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Formation reconfiguration with impulsive maneuvers has been continuously addressed in recent decades. The
studies mostly focused on in-plane formation reconfiguration since the out-of-plane motion is independently
controlled by a single burn. Most in-plane reconfiguration studies, meanwhile, rely on tangential maneuvers
because of fuel efficiency and controllability of the orbital energy, compared to radial maneuvers. In this paper,
the perspective differs that little influence of the radial maneuvers on the orbital energy is considered as a benefit
rather than a drawback. By employing radial burns only, an effect of the thrust errors on the semimajor axis control
error can be minimized. Both numerical simulations and sensitivity analysis demonstrate the robustness of the
proposed radial impulsive burns compared to the conventional tangential impulsive control schemes.

Nomenclature

a = semimajor axis

e = eccentricity

i = inclination

M = mean anomaly

n = mean orbit velocity

Rg = Earth radius

u = mean argument of latitude

AVg, AV, AVy = velocity changes in local radial, tangential,
and normal directions

de = [be, &e,]; relative eccentricity vector

Si = [6i, 6i,]T; relative inclination vector

oA = relative longitude

0 = argument of latitude of the relative ascend-
ing node

@ = argument of latitude of the relative
perigee

Q = right ascension of the ascending node

0] = argument of perigee

I. Introduction

MPULSIVE control for formation reconfiguration has been con-

tinuously studied in the past decades because it is the key to
substantializing a space mission with multiple satellites. The methods
can be roughly divided into two parts: one with relative Cartesian
coordinates [1-3] and the other with orbit elements difference [4—12].
Concentrating on the latter part, Schaub and Alfriend [6] proposed an
analytical solution consisting of three impulses. An impulse pair
whose firing locations are separated by a half-orbit period was
applied for in-plane correction. Both tangential and radial delta-v
components were employed at the two extreme points: perigee and
apogee. Vaddi et al. [7] derived an analytical two-impulse maneuver
strategy for projected circular orbit reconfiguration. The first delta-v
vector was composed of radial and orbit-normal components, and the
second delta-v vector was only in the radial direction. To reduce
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delta-v consumption further, multiple-revolution solutions have also
been sought [12-15], assuming a control window of longer than an
orbital period. Mok et al. [12] expanded upon the previous solution
[6] by adding a pair of tangential impulses to exploit along-track drift
in reducing the total delta-v cost.

Aiming at real implementations of formation control, D’Amico
and Montenbruck [8] developed an analytical fuel-efficient control
strategy for the TanDEM-X mission, based on relative orbit elements’
(ROFE’) representation [9]. For in-plane correction, two tangential
impulses were applied, which are in terms of four ROE components:
relative semimajor axis (SMA), two-element relative eccentricity
vector, and relative longitude. However, the relative longitude could
not be tightly controlled due to the limited number of impulses. In
2015, Gaias and D’Amico [10] generalized the previous study by
considering the use of radial and tangential impulses together. Espe-
cially, the proposed three-tangential-impulsive strategy was able to
further reduce delta-v consumption and tightly control the relative
longitude. In 2018, the three-impulse strategy was applied as one
of the orbit control solutions for optimal maneuver planning of
reconfiguration [11].

While there is a significant benefit of employing only tangential
impulses in formation control regarding fuel efficiency, two side
effects might be present. One is a longer reconfiguration period
compared to the general impulsive strategy (employing both tangen-
tial and radial maneuvers) which requires less than 1.5 orbital periods
to accomplish the reconfiguration [6,7]. This is due to the intermedi-
ate time used to exploit the drift motion caused by the SMA difference
in order to reduce the delta-v cost. The second is an impact of the
thrust execution error on the ROE control. When the desired along-
track drift motion is not exactly induced or is not fully eliminated after
reconfiguration by the thrust error, it can cause an extra drift motion.
This can be problematic for safety if the relative eccentricity/incli-
nation (e /i) vectors are not maintained in parallel. For example, in
formation flying with smaller spacecraft (e.g., CubeSats), periodic
formation keeping against the J2 perturbation may not be feasible due
to the limited amount of fuel [16]. In this case, the safety condition is
dependent on the relative longitude (i.e., along-track offset), there-
fore the relative longitude drift caused by the thrust error can raise the
safety issue.

In this paper, the reconfiguration problem is formulated by
employing only radial impulses. Analytical delta-v solutions for
two and three impulses are newly obtained. A required reconfigura-
tion time is less than 1.5 orbital periods which is aligned with
previous studies [6,7]. Another important benefit of the proposed
method is that the relative SMA is hardly changed after the reconfig-
uration maneuver since it is only affected by the tangential delta-v
component. Hence, the unintended along-track drift motion that might
threaten the safety requirement can be avoided. The controllability of
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the SMA is assumed to be achieved by another orbit control method
that is differential drag control [17-19], which has been already applied
in several missions such as the constellation of Planet Labs Inc.” [17,18]
and NASA’s Cyclone Global Navigation Satellite System (CYGNSS)
[19] constellations.

In the following part of the paper, Sec. II introduces the relative
motion equations parameterized by ROE. Sections Il and IV propose
two- and three-radial-impulsive methods, respectively. Section V
demonstrates the performance of the proposed method: especially
focusing on its robustness against the thrust execution error. Finally,
Sec. VI presents a systematic sensitivity study of both radial and
tangential impulsive methods against the thrust error.

II. Relative Motion Equations

Relative motion between two spacecraft can be described by the
relative orbit elements [9]:

éa da (ag—a)/a

de, de cos ¢ e,CO0S Wy — € Cos @

de, _ Se sin @ _ e sinwy — esinw )
O, dicosé ig—1

Si, Sisin@ (Q; —Q)sini

S S (ug —u) + (Q,; — Q) cosi

where (a, e, w, i, Q, u) are the classical orbit elements (OE) of the
chief satellite, except u = M + w of the mean argument of latitude.
The subscript d stands for the OE of the deputy satellite, [ Se, e, |
is the relative eccentricity vector, and [6i, &I, " is the relative
inclination vector. Compared to the Cartesian coordinate representa-
tion, the first five ROE components are kept constant in the Keplerian
orbit. Even with major perturbations such as the J2 perturbation and
aerodynamic drag, the ROE components are slowly varying so that
the closed-form solution of the state transition matrix can be
achieved [20].

