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Chapter points

� An algorithm is proposed for the generation of representative volume elements (RVEs)

with misaligned fibers. The fibers are modelled as Bézier curves whose control points are

moved in a semistochastic fashion in order to introduce waviness. The algorithm consists

of two components: a stochastic process and an optimization procedure. The latter ensures

that the waviness of the RVEs is statistically representative of the actual material.
� A computational framework to model the longitudinal failure of fiber-reinforced compo-

sites, in both tension and compression is presented. An analysis of the material failure

onset and propagation is conducted with respect to the misalignment angle distribution in

order to understand its effect.

12.1 Introduction

Micromechanical analysis can be classified as a powerful means to increase the

understanding of the effect of material architecture and properties of the constitu-

ents on the overall mechanical response of unidirectional (UD) composites. Its use

can serve many purposes: (1) gain unique insights on the damage onset and propa-

gation in the material; (2) allow the application of complex stress states otherwise

difficult to enforce experimentally; and (3) generate failure envelopes, providing a

way to validate analytical failure criteria (Camanho et al., 2015).

The focus of this chapter resides in the longitudinal failure of UD composites, in

both tension and compression. The difficulty in modelling such failure types lies in

the fact that complex damage mechanisms arise and their modelling requires special

care.
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Longitudinal failure in tension is characterized by a complicated process involv-

ing the preliminary fracture of individual fibers, the formation of clusters of fractured

fibers, and ultimately, the final failure of the composite. Modelling this type of dam-

age mechanism requires the use of extremely large RVEs, which the associated

computational cost is often prohibitive. Differently, longitudinal failure in compres-

sion is associated with the onset and propagation of a kink-band, a complex failure

mechanism that consists of different steps: the initial rotation of the fibers; followed

by shear failure of the matrix, causing an unstable condition with the formation of a

kink-band; the progressive bending/shearing deformation, causing softening of the

material; and finally, the steady-state band broadening terminated by fiber snapping.

Again, modelling this complex failure mechanism requires the use of large RVEs

and similar considerations apply with regard to their computational cost.

Fibrous reinforcements, which are embedded in the matrix material, possess a

certain waviness (or misalignment). Modelling-wise, their misalignment is often

neglected, due to its difficulty. This may be justifiable when modelling the trans-

verse failure of the material. However, it should be considered when modelling the

longitudinal failure of the composite. Several approaches have been proposed to

model regular or stochastic waviness, but none of them is able to ensure that the

modelled misalignment is statistically representative of the actual waviness of the

material, except for the approach proposed in the following, where the statistical

representativeness of the fiber misalignment is addressed.

In the following, all points mentioned above will be discussed and reviewed in

detail at the beginning of each section. The structure of this chapter is organized as

follows: Section 12.2 presents a methodology for the modelling of fiber waviness;

in Section 12.3, the main constitutive models for the material constituents and the

interface are reported; and finally, in Section 12.4, micromechanical analyses are

reported and discussed for longitudinal loading, in both tension and compression.

12.2 Representative volume element generation:
focusing on the fiber waviness

High-fidelity micromechanical analyses of fiber-reinforced composites rely on the

detailed description of the material microstructure. To this end, several have been

the algorithms proposed for the generation of RVEs, and of which a summary is

reported in Chapter 2, Microscale Representative Volume Element—Generation

and Statistical Characterization, of this book. This effort has consisted of modelling

UD fiber-reinforced polymers (FRPs) by means of two-dimensional (2D) RVEs,

where the target has been on the generation ofthe 2D fiber distribution (Melro

et al., 2008; Vaughan and McCarthy, 2011). Three-dimensional (3D) RVEs have

been obtained by extruding the 2D RVEs in the longitudinal (fiber) direction, con-

sequently considering all fibers to be perfectly aligned and parallel.

In reality, fibers are not all perfectly aligned, and their misalignment needs to be

taken into account. This waviness has been modelled as regular, when an analytical

350 Multi-Scale Continuum Mechanics Modelling of Fibre-Reinforced Polymer Composites



expression is assumed, or random, which is generated through a stochastic process.

Neglecting the first case, since it is too simplistic for a high-fidelity simulation, the

algorithms able to model waviness in fibrous materials (Faessel et al. (2005),

Altendorf and Jeulin (2011), Herasati and Zhang (2014), Recchia et al. (2014), and

Stein et al. (2015) have failed in ensuring the numerical misalignment to be statisti-

cally representative of the experimental one.

To the authors’ knowledge, the methodology recently proposed by Sebaey et al.

(2019) and by Catalanotti and Sebaey (2019) is the only one being able to generate

a statistically representative numerical fiber distribution. Its details are given in the

following.

12.2.1 Spatial descriptors for fiber waviness

Let x, y, and z be the longitudinal, transverse, and through-thickness directions of

the material, and î, ĵ, and k̂ the associated relative unit vectors, respectively.

