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Preface

Dropout is one of the most popular regularization methods used in deep learning. The general form of
dropout is to add random noise to the training process, limiting the complexity of the models and preventing
overfitting. Evidence has shown that dropout can effectively reduce overfitting. This thesis project will show
some results where dropout regularizes the deep neural networks only under certain circumstances. Poten-
tial explanations would be discussed. Our major contributions are 1. summarizing the regularization behav-
iors of dropout, including how different hyper-parameters could affect dropout’s performance; 2. proposing
possible explanations to the dropout’s regularization behaviors.

This project was conducted within the Pattern Recognition Lab at TU Delft, under the supervision of Dr. D.M.]
Tax. I want to thank David for giving me many helpful suggestions. His support was the key to the success of
this project. I would also like to thank Prof. M.]J.T. Reinders and Dr. EH. van der Meulen for their interest in
my thesis and evaluation of my work.

Xunyi Zhao
Delft, May 2021
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Introduction

Dropout is one of the most popular regularization methods used in deep learning. The general form of
dropout is to add random noise to the training process, limiting the complexity of the models and prevent-
ing overfitting. Evidence has shown that dropout can effectively reduce overfitting. However, dropout is also
found not to improve the model’s performance when the training set is too small. This surprising finding in a
regularizer inspired us to look into how dropout works.

1.1. Dropout and its regularization effect

Srivastava et al. [23] proposed dropout as a simple regularizer in deep learning. They test the performance
of dropout in several experiments, studying how hyper-parameters settings could contribute. Specifically,
they compare the performance of the networks trained with dropout to those trained without it. They find
dropout makes the classification error even higher when the dataset size is small, where the regularization
effect is supposed to occur.

To confirm that such behaviors of dropout can be reproduced, we apply the same experiment as Srivastava
et al. [23]. Note that many hyper-parameters settings are not mentioned in the paper, including learning
rate, momentum, training epochs, and activation functions. Thus some details of our reproduction are dif-
ferent from the original results. Figure 1.1 show the test error vs. the training dataset size from the original
results and our reproduction. In both figures of 1.1, there is a range of dataset size where dropout can signifi-
cantly improve the performance compared to the original network. When the dataset is too small or too large,
dropout does not work very well. It is common that a regularizer does not work well with big datasets, be-
cause overfitting is usually not a problem when the training set is big enough to reflect the true distribution.
But it is hard to explain why dropout does not work with small datasets.

As one of the most important regularization methods in deep learning, dropout has never been fully understood[14].
The result that dropout does not work on the small datasets motivates us to study the regularization behav-

ior of dropout. In this thesis, we try to understand how dropout regularizes deep learning models, especially

what makes dropout not work with small datasets. Our focus lies in the classification task with fully connected

deep neural networks, where standard dropout is applied in the training stage.

1.2. Complexity and co-adaptation

As a property usually related to overfitting, complexity will be investigated in this report. We will study the
relationship between models’ complexity and the performance of dropout on those models. We will use the
complexity measures depending on not only the number of trainable parameters but also their values. Those
measures are found to be useful in predicting the generalization gap[18], which is defined as the difference
between training and testing performance. Specifically, three complexity measures will be studied in this



2 1. Introduction

30

¥ with dropout -
= win aropout
= — 0.25 Without dropout
s
220 £0.20
é C
& o
£15 w© 0.15
g S
H Y
i ‘0
O 19 90.10
[w}
o 0.05
107 10° 10 10° 100 500 1000 5000 10000 50000

Dataset size

Dataset size

Figure 1.1: Test error vs. training dataset size. Left: original results from Srivastava, N., Hinton, G., Krizhevsky, A., Sutskever, 1., Salakhut-
dinov, R. (2014). Dropout: a simple way to prevent neural networks from overfitting. The journal of machine learning research, 15(1),
1929-1958.[23] Right: Our reproducing results. Error bars represent the standard deviation of 10 samples.

report including norms of weights [17], sharpness [24] and sensitivity [21].

Co-adaptation, defined by Hinton et al. [8] as a situation where "a feature detector is only helpful in the con-
text of several other specific feature detectors", has been proposed as an explanation why dropout works. We
will develop a way to measure the co-adaptation of a neural network and find its relationship with dropout’s
performance. The relationships we found between dropout, complexity, and co-adaptation would provide us
an intuitive explanation of how dropout works in the way shown in Figure 1.1.

1.3. Preliminaries

We denote matrices, vectors, scalar variables and sets by capital letters, Roman small letters, small letters
and script letters, respectively (e.g. X,x,x, and &). We consider a set of deep feedforward neural networks
fo:% — %, where Z < R% and % < R denote the input and output space. The function of f is realized as
foX)=c® (... (¢® (x01)0@)...0"), where L is the number of layers in the network fo. o) ¢ Rei-1%di
and oV are the weight matrix and the activation function at the [-th layer, where d; is the number of neurons
in the I-th layer, except dy is the number of input features. X € R™*% is the input batch with m as the
batch size. The total number of neurons is D = ZZ-L=1 d;. A typical way to find the target function is to fit
fo on m samples X¢rqin, Yirain by minimizing a pre-defined loss function £ (fe (X), Y). The performance of
the trained model is defined with the true distribution: £ (fo(Xtrue), Yerue) where Xy ye, Yirye represent the
infinite data set sampled from the true distribution & and %'. In practice, we approximate the performance
based on a finite size samples set: £ (fo(Xtest), Yiest), where Xyesr, Yies: Tepresent the data pairs not used for
the training.

Dropout is defined in the following way: the outputs of neurons in the /-th layer are multiplied by a random
diagonal matrix ¢V € R%*4, where 6512 = 1+p”)b"' b; " Bern(1 - p). Bern(q) is a Bernoulli distribution
which gives 1 with probability g and 0 otherwise. The random variables are re-scaled by a normalization
factor 1_%!](1, to make E[Eg.lz.] = 1 for all the is and Is. p'¥ is a pre-defined probability of dropping a neuron in

the I-th layer. In most cases, the dropout probability p(¥) and p'") are set as 0 to avoid information loss in the
predictions.

Ifnot specified, we only apply dropout in the training phase. The dropout network can be written as: fg = (X) =
oW (...0@ (oW (xE@gWeM)9@¢@) | 9W) ¢ When dropout is turned off (e.g. in the evaluation phase),
the network would be written as fo(X) = 0¥ (...c@ (¢ (x61)6@)...0'1)), where © and = represent the
set of all the 8’s and ¢’s.

Usually, a trained model performs better on the training data than the unseen data, which is called overfitting.
As a measure of overfitting, the generalization gap is defined as follows:

Given aloss function £ (fo(X), Y), where fg is the network on dataset (X, Y), the generalization gap is defined
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as the difference between the training error and the true error: £ (fo(Xsrue)s Yirue) — L (fo(Xirain), Yerain)-
In practice, the generalization gap is approximated by the difference between the training error and the test
error: z(f(i) (Xrest)s Yiest) — f(f@ Xtrain) Yerain)

Note here the training loss £ (fo (X¢rain), Yirain) is measured with the complete model fg instead of dropout

model fg =. The dropoutloss used during training £ (fo,= (Xtrain), Yirain) is usually bigger than £ (fo (X¢rain), Yirain)
due to information loss. If not specified, we will always use Z(feo(X), Y) for evaluation, but ® could be ob-

tained by minimizing £ (fo = (Xtrain), Yirain) (trained with dropout) or £ (fo (Xrain), Yirain) (trained without
dropout). We define the regularization effect as follows: if a model trained with a method has a smaller gen-
eralization gap than the model trained without it, the method has a regularization effect on the model with

the specific experimental settings.

1.4. Outline

This thesis is structured as follows:
e Chap. 2: Related works are discussed, including deep neural networks, dropout, and the complexity
measures in deep learning.
¢ Chap. 3: Some regularization behaviors of dropout are summarised with empirical results.

* Chap. 4: The average effect of dropout can be written as a data-dependent regularization term in the
loss function.

¢ Chap. 5: Model’s complexity is found to have the same trends as dropout’s performance. The potential
reason how dropout improves complex models is discussed.