Instantaneous change of the ROE by the impulsive maneuver can
be represented by

Aba 0 2 0
Ade, sinu  2cosu 0
* AV
Ade, 1| —cosu 2sinu 0 R
a . =— AV, 2)
Adi, n 0 0 cos u v
ASi, 0 0  sinu N
AbA -2 0 0

In this equation, important relationships between the relative
motion and delta-v maneuver can be found. First, the in-plane motion
and the out-of-plane motion can be decoupled. Second, the tangential
maneuver AV can control an eccentricity vector with half of delta-v
expenditure compared to the radial maneuver A V. Third, the relative
SMA ada can be only changed by the tangential maneuver. In
this paper, assuming that Ada is zero, the two or three radial impulses
are applied to correct (Ade,, Ade,, AdA). Inaddition, the single orbit-
normal impulse is applied to correct (Adiy, Adiy) [10].

III. In-Plane Reconfiguration with Two Radial
Maneuvers

The change of the ROE in the in-plane motion by radial impulse
AV can be summarized as follows:

aldl = =2AVy/n
alde, = AVysinu/n
alde, = —AVgcosu/n 3)

Supposing that the two radial impulses AVg and AVg are
employed for reconfiguration, Eq. (3) can be rewritten by

aASi = —2AVy /n—2AV /n
alde, = AV sinuy/n+ AV, sinuy/n
= AVpg, sinu/n + AVg, sin(u + &) /n
alde, = —AVpg cosuy/n— AVg cosu,/n
—AVpg cosu/n—AVg, cos(u + &) /n @)

There are three equations with four unknown variables: AV,
AVpg,, uy, and &, where u represents the angular position at the first
impulse firing; and £ = u, — u, is the angular distance between the
two impulses.

To obtain the minimum delta-v solution, a cost function J can be
defined as a function of AV, :

nalAéi

J=[AVE [+ |AVg,] =’ - —AVg, |+ |AVg,]

nalAéi
2

= + AVg,| + [AVg,| &)

Assuming Ad4 > 0 without loss of generosity, J can be catego-
rized into the three following cases:
Case a: AVp, < —”“TA‘”,

nalAoéi nalAéi

J =

+ AVRZ + |AVR2| = -

— AV, — AVp,

_ nalAél
- 2

—2AVg, (©6)

Case b: —%A‘” < AVg, L0,

nalAdi nalAdi

2

J = + AVR2 +|AVR2| = + AVRZ - AVR2

__naldl
T2

(N
Case c: AVg, >0,

nalAdi nalAdi

J =

+ AVRZ

+ |AVR2| = + AVR2 + AVR2

AS
_nalor 2AVy, 8)

Meanwhile, AV, can be represented as a function of &. First, the
last two equations of Eq. (4) can be organized as

1 1
alde,sinu —alde,cosu = —AVg +—AVg cosé  (9)
n n

1
alde, cosu + alde, sinu = ” AVpg, siné (10)

By combining Eqgs. (9) and (10),
na?(Ade? + Aée?) = AV%] + AV%32 +2AVg AVg, cosé (11)

can be achieved. Substituting 2AVy = —nalAdl—2AVy from
Eq. (4) into Eq. (11), the equation can be rewritten as follows:

n?a*(Ade2 + A&ef) = n2a®AS)* /4 + naldAAVg, + ZAV%ez
— naASAAV g, cos & —2AV; cosE  (12)

By rearranging Eq. (12) as an order of AV, , the second-order
equations can be achieved such that



Downloaded by TU DELFT on September 24, 2020 | http://arc.aiaa.org | DOI: 10.2514/1.G004933

LIM AND MOK 1883

2(1 —cos ) AV + nalAdA(l — cos AV,
+ n?a*(A8A2 /4 — (Ade? + Ade?)) = 0 (13)

2.2

2AVA ASAAV —_
k, T na R2+(1—cos§)

(AS8A? /4 — (ASe? + Aded)) =0

(14)

By solving Eq. (14), AV, can be finally obtained as a function
of &

—nalAdl+ na\/Aéxlz — 5 (2A62% — 8(Ade2 + A(Sef))

(1—cosé

4

AVR2 =
15)

Considering case b first, the condition of Ad4 can be deduced by

\/Aé/lz - m(mmz —8||Ade|?) < ASL  (16)

Since (1 — cosé) > 0, Eq. (16) leads to
A8 > 4| Ade]|? (17)

In short, J = 242892 when ASA* > 4||Ade||?, regardless of the u and
& values. Thus, there are infinite solutions available. Here, we assume
¢ = x; then, the other variables are automatically decided as follows:

—nalAdl £ 2 Ad
AVg = na . nal| e||’ AV,

_ —nalAdAF¥ 2nallAdel|
=
4

(18)
From Eq. (4),

albe, = AVy sinu/n— AVp sinu/n = FallAde|| sinu
alde, = —AVpg cosu/n+ AVg, cosu/n = £alAde| cosu
Su= tan‘l(—Aéex/Aéey) (19)

There are two combinations of (AVy , AV ) available, depend-

ing on u. If u is selected to make sin u as (—Ade, /|| Ade||) and cos u
as (Ade, /|| Ade]|), then (AVg , AVg, ) become

__ —nalAdl—2nallAdel| _ —nalAdA + 2nal|Ade|

AV

AV
Ry 4 R, 4
(20)
When A8A? < 4|/ Ade|?, on the other hand,
—naAdi + na \/AM — k5 (20672 - 8]| Ade||*)
AVg, = 1 >0

holds, and this indicates case c. For this case, the cost function can be
redefined as a function of Ade and ¢&:

_ naldi

na

J
2

1
20V = ASA? ——————(2A57% - 8| Ade||?
+24Vy, / (e sl
2D

The partial derivative of J with respect to £ can be obtained by

dJ na 1 —-(1/2)
— =—(A812 —————(2A62% — 8||Ade||?
=4 ( 52 (1—cos§)( 612 — 8| Ade| ))
(2A84% — 8| Ade|)?) .
- 22
(1 = cos &)? ine 22)

Since A1 < 4||Ade||?, from the definition of case ¢, (2A61% —
8||Ade||?) becomes negative. By defining Cy,

na 1 -(1/2)
= =— | A2 — ———— (2A684% - 8||Ade|?
Co = Cule) =" (802 - (L 2007~ slaselP)

(20872 — 8||Ade]|?)

