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In this paper, we show the mathematical equivalence of two popular modulation schemes: OSDM and OTFS.
The former is mainly used in underwater acoustic communications, while the latter scheme is a promising
modulation technique in radio-frequency communications. Although literature suggests a link between the two
modulation schemes by connecting them to related modulation schemes like V-OFDM and A-OFDM, to the best

of the authors’ knowledge, a direct mathematical comparison between the schemes has not been presented
yet. The main purpose of this paper is therefore to show the mathematical equivalence of the two schemes.
In addition, by combining the knowledge of acoustic and radio-frequency communications, we give insight in
the performance of OSDM/OTFS in terms of intersymbol interference (ISI) and intercarrier interference (ICI)
by analyzing its signal structure.

1. Introduction

The use of mobile communication systems is increasing rapidly.
However, as every communication link has certain limitations, more
efficient use of existing links is of paramount importance. Modulation is
one of the tools that can be used to get the most out of a communication
link.

We identify two main fields of research where the design of modula-
tion techniques is addressed: underwater acoustic communications and
radio-frequency (RF) communications. In RF communications, high-
mobility scenarios and higher/broader frequency bands bring new
challenges, including significant delay and Doppler spread due to the
frequency selective fading and the dynamics in the environment respec-
tively. Due to the fast attenuation of electromagnetic waves in (sea)
water, underwater communication is primarily based on the use of
acoustic pressure waves. However, the underwater acoustic channel
is often deteriorated by significant delay and Doppler spread as the
environmental variability is overlapping with the temporal and spatial
scales of the acoustic signals. Causes of variability typically are varia-
tions in the sound speed profile, the movement of surface waves and
the relative movement of transmitter and receiver.

Although the two fields differ in some aspects, the problems and
proposed solutions in terms of modulation techniques are very similar.
OSDM and OTFS are two modulation schemes that are used in un-
derwater acoustic communication and radio-frequency communication,

* Corresponding author.

respectively. OTFS involves initially mapping symbols from the delay-
Doppler domain to the time-frequency domain and subsequently to
the time domain using the Heisenberg transform. OSDM utilizes shift
orthogonal sequences and connects OFDM and single carrier (SC) mod-
ulation, essentially acting as a precoded variant of OFDM. Due to their
distinct origins, the relationship between OTFS and OSDM is not readily
apparent. In this paper, we show that OSDM and OTFS are mathemati-
cally equivalent, by deriving equivalent input-output relations of both
techniques from first principles presented in [1] and [2], respectively.

Throughout this work, the following notation is used. A, [A],,, and
a denote a matrix, its element in the m’th row and »’th column, and a
vector, respectively. I is the N X N identity matrix and 1, is the
M x N all ones matrix. (-)7, ()* and (-)¥ denote the transpose, complex
conjugate and Hermitian, respectively. j is used for the imaginary unit,
and ®, o and © are used for the Kronecker product, Khatri-Rao product
(column-wise Kronecker product) and Hadamard product. FZ is the

.k
N x N normalized IDFT matrix with elements WI’\j = L2w,

2. Related work

In RF communication, the conventional modulation technique
OFDM, orthogonal frequency-division multiplexing, is not suitable
for environments with large Doppler spread, as it will suffer from
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Fig. 1. Structure of transmitted signal for SCM, OFDM and V-OFDM/OTFS/OSDM.

intercarrier interference (ICI) [3]. Orthogonal time frequency space
(OTFS) modulation [2] has therefore become the new state-of-the-
art modulation technique being more robust in channels with large
Doppler spread.

OTFS modulation defines symbols in the delay-Doppler (DD) do-
main, after which they are transformed to a time domain signal before
transmission. By defining symbols in the DD domain, full channel diver-
sity over time and frequency can be obtained. In general, OTFS is said
to be favorable (lower peak-to-average-power ratio (PAPR) and less
ICI) in systems with high Doppler and short symbol periods, compared
to OFDM [2,4,5]. For that reason, the use of OTFS in 5G networks is
currently studied [6,7], and it is considered as one of the contending
modulation schemes for 6G networks [8]. Before its first introduction
in [2], the OTFS method was patented in the United States by Hadani
and Rakib [9].

Generalized frequency division multiplexing (GFDM) [10] was in-
troduced to exploit white spaces in case of (strong) spectrum fragmen-
tation. Compared to OFDM, GFDM has lower PAPR. Nimr et al. [11]
extended the GFDM framework and noted that there is a close rela-
tionship between GFDM and OTFS. To be more specific, the modulated
symbols of GFDM and OTFS are equal up to a permutation.

