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Abstract
The filtering equations associated to a partially observed jump diffusion model
(Zt )t∈[0,T ] = (Xt ,Yt )t∈[0,T ], driven byWiener processes andPoissonmartingalemea-
sures are considered. Building on results from two preceding articles on the filtering
equations, the regularity of the conditional density of the signal Xt , given observa-
tions (Ys)s∈[0,t], is investigated, when the conditional density of X0 given Y0 exists
and belongs to a Sobolev space, and the coefficients satisfy appropriate smoothness
and growth conditions.
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1 Introduction

Let (�,F , {Ft }t≥0, P) be a complete filtered probability space, carrying a d1 + d ′-
dimensional Ft -Wiener process (Wt , Vt )t≥0 and independent Ft -Poisson martingale
measures Ñi (dz, dt) = Ni (dz, dt) − νi (dz)dt on R+ × Zi , for i = 0, 1, with σ -
finite characteristic measures ν0 and ν1 on a separable measurable space (Z0,Z0) and
on (Z1,Z1) = (Rd ′ \ {0},B(Rd ′ \ {0}), respectively, where B(V ) denotes the Borel
σ -algebra on V for topological spaces V .

We consider the signal and observation model

dXt = b(t, Xt ,Yt ) dt + σ(t, Xt ,Yt ) dWt + ρ(t, Xt ,Yt ) dVt

+
∫
Z0

η(t, Xt−,Yt−, z) Ñ0(dz, dt) +
∫
Z1

ξ(t, Xt−,Yt−, z) Ñ1(dz, dt)

dYt = B(t, Xt ,Yt ) dt + dVt +
∫
Z1

z Ñ1(dz, dt), (1.1)

where b = (bi ), B = (Bi ), σ = (σ i j ) and ρ = (ρil) are Borel functions on R+ ×
R
d+d ′

, with values in Rd , Rd ′
, Rd×d1 and Rd×d ′

, respectively, η = (ηi ) and ξ = (ξ i )

areRd -valuedB(R+×R
d+d ′

)⊗Z0-measurable andRd -valuedB(R+×R
d+d ′

)⊗Z1-
measurable functions on R+ × R

d+d ′ × Z0 and R+ × R
d+d ′ × Z1, respectively.

This paper is a continuation of [5, 7]. In [7]we derive the filtering equations, describ-
ing the time evolution of the conditional distribution Pt (dx) = P(Xt ∈ dx |FY

t ) and
the unnormalised conditional distributionμt (dx) = Pt (dx)λt of the unobserved com-
ponent Xt given FY

t , the σ -algebra generated by the observations (Ys)s∈[0,t], where
(λt )t∈[0,T ] is a normalising positive process. The equation for (μt (dx))t∈[0,T ], referred
to as Zakai equation, is linear, and therefore questions about existence, uniqueness and
regularity of its solution for a given initial condition can be studied easier than those
for the nonlinear filtering equation satisfied by (Pt (dx))t∈[0,T ]. For more details on
the filtering equations for partially observed (jump) diffusions as well as for a his-
torical account we refer to [7] and the references therein. In [5] it is shown that the
conditional density πt = dPt/dx exists for t > 0 and belongs to Lq for q ∈ [1, p], if
π0 = dP0/dx ∈ L p for a p ≥ 2, the coefficients of (1.1) satisfy appropriate Lipschitz
and growth conditions, and the derivatives of ξ and η in x are equicontinuous in x ,
uniformly in their other variables. The aim of the present paper is to show that if in
addition to the Lipschitz and growth conditions in [5, 7], we assume that the coef-
ficients have continuous and bounded derivatives in x up to order m + 1, for some
integer m ≥ 0, and π0 ∈ Wm

p for some p ≥ 2, then (πt )t≥0 is a Wm
p -valued weakly

cadlag process.
For partially observed diffusion processes, i.e., when ξ = η = 0 and the observation

process Y does not have jumps, the existence and the regularity properties of the
conditional density πt have been extensively studied in the literature. In [14], an early
work on the regularity of the filtering density for continuous diffusions, it was shown
that if the coefficients are bounded, σ, ρ admit bounded derivatives in x ∈ R

d up to
order m + 1, b, B admit bounded derivatives in x up to order m, σσ ∗ is uniformly
non-degenerate and π0 ∈ Wm

p ∩ Wm
2 , then the filtering density (πt )t∈[0,T ] is weakly
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continuous as an Wm
p -valued process, where p ≥ 2 and m ≥ 0. Later, under the

uniform non-degeneracy condition on σσ ∗, stronger results are obtained in [9, 13]
by the help of the L p-theory of SPDEs developed there. Generalisations of the linear
filtering theory are presented in [12] by the help of the theory of SPDEs with VMO
leading coefficients and growing lower order coefficients, see [10, 11].

In [20] it was proven that the non-degeneracy condition can be dropped if one
imposes m + 2 bounded derivatives on σ, ρ in x , as well as m + 1 derivatives on b, B
in x , to get that π is a Wm

p -valued weakly continuous process if π0 ∈ Wm
p ∩Wm

2 for a
p ≥ 2 and m ≥ 1. In [15] it was shown that the conditional density dPt/dx exists for
any t > 0 and it is in L2 if π0 = dP0/dx exists, it belongs to∈ L2, and the coefficients
are bounded and Lipschitz continuous. To achieve this, a nice calculation is presented
in [15] to show that the L2(� × R

d ,R)-norm of P(ε)
t , the conditional distribution Pt

mollified by Gaussian kernels, can be estimated by the L2(� × R
d ,R)-norm of π0,

independently of the mollification parameter ε > 0. For classical results in filtering
theory we refer to [1] and the references therein.

More recently filtering densities associated to signal and observation models
(Xt ,Yt )t≥0 with jumps have been investigated in a growing number of publica-
tions. The above mentioned method from [15] was used in [2, 3, 17, 19], under
various conditions on the filtering models, to prove that the conditional density
πt = P(Xt ∈ dx |(Ys)s∈[0,t])/dx exists for t > 0 and it is in L2, when the initial
density exists and belongs to L2. In [2] only the observation process has jumps. In [3]
only the signal process has jumps due to an additive noise component which is a cadlag
process of bounded variation, adapted to the observation process. In [17] a fairly gen-
eral jump diffusionmodel is considered, but, as in [2, 3], the driving noises in the signal
are independent of those in the observation. In [19] a general jump diffusion model
with correlated signal and observation noises is considered, but as in the articles [2,
3, 17], the coefficients in the signal do not depend on the observation process. In the
above publications, [2, 3, 17, 19], the coefficients of the SDE describing the signal
and observation models are bounded and satisfy appropriate Lipschitz conditions. An
approach from [16] is adapted to study the uniqueness of measure-valued solutions to
the filtering equations for a model with jumps in [18], and the existence of the filter-
ing density in L2 is obtained when the initial filtering density is in L2 and the jump
component in the signal is a symmetric α-stable Lévy process. In this publication the
signal and observation noises are independent of each other, the drift and diffusion
coefficients in the signal process depend only on x , the variable for the signal, they
are bounded and their derivatives up to first order and up second order, respectively,
exist and are bounded functions.

As the present paper is a direct continuation of [5], it builds on the results of the
latter. In [5] the method from [15], combined with methods from the theory of SPDEs,
is applied to partially observed jump diffusions to show that the filtering density πt

exists for t > 0 and belongs to Lq for a q ∈ [1, p], provided π0 ∈ L p for a p ≥ 2, the
coefficients in the SDE satisfy appropriate Lipschitz conditions, the drift coefficient in
the observation process is bounded, and the other coefficients satisfy a linear growth
condition. In the present paper we investigate the regularity of the filtering density for
the same filtering model as in [5]. In addition to these assumptions from [5], in the
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present paper we assume that for an integer m ≥ 0 the initial conditional density π0
is in Wm

p for some p ≥ 2 and the coefficients of the SDE admit bounded derivatives
in x up to order m + 1, excluding the zeroth order. Under these conditions we prove
that (πt )t≥0 is a Wm

p -valued weakly cadlag process. Moreover, we show that if the
coefficients are also bounded, then (πt )t≥0 is aWs

p-valued strongly cadlag process for
any s < m.

We would like to mention that our method of proving the smoothness of the condi-
tional density is different from those used in the case of partially observed diffusion
processes, and we require the existence and boundedness of the derivatives of the
coefficients only up to order m + 1 in order to get the conditional density in Wm

p .
This article is structured as follows. Section2 contains the main results along with

the required assumptions. In Section 3we state some important results from [7] and [5]
which we build on. Section4 contains Sobolev estimates necessary to obtain a priori
estimates for the smoothed filtering measures. In section 5 we investigate some solv-
ability properties of the Zakai equation. Section6 finally contains the proof of our
main theorem, as well as some auxiliary results.

