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Abstract

The filtering equations associated to a partially observed jump diffusion model
(Zt)ief0,11 = (X1, Y1)req0, 11, driven by Wiener processes and Poisson martingale mea-
sures are considered. Building on results from two preceding articles on the filtering
equations, the regularity of the conditional density of the signal X,, given observa-
tions (¥y)se[o,s], is investigated, when the conditional density of X given Y exists
and belongs to a Sobolev space, and the coefficients satisfy appropriate smoothness
and growth conditions.
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1 Introduction

Let (2, F, {F:}>0, P) be a complete filtered probability space, carrying a d; + d’-
dimensional F;-Wiener process (W;, V;);>0 and independent F;-Poisson martingale
measures 1\~/i(d5, dt) = N;(d3,dt) — vi(d3)dt on Ry x 3;, fori = 0, 1, with o-
finite characteristic measures vg and v; on a separable measurable space (3¢, Zp) and
on (31, 2)) = (Rd/ \ {0}, B(Rd/ \ {0}), respectively, where B(V') denotes the Borel
o-algebra on V for topological spaces V.

We consider the signal and observation model

dX; =b(t, X, Y)dt +o(t, X, Y)dW; + p(t, X;, Y)dV,

+‘/3 n(t9Xf’Yf’3)N0(d3’dt)+/3 S(t,le,Ylf,é)Nl(dé,dt)
0 1

dY; = B(t, X, Y)dt +dV; +/ 3Ni(d3, dv), (1.1)

31

where b = (b'), B = (B"), o0 = (¢'/) and p = (p'") are Borel functions on R, x
RI*+" | with values in RY, RY", R9*91 and R?*4" respectively, n = () and & = (§')
are R?-valued B (R4 x Rd*‘d,) ® Zp-measurable and R?-valued B (R4 x Rd"’d,) R Z1-
measurable functions on Ry x R+ x 34 and R4 x R+ % 3, respectively.

This paper is a continuation of [5, 7]. In [ 7] we derive the filtering equations, describ-
ing the time evolution of the conditional distribution P;(dx) = P(X; € dxl}',y) and
the unnormalised conditional distribution u;(dx) = P;(dx)A, of the unobserved com-
ponent X; given FY, the o-algebra generated by the observations (Ys)se[0,1, where
(Ar)re0, 7 18 a normalising positive process. The equation for (w;(dx));c[o, 1, referred
to as Zakai equation, is linear, and therefore questions about existence, uniqueness and
regularity of its solution for a given initial condition can be studied easier than those
for the nonlinear filtering equation satisfied by (P;(dx));e[o,7]. For more details on
the filtering equations for partially observed (jump) diffusions as well as for a his-
torical account we refer to [7] and the references therein. In [5] it is shown that the
conditional density 77; = d P, /dx exists for t > 0 and belongs to L, for g € [1, p], if
mo =dPy/dx € L, forap > 2, the coefficients of (1.1) satisfy appropriate Lipschitz
and growth conditions, and the derivatives of £ and n in x are equicontinuous in x,
uniformly in their other variables. The aim of the present paper is to show that if in
addition to the Lipschitz and growth conditions in [5, 7], we assume that the coef-
ficients have continuous and bounded derivatives in x up to order m + 1, for some
integer m > 0, and 7 € W;," for some p > 2, then (/)0 is a W;"-Valued weakly
cadlag process.

For partially observed diffusion processes, i.e., when & = 1 = 0 and the observation
process Y does not have jumps, the existence and the regularity properties of the
conditional density 7; have been extensively studied in the literature. In [14], an early
work on the regularity of the filtering density for continuous diffusions, it was shown
that if the coefficients are bounded, o, o admit bounded derivatives in x € R4 up to
order m + 1, b, B admit bounded derivatives in x up to order m, oo™ is uniformly
non-degenerate and gy € Wl’,” N Wj", then the filtering density (7);¢[0, 7] is weakly
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continuous as an Wz’-valued process, where p > 2 and m > 0. Later, under the
uniform non-degeneracy condition on oco*, stronger results are obtained in [9, 13]
by the help of the L ,-theory of SPDEs developed there. Generalisations of the linear
filtering theory are presented in [12] by the help of the theory of SPDEs with VMO
leading coefficients and growing lower order coefficients, see [10, 11].

In [20] it was proven that the non-degeneracy condition can be dropped if one
imposes m + 2 bounded derivatives on o, p in x, as well as m + 1 derivatives on b, B
inx, to get that 77 is a W}'-valued weakly continuous process if mg € W' N W," for a
p > 2andm > 1. In[15] it was shown that the conditional density d P; /dx exists for
any? > Oanditisin Ly if 19 = d Py/dx exists, it belongs to € L7, and the coefficients
are bounded and Lipschitz continuous. To achieve this, a nice calculation is presented
in [15] to show that the L»(Q x R?, R)-norm of P*’, the conditional distribution P,
mollified by Gaussian kernels, can be estimated by the L (€2 X R4, R)-norm of ),
independently of the mollification parameter ¢ > 0. For classical results in filtering
theory we refer to [1] and the references therein.

More recently filtering densities associated to signal and observation models
(Xt, Yi)r=0 with jumps have been investigated in a growing number of publica-
tions. The above mentioned method from [15] was used in [2, 3, 17, 19], under
various conditions on the filtering models, to prove that the conditional density
;= P(X; € dx|(Ys)sepo,r)/dx exists for t > 0 and it is in Ly, when the initial
density exists and belongs to L;. In [2] only the observation process has jumps. In [3]
only the signal process has jumps due to an additive noise component which is a cadlag
process of bounded variation, adapted to the observation process. In [17] a fairly gen-
eral jump diffusion model is considered, but, as in [2, 3], the driving noises in the signal
are independent of those in the observation. In [19] a general jump diffusion model
with correlated signal and observation noises is considered, but as in the articles [2,
3, 17], the coefficients in the signal do not depend on the observation process. In the
above publications, [2, 3, 17, 19], the coefficients of the SDE describing the signal
and observation models are bounded and satisfy appropriate Lipschitz conditions. An
approach from [16] is adapted to study the uniqueness of measure-valued solutions to
the filtering equations for a model with jumps in [18], and the existence of the filter-
ing density in L is obtained when the initial filtering density is in L, and the jump
component in the signal is a symmetric a-stable Lévy process. In this publication the
signal and observation noises are independent of each other, the drift and diffusion
coefficients in the signal process depend only on x, the variable for the signal, they
are bounded and their derivatives up to first order and up second order, respectively,
exist and are bounded functions.

As the present paper is a direct continuation of [5], it builds on the results of the
latter. In [5] the method from [15], combined with methods from the theory of SPDEs,
is applied to partially observed jump diffusions to show that the filtering density 7,
exists for # > 0 and belongs to L, forag € [1, p], provided o € L), fora p > 2, the
coefficients in the SDE satisfy appropriate Lipschitz conditions, the drift coefficient in
the observation process is bounded, and the other coefficients satisfy a linear growth
condition. In the present paper we investigate the regularity of the filtering density for
the same filtering model as in [5]. In addition to these assumptions from [5], in the
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present paper we assume that for an integer m > 0 the initial conditional density g
is in W} for some p > 2 and the coefficients of the SDE admit bounded derivatives
in x up to order m + 1, excluding the zeroth order. Under these conditions we prove
that (7;);>0 is a W;" -valued weakly cadlag process. Moreover, we show that if the
coefficients are also bounded, then (77);>0 is a W,-valued strongly cadlag process for
any s < m.

We would like to mention that our method of proving the smoothness of the condi-
tional density is different from those used in the case of partially observed diffusion
processes, and we require the existence and boundedness of the derivatives of the
coefficients only up to order m + 1 in order to get the conditional density in W.

This article is structured as follows. Section2 contains the main results along with
the required assumptions. In Section 3 we state some important results from [7] and [5]
which we build on. Section4 contains Sobolev estimates necessary to obtain a priori
estimates for the smoothed filtering measures. In section 5 we investigate some solv-
ability properties of the Zakai equation. Section6 finally contains the proof of our
main theorem, as well as some auxiliary results.

In conclusion we present important notions and notations used in this paper. For an
integern > 0 the notation Cj (R4) means the space of real-valued bounded continuous
functions on R?, which have bounded and continuous derivatives up to order n. (If
n = 0, then C,? (R?) = Cp,(R?) denotes the space of real-valued bounded continuous
functions on R?). We denote by M = M(R?) the set of finite Borel measures on R,
and by 91 = M(R?) the set of finite signed Borel measures on R?. For . € 9 we
use the notation

n(p) = / @(x) u(dx)
]Rd

for Borel functions ¢ on RY. We say that a function v : @ — M is G-measurable for
a o-algebra G C F, if v(p) is a G-measurable random variable for every bounded
Borel function ¢ on R4, An M-valued stochastic process v = (V;):efo,7] 1 said to
be weakly cadlag if almost surely v;(¢) is a cadlag function of ¢ for all ¢ € Cp, (Rd ).
An M-valued process (v;);e[o,7] is weakly cadlag, if it is the difference of two M-
valued weakly cadlag processes. For processes U = (U;)¢[0,7] We use the notation
]-'tU for the P-completion of the o-algebra generated by {U; : s < t}. By an abuse of
notation, we often write flU when referring to the filtration (}",U),e[o, 71, whenever this
is clear from the context. For a measure space (3, Z, v) and p > 1 we use the notation
L,(3) =L@, R?) for the L p-space of R9-valued Z-measurable functions defined
on 3. However, if not otherwise specified, the function spaces are considered to be over
R?. We always use without mention the summation convention, by which repeated
integer valued indices imply a summation. For multi-indices « = («q, ..., aq) of
nonnegative integers «;,i = 1,...,d, functions ¢ of x = (xl, R xd) € R and
nonnegative integers k we use the notations |a| = ), o,

D¥(x) = D{'DS* ... Djp(x), aswellas [Dg>= )" |D"¢|*,
ly1=k
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where D; = % and | - | denotes an appropriate norm. We also use the notation

D;j = D;D;. If we want to stress that the derivative is taken in a variable x, we
write DY If the norm | - | is not clear from the context, we sometimes use appropriate
subscripts, as in |¢|r,, for the LP(Rd)-norm of . For p > 1 and integers m > 0 we

use the notation W for Borel functions f = f(x) on R? such that

m
1y = ZfRd |DF f(x)|7 dx < oo.
k=0

Throughout the paper we work on the finite time interval [0, T'], where T > 0 is fixed
but arbitrary, as well as on a given complete probability space (€2, F, P) equipped
with a filtration (F;),>¢ such that Fy contains all the P-null sets. For p,g > 1
and integers m > 1 we denote by W) = L,(($2, Fo, P). W;,”(Rd)) and W’;”q -
L,(S2, Ly([0,T], W;," (R?))) the set of Fy ® B(RY)-measurable real-valued functions
f = f(w, x) and F;-optional W7-valued processes ¢ = g;(w, x) such that

T
p/q
(1 = Elf <00 and gl = E(fo gilfpdr)” < o0

respectively. If m = 0 we set L, W and L, , = W . In case a different
o-algebra G than Fy is conmdered above we denote this exphcltly by L,(G) and
W’" (G). If m > 0 is not an integer and p > 1 then Wm denotes the space of real-

valued generalised functions 4 on RY such that
|l = 1(1 = A", < oc.

A W'-valued process (7;)sefo,7] 1s said to be weakly cadlag if it is a weakly cadlag
process in the weak topology in Wz’, and it is said to be strongly cadlag if it is a cadlag
process in the strong topology in W[’;’. Finally, for real-valued functions f and g on

R4, we often denote by (f, g) the integral of f - g over RY.

2 Formulation of the main results

We fix nonnegative constants Ko, K1, L, K, T and functions § e Ly(31) =
L>(31, Z1,v1), 1 € L2(30) = L2(30, 20, vo), used throughout the paper, and make
the following assumptions.

Assumption 2.1 (i) For z; = (x;,y;) € R (j = 1,2),r > Oand 3; € 3
i=0,1),

|b(t,z1) — b(t, z2)| + |B(t, 21) — B(t, 22)| + o (¢, 21) — o (¢, 22)|
+lo(t, z1) — p(t, 22)| < Llz1 — z2l,

n(, z1, 30) — n(, 22, 30)| < 1Go)lz1 — 221,

&, 21.31) — £(1, 22,31 < EGD)lz1 — 22l
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(i) Forallz = (x,y) e RI*4 > 0and 3; € 3; fori =0, | we have

Ib(t, ) + 1o, )|+ p(r, 2| < Ko + Kilzl, |B@#, 2)| < K, /3 317 v1(d3) < Kg,
1
In(t, z,30)| < 7o) (Ko + K1lz]), 16, 2,301 < EG1)(Ko + K1lz)).

(iii) The initial condition Zy = (Xy, Yp) is an Fyp-measurable random variable with
values in R9+4",

Assumption 2.2 The functions 7 € L»(39, 20, vo) andé_ € L>(31, Z1, v1) are such
that for constants K, and K¢ we have 77(30) < K, and £(31) < K¢ for all 30 € 3o,
31 € 31

Assumption 2.3 For some r > 2 let E|X¢|" < oo and the measure v; satisfy

K, :=/3 131" vi(d3) < oo.
1

By a well-known theorem of It6 one knows that Assumption 2.1 ensures the exis-
tence and uniqueness of a solution (X, Y;);>0 to (1.1) for any given Fp-measurable
initial value Zy = (X, Yp), and for every T > 0,

Esup(| X7 + |Y;|7) < N(1 + E|X0|? + E[Yo|?) 2.1
t<T

holds for ¢ = 2 with a constant N depending only on 7', Ko, K1, K>, |§|L2, 7)1, and
d + d'. If in addition to Assumption 2.1 we assume Assumptions 2.2 and 2.3, then
it is known, see e.g. [4], that the moment estimate (2.1) holds with ¢ := r for every
T > 0, where now the constant N depends also on r, K, K¢ and K.