¢ Chap. 6: Further discussion on why dropout does not work with the small datasets. Intuitive explana-
tions are provided.

¢ Chap. 7: Dropout’s effect on the robustness of the autoencoders.

¢ Chap. 8: Conclude all the findings and discussion of the future work.






Related works

Some previous works have laid the foundation. In this chapter, we will shortly discuss those relevant topics
from the literature.

2.1. Deep neural networks

Deep learning has been empirically found great success in many practical fields, including image classifica-
tion, speech recognition, and bioinformatics. LeCun et al. [15] had summarized the architecture of a deep
neural network as "a multilayer stack of simple modules". The modules, often referred to as neurons, only
realize simple functions. But with multiple layers of non-linear modules, a network can implement extremely
intricate functions.

Although powerful in many application fields, deep neural networks often suffer from the overfitting problem.
It is very common that a deep learning model has more trainable parameters than the number of training
samples. Zhang et al. [28] showed that deep convolutional neural networks could even fit a training set with
all the labels randomly shuffled. Overfitting would make the models have very different performance on the
training data and the unseen data, and more importantly, models usually need to learn some complicated
pattern from the noise to achieve a good training performance. Many regularization methods have been
proposed to prevent overfitting.

2.2. Dropout

Dropout was first proposed by Hinton et al. [8], Srivastava et al. [23] as a simple way to prevent overfitting. The
idea is to randomly remove some neurons from the networks at each training step. The activation of those
"dropped" neurons would be set to 0; thus the parameters connected to such neurons would not contribute
to the network. The activations of all the other neurons would be re-scaled. When the training is finished,
all the neurons and their connections will be included in the model to make predictions on test data. This
method is also referred to as the standard dropout.

Srivastava et al. [23] proposed a theory inspired by sexual reproduction to explain the superiority of dropout.
They argue that a hidden unit in a neural network trained with dropout has to learn to work independently
since all the other units could be randomly dropped. Co-adaptation, defined as "a feature detector is only
helpful in the context of several other specific feature detectors" by Hinton et al. [8], is therefore reduced.
Hinton et al. [8] also suggested that the neural network trained with dropout approximates the expectation of
alarge number of potential realizations of dropout neural networks. This method is similar to bagging, where
many networks are trained separately, and the average of their outputs is used for prediction.

These explanations did not completely satisfy the curiosity of the deep learning community, thus many re-
searchers have been trying to understand the mechanism of dropout further. Labach et al. [14] summarized
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some of the interpretations of dropout in their survey. The early studies of dropout focus on its average effect.
Baldi and Sadowski [2] tried to study the average effect of dropout on the outputs of neurons. This approach
inspired many researchers to study dropout from the average effect perspective. Wager et al. [26] formalized
the average effect of dropout as a penalty term in the loss function, which is equal to a l,-norm regularizer
when the input data is normalized. Helmbold and Long [7] further discovered some behaviors of dropout as
aregularizer. They find the dropout penalty term is not necessarily monotonic as individual weights increase
from 0. Also, they found the penalty term is not always convex, which is different from some conventional
regularizers, like weight decay.

Another interpretation links dropout to Bayes neural networks. Bayes models assume a prior distribution over
the parameters, and the posterior distribution of the parameters is computed or approximated with a training
set. These methods are usually expensive. Gal and Ghahramani [6] argued that dropout is a simple way to
approximate a deep Gaussian process. A deep Gaussian process would produce a probability distribution
of the prediction, which could be estimated by applying dropout at the test stage. This method is called
Monte Carlo dropout, where the uncertainty of the model’s prediction can be estimated by the variance of
the distribution. Their work triggered the studies relating dropout to Bayesian neural networks.

Srivastava [22] showed how standard dropout help to regularize deep neural networks. Different variants of
dropout have been proposed since then. Wan et al. [27] propose DropConnect, which randomly drop weights
instead of activations of units like standard dropout. Ba [1] proposed standout, where dropping probability of
each layer can be optimized like weights. Also, dropout methods have expanded to a variety of applications
beyond regularization. Gal and Ghahramani [6] proposed that applying dropout at the test stage could be
an easy way to realize a Bayesian neural network. This work inspired other works like variational dropout
proposed by Kingma et al. [12], where the dropout probability is learned in the Gaussian dropout to make a
better model. In this thesis, we focus on understanding the effect of standard dropout.

2.3. Complexity

In the classical complexity theory, the hypothesis-space complexity defined by Kawaguchi et al. [10] considers
the worst-case gap for the function that could found in f. An upper bound is usually provided for the gener-
alization gap of fg for V0. A widely-used one is the Rademacher complexity proposed by Shalev-Shwartz and
Ben-David [20], which guarantees the performance of a network when the parameters are not determined.

In deep learning, empirical results suggest that two specified models from the same network structure could
have completely different performances. Zhang et al. [28] found a typical deep Residual network could make
100% training accuracy while all training samples are randomly labeled. This result suggests the incom-
petency of the classical complexity measures, which do not depend on the values of trainable parameters.
Kawaguchi et al. [10] argued that complexity measures in deep learning should measure the complexity of a
specific model with trainable parameters determined. Neyshabur et al. [17] define the complexity measure as
amapping that assigns a non-negative number to every specified model fg. For clarification, we use the word
complexity in the further sections to refer to this definition in this thesis report. Several complexity measures
have been proposed in recent years. Most of them can be categorized into three classes: norms, sharpness,
and sensitivity.

The norm of weights is long being used to reflect overfitting[13]. They tried to regularize models by punishing
large weights based on the assumption that large values of parameters could result in high generalization
error. Neyshabur et al. [16] proved that the norm-based regularization method could efficiently control the
model’s capacity by bounding the Rademacher complexity. They show that /,,-norm regularization can only
control the capacity independent of network size when p < 2. Neyshabur et al. [17] further proposed to use a
normalized /; and l>-norm to measure the complexity of the specified model.

Complexity is not only related to the networks but also the task. Dataset can also be included in the com-
plexity measure. One of the most popular data-dependent measures is the flatness in the parameter space.
The idea of flatness was first proposed by Hochreiter and Schmidhuber [9]. They defined flat minima in the
parameter space where the weight vectors within the region have similar small errors. Keskar et al. [11] ar-
gued that sharp minima are more likely to be bad minima. They also proved that stochastic gradient descent
is effective in avoiding sharp minima. Dinh et al. [5] proposed a scaling method to manipulate the sharpness
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of the model, which proved that a sharp minimum could also generalize. Tsuzuku et al. [24] proposed a new
sharpness measure of normalized sharpness derived from the PAC-bound.

Dimopoulos et al. [4] proposed that the first and second-order derivatives on input could reflect the com-
plexity of the model. Recently, the Jacobian norm has been used as a regularizer in many researches. Sokoli¢
et al. [21] proposed to add the Frobenius norm of the Jacobian norm matrix in the loss function as a regular-
ization term. Even not usually applied as a complexity measure, the Jacobian norm is found related to the
generalization gap by Novak et al. [19].






Regularization Behaviors of Dropout

In this chapter, some empirical results of dropout will be discussed. Specifically, we will focus on how dropout
affects the generalization gap and the test accuracy. Some hyper-parameters are found related to the perfor-
mance of dropout: dataset size, network width, and data dimension. Possible explanations of how they affect
dropout would be discussed in the next chapters.

Our experiments are based on three artificial datasets, marked as 2-d Gaussian, 10-d Gaussian, and 10-d

noise. All three datasets are binary classification tasks where % = {0, 1}. In each dataset, the input features &

are generated from two Gaussian distributions. Distributions in 2-d Gaussian center at g = [1,1] and y; =

[-1,—-1]. Distributions in 10-d Gaussian center at yo = (1,1,1,1,1,1,1,1,1,1]and 4 = [-1,-1,-1,-1,-1,-1,-1,-1,-1,-1].
Distributions in 10-d noise center at yo = [1,1,1,1,1,1,1,1,1,1] and ¢y = [1,1,1,1,1,1,1,1,1, —1]. All the Gaus-

sian distributions have o = 41, where I is the identity matrix in the corresponding dimension.