Despite the different approaches proposed (Yurgartis, 1987; Clarke et al., 1995;

Creighton et al., 2001; Kratmann et al., 2009; Requena et al., 2009; Sutcliffe et al.,

2012), it is convenient to take the following spatial descriptors (Fig. 12.1):

� φzx, the angle that the projection of the tangent vector v onto the plane of normal k̂ (plane

in green in Fig. 12.1),

projk̂ vð Þ5 v- vU k̂
� �

k̂ (12.1)

forms with the nominal direction of the fiber, î,

Figure 12.1 Angles that characterize fiber misalignment.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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φzx 5 arccosprojk̂ vð ÞU î
:projk̂ vð Þ:

(12.2)

� φyx, the angle that the projection of the tangent vector v onto the plane of normal ĵ (plane

in blue in Fig. 12.1),

projĵ vð Þ5 v- vU ĵ
� �

ĵ (12.3)

forms with the nominal direction of the fiber, î,

φzx 5 arccosprojĵ vð ÞU î
:projĵ vð Þ:

(12.4)

� αxy, the angle that the projection of the tangent vector v onto the plane of normal î (plane

in red in Fig. 12.1),

projî vð Þ5 v- vU î
� �

î (12.5)

forms with the transverse direction, ĵ,

αxy 5 arccosprojî vð ÞU ĵ
:projî vð Þ:

(12.6)

Of these three angles, αxy has no importance since it does not affect the homoge-

nized material properties in compression. Moreover, measuring αxy is not an easy

task.

On the contrary, the in-plane and out-of-plane misalignment angles, φzx and φyx,

respectively, are known to have an influence on the longitudinal compressive

response. In composites, these two angles may assume to be different or the same,

depending on the manufacturing process. In the following, we will indicate any of

the two angles as φ in order to simplify the notation.

12.2.2 Algorithm for representative volume element generation

12.2.2.1 Modelling the waviness of the fibers

The fibers are modelled as Bézier curves, and misalignment is introduced moving

their control points following a stochastic process. Initially, the position of the per-

fectly aligned fibers is calculated following the procedure proposed by Catalanotti

(2016); when the desired distribution is achieved, misalignment is introduced.

Considering the coordinate system previously presented (Fig. 12.1), let the RVE

be prismatic and with dimensions Hx 3Hy 3Hz, let nF be the number of fibers and

n the number of control points of each Bézier curve (from 0 to n2 1). Each fiber

can be expressed as:
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B tð Þ5
Xn
i50

n

i

� �
12tð Þn2itiPi; 0# t# 1 (12.7)

where Pi 5 xi; yi; zi
� �T

are the coordinates of the ith control point. Therefore, in the

RVE, there will be nUnF control points, from 0 to nFUn2 1, and these can be moved

in order to achieve the desired misalignment. This is done in several iterations. At

the Ith iteration, the randomized sequence of integers from 0 to nFUn2 1, πI , is cal-

culated. Iterating over this sequence, the Jth element will isolate a control point,

K5 πI Jð Þ, which is selected and moved. Its position that was calculated in the itera-

tion I2 1 will be updated as following:

PI
K 5PI21

K 1 uIK (12.8)

assuming the displacement uIK to be:

uIK 5 ρIK 0; cosθIK ; sinθ
I
K

� �T
(12.9)

where θIK and ρIK are the coordinates of the control point with respect to the polar

coordinate system lying on the plane perpendicular to x and with origin at PI21
K

(Fig. 12.2).

The angular coordinate, θIK , is chosen to be:

(A) (B)

Figure 12.2 Schematic representation of a fiber as a Bézier curve and relative control

polygon: (A) 3D view and (B) planar view. The black and red circles indicate the position of

the control point at iteration I2 1 and I, respectively. The blue circle is the center of the

intersection between the fiber and the plane of normal î. The star indicates the furthest

position that could be assumed by the control point K at iteration I.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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θIK 5 2πU (12.10)

where U is a continuous random variable uniformly distributed in the interval 0; 1½ �.
The radial coordinate ρIK is selected through a stochastic process, in the range

0;ρIK
� 	

, where ρIK is the maximum value that can be assumed by ρIK before occur-

ring interpenetration between the fiber owning the control point K and the sur-

rounding ones.

12.2.2.2 Determination of the radial coordinate ρIK
By applying the aforementioned stochastic process, the misalignment can be intro-

duced in the fibers (Fig. 12.3), and the distribution of the misalignment angle, φ,
can be calculated estimating the tangent at several points of the Bézier curves. This

distribution, however, will still not be statistically representative of the misalign-

ment angle distribution determined experimentally.

In order to ensure the statistical representativeness of the numerical distribution,

Catalanotti and Sebaey (2019) proposed to combine the stochastic process with an

optimization procedure. The numerical distribution was obtained by choosing the

value of ρIK which minimizes the difference between the numerical and experimen-

tal distributions. This is achieved by considering the likelihood and the probability

of the two distributions.
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Figure 12.3 Fiber misalignment through the perturbation process: (A) initial configuration

and (B) perturbed configuration.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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Minimizing the standard error of the likelihood
If the likelihood is considered, λK

I is selected in order to minimize the standard

error (SE) of the maximum likelihood estimate (MLE). If φ̂ is the MLE parameter

for φ, the SE reads:

SE φ̂
� �

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var φ̂

� �r
(12.11)

where Var φ̂
� �

is the asymptotic covariance matrix which, at the Ith iteration, takes

the value of SE φ̂ λK
I

� �� �
. Therefore, λK

I can be selected in order to minimize the

SE. If, for example, the misalignment angle distributes as a von Mises distribution

of mean direction μ, and concentration parameter κ, its probability density function

is given by Mardia and Jupp (2008):

g φ;μ;κð Þ5 1

2πI0 κð Þ e
κcos φ2μð Þ (12.12)

where I0 is the modified Bessel function of the first kind and order 0. In this case,

if φ1; . . .;φj; . . .;φN

� �
is a random sample from the same distribution, the MLE for

the mean direction is simply μ̂5φ, where φ is the circular mean of φj, while the

MLE for the concentration parameter, κ̂, is obtained solving the equation A κ̂ð Þ5R,

where:

A κð Þ5 I1 κð Þ=I0 κð Þ (12.13)

and the mean resultant length, R, reads:

R5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C
2
1 S

2

q
; C5

1

N

XN
j51

cosφj; S5
1

N

XN
j51

sinφj (12.14)

Since the mean direction has to be the longitudinal direction of the composite, it

can be imposed that μ5 0, making the angular distribution to be fully characterized

by the MLE parameter, κ̂. Minimizing the SE at each iteration yields the desired

numerical distribution (Fig. 12.4).