0 23
(1 = cos &)? ~ 23)
0J /9¢ can be simplified as
oJ .
a_f = —C() sin é (24)

According to Eq. (24), J becomes the minimum when £ = z, and
the minimum value is found by

Neer =% VJASE — (8672 - 4] Ase|]?)
- % x 2||Adel|| = nal|Ade]| 25)

The corresponding AV, and AV, can then be easily achieved by

—nalAdl + 2nallAde||

AVRZ = 4

na na
—— AL + — || Ad 26
A%+ S Ade] (26)

AV = —%AM 3 (—naAé/l + 2na||A5e||)

4
na na

= ASA——|A 2
862 = 2 [ ace] @

Finally, the last unknown variable u can be obtained by

nalde, = AV, sinu — AVpg, sinu = —nal|Ade|| sin u
nalde, = —AVg cosu + AV, cosu = na|Adel| cos u
~u = tan~! (—Ade, / Ade,) (28)

Third, case a has the same solution as case ¢ but with the switched
(AVpg, . AVg,) and different u:

na

AVe, =~

sinu = (Ade, /|| Adel)),

na

na
Adh = |Adell, AVe =~
cosu = (—Ade,/||Adel|) (29)

A8+ % | Ade]|

Because u is the same as the previous one with only the phase
difference of 7, Eq. (29) for case a is eventually identical to the
solution of cases b and c.

Lastly, if cos & = 1, Eq. (4) can be written as follows:

aA5/1 = _ZAVR| /n - ZAVRZ/n = _Z(AVRl —+ AVRZ)/n
alAde, = AV sinu/n + AVpg sinu/n
= (AVg, + AVg,)/n X sinu
alAde, = —AVpg cosu/n— AVg, cosu/n
= —(AVg, + AVg,)/nx cosu (30)
where u = tan~! (=Ade, / Ade,). Note that, however, Eq. (30) does
not have a solution if A6A/2 # Ade,/ cos u = ||Ade||; otherwise, the

first and the third equations in Eq. (30) will be parallel. In other words,
there will be no possible (AVg , AVg,) combination that satisfies
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required (Ade,, Ade,). There will be an infinite number of solutions
when ASA/2 = ||Ade| since Eq. (30) is underdetermined. In this case,
any (AVg ,AVyg) that satisfy —249% < AV <0 minimize J as
J= %AM. The solutions for the three cases are summarized in Table 1.

IV. In-Plane Reconfiguration with Three
Radial Maneuvers

In-plane relative orbit change by three radial impulses AVg ,
AVp,,and AV is derived as follows. There are now three equations
with six unknown variables: AVg , AVg , AV, uy, uy, and us:

alSA = =2AVy [n=2AVg [n—2AVg [n
alde, = AV sinuy/n+ AVg sinuy/n+ AVg sinuz/n
alde, = —AVpg cosu;/n—AVpg cosu,/n—AVg cosuz/n (31)

If uy, u,, and us are defined as (u + k;) with integer k;, then the
equations can be simplified by

nalél = =2AVy —2AVg —2AVg,
nalde, = ()M x AVg sinu + (1)
X AV, sinu + (—1)% X AVg sinu
nalde, = —(=Dk x AVpg, cosu— (=Dk
X AV, cosu — (=% x AVg, cosu (32)
Now, there are seven unknown variables: AVR1 s AVRZ, AVRJ, u,

k1, ky and k3. To reduce the number of variables, u is assumed to be
the same as Eqgs. (19) and (28) in the two-impulse case such that

Ade,/Ade, = —sinu/cosu ..u= tan™! (=Ade,/Adey) (33)

There are six cases according to the set of integers (ky, k,, k3). In
the following, we introduce an example process of deriving the local
minimum impulse solution under u; = (u# + k;x). Only the first two
combinations are introduced, whereas the complete solution is sum-
marized in Table 2:

Casea: ky =21, ky =2m, k3 = 2n

nalAdéi = —ZAVRI - ZAVRZ - ZAVR3
nalde, = AV sinu + AVp sinu + AV sinu
nalée, = —AVp cosu — AVg, cosu — AV cosu  (34)

From Eq. (34), (AVg, + AV, + AVg, ) can be written in a differ-
ent form:
nalde, sinu = (AVg + AVg, + AVRg)sinzu
nalAde,cosu = (=AVg — AVp — AVR3)coszu
AVg + AVg, + AVg, = naléde, sinu —nalAde,cosu  (35)
We can easily see that there is no solution if —A8A/2 #
Ade, sinu — Ade, cos u:
Caseb: ky =21, ky =2m, ks =2n+ 1
nalAdi = =2AVyg —2AVp —2AVg,
nalde, = AVg sinu + AVp sinu — AV sinu
nalde, = —AVp cosu — AVg cosu + AVg cosu  (36)

Since AV, has a different sign in Eq. (36),

AVRI + AVRZ —+ AVR3 = —naAﬁﬂ/Z
nalde, = (—naldéi/2)sinu —2AVg, sinu
nalde, = —(—naldi/2) cosu + 2AVg cosu (37

(AVg, + AVyg, — AVy,) can be derived as follows:

nalde,sinu = (AVg + AVp, — AVRS)sinzu
nalAde,cosu = (~AVg — AVg + AVg )cos’u
AVg + AVy, — AVy = nalde,sinu —nalde,cosu  (38)

From Aé4 in Egs. (36) and (38), AV, can be obtained by

AVg + AVg + AVg, = —nalAdi/2
nalde, sinu —nalde,cosu = AVp + AV — AVp,
= (—naldi/2) —2AVp,