3.1. Dropout and dataset size

Our first experiment is to confirm if the pattern found in Figure 1.1 appears in other tasks. Different sizes of
subsets of the 2-d Gaussian dataset and the 10-d Gaussian dataset are used to train the neural networks in
this experiment. Figure 3.1 shows the performance of models trained with or without dropout.

In the right figures of 3.1, there is a clear trend that dropout does not improve the performance when the
dataset is either too small or too large. Such trend is not so significant in the left figures of 3.1, where the 2-d
Gaussian dataset is used. Also, the range of dataset size where dropout performs the best changes from task to
task. For 2-d Gaussian data, dropout stops working when 500 samples are used for training, but much more is
needed for the 10-d Gaussian data task before dropout stops working. It suggests dropout may not work well
on the 2-d Gaussian set when the training samples are less than 10. We also notice that the generalization gap
does not always agree with the test performance, which means reducing overfitting does not necessarily make
it a better model (for example, in the left figures in 3.1, dropout makes both test accuracy and generalization
gap lower when the dataset size is 10).

3.2. Overfitting of dropout models

In the right figures of Figure 3.1, both generalization gap and test accuracy are not improved by dropout when
the dataset is too small. In this section, we will study overfitting from a different angle. We use dropout in a
very noisy, low sample-size problem to investigate how it behaves in an overfitting scenario. In the 10-d noise
dataset, only the last feature is informative to create a linear boundary, while the first nine features are pure
noise. This dataset provides a new measure of overfitting: how much the model relies on the noisy features.

Figure 3.2 shows the performance of the models trained with and without dropout. The trends of their per-
formance are similar to the ones shown in Figure 3.1. The test accuracy is relatively lower than the one on the
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Figure 3.1: Top figures: generalization gap vs. training set size. the number of samples used to train the model. Bottom figures: test
accuracy vs. training set size. The generalization gap is defined as the difference between the training and the testing accuracy. Left
models are trained on the 2-d Gaussian dataset, where [dy, d,d2, d3] = [2,100,100,2]. Right models are trained on the 10-d Gaussian
dataset, where [dy, d,d2, d3] = [10,100,100,2]. For all models, dropout rate [p(o],p(l),p[z),p(3)] =[0.5,0.5,0.5,0]. Error bars represent
the standard deviations of 100 models. The batch size is fixed as 10.

10-d Gaussian dataset, due to the high overlapping samples in the 10-d noise dataset.

An interesting study of the 10-d noise dataset is to see how much the models depend on the noisy features,
which we know is useless for the classification. To measure the dependence on the noisy features, some sub-
networks are taken from the trained models, where the informative features are ignored in the first layer of
the networks. The learning curves of the sub-networks are shown in Figure 3.3, where "with dropout" and
"without dropout" indicate if the sub-networks are taken from the complete networks trained with dropout.
It shows that models could rely on noisy input features when the dataset size is small and reduce the depen-
dence on those features as the dataset size grows. The effect of dropout can be summarized as follows: when
the dataset is large enough, dropout can significantly reduce the influence of the noise features. However,
dropout appears to makes the model rely more on the noise features when the dataset is small. It suggests
that under certain circumstances, dropout could even increase overfitting.

3.3. Dropout and network size

At each training step, dropout deactivates some neurons in each layer of the networks. As aresult, the number
of active neurons is reduced at each training step. Naturally, we want to see how the number of neurons in the
networks influences the performance of dropout. In this experiment, networks with different widths would
be trained with dropout, where width is defined as the number of neurons in each layer.

Figure 3.4 shows the results of the networks trained on 10-d noise dataset. The network width is chosen
in {10,100,1000}. In all three networks, dropout only improves the performance within a certain range of
dataset sizes. This range changes with the network width: when the network has 10 neurons in each hidden
layer, about 100 training samples would be enough for dropout to make an improvement; when the network
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Figure 3.3: Training accuracy of the sub-network vs. training set size. The models were trained on 10-d noise dataset, when all 10 features
of the input data are used for training. A sub-network is then taken from each trained model so that the last informative feature will be
ignored. The sub-networks have [dy,d;,d2,d3] = [9,100,100,2]. The error bars represent the standard deviations of 100 models. The
dropout rate [p(o),p(l),p(z),p(e')] =1[0.5,0.5,0.5,0].

has 1000 neurons in each hidden layer, it needs at least 1000 samples before dropout starts to be a good
regularizer. This trend is consistent with the performance of the models trained without dropout. For those
models trained on 1000 samples, the generalization gap is below 0.1 when the network’s width is 10 and about
0.3 when the network’s width is 1000. Another way to interpret such trends is: if it takes more training samples
to solve the overfitting of the original model, it also requires more training samples to make dropout works.

3.4. Summary

We summarize the regularization behaviors of dropout as follows:

1. In most cases, dropout improves performance over the basic model within a range of dataset sizes. Too
many or too few training samples would make the improvement less significant. Sometimes the model
trained with dropout is even worse than the original one.

2. When the input features include noise, dropout does not necessarily suppress the deteriorating effect
of such noise features. When the dataset is small, dropout could even make the models overfit more on
the noise.

3. The range of dataset sizes where dropout works varies from task to task. When the network size is too
big, dropout only regularizes the model when many training samples are used.



12 3. Regularization Behaviors of Dropout
width=10 width=10
—}— Without dropout 0.75 —— Without dropout
0.4 —— With dropout ' —— With dropout
N 0.3 0.70
|9)
5 )
|
£ 0.2 7 0.65
9 3
o
0.1 0.60
0.0 0.55
10 20 50 100 200 500 1000 2000 500010000 10 20 50 100 200 500 1000 2000 500010000
dataset size dataset size
width=100 width=100
—— Without dropout 0.75 —— Without dropout
0.4 —}— With dropout ’ —}— With dropout
0.3 0.70
< 9]
o ®
|
£ 0.2 E 0.65
v -
)
0.1 0.60
0.0 0.55
10 20 50 100 200 500 1000 2000 500010000 10 20 50 100 200 500 1000 2000 500010000
dataset size dataset size
width=1000 width=1000
—— Without dropout 0.75 —t— Without dropout
0.4 —}— With dropout —}— With dropout
0.70
% 0.3 o
o ®
|
% 0.2 E 0.65
e}
(=2}
01 0.60
0.0 0.55

10

20

50

100 200 500 1000 2000 5000 10000
dataset size

10 20 50 100 200 500 1000 2000 500010000
dataset size

Figure 3.4: Left figures: generalization gap vs. training set size. The generalization gap is the difference between the training and
the testing accuracy. Right figures: test accuracy vs. training set size. All models are trained on the 10-d noise dataset. Top mod-
els have [dy,dy,d>,d3] = [10,10,10,2]. Middle models have [dy,d;,d2,d3] = [10,100,100,2]. Bottom models have [dy,d,d2,d3] =
[10,1000,1000, 2]. For all models, dropoutrate [p©@, p¥), p@, p®] = [0.5,0.5,0.5,0]. The batch size is fixed as 10. The left figures show the
generalization gap, which is the difference between the training and the testing accuracy. Error bars represent the standard deviations of

100 models.

In the following chapters, we would try to find the reasons behinds those behaviors.



Dropout: A Data-dependent Regularizer

Akey finding from the last chapter is that dropout does not always work when there is overfitting; a reasonably
large dataset has to be used for training so that dropout could help. In this chapter, we will study dropout’s
dependence on the training set.

4.1. Penalty term

Helmbold and Long [7], Wager et al. [26] proposed to interpret the effect of dropout by analyzing the differ-
ence between the expected loss with dropout and the one without it. The difference turns out to be a data-
dependent penalty term. We formally define the penalty term as the difference between the original loss and
the dropout loss on a predefined dataset (X, Y): Regz,0)(X,Y) = Ez[Z(fo,=(X), V)] - ZL(fo(X),Y). Assume
in a linear regression task on (X, Y) of size n, the original loss is defined as: £ (fo(X),Y) = %Z;’(Z?‘) 0;Xij+
b-Y;)?, where X; j isthe j-th feature of the i-th data sample of X € R and @ i, b represent the weight and
bias for the model. If a dropout layer is applied by replacing X;; by ¢ X;; for every sample i, the dropout loss
would be Z(fo=(X),Y) = % Z?(Z? 0i¢iXij+b- Yi)z. The effect can then be derived from definition:

12 d 12 d
Regiz o) (X, V) = Bzl Y O 0¢ X)) - - YO 0Xij)*
i i

1 & ¢ 1
=;ZZ((I—p)x(l_p)z—l)(ejxij)z (4.1)

~.

