hai, hs; € RT such that
[Hi(ei, €)|| < hui + hagllei|l + hsallés|| + hailles]|® + hsglléi]l.

All the constants in Properties 1, 2, and 4 are possibly unknown
for the control design. In Property 4, we take the interconnection term
H;(e;, €;) with a quadratic upper bound. This is a natural choice in view
of the fact that the other forces stemming from centripetal, gravity, or
friction terms in Property 1 have linear or quadratic upper bounds.

From (2) and defining e = [e"{7 ,,.7671\"]]7“7 q= [qf,...,q;\}]T,
4, = 1~ ® qo, we can obtain
e=—(L+B)®(q—g,)=—(L+B)®3d 3)

where ® denotes the Kronecker product and 6 = (¢ — ¢ 0) €R™N repre-
sents the global synchronization error with the leader. Note that § cannot
be used for control design as it includes global leader state information
(only available to some followers). The following lemma is known from
literature.

Lemma 1 (see [23]): The local and global synchronization errors
are related by

llell
) @
with A(L + B) being the minimum singular value of (L + B), which
is positive for a directed graph containing a directed spanning tree with
the root being the leader node.

Remark 2 (No structural knowledge): In Properties 1-4, no assump-
tion is made on the LIP structure of the dynamic terms, which marks
another difference with standard EL literature, since general friction
terms are not in LIP form [20], [32]. The price to be paid, as shown
in [28], is that a bounded error must be sought in place of asymptotic
error.

Definition 1 (Uniform ultimate bounded—UUB): The local syn-
chronization error e is uniformly ultimately bounded for any i; if there
exists a convex and compact set C such that Ve(0) = e*, there exists a
finite time T'(e*) such that e € C for all ¢ > T'(e”).

Problem formulation: Under Assumption 1 and Properties 14, the
adaptive synchronization problem is to design a distributed adaptive
law for the EL network (1) that guarantees the local synchronization
error e to be UUB (implying the global synchronization error ¢ to be
UUB from Lemma 1).

IV. CONTROLLER DESIGN
A. Uncertainty Analysis
First, we rewrite (1) as
Mg = Qi(gi» s> €15 €5) + T (%)

where Qi(gis Gi, €, €:) = —Ci(qi, 4i)gi — Gila:) — Fi(di) —
H;(ei, €;) — d;. Using Property 1, we have

1Qi (i, Gis eis €Il < (i + di + hai) + Fillgall + &lldall®
+ haglleqll + hailléill + haillesl|* + hsilléq]l. (6)
We define a filtered tracking error
r; = é; + Pe; (7

with P, € R™*"™ a designed positive-definite diagonal matrix. Let us
define & = [el, el ¢, ¢T]T. The control mechanism using local
information is designed as

Ti= —Kiri =7, — K; P e (8a)

= wpy e (8b)
lrall® + e

pi = Ooi + Ov[|& || + 02| |1* + i (8c)

where K; € R™*" is a designed positive-definite matrix, K; e R™m
is a designed positive-definite diagonal matrix, w> 1 and € are user-
defined scalars, and éol-, éu, and ézi are adaptive parameters to be
designed later.
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The dynamics of é; can be calculated as

i = G;G; — Z a;jG; — bi )
JEN;
where a; = b; + de/v a;; > 0. We multiply (9) w1th Ml,andthen
add and subtract ¢;, and use (5) to obtain
iM.é. — M.é: — Z i (M;M; WM, — iMb
di i€ — id; = al 745 dz i0iqo

= 7Kiri — KiPi_lei — 7_'1+ Z Aij7_—j + Aij
JEN;

(10)

where A;; = a” (M My 1, and A;; is treated as an uncertainty term
of agents ¢ and j