1 1 1
SAVe = - 5 nalde, sinu + 2 nalde, cos u — 7 nalAdol 39)
From Eq. (39), (AVyg, + AV, ) can be found by

1 1 1
AVg +AVg, = EnaA(Sex sinu —EnaA(Seycosu —ZnaAﬁxl (40)

Table1 Two radial maneuvers’ solution for in-plane reconfiguration

Minimum impulses solution 2 |AVg |
ASI? > 4| Ade|? Infinite solutions with respect to u; selection, and one of them could be naldi
AVg = —%AM - n?a | Ade]|, where u; = tan™! (—Ade, /Ae,), and 2
AVy, = —%Aéﬂ + % | Adell, where iy = u; + 7
ASA? = 4]|Adel|? Infinite solutions with respect to u; selection, and one of them could be nabol _ nal|Ade||
AV = —%A(S/l - % | Ade], where u; = tan~! (—Ade,/Ade,), and 2
AVy, = —%AM n % | Ade|, where uy = u; + 7
Also, u; = uy + 2x is available
. L . nald
only with any (AVg,, AVg,) combination that satisfies s <AV, <0,
AbSA
where u; = tan~! (—Ade, /Ade,) and AVy, = — "= S - AV,
ASA? < 4] Adel? nal Ade||

AVy = —"74“ ASA— ”2—” | AGe||, where 1, = tan~! (~Ade, /Ade,), and

AVg, = —%A&/l +%||A58||, where uy = u; + =«
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Table 2 Three radial maneuvers’ solution for in-plane reconfiguration

Sign (—1)k Local minimum impulses solution when u; = (u + k;x) Yo |AVR |

++ + There is no solution if —AJA/2 # Ade, sinu — Ade, cos u. —_
-——= There is no solution if —~AJ4/2 # —Ade, sinu + Ade, cos u. —_—

—— 1 1 1
+ AVy = EnaA&ex sinu — EnaA&ey cosu — ZnaA(S/l
[AVg,| + |[AVg, | = |AVg, + AV, |, and one possible solution is
1 1 1
AVyp, = AVgp = — ZnaA&ex sinu + ZnaA(Se). cosu — gnaAé/l
it 1 , 1 1
AV, = —EnaAﬁe_‘. sinu + EnaAﬁey cosu — ZnaAr%
[AVg,| + |[AVg, | = |AVg, + AV, |, and one possible solution is
1 1 1
AVy, = AVg, = ZnaA&ex sinu — ZnaA&ey cosu — 3 nalAsi
- 1 1 1 AbA
Tt AVg, = —EnaAéex sinu + EnaAéey cosu — ZnaAr‘)‘l ha X
[AVg, |+ |AVg,| = |AVg, + AV, |, and one possible solution is where ASA? > 4||Ade]?
1 1 1
AVyp = AV = ZnaA(Sex sinu — ZnaA&e), cosu — gnaA(S/l
— 4 1 . 1 1 na|Aéde, sinu — Ade,, cos ul
AVp, = EnaAéex sinu — inaAéeiV cosu — ZnaAéxl 85 —Ade, Ade, ‘
_ . P = na|Aoe — Aoey )
[AVR |+ |[AVg,| = 1|AVRl + AVg,|, alnd one possible S(;lutlon is | Ade]| Y Ade]|
AVg, = AVg = —ZnaA(Sex sinu + Z"“Aﬁfy cosu — gnaAM = nal|Ade]|,
- 1 1 1 2 2
T AVg, = —inaA(Sex sinu + EnaA&,{v cosu — ZnaAM where A% < 4| Adel|
[AVg | + |AVg,| = |AVg, + AV, |, and one possible solution is
1 1 1
AVyp = AV, = ZnaAﬁeX sinu — ZnaA(Se), cosu — gnaAM
_— 1 1 1
+ AVy, = EnaAtSeX sinu — EnaAzSey cosu — ZnaA&ﬂ
[AVg, |+ |AVg,| = |AVg, + AV, |, and one possible solution is
1 1 1
AVyp = AV, = —ZnaAéex sinu + ZnaAtSe). cosu — gnaAé/l
For Eq. (40), |AVg |+ |AVg,| is minimized when |[AVg [+ In other words, more AV combinations can be available under the
|AVg,| = |AVg, + AVpg,|. One possible solution can be selected as same delta-v limit of the propulsion system.

follows, which corresponds to the + + — combination in Table 2:

V. Examples of In-Plane Reconfigurations

1 . 1 1
AVg, =AVg, = Z”aA‘Sex Sinu _Z”QA‘S@V cosu —gnaAéxl “D Numerical results are presented to verify the proposed two- and

three-radial-impulsive solutions. Figure 1 shows the flowchart
applied in the simulation. First, the orbits of both satellites are

Although ) [AVp | is equivalent to those in Table 1, three impul- propagated in the inertial frame. Then, they are converted into the
sive maneuvers could be still useful since each of AV, can be smaller. mean OEs [21], and the mean ROE are obtained from the two mean
e —— I )
ll Chief’s position and velocity I—l—v{ Chief's mean OE Current ROE
| : -
:‘ Deputy’s position and velocity r| Deputy’s mean OE
I Orbit propagation I Y
e P —“—p—g————' No —Ghould calculate maneuvers seD
Yes

Desired ROE

Relative control logic

Required maneuvers and their positions |

|

. . . S
»> Is it now maneuvering posmon?_/ > Execute
| No

Fig.1 Simulation study configuration.
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Table 3 Relative orbit reconfiguration scenario 1

Initial reference orbit

a, km e i, deg Q, deg w, deg M(0), deg
6928 0.002 98 0 45 0
Initial relative orbit elements
ada, m ade,, m aéey, m adi,, m aéiy, m adl, m
0 0 0 0 0 0
Desired relative orbit elements
ada, m ade,, m ade,, m adi,, m asi,, m adl, m
0 0 15 0 —-15 0

OEs. After calculating the required impulsive solutions, they are
applied as delta-v in the inertial frame during propagation.