Assumption 2.4 (i) For a constant A > 0 we have
)“|x _)_C| = |x - X +9(ﬁ(t1x’ yvai) - ﬁ(tv)z9 )’151))|
forall & € [0,1],7 € [0,T],y € RY, x,5 € R?, 3, € 3;,i = 0, and

Jo(t,x,y.30) = n(t, x,¥,30), f1(t,x,y,50) =&, x,y, 5.
(ii) Forall (f,y) € Ry x R? and all x1, x» € RY,

|(pB)(t, x1,y) — (pB)(1, x2, y)| = L|x1 — x2f.
(iii) The functions fy(t, x, v, 3) := &(t, x, v, 3) and fi(¢, x, y,3) := n(t, X, Y, 3) are

continuously differentiable in x € R¥ for each (¢, y,3) € Ry x RY x 3;, for
i =0andi = 1, respectively, such that

lim sup sup sup sup |Dy fi(t,x,y,3) — Dy fi(t, X, y,3)| =0
£40 1€[0.7] 3€3; |y|<R |x|<R.|F|<R,|]x—x'|<e

for every R > 0.
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Assumption 2.5 Let m > 0 be an integer.
(i) The partial derivatives in x € R? of the coefficients b, B, o, p, (oB),  and & up
to order m + 1 are functions such that

m+1
> Db, B.o.p, (pB)| < L forallt € [0,T],.x e R y e R.
k=1

(ii) Moreover,

m+1 m+1
Y Dkl < L. Y D] < LE,
k=1 k=1

forallz € [0,T],x e R?, y e RY and 3; € 3;,i =0, 1.
A few remarks are in order to elaborate on the need for the assumptions made above.

Remark 2.1 The function B is required to be bounded by Assumption 2.1. Though
this excludes linear drifts in the observation (in particular it excludes the important
special case of Kalman-Bucy filtering), it is a necessary assumption in the case of
our general model in order to obtain crucial L, estimates needed later in this paper
(see for instance Lemma 4.4). To include the case of B satisfying a linear growth
condition one should assume specific conditions on the filtering model, which allow
one to transform the Zakai equation into an SPDE without a zero order term. (See [12]
on including the case of Kalman-Bucy filtering in nonlinear models.)

Remark 2.2 Ttis a natural condition in Assumption 2.2 that i € L2 (30, 2o, vo) and € €
L1(31, Z1, v1). This, together with the measurability and growth conditions on & and
n ensures, in particular, that for any adapted cadlag process Z = (X, Y) the stochastic
differentials with respect to the martingale measures in equation (1.1) are well-defined.
Note that since the measures vy and v; may not be finite, the boundedness of 7 and
& does not imply that 77 € L2(30, 2o, vo) and € € Ly(31, Z1, v1). The boundedness
condition on £ and 7 in Assumption 2.2 serves a different purpose. This, together with
Assumption 2.4(i) and the Lipschitz condition on 7 and & in Assumption 2.1(i) implies
that for a constant ¢ = ¢(A, K¢, K;)) we have forall 6 € [0, 1], y € Rd,, t €[0,T]
and 3; € 3;,i =0, 1,

cx =% < |x =X +0(fi(t,x,y,3) — f(t, %, y,3) <clx —x| forx,xeR?,
with fo(z, x,y,30) = n(. x,y,30) and fi(t,x,y,31) = &, x,y,51). This,
together with Assumption 2.4(iii) in particular implies that for all 0 € [0, 1], y € R4,
t €[0,T]and 3; € 3;,i = 0, 1 the mappings

T (x) =x+0n(t,x,y,30) and ts(x) =x+0&(, x,,31)

are C'-diffeomorphisms. This property plays a crucial role in the existence of the
conditional density and in obtaining L ,-estimates for it.
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Remark 2.3 Note that if T is a continuously differentiable L-biLipschitz function on
R4, j.e., for a constant L > 1 we have

L' x—y|<|t(x) —t(y)| < L|x — y| forallx,yeR?,
then
L™ < [det(Dt(x))] < L? forx e RY.

Proof For d = 1 it is obvious, and for d > 1 it can be easily shown by using the
singular value decomposition for the matrices Dt, Dt~!, or by applying Hadamard’s
inequality to their determinants. O

Recall that ]—',Y denotes the completion of the o-algebra generated by (¥s)s<;.

Theorem 2.1 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold. If K| # 0 in Assump-
tion 2.1, then let additionally Assumption 2.3 hold. Assume the conditional density
m9 = P(Xp € dx|.7:g)/dx exists almost surely and for some p > 2 and integer
m > 0 we have E|no|€v,),, < 00. Then almost surely P(X; € dx|]-'ty)/dx exits and
belongs to W' for everylt e [0, T].

Moreover, there is a Wl'," -valued weakly cadlag process w = (7;):¢[0,1] Such that
foreacht € [0, T] almost surely m; = P(X; € dx|.7-',y)/dx. IfKi =0andm > 1,
then m is strongly cadlag as W;,—valued process for s € [0, m).

If a :== 00*/2 is uniformly elliptic, i.e., for a constant ¢ > 0 we have

al(t, )x' 5] > c|x* forall (,z) € [0, T] x R¥™ and ¥ = (&',...,5%) e RY,
2.2)
then the following remark states that we can recover in the special case of p = 2, in the
presence of jumps, a well-known result obtained in [ 14] for partially observed diffusion
processes. Based on calculations in the present paper, we will prove it together with
its generalisation for p € [2, 00) in a forthcoming article.

Remark 2.4 Let (2.2) and Assumptions 2.1, 2.2 and 2.4 (i)&(ii) hold with K; = 0.
Assume that for an integer m > 0 the conditional density 79 = P (X € dx)/dx exists
almost surely such that E|m |%V,,, < 00, and the derivatives in x € R? of the functions
o, p, & and n up to order m+ 1, and of the functions b and B up to order m are functions,
in magnitude bounded by a constant. Then for each ¢ € [0, T'] the conditional density
P(X; e dx |]—',Y )/dx exists and belongs to W," almost surely, and there is a W}"-valued
cadlag process m = (71;):¢[0,7] such that 7; = P(X; € dx|.7-'ly)/dx (a.s.) for each
t € [0, T]. Moreover, m; € Wzm‘H for P ® dt-a.e. (w, t) € 2 x [0, T] such that

T
/ |7T’|€V’”+‘ dt < oo almost surely.
0 2
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3 Preliminaries

Recall the notions and notations concerning measure-valued processes, given in the
final part of the Introduction, and note that if (v;);>0 is an M-valued weakly cadlag
process then there is a set Q' C € of full probability and there is uniquely defined (up
to indistinguishability) M-valued processes (v;—);>¢ such that for every w € €’

vi_(p) = 11?1 vs(p) forallg € Cp(RY) and > 0,
STt

and for each w € Q' we have v, = v, for all but at most countably many ¢ € (0, 00).
The following result was proven in [7]. In order to formulate it, we define

t t
)/t ZeXp <_/ B(Saxj‘a YY)dVS‘ - %\/\ |B(S7XS7 YY)|2dS> ) e [07 T]7
0 0

and note that since B is bounded in magnitude, we have Eyr = 1 and it is an F;-
martingale under P. Thus, the measure Q, defined by dQ := yrd P is a probability
measure, equivalent to P.

Theorem 3.1 Let Assumption 2.1 hold. If K| # 0, then assume also E|Xo|> < oo.
Then there exist measure-valued F -adapted weakly cadlag processes (P;)c(o.1) and
(1) ref0,1] Such that

Pi(p) = wi(@)/ (), forw e Q, 1 €[0,T],
Pi(p) = E(p(X)IFY), mie) =Bo(y '9(X0)|F) (as.)foreacht € [0, T].

We refer to u; (resp. Py) as the unnormalised (resp. normalised) conditional distri-
bution of X; given .7-",Y, tel0,T].
We introduce the random differential operators

£y =dl (x)D;; + bl (x)D; + BEME, ME = p*(0)Di + BF(x), k=1,2,...d,
(3.1)
where g, := B;(X;) and

di d

y - o . ‘

a’ (x) =3 0/ /)0 + 3> (0" pH). off ) =0 x, 1),
k=1 =1

pil (x) = p (1, x, V1),

bj(x) :=b'(t,x.Y), Bf(x):= Bt x.Y)

forw e Qt>0,x = ', ..,x%) e R and D; = 3/dx', D;j = 8°/(dx'dx/)

fori, j = 1,2...,d. Moreover for every t > 0 and 3 € 3; we introduce the random
operators I,S and Jf defined by

Tr(x,3) = o(x + £(x.3). 3)
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d
Foa.3) =T e@.3) —p@.3). o0 =Ip03 Y & )Didx. s

i=1

for functions ¢ = ¢(x,3) and ¢ = ¢(x,3) of x € R? and 3 € 31, and furthermore
the random operators I,” and J;’, defined as If and J,S, respectively, with 7, (x, 3) in
place of & (x, 3), where

%‘[(X, 31) = E(ta X, Yt—a 31)? nl(-xa 30) = U(tJCa Yt—,30)

forwe Q,¢t>0,x eR%and 3 € 3; fori =0, 1.

From [5] we know that if the unnormalised conditional distribution u, has a density
such that u, = du,/dx (a.s.) for each t € [0, T'] for an L -valued weakly cadlag
process (u;):e[o,7] for some p > 2, then it satisfies for each ¢ € C§° almost surely

' . ' '
)=o)+ [ B+ [ Mipravi [ s s wapas
0
t t .
+ / / (s, J5 9) vi(d3)ds + / / (5=, IS 9) N1 (d3, ds). (3.2)
0 J3; 0 J31
for all ¢ € [0, T']. Formally we may write (3.2) as the Cauchy problem

du; = Liu,dt + M*u, dvF + / I ug vo(d3)dt
0

+/ TE*u, vl(dg,)dt—i—f I¥*u,_ Ny (d3, di),
31 31
uy = . (3.3)

for a given .

Definition 3.1 Letintegersm > 0and p > 2. Let ¢ be an Wg-valued JFo-measurable
random variable. Then we say that a W;"—valued Fr-adapted weakly cadlag process
(U1)refo,7] 1S a Wg—solution of (3.3) with initial condition v, if for each ¢ € C3°
almost surely (3.2) holds for every ¢ € [0, T].

If m = 0, then we call u an L ,-solution instead of a Wg-solution.

As in [5] we are interested in solutions which satisfy

esssup |us|r, <oo and  sup / |y|2|u,(y)|dy<oo (a.s.). (3.4)
t€l0,T] t€[0,7] JR4

To formulate the following results from [5], Lemma 5.7 and Theorem 2.1 therein,
we recall that there exists a cadlag ]-"tY -adapted process (%1 ):¢[0,7], called the optional
projection of (¥;)ec[0,77 under P with respect to (]:ty),e[oj], such that for every ]_—ty_
stopping time T < T we have

E()/TIJ:TY) =% almost surely. (3.5)
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Since for each ¢, by known properties of conditional expectations, almost surely
w@) =Eo(y, 1F) = VEWIF ) = 1/%,

and P, u are weakly cadlag in the sense described above, we also have that almost
surely P;(¢) = s (@)%, foreacht € [0, T]and ¢ € Cy.

Theorem 3.2 Let Assumptions 2.1, 2.2 and 2.4 hold. If K| # 0, then let additionally
Assumption 2.3 hold for some r > 2. Assume the conditional density mo = P(Xq €
dx|Yp)/dx exists almost surely and ]E|n0|lzp < oo for some p > 2. Then

(i) For each t € [0, T] the unnormalised conditional density dji; /dx exists almost

surely and there is an L -valued weakly cadlag process (u;);ejo, 1) such that u, =
dus/dx (a.s.) for each t € [0, T] and

E sup |Mt|i SNElﬂoli
1€[0,T] P P

fora constant N = N(d,d', p, K, Ke, Ky, L, T, X, |§|L2, I11,). Moreover, u is the
unique Ly-solution to (3.3) satisfying the conditions in (3.4).

(ii) Almost surely the conditional density P(X; € a’x|.7-",y )/dx exists and belongs
to Ly for all t € [0, T]. Moreover, there is an L,-valued weakly cadlag process
(1) re[0,11, Such that for each t € [0, T almost surely m; = P(X; € dx|ftY)/dx, as
well as almost surely 7, = u;%; forall t € [0, T].

Proof See Lemma 5.5 and Theorem 2.1 in [5]. O

Lemma3.3 Letl < p < coand let (v;),e(0,11 be a weakly cadlag L ,-valued process.
Assume moreover that for an m > 0 almost surely ess sup;cjo 1 [vi|lwn < 00 and
vr € Wﬁ' Then v is (almost surely) a weakly cadlag W;—valued process.