4.2. Empirical results

To check if the effect of dropout can be captured by the penalty term, we perform the experiments on a regres-
sion task with 8-dimensional features. California housing prices dataset is obtained from []pacel997sparse.
The input data is 20640 samples, each with 8 features.

The purpose of the experiments is to confirm that Reg(z,e)(X, Y) derived in equation 4.1 has the same effect
on the results as dropout with the corresponding probability. We use the simplest network with [dy, d;] =
[8,1]. The prediction can be wirtten as fo(X) = (X¢©@0W), where 6 is a 8 x 1 vector. No activation is used in
this network. The dropout probability p© is chosen from {0.25,0.5}. To compare with the dropout networks,
another set of networks are trained with the penalty term in the loss function:

13
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Vldo

1 10 d
L(for(X),Y)=—3 (0 0;Xij+b- Yi)? + ;ZAZ(@,—XU)Z 4.2)
i i j

Where A is the weight for the penalty term. From equation 4.1 we know the penalty term should have the
same effect as dropout if 1 = %. Hence, the penalty term weight A is chosen from {0.2,0.5}.

The results are presented in Figure 4.1, which shows that a penalty term computed in equation 4.1 has an
almost identical effect as the corresponding dropout when the dataset size is big enough. It suggests that the
effect of such a penalty term could represent the effect of dropout on a simple model.
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: —}— dropout 0.2 —}— dropout 0.2
reg 0.25 2.05 reg 0.25
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Figure 4.1: Left figure: test mean squared error vs. training dataset size. Right figure: norms of weights in the networks vs. training
dataset size. Experiments on California housing price dataset. Blue and green curves represent the results from models trained with
dropout. Yellow and red curves represent the results from models trained with the penalty term defined in equation 4.2.

4.3. Complex model

Since E is the set of all random variable ¢’s, the expectation over Z should consider every possible realiza-
tion of =. Each ¢® can be chosen from 0, 1_#’7(,), so the number of total possibilities is 2/*/. When there are

many neurons, the penalty term would be very hard to analyze. In the last section, we only consider a lin-
ear model and mean squared error loss, which allow the penalty term to be written in a simple form as in
equation 4.1. However, the penalty term could be very complicated with a more general setting. Consider
a logistic regression model on 2-dimensional inputs: fj, g,(x) = m, the dropout model would be
J61,05,61,6,(X) = m The difference would be:

1 1
eyt 1+ e-O1x1&1+0210282) | 4 g~ O111+02%2) I=

0 0 9516, x,+65x 0 0 Y fy
p p(—e 1X1+ zxz) +peT-r +2p0101t02x2 pel-r —2eT-r —p

- 01x
2(eha+b2x2 4 7) (ellfp1 + 1)

O2xp 01x1 | O2x2 0111 O2xp
(1 _ p) (p (_691X1+ ip +92x2) + pe 1-p + 17 + pe -p +01x1+ ip +02x2

+ (4.3)

L)
691x1+ Tp +92x2)

(7273 42272
(ehx1+02%2 4 1) [T +1]|eTP TP +1

01x1 | O2xp )

01x1 , O2xp O1x1 | 202x9 0 x9
(1- p) (_e 1-p + I-p —eT-p + T-p + eelx1+92x2 —pe 1-p )

Opxp y 222
(ehrx1+02x2 4 1) (e =7+ 1) eTP T 41

01x1  O2xp )

It gets simpler when we take the logarithm, which is the difference of the logistic loss:
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Eey o 08— marone) T8 ) T
2 1 eelxl +62x2
(1=2p+p7log 01x1 +0px ~log etin+02x2 4 1 (4.4)
e r1+1

1 1
+(p-p*) (logW +log T) - p°log(2)
ert +1 er-l +1

We conclude that with any non-linearity in the network or the loss function, the number of terms in Reg=,0) (X, Y)
would be exponential in |Z|. It will be very hard to give the analytic expression of the dropout penalty term
for a modern deep neural network, where there could be thousands of neurons in a simple model.

4.4. Effect of the dropout regularizer

Wager et al. [26] showed that if the input data is normalized, 4.1 can be reduced to the L,-regularization.
If the data features are not normalized, the dropout regularizer will punish those weights connected to large
features more than those connected to the small features. This property could be useful when the informative
features are significantly smaller than the noisy features.

In this chapter, we found the average effect of dropout is a data-dependent penalty term, which is different
from the classical regularizers like the LASSO. The form of the penalty term can be very complicated for
large networks, which makes it difficult to understand its exact effect on regularization. What we can know
from such penalty terms is that those terms can be overfitted as well. When there are few training samples,
parameters in a large network can be carefully arranged to make the penalty term small. When the training set
is larger, it would be harder to do so. However, data-dependence of dropout does not explain its regularization
behaviors found in Figure 1.1 and 3.1. More evidence is required to understand why dropout does not work
when the dataset size is small.






Dropout and Complexity

In this chapter, we will study the relationship between dropout and the model’s complexity. We will propose
an interpretation of the average effect of dropout and explain the empirical results of dropout affecting the
model’s complexity. All complexity measures we use are defined for specific models.

5.1. Complexity

Overfitting, i.e., when the training performance is much better than the test performance, usually happens
when the model’s complexity is too high. There are different approaches to define the complexity of a model.
One of the most famous method is the Rademacher complexity [3]. It can be bound by other parameters of the
network. For example, Neyshabur et al. [16] propose a bound on the Rademacher complexity, which includes
exponential dependence on the depth of the network.

In recent years, complexity has been studied in different ways. Zhang et al. [28] found Residual Networks
could achieve 100% training accuracy on CIFAR-10 even with all the labels shuffled. Since random labels are
completely independent of the input images, the network must memorize every training sample. The gen-
eralization gaps of such models are apparently large. However, this generalization gap cannot be reflected
by the conventional complexity measures; in fact, the same Residual Network trained with true labels could
have a very small generalization gap. Researchers are inspired to find the measures to distinguish a network
trained on a random labeled dataset and a network trained on the true one [18]. Neyshabur et al. [17] de-
fine the complexity measure as a mapping that assigns a non-negative number to every specified model f
in a model class & with a specified training set S - ./ : {&,S} — R*. In this thesis report, we use the word
complexity to refer to this definition.

Three criteria are used in this chapter to measure the complexity of a model:

1. Norms: norms is defined as ¥; /|||, where [I-I is the Frobenius norm. Krogh and Hertz [13]
showed that reducing the norms of weight during training could effectively reduce overfitting, which is
usually referred as weight decay. In this thesis we assume the norms of weight could reflect the com-
plexity of a specific neural network.

2. Sharpness: the definition of sharpness was proposed by Tsuzuku et al. [24], which is the combina-

tion of norms and the second-order derivatives of the parameters: Y ;/[6% ||§H(”, where H? :=
¥, PLfoX),Y)

b a0 ap )

L] L)
3. Sensitivity: the methods proposed by Novak et al. [19] measure the sensitivity: Ex [IIJ (X)llz], where

J(X) = 0fo(X)/0XT. They confirmed that the Jacobian norm can be predictive of the generalization
gaps in many tasks.