. . 1 ..
A2 {Qi(Qm(]m@i’@i) - gMibiQO
=D A Qi(4), djrejr €5) — Ky (an
JEN;
According to (7), we have
1 1 1
= Mié; = = Myis — — M;Piés. (12)
7 a; a;
Substituting (12) into (10), we get the dynamics of 7;
1 — — Cﬂ‘i
— M7 = —Kir; — KiP e — 7 + Z AiTj + Bij — ——
v JEN; @
(13)

where A” =A;; + -M; P;é; —|— —(;r;. The definition of &; implies
that fles] < &, 1€l < €0 laill < €], and ] < 1€, From
(7), we can write ||r;|| < (1 + [|P;[|)[|€:]|. The following bound on
uncertainty ||A;;|| can be obtained:

1A < (i + di + has) + filldall + &llda||?
+ haillesll + haillésll + hailleill® + hsil €]

+ X ay @+ d o+ hug) + Sl

JEN;

+Ell6; 117 + hojllesl+ hsjllé;ll+ hajlle; I

+h5a\legl\2}+zawl\f( 1L+ 1P H)HEJ||+ HM ol

JEN;

*HP Mg + == (1 +IBDI&]

< O + O3 lEl + 05, 11E 1 + D @i IE 1+ D w5l 1P (a4)

JEN; JEN;

where @;; = || Ay, 05; = (Gitdithi)+ > en; [@i5(g5+dj+hay)
+ %m%: 07 = hai + hait fit - | BN M|+ 52 L+ P, 035 =
hai + hsi + Ci5 @15 = @izlhej + haj + f; + K [[(1 + [|P;]))], and
¢5; = @i;(hgj + hsj + ¢;). Note that [|A;;] can be bounded by
a constant thanks to the uniform bounds for the mass matrix in
Property 2. Also, 65, 01;,05;, 1, and 3, are all unknown constants
according to Properties 1 and 4.

B. Adaptive Synchronization Laws

According to the structure of the upper bounds of Aij in (14), the
adaptive laws for (8c) are designed as

ém‘ = |7l — Oéoém' (15a)
éu‘ = |lrallll&:ll = aléu (15b)
O2i = |Irilll&ill* — b (15¢)
Yi = — (o +all&ll” — e2ll&ll®)yi + Bi (15d)
where 6y, (0) > 0,60,;(0) > 0,605,(0) > 0,7;(0) >0 (15e)
603615627ai7ﬂi € R+ (15f)

with €y > 1+ €5,€1 > €. (15g)

V. STABILITY ANALYSIS

Theorem 1: Under Properties 1-4 and Assumption 1, the closed-
loop trajectories of (1) employing control law (8) and adaptive law (15)
are UUB with the following ultimate bound on the local synchronization
error e:

o \/minz-m R DE ) 1

where

@ 0 a16% 2 a0k ? 5.
X=X 1( e S 2 )+2£i1 2
K s a  scalar  satisfying 0<k<( with ¢=
min{min;co A(K;), min;eq A(K;), a0 /2, a1 /2, a/2}

max{m/2min;cq{a; }, max;eq A(K; P, 1) /2}
Proof: Construct a Lyapunov function defined by

N
1 .
-5 (ai”
L1 a R
5 Z { '901 981')2 + (911-(15) - 69{1‘)2

7

M; ()7 (t)+el (t)f{iPi‘lei(t))

+ (02i(t) — 03,)° an
Note that (15d) has a stable linear time-varying structure in the variable

v, thanks to the inequalities (15g), since we have the following.

1) For||€]| > 1 : According to €; > €3, we have e ]|¢]|7 — ea/€]|® >
e1(JIENI" = [I€]|®) > 0. Thus, according to €y > 1 + €3 and € > 0,
we obtain

coteél” —elldll® e >1+e > 1.

2) For||€]| < 1 : According to €y > 1+ €2, we have ¢y — €2]/€]|® >
14 €e2(1 —||€]I°) > 1. Thus, according to €; > 0, we obtain

0 — 2[l€]° +eE]” > 1.

Then, €5 — e][€]|° + e1]|€]|7 > 1 always holds, i.e., the system in
(15d) can be seen as a stable linear time-varying system.