A. AdA=0

Initial reference OE of the chief satellite is given in Table 3,
whereas initial ROE of the deputy satellite is set to zero. Desired
ROE is assumed as the 15 m helix orbit [§] without the along-track
offset: A6A = 0. The J2 disturbance is included during orbit propa-
gation, and it is considered in the AV calculation by using the state
transition matrix presented in Ref. [22].

The two-impulse solution is summarized in Table 4. We can see
that the delta-v magnitudes are the same since Ad4A = 0, shown
by Eq. (18).

The three-impulse solution is obtained from the same problem and
summarized in Table 5. For comparison, the previous three-tangen-
tial-impulse method is also applied for reconfiguration [10]. The
fastest reconfiguration scenario is assumed for the tangential maneu-
ver case (k; = 0,k, = 1, k3 = 2). The results demonstrate that the
tangential maneuver solution is twice as efficient for relative eccen-
tricity vector control, as can be inferred by the dynamics in Eq. (2).

To verify whether )" |AV;| remains the same with other
(AVg,, AVg ) combinations (mathematically proven in Table 2) as
long as [AVg |+ [AVg | = [AVg, + AVg | is satisfied, another
(AVg,, AV ) is applied, and its results are summarized in Table 6.
It can be seen that the total amount of delta-v > |A V| is the same as
expected.

B. A4 # 0: Case b A6A? > 4| Ade]|?

Table 7 shows a new reconfiguration scenario with the 300 m
along-track offset. This condition corresponds to case b. A two-
impulse solution is first obtained, and its results are summarized in
Table 8. Compared to the results of A6 = 0, itis shown that the total
delta-v is greatly increased. To verify whether Y |AV;| remains the
same regardless of the maneuver positions, the different initial

Table4 Two radial maneuvers’ result from
reconfiguration scenario 1

Parameter Value
uy, rad 0
Uy, rad 3.1416
AV, , m/s —0.0082
AV, m/s 0.0082
Y |AVg |, m/s 0.0164

Table 6 Three radial maneuvers’ result from
reconfiguration scenario 1 with different delta-V

combinations

Parameter Value
AV direction Radial
uy, rad 0

u,, rad 3.1416
us, rad 6.2832
AV, m/s —0.0062
AV,, m/s —0.0082
AV3, m/s —0.0021
S |AV,], m/s 0.0164

Table 7 Relative orbit reconfiguration
scenario 2: case b

Desired relative orbit elements Values
aba, m 0
ade,, m 0
a&e),., m 15
adi,, m 0
adiy, m -15
add, m 300

Table 8 Two radial maneuvers’ result from
reconfiguration scenario 2

Parameter Value
uy, rad 0
u,, rad 3.1416
AV, ,m/s —0.0903
AVg,, m/s —0.0739
Y |AVg |, m/s 0.1642

Table 9 Two radial maneuvers’ result for
reconfiguration scenario 2 (u; = 60 deg)

Parameter Value

uy, rad 1.0472
u,, rad 4.3706
AV, , m/s —0.0856
AVg,, m/s —0.0787
ZlAVR,\,m/s 0.1642

impulse position (#; = 60 deg) is adopted, and its results are sum-
marized in Table 9. Three-impulse solutions in radial and tangential
directions are summarized in Table 10. Two remarks can be noted as
follows. First, the benefit of increasing number of impulse in the
radial maneuver method can be found. The maximum delta-v among
the delta-v set is decreased from 0.0856 into 0.0739 m/s, which
means that the less powerful thruster can be employed for the same
reconfiguration scenario. Second, the disadvantage of the radial

Table 5 Three radial (top) and tangential (bottom) maneuvers’ result from reconfiguration scenario 1

AV direction uy, rad u,, rad us, rad AV, m/s AV,, m/s AV3, m/s > |AV;], m/s
Radial 0 3.1416 6.2832 —0.0041 —0.0082 —0.0041 0.0164
Tangential 1.5708 4.7124 7.8540 0.0021 —0.0041 0.0021 0.0082
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Table 10 Three radial (top) and tangential (bottom) maneuvers’ result from reconfiguration scenario 2

AV direction u;, rad u,, rad us3, rad AV, m/s AV,, m/s AV5, m/s > |AV,|, m/s
Radial 0 3.1416 6.2832 —0.0452 -0.0739 —0.0452 0.1642
Tangential 1.5708 47124 7.8540 —-0.0154 —0.0041 0.0195 0.0390

Table 11  Relative orbit reconfiguration
scenario 3: case a or ¢

Desired relative orbit elements Values
ada, m 0
ade,, m 0
adey, m 15
adi,, m 0
aéi}., m -15
adi, m 20

maneuver approach with respect to fuel efficiency can be clearly
seen. One possible remedy would be the use of differential drag
control to adjust the along-track distance aASA until ASA? <
4||Ade]? holds.

C. AS1#0: Case aor c A6\ < 4||Ade]|?

The along-track distance is adjusted to 20 m, as in Table 11, which
conforms the A8 < 4||Ade||*> condition. A two-impulse solution is
summarized in Table 12. We can see that the total delta-v cost is
equivalent to that of the Ad1 = 0 condition, which verifies that the
delta-v cost is independent of AS1 when ASA% < 4||Ade||? holds.
Compared to case b, the delta-v cost is now dependent on the impulse
firing positions, and it can be seen by comparing the results in

Table 12 Two radial maneuvers’ result for
reconfiguration scenario 3

Parameter Value
uy, rad 0
u,, rad 3.1416
AV, , m/s -0.0137
AVg,, m/s 0.0027
2 [AVg |, m/s 0.0164

Table 13 Two radial maneuvers’ result for
reconfiguration scenario 3 (u; = 60 deg)

Parameter Value
uy, rad 1.0472
u,, rad 6.9501
AV, , m/s 0.0274
AVp,, m/s —0.0383
D 1AV |, m/s 0.0657

Table 15 Relative orbit reconfiguration scenario 4 (sequential)

ada, m ade,, m ade,, m adi,, m adi,, m adl, m

Initial relative orbit elements

0 0 0 0 0 0
Desired relative orbit elements 1
0 0 15 0 —-15 0

Desired relative orbit elements 2
0 0 20 0 -20 300

Desired relative orbit elements 3
0 0 10 0 -10 200

Table 16 Simulation condition for scenario 4

Parameter Value

AV error (1 sigma) 1.5 % of AV,
Reconfiguration time window 2 orbits
Rest time between reconfigurations 17 orbits

Tables 12 and 13. Finally, double fuel efficiency of the tangential-
impulsive-solution compared to the proposed radial-impulsive-sol-
ution can be found in Table 14.