17
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Figure 5.1: Norms of weights in the trained networks vs. training dataset size. Left figure shows the results from the network with
width 10, where [dy, d1, d2, d3] = [10,10,10,2]. Right figure shows the results from the network with width 100, where [dy, d1,d2,d3] =
[10,100,100,2]. All the networks are trained on 10-d noise dataset. For all models, dropout rate [p(o),p(l),p(z),p(3]] =[0.5,0.5,0.5,0].
Error bars represent the standard deviations of 100 models. The batch size is fixed as 10.
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Figure 5.2: Sharpness of the trained networks vs. training dataset size. Left figure shows the results from the network with width 10, where
[do, d1,d2,d3] = [10,10,10,2]. Right figure shows the results from the network with width 100, where [dy, d;, d>, d3] = [10,100,100,2]. All
the networks are trained on 10-d noise dataset. For all models, dropout rate [p(o), pm , p(z), p(S)] =[0.5,0.5,0.5,0]. Error bars represent
the standard deviations of 100 models. The batch size is fixed as 10.
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Figure 5.3: Sensitivity of the trained networks vs. training dataset size. Left figure shows the results from the network with width 10, where
[dy, d1,d2,d3] = (10,10, 10,2]. Right figure shows the results from the network with width 100, where [dy, d1, d2, d3] = [10,100,100,2]. All
the networks are trained on 10-d noise dataset. For all models, dropout rate [ p(o), p(l) s p(z), p(3)] =[0.5,0.5,0.5,0]. Error bars represent
the standard deviations of 100 models. The batch size is fixed as 10.

Norms, sharpness, and sensitivity vs. the dataset sizes are shown in Figure 5.1, 5.2, and 5.3. All three complex-
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ity measures show the same pattern with the dataset size for the models trained without dropout. When the
dataset is small, the complexity grows with it; after hitting some pealk, it starts to decrease rapidly. The high
complexity occurs in a certain range of dataset size, where dropout usually works very well in Figure 3.4. For
the models trained with dropout, it seems that complexity always decreases with the dataset size; when the
original models are very complex, dropout makes a big difference in the complexity. Otherwise, the model
trained with or without dropout has similar complexity, so do the test accuracy and the generalization gap.

Another interesting finding in Figure 5.1, 5.2, and 5.3 is that the shape and position of the peak could be
affected by the network size. We found that when the network width is 100, the peak is usually found in a
larger dataset than the network with the width of 10. This pattern is also consistent with Figure 3.4 where a
large network needs more training samples to make dropout work. Based on the pattern we found in Figure
5.1, 5.2, 5.3 and 3.4, we propose that dropout may only work when the complexity is too high.

5.2. Dropout loss landscape

In the last section, we found some evidence that dropout only works when the model’s complexity is high.
In this section, some reasons would be discussed. Equation 4.1 interpret the expected effect of dropout as a
data-dependent penalty term in the loss function. Same method can be used by studying the expected loss
landscape of dropout loss E[£ (fo,=(Xtrain), Yirain)l. Instead of finding an explicit form of the penalty term,
this interpretation will rely on the geometry of the dropout loss landscape. The function could therefore be
used even for a very complicated network.

The expectation of the dropout loss landscape can be written as:

— 0] ()]
ELL(fozXirain), Yiraidl = Y. [[pP4 270 -p")E L(fy e ey Kirain), Yerain) (5.1)
Ze{0,1}P ¢0

The right terms in the summation are the scaled loss on the loss landscape of the model trained without
dropout. Another interpretation is: a point on the dropout loss landscape is the weighted average of many
points on the original loss landscape. A visualization would be helpful to have a clear picture of this.

The loss landscape of the networks defined in preliminaries is too complex to visualize. A neural network
with a few layers usually has thousands to millions of weights, making it hard to visualize the full picture of
theloss landscape. To see how dropout works, a simple loss function can be defined without a neural network.
Given a function with "dropout" applied on two parameters fj, g, ¢, ¢, (X), for which the loss function can be
denoted as £ = g(0:¢1,02¢2), where g is a function we defined to create a loss landscape that we want.

With &1,¢&5 € {0, ﬁ}, we define the loss landscape with dropout as in Figure 5.4. The top left figure shows
the original loss landscape with four minima g(6,, ), while the other figures show the expected dropout loss
defined as:

0

—(1-p)? O - me g, 2y 1 p?
8p(01,02) = (1= P g =)+ pU=PIg—, 0+ pA=plgO =) +p*8(0,0) (52)

1

Figure 5.4 shows the dropoutlandscape of function g(0;¢1,602¢»), and Figure 5.5 shows the corresponding loss
function on single parameters. In both figures, the whole picture "shrinks" towards the origin. We conclude
the effect of dropout on the loss landscape as follows: 1. the loss landscape would "shrink" towards the origin
by the factor ﬁ. 2. the dropout loss of (A1, 0,) is the weighted average over 2° projections of the scaled point
(i
neurons, the weights from the same column of 8V are dropped together. Thus not every projection in the
parameter space contributes to the expected dropout loss.

) on different coordinate planes and axes of the original landscape. Since dropout is applied on the

Visualizing the loss landscape of a real-world neural network is too hard, but it is possible to draw the training
loss with respect to a single weight, which could partly reflect the sharpness of the landscape. In figure 5.6
we present the dropout training loss versus a single weight from the trained network. The dropout training
losses are approximated by the training losses of 100 realizations of dropout neural networks. All the weights
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Figure 5.4: Dropout loss landscape g (61,02) with different drop probabilities p. Top left: p=0, top right: p=0.25. Bottom left: p=0.5,

bottom right: p=0.75.
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Figure 5.5: Dropout loss g, (01,02) vs. a single weight, when the drop probabilities p = 0.5. Left: 0 is set as 0. Right: ) is set as 0.

are fixed except one. The weight is chosen from the layer where dropout is applied, which significantly affects
the original loss. When the dropout mask = neural network is fixed, this chosen weight varies within [-1.5,1.5]
to see how the training loss changes. It appears that when the dropout probability increases, the loss values
increased rapidly. Also, the dropout training loss is smoother when the drop probability is high: a minimum
in the top left figure of 5.6 is much lower than the neighbors, but in the bottom right figure, this minimum is

only a little bit better than the others.

Now we can try to explain the complexity behaviors found in Figure 5.2 by the dropout loss landscape:
dropout would bring other projections onto the sharp minima, which would not have a significantly lower
loss compared to the neighbors. Therefore, models are less likely to converge to those sharp minima. On the
other hand, when the sharpness of the original model is low, minima would not be significantly lower than
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Figure 5.6: Dropout training loss curves vs. a single weight, where the error bars represent the standard deviation created by 100 re-
alizations of the dropout neural network. The network is full-batch trained on a subset of the FashionMNIST without dropout, where
[do,dy,d2,d3,ds) = [784,64,32,32,10]. To plot the figures, we drop the second hidden layer with probability p. The weight to vary is
chosen from 8@, which is the 64x32 weight matrix.

the neighbors. Hence dropout cannot make much difference to the model’s performance.






Dataset size and Co-adaptation

In this chapter, we study how dataset size affects complexity and co-adaptation. We will also see examples of
how dropout affects the classifier and explain the results in the previous chapters.

6.1. Co-adaptation

The complexity pattern found in Section 5.1 is very inspiring. In this section, we will try further to study the
relationship between the co-adaptation and dataset size. Hinton et al. [8] suggest that dropout regularizes
models by reducing co-adaptation, which is the collaboration between neurons. Evidence found by Srivas-
tava et al. [23] showed that dropout breaks up the co-adaptation by making the presence of any particular
neuron unreliable. In our experiment, a simple method is used to measure the co-adaptation: when a model
is tested with dropout, the reduction in the performance compared to the testing without dropout.

In Figure 6.1 we present the performance results tested with dropout. The models are trained without dropout,
but a certain fraction of the neurons are dropped during the testing. The results show that models trained on
small datasets are robust to the dropout testing, while the models trained with big datasets have much worse
performance when dropout is used in the testing. More importantly, we can see the co-adaptation starts to
decrease when the dataset achieves a certain size (in Figure 6.1, when dataset size> 2000). This behavior is
also seen with the generalization gap.