In conclusion we present important notions and notations used in this paper. For an
integer n ≥ 0 the notationCn

b (Rd)means the space of real-valued bounded continuous
functions on R

d , which have bounded and continuous derivatives up to order n. (If
n = 0, then C0

b (R
d) = Cb(R

d) denotes the space of real-valued bounded continuous
functions on R

d ). We denote by M = M(Rd) the set of finite Borel measures on R
d ,

and by M = M(Rd) the set of finite signed Borel measures on R
d . For μ ∈ M we

use the notation

μ(ϕ) =
∫
Rd

ϕ(x) μ(dx)

for Borel functions ϕ on R
d . We say that a function ν : � → M is G-measurable for

a σ -algebra G ⊂ F , if ν(ϕ) is a G-measurable random variable for every bounded
Borel function ϕ on R

d . An M-valued stochastic process ν = (νt )t∈[0,T ] is said to
be weakly cadlag if almost surely νt (ϕ) is a cadlag function of t for all ϕ ∈ Cb(R

d).
An M-valued process (νt )t∈[0,T ] is weakly cadlag, if it is the difference of two M-
valued weakly cadlag processes. For processes U = (Ut )t∈[0,T ] we use the notation
FU
t for the P-completion of the σ -algebra generated by {Us : s ≤ t}. By an abuse of

notation, we often writeFU
t when referring to the filtration (FU

t )t∈[0,T ], whenever this
is clear from the context. For a measure space (Z,Z, ν) and p ≥ 1 we use the notation
L p(Z) = L p(Z,Rd) for the L p-space of Rd -valued Z-measurable functions defined
onZ. However, if not otherwise specified, the function spaces are considered to be over
R
d . We always use without mention the summation convention, by which repeated

integer valued indices imply a summation. For multi-indices α = (α1, . . . , αd) of
nonnegative integers αi , i = 1, . . . , d, functions ϕ of x = (x1, . . . , xd) ∈ R

d and
nonnegative integers k we use the notations |α| = ∑

i αi ,

Dαϕ(x) = Dα1
1 Dα2

2 . . . Dαd
d ϕ(x), as well as |Dkϕ|2 =

∑
|γ |=k

|Dγ ϕ|2,

123



Stochastics and Partial Differential Equations: Analysis and Computations

where Di = ∂
∂xi

and | · | denotes an appropriate norm. We also use the notation
Di j = Di D j . If we want to stress that the derivative is taken in a variable x , we
write Dα

x . If the norm | · | is not clear from the context, we sometimes use appropriate
subscripts, as in |ϕ|L p for the L p(R

d)-norm of ϕ. For p ≥ 1 and integers m ≥ 0 we
use the notation Wm

p for Borel functions f = f (x) on R
d such that

| f |pWm
p

:=
m∑

k=0

∫
Rd

|Dk f (x)|p dx < ∞.

Throughout the paper we work on the finite time interval [0, T ], where T > 0 is fixed
but arbitrary, as well as on a given complete probability space (�,F , P) equipped
with a filtration (Ft )t≥0 such that F0 contains all the P-null sets. For p, q ≥ 1
and integers m ≥ 1 we denote by W

m
p = L p((�,F0, P),Wm

p (Rd)) and W
m
p,q ⊂

L p(�, Lq([0, T ],Wm
p (Rd))) the set ofF0⊗B(Rd)-measurable real-valued functions

f = f (ω, x) and Ft -optional Wm
p -valued processes g = gt (ω, x) such that

| f |p
Wm

p
:= E| f |pWm

p
< ∞ and |g|p

Lp,q
:= E

( ∫ T

0
|gt |qWm

p
dt

)p/q
< ∞

respectively. If m = 0 we set Lp = W
0
p and Lp,q = W

0
p,q . In case a different

σ -algebra G than F0 is considered above, we denote this explicitly by Lp(G) and
W

m
p (G). If m ≥ 0 is not an integer and p > 1 then Wm

p denotes the space of real-
valued generalised functions h on R

d such that

|h|Wm
p

:= |(1 − �)m/2h|L p < ∞.

A Wm
p -valued process (πt )t∈[0,T ] is said to be weakly cadlag if it is a weakly cadlag

process in the weak topology inWm
p , and it is said to be strongly cadlag if it is a cadlag

process in the strong topology in Wm
p . Finally, for real-valued functions f and g on

R
d , we often denote by ( f , g) the integral of f · g over Rd .

2 Formulation of themain results

We fix nonnegative constants K0, K1, L , K , T and functions ξ̄ ∈ L2(Z1) =
L2(Z1,Z1, ν1), η̄ ∈ L2(Z0) = L2(Z0,Z0, ν0), used throughout the paper, and make
the following assumptions.

Assumption 2.1 (i) For z j = (x j , y j ) ∈ R
d+d ′

( j = 1, 2), t ≥ 0 and zi ∈ Zi
(i = 0, 1),

|b(t, z1) − b(t, z2)| + |B(t, z1) − B(t, z2)| + |σ(t, z1) − σ(t, z2)|
+|ρ(t, z1) − ρ(t, z2)| ≤ L|z1 − z2|,

|η(t, z1, z0) − η(t, z2, z0)| ≤ η̄(z0)|z1 − z2|,
|ξ(t, z1, z1) − ξ(t, z2, z1)| ≤ ξ̄ (z1)|z1 − z2|.
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(ii) For all z = (x, y) ∈ R
d+d ′

, t ≥ 0 and zi ∈ Zi for i = 0, 1 we have

|b(t, z)| + |σ(t, z)| + |ρ(t, z)| ≤ K0 + K1|z|, |B(t, z)| ≤ K ,

∫
Z1

|z|2 ν1(dz) ≤ K 2
0 ,

|η(t, z, z0)| ≤ η̄(z0)(K0 + K1|z|), |ξ(t, z, z1)| ≤ ξ̄ (z1)(K0 + K1|z|).

(iii) The initial condition Z0 = (X0,Y0) is an F0-measurable random variable with
values in Rd+d ′

.

Assumption 2.2 The functions η̄ ∈ L2(Z0,Z0, ν0) and ξ̄ ∈ L2(Z1,Z1, ν1) are such
that for constants Kη and Kξ we have η̄(z0) ≤ Kη and ξ̄ (z1) ≤ Kξ for all z0 ∈ Z0,
z1 ∈ Z1.

Assumption 2.3 For some r > 2 let E|X0|r < ∞ and the measure ν1 satisfy

Kr :=
∫
Z1

|z|r ν1(dz) < ∞.

By a well-known theorem of Itô one knows that Assumption 2.1 ensures the exis-
tence and uniqueness of a solution (Xt ,Yt )t≥0 to (1.1) for any given F0-measurable
initial value Z0 = (X0,Y0), and for every T > 0,

E sup
t≤T

(|Xt |q + |Yt |q) ≤ N (1 + E|X0|q + E|Y0|q) (2.1)

holds for q = 2 with a constant N depending only on T , K0, K1, K2, |ξ̄ |L2 , |η̄|L2 and
d + d ′. If in addition to Assumption 2.1 we assume Assumptions 2.2 and 2.3, then
it is known, see e.g. [4], that the moment estimate (2.1) holds with q := r for every
T > 0, where now the constant N depends also on r , Kr Kξ and Kη.

Assumption 2.4 (i) For a constant λ > 0 we have

λ|x − x̄ | ≤ |x − x̄ + θ( fi (t, x, y, zi ) − fi (t, x̄, y, zi ))|

for all θ ∈ [0, 1], t ∈ [0, T ], y ∈ R
d ′
, x, x̄ ∈ R

d , zi ∈ Zi , i = 0, and
f0(t, x, y, z0) = η(t, x, y, z0), f1(t, x, y, z1) = ξ(t, x, y, z1).

(ii) For all (t, y) ∈ R+ × R
d ′
and all x1, x2 ∈ R

d ,

|(ρB)(t, x1, y) − (ρB)(t, x2, y)| ≤ L|x1 − x2|.

(iii) The functions f0(t, x, y, z) := ξ(t, x, y, z) and f1(t, x, y, z) := η(t, x, y, z) are
continuously differentiable in x ∈ R

d for each (t, y, z) ∈ R+ × R
d ′ × Zi , for

i = 0 and i = 1, respectively, such that

lim
ε↓0 sup

t∈[0,T ]
sup
z∈Zi

sup
|y|≤R

sup
|x |≤R,|x̄ |≤R,|x−x ′|≤ε

|Dx fi (t, x, y, z) − Dx fi (t, x̄, y, z)| = 0

for every R > 0.
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Assumption 2.5 Let m ≥ 0 be an integer.

(i) The partial derivatives in x ∈ R
d of the coefficients b, B, σ , ρ, (ρB), η and ξ up

to order m + 1 are functions such that

m+1∑
k=1

|Dk
x (b, B, σ, ρ, (ρB))| ≤ L for all t ∈ [0, T ], x ∈ R

d , y ∈ R
d ′

.

(ii) Moreover,

m+1∑
k=1

|Dk
xη| ≤ L η̄,

m+1∑
k=1

|Dk
xξ | ≤ L ξ̄ ,

for all t ∈ [0, T ], x ∈ R
d , y ∈ R

d ′
and zi ∈ Zi , i = 0, 1.

A few remarks are in order to elaborate on the need for the assumptionsmade above.

Remark 2.1 The function B is required to be bounded by Assumption 2.1. Though
this excludes linear drifts in the observation (in particular it excludes the important
special case of Kalman-Bucy filtering), it is a necessary assumption in the case of
our general model in order to obtain crucial L p estimates needed later in this paper
(see for instance Lemma 4.4). To include the case of B satisfying a linear growth
condition one should assume specific conditions on the filtering model, which allow
one to transform the Zakai equation into an SPDEwithout a zero order term. (See [12]
on including the case of Kalman-Bucy filtering in nonlinear models.)