Proof Let Q' be the set of those w € € such that (v;(w));e0,77 is weakly cadlag
as an L p-valued function, vr(w) € W' and esssup, (o 7y |vs (w)|W;;1 < 00. Then
P(Q) = 1, and for each w € ' there exists a dense subset T,, in [0, T] such
that SUp;er,, |v,(w)|sz <oo.Ifwe Qandt ¢ Ty, t # T, then there exists a
sequence (tn),f‘;l c T, such that ¢, | . Since Super, [vy (a))|W1r)n < o0 there exists
a subsequence, also denoted by (tn)’fozl, such that v, (w) converges weakly in W[’,”
to some element v € W'. However, as v is weakly cadlag as an L ,-valued process,
we know that v, — v, weakly in L, asn — oo and hence v = v, € W;”. Thus
clearly also sup, ¢ 77 [vs (w)|W]r7n < oo if w € /. To see that v is weakly cadlag as a
Wl’,”-valued process, note first that since Wﬁ is a reflexive space, which is embedded
continuously and densely into L ,, we have that the dual (L ,)* = L,,q = p/(p—1),
is embedded continuously and densely into (W[’,”)*. Therefore, for each ¢ > 0 and
¢ € (W;,")* there is an ¢, € L, such that |¢ — ¢s|(W;;l)* <e. Fixare[0,T)anda
sequence t#, | t. Then

|(Ws, @) = (Ui, P < (Vg @ = D)l + (Vg Pe) — (1, )| + [(vr, P — B)

< 2e sup |vrlwm + [(vy,, Pe) — (vr, Pe)l.
tel0,7T]
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Recalling that v is weakly cadlag as an L ,-valued process finishes the proof. O

The corollary of the following lemma will play an essential role in the proof of
the statement on the strong cadlagness of L ,-solutions to the filtering equations, see
Proposition 6.4.

Lemma 3.4 Let ¢ be an R%-valued function on RY such that for an integer m > 1 it
is continuously differentiable up to order m, and

inf inf |det(I+6D¢(x))| =:A >0, max sup |D ((x)| = M, < oo.
0¢€l0,1] xeRd Ok=m cpd
(3.6)

Then the following statements hold.

(i) The function t = x + 0z (x), x € R%, is a C™-diffeomorphism for each 0, such
that for all x € R4, 6 € [0, 1],

A <|detDt™'(x)| <1, and max sup |[D’t7' <M, <00, (3.7)

<k=m _.pd

with constants .’ = ) (d, M) > 0, A" = )"(d, My) and M, = M,,(d, %, My,).
(ii) The function {*(x) = —x + 7 x), x e RY, is continuously differentiable up
to order m, such that

sup [¢*| = sup [¢], (3-8)
R R

sup |D¥¢*| < MY max sup |D/¢|, fork=1,2,...m
R4 lfjfk R4

3.9
) mf mf |det(I+6Dc*)| > A/ 1nf1]indf |det(l+6D¢)], (3.10)
€[0 IR
with a constant M\, = M} (d, ., M) and with 1 from (3.7).
(iii) For the function ¢ = det(I + D¢*) — 1 we have
sup |D¥e(x)| < N max Sup|Df§| (3.11)
xeRd <j<k+1 p,

for0 <k <m — 1withaconstant N = N(d, », m, My,).

Proof Claims (i) and (ii) are Lemma 6.1 in [5]. To prove (iii) _notice that for the function
F(A) = det A, considered as the function of the entries A of d x d real matrices A,
by Taylor’s formula

1
c:det(]I—l—D;*)—detH:/ aA”F(H—{—BDC )dOD; ¥ .
0
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Corollary 3.5 For R?-valued functions ¢ on R we define the operators T, I¢ and
J¢ by

Tp(x) = ¢p(x +¢(x) forx eRY, and 1S9 =T ¢ —¢, JS¢=1°—¢"Dig

for differentiable functions ¢ on RY. Assume that ¢ satisfies the conditions of
Lemma 3.4 withm = 2. Then 19 (x) = x +0¢(x), x € RY isa Cz—diﬁ”eomorphism
foreach 6 € [0, 1], and for every v, ¢ € C3° we have

W, 1Yp) = (U0, 9), (. J59) = (K v. Dig), (3.12)

with

1 .
I (x) = _/O D,~(v(te_gl(x))gl(rg_cl(x))ldetDte_gl(x)l) de,

1 . ,
Kfv(x) = /0 © - 1D, (v(re—{l (x))g'(rej;l x)Ne! (re_cl (x))ldetDtg_Cl (x)|> do, x eR?,
fori =1,2, ...,d. Moreover, for every x € R? we have

1
0@ < N sup (L) + D¢ @)D | [v(z5, )]+ 1(DV)(z5, (x)] 6
xeR
(3.13)
1
[K{v(x)| <N sup (¢ ()1 + D¢ (x)) \ [v(z5, ()] + [(DV)(x5, (x))] d6
xeR

(3.14)

with a constant N = N(d, A, My, M>).

Proof By Lemma 3.4 75, : R? — R? is a C2-diffeomorphism for every 6 € [0, 1].
Using Taylor’s formula we have

1 .
(v, Ifg) = f / 0(0)(Dig) (10 ()T () dB dix.
R4 JO

1 . .
(v, Jg) = /R | /0 (1= 0)0(x) (D1 ) (0 () (1) (x) d6 dix.

and by a change of variables in the calculation of the integrals over R¢ and then
integrating by parts we get the equations in (3.12). Hence we get the estimates (3.13)
and (3.14) by applying standard derivative rules and using the estimates in (3.7). O
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4 Sobolev estimates

In this section we present some estimates which are needed in the subsequent sections.
In the following lemmas note that by lower indices i we mean the derivative with
respect to x’, i.e. u; = a—i,u(x). For ¢ > 0 we use the notation k. for the Gaussian
density function on R? with mean 0 and variance &. For linear functionals ®, acting

on a real vector space V containing S = S(R?), the rapidly decreasing functions on
R?, the mollification & is defined by

D@ (x) = Dko(x — ), xeR%

In particular, when ® = p is a (signed) measure from S*, the dual of S, or ® = f is
a function from S*, then

1) = / ke(r — ) udy), fO) = / keGr — ) f () dy, x € RY,
R4 R4

and, using the formal adjoint L*, we write
L0 = [ Lk . xR
]Rd

when L is a linear operator on V such that the integral is well-defined for every x € R?.
Here the subscript y in Ly indicates that the operator L acts in the y-variable of the
function k. (x, y) := ks (x — y). For example, if L is a differential operator of the form
al D;j + b D; + ¢, where @'/, b' and ¢ are functions defined on RY, then

L0000 = [ @0V 015 + oDkl = i)
R4 yroy y

We will often use the following well-known properties of mollifications with k:

() 0@z, < l¢lz, forg € L,(RY), p € [1, 00);
(i) (@) = [Jpa @ @) dx = [pa@®(X)p(dx) =: p(e®) for finite
(signed) Borel measures w on B(RY) and ¢ € L,(R?Y), p > 1;
(iii) @z, < |u®|L, for 0 < & < 4, finite Borel measures 1 on RY and p > 1.
This property follows immediately from (i) and the “semigroup property” of the
Gaussian kernel,

krys(y —2) = /dk,(y — ks(x —2)dx, y,zeR¥andr,s € (0, 00).
R
4.1)

The following generalization of (iii) is also useful: for integers p > 2 we have
pe(y) = / M7 ke (x — ) dx = ¢ pe™ Diressy P/ Qen)
R4

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

Y =1, yp) € RPY 4.2)

for ¢ > 0, with a constant ¢, = cp-(d) = p~4/2(27¢)(1=P)/2 This calculation
can be found in [5, Sec. 4]. Clearly, forevery r = 1,2, ..., pandi = 1,2, ...,d

P
0ipe() =25 Y i = ¥Dpe(¥), ¥y =01 yp) €RY g =ty e RE
s=1

4.3)
It is easy to see that

P
Zay,pg(y) =0 foryeRM, j=1,2,..4d,

r=1

which we will often use in the form

14
8y_r/ps(y)=—23y!p8(y) forr=1,..,pand j=1,2,...d. (4.4
SFEr

Moreover, we will use that for ¢ = 1, 2, with a constant N = N(d, p, q),

£ 1ye — v pe(y) < Nppe(y). y € RP (4.5)
SFEr

The case of « = 0 in the following lemmas in this section is proven in [5] and
hence this case will be omitted in the proofs.

The following estimates for u € 9t with density u = du/dx € W, foranm > 0
and an even integer p > 2, will be useful in later sections. In order for the left-hand
side of these estimates to be well-defined, we require that

K / 1x|? u(x)| dx < oo, (4.6)
R4
where we use the formal convention that 0 - oo = 0, i.e. if K; = 0, then the second

moment of |(dx)| = |u(x)|dx is not required to be finite.

Lemma4.1 Let 0 = (0'%) be a Borel function on R? with values in R**¥, such that
for some nonnegative constants Ko, K1 and L

m+1
o ()] < Ko+ Kilxl, Y Do)l < L, (4.7)
k=1

forall x € R4, Set a'/ = Uikojk/Zfor i,j=1,2,..,d. Let w € 9N such that it
admits a densityu = du/dx € W;T for an integer m > 0 and an even integer p > 2
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and (4.6) holds. Then for ¢ > 0 we have

A" = p((D* P!, D (@' Dyj)* )
+ 2D (D )P 2D (0 D) ) ®, D*((07*Dj)* 1)) < NL[ulf
V4

4.8)
for multi-indices o = (a1, ..., ®q) such that 0 < |«| < m, where N is a constant
depending only on d, m and p.

Proof Note first that using
m+2 m+2
sup Y |D*ke(x)| <00, sup Y |[D*pe(x)| < oo, foralle >0  (4.9)
xeR4 1 o xeR4 1 o
and
/ 1+ K1|x|2) lu(x)|dx < oo, (4.10)
R4

as well as the conditions on o, it is easy to verify that the left-hand side of (4.8)
is well-defined. Changing the order of taking derivatives and integrals, then writing
integer powers of integrals as iterated integrals and using

Dke(x — y) = (=D DSk (x — y),

we have

_ —1
(D ()P = /R o T2 Dk = 30 1)ty )
= (~)@=Dlelpe  pe 1Pk (x = ye) udyr)epe(dyp—1)
R(p—Dd Y Fyp—1 =178 r p=in
DY((a" D;j)* 1) (x) = fR Y )y 8 Diks (¥ = vp) 1(dyp)
P

= /]Rd(—1)|a\aij(yp)8y;~)ByIJ;Dgpkg(x — yp) (dyp),
and hence for their product we get

D

(D* WP~ D (@' Dyj)* ) (x) = /R pda"f'(ypwyéayiD,{,“nﬁ’zlkg(x—yr)up(dw, 4.11)
where DI* := D;‘l ..D§ and pu(dy) := p(dy1)...(dyp). Similarly,

(D=2 D% (0™ D)) D* (0D )" ) (x)

= /R L0 Gp0)o )y 8 DY ke (x = y)p(dy).
V2 - 4
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Adding this to (4.11), then integrating against dx over R? and using (4.2) we obtain
— ij g (p—=D ik jk . 2\ pPe
A= /;de (paz/ (yp)ay;,ay;’ + %Gl (Ypfl)aj (Yp)ay;’_] ay;) Dy Pe(y) Mp(dy)~

Using here the symmetry of Dﬁ? “pe(v) and pldy)iny € R9? and then interchanging
differential operators we get

P
— ij Py o ik k Py o
A= fR pd(;awyr)uy 040+ D o e D a0 ) oe () ip(dy)

I<r<s<p

Using

0,P () == 8i0e(y),

SFEF
see (4.4), we have
p ' ' ..
Y al DY 0 () == Y (@) +a (5))DYdy0 5o (),
r=1 I<r<s<p

and due to a”/ = o¥67k /2 we have

24" (yr, y5) i= —2(a" () + a7 (y5)) + o * (3 * (35) + o () (3r)
= —(0" () — a* (@ () — o 7* ().

Hence

A=-1> a’ (yr, ys) DY 0,10 pe () pp(dy), (4.12)
Z Rpd rYs
r+s

that by integration by parts gives

=—3 ) ) e /ﬂw D@y, O )30, pe (g (3t () Mg r. g sttar(vg) 4,
r#s

B<ay=a
- (4.13)
where agy(x, r) = P87 ali (x,r) and us(x) := d%u(x) for x,r € R?, for multi-
indices B, y and 8,8 := o — 8 for multi-indices § < « (i.e.8; < o; fori = 1,2, ..., d),
c§ = H?I: lcg_" with binomial coefficients ¢} for integers 0 < k < n,

u(y) = u(yp)...u(y,) fory=(yi,....yp) € R,
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and dy = dy;...dy, is the Lebesgue measure on RP4 Foreach B <aandy < o we

are going to estimate the integrand

PP =3 g, 0 9900y, 0e g () (5) Mgt g istta ), v € RY,

r#S
B<a y=<a

in the integral in (4.13). Because of the symmetry in 8 and y, we need only consider the
following cases: (i) || > land |y| > 1, (ii) |B| = l and y = 0 and (iii)) B = y = 0.
To proceed with the calculations in each of these cases, for functions 2 = h(y) and
g = (y) of y € R we will use the notations i ~ g if the integral of g — & against

dy over R”? is zero. In case (i) by integration by parts we have

o7~ 24) £

j=1
with

f]ﬂy = Z ay;‘ ayga;jy rs Ys)Pe (Y)MB(Yr)uf(YS)Hq;ér,q;ésuot (Yq)7
r#s

= D3 sag, O y)oe N3y s 0y (5 g r g st (V)
r#s B

f3ﬂy = Z ay;'a/lgjy r )’s)ps()’)ug(yr)aygu)?(ys)nq;ér,q;ésua()’q),

r#S

A7 =37, 0 v (00,1008, 15 ) Ty g st ().
r#s

By
2

It is easy to see that for j = 1,2, 3,4

(4.14)