0.75 —+ Test without dropout

. 1.0
Test with dropout

0.70 0.9
8] 9]
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Figure 6.1: Test accuracy vs. training dataset size. In the left figure, the blue curve represent the test accuracy without dropout:
2L (fo(Xtest), Yrest), the orange curve represent the test accuracy with dropout: £ (fg = (Xzest), Yzest). In the right figure, the blue curve
represent the training accuracy without dropout: Z(fo(X¢rain), Yirain), the orange curve represent the test accuracy with dropout:
ZL(fo,=Xtrain)s Yerain)- All the networks have [dy, d, d2, d3] = [10,100,100,2] and dropout rate [p(o),p(l),p(z),p@)] =[0.5,0.5,0.5,0].
All the networks are trained on the 10-d noise dataset. The batch size used for training is fixed as 10.
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In addition to the average reduction in the performance, we present the distribution of the reductions in Fig-
ure 6.2. We have trained 100 models with the same settings. Each model is tested with dropout 100 times. We
can see that models trained on big datasets are much more sensitive to neuron loss. Like the non-monotonic
behavior of co-adaptation, the distribution of the model trained on large datasets will be closer to 0 after
some points.
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test acc - 0.5 dropout test acc

Figure 6.2: Distribution of the test performance reduction because of dropout in testing. The networks are trained on the 10-d noise
dataset without dropout, [dy, d1, d2,d3] = [10,100, 100, 2]. The horizontal axis represents the difference between the original test perfor-
mance and the one with dropout. The dropout test accuracy is computed with [p(m, p(l] R p(z), p(3)] =10,0.5,0.5,0].

Overall, our results show that models trained on small datasets have less functioning neurons, thus, are less
sensitive to neuron loss. Figure 6.2 shows a trend that the co-adaptation will decrease even without dropout
when the dataset is too big. This pattern is also seen with the complexity in Figure 5.1, 5.2, and 5.3. It gives us
a good reason why dropout does not work well with small datasets: the models are not complex enough and
thus not very sensitive to neuron loss.

6.2. Boundary visualization

Finally, we want to study how small datasets become the reason that models are not complex. The reason can
be easily explained with some examples of decision boundaries. In Figure 6.3 we present the classification
surface of models trained on a varying number of samples.

The first thing we learn from Figure 6.3 is that dataset size does affect complexity. We will discuss the left
figures from top to bottom: in the top left of Figure 6.3, the classifier trained with only 10 samples is simple
but not very accurate; when there are 100 training samples (middle left figure), the boundary becomes more
complicated: we can see some "islands" that are mispredicted. Those "islands" are used to adapt to those
samples that a Bayes classifier could misclassify. We can imagine those complicated classification boundaries
require more neurons to work in different ways. In the end, when the training samples are so abundant that
overfitting is no longer an issue, the model makes a boundary very close to the Bayes classifier.

To see the effect of dropout, we will discuss the right figures from bottom to top: the bottom right figure has
roughly the same boundary as the bottom left one. The only change dropout brings is making the prediction
probability smaller. It is because the left boundary is already very simple. In the middle right figure, we
can see a clear picture of how dropout makes it better: The "islands" in the left figure almost disappeared,
and the prediction surface seems very smooth and simple. This shows a good example of regularization. In
the top right figure, we see that dropout does not make the classifier much better. This is probably because
the classifier in the top left figure is simple enough. It appears that dropout can make a complicated model
simpler but cannot do much if the model is simple already:.

Based on the results above, we make the conclusion as follows:
1. Overfitting small datasets does not require complex models, making the complexity of models trained

on small datasets lower than those trained on big datasets; such simple models require only a small
fraction of the neurons to work, so it is not very sensitive to neurons loss.
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Figure 6.3: Prediction probability surface of the networks trained on the 2-d Gaussian dataset. Heatmap color represents the sig-
moid predicting score over the input space. Each axis represents one input feature range from [-3,3]. All the dots indicate the train-
ing samples used to train the model, with colors mark their labels. All networks have [dy, d1, d2,d3] = [2,100,100,2] and dropout rate

[p(o],p(l),p[z

), p(3)] =1[0.5,0.5,0.5,0]. The red straight line represents the Bayes classifier. Only one network is presented in each figure,
but the pattern is found in most networks trained with the same settings.

2. Dropout only helps when the neurons work with others. If the model’s complexity is low, the neurons
typically work independently. Therefore, dropout does not help when the dataset is small.






Beyond Regularization

Although first proposed as a regularizer, dropout is not only useful in preventing overfitting. In this chap-
ter, dropout’s influence on autoencoder networks will be discussed. Some properties can be applied under
certain scenarios beyond overfitting.

7.1. Robustness and sensitivity

First proposed as a regularizer, dropout is usually studied in an overfitting situation. On the other hand,
some ideas within dropout can also being inspiring in the cases where overfitting is not an issue: adding
noise has been long applied in the autoencoder[25], where noise is added in the input and targets to improve
the robustness to noise. This application is also discussed as an interpretation of dropout by Srivastava [22].
Naturally, dropout is an easy way to add such noise.

In this section, some examples will be discussed to show that dropout can be applied in the autoencoders
to improve the robustness. We trained a simple autoencoder on MNIST, where the network structure is
[dy, d1,d, ds,dys, ds, dg] = [784,256,64,16,64,256,784]. The loss fucntion is defined as the Jacobian norm of
the difference between the input and output. Three models are trained in this experiment: one is trained
without dropout; one is trained with dropout in the encoder: [po, p1, p2, 3, P4, P5, Ps] = [0,0.5,0.5,0,0,0,0]
and one is trained with dropout in the decoder: [po, p1, p2, p3, p1, P5, psl = [0,0,0,0,0.5,0.5,0]. All models are
trained on '0’ and ’1’s. The predictions of those three models are shown in Figure 7.1 along with the input
sample in the left column. The model trained with dropout in the encoder seems to predict something sim-
ilar to ’0’ or ’1’ all the time, as shown in the second column from the right. The other two models make very
noisy predictions on those samples, since those digits are not used in training.

The same experiment on the FashionMNIST is presented in Figure 7.2. The models are trained with 'pullover’s
and 'coat’s of FashionMNIST. Compare to the results in Figure 7.1, dropout is not making a big difference on
FashionMNIST predictions. A possible explanation is that FashionMNIST is noisier compared to MNIST.
Samples in the same class of cloth could be much different on the pixel level than the digits. As a result, the
autoencoder will need to learn to adjust to the noisy input. Another interpretation is that the distribution
of 'pullover’s and 'coat’s are much wider than ’'0’s and '1’s in the input space. Therefore, the autoencoders
trained on the FashionMNIST dataset will be more active in predicting unseen data.

Our experiments show an interesting function of dropout: it helps the model to adapt to the input noise.
The behaviors shown in Figure 7.1 could be applied in some specific tasks, where the model is encouraged
to make bold predictions on the unseen data. It requires more experiments to understand this property of
dropout and apply it in applications.
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Figure 7.1: The models are trained on the '0’s and "1’s of the MNIST dataset. The first column is the input, the second column is the
prediction from the model trained without dropout, the third column is trained with dropout in the encoder, the fourth column is
trained with dropout in the decoder. The number beneath is the reconstruction loss.
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Figure 7.2: The models are trained with 'pullover’s and "coat’s of the FashionMNIST dataset. The first column is the input, the second
column is the prediction from the model trained without dropout, the third column is trained with dropout in the encoder, the fourth
column is trained with dropout in the decoder. The number beneath is the reconstruction loss.






Conclusion and Discussion

8.1. Conclusion

In this thesis project, we study how dropout affects the generalization gap, the difference between training
and true accuracy, and the test accuracy of deep neural networks. We conclude the regularization behaviors
of dropout as follows:

1. Dropout only works with reasonably training set sizes. When the dataset size is too large or too small,
dropout will not significantly improve the generalization gap nor the test accuracy. Sometimes, due to
the loss of information, dropout can even make it worse than the original models.

2. When the input features include noise, dropout does not necessarily prevent the dependence on such
noise features. When the dataset is small, dropout could even make the model rely more on the noise.

3. The network size affects the range of dataset sizes where dropout could improve the performance. If
the network is big, it needs more training samples to make dropout work.

4. The average effect of dropout can be interpreted as a data-dependent regularization term in the loss
function. This term is usually larger when the input features are larger.

5. On the average dropout loss landscape, sharp minima are smoother than those on the original loss
landscape. A potential consequence is that dropout would reduce the model’s complexity by making it
converge to a flatter minimum.