Based on the linear time-varying structure of (15d), the positive input
Bi, and positive initial condition (15e), it can be verified that ~y;(¢) >
7, > 0Vt > to. This condition will be used for subsequent stability
analysis.

The proof is organized as follows: First, we calculate the time
derivative of the Lyapunov function. Then, based on the structure of
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(8b), we study the behavior of the Lyapunov function under the three
standard [19] possible scenarios.

1 ww > ||r;|| for all 7.
) @ e = Il
2
2) w—Aml__ < ||| for all i.
rill2+e

llrs11? - [
3) W > |||l fori=1,...,k, and W < ||r;|| for
i=k+1,...N.

Finally, combining the results of the three scenarios, we obtain the
ultimate bound on the local synchronization error e. Using (7) and (13),
the time derivative of (17) satisfies

N N N

V S — Z’I‘LTKZT’Z + Z’I“LTA” — ZTZ‘T7_'7;
i=1 i=1 i=1

1 N

+ Zr Z AT + 3 Z

i=1 JEN; i=1

r;" (MZ — 201-) T

==

N
+Z{%+Z (O — 03,) 9,1} Z
N N ];

< =D K+ Y I A=Y el Kies
i=1 =1 i=1

|

N
llm |l I }
+ Q45 P5W — pPiwW
Z{Z VI +e Iral® + e
f)/ 2
+Z{ D (T 911}

i=1 =0

(18)

According to (7), wehave ||7;|| < (1 4+ || P;]])||&;]|- Combined with (13)
and (14), we obtain the uncertainty structure as

N - N
Z [rallllAsl < Z [l {061‘ +
i=1 i=1

01116l + 0511117 }

+ Z Irall § > @iilEll + D ws;llésN? (19)
JEN; JEN;
Furthermore, the following two bounds hold:
Z Irall > eisllgl < Z oA+ IRDIGIIEN @0
JEN; i=1 jeN;
Z lIrall Y b 116517 < Z > es L+ IBIDIGINEN. @D
JEN; i=1 jeN;

The bounded-input bounded-output property of the stable linear time-
varying system (15d) with positive constant input J; guarantees
that 7; € L, i.e., there exists ; € R* such that v; < #;. From

sl

Vlirl2+e

il
iz piw
Z;;; o \/ e

< wZ > {Zaw%inn@nk +am]||n|} (22)

<1, we get

N
wd > agplri

i=1 jeN;

i=1 jeN;
Meanwhile, the fact that the following dynamics éoj = faoéoj, 6, i =
—alélj, and ézj = —agézj in the adaptive laws (15a)-(15c) are

first-order stable dynamics gives the standard input—output stability
properties [33, Sec. 3.3] as follows:

0o < 0o; + Oo; 175 (23a)
01 < 015+ 0151511165 (23b)
025 < 025 + OojIr; 1€ 12 (23¢)
with é()]‘, éoj, élj, élj, égj, égj eRT. This, in turn, leads to
N ~
WD > alay|ri 1€ 12
i=1 jeN;
N —
<w )Y a0 (1+ | B NI
i=15EN;
N
+wd S aly A+ IPINA+ 1P DIENIE P @4

i=1jeN;
Similarly, we obtain the overall terms from the neighboring agents

JjeN;

sl
> { o

i=1 jeN;

+ llrsll (3116511 + WZjIIEjIQ)}

<33 {waﬁ(l + 1) Bo; + )&

i=1 jeN;
+ (L4 1P]) [wai; (8o; (1 + [ P511) + 015) + @55] N IE |
+ (L4 1B55]) (waiz02; + 93;) €:I1I€5 11
+ wag; (1+ | PN A+ 1B IDIENE 1P (615 + 0251145117
(25)
Using (15a)—(15c), we have
(B = 0,000 = (B = 0l 73] + (st —

forl =0,1,2andi =1,...,

aléi.) (26)