Remark 2.2 It is a natural condition inAssumption 2.2 that η̄ ∈ L2(Z0,Z0, ν0) and ξ̄ ∈
L2(Z1,Z1, ν1). This, together with the measurability and growth conditions on ξ and
η ensures, in particular, that for any adapted cadlag process Z = (X ,Y ) the stochastic
differentials with respect to themartingalemeasures in equation (1.1) arewell-defined.
Note that since the measures ν0 and ν1 may not be finite, the boundedness of η̄ and
ξ̄ does not imply that η̄ ∈ L2(Z0,Z0, ν0) and ξ̄ ∈ L2(Z1,Z1, ν1). The boundedness
condition on ξ̄ and η̄ in Assumption 2.2 serves a different purpose. This, together with
Assumption 2.4(i) and the Lipschitz condition on η and ξ in Assumption 2.1(i) implies
that for a constant c = c(λ, Kξ , Kη) we have for all θ ∈ [0, 1], y ∈ R

d ′
, t ∈ [0, T ]

and zi ∈ Zi , i = 0, 1,

c−1|x − x̄ | ≤ |x − x̄ + θ( fi (t, x, y, zi ) − f (t, x̄, y, zi ))| ≤ c|x − x̄ | for x, x̄ ∈ R
d ,

with f0(t, x, y, z0) := η(t, x, y, z0) and f1(t, x, y, z1) := ξ(t, x, y, z1). This,
together with Assumption 2.4(iii) in particular implies that for all θ ∈ [0, 1], y ∈ R

d ′
,

t ∈ [0, T ] and zi ∈ Zi , i = 0, 1 the mappings

τη(x) = x + θη(t, x, y, z0) and τ ξ (x) = x + θξ(t, x, y, z1)

are C1-diffeomorphisms. This property plays a crucial role in the existence of the
conditional density and in obtaining L p-estimates for it.
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Remark 2.3 Note that if τ is a continuously differentiable L-biLipschitz function on
R
d , i.e., for a constant L ≥ 1 we have

L−1|x − y| ≤ |τ(x) − τ(y)| ≤ L|x − y| for all x, y ∈ R
d ,

then

L−d ≤ | det(Dτ(x))| ≤ Ld for x ∈ R
d .

Proof For d = 1 it is obvious, and for d > 1 it can be easily shown by using the
singular value decomposition for the matrices Dτ , Dτ−1, or by applying Hadamard’s
inequality to their determinants. 
�

Recall that FY
t denotes the completion of the σ -algebra generated by (Ys)s≤t .

Theorem 2.1 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold. If K1 �= 0 in Assump-
tion 2.1, then let additionally Assumption 2.3 hold. Assume the conditional density
π0 = P(X0 ∈ dx |FY

0 )/dx exists almost surely and for some p ≥ 2 and integer
m ≥ 0 we have E|π0|pWm

p
< ∞. Then almost surely P(Xt ∈ dx |FY

t )/dx exits and

belongs to Wm
p for every t ∈ [0, T ].

Moreover, there is a Wm
p -valued weakly cadlag process π = (πt )t∈[0,T ] such that

for each t ∈ [0, T ] almost surely πt = P(Xt ∈ dx |FY
t )/dx. If K1 = 0 and m ≥ 1,

then π is strongly cadlag as Ws
p-valued process for s ∈ [0,m).

If a := σσ ∗/2 is uniformly elliptic, i.e., for a constant c > 0 we have

ai j (t, z)x̄ i x̄ j ≥ c|x̄ |2 for all (t, z) ∈ [0, T ] × R
d+d ′

and x̄ = (x̄1, . . . , x̄d) ∈ R
d ,

(2.2)
then the following remark states that we can recover in the special case of p = 2, in the
presence of jumps, awell-known result obtained in [14] for partially observed diffusion
processes. Based on calculations in the present paper, we will prove it together with
its generalisation for p ∈ [2,∞) in a forthcoming article.

Remark 2.4 Let (2.2) and Assumptions 2.1, 2.2 and 2.4 (i)&(ii) hold with K1 = 0.
Assume that for an integerm ≥ 0 the conditional densityπ0 = P(X0 ∈ dx)/dx exists
almost surely such that E|π0|2Wm

2
< ∞, and the derivatives in x ∈ R

d of the functions

σ , ρ, ξ and η up to orderm+1, and of the functions b and B up to orderm are functions,
in magnitude bounded by a constant. Then for each t ∈ [0, T ] the conditional density
P(Xt ∈ dx |FY

t )/dx exists and belongs toWm
2 almost surely, and there is aWm

2 -valued
cadlag process π = (πt )t∈[0,T ] such that πt = P(Xt ∈ dx |FY

t )/dx (a.s.) for each
t ∈ [0, T ]. Moreover, πt ∈ Wm+1

2 for P ⊗ dt-a.e. (ω, t) ∈ � × [0, T ] such that

∫ T

0
|πt |2Wm+1

2
dt < ∞ almost surely.
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3 Preliminaries

Recall the notions and notations concerning measure-valued processes, given in the
final part of the Introduction, and note that if (νt )t≥0 is an M-valued weakly cadlag
process then there is a set �′ ⊂ � of full probability and there is uniquely defined (up
to indistinguishability)M-valued processes (νt−)t≥0 such that for every ω ∈ �′

νt−(ϕ) = lim
s↑t νs(ϕ) for all ϕ ∈ Cb(R

d) and t > 0,

and for each ω ∈ �′ we have νt− = νt , for all but at most countably many t ∈ (0,∞).
The following result was proven in [7]. In order to formulate it, we define

γt = exp

(
−

∫ t

0
B(s, Xs,Ys) dVs − 1

2

∫ t

0
|B(s, Xs,Ys)|2 ds

)
, t ∈ [0, T ],

and note that since B is bounded in magnitude, we have EγT = 1 and it is an Ft -
martingale under P . Thus, the measure Q, defined by dQ := γT d P is a probability
measure, equivalent to P .

Theorem 3.1 Let Assumption 2.1 hold. If K1 �= 0, then assume also E|X0|2 < ∞.
Then there exist measure-valuedFY

t -adapted weakly cadlag processes (Pt )t∈[0,T ] and
(μt )t∈[0,T ] such that

Pt (ϕ) = μt (ϕ)/μt (1), for ω ∈ �, t ∈ [0, T ],
Pt (ϕ) = E(ϕ(Xt )|FY

t ), μt (ϕ) = EQ(γ −1
t ϕ(Xt )|FY

t ) (a.s.) for each t ∈ [0, T ].

We refer to μt (resp. Pt ) as the unnormalised (resp. normalised) conditional distri-
bution of Xt given FY

t , t ∈ [0, T ].
We introduce the random differential operators

L̃t = ai jt (x)Di j + bit (x)Di + βk
t Mk

t , Mk
t = ρik

t (x)Di + Bk
t (x), k = 1, 2, ..., d ′,

(3.1)
where βt := Bt (Xt ) and

ai jt (x) := 1
2

d1∑
k=1

(σ ik
t σ

jk
t )(x) + 1

2

d ′∑
l=1

(ρilρ
jl
t )(x), σ ik

t (x) := σ ik(t, x,Yt ),

ρil
t (x) := ρil(t, x,Yt ),

bit (x) := bi (t, x,Yt ), Bk
t (x) := Bk(t, x,Yt )

for ω ∈ �, t ≥ 0, x = (x1, ..., xd) ∈ R
d , and Di = ∂/∂xi , Di j = ∂2/(∂xi∂x j )

for i, j = 1, 2..., d. Moreover for every t ≥ 0 and z ∈ Z1 we introduce the random
operators I ξ

t and J ξ
t defined by

T ξ
t ϕ(x, z) = ϕ(x + ξt (x, z), z)
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I ξ
t ϕ(x, z) = T ξ

t ϕ(x, z) − ϕ(x, z), J ξ
t φ(x, z) = I ξ

t φ(x, z) −
d∑

i=1

ξ it (x, z)Diφ(x, z)

for functions ϕ = ϕ(x, z) and φ = φ(x, z) of x ∈ R
d and z ∈ Z1, and furthermore

the random operators I η
t and J η

t , defined as I ξ
t and J ξ

t , respectively, with ηt (x, z) in
place of ξt (x, z), where

ξt (x, z1) := ξ(t, x,Yt−, z1), ηt (x, z0) := η(t, x,Yt−, z0)

for ω ∈ �, t ≥ 0, x ∈ R
d and zi ∈ Zi for i = 0, 1.

From [5] we know that if the unnormalised conditional distributionμt has a density
such that ut = dμt/dx (a.s.) for each t ∈ [0, T ] for an L p-valued weakly cadlag
process (ut )t∈[0,T ] for some p ≥ 2, then it satisfies for each ϕ ∈ C∞

0 almost surely

(ut , ϕ) = (ψ, ϕ) +
∫ t

0
(us , L̃sϕ) ds +

∫ t

0
(us ,Mk

sϕ) dV k
s +

∫ t

0

∫
Z0

(us , J
η
s ϕ) ν0(dz)ds

+
∫ t

0

∫
Z1

(us , J
ξ
s ϕ) ν1(dz)ds +

∫ t

0

∫
Z1

(us−, I ξs ϕ) Ñ1(dz, ds). (3.2)

for all t ∈ [0, T ]. Formally we may write (3.2) as the Cauchy problem

dut = L̃∗
t ut dt + M∗k

t ut dV
k
t +

∫
Z0

J η∗
t ut ν0(dz)dt

+
∫
Z1

J ξ∗
t ut ν1(dz)dt +

∫
Z1

I ξ∗
t ut− Ñ1(dz, dt),

u0 = ψ. (3.3)

for a given ψ .