The experimental distributions are determined through the usage of computed

tomography (CT) scans, allowing for the footprint of individual fibers to be tracked

and fit the obtained data using the von Mises distribution presented in Eq. (12.12),

thus quantifying the experimental degree of fiber misalignment (Sebaey et al.,

2019).

Minimizing the standard error of the probability
If QðpÞ denotes the quantile function, and Y and Ŷ are the vectors containing the

p-quantiles calculated at the values 1=p; 2=p; . . .; ðp2 1Þ=p� �
for the experimental
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and numerical distributions, respectively, the two distributions can be matched min-

imizing the SE defined as:

SE5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

p

Xp
i

Y pð Þ2 Ŷ p λK
I

� �� �� 	s
(12.15)

The match between the two distributions is noteworthy (Fig. 12.5B). It should be

observed that, in this case, it is not necessary to assume any analytical formulation

for the misalignment angle.

12.2.2.3 Periodicity of the representative volume element

In order to impose periodicity of the RVE, the distance between two fibers of coor-

dinates l and m, is not given by the Euclidean distance, but must be calculated as

(Catalanotti, 2016):

dlm 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
j51

min l jð Þ2m jð Þ


 

;H jð Þ2 l jð Þ2m jð Þ



 

� �� �2vuut (12.16)

where H5 Hx;Hy;Hz

� �T
. To calculate ρIK , the control point, K is iteratively moved

by Δρ until when, after s iterations, the contact between the fiber and the

Figure 12.4 Experimental and numerical distributions obtained by minimizing the SE of the

likelihood.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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surrounding ones occurs [min dlmð Þ, 2R, being R the radius of the fibers].

Therefore, the maximum value of the radial coordinate, ρIK , is taken as ρIK 5 sΔρ.
With the Bézier formulation, it is straightforward to impose periodicity in the x

direction, since it is sufficient to impose C0 and C1 continuity between the first

point of a fiber and the nth control point of its translation in the longitudinal direc-

tion. If P0 and Pn21 are the coordinates of the first and last control points, C0 conti-

nuity is achieved when (end point interpolation property):

P0 5Pn21 2 Pn21U î
� �

î (12.17)

while C1 continuity is ensured if (end point derivative property):

P1 2P0f g3 Pn21 2Pn22f g5 0 (12.18)

Therefore the first, second, penultimate, and last control points, having coordi-

nates P0, P1, Pn22, and Pn21, respectively, cannot be moved independently, but

need to satisfy both Eqs. (12.17) and (12.18).

12.2.2.4 Further considerations on the proposed methodology

Transverse orthotropy
Due to the associated manufacturing process, the UD composite material may not

be a perfect transversely isotropic material, but transverse orthotropic. This means

that the in-plane and out-of-plane angles (φzx and φyx, respectively) exhibit different

distributions (see Sutcliffe et al., 2012), and it will be necessary to define a com-

bined cost function. Without loss of generality, it will be possible to choose λK
I at

the Ith iteration as:

–0.15 –0.1 –0.05 0 0.05

(A) (B)

0.1 0.15
–0.15

–0.1

–0.05

0

0.05

0.1

0.15

Figure 12.5 Experimental and numerical distributions obtained by minimizing the SE of the

probability: (A) Q-Q plot. (B) pdf of the distributions.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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λK
I 5 argmin

λK
I A ½0;1�

SE φzx

� �
1 SE φyx

� �� �
(12.19)

which will provide two distinct distributions for φzx and φyx, as shown in Fig. 12.6.

Computational cost
Eqs. (12.11), (12.15), and (12.19) are solved numerically until a minimum error

(SEmin # SEmin), or a maximum number of iterations (I$ Imax) has been achieved.

Therefore, the computational cost of the algorithm will depend on the number of

fibers, nF , the number of control points for each fiber, n, the volume fraction, vF ,

the thresholds SEmin and Imax, and on the entity of the misalignment introduced

(e.g., a von Mises distribution on κ).

Amplitude, wavelength, and number of control points
The amplitude and wavelength of the fiber play a substantial role on the compres-

sive response of the composite (Liu et al., 2004). These are linked to the number of

control points and to the desired misalignment angle distribution. It is worth to take

these parameters into account by performing some preliminary numerical calibra-

tions (Catalanotti and Sebaey, 2019).

12.2.3 Generation of the representative volume elements in
Rhino and Abaqus

Using Python (Lutz, 2003), it is possible to import the coordinates of each control

point into Rhino 5 (Rhino Developer Docs, 2019), in order to generate the isolated

solids of both fibers and matrix (Fig. 12.7).

Figure 12.6 Optimized distributions for the in-plane and out-of-plane angles.

Source: After Catalanotti, G., Sebaey, T., 2019. An algorithm for the generation of three-

dimensional statistically representative volume elements of unidirectional fiber-reinforced

plastics: focusing on the fibres waviness. Compos. Struct. 227, 111272.
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The SAT (Standard ACIS Text format) files of both geometries are then

exported from Rhino 5 and imported, by using another Python script, into Abaqus

(Simulia, 2011) for the generation of the full Abaqus finite element (FE) model

(see Fig. 12.8).