N. The last term of (26) can be rewritten

as
R . éz —0*)2 0*_2
(azeuﬁz‘i fau‘)i-) _ _alb 5 is) + 0”2” . 27
Similarly, with 7, (t) > 7, >0, (15d) leads to
0 ( 1
”7( Vo Lt allel” - cll&lP)v + 8]

—1 —i

< [— (o +erl&il” — e2ll&ll®) + (Bi/li)] :

According to (19)—(28), from (18), we have

Z [l 117 —mlnk

(28)

Vv < —minA(K
1€Q

Yl
Y {waﬁu FIPIDGo + )l

i=1 jeN;
+ (L+ | Pi) [waij (Bo; (1 + [|1P51]) + 015) + @55] N IE |
+ (L4 [151)) (wais02; + ©35) 1€:NI11€5]1
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+wai; (1+ [P @+ B DIENIE N (015 + 92j|€j||2)}
N

L +229hnan I
= unn +e =S

N 2 A
. a(0—05)%  aby?
3373 G-l Inl[ R }

i=1 1=0

N

(29)

(0 +eal&ll” — eall&l”) + (51‘/’7,-)] .

=1

We study the behavior of the Lyapunov function for the three afore-
mentioned scenarios.
Scenario 1: We have w

112 .
% > |lr;|| foralli =1,..., N.Then,

[rill2+e
according to (8c), we obtain

—ZP Al

Pz”""z“
N Z

N 2 N
> [wmv 4]l

i=1 =0

(30)

Substituting (30) into (29) yields

V< —mln)» ZH’Q‘ —mlnA Z:HelH2
N 2 p
—0;)% b2
Z { b Bl o }+Zl(|£||) 31
where @ = {1,...,N}and £ = [¢],...,€%]T with

Zu(llgl) £ —e Z &7 + ez Z le® + Z (—60 + 51)

N
Z {w 1+ 1P (8o; + 3 lIE
2e 2y

+ A+ P [was; (Bo; (1 + 15511 + 015) + 3] €118
+ (14 (| Pyll) (waa; a5 + #3,) l1€: 118511

+ i (1+ [ B+ [P DIENIE P (815 + O2511€; |2)}~

Using Descartes’ rules of sign change and Bolzano’s theorem [34], the
polynomial Z; has a unique positive real root7; € RT. The coefficient
of the highest degree of Z; is negative: —e;. Therefore, Z; (||£]|) < 0
when [l€]] > ns.

Since the first-order differential equations as in (15a)—(15c) with
positive initial conditions give 6o, (£)>0, 61, (t)>0, 09 (t)>0, V>0,
the Lyapunov function (17) satisfies

V<

max;eq A (K.
TS e+ maea )

=1

1 * 29
2;{2 (01 0”)2+7}.

-

zzllezll2

— 2a

(32)

Substituting (32) into (31) yields

. T ah? 20
vg—cjv+2 ZT* - + Z1([I€]])- (33)

i=1 Li=0 L

Defining a scalar 0 < x < ¢, (33) is further simplified to

=RV +x

where Z; (||£]]) is defined as in (16).
Scenario 2: In this case, we have 0<
., N.Then

V< —kV— (34)

wlirs|?

VlIrill2+e

<||r;]| for all =1,

(35)

w— <
i=1 V ||r2||2 +e

Substituting (35) into (29), the time derivative of V' satisfies

Z [Ira* = min &(K Z le:]1*

Vv < —minA(K,
1€Q

S {wml + 1P B + 7l

i=1 jeN;
+ (L+ 1)) [waij (8o (1 + [ P51]) + 615) + @551 N€1E |
+ (1 + |P5]]) (waij02; + ©55) I&N11€ 112
+ wiag; (14 |PD @+ (1P DI E 1P 615 + é2j||§z‘|2)}
2

O l1&l Irill+ Z Z

i=1 [=0

£y

i=1 [=0

_ i S {a,(é” — 0, ab;? }
- 2 2
=1 =0

D)

=1

= Oi)l&ll' I

(36)

(€0 + erl&ll” — eall&:]”) + (&/n)} :

.