Definition 3.1 Let integersm ≥ 0 and p ≥ 2. Letψ be anWm
p -valuedF0-measurable

random variable. Then we say that a Wm
p -valued Ft -adapted weakly cadlag process

(ut )t∈[0,T ] is a Wm
p -solution of (3.3) with initial condition ψ , if for each ϕ ∈ C∞

0
almost surely (3.2) holds for every t ∈ [0, T ].

If m = 0, then we call u an L p-solution instead of a W 0
p-solution.

As in [5] we are interested in solutions which satisfy

ess sup
t∈[0,T ]

|ut |L1 < ∞ and sup
t∈[0,T ]

∫
Rd

|y|2|ut (y)| dy < ∞ (a.s.). (3.4)

To formulate the following results from [5], Lemma 5.7 and Theorem 2.1 therein,
we recall that there exists a cadlagFY

t -adapted process (oγt )t∈[0,T ], called the optional
projection of (γt )t∈[0,T ] under P with respect to (FY

t )t∈[0,T ], such that for every FY
t -

stopping time τ ≤ T we have

E(γτ |FY
τ ) = oγ τ almost surely. (3.5)
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Since for each t , by known properties of conditional expectations, almost surely

μt (1) = EQ(γ −1
t |FY

t ) = 1/E(γt |FY
t ) = 1/oγ t

and P, μ are weakly cadlag in the sense described above, we also have that almost
surely Pt (ϕ) = μt (ϕ)oγ t for each t ∈ [0, T ] and ϕ ∈ Cb.

Theorem 3.2 Let Assumptions 2.1, 2.2 and 2.4 hold. If K1 �= 0, then let additionally
Assumption 2.3 hold for some r > 2. Assume the conditional density π0 = P(X0 ∈
dx |Y0)/dx exists almost surely and E|π0|pL p

< ∞ for some p ≥ 2. Then
(i) For each t ∈ [0, T ] the unnormalised conditional density dμt/dx exists almost

surely and there is an L p-valued weakly cadlag process (ut )t∈[0,T ] such that ut =
dμt/dx (a.s.) for each t ∈ [0, T ] and

E sup
t∈[0,T ]

|ut |pL p
≤ NE|π0|pL p

for a constant N = N (d, d ′, p, K , Kξ , Kη, L, T , λ, |ξ̄ |L2 , |η̄|L2). Moreover, u is the
unique L2-solution to (3.3) satisfying the conditions in (3.4).

(ii) Almost surely the conditional density P(Xt ∈ dx |FY
t )/dx exists and belongs

to L p for all t ∈ [0, T ]. Moreover, there is an L p-valued weakly cadlag process
(πt )t∈[0,T ], such that for each t ∈ [0, T ] almost surely πt = P(Xt ∈ dx |FY

t )/dx, as
well as almost surely πt = ut oγt for all t ∈ [0, T ].
Proof See Lemma 5.5 and Theorem 2.1 in [5]. 
�
Lemma 3.3 Let 1 < p < ∞ and let (vt )t∈[0,T ] be a weakly cadlag L p-valued process.
Assume moreover that for an m ≥ 0 almost surely ess supt∈[0,T ] |vt |Wm

p
< ∞ and

vT ∈ Wm
p . Then v is (almost surely) a weakly cadlag Wm

p -valued process.

Proof Let �′ be the set of those ω ∈ � such that (vt (ω))t∈[0,T ] is weakly cadlag
as an L p-valued function, vT (ω) ∈ Wm

p and ess supt∈[0,T ] |vt (ω)|Wm
p

< ∞. Then
P(�′) = 1, and for each ω ∈ �′ there exists a dense subset Tω in [0, T ] such
that supt∈Tω

|vt (ω)|Wm
p

< ∞. If ω ∈ �′ and t /∈ Tω, t �= T , then there exists a
sequence (tn)∞n=1 ⊂ Tω such that tn ↓ t . Since supt∈Tω

|vt (ω)|Wm
p

< ∞ there exists
a subsequence, also denoted by (tn)∞n=1, such that vtn (ω) converges weakly in Wm

p
to some element ṽ ∈ Wm

p . However, as v is weakly cadlag as an L p-valued process,
we know that vtn → vt weakly in L p as n → ∞ and hence ṽ = vt ∈ Wm

p . Thus
clearly also supt∈[0,T ] |vt (ω)|Wm

p
< ∞ if ω ∈ �′. To see that v is weakly cadlag as a

Wm
p -valued process, note first that since Wm

p is a reflexive space, which is embedded
continuously and densely into L p, we have that the dual (L p)

∗ = Lq , q = p/(p−1),
is embedded continuously and densely into (Wm

p )∗. Therefore, for each ε > 0 and
φ ∈ (Wm

p )∗ there is an φε ∈ Lq such that |φ − φε|(Wm
p )∗ < ε. Fix a t ∈ [0, T ) and a

sequence tn ↓ t . Then

|(vtn , φ) − (vt , φ)| ≤ |(vtn , φ − φε)| + |(vtn , φε) − (vt , φε)| + |(vt , φε − φ)|
≤ 2ε sup

t∈[0,T ]
|vt |Wm

p
+ |(vtn , φε) − (vt , φε)|.
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Recalling that v is weakly cadlag as an L p-valued process finishes the proof. 
�
The corollary of the following lemma will play an essential role in the proof of

the statement on the strong cadlagness of L p-solutions to the filtering equations, see
Proposition 6.4.

Lemma 3.4 Let ζ be an R
d -valued function on R

d such that for an integer m ≥ 1 it
is continuously differentiable up to order m, and

inf
θ∈[0,1] inf

x∈Rd
| det(I + θDζ(x))| =: λ > 0, max

0≤k≤m
sup
x∈Rd

|Dkζ(x)| =: Mm < ∞.

(3.6)
Then the following statements hold.

(i) The function τ = x + θζ(x), x ∈ R
d , is a Cm-diffeomorphism for each θ , such

that for all x ∈ R
d , θ ∈ [0, 1],

λ′ ≤ | det Dτ−1(x)| ≤ λ′′, and max
1≤k≤m

sup
x∈Rd

|Dkτ−1| ≤ M ′
m < ∞, (3.7)

with constants λ′ = λ′(d, M1) > 0, λ′′ = λ′′(d, M1) and M ′
m = M ′

m(d, λ, Mm).
(ii) The function ζ ∗(x) = −x + τ−1(x), x ∈ R

d , is continuously differentiable up
to order m, such that

sup
Rd

|ζ ∗| = sup
Rd

|ζ |, (3.8)

sup
Rd

|Dkζ ∗| ≤ M∗
m max

1≤ j≤k
sup
Rd

|D jζ |, for k = 1, 2, ...,m,

(3.9)

inf
θ∈[0,1] infRd

| det(I + θDζ ∗)| ≥ λ′ inf
θ∈[0,1] infRd

| det(I + θDζ )|, (3.10)

with a constant M∗
m = M∗

m(d, λ, Mm) and with λ′ from (3.7).
(iii) For the function c = det(I + Dζ ∗) − 1 we have

sup
x∈Rd

|Dkc(x)| ≤ N max
1≤ j≤k+1

sup
Rd

|D jζ |, (3.11)

for 0 ≤ k ≤ m − 1 with a constant N = N (d, λ,m, Mm).

Proof Claims (i) and (ii) are Lemma 6.1 in [5]. To prove (iii) notice that for the function
F(A) = det A, considered as the function of the entries Ai j of d × d real matrices A,
by Taylor’s formula

c = det(I + Dζ ∗) − det I =
∫ 1

0

∂
∂Ai j F(I + θDζ ∗) dθDiζ

∗ j .


�
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Corollary 3.5 For Rd-valued functions ζ on R
d we define the operators T ζ , I ζ and

J ζ by

T ζ ϕ(x) = φ(x + ζ(x)) for x ∈ R
d , and I ζ ϕ = T ζ ϕ − ϕ, J ζ ϕ = I ζ − ζ i Diϕ

for differentiable functions ϕ on R
d . Assume that ζ satisfies the conditions of

Lemma 3.4 with m = 2. Then τθζ (x) = x + θζ(x), x ∈ R
d is a C2-diffeomorphism

for each θ ∈ [0, 1], and for every v, ϕ ∈ C∞
0 we have

(v, I ζ ϕ) = (I ζ∗v, ϕ), (v, J ζ ϕ) = (K ζ
i v, Diϕ), (3.12)

with

I ζ∗v(x) = −
∫ 1

0
Di

(
v(τ−1

θζ (x))ζ i (τ−1
θζ (x))|detDτ−1

θζ (x)|
)
dθ,

K ζ
i v(x) =

∫ 1

0
(θ − 1)Dj

(
v(τ−1

θζ (x))ζ i (τ−1
θζ (x))ζ j (τ−1

θζ (x))|detDτ−1
θζ (x)|

)
dθ, x ∈ R

d ,

for i = 1, 2, ..., d. Moreover, for every x ∈ R
d we have

|I ζ∗v(x)| ≤ N sup
x∈Rd

(|ζ(x)| + |Dζ(x)|)
∫ 1

0
|v(τ−1

θζ (x))| + |(Dv)(τ−1
θζ (x))| dθ

(3.13)

|K ζ
i v(x)| ≤ N sup

x∈Rd
(|ζ(x)|2 + |Dζ(x)|2)

∫ 1

0
|v(τ−1

θζ (x))| + |(Dv)(τ−1
θζ (x))| dθ

(3.14)

with a constant N = N (d, λ, M1, M2).