Asymmetric OFDM (A-OFDM) was proposed to bridge single carrier
modulation (SCM) and OFDM, arguing that flexibility between the
two increases the overall performance [12]. A-OFDM is based on the
divide-and-conquer algorithm, used for the fast Fourier transform (FFT)
algorithm. Raviteja et al. [13] showed that A-OFDM is equivalent to
OTES.

In coherent underwater communications, initially, modulation tech-
niques such as SCM [14] and OFDM [15] were used. However, two
decades ago, orthogonal signal division multiplexing (OSDM) was in-
troduced as an alternative, which performs much better in terms of bit
error rate (BER) and has a lower PAPR [1,16-19].

Xia [20] proposed vector-OFDM (V-OFDM) as a special case of
precoded OFDM. Compared to conventional OFDM, the overhead due
to the cyclic prefix (CP) is reduced by the use of precoding. In [21,22]
the “compatibility" between V-OFDM and OSDM was noted. In [23],
the mathematical equivalence between V-OFDM and A-OFDM was
remarked. Although the two are equivalent, A-OFDM and V-OFDM
seem to be inspired on different principles. Recently, Xia argued that
the transmitted signals of V-OFDM and OTFS are the same [24].

As the literature suggests, OSDM and OTES are related by con-
necting them with V-OFDM. However, to the best of the authors’
knowledge, a direct mathematical comparison is still missing. Indepen-
dently from this work, Dong et al. [25], recently mentioned the relation
between OSDM and OTFS, however, without any mathematical proof
or background. Therefore, in this paper, we show the mathematical
equivalence of the two schemes, and show their relation to V-OFDM.

3. Modulation techniques

In this section, we discuss V-OFDM, OSDM and OTFS. By {s,} f:‘ol we
denote the sequence of symbols we want to modulate and transmit over
the channel. The output of the modulation will be denoted by {x, } f:‘ol.
To make a fair comparison, we will compare the modulation techniques
without the source coding, transmit pulse and carrier frequency.

3.1. V-OFDM

V-OFDM divides the sequence of symbols into N subblocks of length
M, thus K = NM. In matrix notation, S = [sy,...,Sy_;], where s, =
[Spar40s Sup+1 -~ » Spmsani—1]7 - Then, an N-point IDFT is performed on
the rows of S. The modulated symbols become,’

x = vec(SF) = (FI)T @ I),) vee(S) = (Fi @ I)y)vec(S) = (Fi @ I,)s.
)

By performing an IDFT on the rows of S and vectorize columns of length
M, it is as if we zero-pad each sample with M — 1 zeros before we
compute the IDFT. As a result, we get M (block) repetitions in the
frequency domain. Similarly we get repetitions in the time domain. The
IDFT matrix FZ has N rows, so each element in s will appear N times in
the output vector x, resulting in N (block) repetitions in time. Fig. 1(c)
shows the structure of the transmitted signal for V-OFDM.

From Fig. 1(c), one can see that if (M # 1 AN # 1), the structure of
the transmitted signal of V-OFDM is fundamentally different from SCM,
shown in Fig. 1(a), and OFDM, shown in Fig. 1(b). Each symbol now
appears on an M x N grid.

From (1) it is clear that V-OFDM can make a compromise between
SCM and OFDM. When M = 1, (1) reduces to x = FZs, and thus, V-
OFDM is equal to OFDM. Similarly, when N = 1, (1) reduces to x = I s,
and V-OFDM equals SCM. Due to the flexibility, one would say that
V-OFDM is generally more robust against Doppler spread than OFDM
and more robust against intersymbol interference (ISI) than SCM. In
Section 4 we will discuss its exact properties.

3.2. OSDM

Let K = N M. OSDM then splits the symbol sequence {s, } ,’f:‘ol into N
sequences of M symbols. Thus, again, s, = [S,4140s Surs1s - » Sumas—11°
is the n’th sequence of M symbols, corresponding to the n’th column
of S. Then, the modulated NM x 1 symbol vector x is the summation

1 Note that for the matrices A, B and C, vec(ABC) = (CT ® A)vec(B), and

; H 3 H\T _ gpH
that since F v is square, (Fy)" =Fy.
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over all the columns, where to each column s, the Kronecker product
with £*, the (n + 1)’th column of Fﬁ, is applied.

X= Zf;‘@sn. )

Note that, using the mixed-product property, the periodic cross-correl-
ation between the sequences (f:1 ® s,,) and (f,’,‘2 ® sp,) is zero at
every term for n; # n,. The derivation of this property is given in
Appendix. The zero periodic cross-correlation property is very useful
as will become clear in Section 4.