Figure 12.7 Rhino model for matrix (on the left) and fibers (on the right).

Figure 12.8 RVE generated in Abaqus CAE (vF 5 0:5, n5 6), von Mises distribution with

κ5 2000.
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12.3 Constitutive models

The 3D RVEs generated contain two different constituent materials—the fiber and

the matrix—and the interface between them. The following is a brief description of

the constitutive models used for each of them.

12.3.1 Fiber

The fibers are considered to be transversely isotropic materials with a linear-elastic

model up to failure when loaded in tension. The free energy density of the fibers is

defined as:

Gf 5
σ2
11

2E1ð12 df Þ
1

σ2
22 1σ2

33

2E2ð12 df Þ
2

ν12
E1

ðσ11σ22 11σ11σ33Þ2

2
ν23
E2

σ22σ33 1
σ2
12 1σ2

13

2G12ð12 df Þ
1

σ2
23

2G23ð12 df Þ
(12.20)

where E1 and E2 are the longitudinal and transverse Young’s moduli, respectively,

ν12 and ν23 are the in- and out-of-plane Poisson’s ratios, respectively, G12 and G23

are the in- and out-of-plane shear moduli, respectively, and df is the damage vari-

able for the fibers. Damage is activated when the following damage function is

satisfied:

Ff 5φf 2 rf # 0 (12.21)

where rf is the damage internal variable. The loading function φf is defined as

follows:

φf 5
Bσ11

Xt
f

(12.22)

where Xt
f is the longitudinal tensile strength and Bσ11 corresponds to the undam-

aged longitudinal stress component. The longitudinal tensile strength of the fiber

follows a Weibull probability distribution (Weibull, 1951), that is, it takes into

account possible defects in the material, following the equation:

Xt
f 5σ0 2

L0

L
lnð12XÞ

� �1=m0

(12.23)

where σ0 and m0 are the Weibull strength and parameter, respectively, L0 and L are

the reference and longitudinal element length, respectively, and X is a random sca-

lar generated in the open interval (0,1).
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The following damage evolution law is defined:

df 5 12
eAf 12rfð Þ

rf
(12.24)

where the parameter Af represents a mesh regularization parameter which conveys

the numerical model with mesh size independency (Bažant and Oh, 1983), and is

defined by the following:

Af 5
2Xt2

f l
e

2E1G
f
Ic 2Xt2

f l
e

(12.25)

where the parameter le represents the characteristic element length and G
f
Ic is the

critical energy release rate in mode I of the fiber.

The properties used are summarized in Table 12.1.

12.3.2 Matrix

The matrix follows a thermodynamically consistent elasto-plastic with damage con-

stitutive behavior proposed by Melro et al. (2013a). The nonlinear plastic behavior

is defined by a hydrostatic pressure�dependent yield criterion:

Table 12.1 Material properties of AS4 carbon fibers (Soden et al.,

1998; Tavares et al., 2016).

Material property Value

Fiber diameter

2R ðmmÞ 0.007

Young’s moduli

E11(MPa) 225; 000
E22(MPa) 15; 000
Poisson’s ratio

ν12(2) 0.2

Shear moduli

G12(MPa) 15; 000
G23(MPa) 7000

Mode I fracture toughness

G
f
Ic ðN=mmÞ 0:01

Weibull parameters

σ0(MPa) 4275

m(2) 10:7
l0(mm) 12:7
Density

ρ ðkg=mm3Þ 1:783 1026
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Φ5 6J2 1 2 σc 2σtð ÞI1 2 2σcσt (12.26)

where σt and σc represent the yield strengths in tension and compression, respec-

tively, J2 is the second invariant of the deviatoric stress tensor, and I1 is the first

invariant of the stress tensor. A non-associative flow rule, which respects the volu-

metric deformation of the material, is used here and it is defined by:

g5σ2
vm 1αp2 (12.27)

where σvm represents the von Mises equivalent stress, p is the hydrostatic pressure,

and α is given by:

α5
9

2

12 2νp
11 νp

(12.28)

where νp represents the plastic Poisson’s ratio.
The hardening law is provided by two piece-wise functions from the experimen-

tal characterization of an epoxy conducted by Fiedler et al. (2001).

εpe 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

11 2ν2p
εp:εp

s
(12.29)

Damage in the matrix is defined following a thermodynamically consistent

approach. The free energy density of the material is defined as:

Gm 5
σ2
11 1σ2

22 1σ2
33

2Em 12 dmð Þ 2
νm
Em

σ11σ22 1σ22σ33 1σ33σ11ð Þ1

1
11 νm

Em 12 dmð Þ σ2
12 1σ2

13 1σ2
23

� �
1Gp

m

(12.30)

where Em and νm are the Young’s modulus and Poisson’s ratio of the matrix,

respectively, and dm represents the damage variable in the matrix affecting only the

Young’s modulus of the material. Gp
m is the contribution of plastic flow to the

stored energy.

The damage activation function is represented by:

Fd
m 5φd

m 2 rm # 0 (12.31)

where rm is an internal variable controlled by the damage evolution law and φd
m is

the loading function defined by:
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φd
m 5

3 ~J2
Xc
mX

t
m

1
~I1 Xc

m 2Xt
m

� �
Xc
mX

t
m

(12.32)

where Xt
m and Xc

m represent the tensile and compressive ultimate strengths of the

matrix material, respectively, and the two invariants ~J2 and ~I1 are determined using

the concept of effective stresses defined as:

Bσ5Ho21

m :ε (12.33)

where Ho
m is the undamaged compliance tensor. Bažant and Oh’s (1983) crack band

model is applied here in order to eliminate mesh size dependency from the constitu-

tive formulation. The damage evolution law considered here is defined as:

dm 5 12
eAm 32

ffiffiffiffiffiffiffiffiffiffi
712r2m

p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
71 2r2m

p
2 2

(12.34)

where the parameter Am needs to be computed from the crack band model by equat-

ing the energy dissipated per unit volume to the ratio Gfm=le, where Gfm is the

energy release rate of the matrix in mode I and le is the characteristic element

length. The reader is directed to Melro et al. (2013a) for further details on the

implementation of the constitutive model for the matrix.