Proof By Lemma 3.4 τθζ : Rd → R
d is a C2-diffeomorphism for every θ ∈ [0, 1].

Using Taylor’s formula we have

(v, I ζ ϕ) =
∫
Rd

∫ 1

0
v(x)(Diϕ)(τθζ (x))ζ

i (x) dθ dx,

(v, J ζ ϕ) =
∫
Rd

∫ 1

0
(1 − θ)v(x)(Di jϕ)(τθζ (x))ζ

i (x)ζ j (x) dθ dx,

and by a change of variables in the calculation of the integrals over Rd and then
integrating by parts we get the equations in (3.12). Hence we get the estimates (3.13)
and (3.14) by applying standard derivative rules and using the estimates in (3.7). 
�
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4 Sobolev estimates

In this section we present some estimates which are needed in the subsequent sections.
In the following lemmas note that by lower indices i we mean the derivative with
respect to xi , i.e. ui = ∂

∂xi
u(x). For ε > 0 we use the notation kε for the Gaussian

density function on R
d with mean 0 and variance ε. For linear functionals �, acting

on a real vector space V containing S = S(Rd), the rapidly decreasing functions on
R
d , the mollification �(ε) is defined by

�(ε)(x) = �(kε(x − ·)), x ∈ R
d .

In particular, when � = μ is a (signed) measure from S∗, the dual of S, or � = f is
a function from S∗, then

μ(ε)(x) =
∫
Rd

kε(x − y) μ(dy), f (ε)(x) =
∫
Rd

kε(x − y) f (y) dy, x ∈ R
d ,

and, using the formal adjoint L∗, we write

(L∗μ)(ε)(x) :=
∫
Rd

L ykε(x − y)μ(dy), x ∈ R
d

when L is a linear operator on V such that the integral is well-defined for every x ∈ R
d .

Here the subscript y in Ly indicates that the operator L acts in the y-variable of the
function k̄ε(x, y) := kε(x − y). For example, if L is a differential operator of the form
ai j Di j + bi Di + c, where ai j , bi and c are functions defined on R

d , then

(L∗μ)(ε)(x) =
∫
Rd

(ai j (y) ∂2

∂ yi ∂ y j + bi (y) ∂
∂ yi

+ c(y))kε(x − y)μ(dy).

We will often use the following well-known properties of mollifications with kε:

(i) |ϕ(ε)|L p ≤ |ϕ|L p for ϕ ∈ L p(R
d), p ∈ [1,∞);

(ii) μ(ε)(ϕ) := ∫
Rd μ(ε)(x)ϕ(x) dx = ∫

Rd ϕ(ε)(x)μ(dx) =: μ(ϕ(ε)) for finite
(signed) Borel measures μ on B(Rd) and ϕ ∈ L p(R

d), p ≥ 1;
(iii) |μ(δ)|L p ≤ |μ(ε)|L p for 0 ≤ ε ≤ δ, finite Borel measures μ on R

d and p ≥ 1.
This property follows immediately from (i) and the “semigroup property” of the
Gaussian kernel,

kr+s(y − z) =
∫
Rd

kr (y − x)ks(x − z) dx, y, z ∈ R
d and r , s ∈ (0,∞).

(4.1)

The following generalization of (iii) is also useful: for integers p ≥ 2 we have

ρε(y) :=
∫
Rd

�
p
r=1kε(x − yr ) dx = cp,εe

−∑
1≤r<s≤p |yr−ys |2/(2εp),
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y = (y1, ...., yp) ∈ R
pd , (4.2)

for ε > 0, with a constant cp,ε = cp,ε(d) = p−d/2(2πε)(1−p)d/2. This calculation
can be found in [5, Sec. 4]. Clearly, for every r = 1, 2, ..., p and i = 1, 2, ..., d

∂yir
ρε(y) = 1

εp

p∑
s=1

(yis − yir )ρε(y), y = (y1, ..., yp) ∈ R
d , yr = (y1r ..., y

d
r ) ∈ R

d .

(4.3)
It is easy to see that

p∑
r=1

∂
y j
r
ρε(y) = 0 for y ∈ R

pd , j = 1, 2, ..., d,

which we will often use in the form

∂
y j
r
ρε(y) = −

p∑
s �=r

∂
y j
s
ρε(y) for r = 1, ..., p and j = 1, 2, ..., d. (4.4)

Moreover, we will use that for q = 1, 2, with a constant N = N (d, p, q),

ε−q
∑
s �=r

|ys − yr |2qρε(y) ≤ Nρ2ε(y), y ∈ R
pd . (4.5)

The case of α = 0 in the following lemmas in this section is proven in [5] and
hence this case will be omitted in the proofs.

The following estimates for μ ∈ M with density u = dμ/dx ∈ Wm
p , for an m ≥ 0

and an even integer p ≥ 2, will be useful in later sections. In order for the left-hand
side of these estimates to be well-defined, we require that

K1

∫
Rd

|x |2 |u(x)| dx < ∞, (4.6)

where we use the formal convention that 0 · ∞ = 0, i.e. if K1 = 0, then the second
moment of |μ(dx)| = |u(x)|dx is not required to be finite.

Lemma 4.1 Let σ = (σ ik) be a Borel function on R
d with values in R

d×k , such that
for some nonnegative constants K0, K1 and L

|σ(x)| ≤ K0 + K1|x |,
m+1∑
k=1

|Dkσ(x)| ≤ L, (4.7)

for all x ∈ R
d . Set ai j = σ ikσ jk/2 for i, j = 1, 2, ..., d. Let μ ∈ M such that it

admits a density u = dμ/dx ∈ Wm
p for an integer m ≥ 0 and an even integer p ≥ 2
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and (4.6) holds. Then for ε > 0 we have

Aα := p((Dαμ(ε))p−1, Dα((ai j Di j )
∗μ)(ε))

+ p(p−1)
2 ((Dαμ(ε))p−2Dα((σ ik Di )

∗μ)(ε), Dα((σ jk D j )
∗μ)(ε)) ≤ NL2|u|pWm

p

(4.8)

for multi-indices α = (α1, ..., αd) such that 0 ≤ |α| ≤ m, where N is a constant
depending only on d, m and p.

Proof Note first that using

sup
x∈Rd

m+2∑
k=0

|Dkkε(x)| < ∞, sup
x∈Rd

m+2∑
k=0

|Dkρε(x)| < ∞, for all ε > 0 (4.9)

and ∫
Rd

(1 + K1|x |2) |u(x)| dx < ∞, (4.10)

as well as the conditions on σ , it is easy to verify that the left-hand side of (4.8)
is well-defined. Changing the order of taking derivatives and integrals, then writing
integer powers of integrals as iterated integrals and using

Dα
x kε(x − y) = (−1)|α|Dα

y kε(x − y),

we have

((Dαμ(ε)(x))p−1 =
∫
R(p−1)d

�
p−1
r=1 D

α
x kε(x − yr ) μ(dy1)...μ(dyp−1)

=
∫
R(p−1)d

(−1)(p−1)|α|Dα
y1 ...D

α
yp−1

�
p−1
r=1 kε(x − yr ) μ(dy1)...μ(dyp−1),

Dα((ai j Di j )
∗μ)(ε)(x) =

∫
Rd

ai j (yp)∂yip
∂
y jp

Dα
x kε(x − yp) μ(dyp)

=
∫
Rd

(−1)|α|ai j (yp)∂yip ∂
y jp

Dα
yp kε(x − yp) μ(dyp),

and hence for their product we get

(Dαμ(ε))p−1Dα((ai j Di j )
∗μ)(ε)(x) =

∫
Rpd

ai j (yp)∂yip
∂
y jp

Dpα
y �

p
r=1kε(x − yr )μp(dy), (4.11)

where Dpα
y := Dα

y1
...Dα

yp and μ(dy) := μ(dy1)...μ(dyp). Similarly,

(Dαμ(ε))p−2Dα((σ ik Di )
∗μ)(ε)Dα((σ jk D j )

∗μ)(ε)(x)

=
∫
Rpd

σ ik(yp−1)σ
jk(yp)∂yip−1

∂
y j
p
Dpα

y �
p
r=1kε(x − yr )μp(dy).
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Adding this to (4.11), then integrating against dx over Rd and using (4.2) we obtain

A =
∫
Rpd

(
pai j (yp)∂yip∂y j

p
+ p(p−1)

2 σ ik(yp−1)σ
jk(yp)∂yip−1

∂
y j
p

)
Dpα

y ρε(y) μp(dy).

Using here the symmetry of Dpα
y ρε(y) andμp(dy) in y ∈ R

dp and then interchanging
differential operators we get

A =
∫
Rpd

( p∑
r=1

ai j (yr )D
pα
y ∂yir

∂
y j
r

+
∑

1≤r<s≤p

σ ik(yr )σ
jk(ys)D

pα
y ∂yir

∂
y j
s

)
ρε(y) μp(dy)

Using

∂
y j
r
ρε(y) = −

∑
s �=r

∂
y j
s
ρε(y),

see (4.4), we have

p∑
r=1

ai j (yr )D
pα
y ∂yir

∂
y j
r
ρε(y) = −

∑
1≤r<s≤p

(ai j (yr ) + ai j (ys))D
pα
y ∂yir

∂
y j
s
ρε(y),

and due to ai j = σ ikσ jk/2 we have

−2ai j (yr , ys) := −2(ai j (yr ) + ai j (ys)) + σ ik(yr )σ
jk(ys) + σ ik(ys)σ

jk(yr )

= −(σ ik(yr ) − σ ik(ys))(σ
jk(yr ) − σ jk(ys)).