D. Robustness Test Against Thrust Magnitude Error

In the last simulation case, thrust magnitude errors are incorporated
into the delta-v commands in order to test the robustness of the
reconfiguration methods. Both of the three radial- and tangential-
impulsive methods are applied, and their performances are compared.
The simulation case is defined by conducting the previous three
reconfiguration maneuvers sequentially as shown in Table 15, from
the initial ROE to the final ROE (i.e., ROEO to ROE3). It is assumed
that the only one reconfiguration maneuver from ROE1 to ROE2 is
corrupted by the thrust errors so that ROE3 can be exactly achieved at
the end. The thrust error is assumed to be proportional to the delta-v
magnitude (i.e., scale factor error) [16], and it follows the Gaussian
distribution function with zero mean and 0.015 standard deviations
(i.e., 1.5%), as in Table 16. The rest time between each reconfiguration
is set to 17 orbits, where the secular drift motion due to the thrust error
can be observed. For the out-of-plane maneuver, single AV, is applied
the same as the one used in the previous studies, e.g., in Ref. [10].

Figures 2 and 3 show the resultant relative motion represented in
the Cartesian coordinate frame. The along-track drift motion after the
second reconfiguration maneuver (i.e., ROE1 to ROE2) in the tan-
gential maneuver case can be clearly seen. It is mainly caused by the
relative SMA control error. While the desired along-track offset aAdA
is 300 m and is supposed to be kept constant, it drifts over time and
even approaches to the aAdl = 0 condition. This condition can
adversely affect the safety condition when the e/i vector separation

Table 14 Three radial (top) and tangential (bottom) maneuvers’ result from reconfiguration scenario 3

AV direction u;, rad u,, rad us, rad AV, m/s AV,, m/s AV5, m/s > |AV;], m/s
Radial 0 3.1416 6.2832 —0.0068 0.0027 —0.0068 0.0164
Tangential 1.5708 47124 7.8540 0.0009 —-0.0041 0.0032 0.0082
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—Radial AV
—_1 -—Tangential AV
S
N -

x(m)
Fig. 2 Relative trajectory in Hill-Clohessy—Wiltshire (HCW) frame.

condition does not hold (i.e., e is not parallel with §i). On the other
hand, in the radial maneuver case, the along-track control error is
bounded since the relative SMA is not affected by the radial impulses.

Figures 4 and 5 represent the relative motion in the ROE param-
eterization. In Fig. 4, again, the along-track drift motion after the
second reconfiguration maneuver can be observed. Figure 5 shows

the other four ROE” histories, which are a(Ade,, Ade,, Adiy, Adi).
Compared to the A4 difference between the two maneuver methods,
the control error differences in the relative eccentricity vector com-
ponents (Ade,, Ade,) are both small and bounded. The control error
differences in (Adi,, Adi,) are the same since the delta-v in the orbit-
normal direction are equivalent to each other.

Table 17 summarizes the sets of the delta-v applied in the radial and
tangential control methods. The total delta-v without the thrust error
(i.e., ideal solution) are also shown in the last column. Note that the
delta-v at the last reconfiguration (ROE2 to ROE3) are only changed
since the thrust errors are only applied at the second reconfiguration.
It can be easily seen that the thrust error increases the delta-v cost. The
inaccurate completion of reconfiguration increases the delta-v cost at
the following reconfiguration due to the ROE control errors. Notice-
ably, the increase of delta-v is larger with the tangential maneuver
method because of the along-track drift motion. Specifically, the
delta-v at the last reconfiguration in the tangential and radial maneu-
ver approaches are increased by 55 and 7%, respectively.

VI. Sensitivity Analysis

In the previous section, the impact of the thrust error on the ROE
control errors was observed by the numerical examples. In this
section, the (worst-case) ROE control errors from the thrust error
are systematically analyzed. Specifically, the three-impulse radial
and tangential methods are focused on.

— Radial AV

--- Tangential AV

time (day)

Fig.3 Relative trajectory in HCW frame (in each axis).

, — Radial AV H
--- Tangential AV

2 25 3 3.5 4

2 2.5 3 3.5 4

time (day)

Fig.4 Relative semimajor axis (top) and relative longitude (bottom) histories.
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10 — Radial AV
€ --- Tangential AV
>
[0]
-10 :
0 1 2 3 4
10
g 0
_>-10
T ]
© -20
3 4 0 1 2 3 4
time (day) time (day)

Fig. 5 Relative eccentricity vector (left) and relative inclination vector (right) histories.

A. In-Plane Reconfiguration with Three Radial Maneuvers 5 ) N 2
Random errors in the delta-v magnitudes are defined by AxN (O’ (AVk, + AVg, + AVR) (?) )
AVirea = (1 +a))AVR, the estimated relative eccentricity error [|Seey || = /€2 o + 8€3 e
AV, et = (1 + @) AV, can be obtained by Eqgs. (44) and (45) such that
AVR sreal = (1 + (xS)AVR (42)
‘ 3 1262 |Gee|? = 120> (6 e + 66 o) = A (47)

where the scale factor errors a;, a,, and a; feature Gaussian distri-

bution with the same 3-sigma o,,: Then, we define the worst-case relative eccentricity error ||de’ ||,

from the thrust error, by

2

(ay, o, a3) N(O, ("3—“) ) (43) dedll = |Al*/na 48)

where |A|* is the maximum expected value from the set of

Case a: ASA? < 4| Ade||? (ay, @y, a3), which can be obtained by their 3-sigma values in