The properties used to model the matrix constituent are summarized in

Table 12.2.

Table 12.2 Matrix material properties (Fiedler et al., 2001; Arteiro

et al., 2014, 2015).

Material property Value

Young’s modulus

Em(MPa) 3760

Poisson’s ratio

νm(2) 0:39
Plastic Poisson’s ratio

νp(2) 0:3
Tensile strength

Xt
m (MPa) 93

Compressive strength

Xc
m (MPa) 180

Mode I fracture toughness

Gm
Ic ðN=mmÞ 0:277

Density

ρ ðkg=mm3Þ 1:33 1026
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12.3.3 Interface

The interface between fiber and matrix follows a traditional bi-linear cohesive for-

mulation. Given the intricate mesh required for this RVE, an Abaqus in-built cohe-

sive surface approach was used, as it does not require mesh compatibility between

the two constituents. A Mohr�Coulomb friction condition has also been considered

between fiber and matrix for after failure of the cohesive bond between the two

constituents. This will capture the pull-out resistance between fiber and matrix

caused mostly by the rough failure surface on the fiber after cohesive interface

failure.

The properties used for the cohesive model can be found in Table 12.3.

12.4 Micromechanical simulations

Analytical models are sometimes useful to understand the effect of some key para-

meters on the failure of UD composite materials (Camanho and Lambert, 2006;

Catalanotti and Camanho, 2013). However, they are still unable to capture all dam-

age mechanisms that occur in this type of material. Therefore, it is necessary to

resort to numerical models, namely computational micromechanics, which is able

to capture the individual constitutive behavior of the constituents and their interac-

tion. In order to explore the capabilities of having a realistic microstructural con-

struction of the composite, numerical simulations involving matrix degradation,

fiber-matrix debonding, and fiber breakage are conducted by subjecting the RVEs

presented in Section 12.2 to pure longitudinal tensile and compressive loading con-

ditions. The micromechanical simulations were undertaken using the FE solver

Table 12.3 Fiber-matrix interface properties (Melro et al.,

2013b; Arteiro et al., 2014, 2015).

Material property Value

Interface stiffness

K ðN=mm3Þ 108

Interface strengths

τ01 (MPa) 75

τ02 (MPa) 75

τ03 (MPa) 50

Interface fracture toughness

GIc ðN=mmÞ 0:002
GIIc ðN=mmÞ 0:006
GIIIc ðN=mmÞ 0:006
Mixed-mode interaction parameter

η (2) 1:45
Friction coefficient

μτ (2) 0:52
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Abaqus/Explicit (Simulia, 2011), having the objective of analyzing the effect of

fiber misalignment on the mechanical performance of the material. Fully damaged

elements having df . 0:99993dm . 0:9999 [see Eqs. (12.24) and (12.34)] were

removed throughout the numerical simulations to prevent excessive element distor-

tion. The models ran in one node (20 CPUs @ 3.4 GHz of Intel Haswell) having

512 GB of RAM. The variable mass scaling capability of Abaqus/Explicit was used

in order to reduce computational cost, by scaling all masses of the elements, in

order that they have the same time increment, that is, Δt 5 13 1027 s. Quasi-static

simulations were conducted by ensuring a correct energy balance throughout the

simulations (Simulia, 2011).

12.4.1 Longitudinal tension

Modelling fiber-dominated failure modes of UD composite materials can be trou-

blesome, due to the complex damage mechanisms which are inherent to these types

of materials when subjected to longitudinal tension. Micromechanical computa-

tional models are appealing to study this type of failure, since the behavior of the

reinforcements can be modelled independently. Fiber fracture is usually taken into

account by using maximum stress criteria (Swolfs et al., 2015a,b; Tavares et al.,

2017, 2019). However, for high-fidelity analysis, thermodynamically consistent

damage models must be used (Tavares et al., 2016).

There are several important factors to take into consideration when modelling

this type of failure, namely: (1) the stochastic nature of the longitudinal tensile

strength of carbon fibers along their length, mostly due to the flaws present on the

surface of the fibers (Lamon, 2007; Tanaka et al., 2014; Torres et al., 2017); (2) the

formation and propagation of clusters of broken fibers (Scott et al., 2011, 2012;

Thionnet et al., 2014); (3) accurately capture the full extent of the ineffective length

in a broken fiber; and (4) interpret fiber failure as a dynamic process (Swolfs et al.,

2015c; Tavares et al., 2019).

There are several models in the literature which can tackle most (if not all) of

the aforementioned features governing longitudinal tensile failure. However, they

all consider perfectly aligned fibers, not taking into account the local stress fluctua-

tions along the reinforcing material caused by fiber waviness. For that, a similar

approach modelled by Tavares et al. (2016) is presented in this section, in an

attempt to evaluate the effect of fiber misalignment on the longitudinal tensile fail-

ure of UD composite materials.