We are particularly interested in the behavior that dropout does not work well on the small datasets. It is
strange because a regularizer should work when the model is capable of overfitting all training samples. We
confirm that overfitting is very high for small datasets, where models can mostly depend on the noisy features.
To understand dropout’s preference on the dataset size, we study how the dataset size affects the model’s
complexity and co-adaptation. Three criteria are used to measure the model’s complexity: norms, sharpness,
and sensitivity. Co-adaptation is measured as the performance loss when neurons are dropped in the test
stage. We observe some behaviors of the complexity and co-adaptation vs. dataset size:

¢ Complexity and co-adaptation have the same pattern over dataset size: when the dataset is small,
complexity/co-adaptation grows with the dataset size; after hitting a peak, complexity/co-adaptation
starts to decrease.

¢ Amodel with a smaller network size could find the peak on a smaller dataset size, where complexity/co-
adaptation could still grow with dataset size for the large networks.
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32 8. Conclusion and Discussion

Based on the similar pattern found with complexity, co-adaptation, and dropout’s performance, we propose
the following explanation to the phenomenon that dropout does not work well on small datasets. When
the dataset is small, it is easier to overfit all the training samples, which means the model has no reason to
converge to a very sharp minimum. At a simple minimum, many hidden neurons are working in the same
way, thus dropping neurons would not make a difference to the model. When the dataset size grows, there
are more samples to fit, so the network needs to make full use of all the hidden neurons to make a complex
boundary. As a result, the model is very sensitive to neuron loss, which is why dropout could significantly
reduce complexity/co-adaptation on those models. When the dataset size is big enough, the model cannot
overfit all the training samples; it is forced to abandon the slight noise and to converge to a simple classifier
close to the Bayes classifier. The simple model does not need so many neurons to work, which again makes
dropping neurons insignificant. The difference to the small dataset case is that now the training samples are
more representative of the true distribution so that the simple classifier would be more accurate.

8.2. Limitations

In this project, we did hundreds of experiments to find how different hyper-parameters affect the perfor-
mance of dropout. To make sure our results are significant, we repeat each experimental setting 100 times
and report the average results in the figures. The cost is that we cannot study all the parameters which might
be relevant. For instance, the datasets used in the experiments are not diverse enough: only the Gaussian dis-
tributions for binary classification tasks are used to study the complexity trends. Although we believe these
trends are universal, more evidence is required to make such a statement. We always use ReLU as the acti-
vation function, but a different choice may affect the complexity. We only consider the fully connected deep
neural networks, while dropout is also applied in different deep learning models like convolutional neural
networks. Overall, some efforts are needed to extend our conclusions of dropout to other scenarios in deep
learning.

8.3. Future work

There are several topics that could be interesting for further research:

¢ Our work has shown the relationship between dropout’s performance and complexity/co-adaptation,
along with some intuitive explanations. But we haven't strictly proved whether high complexity/co-
adaptation is the necessary condition of exploiting dropout. Proving this relationship could make our
conclusion more convincing.

* We mostly focus on how dataset size could affect dropout, but other properties of the dataset may con-
tribute. For instance, when the Bayes classifier is very complex, dropout is more likely to make things
worse. Studying the performance in more scenarios could help us to see the full picture of dropout.

One particularly interesting finding in our project is that complexity is small when the dataset size is small. It
suggests that other regularizers may not work very well under such circumstances. Figure 8.1 shows the per-
formance comparison of models trained with dropout and those trained with weight decay. It appears that
weight decay has a very similar behavior as dropout: it only works when the training set is within a reason-
able range. Therefore, we believe some of the conclusions in this paper could hold for other regularizers. A
possible future work is to study the regularization behaviors of other regularizers on the training dataset size.
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Figure 8.1: Left: test accuracy vs. training set size. Right: generalization gap vs. training set size. The generalization gap is defined as
the difference between the training and the testing accuracy. Models are trained on the 10-d Gaussian dataset, where [dy, d1,d2,d3] =
[10,100,100,2]. For models trained with dropout, the dropout rate [p(o),p(l],p(z), p(a)] = [0.5,0.5,0.5,0]. For the models trained with
weight decay, the weight is set as 0.1. Error bars represent the standard deviations of 100 models. The batch size is fixed as 10.
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0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
(0.5, 0.5, 0.5, 0.0]

Width
10
10
100
100
100
100
100
100
100
100
100
100
100
100
10
100
100
100
100
100
100
100
100
100
100
10
10
100
10
10
100
10
10
1000
1000
1000
100
100
100
100
100
100
10
100
10
100
10
10
10
10
10
100
1000

Test acc

0.942 + 0.003
0.855 + 0.063
0.901 + 0.024
0.944 + 0.002
0.943 + 0.002
0.938 + 0.003
0.936 + 0.004
0.863 + 0.060
0.931 + 0.005
0.924 + 0.008
0.920 £ 0.011
0.917 + 0.015
0.942 + 0.002
0.940 + 0.003
0.940 + 0.003
0.926 + 0.008
0.878 + 0.047
0.912 +0.014
0.920 + 0.008
0.882 + 0.025
0.852 + 0.057
0.919 + 0.009
0.914 + 0.014
0.934 + 0.006
0.911 £ 0.018
0.943 + 0.002
0.942 + 0.002
0.943 + 0.002
0.941 + 0.002
0.942 + 0.003
0.891 + 0.029
0.942 + 0.003
0.751 +£0.011
0.752 + 0.005
0.741 + 0.007
0.728 £ 0.010
0.761 + 0.003
0.760 + 0.003
0.753 +£ 0.010
0.751 +£0.010
0.752 + 0.005
0.747 £ 0.007
0.755 + 0.006
0.748 + 0.012
0.757 + 0.006
0.756 + 0.005
0.739 + 0.009
0.752 + 0.005
0.760 + 0.004
0.761 + 0.003
0.751 £ 0.011
0.748 + 0.007
0.738 + 0.008
0.753 £ 0.010

Gene gap
0.007 £ 0.005
0.145 + 0.063
0.099 + 0.024
-0.001 £+ 0.003
0.000 + 0.004
0.017 £ 0.004
0.028 + 0.005
0.137 £ 0.060
0.061 + 0.007
0.076 + 0.008
0.080 + 0.011
0.083 £ 0.015
0.007 £+ 0.004
0.013 £ 0.009
0.009 + 0.004
0.062 + 0.013
0.122 + 0.047
0.086 + 0.015
0.080 + 0.008
0.118 £ 0.025
0.148 £ 0.057
0.081 + 0.009
0.086 +£0.014
0.036 £ 0.012
0.089 + 0.018
0.001 + 0.003
0.002 + 0.004
0.004 + 0.003
0.005 + 0.003
-0.001 + 0.004
0.109 + 0.029
-0.001 £ 0.002
0.010 £0.014
0.031 + 0.009
0.070 £ 0.008
0.129 £ 0.012
0.008 + 0.006
0.012 + 0.006
0.002 + 0.006
0.004 + 0.008
0.029 + 0.007
0.053 + 0.009
0.026 £ 0.013
0.010 £ 0.010
0.013 £ 0.011
0.030 £ 0.010
0.064 + 0.018
0.028 £ 0.011
0.005 + 0.006
0.003 + 0.005
0.006 £ 0.011
0.066 + 0.015
0.090 + 0.013
0.001 + 0.007
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Dataset

10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise

Dataset size
1000
500
200
100
50
20
10
2000
1000
500
200
100
50
20
10
2000
1000
500
200
100
5000
50
10000
20
10
10000
1000
10
1000
100
50
20
500
200
100
50
20
10
200
50
200
500
10
20
50
100
200
500
2000
100
500
10
20
10000

Dropout

0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]
0.5,0.5,0.5,0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5,0.5,0.5,0.0]
0.5,0.5,0.5,0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]
0.0, 0.5,0.5,0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
(0.0, 0.5, 0.5, 0.0]

Width
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
1000
10
1000
10
1000
1000
10
100
100
100
10
10
10
10
10
10
10
10
10
10
100
100
100
100
100
100
100
100
100
100
100
10
10
10
1000