However, (2) can be rewritten as follows,

N-1
X = Z f: ®s,
n=0

= vec(I,SFH) = (FI @ I, )vec(S) =

= (FoS)1y,, = vec(SIyF) 3)

FT@T)s.

From (3) it is clear that OSDM coincides with V-OFDM, as was re-
marked in [21,22]. The structure of the transmitted signal of OSDM
can therefore also be depicted by Fig. 1(c). In [19] it was shown that
OSDM (and thus also V-OFDM) has lower PAPR compared to OFDM.

We want to emphasize here that due to the mentioned zero periodic
cross-correlation, the ISI (thus the interference between the block rep-
etitions of S in Fig. 1(c)) is eliminated. Hence, V-OFDM and OSDM can
do with only one CP per N repetitions of S in time [19].

3.3. OTFS

OTFS defines its symbols in the DD domain, spplk,/], for k =
0,...,M —1land ! = 0,..., N — 1. The symbols are first mapped to
the time-frequency (TF) domain using a combination of the inverse
discrete symplectic Fourier transform (DSFT) and windowing [2], for

m=0,.. . M—-1landn=0,...,N—1,
M—1N-1 .
stplm, nl = wlm, nl 2 Z spplk, lle” 2’”"'Me2’”" , 4
NM =0 1=0

where w,[m, n] is the weight of the window. In literature, these weights
are predominantly left out or set to one [13,26-29]. The use of weight-
ing functions different from all ones was investigated in [30]. A per-
formance improvement was found only when the estimated channel
state information (CSI) is present at both the receiver and transmitter,
which is a scenario that is never satisfied in practice. Additionally,
the performance improvement is strongly dependent on the type of
detection. Thus, choosing a different weighting function is in general
not beneficial. Therefore, in this paper, we will use a weighting function
of all ones.

Note that the DSFT is equivalent to consecutively performing an N-
point IDFT and an M -point DFT on spp[4, /]. In matrix—vector notation
one could write, Sp = Wi, © (Fy SppF ), where Stp, Wy, and Spy, are
matrices of size M x N with elements stg[m, n], wy[m, n] and spplk, 1],
respectively. The symbols in the TF domain are then converted to the
time domain by the Heisenberg transform [2],

GG spplmnl 2ejm 4 (=nMT)
=55 A ®

m=0 n=0 \/ﬁ

where g, (¢) is the transmit pulse and Af = % From (5), one would not
directly see the link between OTFS and V-OFDM and OSDM. However,
by adopting the translation t — m'T + n’ MT in (5) we can make the
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connection. To do so, we write out the translation in (6),

M-1N-1
x(m'T+n' MT) = L Z 2 spplm, nlge(m'T + 0’ MT
\/M m=0 n=0

_ nMT)eanm (m T+n' MT—nMT)

M-1
(@)

2
= Z stplm, n' g (m'T)e wjm g (')

\/Mm()
M-1

m/
= gtx(m'T)L Z sTF[m,n’]ez’”'"ﬁ
M

M-1 M-1N-1
1 / 1 27rjmk 27
= gu(M'T)— Y [wtx[m,n] 33 spplk. e e N]
VM m=0 VNM k=0 I=0
x eZﬂjmmﬁ
® | MZtMoiN- e ,
727rjm Ly
= g(m'T) Z 2 Z spplk, e M e”/N
M\/ﬁ m=0 k=0 [=0
1 N orimkem Y o inl
= g (' T)—— Z Z spplk. 1][M - ’”mT]e i %
1=0 k=0
(c) 1 Nl 'l
= gx(m'T)—= Y spplm’, 117 .
VN =0

(6)

where for (a) we have used that g, (¢) is zero outside the interval
[0, MT), for (b) we have used that wy[m,n] = 1 and for (c) we have
used that,

M-1 L P
L Z e_2,,jmk7 _ 1 lf, k=m @
M = 0 otherwise.

Now we stack M samples of x(r), namely x(m'T + n'MT) for m' =
0,1,..., M, in one column. Using the result in (6) we can write,

x(O0-T +n' MT)
x(1-T+n'MT)

X(M = )T +n' MT)

sppl0, /]
1N et 8a0-1) 0 DDn n
== Z e : : *o’
VN = 0 (M -1)-T) :
b oplM —1.1]
1
| SDDFO,O] . sppl0, 'N—l] ez,,jnﬁ’
= —=Gy : - : .
VN spplM —1,0] - spp[M —1,N —1] SN
27j ——~—
e N
1
275/’i
1 e N
= —GuSpp : . (8)
VN ;
2 n (N-1)