12.4.1.1 Details of the finite element models

Virtual microstructures having different degrees of misalignment, that is, different

von Mises distribution parameters, κ, are modelled in order to assess the effect of

fiber waviness on the longitudinal tensile response. Here, RVEs having in-plane

and longitudinal dimensions of approximately 29R � 100 μm and

171R � 600 μm, respectively, are considered. These dimensions should play a role

on the mechanical response of the material, where sufficiently big dimensions are

365Modelling the longitudinal failure of fiber-reinforced composites at microscale



needed in order to capture certain features which are intrinsic to longitudinal tensile

failure of UD composites. However, since the correct definition of the dimensions

of the FE models is not part of the scope of this chapter, the aforementioned dimen-

sions were deemed sufficient. Due to the extremely high computational cost of

these micromechanical models, only one simulation was conducted per concentra-

tion parameter, κ. All RVEs have a fiber volume fraction of vF 5 0:55.
Regarding the applied boundary conditions, since periodic boundary conditions

(PBCs) are computationally very expensive, and by considering a sufficiently big

RVE, a simplified version of these was used by constraining the displacements of

the opposite faces in the RVE using Abaqus Tie Constraints (“Face 3” with “Face

4” and “Face 5” with “Face 6” presented in Fig. 12.9). A velocity type BC is

applied in “Face 2,” and the longitudinal (x-direction) axial displacement is blocked

in “Face 1.”

Fibers are modelled with C3D8R, reduced integration hexahedrons. Due to the

complexity of the matrix part, C3D4, linear tetrahedrons are used to model it. The

FE models have an average seed size of 1:2 μm, with 200 elements along their

length, equating to a total number of elements of � 7; 000; 000 (� 1; 200; 000 ele-

ments for the fibers and � 5; 800; 000 elements for the matrix).

12.4.1.2 Numerical results

The longitudinal tensile stress�strain curves of four different types of RVEs having

κ5 2000, κ5 4000, κ5 8000, and κ5N are shown in Fig. 12.10.

It can be seen that the overall longitudinal tensile mechanical response of the

material is not substantially affected by the initial fiber misalignment. Even if the

Young’s modulus slightly decreases with increasing misalignment, the peak stresses

are all very similar. The same cluster-type formation was observed for all RVEs,

despite their misalignment. The majority of fibers did not fail in the same plane,

leading to the formation of disperse clusters, where the locations of fiber breaks are

Figure 12.9 Representation of a high-fidelity micromechanical RVE, highlighting its

different faces.
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observed in multiple locations (see Fig. 12.11A). However, as it can be seen from

Fig. 12.11B, in some cases, the clustering process was also coplanar.

Performing a more local analysis, Fig. 12.12 shows the contour plots of the lon-

gitudinal stress (S11), and fiber-matrix interface damage (CSDMG), highlighting

the ineffective and debond lengths of two different fibers, namely: (A) a perfectly

straight fiber embedded in an RVE having perfectly aligned and parallel fibers and

(B) a misaligned fiber embedded in an RVE having κ5 4000.

From the qualitative results here presented, it seems that, for these two fibers,

the ineffective length slightly increases when increasing fiber misalignment, possi-

bly leading to a faster progression of a bigger cluster and causing the material to

fail earlier. Moreover, it was noted that the breakage of the higher misaligned fibers

Figure 12.10 Longitudinal tensile stress�strain curves of four RVEs having different

distributions of initial misalignments, κ.

(A) (B)

Figure 12.11 Contour plots of both matrix and fibers damage variable for: (A) an RVE

having κ5 4000, just after peak load, highlighting the different damage events occurring in a

disperse manner; (B) an RVE having κ5 2000, before peak load, highlighting the formation

of coplanar clusters.
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occurred at lower applied displacements, possibly leading to a faster stress redistri-

bution to the neighboring fibers. However, from the aforementioned quantitative

results (see Fig. 12.10), it can be concluded that the final failure of the material is

not directly connected to the effects acting in a single fiber, but of a bigger collec-

tion of fibers, therefore possibly making these damage mechanisms, which act in a

particular region of a single fiber, be neglected comparing to the presence of flaws,

which is here taken into account through the variation in the longitudinal tensile

strength through a Weibull distribution.

12.4.2 Longitudinal compression

Fiber kinking represents the primary failure mechanism when a UD laminate is

loaded under longitudinal compression (Kyriakides et al., 1995; Moran et al., 1995;

Budiansky et al., 1998) (see Fig. 12.13). There is compelling evidence that this

mode of failure is mostly controlled by the initial fiber misalignment and the shear

yield strength of the matrix (Moran et al.,1995; Vogler and Kyriakides, 1999;

Bažant et al., 1999; Gutkin et al., 2010). During compressive loading, the first

appearance of nonlinearity is due to the plastic nature of the epoxy, causing the

fibers to rotate [also known as “incipient kinking” (Moran et al., 1995)]. Due to this

rotation and to the formation of microcracks in the resin, the peak load is reached,

forming an initial kink-band. The progressive shearing/bending causes the continu-

ous degradation of the material, until this fiber rotation is halted, causing the block-

ing of the fibers (fiber lock-up). This locking leads to the broadening of the kink-

band, causing a constant stress plateau under compression, referred as the residual

(A) (B)

Figure 12.12 Contour plots of the longitudinal stress (S11) and fiber-matrix interface

damage (CSDMG) of an aligned and a misaligned fiber.
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compressive strength of the material (Dalli et al., 2020; Moran et al., 1995; Zobeiry

et al., 2015).