PO NE2pe(y) Y lusyn)lee D lus(p)l (1 y2. o p) € RPY

|8]<m |8|=m

with a constant N = N(d, m, p). Hence in the case (i) we get

/de fMy)dysNLZ/W D lus Gl Y usGplpe() dy

8] <m [8]<m

=NL? /de fRd D lusDle Y lus(rp) I ke (x = yr) dx dy

|81<m 181 <m
<N'L2 Y ID%u @]

[8]<m
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with constants N and N’ depending only on d, m and p. Integrating by parts in the
case (ii) we have

0 B0 B0
fﬂ ~—f = f
with

0= 3 ayaly (i 390 e (D (3) Tyttt (vg)
r#s ‘

50 = 3 gy 3908 596 (308,15 (3 Tyt ().
r#s

Clearly, for r # s we have
ay;'a/lgjo(}’r» Ys) = gﬂ"j s ys) + hPJ ),
with
P9 (. 35) = 0305 0™ )@ () = T (y9)) + 8505 0 () @ () — o F (),
Wi =Y BV oyl 00l (),
1<[8],6<B(i)

where the multi-index S (i) is defined by 3#®) = Ay aﬁ. Thus

B0 B0 B0
f] = J1 +f12

with
0 ? i
B =03 P 0 309 e G NTTgrta (v),
r=1 s#r .
0 u i
= W9 (3081 pe (5 (3 Ty it (v)- (4.15)
] B
r=1 s#r ’
Since

187 Gra Yl < NL2Jyr =35l j = 1,2, p,

for some N = N(d, m, p), taking into account (4.3) we have

p
1877 G 33N < 2 D0 Ik = 3PP pe() < N'p2e ()
1<k<I<p
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and hence

A< N o2e) D lusoleee > lus(yp)]

[8|=m [8]<m

with a constant N’ = N’(d, m, p). Remembering (4.4) by integration by parts we
obtain

b= Zhﬂf(yr)a/ps(y)uﬁ(yr)ﬂq;érua(yq) fia1+ fi
r=1

with

= Zh“(yr)pg(y)a,uﬂ@rmq#ua(yq)

r=1

122 Za hﬂ ](yr),Oe(Y)u‘g(yr)nq#rua(yq)

r=1

Hence noting that
(WP (vl + 18 hP ()| < NL?

with a constant N = N(d, m, p), we get

[ fh1 + Fial < NL2pe(y) > luspleee Y lus(yp)]

[8]<m [8]<m

Consequently, for a constant N’ = N'(d, m, p),

f 7 (y)dy<NL2f D lusGole Y lus(yp)loae () dy

[8]<m [8]<m

<N'L* Y ||D‘Su|(2£)|l£p <N'L* Y ||D‘Su|(£)|ip. (4.16)

8] <m 8] <m
Now we are going to estimate the integral of fzﬂ O 1f |B] = 1, then

lago (e, y9)| < NL2|y, — s,

and taking into account (4.3), we get

A< NL2 oo () Y lus Gl Y lus(yp)|

[8]<m 8] <m
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with N = N(d, p, m) in the same way as | f11] is estimated. Hence, as above,

0
fRdff Mdy < NL? 3 D% )] < NL> Y |ID°u|®)] - 4.17)
P

|8]<m [8]<m

for |8 = 1.If |B| > 2, then

agdoGr, ys) = &5 (v, ys) + 1PV ()
with

gP 1 (yr, y) = 00 o™ (v (0 () — o T* () + 08 T () (0™ () — o ()

Wiy =Y o) ool ek ).
1<[8],6<pB

Noticing that for a constant N = N (d, m, p),

> 18P (vl < NL2{yy =yl
i,J

and

D_ PTGl )10, ()] < NL2,
Ly tj

we obtain (4.17) for |f| > 2 in the same way as the integral of f PO i estimated. Tt
remains to consider the case (iii), i.e., to estimate the integral of f 0. Since
lagy e, )| < NL2|yr — y,l?

with a constant N = N(d, m, p) and

1
019 i Pe (V) = iz 1; ;(y;i =07 =39+ 8

we have for a constant N’ = N'(d, m, p),

lagy O ¥)3y 8 s pel < HL2 Y Iy — il pe(y)
1<k<I<p

+507 3 = ilpey)
1<k<I<p

< N'L?p3e(y) fory = (y1, ..., yp) € RP.
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Hence

1O < NL?poe )TTP_ g (7)1,

that gives
P dy < NL2ID*u|®|] < NL*|D%u| ]
RP”’ P »
with a constant N = N(d, m, p), and we finish the proof of (4.8) by using [v(®) L, <

vz, forveL,,(]Rd). O

Corollary 4.2 Let the conditions of Lemma 4.1 hold for integers m > 0 and p > 2
even. Then for ¢ > 0 we have

(D=L D (@ Dij) ) ®) < NL2Julyy (4.18)
for multi-indices « = (a1, ..., ®q) such that |«| < m, where N is a constant depending
only on d, m and p.

Proof It suffices to note that
(DY NP2D% (0™  Di)* 1)@, DY ((07* D j)* 1))

d
= /R (DU Y D (@ Dy @ ) dx 0. (@.19)
k=1

Thus we may add (4.19) to the left-hand side of (4.18) and apply Lemma 4.1 to obtain
the inequality (4.18). O

Lemma4.3 Let p > 2 and m > 0 be integers, and let 0 = (O'i) and b be Borel
functions on R? with values in R? and R respectively. Assume the partial derivatives
of o and bo up to order m + 1 are functions such that there exist constants K > L > 1
such that

m+1

D ID'PWI < K, lo)| < Ko+ Kilx],
k=0

m+1 m—+1

Y ID o)+ ) 1D (o) ()| < L

k=1 k=1

for all x € RY. Then for finite signed Borel measures . on R? with density u :=
du/dx € W, satisfying (4.6), we have

R* := ((D*u)P=2, D* (o' D)* )@ D* (b)) < NK Llul}yn  (4.20)
P
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for ¢ > 0 and multi-indices a such that |a| < m, where N is a constant depending
onlyond, p, m

Proof First note that by (4.9) and (4.10), as well as the conditions on o and b, the
left-hand sides of (4.20) is well-defined. Interchanging the order of integration and the
differential operator D%, rewriting the product of integrals as multiple integral, using
Fubini’s theorem and the identity

D%e(x —2) = (=D D%, (x —2), x,yeRY,

as well as (4.2), for the left-hand side of the inequality (4.20) we have

= / Serr () dy, 4.21)
Rdp
for any r, k € {1, 2, .., p} such that r # k, where
Jers ) i= (=DPb(y)a" (9, DY pe (W T_ju(y)), vy = (31, yp) € RP

fork,r,s € {1,2, ..., p}, and recall that dy = dyi...dy, and Dy* = IT7_ 1 D§ . Asin
the proof of Lemma 4.1, for real functions f and g we write f ~ gif they have the
same (finite) Lebesgue integral against dy = dy;...dy, over RP . We write f < g
if the integrals of f and g against dy over R? are finite, and the integral of f — g
can be estimated by NKL|u|W;;z for all u € Wl’)” with a constant N = N(d, m, p),
independent of u. By integration by parts we have

fkrr Z Z krr

Y=o f<a
with
FL() = 8eby ()0 (38, e (9) g (g ()T j it (3)

If B # 0 then by integration by parts (dropping dyi from p; to the other terms), and
using the boundedness of b, its derivatives up to order m + 1, and the boundedness of
the derivatives of o up to order m + 1, we see that fkyfj <O0foranyk =1,2,..p,r #k
andy <a.If § =0and y =0, then fkrr can be estimated by an exact repetition of
the proof of Lemma 4.2 in [5], by replacing u therein with uydy, to yield f; . 0 <.
Consequently,

Sirr = Z fkyr? foreveryk =1,...,pandr € {1,2, ..., p} \ {k}.
0#y <a

Writing £} () = gl ()h] (), with
8l () 1= by (OO (3, e (9), B (¥) = g (T kth (3,
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we get
p _
- D=8 = 3 S [ o 0rdy + NK Ll
Oty <o s=1 robs ks.r Y RY
(4.22)
and by (4.4),

p —
pp-DR <— T TITY /R &L, ML ) dy + NK Liulfy,

0#y <a k=1 r#k s#r

P

- _ Y v

- krs
XYY Y [ dontma

0#£y <a s=1 r#s k#s,r

p i
- > fR SR () dy + NKLfuly (4.23)

0#y <a s=1 r#s
with a constant N = N(d, m, p). Summing up (4.22) and (4.23) we obtain

p —
RO DT DN /R (&l = gl DR () dy + NK Luly

0#£y <a s=1 r#s k#r,s

p -
- > /R SR dy + NKLfuliy (4.24)

0#£y <a s=1 r#s
where ¢, = p(p — 1)2, and
(8L () — 8L, DAL () = by () (0 (3) = 67 (1)1 pe (Vg (O T kcttn (3).
By the boundedness of |b,, | and the Lipschitz condition on o, using (4.5) we get
(gZSS — g};”)h}: <0, forall0#y <a,s=1,2,...,pandr #s,k #r,s5.
By integration by parts we have for the last term in (4.24),
gl h! <0, forO#y <aands=1,...,p,r #s,

which finishes the proof of (4.20). O

Lemma 4.4 Let b be a real-valued Borel function on RY such that for an integerm > 0
the derivatives of b up to order m are functions, which, together with b, in magnitude
are bounded by a constant K. Then for any p > 2 for functions u € W we have

(|D°‘u(£)|p_2D°‘(bu)(8), Da(bu)(s)) < NK2 Z ||Dﬁu|(s)|lL7p (4.25)

|Bl<m
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with a constant N = N(d, m, p).

Proof Using the notation vg := DPv for multi-indices B and functions v on R?, we
have

DY@ =1( Y bpuy) V1< K Juy |©)

B+y=a y=«a

Thus for the left-hand side A of the inequality (4.25) by Young’s inequality we get

A= f [(D*u) @ 1P=2|(D* (bu))® Pdx < K? / (D) QP21 Juy | Pdx
R R y<a
—2 32 2 2
< B2 w)®1] + 2K Y luy €17
Y=o
which immediately implies (4.25). O

Recall that for vectors £ = £(x) € R?, depending on x € R? the linear operators
T¢, I¢ and J¢ are defined by

T p(x) = p(x + £(x))
Fox) =T px) —pk), JPx) :=Fyx) —&@Diyx),  (4.26)

x eRY, acting on functions ¢ and differentiable functions i on RY.

Lemma4.5 Let & = £(x, 3) be an R -valued function of x € R? for every 3 € 3 fora
set 3. Assume that for an integer m > 1 the partial derivatives of &€ in x € R? up to
order m are functions on R for each 3 € 3, such that for a constant ». > 0, a function
é on 3 and constants Ko, K1, K¢ > 0 we have

I£Cx, 3] < EG)(Ko + Kilx]), &G) < Ke,
m+1

31Dk, ) <EG). [det@+ 0D E (. 3)] = 27! (4.27)
k=1
forallx e R 3 € 3and 6 € [0,1]. Let p > 2 be an even integer. Then for every

finite signed Borel measure u with density u = du/dx € W, satisfying (4.6), we
have

C = /Rd P(D?M(E))ple;‘(ﬁ*,u)(S) dx
- fR DU + DY — (D) — p(DE )P DY 15 ) dx

< NE2Q)ulfy, for;e3, >0, (4.28)
p
Sfor multi-indices o, 0 < || < m with a constant N = N(d, p, m, A, K¢).
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Proof Again we note that by (4.9) and (4.10), together with the conditions on &, it is
easy to verify that C is well-defined. Notice that

D?M(é‘) + D)‘f(l‘f*u)(e) — D;‘(Tg*,u)(g)
and

pDOPIDIIF ) — p(D )P~ D5 )
= —p(D¢ P DY (E D) W),

Hence

C= f (DY) )P — (DE? — p(DI )P~ DY (' D)) dx.
R4
(4.29)

First we change the order of D¢ and the integrals and operators TyS and /; acting in
the variable y € R4, then we use

D& (x — y) = (=11 DYkc (x — y)
to get
DY(T5* ) = (=l /Rd TEDSke(x — y) pu(dy),
Den® = (=0 [ DYkt =) iy,

DY(E D) W)@ = (=1 A EN (000, DYk (x = y) p(dy).