Hence

A = − 1
2

∑
r �=s

∫
Rpd

ai j (yr , ys)D
pα
y ∂yir

∂
y j
s
ρε(y) μp(dy), (4.12)

that by integration by parts gives

= − 1
2

∑
β≤α

∑
γ≤α

cαβc
α
γ

∫
Rpd

∑
r �=s

ai jβγ (yr , ys)∂yir
∂
y j
s
ρε(y)uβ̄ (yr )uγ̄ (ys)�q �=r ,q �=suα(yq ) dy,

(4.13)
where ai jβγ (x, r) := ∂

β
x ∂

γ
r ai j (x, r) and uδ(x) := ∂δu(x) for x, r ∈ R

d , for multi-

indices β, γ and δ, δ̄ := α−δ for multi-indices δ ≤ α (i.e. δi ≤ αi for i = 1, 2, ..., d),
cα
δ = �d

i=1c
αi
δi

with binomial coefficients cnk for integers 0 ≤ k ≤ n,

u(y) := u(y1)....u(yp) for y = (y1, ..., yp) ∈ R
dp,
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and dy = dy1...dyp is the Lebesgue measure on Rpd . For each β ≤ α and γ ≤ α we
are going to estimate the integrand

f βγ (y) :=
∑
r �=s

ai jβγ (yr , ys)∂yir ∂y j
s
ρε(y)uβ̄ (yr )uγ̄ (ys)�q �=r ,q �=suα(yq), y ∈ R

dp,

β ≤ α, γ ≤ α

in the integral in (4.13). Because of the symmetry inβ and γ , we need only consider the
following cases: (i) |β| ≥ 1 and |γ | ≥ 1, (ii) |β| ≥ 1 and γ = 0 and (iii) β = γ = 0.
To proceed with the calculations in each of these cases, for functions h = h(y) and
g = (y) of y ∈ R

pd we will use the notations h ∼ g if the integral of g − h against
dy over Rpd is zero. In case (i) by integration by parts we have

f βγ ∼
4∑
j=1

f βγ

j

with

f βγ
1 :=

∑
r �=s

∂yir
∂
y j
s
ai jβγ (yr , ys)ρε(y)uβ̄ (yr )uγ̄ (ys)�q �=r ,q �=suα(yq),

f βγ
2 :=

∑
r �=s

∂
y j
s
ai jβγ (yr , ys)ρε(y)∂yir uβ̄ (yr )uγ̄ (ys)�q �=r ,q �=suα(yq),

f βγ
3 :=

∑
r �=s

∂yir
ai jβγ (yr , ys)ρε(y)uβ̄ (yr )∂y j

s
uγ̄ (ys)�q �=r ,q �=suα(yq),

f βγ
4 :=

∑
r �=s

ai jβγ (yr , ys)ρε(y)∂yir uβ̄ (yr )∂y j
s
uγ̄ (ys)�q �=r ,q �=suα(yq). (4.14)

It is easy to see that for j = 1, 2, 3, 4

| f βγ

j (y)| ≤ NL2ρε(y)
∑

|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|, (y1, y2, ..., yp) ∈ R
pd

with a constant N = N (d,m, p). Hence in the case (i) we get

∫
Rpd

f βγ (y) dy ≤ NL2
∫
Rpd

∑
|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|ρε(y) dy

= NL2
∫
Rpd

∫
Rd

∑
|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|�p
r=1kε(x − yr ) dx dy

≤ N ′L2
∑

|δ|≤m

||Dδu|(ε)|pL p
.
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with constants N and N ′ depending only on d, m and p. Integrating by parts in the
case (ii) we have

f β0 ∼ − f β0
1 − f β0

2

with

f β0
1 =

∑
r �=s

∂yir
ai jβ0(yr , ys)∂y j

s
ρε(y)uβ̄ (yr )�q �=r uα(yq )

f β0
2 =

∑
r �=s

ai jβ0(yr , ys)∂y j
s
ρε(y)∂yir

uβ̄ (yr )�q �=r uα(yq ).

Clearly, for r �= s we have

∂yir
ai jβ0(yr , ys) = gβ, j (yr , ys) + hβ, j (yr ),

with

gβ, j (yr , ys) = ∂yir
∂
β
yr σ

ik(yr )(σ
jk(yr ) − σ jk(ys)) + ∂yir

∂
β
yr σ

jk(yr )(σ
ik(yr ) − σ ik(ys)),

hβ, j (yr ) =
∑

1≤|δ|,δ<β(i)

cβ(i)
δ ∂δ

yr σ
ik(yr )∂

β(i)−δ
yr σ jk(yr ),

where the multi-index β(i) is defined by ∂β(i) = ∂yir
∂

β
yr . Thus

f β0
1 = f β0

11 + f β0
12

with

f β0
11 =

p∑
r=1

∑
s �=r

gβ, j (yr , ys)∂y j
s
ρε(y)uβ̄ (yr )�q �=r uα(yq),

f β0
12 =

p∑
r=1

∑
s �=r

hβ, j (yr )∂y j
s
ρε(y)uβ̄ (yr )�q �=r uα(yq). (4.15)

Since

|gβ, j (yr , ys)| ≤ NL2|yr − ys | j = 1, 2, ..., p,

for some N = N (d,m, p), taking into account (4.3) we have

|gβ, j (yr , ys)∂y j
s
ρε(y)| ≤ N

pε

p∑
1≤k<l≤p

|yk − yl |2ρε(y) ≤ N ′ρ2ε(y)
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and hence

| f β0
11 | ≤ N ′ρ2ε(y)

∑
|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|

with a constant N ′ = N ′(d,m, p). Remembering (4.4) by integration by parts we
obtain

f β0
12 = −

p∑
r=1

hβ, j (yr )∂y j
r
ρε(y)uβ̄ (yr )�q �=r uα(yq) ∼ f β0

121 + f β0
122

with

f β0
121 =

p∑
r=1

hβ, j (yr )ρε(y)∂y j
r
uβ̄ (yr )�q �=r uα(yq),

f β0
122 =

p∑
r=1

∂
y j
r
hβ, j (yr )ρε(y)uβ̄ (yr )�q �=r uα(yq).

Hence noting that

|hβ, j (yr )| + |∂
y j
r
hβ, j (yr )| ≤ NL2

with a constant N = N (d,m, p), we get

| f β0
121 + f β0

122| ≤ NL2ρε(y)
∑

|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|

Consequently, for a constant N ′ = N ′(d,m, p),

∫
Rpd

f β0
1 (y) dy ≤ NL2

∫
Rpd

∑
|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|ρ2ε(y) dy

≤ N ′L2
∑

|δ|≤m

||Dδu|(2ε)|pL p
≤ N ′L2

∑
|δ|≤m

||Dδu|(ε)|pL p
. (4.16)

Now we are going to estimate the integral of f β0
2 . If |β| = 1, then

|ai jβ0(yr , ys)| ≤ NL2|yr − ys |,

and taking into account (4.3), we get

| f β0
2 | ≤ NL2ρ2ε(y)

∑
|δ|≤m

|uδ(y1)|...
∑

|δ|≤m

|uδ(yp)|
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with N = N (d, p,m) in the same way as | f11| is estimated. Hence, as above,

∫
Rpd

f β0
2 (y) dy ≤ NL2

∑
|δ|≤m

||Dδu|(2ε)|pL p
≤ NL2

∑
|δ|≤m

||Dδu|(ε)|pL p
(4.17)

for |β| = 1. If |β| ≥ 2, then

ai jβ0(yr , ys) = gβ,i j (yr , ys) + hβ,i j (yr )

with

gβ,i j (yr , ys) = ∂β
yr σ

ik(yr )(σ
jk(yr ) − σ jk(ys)) + ∂β

yr σ
jk(yr )(σ

ik(yr ) − σ ik(ys))

hβ,i j (yr ) =
∑

1≤|δ|,δ<β

cβ
δ ∂δ

yr σ
ik(yr )∂

β−δ
yr σ jk(yr ).

Noticing that for a constant N = N (d,m, p),

∑
i, j

|gβ,i j (yr , ys)| ≤ NL2|yr − ys |

and

∑
i j

|hβ,i j (yr )| +
∑
i j

|∂
y j
r
hβ,i j (yr )| ≤ NL2,

we obtain (4.17) for |β| ≥ 2 in the same way as the integral of f β0
1 is estimated. It

remains to consider the case (iii), i.e., to estimate the integral of f 00. Since

|ai j00(yr , ys)| ≤ NL2|yr − ys |2

with a constant N = N (d,m, p) and

∂yir
∂
y j
s
ρε(y) = 1

p2ε2

p∑
k=1

p∑
l=1

(yik − yir )(y
j
l − y j

s ) + 1

pε
δi j ,

we have for a constant N ′ = N ′(d,m, p),

|ai j00(yr , ys)∂yir ∂y j
s
ρε(y)| ≤ N

ε2
L2

∑
1≤k<l≤p

|yk − yl |4ρε(y)

+ N
ε
L2

∑
1≤k<l≤p

|yk − yl |2ρε(y)

≤ N ′L2ρ2ε(y) for y = (y1, ..., yp) ∈ R
pd .
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Hence

| f 00(y)| ≤ NL2ρ2ε(y)�
p
r=1|uα(yr )|,

that gives

∫
Rpd

f 00(y) dy ≤ NL2||Dαu|(2ε)|pL p
≤ NL2||Dαu|(ε)|pL p

with a constant N = N (d,m, p), and we finish the proof of (4.8) by using |v(ε)|L p ≤
|v|L p for v ∈ L p(R

d). 
�
Corollary 4.2 Let the conditions of Lemma 4.1 hold for integers m ≥ 0 and p ≥ 2
even. Then for ε > 0 we have

((Dαμ(ε))p−1, Dα((ai j Di j )
∗μ)(ε)) ≤ NL2|u|pWm

p
(4.18)

for multi-indices α = (α1, ..., αd) such that |α| ≤ m, where N is a constant depending
only on d, m and p.