Then, following a similar reasoning as in Scenario 1, we have

A B
V< rll’élél)» ZH’I‘H mmk

Z||6’LH2+ZI(H£H)

N 2 A 2
- a (0 — 0;,)% b,
£3°3 - it - |0 -0 0

i=1 =0
37)
According to (23), with ||r;]| < (1 + || P ID &
Z Ouil| & 1| ]| < Z (Ous + OuillralllI& 1) Nl
N
Z (LB IDIENT + 6 (1 + P&, (38)

Substituting (38) into (37) yields

Z”Tz‘ —mlnk
i 2 {al (0 — 07,)° b
i 2

% < —min A(K,
€0

Z le:*

} + 22(lEl) - (39
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where  Zs([|€]1) = Z1(|€]) 4220 Boi (1| Pil I +320% 61
FINPADNENHE +00 (L] P )21 ))>HY. Similarly, there exists
a unique positive real root 1y € RT so that Z»(||¢]]) <0 when
II€]l = m2. The coefficient of Z, with the highest degree is still —e;.
Finally, we get

V<—kV-(-rRV+x (40)
R [ - llrs ]I
Scenario 3: w H:z'Hz-!-s > ||l fori=1,....k, and w iriPie <

||ri]| fori =k +1,...,
and 2, we derive

N. Then, following the steps as in Scenarios 1

o - )
V < —mini(K Z\Inl min (K. Zl\ezll + Z: (Il

N2 N 2 éi—9*~2 g2
+ Z Zelz||§l|l|r1|22{al( l2 lz) 7051211 }

i=k+1 1=0 i=11=0

Z ll7:]1 —mlnk
N 2 2

Oél 912 0*1) Oélo*i
ZZ{ A }

i=1 =0

Z:Hezll2 + Zs(lgl)

(41

N N g
where  Z3([[€[1) = Z1(|[€1) + 2izx 11 2052 O (LI P DIIEN ™ +
01 (1| P;]1)?]|&: |2+, There will exist a unique root 13 such that
Z5(]|€]l) < 0 when [|€]| > ns. Similarly, it is obtained

V< —kV —

=RV +x. (42)

Combining (34), (40), and (42) from Scenarios 1-3, respec-
tively, it can be concluded that V' < —xkV when V >Y and
€]l > max{n1,n2,73}, where

X
Y= —-——. (43)
(C—r)
Thus, the closed-loop system remains UUB with the bound
V(t) < max{V(0),Y} Vt>O0. (44)
The definition of the Lyapunov function (17) satisfies
min;cq A f(iPi’l
Vi) > Do 2B ). @s)
where e = [eT,...,e%]T. Using (44) and (45), it can be obtained
2
that ||e|? < mina A(F P max{V(0),Y}, Vt > 0, giving the
uniform ultimate bound U in (16). O

Remark 3 (Ultimate bound and gain tuning): Owing to the user-
defined diagonal matrices K, and P;, one can notice that the ultimate
bound U in (16) reduces by tuning K; and P; (i.e., with large values
of K; P, '). However, the fact that 7 and 6;; are completely unknown
prevents reduction of the bound to user-defined levels: this is consistent
with robust adaptive control literature with leakage terms «; as in
(15a)—(15¢) [33]. In addition, it can be noticed from (31), (37), and
(41) that higher values of K, €1, and €y and lower values of e, lead
to faster convergence of the Lyapunov function, which may, in turn,
cause a larger control effort. Therefore, tuning choices have to be made
according to application requirements.

(b)

Fig. 1.
connection 2.