Here Gtx = dlag (gtx(o : T)7 gtx(l : T)» sgtx((M - 1) . T)) and [SDD]m,n =
spplm, n]. If we then take N columns of M samples, we can write
X = Gy SppF%, where [X],,, = x(mT + nMT). The modulated symbols
including a transmit pulse are,

x = vee(X) = vec(G, SppFi) = (F @ G)s = Iy ® G )(FH ®1,,)s. (9)

where s = vec(Spp). Note that, by not considering the transmit pulse
for V-OFDM and OTFS, it is implicitly assumed that a rectangular
(transmit) pulse is used. Therefore, to make a fair comparison with the
other modulation schemes, we should use a rectangular pulse for OTFS
as well, such that the transmitted symbols for OTFS become

x=F}H @I)s. (10)
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From (10) it is clear that OTFS coincides with V-OFDM and OSDM.

Before we continue, a final remark about the transmit pulse is
in order. In [2] it is assumed that the transmit and receive pulses
g () and g, (¢) are bi-orthogonal with respect to a translation of an
integer multiple of MT in time and 1/MT in frequency. Additionally,
it is assumed that g, () and g (r) are bi-orthogonal with respect to
a translation of an integer multiple of 7' in time, within the support
of the channel (maximum time delay), and to a translation of an
integer multiple of 1/T in frequency, within the support of the channel
(maximum frequency shift). This can actually never be satisfied by g, (1)
and g (7) in practice [28]. In current literature a rectangular pulse is
predominantly used (see e.g. [13,27,28]), since the use of a rectangular
function for the transmit pulse is the optimal in terms of BER (see [29],
Fig. 1).

4. Influence of the channel

In this section, we will discuss the properties of V-OFDM/OSDM/
OTFS with respect to different channel characteristics. We want to
stress, however, that the equivalence between the modulation schemes,
as shown in the previous section, does not depend on these channel
characteristics.

In Section 3.2 we saw that for V-OFDM/OSDM/OTFS, the modu-
lated symbol vector x is the summation over the sequences (f} ® s,,),
which have zero periodic-cross correlation across »n. In this section,
we investigate if this property remains after propagating through the
channel with delay and Doppler spread.

The communication channel can be approximated by a basis ex-
pansion model (BEM) [31,32]. In a BEM, the delays® are modeled
by a linear filter, which (assuming a CP is used) is described by a
circulant matrix H, € CX*K, defined by the taps of the filter, i, , for
k =0,1,...,K — 1. A Doppler shift is modeled by a diagonal matrix,
A, = diag(w?, wl,.. ,WIEK_”"). An effective channel with both delays
and Doppler shifts is thus described by, Heg = ZqQ:_ o AH,.

Let Py be the cyclic permutation matrix of size K. As was mentioned
earlier (and shown in Appendix), the sequences have zero periodic-
cross correlation across n, that is,

@ ®s,)Ph(r ®s,)=0, n #ny, Vke{0,1,...K~1}. an

We note that a circulant matrix is a summation of weighted cyclic
permutation matrices, i.e. H, = Zsz_ol hk,qP’;(- As a result, the sequences
remain orthogonal after propagating through a channel H, without

Doppler shifts with only (possibly multiple) delays,

K-1
€ ® snl)HHq(f:2 ®s,,) = ® Snl)” ( Z hk,qlr’;()(f;2 ®s,,)
k=0

K-1
= D ) ®s,)" Pt ®s,) (12
k=0

K-1
=Y hy-0=0, n #n,.
k=

This means that there is no ISI between the symbols of different
sequences and as such the receiver can process the sequences inde-
pendently. This can be further clarified when we look at the transfer
function between transmitter and receiver where the modulation, the
channel and the demodulation are aggregated. The receiver demodu-
lates the received signal using (Fy ® I,). The transfer function for the
symbols becomes,

1:Il =Fy ®IM)Hq(FZ ®Iy). 13

2 Note that delay spread and Doppler spread encompasses the collective
effect of all the delays and Doppler shifts respectively. Hence, the effect of
delay spread and Doppler spread are discussed in terms of multiple delays
and Doppler shifts.
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The matrix H, is block diagonal (N blocks of size M) [33], due to the
zero cross-correlation property in (12).

However, the sequences do not remain orthogonal if a delay and
Doppler shift is considered, since A H, is not circulant and thus not a
summation of weighted permutation matrices anymore. There exists at
least one pair® (n;,n,) € {1,2..., N}? such that n; # n,, for which,

* H *
& ®s,)" AH () ®s,,) #0. a4

Therefore, the receiver cannot process the sequences independently
anymore. Moreover, since the sequences do not remain orthogonal, the
transfer function,

H, = Fy @I;)AH,FI @1,), (15)

is not block diagonal, which is another way of describing that the
sequences cannot be processed independently.