Proof It suffices to note that

((Dαμ(ε))p−2Dα((σ ik Di )
∗μ)(ε), Dα((σ jk D j )

∗μ)(ε))

=
∫
Rd

(Dαμ(ε))p−2(x)
d∑

k=1

∣∣Dα((σ ik Di )
∗μ)(ε)(x)

∣∣2 dx ≥ 0. (4.19)

Thus we may add (4.19) to the left-hand side of (4.18) and apply Lemma 4.1 to obtain
the inequality (4.18). 
�
Lemma 4.3 Let p ≥ 2 and m ≥ 0 be integers, and let σ = (σ i ) and b be Borel
functions on Rd with values in Rd and R respectively. Assume the partial derivatives
of σ and bσ up to order m+1 are functions such that there exist constants K ≥ L ≥ 1
such that

m+1∑
k=0

|Dkb(x)| ≤ K , |σ(x)| ≤ K0 + K1|x |,

m+1∑
k=1

|Dkσ(x)| +
m+1∑
k=1

|Dk(bσ)(x)| ≤ L

for all x ∈ R
d . Then for finite signed Borel measures μ on R

d with density u :=
dμ/dx ∈ Wm

p , satisfying (4.6), we have

Rα := (
(Dαμ(ε))p−2, Dα((σ i Di )

∗μ)(ε)Dα(bμ)(ε)
) ≤ NK L|u|pWm

p
(4.20)
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for ε > 0 and multi-indices α such that |α| ≤ m, where N is a constant depending
only on d, p, m.

Proof First note that by (4.9) and (4.10), as well as the conditions on σ and b, the
left-hand sides of (4.20) is well-defined. Interchanging the order of integration and the
differential operator Dα , rewriting the product of integrals as multiple integral, using
Fubini’s theorem and the identity

Dα
x kε(x − z) = (−1)|α|Dα

z kε(x − z), x, y ∈ R
d ,

as well as (4.2), for the left-hand side of the inequality (4.20) we have

Rα =
∫
Rdp

fkrr (y) dy, (4.21)

for any r , k ∈ {1, 2, .., p} such that r �= k, where

fkrs(y) := (−1)p|α|b(yk)σ i (yr )∂yis D
pα
y ρε(y)�

p
j=1u(y j ), y = (y1, ..., yp) ∈ R

pd

for k, r , s ∈ {1, 2, ..., p}, and recall that dy = dy1...dyp and Dpα
y = �

p
j=1D

α
y j . As in

the proof of Lemma 4.1, for real functions f and g we write f ∼ g if they have the
same (finite) Lebesgue integral against dy = dy1...dyp over Rpd . We write f � g
if the integrals of f and g against dy over Rd are finite, and the integral of f − g
can be estimated by NK L|u|Wm

p
for all u ∈ Wm

p with a constant N = N (d,m, p),
independent of u. By integration by parts we have

fkrr ∼
∑
γ≤α

∑
β≤α

f γβ

krr

with

f γβ

krs (y) := cα
γ c

α
βbγ (yk)σ

i
β(yr )∂yisρε(y) uγ̄ (yk)uβ̄ (yr )� j �=k,r uα(y j )

If β �= 0 then by integration by parts (dropping ∂yir
from ρε to the other terms), and

using the boundedness of b, its derivatives up to order m + 1, and the boundedness of
the derivatives of σ up to orderm+1, we see that f γβ

krr � 0 for any k = 1, 2, ..p, r �= k
and γ ≤ α. If β = 0 and γ = 0, then f 00krr can be estimated by an exact repetition of
the proof of Lemma 4.2 in [5], by replacing μ therein with uαdy, to yield f 00krr � 0.
Consequently,

fkrr �
∑

0 �=γ≤α

f γ 0
krr for every k = 1, ..., p and r ∈ {1, 2, ..., p} \ {k}.

Writing f γ 0
krr (y) = gγ

krr (y)h
γ̄

k (y), with

gγ

krs(y) := cα
γ bγ (yk)σ

i (yr )∂yisρε(y), hγ̄

k (y) := uγ̄ (yk)� j �=kuα(y j ),
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we get

p(p − 1)(p − 2)Rα ≤
∑

0 �=γ≤α

p∑
s=1

∑
r �=s

∑
k �=s,r

∫
Rdp

gγ

kss(y)h
γ̄

k (y) dy + NK L|u|pWm
p
,

(4.22)
and by (4.4),

p(p − 1)Rα ≤ −
∑

0 �=γ≤α

p∑
k=1

∑
r �=k

∑
s �=r

∫
Rpd

gγ

krs(y)h
γ̄

k (y) dy + NK L|u|pWm
p

= −
∑

0 �=γ≤α

p∑
s=1

∑
r �=s

∑
k �=s,r

∫
Rpd

gγ

krs(y)h
γ̄

k (y) dy

−
∑

0 �=γ≤α

p∑
s=1

∑
r �=s

∫
Rpd

gγ
srs(y)h

γ̄
s (y) dy + NK L|u|pWm

p
(4.23)

with a constant N = N (d,m, p). Summing up (4.22) and (4.23) we obtain

cp R
α ≤

∑
0 �=γ≤α

p∑
s=1

∑
r �=s

∑
k �=r ,s

∫
Rpd

(gγ

kss(y) − gγ

krs(y))h
γ̄

k (y) dy + NK L|u|pWm
p

−
∑

0 �=γ≤α

p∑
s=1

∑
r �=s

∫
Rpd

gγ
srs(y)h

γ̄
s (y) dy + NK L|u|pWm

p
(4.24)

where cp = p(p − 1)2, and

(gγ

kss(y) − gγ

krs(y))h
γ̄

k (y) = cα
γ bγ (yk)(σ

i (ys) − σ i (yr ))∂yisρε(y)uγ̄ (yk)� j �=kuα(y).

By the boundedness of |bγ | and the Lipschitz condition on σ , using (4.5) we get

(gγ

kss − gγ

krs)h
γ̄

k � 0, for all 0 �= γ ≤ α, s = 1, 2, ..., p and r �= s, k �= r , s.

By integration by parts we have for the last term in (4.24),

gγ
srsh

γ̄
s � 0, for 0 �= γ ≤ α and s = 1, . . . , p, r �= s,

which finishes the proof of (4.20). 
�
Lemma 4.4 Let b be a real-valued Borel function onRd such that for an integer m ≥ 0
the derivatives of b up to order m are functions, which, together with b, in magnitude
are bounded by a constant K . Then for any p ≥ 2 for functions u ∈ Wm

p we have

(|Dαu(ε)|p−2Dα(bu)(ε), Dα(bu)(ε)
) ≤ NK 2

∑
|β|≤m

||Dβu|(ε)|pL p
(4.25)
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with a constant N = N (d,m, p).

Proof Using the notation vβ := Dβv for multi-indices β and functions v on R
d , we

have

|Dα(bu)(ε)| = |( ∑
β+γ=α

(bβuγ )
)(ε)| ≤ K

∑
γ≤α

|uγ |(ε)

Thus for the left-hand side A of the inequality (4.25) by Young’s inequality we get

A =
∫
Rd

|(Dαu)(ε)|p−2|(Dα(bu))(ε)|2dx ≤ K 2
∫
Rd

|(Dαu)(ε)|p−2|
∑
γ≤α

|uγ |(ε)|2dx

≤ p−2
p K 2|(uα)(ε)|pL p

+ 2
p K

2|
∑
γ≤α

|uγ |(ε)|pL p
,

which immediately implies (4.25). 
�
Recall that for vectors ξ = ξ(x) ∈ R

d , depending on x ∈ R
d the linear operators

T ξ , I ξ and J ξ are defined by

T ξ ϕ(x) = ϕ(x + ξ(x))

I ξ ϕ(x) := T ξ ϕ(x) − ϕ(x), J ξψ(x) := I ξψ(x) − ξ i (x)Diψ(x), (4.26)

x ∈ R
d , acting on functions ϕ and differentiable functions ψ on R

d .