Networks used for simulations. (a) Interconnection 1. (b) Inter-

VI. NUMERICAL VALIDATION

We will consider six EL systems (cf. Fig. 1), representing two-link
robot arms with equations of motion as [35]

M M [da T cidio  ci(@in +diz)| [dar T d
M¢22 Gio —¢igi1 0 Gi2 '

Mi12
n |:mi4gCOS(Qi1) +91} + {F 1(ds )} Y H, (e, ) = |:7-i1:| (46)
i Fzz(%) R Ti2

where ¢; = —m;;3 sin(g;2) and

MM = mi 4+ mag + 2mys cos(giz)

k3

MZ-IQ = Mo + M3 cos(gsn)

M,~22 = M2, gi = M;59 cos(qi1 + Gi2).

The friction term is taken in non-LIP form as [20]: F;1(g:1) = fi
(tanh(fi2gi1) — tanh(fizgi1)) + fia tanh(fisgi1) + fiedar and Fio
(¢:) = fin (tanh(fizdi2) — tanh(fisgiz)) + fia tanh(fisdiz) + fis
Gio. The parameters are compactly represented as ©; = [my;1 Mo
M3 Mia Ms fin fiz fis fia fis f@'e}T with

©1 = c0l(0.6,1.1,0.1,0.6,0.3,0.5,0.8,0.9,1.2,0.5,0.4

©, = ¢0l1(0.8,1.2,0.1,0.9,0.5,0.5,0.8,0.9,1.2,0.5,0.4

)

( )
O3 = ¢01(0.9,1.3,0.2,1.3,0.6,0.5,0.8,0.9,1.2,0.5,0.4)
©4 = col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9, 1.2,0.5,0.4)
©5 = col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9, 1.2,0.5,0.4)
O = col(1.1,1.4,0.3,1.7,0.7,0.5,0.8,0.9, 1.2, 0.5, 0.4)

(all these values, inspired by [13], are used for simulation but are
unknown for control design). We selectd; () = 0.1sin(0.0014t)[1 1]7.

Inspired by the viscoelasticity model in [36] and [37], the intercon-
nections among some agents in the form of springs dampers

N N
Hi:ZSij(q Qj)+z5ij(4i_QJ)
i=0 j=0

where s;; is the stiffness parameter and 6, is the damping factor (which
are S19 = Sp1 = 048, S12 = S21 = 121, S95 = Sp2 = 0085, 836 =
Sg3 — 037, S46 — Sea — 0.29 and (501 = 610 = 407 512 = (521 =
20, (525 = 552 = 25, 636 = 563 = 197 646 = 664 = 9; all these values,
inspired by [36] and [37], are used for simulation and are unknown for
control design).

To test the robustness, we consider two different interconnected
structures, as shown in Fig. 1. Let us remark that each local controller

47)
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Fig. 2. Adaptive synchronization behavior for interconnection 1. (a) Local position errors. (b) Adaptive parameters 6;;,1 = 0,1,2. (c) Control
inputs 7;.
2
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Fig. 3. Adaptive synchronization behavior for interconnection 2. (a) Local position errors. (b) Adaptive parameters 6;;,1 = 0, 1,2. (c) Control
inputs ;.

is only aware of which agents are its neighbors: it knows neither
the dynamics of the neighbors nor whether there are spring—damper
interconnections.

The controller is as in (8) with K; = 7.5, K; = I, w =
2,6 = 0.1, and P; = 3315. The parameters in the adaptive law (15)
are €y =1, =3 X 1074762 =7.5x% 1075,0é07; = 1, = Qig; =
3000, and $; = 10.

Figs. 2(a) and 3(a) show that the synchronization error converges
close to zero for both interconnection structures, and consequently,
the adaptive gains in Figs. 2(b) and 3(b) also converge close to zero.
The inputs are in Figs. 2(c) and 3(c), where it can be noticed that
input oscillations are in a bounded range caused by the sinusoidal
disturbance d.

VII. CONCLUSION

In this article, a new adaptive synchronization protocol for EL net-
works was proposed addressing problems usually neglected in related
literature. The main feature of the protocol is to cope with reduced
structural knowledge, i.e., not requiring LIP structure of the uncertainty
and allowing the agents to be interconnected before control design by
unknown state-dependent terms with no a priori bound.
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