The mesomechanical compressive longitudinal behavior of UD composite mate-

rials has been extensively modelled in the past by several authors (e.g., Maimı́

et al., 2007; Van Der Meer and Sluys, 2009; Tan et al., 2015, 2016; Gutkin et al.,

2016; Larsson et al., 2018). However, being compressive failure essentially domi-

nated by low-scale failure mechanisms, micromechanical computational models

revealed to be ideal tools to capture the high level of detail which are intrinsic to

such materials (Camanho and Arteiro, 2017; Arteiro et al., 2018). Even if simple

2D and 3D micromechanical models were developed in the past to evaluate (Hsu

et al., 1998, 1999; Yerramalli and Waas, 2004; Bai et al., 2015; Naya et al., 2017;

Herraez et al., 2018), instead of using an empirical distribution for the fiber wavi-

ness (Catalanotti and Sebaey, 2019; Sebaey et al., 2019), consequently creating an

unrealistic kink region in a narrow band at the central part of the model, causing

erroneous numerical predictions and constant kink-band angles and widths.

Moreover, some studies used volumetric computational averaging techniques to

homogenize the stress during loading (Naya et al., 2017; Herraez et al., 2018), and

compared the results with experimental observations. However, it is not clear if this

is an appropriate measure of the actual longitudinal strength of the material, as the

material response during softening is known to depend on both boundary conditions

and size of the RVE (Gitman et al., 2007).

(A) (B)

Figure 12.13 (A) Micrographs of the kink-band formed in a UD cross-ply laminate; (B)

schematic representation of the longitudinal compressive behavior of a UD composite

material, highlighting the different load level stages.

Source:(A) adapted from Pinho, S.T., Robinson, P., Iannucci, L., 2006. Fracture toughness of

the tensile and compressive fiber failure modes in laminated composites, Compos. Sci.

Technol. 66 (13), 2069�2079. (B) adapted from Moran, P.M., Liu, X.H., Shih, C.F., 1995.

Kink-band formation and band broadening in fiber composites under compressive loading.

Acta Metallurgica et. Materialia 43 (8), 2943�2958.
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This section aims to briefly address the fiber kinking phenomenon using an accu-

rate representation of the microstructural behavior of the composite, and appropriate

constitutive material models for the constituents and their interface, which are

described in Section 12.3.

12.4.2.1 Details of the finite element models

Different RVEs are generated in order to assess the influence of the distribution of

the initial fiber misalignment on the longitudinal compressive behavior. For that,

the generated RVEs have the same fiber volume fraction (vF 5 0:55) and different

concentration parameters, κ (see Section 12.2 for reference) from 1000 (very wavy

fibers) to N (perfectly aligned fibers). According to experimental observations

(Sebaey et al., 2019), for two different thermoset and thermoplastic carbon fiber

composites, this value lied within the range 1500,κ, 2000. Per concentration

parameter, κ, three RVEs having distinct fiber distributions are generated to assess

microstructural randomness.

As previously said, the applied boundary conditions on the RVE should influ-

ence the assessment of the mechanical performance of the microstructure, existing

an interplay between the boundary conditions and the size of the RVE (Gitman

et al., 2007; Galli et al., 2008). It is assumed a long enough RVE size to model lon-

gitudinal compression (17:2R3 17:2R3 85R, approximately equating to

603 603 300 μm3).The displacements of faces 3 and 4 are constrained using Tie

Constraints, faces 5 and 6 are free to deform (Hsu et al., 1998; Bishara et al.,

2017), the longitudinal (x-direction) axial displacements of face 1 are blocked, as

well as the through-thickness (z-direction) axial displacements, and finally, the lon-

gitudinal compressive velocity-type BC is applied in face 2 (see Fig. 12.9 for

reference).

The fibrous reinforcements are modelled using C3D8R, reduced integration hex-

ahedral solid elements, while the matrix material, since it represents a complex geo-

metrical part (see Figs. 12.8 or 12.9), is modelled with C3D4, tetrahedral solid

elements. Both are modelled with elements having an average size of 0.7 μm, hav-

ing 250 elements along the length of the RVE, equating approximately to a total of

3:400; 000 elements (� 900; 000 elements for the fibers and � 2; 400; 000 elements

for the matrix).

12.4.2.2 Numerical results

Fig. 12.14 and Table 12.4 show the quantitative numerical predictions of the RVEs

having different distributions of the initial fiber misalignment angle, κ. The micro-

mechanical models are able to capture the initial linear-elastic behavior, the onset

of nonlinearity caused by matrix plasticity/degradation, and collapse of the material

caused by fiber kinking.

The normalized stress�strain curves (see Fig. 12.14A, where σ11 and ε11 repre-

sent the undergoing longitudinal stress and engineering strain, respectively, and

σu
11N

and εu11N represent the peak stress and corresponding engineering strain of the
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RVE having κ5N) show that both compressive Young’s modulus, Ec
11 and peak

stress, σu
11 depend on κ. As κ increases (less misalignment), the mechanical perfor-

mance of the material increases as well, where the RVEs having the highest mis-

alignment (κ5 1000$) showed to yield a peak stress of � 40% of the idealized

RVE having perfectly aligned fibers ðκ5NÞ. The decrease on the peak stress is

justified by the initial micro-buckling introduced to the fibers, causing an earlier

degradation of the matrix and fiber-matrix interface, promoting earlier fiber kink-

ing. Comparing the results with experimental values of the compressive strength of

different composite materials, namely with AS4/8552 (XC � 1530 MPa), IM7=8552
(XC � 1689 MPa), and IM10=8552 (XC � 1793 MPa) (Hexcel, 2016), it is evident

that only the RVEs which have a more realistic initial fiber misalignment angle dis-

tribution (κ# 1500) yielded peak stresses comparable to the empirical compressive

strength of these materials.