Thus rewriting the product of integrals as multiple integrals, and using the product
measure (,(dy) := u(dyy)...;n(dy,) on R4 by Fubini’s theorem we get

(DT 1) )P (x) = /R . I (TF DS ke(x = y0)) p(dy)
= /R . M7 T5 DY TP ke (x — ) pp(dy),
(D) = /R T Dk = 30) )
- /R | DET k(e 3 () (4.30)
and
p(DE )P DY ((E Di)* )
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=p /HW Hf:_ll(D‘)’f’_kg(x - yr))gi(yp)ay; D;‘pkg(x — yp)up(dy)

-7 /de gi(y”)ay; DT ke (x = yr)p(dy)

p
= A%pd Z%”(yr)ayiD){’“Hleks(x —¥r) pp(dy), (4.31)
r=1

where again
DY = l'[leD;‘r fory = (y1, ..., yp) € R,

and the last equation is due to the symmetry of the function Hf:] D;,‘r ke(x — yr) and
the measure u,(dy) iny = (y1, ..., yp) € RP4. Thus from (4.29) we get

€= /]Rd /de LEDY T ke (x = yr) jp(dy) dx

with the operator
p .
LY =TTy = 1= ) 8700y,
r=1
defined by

P
Lip(y) = o1 +EO1), 0 yp FEOP) —0(0) — D E (33,03,

r=1

y = (yls LREEE) yp) € de
for differentiable functions p of y = (y1, ...., ¥p) € RP4 . Using here Fubini’s theorem

then changing the order of the operator Li D;’ “ and the integration against dx, by virtue
of (4.2) we have

= [ winr [ n ke —sdsug@ = [ 15DE 00 s,
(4.32)
By Taylor’s formula

1 . . -
L5DY pe(y) = /0 (1= )& (& ()3, DY pe) (v + DE(y) d,

where y = (y1,...,¥p) € RP y € RY for k = 1,2,..., p, and E(y) :=
EO)s o EQp)) fory = (31, .., ¥p) € R4 Thus by changing the order of integrals
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and then changing the variables yx with yx + 0&(y) fork = 1,2, ..., p, from (4.32)
we obtain

1
c :/ (1 —9)C®)do (4.33)
0
with
p p . .
= [ 3 S E GO 00, DL I3 .
k=1 I=1

where, with 7y (x) 1= x + 9&(x),

El(x) =& (ry ' (x), ax) = u(ry'(x)|det Dty ()], x eRY, i=1,2,...d,
(4.34)

and dy := dydy;...dy, denotes the Lebesgue measure on RP4 . Clearly,

C@w)=Ci0)+ C2(9)

with
p . A -
C1@) = / Z & 0 (2,10, DY pe (O] k() .

p
o= 33 E GO 0008, DL by .
pd 17k

Using (4.4) and the symmetry in y; and y;, we have

C10) = -3 / ZZ(& ORE ) + E ODE () 18, DV pe TL_yid(vr) dy.,
k=11#k

Cr@) =% / ZZ(& ORE ) + &' DE ()d 10,5 DY e Tk () .

k=11#k
(4.35)
Hence
CW) = / ZZa”(yr,yg)awa DY pe (ML i) dy (4.36)
r=1 s#r
with

Al (yr, y5) = =2 E ) — E O E ) —EOD)
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Notice that the right-hand side of equation (4.36) is the same as the right-hand side of
(4.12) with £' in place of ' foreachi = 1, 2, ..., d and with # in place of u. It is easy
to verify, see Lemma 3.3 in [6], that for a constant N = N(d, A, m, K¢) we have

m+1
> 1Dy ()| < N, foreach® €[0,1].5 € 3.x € R
k=1

Thus also for each ¥ € [0, 1],

m—+1

Y IDYé(x,5)| < NEG) forx eRY 5 €3, (4.37)
k=1

with a constant N = N(d, m, A, K¢), i.e., for each ¢ € [0, 1] and 3 € 3 the function
é of x € RY satisfies the condition (4.7) on o in Lemma 4.1, with N& (3) in place
of L. Consequently, copying the calculations which lead from equation (4.12) to the
estimate (4.8) in the proof of Lemma 4.1, we obtain

c) < N§2(3)|ﬁ|p;n foreach ® € [0,1],3 € 3

with a constant N = N(d, m, p, A, K¢). Note that due to the condition (4.27) there is
aconstant N = N(d, p, m, A, K¢) such that

lilwn < Nlulwn forall 9 € [0,1]. (4.38)

Hence by virtue of (4.33) the estimate (4.28) follows. O

Corollary 4.6 Let the conditions of Lemma 4.5 hold. Then for every finite signed Borel
measure L with density u = du/dx € W', satisfying (4.6), we have

/ (DY D (I ) dx < NE*Q)|ully, forze3, e >0 (439
]Rd P

Sfor multi-indices o, 0 < || < m with a constant N = N(d, p,m, A, K¢).

Proof By the convexity of the function f(a) = a”, a € R, for even integers p > 2,
we know that (a + b)? — a? — paP?~'b > 0 for all @, b € R. Applying this with
a = D%® and b = D*(I5u)® shows that (4.28) implies (4.39). o

Lemma 4.7 Let the conditions of Lemma 4.5 hold. Then for every finite signed Borel
measure | with density u = du/dx € W', satisfying (4.6), we have

‘/ (D“u® + DI )@Y — (D*u®)? dx| < NEG)ull. (4.40)
]Rd P

for a constant N = N(d, p,m, A, K¢) for 3 € 3, where the argument x € R? is
suppressed in the integrand.
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Proof Define
F:= / (DYu'® 4 D* (I5*u)©)P — (D*u')P dx
R4

— / (Da(TE*u)(E))p _ (Ddu(t?))l? dx,
R4

where we use the operator T defined in (4.26). As in the proof of Lemma 4.5 in [5]
we define the operator

— 1P
M; =1 T; -1

where [ is the identity operator. Observe that using Fubini’s theorem and the notation
DY = HleD;.‘r, dy =dyi---dyp,y=(y1,...,yp) € RV,

F = ./]Rd /];w (Dfanl.”le;l'Ileka(x - Yj)nleu(yk)
_Dfanﬁ‘):lks(x - yj)nleu(yk)) dydx
- /Rd Aw <M§D5anleks(x - w))l'llleu(yk)dy dx

- /d (MiDgap’f(y))Hf:M(yk)dy.

Rap

Next, note that by Taylor’s formula with & (y) = ((y1), ..., &E(yp)) € RP,

Pl B _
MEDY pe(y) = /0 (3,1 DY pe) (v + 05 (7)) d9 &' ()

k=1

Thus, by a change of variables, Fubini’s theorem and the functions defined in (4.34),

p 1
_ Hpo gi PooAo
F=) | [, 2t som_ics) dyav.

which by integration by parts gives, with multi-indices 8 < «, 8 := o — 8 and
constants c%,

P 1
F=3) e fo /R , B PeWERODE O] it (v)) dy dV
k=1

B=a

P 1
= Z/O L@y av,
k=1

B=a
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where fork =1,...,p, 9 €[0,1]and 8 < «,
L) = /de 0,1 0e (NER M5 (T Lyl (y)) dy

and_where iy () = D;’kﬁ(yk) fory = a, ,3 . We consider two cases. In the first case,
let B < o and hence |8| > 1. Then by integration by parts, forallk = 1,..., pand a
constant N = N(d, p, m, A),

o) =- /R o PrON @y E5 0I5 00 + E 0By g GIN)TT] Ly (v) dy

NE@lulym,

IA

where we used (4.37) and (4.38). In the second case B = « so that 8 = 0 and we have

p p
IV ED DY I NVACLICAL FRLNENE
k=1 k=1

as well as by using (4.4) and the symmetry in s and &,
P P .
>R=->> fR Dy peOIE GOt () .

k=1 k=1 s#k

Therefore also, with a constant N = N(d, p, m, A, K¢),
p p
p=DY R+p)Y. ]
k=1 k=1
P A A -
SP»> /R L Ope0(E 00 = E )N ia ) dy| < Nilulfyy

k=1 s#k

where we used (4.37) together with (4.5), as well as (4.38). This proves the lemma. O

5 Solvability of the filtering equations in Sobolev spaces

The following two lemmas are contained in Lemma 5.2 in [5], in the special case of
multi-index « = 0, i.e., when D is the identity operator. Their proof goes in the same
way, as that of Lemma 5.2 in [5], if we consider the kernel D%k, in place of k. in
the proof of Lemma 5.2. Hence we only provide an outline and refer the reader to the
preceding article [5] for full details.

Lemma 5.1 Let the Assumption 2.1 hold. Let u be an L ,-solution of (3.3), p > 2,
such that (3.2) holds for each ¢ < CSO(R‘]) almost surely for all t € [0, T] and
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assume moreover that ess sup,cjo. 7y lu:|L, < 00. If K1 # 0 in Assumption 2.1 (ii),
then assume additionally

esssup/ |y|2|ut(y)|dy < 00, almost surely. 6.
1e[0,T] JRE
Then for each ¢ > 0 and integer m > 0, for any multi-index ¢« = (o1, ..., aq),

la| < m, for all x € RY almost surely

t B t
D“ul(g)(x):D“u(()s)(x)—f-/o D“(ﬁ;‘us)(e)(x)ds—}-/o D* (M*ug)® (x) dvk
t t
+ /0 /3 D (I us)® (x) vo(d3)ds + fo /3 D (JE*u)® (x) vy (d3)ds
0 1
t ~
+ /0 /3 D (IF*us—)® (x) Ny (ds, d3), (52
1

forallt € [0, T].

Proof The case of « = 0 is Lemma 5.4 in [5]. The case of « # 0 such that 0 <
loe] < m works exactly in the same way. We first define for a v € C;°(R) such that
v(0) =1,¢(r)=0for|r| >2,forn > 1, ¥,(x) ;== ¥(x|/n) € Cgo(Rd). Setting
@x(¥) = ke.o(x — Y)Y (y) € C3° in (3.3), where ke o (x — y) = DYks(x —y), yields
that for each x € R? almost surely

t

(uy, ke,a(x — )Y) = (uo, ks,a(x — )Y) +/O (us, Es(ks,ot(x - )an)) ds
t
+ / (1t M koo (x = )Y)) AV
0
t
+ / / (10> 7 e Cx — ) v0(d3)ds
0 J30
t
[ e I = ) midsyds
0 J31
t
+f0 f3 (5, IE (ke (x — )W) N1 (d3, ds) (5.3)
for all r € [0, T']. Then we notice that

kew(x =) < Y (D ke(x — )| < Nkae(x — ), (5.4)
lyl<sm+2

as well as that by Assumption for all x,y € RY s € [0,T],3 € 3i.-i =0,1and
n > 0 we have

sup |Dk¢n| =n*k suplew <oo, forkeN,.
xeRd R4
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|Ls (ke (x = Y)Yn D]+ Y IME (ke a(x — )Y (DI < N(KG + KTly1> + KT 1Y),
k

| (kg o (X — Y)W (V)] < supd IDﬁ(ks,a(x — )Y )Ins (v, 30017 < Nns (v, 3012
veR
< N2 Go)(KG + KT ly1* + K1Ys1%),
and

17 (koo (06 — VU ON| + 115 (k.o (& — )P (9) 2

< sup D2 (ke,a(x — )Yn()IIE (V3117 + sup [Dylke,q (x — )W ()2 1E5 (7, 31)1
veRd veRd
< NI& (3017 < NE2GD(KE + K2 y1? + K3y ),

for a constant N = N (e, m, d, Ko, K1, K, K¢, K;). Using

esssup/ (L4 P + 1% () dy < 00, (as.)
t€[0,T] R4

together with the estimates above, we can apply Lebesgue’s theorem on Dominated
Convergence to get that for all x € R?,

(e, ke (x — )Vn) — (g, keo(x =), (ug, ke,o (x — )¥n) = (ug, ke,o(x —-)) and

t 1
/ (5. As (ke (v — )¥m)) ds — / (5. Aske.a(x — ) ds
0 0

as n — 0o, almost surely uniformly in time, as well as that

t 13
lim | (g, ME (ke (x = DPn () VS = / (s, Mike o (x = ) AV,
0 0

n—0oo
t _ t ~
lim (s 15 (keroex — YY) Ny (d. ds) = /O /3 (s I ke (x — ) Ny (d. ds)
1

n—o0 0 31

in probability, uniformly in time. Thus, letting » — oo in (5.3) it remains to note that
since A acts in the y variable,

(us, Aska,a(x —-)) = Ad us(y)Angks(x —y)dy

= f s Ak (x = y) dy = D (Afug)? (x)
R

for all (w,s,x) € @ x[0,T] x R? if A = £, MK or the identity, as well as for
all (w,5,x,3) € Qx[0,T] xR x 3 if A=J"or A= 1% J¢ withi =0,]1
respectively. O
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Lemma 5.2 Let Assumptions 2.1 and 2.2 hold. Let u be an L ,-solution of (3.3), p > 2
and assume moreover that ess sup,cpo 1 |uel, < oo. If Ki # 0 in Assumption 2.1
(ii), then assume additionally (5.1). Then for each ¢ > 0 and integer m > 0, for any
multi-index o = (aq, ..., aq), |o| < m, almost surely

DO, = 1D, 4 p [ (DD, D Eu) ) ds

+p /Ot (ID*u& P2 D), D* (M uy) @) d vk

+ 2 2/0, (ID*u{® P2, | DY (M¥E*us) %) ds
k

+p /Ot/B (ID“ul®1P~2Du®), D*(J]* 1)) vo(d3)d's
0

b [ 0RO Dm, D ) s
1

+p /Ot/B (ID%u1P72 D% "), DY (15 us)®) Ny (d3, ds)
1

+/tf / {]D“M§Q+D“(1§*Ms,)<f>\” — DU

0 J3; /R
—p|D*u'?|P=2p, ) D"‘(If*us_)(s)} dxNi(d3, ds) (5.5)

holds forallt € [0, T].
Proof We apply the It6 formula, Theorem 5.1 in [5], to |D°‘u§8) | fp. In order to do that,

we need to verify that almost surely for each x € R? and «, such that 0 < |a| < m,
T _ T
/ |D(Lus)® (x)| ds < oo, f D ID* (MEug)® (x)ds < oo,
0 0
k

T
/ /3 |D* (I us)® (x)| vo(d3) ds < oo,
0 0
T
/ /3 |D*(JE*us) @ (x)| vi(d3) ds < o0,
0 1
T
/ /3 |D* (I us) @ (x)|* vi(dz)ds < o0,
0 1
that for every finite set I' € B(R?), almost surely
T ~ T 172
// |D% (£¥us) ® (x)] dxds < oo, /(/ Z|D“(M’;*us)<£>(x)|2ds) dx < o0,
rJo r 0 ©
T
/F /0 /3 |DY (I 1) (x)| o (d3) dxds < oo,
20
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T
f f / ID® (J§*u5)® ()| vy (d3) dxds < oo,
rJo J3