Based on the three radial maneuver solutions in Table 2, the ROE Eq. (43) and the equation na||Ade|| = |[AVg, | + [AVg,| + [AVg,|
errors caused by the thrust errors can be predicted. First, the relative in Table 2 such that

eccentricity vector error (9e, o, 6e, o) is derived. As an example, -
we first assume that AVp , Asz <0 and AVg >0, ie., the |Al* = 6,4nalAde| (49)

(+ + —) combination in Table 2:
along with the maximum scale factor errors (af, a3, a3):

nadey o = (| AVg, + 0 AVy —a3AVp )sinu (44)
ay +0,
1=+ 50
nase, e = (—a;AVg — AV + a3 AVg )cosu (45) ai Oa (50)
’ ' a3 :taa

Defining a random parameter A as It can be easily shown that Eq. (50) also holds for the other

combinations of signs of delta-v in Table 2. Then, the worst-case
A= AVp + AV, — a3 AV, (46) relative eccentricity error || e’ || in Eq. (48) becomes

where | Sedll = o4l|Ade| (5D

Table 17 Three radial (top) and tangential (bottom) maneuvers’ result from reconfiguration

AV direction uy, rad u,, rad u3, rad AV, m/s AV,, m/s AVs, m/s N > |AV,| (without error)

Radial 1 0 3.1416 6.2832 —0.0041 0.0082 —0.0041 0.0164 0.0164
2 119.554 122.696 125.837 —0.0437 —-0.0816 —0.0437 0.1689 0.1689

3 241.696 244.838 247.980 0.0094 0.0287 0.0094 0.0475 0.0446

Total Y |AV,| 0.2329 0.2230

Tangential 1 1.5708 47124 7.8540 0.0021 —0.0042 0.0021 0.0082 0.0082
2 121.131 124.272 127.414 —0.0170 -0.0014 0.0184 0.0368 0.0368

3 240.235 243.376 246.518 -0.0117 0.0027 0.0081 0.0226 0.0145

Total 3" |AV| 0.0676 0.0595
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Second, the relative longitude error Ad4,,, can be also obtained by
Eq. (36) such that
aASery = a(AbAy — ASA)
= —2(;AVg, + @ AVg, + a3AVg ) /n (52)
where AdA, and A4 are the real (with the thrust error) and the ideal

relative longitude changes. The worst-case relative longitude error
|64%,| can be easily obtained by

na|dAs| = 26,|AVg, + AVy, + AV | (53)
with
ay +o,
a | =\ Lo, (54)
) F0,

when aj has the opposite sign from (af, a}), assuming the (4 + —)
combination in Table 2. The general solution of (a7, a;, a}) can be
obtained by

aj +(-Dk
& | = £(=Dk |o, (55)
a3 +(-1)k

and the worst-case relative longitude error becomes
04k = 20, Ade]| (56)

Case b: AdA? > 4||Ade||?

The case with larger along-track distance correction compared to
relative eccentricity correction (i.e., ASA*> > 4||Ade||?) is considered.
Final results are only presented since the derivation procedure is
identical to the previous case: AdA? < 4 Ade||>. Assuming ASA > 0
without loss of generosity, |A|* and ||de’ | can be derived by

|A|* = ‘(llAVR] + (leVRZ —(X3AVR3|*
= 0 |AVg, + AVy, — AVp | = 0,nah8A/2  (57)

oec || = |Al"/na = o4|A841/2 (58)

when (a7, o, o) satisfy Eq. (55). The worst-case relative longitude

error |51%,| becomes

|64k | = 04|26 (59
when (a7, a3, &) correspond to Eq. (50).

B. In-Plane Reconfiguration with Three Tangential Maneuvers

For comparison of robustness, the sensitivity study of the three
tangential maneuver solution is also performed. Since Ada is
assumed to be zero in this paper, only the |Ada| < ||Ade| case in
Ref. [10] is considered. It is assumed that the tangential mane-
uver method achieved the absolute minimum solution (i.e.,
Y |AVy,| = na||Ade||/2). Before going further, one of the AV,
combinations is selected as in Table 18, which will be general-
ized later.

First, the relative eccentricity vector control error is analyzed.
While the ideal relative eccentricity correction is

alde, =2AVry cosu, /n+2AVy, cosu, /n+2AVy cosus/n
alAde, =2AVy sinuy /n+2AVy, sinuy /n+2AVy sinus/n (60)

the relative eccentricity vector control error (8e, ey, 6, ;) due to the
thrust error becomes

Table 18  Assumptions for in-plane reconfiguration
sensitivity analysis

sign(cos u;) sign(cos u,) sign(cos u3)
— + —

sign(sin u;)

sign(sin u,) sign(sin uz)

+ - +
sign(AVy,) sign(AVr,) sign(AV7y,)
+ - +

andey o = V0€y o = 2(a) AV — AV, + a3AVy ) cosuy

andey o = v6€y o = 2(a) AVy, — yAvr, + a3 AVy )sinu; (61)
with the relative eccentricity vector 2-norm error:
n%a?||be..||> = 4A2 (62)
The parameter A is redefined by
A=AV —aAVr, + a3AVy, (63)
Then, the worst-case relative eccentricity error becomes
o€l = 2|Al*/na = o,]|Ade] (64)

and the general (independent from the delta-v sign combinations)
solution of |A|* can be achieved by

|Al* = oAV, | + |AVy,| 4 |AVZ,]) (65)
The corresponding (af, a;, a3) are the same as Eq. (50).
Second, the relative SMA control error da,, is derived. From
Eq. (2),
aldag = 2(a)AVy, + AV, + azAVr)/n (66)
can be achieved, and the worst-case error becomes
|bagy| = o, Ade]l (67)
The corresponding (aj, a3, aj) combination is equivalent to
Eq. (55).
Third, the relative longitude error is derived. The desired relative
longitude at the final time of u = u can be expressed in terms of

(AVy,, AVy,, AVy ) and (uy, u,, u3) such that

nadl(up) = =3(up — uz3)AVy, —3(up — uy)AVrp,
= 3(up - ul)AVT, (68)

The relative longitude error then becomes
nadie, = —3A (69)
where the parameter A is redefined by

A= (MF - M3)C¥3AVT3 + (MF - uz)azAVTz
+ (up — u)ay AVy, (70)