The kink-band width, wk, was qualitatively obtained as the distance between the

two extreme points of the kink-band which have the hightest longitudinal stress

(Pimenta et al., 2009). Even if it is probably needed thicker RVEs to properly

(A) (B)

Figure 12.14 Effect of fiber misalignment on the longitudinal compressive behavior: (A)

normalized representative compressive stress�strain curves (the highlighted red points

indicate the ultimate stress); (B) sensitivity results for compressive peak stress and Young’s

modulus, where both individual numerical results, and corresponding mean and standard

deviation values are shown.

Table 12.4 Numerical predictions of the mean compressive Young’s modulus, Ec
11, and

peak stresses, σu
11, and corresponding standard deviations, for different von Mises

concentration parameters, κ.

κ5 1000 κ5 1500 κ5 2000 κ5 4000 κ5 8000 κ5N

Ec
11 (GPa) 113:26 0:3 115:46 0:3 116:86 0:3 118:06 0:6 119:16 0:3 121:06 0:3

σu
11 (MPa) 16456 50 18376 65 21326 145 26326 99 30746 55 43546 63
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characterize the kink-band angle, β (Herraez et al., 2018), here, it was obtained by

measuring the angle of the kink-band with a vertical line (see Fig. 12.13). All

RVEs exhibited similar kink-band widths (w
avg
k � 85 μm) and angles (βavg � 123).

Fig. 12.15 shows the contour plots of the equivalent plastic strain of three different

deformed RVEs having different initial fiber misalignment distributions, just before

instability, highlighting the kink-band widths and angles. It can be seen that, due to

the realistic representation of the micromechanical geometry, the kink-band does

not necessarily occur in the center of the RVE, since the 3D spatial distribution of

the reinforcements is random. According to previous experimental results, the kink-

Figure 12.15 Contour plots of the equivalent plastic strain of the epoxy matrix (red5 0:22;
yellow5 0:11; and blue5 0) for RVEs having: (A) κ5 1500; (B) κ5 2000; and (C)

κ5 4000.
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band width and angle have reported to be 50 mm#w
exp
k # 100 mm (Pinho et al.,

2006; Jumahat et al., 2010; Hapke et al., 2011; Zobeiry et al., 2015) and

103 #βexp # 253 (Fleck and Jelf, 1995; Moran et al., 1995; Vogler and Kyriakides,

2001; Bergan and Garcea, 2017), for different thermoset-based composite materials,

thus concluding that the micromechanical models are able to take into account both

features of the longitudinal compressive failure.

12.5 Conclusions

The information presented in this chapter represents the first step toward high-

fidelity micromechanical modelling of UD composite materials, where the 3D geo-

metric variability of the material is taking into account. Making use of the appropri-

ate constitutive material models for the constituents and their interface, numerical

analyses were undertaken in order to evaluate the effect of the initial fiber waviness

on the longitudinal failure of such materials. The main findings of this work can be

summarized as follows:

� A numerical algorithm was presented that generates the angle misalignment distribution

of the fibrous reinforcements, combining a stochastic process with an optimization proce-

dure, in order to obtain a higher degree of similarity between the experimental and numer-

ical distributions. The fibers were modelled as Bézier curves, whose control points can be

moved in a random fashion in order to introduce the desired misalignment, allowing an

easy implementation of PBCs on the RVEs. Moreover, due to their precise analytical

description, their geometry can be simply described and exported making sole use of the

coordinates of the fibers control points.
� The numerical results presented here show that fiber misalignment has a small effect on

the overall longitudinal tensile performance of the material (see Fig. 12.10). All RVEs

presented relatively the same failure mechanisms, where cluster development occurred in

both disperse and coplanar manners (see Fig. 12.11). However, analyzing the fiber failure

locations, it can be seen that the ineffective length of the fibers may increase with increas-

ing fiber misalignment (see Fig. 12.12), possibly leading to a faster stress redistribution.

However, it is not certain if these smaller scale mechanisms play a decisive role on the

overall longitudinal tensile failure.
� The aforementioned results show that there is an intrinsic dependency of the fiber mis-

alignment on the longitudinal compressive failure of such materials. A clear decrease on

the compressive mechanical performance (Young’s modulus and ultimate load) can be

evidenced when increasing fiber misalignment (see Fig. 12.14 and Table 12.4).

Qualitatively, the micromechanical models exhibited values of kink-band widths and kink

angles which were consistent with experimental observations (see Fig. 12.15).

With the results presented here, it can be concluded that once again, computa-

tional micromechanics can be treated as a reliable tool to evaluate the performance

of heterogeneous materials. However, despite the advances that took place, these

results represent only a part of the outputs which can be extracted using microme-

chanics. Therefore, several other analyses need to be conducted, such as: (1) evalu-

ate the effect of fiber-matrix interface properties; (2) model bigger RVEs (namely

373Modelling the longitudinal failure of fiber-reinforced composites at microscale



in the in-plane directions) to enable a more detailed inspection of certain damage

mechanisms; (3) analyze the evolution of fiber rotation with compressive loading;

(4) evaluate the kink-band broadening phenomenon; and (5) evaluate the role of

fiber nonlinearity under compression. A subsequent study conducted by the authors

(Varandas et al., 2020), involved a more detailed and robust study of both longitudi-

nal compressive and tensile behavior of CFRPs. Nevertheless, the results presented

here are able to validate the realistic geometrical micromechanic representation of

UD composite materials (Catalanotti and Sebaey, 2019) under longitudinal loading.
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