T
L[ [ e un@wr nasas) ax < .
rrJo J3

as well as that almost surely

T
A= / / |D°‘(,C;‘us)(5)(x)|p dxds < o0,
0 R4

T
A:://
! 0o JRrA
T
]
¢ 0 JRrd

T
B::/ / (Y 1D ME )@ (0)2)""? dxds < o,
0 R4 &

/ D“(Js"*us)@)(x)vo(d;,))pdxds < 00,
30

p
/ D"‘(Jf*us)(s)(x)vl(dg)‘ dxds < oo,
31

T
G::/ / / | DY (I5*us)® (x, 3)|” v (d3)dxds < oo,
0 JRIJ3

T 2
H = / f ( f 1D 1)@ . 9P () dixds < oc.
0 JRd 31

For o = 0 the claim is Lemma 5.4 in [5] and the estimates can be found in the proof
of the preceding Lemma 5.2 therein. To prove the case where 0 < |a| < m, we note
that for A = £, M, 1%, J&, J" we have

D (A*u)® = /R DAk (x = y)u(y) dy = /R (Aykea(x —y)u(y)dy,

for ke o (x) = D% (x). Hence, a word for word repetition of the proof of Lemma 5.2
& 5.4 in [5], where we replace k. by k. o and recall (5.4), yields the desired result. O

Lemma 5.3 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with an integer m > 0. Let
(Ur)iefo,71 be a W;”-solution to (3.3), for an even integer p > 2, such thatE|u0|'V’Vm <
P

00 and almost surely esssup, ¢ ) [urlL, < oo. If Ky # 0 in Assumption 2.1, then
assume additionally

esssup/ |y 2 us ()] dy.
te[0,7] JRY

Then
E sup |Ml|€[/m = NE'”O"’ij (56)
te[0,T] 4 P

for a constant N = N(m,d, p, K, Ky, Ke, L, T, &, |E|L,31)» lTiLo(31))-
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Proof For m = 0 the claim is Lemma 5.4 in [5]. We proceed similarly here. For the
present case, fix a multi-index « such that 0 # |«o| < m, and define

Qp(@.b,0,p, B.u ke) = p((D“u)P~", D* (L))
+ PEERY ((0u)P 7 (D (M) )?),
k
Q0 (. n(Go). u. ke) = p((D*u@)P~1, D¥(J160*1)®)),
Q) (@ §G1). u, ke) = p((D*u')P~H, DY (JFEV* 1))y,
Rp(@.§Go), u, ke) = [Du'® 4+ DU (1500 )@ )7 — D]

_ p((Dau(a))p_l, Da(IS(al)*u)(S)), (5.7)
foru € WI’,”,,B € Rd/,functions b,o and p on RY, with values in RY, R9*41 and ]Rdx‘i/,

respectively, and R4-valued functions n1(30) and &(31) foreach3; € 3;,i =0, 1, where
,31 = Bt(Xz),

L=1L0"o"+p*p"\Dij+p o' Di+p'B", M* = p*Di+B*, k=1,2,..4d.
(5.8)
By Lemma 5.2 almost surely

D1} = Qpla bi, o, pr. B s, ke) di +/3 Q0 (@, 11 (3). ur, k) vo(d3) dt
0

+\/:3 Qg)(av EI(Z)’Ml’kS) Vl(dz)dt+A Rp(a! gl(z)’ut—vké‘)Nl(d37dl)
1 1

+d¢i (o, 1) +do(a, 1), (5.9)

forall ¢ € [0, T], and

aln=p /0 (D), DR MEg) @) v,

o(a,t) =p/0t/31 (Du)P=t, D*(I5*us) @) N1 (d3,ds) t €[0,T] (5.10)
are local martingales under P. We write

f3 Rop (s &1, s ke) N1 (3, di) = /3 Rop (@, &1 G1)s s ke) vy (d3)dt + dEa (e, 1)
' 1 (5.11)
with
t
&a 1) = /O /3 Rop(e & (3), ts—. ke) N1(d3, ds)
1
t
_/ L Rp(a, &), us—, ko) vi(d3)ds,
0 1
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which we can justify if we show

T
A= /(‘) /;7 IR p(et, E¢(3), us, ke)|vi(d3) ds < oo (as.). (5.12)
1

To this end observe that by Taylor’s formula

0< Rp(a, Sl(z)y ut,ks)) < Nfd(Dauﬁg))p_z(Da(15(3)*Mt)(8))2+(Da(15(3)*Mt)(8))p dx
R

(5.13)
with a constant N = N(d, p). Hence

/ Rpee, §:(3), ur, ke)) vi(d3)
< Nf (D*u'*yP- 2|D“(I§(3)*ut)(8)|L2(3)+|D“(15(3)* NEP P and

< N(ID“ul + A0) + Ax(0))

with

A = f D (IO u) |} 5 v, Ax(n) = fRdID"’U“”*MO(”IZQDdx

(5.14)
and constants N and N’ depending only on d and p. By Minkowski’s inequality, using
again that DY 15k, x—y)= 1% D%ks(x — y), and using the notation ks o = D%, we
have

|D%u (E)lL __/Rd‘,/];gd ks,a(x—y)uz(y)dy‘pdx’
< ‘/I‘R‘*’ Ikg,aILp |Mt(Y)|dy)p = |k€»a|€p|ut|il’ ©-15)
2 p/2
Al(t) = /Rd ‘./3 ’/Rd (kE,Dt(' -y =&(.3) — kel — y)) ”f(y)dy| vl(da)‘ dx
1
2 p/2
- ‘/ ‘/ |k8,a(._y_g,(y,;,))—ks,a(-—y)llut(y)ld)" Vl(dﬁ))
3 JRY b
i 2 p/2
=< ‘/ ‘/ | Dkl 5(31)(K0+K1|y|+K1|Y,|)|u;(y)|dy) vl(dﬁ)‘
3 ' JRA !

- p
< |Dk5,a|ip|s|§2(3l)(/Rd(Ko + Kilyl + KilYiDlur )l dy)”, (5.16)

and similarly, using Assumption 2.2,

w0 = [ ] [ et =y = 0350~ heats = 30) ) | @
R4 31 R4
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<
31

_2 = p
< K! |Dk8,a|{p|s|%2(31)(fRd<Ko+K1|y|+K1|Yt|)|ut(y>|dy) . (5.17)

[ et =3 = 60,550 = kel = 30, 1|

By (5.13)—(5.17) we have a constant N = N(p, d, ¢, |§|L2(31), K¢) such that

T @) T p
A §N/ 1D%u®|P +N/ (/ (K()+K1|y|+K1|Yt|)|ut(y)|dy> dt < 0o (a.s.).
0 r 0 R4

Next we claim that, with the operator T?¢ defined in (4.26), we have

t
G, 1)+ G, 1) = [0 f3 (ID* (T u) @1} = 1Du1] ) N1(d3. ds) =: ¢ (. 1)
1

(5.18)
for + € [0, T]. For that purpose, note first that D%u'® 4+ D¥(J§GV*;)@) =
DY (T*u;)®. To see that the stochastic integral ¢ (e, 1) is well-defined as an Itd
integral note that by Lemma 4.7,

T
/0 f3 DT u) @] = 1Du|] 1P vi(ds)ds
1
T

= 2
< NEE, 5, fo sl ds < o0 a5 (5.19)

with a constant N = N(d, p, m, A, K¢). Since vy is o-finite, there is an increasing
sequence (31,)5- . 31n € Z1,such that vy (31,) < oo forevery nand U723y, = 31.
Then it is easy to see that

t
Lonlot, 1) = p /O /3 13, Q) ((Du)?~1, DI *u)®) N(d;. ds).
1
t
Conla, 1) = p fo /3 13,3 (DU~ 1, D* (15 us)®) vy (d3)ds.
1
t
§3I’l(a» t) = \/OA /:; 131,1 (3)72;7(&’ ES (5)7 MS—! ké‘) Nl (d31 ds)a
1
t
Eaner 1) = /0 /3 13, Ry (@ &), s ko) vi (d3)ds
1
are well-defined, and
4‘2(05» t) = hm (EZn (a3 t) - 6211(057 t))v ;3(a7 t) = hm E3ﬂ(av t) - hm 63”(6{’ t),
n—oo n— o0 n—oo
where the limits are understood in probability. Hence
o0+ & = lim (G + a0 = (G0 + . 1))
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n—o0

t
— 1 acpéx, VP pe,E Py
= lim (/0 /31131,1(3><|D (T u) @1 =101 N1 (ds.ds))

= t(a, 1),

which completes the proof of (5.18). Consequently, from (5.9)-(5.11) we have

d\p*ui”|] = Q,,«x,bt,a,,pt,ﬂ,,u,,ks>dt+/3 O (@, 11 o), ur, ke) vo(d3) di
0

+f3 QY (e, & (1), tr ke) + Rp (@, & 1), s ke) v1 (d3) di + dy (o, 1) + di (o, 7).
1

(5.20)
By Lemma 4.1, Corollary 4.2, Lemma 4.3 and Lemma 4.4 we have

Qp(@. by, 0. ps. Ps. tts. ke) < N(L? + K2)us (5.21)

Yvith a constant N = N(d, p, m), and by Lemma 4.5 and Corollary 4.6, using that
E = K%‘ andﬁf Kr/’

OV (@, 1y(3), us, ke) < N (3)lus QY + R p) (@, &), us, ke) < NE ()l
(5.22)
with a constant N = N(Kg, K, d, p, A, m). Thus from (5.20) we obtain that for all
a with |«| < m almost surely

t
|D“ut(€)|1£p < [u1h, + N/ lug|b, ds +m¢ forall 7 € [0, T] (5.23)
P 0 P

with a constant N = N(m, p,d, K, K¢, K, L, A, |§|L2(31), 111,(30)) and the local
martingale m®(«, t) = ¢1(a, t) + ¢(, t). Summing over all || < m gives

t
w1, < b, + Nf lus|b, ds +m? forall 7 € [0, T] (5.24)
P 0 P

V4

with (another) constant N = N(m, p,d, K, K¢, Ky, L, A, |§|L2(3]), [171,(30)) and a
local martingale, denoted again by m®. For integers n > 1 set 7, , = T, A T}, where

(7)52  is a localising sequence of stopping times for m® and

t
z, = inf{t €0, 7] : / lus|P, ds > n}
0 P

Then from (5.24), using also | D*u'®)|, , = [(D*u)® |, < |Du|L, for multi-indices
o <mand ¢ > 0, we get

t
@ p P P :
E'”’”ﬁ,k'%’v" < IEluolWI,)n + N/O E'“Mtﬁ_k'Wg’ ds < oo fort € [0, T]and integers n > 1.
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Taking here first k — oo and then ¢ — 0, by Fatou’s lemma followed by Gronwall’s
lemma we get

Elupg, [hym < NEluglh,,, fort € [0, T]and integers n > 1
P P

with aconstant N = N(m, p,d, T, K, K¢, K, L, A, |§|L2, [71L,). Letting here n —
00, by Fatou’s lemma we obtain

Sup E'“I'Wm S NE'”Olwm (525)
tel0,T]

To prove (5.6) we define the stopping times
pfl’k = pn A f,f for integers k,n > 1 and ¢ > 0, where

t
po=int {110,713 [ luclfy ds = n).
0 P

and 7; defined above. Using the Davis inequality and Lemma 4.3 by standard calcu-
lations for every n > 1 and |¢| < m we get

12
Esup [¢1 (e, t A pf )l 53E Z f ((D*u)?=", D*(M**up)®)’ d )
t<T

Thowk o 1/2
< NE( 3 ds) <00, (5.26)
0

and similarly, by using the Davis inequality and Lemma 4.7 we have

TADik o 172
E sup [¢ (e s A o5 )] < 3E(z (@, ) V2T A pf, )<NE(/O sl ds) < oo,

s<T
) (5.27)
with aconstant N = N(m, d, p, K, K¢, L, X, |€|1,(3,)), where

t
(¢ )) @) = / / 1D (T u) @] = |D*u|] Pyi()ds, 1 €[0T,
0 J3
Thus, due to (5.25) together with (5.26) and (5.27), from (5.24) we get

E sup lu)e lym < NEluoljys + Y Esup i@t Apf )l

tel0,T] la|<m t<T

+ Y Esuplg(atApf )l

| <m t<T

» T 2p 1/2
=< NE|MO|W13: +NE( |Ms/\p,1|W;7n dS)
0
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withaconstant N = N(m, p,d, T, K, K¢, Ky, L, A, |§|L2, [7]r,). Letting here k —
oo and then ¢ — 0, we by Fatou’s lemma obtain

T 1/2
E sup g, yy < NEluolfy, + NE(/ s npy |20 ds) < 00.
t€[0,T] 0 P

Hence standard estimates yield

T 1/2
B sup s, lfyy < NBUolfy + NE( sup iy [ ltcns iy ds)
1€[0,T] 1€[0,T] 0 P

T
< NE|uol¥, wt 3 1E sup |ump |Wm —|—NIE/ [t4s gy [y s
tel0,T P
< N//Elu()lwm + E]E sup |”t/\pn|wm < 00

p t€[0,T] p

with constants N' and N” only depending onm, p,d, T, K, K¢, K, L, A, |§|L2(31)
and |7|1,,(3,)- Thus also, we get for all n,

E sup |ul‘Ap |Wm = 2N”]E|u0|wma
tel0,T] p

and letting here n — oo by Fatou’s lemma we get the desired result. O

The following Proposition 5.4 is Lemma 6.4 in [5]. To formulate it let Bfj denote

the space of those functions ¢ € () p>1 W) such that

m

Z sup sup |D Y (x)| < oo and almost surely ¥ (x) = O for |x| > R,
OwEQ xeRd

for some constant R depending on . If m = 0 then we just write By in place of ]Bg.