Test acc

0.713 + 0.009
0.694 + 0.014
0.684 + 0.019
0.675 + 0.025
0.671 £ 0.030
0.645 + 0.051
0.620 + 0.064
0.740 + 0.014
0.734 £ 0.018
0.728 + 0.021
0.705 + 0.026
0.675 + 0.034
0.648 + 0.039
0.620 + 0.056
0.594 + 0.062
0.707 £ 0.012
0.706 + 0.010
0.703 + 0.013
0.694 + 0.020
0.684 + 0.026
0.758 + 0.004
0.677 £ 0.031
0.760 + 0.004
0.646 + 0.053
0.618 + 0.064
0.755 + 0.008
0.744 £ 0.013
0.617 + 0.065
0.698 + 0.012
0.700 + 0.026
0.685 + 0.037
0.641 + 0.053
0.711 +£0.014
0.672 + 0.024
0.666 + 0.031
0.664 + 0.038
0.641 + 0.059
0.619 + 0.060
0.724 + 0.018
0.668 + 0.041
0.721 £ 0.028
0.740 £ 0.015
0.622 + 0.064
0.652 + 0.051
0.684 + 0.031
0.694 + 0.024
0.707 £ 0.017
0.733 £ 0.012
0.721 +£0.013
0.696 + 0.035
0.749 + 0.009
0.612 + 0.062
0.635 + 0.068
0.754 + 0.005

Gene gap
0.208 £ 0.016
0.303 £0.014
0.316 £ 0.019
0.325 + 0.025
0.329 £ 0.030
0.355 + 0.051
0.380 + 0.064
0.016 £ 0.012
0.032 + 0.014
0.063 + 0.018
0.163 + 0.028
0.266 + 0.032
0.342 £ 0.038
0.377 £ 0.060
0.405 + 0.062
0.280 + 0.014
0.294 + 0.010
0.297 £ 0.013
0.306 + 0.020
0.316 + 0.026
0.011 £ 0.008
0.323 £ 0.031
0.006 + 0.005
0.354 £ 0.053
0.382 + 0.064
-0.000 £ 0.006
0.019 £ 0.014
0.383 + 0.065
0.285 £ 0.015
0.240 £ 0.035
0.296 + 0.041
0.357 + 0.054
0.158 + 0.023
0.324 + 0.025
0.333 £ 0.031
0.336 + 0.038
0.359 + 0.059
0.381 + 0.060
0.147 £ 0.025
0.271 £ 0.042
0.089 + 0.025
0.036 + 0.018
0.378 + 0.064
0.348 + 0.051
0.316 + 0.031
0.306 + 0.024
0.290 + 0.017
0.158 + 0.021
0.154 £ 0.018
0.170 £ 0.032
0.053 £0.018
0.386 + 0.064
0.270 + 0.063
0.017 £ 0.007
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Dataset

10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
10-d noise
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian

Dataset size
20
50

100
10
200
100
50
500
20
200
500
10
5000
100
50
20
10
500
200
100
50
10
10000
5000
200
5000
10000
5000
10000
5000
10000
20
500
200
20
2000
1000
2000
1000
2000
1000
2000
500
1000
2000
1000
2000
10
200
10
200
1000
200
100

Dropout

0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5,0.5,0.5,0.0]
0.5,0.5,0.5,0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5,0.5,0.0]
0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.0, 0.0, 0.0]
0.0, 0.5, 0.5, 0.0]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
(0.0, 0.5, 0.5, 0.0]

Width
100
100
100
10
10
10
10
10
100
100
100
100
10
100
100
100
100
10
10
10
10
10
10
100
100
10
10
10
100
100
10
10
100
100
10
10
10
10
10
10
10
100
100
100
100
100
100
100
100
100
100
100
100
100

Test acc

0.646 + 0.053
0.676 + 0.030
0.680 + 0.026
0.619 +0.078
0.725 £ 0.033
0.699 + 0.041
0.671 + 0.054
0.745 + 0.016
0.637 + 0.060
0.687 + 0.021
0.697 £ 0.014
0.607 + 0.071
0.854 + 0.002
0.801 + 0.024
0.787 + 0.036
0.771 £ 0.056
0.751 + 0.094
0.850 + 0.005
0.842 + 0.009
0.823 + 0.021
0.799 + 0.033
0.754 + 0.094
0.852 + 0.004
0.852 + 0.003
0.826 + 0.014
0.854 + 0.002
0.854 + 0.002
0.852 + 0.005
0.853 + 0.002
0.853 + 0.002
0.853 + 0.002
0.775 + 0.056
0.846 + 0.006
0.838 + 0.017
0.774 + 0.068
0.853 + 0.003
0.853 + 0.002
0.851 + 0.005
0.851 + 0.008
0.853 + 0.002
0.853 + 0.002
0.853 + 0.002
0.849 + 0.006
0.852 + 0.003
0.852 + 0.003
0.850 + 0.006
0.853 + 0.003
0.770 + 0.062
0.779 £ 0.017
0.795 + 0.044
0.803 + 0.011
0.852 + 0.003
0.841 +£0.011
0.828 £ 0.019

Gene gap
0.354 + 0.053
0.324 + 0.030
0.320 £ 0.026
0.341 + 0.094
0.050 + 0.025
0.090 + 0.038
0.168 + 0.044
0.019 £ 0.018
0.350 + 0.067
0.313 £ 0.021
0.303 + 0.014
0.388 £ 0.075
-0.007 + 0.005
0.158 + 0.032
0.208 + 0.038
0.229 £ 0.056
0.249 + 0.094
0.005 £ 0.015
0.026 + 0.022
0.079 + 0.037
0.158 + 0.046
0.246 + 0.094
-0.009 + 0.005
-0.007 + 0.005
0.067 + 0.026
-0.006 + 0.005
-0.007 £ 0.004
-0.008 + 0.006
-0.006 + 0.004
-0.006 + 0.006
-0.007 £ 0.004
0.221 + 0.059
0.014 £ 0.015
0.012 + 0.026
0.096 + 0.075
-0.006 £ 0.007
-0.003 £ 0.010
-0.007 + 0.007
-0.005 + 0.011
-0.004 + 0.007
-0.002 £ 0.010
-0.005 £ 0.007
0.005 + 0.015
-0.003 + 0.010
-0.007 + 0.008
-0.004 £ 0.011
-0.004 £+ 0.007
0.230 + 0.062
0.215 £ 0.016
0.195 + 0.062
0.122 + 0.020
0.001 + 0.009
0.025 + 0.023
0.067 £+ 0.033
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Dataset

2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian
2-d Gaussian

Dataset size
50
50

100
200
500
10
20
50
100
500
10
20
50
100
200
500
10
20
10
10000

Dropout

0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5,0.5,0.5,0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5,0.5,0.0]
0.0, 0.5, 0.5, 0.0]
0.0, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]
0.5, 0.5, 0.5, 0.0]

Width
100
10
10
10
10
100
100
100
100
100
10
10
10
10
10
10
100
100
10
100

Test acc

0.807 + 0.030
0.810 + 0.043
0.834 + 0.024
0.842 £ 0.016
0.848 + 0.009
0.732 +0.101
0.760 + 0.068
0.797 + 0.047
0.828 + 0.023
0.847 + 0.009
0.786 + 0.073
0.809 + 0.041
0.827 + 0.026
0.841 + 0.013
0.845 + 0.010
0.851 + 0.005
0.774 + 0.077
0.795 + 0.048
0.747 + 0.090
0.852 + 0.004

Gene gap
0.136 + 0.042
0.045 + 0.053
0.022 + 0.034
0.007 + 0.025
-0.002 £ 0.016
0.162 £ 0.115
0.116 £ 0.075
0.059 + 0.049
0.030 + 0.038
0.001 + 0.017
0.200 + 0.083
0.138 + 0.054
0.070 £ 0.049
0.033 £ 0.036
0.016 + 0.024
0.002 + 0.017
0.225 £ 0.079
0.201 + 0.050
0.140 £ 0.092
-0.008 + 0.005
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