Overall, we can conclude the following about the tolerance of
V-OFDM/OSDM/OTEFS against Doppler shifts. If the channel experi-
ences only one Doppler shift, thus a channel of the form A, H,,
the receiver can still compensate for this one Doppler shift before
demodulation and further processing, namely by multiplying with Aq‘l.
Hence, interference between sequences can still be avoided. How-
ever, when the communication channel consists of multiple delays, of
which at least two have different Doppler shifts, thus a channel of the
form 3, A, H,, this compensation before demodulation is not possible
anymore. Consequently, interference between different sequences is
inevitable.

Therefore, the claim that V-OFDM/OSDM/OTFS is more robust
against Doppler shifts than OFDM (e.g. [2]) should be interpreted care-
fully. V-OFDM/OSDM/OTFS can only outperform OFDM if the right
processing is performed at the receiver. Han et al. [33] described such
a receiver that cancels the ICI between the blocks in H,. Alternatively,
Raviteja et al. [29] describe a receiver in the delay-Doppler domain.
Similar to OFDM, V-OFDM/OSDM/OTFS can also have guard bands to
be (more) tolerant of large Doppler spread, as was proposed in [34]
and was called Doppler resilient OSDM (D-OSDM).

5. Conclusion

In this paper, we have shown that OSDM and OTFS are math-
ematically equivalent by deriving the input-output relation of the
modulation techniques from the first principles presented in [1,2],
respectively. Additionally, we have given insight in the performance
in terms of ISI and ICI by discussing its signal structure.

Due to the equivalence, all the results that have been presented
in underwater communications on OSDM can be carried over and
continued in RF communications on OTFS, and vice versa. We conclude
that, while OTFS may be derived from different principles, the result-
ing modulation technique is equivalent to V-OFDM, A-OFDM (shown
in [13,23]) and OSDM (shown in this paper) which where all invented
prior to OTFS.
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Appendix. Orthogonality of sequences of V-OFDM/OSDM/OTFS

In this appendix we will show that the sequences that of the OSDM
signal have zero periodic cross-correlation. Let the sequences be defined
by (f*®s,), and let Py be a cyclic permutation matrix of size K = N M.

First, note that the columns of a (I)DFT matrix are orthogonal,
f;l H f:z = 0, if n; # n,, and remain orthogonal also after a cyclic
permutation, thus we have,

Hpk —
£ TPLEr =0,

e ny #ny, Yk € {0,1,.... K —1}. 16)

Then, note that the sequences are orthogonal, that is,

* H  px _ px Hex H _ H —
(€, ®s, )", ®s,,) = ", ), "s,) =08, s,,)) =0, ny #ny.
a7)

We can rewrite the cyclic permutation matrix, Py = Iy ®L),+Py ®
U,,, where L, is a cyclic permutation matrix of size M except for the
top right element, which is zero, and U, is a zero matrix of size M
except for the top right element, which is one (thus Py, = L,, + U,,).
For the sequences we can then show that,

& ®s,) Pt ®5,,)

=, ®s,) Iy @ Ly +Py ® Uy, ®s,,) =

= (£ A+ PaE, ) @ (5, (Lag + Upps,, )

=0+0)® (s,,lH(LM +UM)s,,2> =0 n #n,. (18)

Thus the sequences remain orthogonal after a cyclic permutation. To
show that the sequences of OSDM have zero periodic cross-correlation,
we have to show their orthogonality for (all) multiple cyclic permuta-
tions. For two cyclic permutations we can write,

P2 =(Iy®Ly +Py®U,)°
=1, L)+ @, @U3)+(®y ®LyUy) + Py ®UyLy). (19)

Note that for any number of cyclic permutations, one can always write

2k
Py = Zfi(IN’PN)®gi(LM’UM)a ke{0,1,....K -1}, (20)
i=1
where f;(Iy,Py) is a function which depends only on Iy and Py,
and g;(L,s, Uy, is a function which depends only on L,, and U,,.
Now we can show that the sequences of OSDM have zero periodic
cross-correlation,

* Hpk g+
(t, ®s,)" Py, ®s,,)
=t ®s,) Iy ®Ly +Py ® UM)"(f;‘2 ®s,,)
2k
= ®s,)" | Y fily.Py) ® gLy, Upp) | (£ ®5,,)
i=1
2k 2k

=6 T Y Ay P | (@50, [ D &iar Upp) |s,,
i=1

i=1
2k
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