It is easy to see that B is a dense subspace of W' for every p € [1, 00). For & > 0
let in the following proposition v®) denote the convolution

v® (x) =/ Xe(x — y)v(y)dy
Rd

of a Borel function v on R?, where x is a smooth, symmetric function of unit integral
on R9, such that x(x) =0for |x| > 1. Set x.(-) := s_d)((~/s) for & > 0 and let

k (e)ik (e)k
M =p "D+ B, k=1,....d,
28 =a"" Dij + b D; + Bt Mfk, Br = B(t, X, Yp),
;Elj =1 Z(U(s)zk (&) jk Iot(ez)lkpt(e)/k)7 i j=1,2,..d,

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

and let 7¢°, J&" and J"" be defined as 7%, J& and J7, only with £® and 7 instead
of & and n, respectively.
Consider for ¢ € (0, 1) the equation

duf = LEuf dt + MEMué avl + /‘; Jtns*uf vo(d3)dt
0
+ / TEFUE vy (d3)dt + / I57uf Ny (d3, di). (5.28)
31 31

Proposition 5.4 Let Assumptions 2.1, 2.2 and 2.4 hold with K1 = 0 and let p > 2
be even. Assume that the following “support condition” holds: There is some R > 0
such that

(br(x), By (x), 01(x), pr (x), 1 (x, 30), & (x, 31)) =0 (5.29)

forw e 2t >0, 30 € 30,31 € 31 and x € RY such that x| > R. Let ¥ € By
such that almost surely ¥ (x) = 0 for |x| > R. Then there exist &g > 0 and a
= R(R, K, Ko, K¢, Ky) such that the following statements hold.
(i) For each ¢ € (0, e9), for every integer r > 1, there exists a er,-solution ut to
(5.28) with initial condition “0 1//(8) and such that

E sup |uf|€v,. <00 and uf(x) =0 almost surely for |x| > R andt € [0, T1.
1€[0,T] P

(ii) There exists a unique L ,-solution u to (3.3) (with non-smoothed coefficients)
such that almost surely u; (x) = 0 for dx-almost every x € {x € R? : |x| > R}
foreveryt € [0, T] and

E sup |u,|{ <N]E|¢|L (5.30)
t€[0,T]

with a constant N = N, p, T, K,Kg,KmL,)h|§|L2,|7’_]|L2)~

(iii) There exists a sequence (£,)5° ,, €, — 0, such that for n — oo

uST" — ur weaklyinlL, and u® — u weaklyinlL, , for every integer q > 2.

Proof See Lemma 6.4 in [5]. O

Lemma 5.5 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with K1 = 0, and assume that
the support condition (5.29) of Proposition 5.4 holds for some R > 0. Then for an
integer m > 0 and even integer p > 2 there exists a unique WI’,"-solution (r)ie0,7]
to equation (3.3) with initial condition uy =, for any ¥ € By’ such that » = 0 for
|x| > R. Moreover, almost surely u;(x) = 0 for dx-almost every x € {x € RY : x| >
R} for every t € [0, T] for a constant R = R(R, K, Ky, K¢, Ky), and

E sup qulwm < NEIwIWm (5.31)
t€[0,7]

with a constant N = N(m,d, p, T, K, Ke, Ky, L, &, 1€ 1, 171]L,)-
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Proof By Proposition 5.4 (i) for ¢ > 0 sufficiently small there exists a W)'-valued
weakly cadlag F;-adapted process (uf);c[o,7], such that for each ¢ € C3° almost
surely

t ~
W 0)= W, g) +/O W, £2¢) ds

t t
+f (uj’;‘,Mi’%p)dVY"Jr/ / W, JI ) vo(d3) ds

//(us, ! )vl(dg)ds—i-/ f We, 15 ) Ni(d3. ds)  (5.32)

holds forall 7 € [0, T]. By Proposition 5.4 (ii), since almost surely u; = 0 for [x| > R
for all ¢ € [0, T'] for a constant R = R(R, K, K¢, K¢, K;;), we also have

E sup [uf]L, <R 419 sup |ut|L
1€[0,T] t€l0,T]

forg = p/(p—1). Next, note that the smoothed coefficients b, B#) ) p® g
and n(g) satisfy Assumptions 2.1, 2.2, 2.5 and Assumption 2.4 (ii) & (iii) with the same
constants Ko, L, K¢ and K, independent of €. By Remark 2.3 and Lemma 6.2 in [5]
we have a constant g9 > 0 such that for ¢ € (0, &9), for the mappings

(&)
() = x 40030, and tfy s (1) =x + 05 (e 30), x € RY,

we have that

|det Dt

[03 (x)] > A/2 and |det Dyt

o @ = 0/2
forall x € Rd te€[0,T],60 €[0,1]and 3; € 3;,i =0, 1. Hence, for ¢ € (0, &) the

£6)
functions 7" and 7° are Cl—diffeomorphisms on R foreacht € [0,T],0 €

f9 130 té 30
[0,1], 3, € 3;, i = 0,1, and the functions fy(¢, x, y,30) := n(s)(t,x,y,;,o),
filt.x y.51) = E(S)(t,x,y,ﬁl), (c,y) € R 1 € [0.T], 3 € 31,1 = 0,1
satisfy Assumption 2.4(i) with a constant A = A(A, d, K¢, K;), Ko, L) > 0 in place
of A. Hence by Lemma 5.3 for each ¢ € (0, g9) we have

T
plr
Elu7 [y +E(/O 05 iy )" < Bl + TPE sup (uf [ < NEIYIG,

1€[0,T]

(5.33)
foreveryintegerr > 1, withaconstantN = N(m,d, p, K, Ky, K¢, L, T, A, |§|L2(31),
[71,(3,)), independent of ¢ and r. Letting (g,)5> , be the sequence from Proposition 5.4
(iii), we know that for n — oo

uST” — ur weakly in L, (F7) and u® — u weakly in L, , for integers r > 1,
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where u is the unique L ,-solution to (3.3) and, if necessary by passing to a subse-
quence,

uy — ur weakly in W (Fr)and u®™ — u weakly in W) for integers r > 1.
Letting r — oo in (5.33) yields

Elur |l + Eesssup luglfym < NE[y [},
P te[0,T] p p

By Lemma 3.3 u is weakly cadlag as W'-valued process. Thus we can replace the
essential supremum above by the supremum to obtain (5.31). By Proposition 5.4 (ii)
we also have that almost surely u; (x) = 0 for dx-almosteveryx € {x € R : |x| > R}
for every ¢t € [0, T'] for a constant R = R(R, K, K, K¢, K;;). This finishes the proof.

O

Corollary 5.6 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with an integer m > 0 and
K1 = 0. Assume, moreover that the support condition (5.29) holds for some R > 0.
Then there is a linear operator S defined on W'y for every p > 2 such that Sy admits
a P ® dt-modification u = (u;):c[0,11 which is a Wy-solution to equation (3.3) with
initial condition ug =  for every v € W, and

E sup |u/|0.
t€[0,T] p

< NE[Y[}m (5.34)
P

with a constant N = N(m,d, p, T, K, Ke, K;), L, X, |§|L2, [1]1,). Moreover, if €

W;’} such that almost surely ¥ (x) = 0 for |x| > R, then almost surely u;(x) = 0 for

x| > Rfort € [0, T'] for a constant R = E(R, K, Ky, K¢, K;)).

Proof By Corollary 6.5 in [5] we know that there exist linear operators S and Sy
defined on L, for every p > 2, such that if ¥ € L, fora p > 2then Sy € L,
for every integer r > 2 and Sy admits a P ® dt-modification u = (u;);e[0,7] that
is an L p-solution to (3.3), and Sy = ur. By an abuse of notation we refer to this
stochastic modification # whenever we write Sv in the following. It remains to show
that if ¢ € W’;’, then u is in particular a W;"—solution to (3.3), i.e. it is almost surely
a weakly cadlag W}'-valued process.

If p is an even integer, then this follows from Lemma 5.5. Assume p is not an even
integer. Then let po be the greatest even integer such that po < p and let p; be the
smallest even integer such that p < p;. By Lemma 5.5, in particular (5.31), we get
that

STV lwy + IS lwy | < Nillwy fori =0,1 (5.35)

for every r € [1,00) and constants N; = N;(m,d, p;, T, K, K¢, Ky, L, A, |€]L,,

[7l1,), i = 0,1, independent of r. Hence, by a well-known generalization of the
Riesz-Thorin interpolation theorem we also get for all r > 1,

ISt tvg + IS g, < N[yl fori =0,1, (5.36)
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for (another) constant N = N(m,d, p, T, K, K¢, Ky, L, A, |§|L2, [7]1,). Consider a
sequence (") C B such that ¥" — 3 in W' For each n, u" = Sy" is the

unique W;,'?-solution to (3.3), i = 0, 1, with initial condition ¥/". By virtue of (5.36),
using that [¢" — wwrpn — 0, as n — 0o we know that also

u" — u weakly in W) - for every integer r > 1 and
up — ur weakly in W';,’(}"T),

where u = S is the unique L ,-solution introduced in the beginning of the proof,
satisfying (5.36). To see that u is weakly cadlag as Wz’-valued process, note that by
letting r — o0 in (5.36) for Sy = u and Sty = ur we get

Eluz |fym + Eesssup |us|fym < NEY |5,
P tel0,T] P P

with (another) constant N = N(@m,d,p,T,K,Ke, K;, L, X, |§|L2, 7lz,). By
Lemma 3.3 we then know that u is (almost surely) a W'-valued weakly cadlag pro-
cess. Thus we can replace the essential supremum above with the supremum, to obtain
(5.34). To prove the claim about the support of u#, note that if ¥/ (x) = O for |x| > R, for
a constant R, and ¥ — ¢ in Wf,,” then for sufficiently large n we have ¥ (x) = 0
for |x| > 2R. By Proposition 5.4 (ii) thus also u}(x) = 0 for dx-almost every
x € {x e R : |x| > R} for every ¢t € [0, T] and n sufficiently large, for a constant
R = R(R, K, Ko, K¢, K;). This is clearly preserved in the limit as n — oc. This
finishes the proof. O

6 Proof of Theorem 2.1

Let x be a smooth function on R such that x (r) = 1 forr € [—1, 1], x(r) = O for
Ir| > 2, x(r) € [0, 1] and 7% 1d%/(dr*) x (r)| < C for all € R and a constant
C > 1. For integers n > 1 we define the function x, by x,(x) = x(|x|/n), x € RY.

Lemma 6.1 (i) Let b = (b') be an R?-valued function on R™ such that for a constant
L
|b(v) —b(z)| < Llv—z| forallv,z e R". 6.1)

Then for b, (z) = x(|z|/n)b(z), z € R™, for integers n > 1 we have

|bn (2)| < 2nL+|b0)|, |by(v)—by(z)| < CBL+1b(0)|/n)|lv—2z| forallv,z € R™.
(6.2)
(ii) Let additionally to (i) the function b satisfy

m
> 1Dt < M, (6.3)
k=1
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for a constant M > 0. Then b, satisfies (6.3) in place of b with M'(n) =
M' (M, C,m, |b(0)|/n) in place of M (and where M'(n) is decreasing as function
of n).

Proof The proof is left as an easy exercise for the reader. O

To preserve the diffeomorphic property of the mappings
7o) =x+0n,(x.50) and T/ ,(0) =x+0&(x.5) (64
(forallw € Q,1€[0,T],0 € [0,1]and 3; € 3;,i = 0, 1) as a function of x € RY,

when the functions & and n are truncated, we introduce, for each fixed R > 0 and
€ > 0, the function /céR defined on R¢ by

1, x| <R+1,
KR (x) =/Rd oR(x — k() dy, X x) 1+elog(’ﬁj|1), R+1<|x| < (R+ Delle,
0, x| > (R + Del/¢,

(6.5)
where k is a nonnegative C° mapping on R? with support in {x € R? : [x| < 1}.

Lemma6.2 Let & : R? +— R be such that for a constant L > 1 and for every
0 € [0, 1] the function t9(x) = x + 0&(x) is L-biLipschitz, i.e.
L7 x — y| < 19 (x) — 19| < L|x — y| (6.6)

for all x,y € RZ Then for any M > L and any R > O there is an € =
e(L, M, R,|E0)])) > O such that with k% = ICER the function R = «R& van-
ishes for |x| > R for a constant R = R(L, M, R, |£(0)|) > R, |£®| is bounded by a
constant N = N(L, M, R, |£(0)|), and for every 6 € [0, 1] the mapping

rgR(x) =Xx +9$R(x), x e R4

is M-biLipschitz.
Proof This is Lemma 7.3 in [5]. O

We summarize the results of Lemmas 7.1, 7.2 and Remar_k 7.11in [5] in the following
lemma. For that purpose, d¢ﬁne the functions b" = " (t,z)), B" = (B"(t,2)),
o" = (" (t,2)),n" = " (t,z,30)) and " = (§"' (7, z, 31)) by

", B", 0", p") = (b, B,o, p)xn, (", &") = 0,8 Xn (6.7)
for every integer n > 1, where y, and x, are functions on R9*+4" defined by xn(2) =
x(lz]/n) and x,(x,y) = «"(x)x(|y|/n) for z = (x,y) € R, with x used in
Lemma 6.1 and with " = k' from Lemma 6.2, such that, by the L-biLipschitzness
of the mappings in (6.4), the mappings

70 =x +06m](x,30) and ff,zl,g(x) =x +0&"(x,31),
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on R? are biLipschitz (for each w € 2,¢ € [0,T],6 € [0, 1]and 3; € 3;,i =0, 1).