The worst-case relative longitude error can be obtained by
|64¢w| = 3|A]* /na ())

where
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Maximum ROE errors induced by radial and tangential maneuvers

Maximum error (worst case) l|6ed |l

|bac| 642

With three AV AS2? < 4| Ade|? 64|l Ade|| when

ay *o,
a | = *o,
a3 +o,

20,||Ade|| when

ar +(-Dh
a; | =| £(=Dk o,
o +(-1)

A2 > 4]|Ade]|? 0,A5)

when

2
af +(=1)k
a | = £(-Dk
o (=D

)

0,A when

aT :l:o.(l
a | =\ Lo,
Oy a}‘ +o o

With three AV, o,||Ade|| when

ay +o,
a; = :l:o.(l
a3 +o,

3
o4||Ade|| when &Z(MF — u;)|AV; | when
na '

oy +(=Dh

& | =] 2=k |o, of +(=Dh

@ +(=1)k a | = £(=Dk |o,
o +(-1)k

A* = 0((up — uz)as|AVy | + (up — uz)op|AVy, |

+ (up —upay|AVy |) (72)

The corresponding (af,a},a3) combination is equivalent to
Eq. (55). Further analysis of |6A%;| can be performed from the fact
that (ur — u;) and (up — u,) are always greater than 1 rad. Assuming
(up — uz) > 1 as well,

30,
|68 :T;((MF_M3)|AV73 |+ (up—u)[AVy, |+ (up —uy)[AV7, |)

3ko,
na

2——=(|AVr|+[AVE,|+|AVE]) (73)

withk > 1.Since ) |AVy,| = na| Ade]| /2 is assumed (i.e., absolute
optimal solution), Eq. (73) can be organized by

3ko,
[Ase]|

Sl >
| err| —_— 2

(74)

Comparing to the relative longitude error in the radial maneuver
approach in Eq. (55), the following inequality holds:

3ko,
“||Ade|l < |62 av,

|5/1:rr|AVR = 25(1||A5e|| < D)

(75)

which states that |17, | from the tangential method is larger than that
from the radial method when (ug — u3) = k > 1.33.

A set of the worst-case ROE control errors is summarized in
Table 19.

The performed sensitivity analysis is verified by the numerical
examples, which are also applied in Sec. V. The 3-sigma of the delta-v
scale factor error o, is set to 0.05, and the worst-case analysis is
conducted by assuming (a, a», a3) as extreme values corresponding
to the 3-sigma value. The two combinations of the (@, a,, @3) set are
considered in Table 20. The results verify that the thrust error in the
radial maneuvers merely affects the relative SMA error so that the
relative longitude error is smaller than that with the tangential
maneuvers. In addition, the resultant relative eccentricity errors are
exactly the same in the two methods.

C. Control Accuracy

The ROE changes caused by a single burn of radial and tangential
delta-v maneuvers are summarized in Table 21. The results aim to
predict the required minimum thrust for the given ROE control
accuracy requirements, especially on the in-plane ROE: de, da, and
64. As shown in the table, de can be controlled with AV two times as
accurate as with AV due to the nature of dynamics in Eq. (2).
Despite the large fuel consumption, the radial impulsive maneuver
strategy could be an option if higher control accuracy is desirable for
the given mission requirements. In addition, although the radial
impulse induces 64 instantaneously, unlike the tangential impulse,

Table 20  Sensitivity analysis for reconfiguration scenarios 1 to 3

al|del. ||, m aldak |, m aléAi.], m
af +o,
Scenario 1 With three AV Combination 1| o} | = | %o, 0.7500 —_— 0
2)-(2)
£)- ()
Combination 2| a5 | = | £(=1)* |o, 0 —— 1.5000
) £(-Dk
With three AV, Case 1 0.7500 0 0
Case 2 0 0.7500 8.8357
Scenario 2 With three AV Case 1 0.7500 —— 15.0000
Case 2 7.5000 —— 1.5000
With three AV, Case 1 0.7500 0 15.0000
Case 2 0 0.7500 6.1643
Scenario 3 With three AV Case 1 0.7500 —— 1.0000
Case 2 0.5000 —— 1.5000
With three AV Case 1 0.7500 0 1.0000
Case 2 0 0.7500 7.8357
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Table 21 In-plane ROE control accuracy from single
minimum impulse

Control precision de da oA
With AVR ﬁ AV iin - % AVmin
With AV ﬁ AV in ﬁ AV i N

itcan avoid changing 6a; otherwise, it not only shifts a but also drifts
oA over time.

VII. Conclusions

A radial maneuver strategy with two- and three-impulsive burns
for formation reconfiguration was proposed. While the total delta-v
costs of the two and three impulses are the same, the three-impulse
method has the advantage of distributing the impulses more evenly
among the impulses while the total delta-v costs are the same between
the two- and three-impulse methods. Despite a clear limitation of
employing only radial maneuvers in fuel efficiency compared to the
tangential maneuver strategy, two advantages were addressed sup-
ported by the numerical results. The first is that its total delta-v
magnitude is independent of the allowed reconfiguration time assum-
ing that it is longer than 1.5 orbit periods, and the second is that the
ROE control errors become less sensitive to the thrust model errors.
Considering that most CubeSats are incapable of performing forma-
tion keeping in a regular basis, it is important to keep the along-track
distance for safety. In this regard, the SMA control error caused by the
tangential maneuver error can be critical since it can make the space-
craft approaching to each other. The proposed radial maneuver
strategy, on the other hand, hardly induces the SMA control error
even with the thrust errors so that the intersatellite distance can be
maintained robustly.

A possible long-term reconfiguration strategy employing the pro-
posed radial maneuver strategy can be described as follows. The
SMA is controlled by differential drag, as well as the relative longi-
tude, to the maximum extent under given reconfiguration time; and
then the radial impulses correct the residual relative longitude
together with the relative eccentricity. This long-term strategy will
benefit from the increased robustness against the thrust errors in
tradeoff of delta-v increase. For future work, a tradeoff study between
adelta-v cost and safety will be carried out, for long-term operations
of CubeSats.
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