Lemma 6.3 Let Assumptions 2.1, 2.2 and 2.5 hold. If K1 # 0 in Assumption 2.1
(ii), then let additionally Assumption 2.3 for some r > 2 hold. Assume the initial
conditional density my = P(Xy € dxl.?-"g)/dx exists (a.s.) and satisfies IE|JT()|€V,),1 <
o0 for some p > 2 and integer m > 0. Then there exist sequences !

(Xt 1s (X2, YDieto. 1Dy, aswellas ()2 and ((77])1e0,71) ey

such that the following are satisfied:

(i) For each n > 1 the coefficients b", B",c", p", &" and 0", defined in
(6.7), satisfy Assumptions 2.1 and 2.2 with K1 = 0 and constants K(/) =
K(/)(n, K, Ky, K1, K¢,

Ky,)and L' = L'(K, Ko, K1, L, K¢, K) in place of Ko and L, Assumption 2.5
with a constant K' = K' (Ko, K1) in place of L, as well as Assumption 2.4 with
X = M(Ko, K1, Ke, Ky, ) > 0 in place of . Moreover, for each n > 1 they
satisfy the support condition (5.29) of Lemma 5.5 for some R = R(n).

(ii) For each n > 1 the random variable X{j is Fo-measurable and satisfies

lim Xj =Xo,weQ, and E|Xj|" < N(1+E|Xol|")
n—oo
forr > 1 with a constant N independent of n.
(iii) Z} = (X7, Y[") is the solution to (1.1) with the coefficients b", B", o"*, p", "
and n" in place of b, B, 0, p, & and n, respectively, and with initial condition

Z8 = (X2, Yp).
(iv) Foreachn > 1 we haveny = P(X[ € dx|.7:0Yn)/dx, 7y (x) =0for|x| > n+1
and

lim |7y — mwolwm =0,
n—o00 4

where Ty = P(Xg € dx|]-'oyn)/dx.
(v) For each n > 1 there exists an Ly-solution u™ to (3.3), r = 2, p, such that u™ is
the unnormalised conditional density of X" given Y", almost surely
ul(x) =0 fordx-a.e.x € {x € RY |x| > R} forallt € [0, T]
with a constant R = R(n, K, K, K:, K;) and

E sup |u;1|'L’p < NIE|ng|fL’p forn > K (6.8)
t€l0,7T]

with a constant N = N(d,d', K, L, K:, Ky, T, p, A, |§|L2, [1]1,). Moreover,
u" — u weakly in L, 4 forr = p,2 and all integers g > 1,
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where u is the unnormalised conditional density of X given Y, satisfying (6.8)
with the same constant N and (u, 7o) in place of (u", 7(}).
(vi) Consequently, for eachn > 1 andt € [0, T] we have

7' (x) = P(X] € dx|.7:tYn)/dx =uy(x)%,', almost surely,
as well as
m(x) = P(X, € dx|.7-',y)/dx = u;(x)%;, almost surely,

where %" and °y; are cadlag positive normalising processes, adapted to ]-"tY"
and fty, respectively.

Proof This is Corollary 7.4 in [5]. Note that the condition n > K in (6.8) comes from
Proposition 6.7, as then |b(0)|/n < Ko/n < 1. In other words, the constant N in that
equation is the same for all n > K. O

Now we are in the position to prove our main result.

Proof of Theorem 2.1 Step I. Assume first that the support condition (5.29) holds with
some R > 0 and that the initial conditional density g is such that wo(x) = 0 for
|x| > R. By Corollary 5.6 we know that there exists a W[’,”-solution (ur)tefo, 771 t0 (3.3)
with initial condition 7, satisfying

E sup [uslfym < NE[mollym (6.9)
1€[0,T] » P

with a constant N
have u, = 0 for |x|
clearly

N(m,d,p,T,K,Kg, Ky, L, %, |&|L,. |7]L,). Moreover, we
R, for a constant R = R(R, K, Ko, K1, K¢, K;;), and hence

vl

sup [uslr, < R sup |u/]r, and wp/wﬂwmw<mmm
te[0,T] te[0,T] te[0, 7] JR4

with g = p/(p — 1). Since also mg = P(Xo € dx|.7-'g)/dx € L1, then in particular
7o € ILp and hence

E sup |u7, < NE|mol7,. (6.10)
tel0,T]

with a constant N = N(d, p, T, K, K¢, K, L, &, |§|L2, [7lL,). By Lemma 5.5 u is
the unique L»-solution and therefore by Theorem 3.2, u is in particular the unnor-
malised conditional density, i.e., u; = du,/dx for all ¢ € [0, T'], almost surely, with
4 the unnormalised conditional distribution from Theorem 3.1. Thus also for each
te[0,T],

= P(X, € dxl]-"tY)/dx =u,, almost surely,
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where %, is the Y -optional projection of the normalizing process y under P intro-
duced in (3.5).

Step II. Finally, we dispense with the assumption that the coefficients and the initial
condition are compactly supported. Define the functions b,,, By, 0, pn, &, and 7, as
in (6.7). Note that by Lemma 6.3 the truncated coefficients satisfy Assumptions 2.1
and 2.2 with K| = 0 and constants K, = K\(n, K, Ko, K1, K¢, K;)) and L' =
L'(K, Ko, K1, L, K¢, Ky) inplace of K and L, the coefficients by, By, 0y, py satisfy
Assumption 2.5(i) with a constant K’ = K’(m, Ko, K1) in place of L, and moreover
that the coefficients 1, and &, satisfy Assumption 2.5(ii) with K’ and K’ 5 instead
of 77 and £ respectively. Furthermore, by Lemma 6.2, for each n > 1 the coefficients
1, and &, satisfy Assumption 2.4 with a constant 1’ = 1'(A, Ko, K1, Ky, K¢) > 0
in place of A. Note that K, L’ and " do not depend on n. Moreover, for each n > 1
they satisfy the support condition (5.29) of Lemma 5.5 for some R = R(n) > 0. By
assumption, mop = P(Xg € dxl]-"g )/dx exists almost surely and E|no|ﬁ,,,;7 < 00.Then

let (X))o and ()2, C W’} be the sequences from Lemma 6.3 such that

lim |7y — molwn =0, (6.11)
n— 00 P

7y (x) = Ofor|x| > R(n)and gy = P(Xjj € dx|fg)/dx (a.s.), where (X7}, Yp) is the
initial condition to the system (1.1), and (R(n))32 | is the sequence of positive numbers
from the support condition for the coefficients (¢, ..., £"). By Step I we know that
there exists a W;,”—solution (u})refo,71 to (3.3) with initial condition 7z, which is the
unnormalized conditional density of X" = (X[");c[0, 7] given Y" = (¥/");¢[0,7], Where
Z" = (X", Y"™) is the solution to (1.1) with initial condition (X}, Yp). By Lemma 6.3
(v) we know moreover that

u" — u weakly in L, 4 forr = p, 2 and all integers g > 1,

where u is the unnormalised conditional density of X given Y from Theorem 3.2,
satisfying

2 2
E sup fusly, < NE|mol,.
1€[0,T]

with a constant N = N(d, p,T,K, K¢, K,), L, A, |.§|L2, I7|L,). Moreover, u is an
L »-solution to (3.3) and by Theorem 3.2 (ii), it is the unique L;-solution to (3.3). It
remains to show that u is also a WI’,”—solution to (3.3), as well as that it is strongly
cadlag as W -valued process, for s € [0, m). To prove the former, by (6.9) together
with (6.11) we get

T p/r
Elu" p E nr d
lug lym + lug [yym dt
p 0 p

< Elu |y +TP'E sup |u |}y
p t€[0,T] p
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< NE|ng|’V’VI,7n < NsupE|n6‘|'V’VgL < o0 (6.12)

n>1

for every n > 1 and r > 1 with a constant N independent of r and n. Hence for
n — oo we have

up — ur weakly in Wiand u" — u weakly in W'} forany r > 1,

and u satisfies

T p/r
]Elurlﬁ,gl +E </0 |u,|;v;;, dt) < NE|7'[0|W;;I forallr > 1.

Letting r — oo above yields

E|uT|€Vm + Eesssup |ut|1‘jv,,, < N]E|n0|wlr)n.
p t€[0,T] p

By Lemma 3.3 we then know that u is weakly cadlag as an WI’:’ -valued process, i.e. it
isa W[’,”-solution to (3.3). Clearly, by Lemma 6.3, also for each ¢t € [0, T']

7 (x) = P(X; € dx|F})/dx = u,;(x)%;, almost surely, (6.13)
with % from Theorem 3.2. We now show thatif m > 1 and K| = 0, then u is strongly

cadlag as W -valued process for s € [0, m). To this and first we state u is strongly
cadlag as an L ,-valued process.

Proposition 6.4 Let Assumptions 2.1 through 2.5 hold with K1 = 0 and withm = 1.
Let p > 2 and let u = (u;)se[0,171 be a W;-solution to (3.3). Then u is strongly cadlag
as an L p-valued process.

Proof We apply Theorem 2.2 in [8]. In order to do so, we rewrite equation (3.2) into
the form used therein. Clearly, for v € WI], and ¢ € C§° we have

(w, Mrg) = (MF v, @) with M*v = —D;(piFv) + BFv, k=1,2,....d
and
(v, Lyp) = —(Dj(as'v), Dig) — (D;(biv), @) + BE (M*v, 0).
Using Corollary 3.5 with n,(-, 3) and & (-, 3) in place of ¢ we can see that
. J'9) = (K]"v. Dig), (v, J @) = (Ki'v, Dig) and (v, I} 9) = (I} v, ),

forv e W}, and ¢ € Cg°, where K,."’v and Kf’v are defined as Kfv in Corollary 3.5
with ¢ replaced with 1, (30) and & (31), respectively, (for 7 € [0, T], w € @, 30 € 30,
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31€31,i=1,...,d),and If* is defined as I°*, with ¢ replaced by &;(31). Thus for
every ¢ € C§° almost surely

t . t .
(ur, ) = (Y, @) — /0 (Dj(ay uy), Dig)ds — /O (D; (blug) + BEMug, ¢) ds
t t
+ / My, ¢) dVE + / / (K™ uy. Dig) vo(d3)ds
0 0 J3p

t 1
—i—/ X (Kfsus, D;yp) vl(dg)ds~|—/ /}) (If*us,fﬂ) Ni1(d3,ds) (6.14)
0 J3; 0 J3

forall ¢ € [0, T]. It is easy to see that almost surely
f |Di(a v)lp ds < 00, / | D; (bius) + BE MU vlp ds < o0,

/ /d ZI(Mk*ué)(xn )”/2dxds < oo. (6.15)
R

By estimates (3.13) and (3.14), for all x € R? we have

1
[I¥*u(x)| < NE fo lu(rye ()| + [(Du) (ry! ()] 6,
1
|Kfu(x)| < N&> f (e ()| + |(Du) (ry' ()] 6,
IKZ’M(X)ISNﬁ/Iu( ')+ [(Du)(z,! ()| d6

for every w € @, s € [0,T], 3; € 3; (i=0,1), suppressed in these estimates, with a
constant N = N(d, A, L, K, K¢) and with the C 2—diffeomorphisms

T9p(x) =x +0n(x) and 7:(x) = x + O0&(x).
Hence by Jensen’s inequality, Fubini’s theorem and Minkovski’s inequality we get

! Ex 2 r/2 - p T )
/0 /]Rd (/31 |15 us (x)] v1(d3)> dxds < N|$|L2(31)/0 |uS|Wp1ds < oo (a.s.)
(6.16)

with a constant N = N(p,d, A, L, K;, K¢). By Jensen’s inequality and Fubini’s
theorem we obtain

T T
/0 /]Rd /;1 |I§*us(x)|p vi(d3)dxds < N|§|i2(31)/(; |MS|€V}, ds < oo (a.s.),
(6.17)
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and foreveryi = 1,2, ...,d

r T
& _, ,
/0 /Rd/3”| Jus(x)|Pvi(dz)dx ds < |§|L2(31)/(‘) |u“|W]1, s < 00 (a.s.),
6.18)

T T
/0 /]Rd /31 |Kl.’7xus(x)|p vi(d3)dxds < N|.§|%2(31)/0 |u5|€v}, ds < oo (a.s.)
(6.19)

with a constant N = N(p, d, A, L, K;;, K¢). Hence, by virtue of Theorem 2.2 in [8]
we get from equation (6.14), taking into account (6.15) through (6.19), that (u;);c[0,7]
is strongly cadlag as an L ,-valued process. O

By the above proposition u is a strongly cadlag L ,-valued process, as well as
weakly cadlag as an Wf—valued process. By interpolation we then have a constant
N = N(d,m,s, p) such that for 6 = s/m

6 1-6 0 1-6
|, — Mt,,|W; < Nlus — Mt,l|W]r;:|ut - ut,,le <2N¢7ur — Mt,,|Lp )

6 1-6 % 1-60
|ur,, - Mr—'W;; = N|ur,, - Mr—|w;1|”r,, - Mr—|Lp <2N¢ |urn - ur—|Lp

forany t € [0, T), r € (0, T], any strictly decreasing sequences t, — ¢ and strictly
increasing sequences r, — r with r,,, ¢, € (0, T'), where u,_ denotes the weak limit
in W[’," of u at r from the left, and ¢ := sup,¢g 1) |u,|W;n < o0 (a.s.). Letting here
n — oo we finish the proof. O
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