Lemma 4.5 Let ξ = ξ(x, z) be an Rd -valued function of x ∈ R
d for every z ∈ Z for a

set Z. Assume that for an integer m ≥ 1 the partial derivatives of ξ in x ∈ R
d up to

order m are functions onRd for each z ∈ Z, such that for a constant λ > 0, a function
ξ̄ on Z and constants K0, K1, Kξ ≥ 0 we have

|ξ(x, z)| ≤ ξ̄ (z)(K0 + K1|x |), ξ̄ (z) ≤ Kξ ,

m+1∑
k=1

|Dk
xξ(x, z)| ≤ ξ̄ (z), |det(I + θDxξ(x, z))| ≥ λ−1 (4.27)

for all x ∈ R
d , z ∈ Z and θ ∈ [0, 1]. Let p ≥ 2 be an even integer. Then for every

finite signed Borel measure μ with density u = dμ/dx ∈ Wm
p , satisfying (4.6), we

have

C :=
∫
Rd

p(Dα
x μ(ε))p−1Dα

x (J ξ∗μ)(ε) dx

+
∫
Rd

(Dα
x μ(ε) + Dα

x (I ξ∗μ)(ε))p − (Dα
x μ(ε))p − p(Dα

x μ(ε))p−1Dα
x (I ξ∗μ)(ε) dx

≤ N ξ̄2(z)|u|pWm
p

for z ∈ Z, ε > 0, (4.28)

for multi-indices α, 0 ≤ |α| ≤ m with a constant N = N (d, p,m, λ, Kξ ).
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Proof Again we note that by (4.9) and (4.10), together with the conditions on ξ , it is
easy to verify that C is well-defined. Notice that

Dα
x μ(ε) + Dα

x (I ξ∗μ)(ε) = Dα
x (T ξ∗μ)(ε)

and

p(Dα
x μ(ε))p−1Dα

x (J ξ∗μ)(ε) − p(Dα
x μ(ε))p−1Dα

x (I ξ∗μ)(ε)

= −p(Dα
x μ(ε))p−1Dα

x ((ξ i Di )
∗μ)(ε),

Hence

C =
∫
Rd

(Dα
x (T ξ∗μ)(ε))p − (Dα

x μ(ε))p − p(Dα
x μ(ε))p−1Dα

x ((ξ i Di )
∗μ)(ε) dx .

(4.29)
First we change the order of Dα

x and the integrals and operators T ξ
y and I ξ

y acting in
the variable y ∈ R

d , then we use

Dα
x kε(x − y) = (−1)|α|Dα

y kε(x − y)

to get

Dα
x (T ξ∗μ)(ε) = (−1)|α|

∫
Rd

T ξ
y D

α
y kε(x − y) μ(dy),

Dα
x μ(ε) = (−1)|α|

∫
Rd

Dα
y kε(x − y) μ(dy),

Dα
x ((ξ i Di )

∗μ)(ε) = (−1)|α|
∫
Rd

ξ i (y)∂yi D
α
y kε(x − y) μ(dy).

Thus rewriting the product of integrals as multiple integrals, and using the product
measure μp(dy) := μ(dy1)...μ(dyp) on R

dp by Fubini’s theorem we get

(Dα
x (T ξ∗μ)(ε))p(x) =

∫
Rpd

�
p
r=1(T

ξ
yr D

α
yr kε(x − yr )) μp(dy)

=
∫
Rpd

�
p
r=1T

ξ
yr D

pα
y �

p
r=1kε(x − yr ) μp(dy),

(Dα
x μ(ε))p =

∫
Rpd

�
p
r=1(D

α
yr kε(x − yr )) μp(dy)

=
∫
Rpd

Dpα
y �

p
r=1kε(x − yr ) μp(dy) (4.30)

and

p(Dα
x μ(ε))p−1Dα

x ((ξ i Di )
∗μ)(ε)
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= p
∫
Rpd

�
p−1
r=1 (Dα

yr kε(x − yr ))ξ
i (yp)∂yip D

α
yp kε(x − yp)μp(dy)

= p
∫
Rpd

ξ i (yp)∂yip D
pα
y �

p
r=1kε(x − yr )μp(dy)

=
∫
Rpd

p∑
r=1

ξ i (yr )∂yir D
pα
y �

p
r=1kε(x − yr ) μp(dy), (4.31)

where again

Dpα
y := �

p
r=1D

α
yr for y = (y1, ..., yp) ∈ R

dp,

and the last equation is due to the symmetry of the function �
p
r=1D

α
yr kε(x − yr ) and

the measure μp(dy) in y = (y1, ..., yp) ∈ R
pd . Thus from (4.29) we get

C =
∫
Rd

∫
Rpd

Lξ
y D

pα
y �

p
r=1kε(x − yr ) μp(dy) dx

with the operator

Lξ
y = �

p
r=1T

ξ
yr − I −

p∑
r=1

ξ i (yr )∂yir ,

defined by

Lξ
yϕ(y) = ϕ(y1 + ξ(y1), ..., yp + ξ(yp)) − ϕ(y) −

p∑
r=1

ξ i (yr )∂yir ϕ(y),

y = (y1, ...., yp) ∈ R
pd

for differentiable functions ϕ of y = (y1, ...., yp) ∈ R
pd . Using here Fubini’s theorem

then changing the order of the operator Lξ
y D

pα
y and the integration against dx , by virtue

of (4.2) we have

C =
∫
Rpd

Lξ
y D

pα
y

∫
Rd

�
p
r=1kε(x − yr ) dx μp(dy) =

∫
Rpd

Lξ
y D

pα
y ρε(y) μp(dy).

(4.32)
By Taylor’s formula

Lξ
y D

pα
y ρε(y) =

∫ 1

0
(1 − ϑ)ξ i (yk)ξ

j (yl)(∂yik
∂
y j
l
D pαρε)(y + ϑξ̄(y)) dϑ,

where y = (y1, ..., yp) ∈ R
pd , yk ∈ R

d for k = 1, 2, ..., p, and ξ̄ (y) :=
(ξ(y1), ..., ξ(yp)) for y = (y1, ..., yp) ∈ R

dp. Thus by changing the order of integrals
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and then changing the variables yk with yk + ϑξ(yk) for k = 1, 2, ..., p, from (4.32)
we obtain

C =
∫ 1

0
(1 − ϑ)C(ϑ) dϑ (4.33)

with

C(ϑ) =
∫
Rpd

p∑
k=1

p∑
l=1

ξ̂ i (yk)ξ̂
j (yl)∂yik

∂
y j
l
D pα

y ρε(y)�
p
r=1û(yr ) dy,

where, with τϑ(x) := x + ϑξ(x),

ξ̂ i (x) := ξ i (τ−1
ϑ (x)), û(x) = u(τ−1

ϑ (x))| det Dτ−1
ϑ (x)|, x ∈ R

d , i = 1, 2, ..., d,

(4.34)
and dy := dy1dy2...dyp denotes the Lebesgue measure on Rpd . Clearly,

C(ϑ) = C1(ϑ) + C2(ϑ)

with

C1(ϑ) =
∫
Rpd

p∑
k=1

ξ̂ i (yk)ξ̂
j (yk)∂yik

∂
y j
k
Dpα

y ρε(y)�
p
r=1û(yr ) dy,

C2(ϑ) =
∫
Rpd

p∑
k=1

∑
l �=k

ξ̂ i (yk)ξ̂
j (yl)∂yik

∂
y j
l
D pα

y ρε(y)�
p
r=1û(yr ) dy.

Using (4.4) and the symmetry in yk and yl , we have

C1(ϑ) = − 1
2

∫
Rpd

p∑
k=1

∑
l �=k

(ξ̂ i (yk)ξ̂
j (yk) + ξ̂ i (yl )ξ̂

j (yl ))∂yik
∂
y j
l
D pα
y ρε(y)�

p
r=1û(yr ) dy,

C2(ϑ) = 1
2

∫
Rpd

p∑
k=1

∑
l �=k

(ξ̂ i (yk)ξ̂
j (yl ) + ξ̂ i (yl )ξ̂

j (yk))∂yik
∂
y j
l
D pα
y ρε(y)�

p
r=1û(yr ) dy.

(4.35)

Hence

C(ϑ) =
∫
Rpd

p∑
r=1

∑
s �=r

âi j (yr , ys)∂yir ∂y j
s
D pα

y ρε(y)�
p
r=1û(yr ) dy (4.36)

with

âi j (yr , ys) = − 1
2 (ξ̂

i (yr ) − ξ̂ i (ys))(ξ̂
j (yr ) − ξ̂ (y j

s ))
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Notice that the right-hand side of equation (4.36) is the same as the right-hand side of
(4.12) with ξ̂ i in place of σ i · for each i = 1, 2, ..., d and with û in place of u. It is easy
to verify, see Lemma 3.3 in [6], that for a constant N = N (d, λ,m, Kξ ) we have

m+1∑
k=1

|Dk
x (τ

−1
ϑ (x))| ≤ N , for each ϑ ∈ [0, 1], z ∈ Z, x ∈ R

d .

Thus also for each ϑ ∈ [0, 1],
m+1∑
k=1

|Dk ξ̂ (x, z)| ≤ N ξ̄ (z) for x ∈ R
d , z ∈ Z, (4.37)

with a constant N = N (d,m, λ, Kξ ), i.e., for each ϑ ∈ [0, 1] and z ∈ Z the function
ξ̂ of x ∈ R

d satisfies the condition (4.7) on σ in Lemma 4.1, with N ξ̄ (z) in place
of L . Consequently, copying the calculations which lead from equation (4.12) to the
estimate (4.8) in the proof of Lemma 4.1, we obtain

C(ϑ) ≤ N ξ̄2(z)|û|pWm
p

for each ϑ ∈ [0, 1], z ∈ Z

with a constant N = N (d,m, p, λ, Kξ ). Note that due to the condition (4.27) there is
a constant N = N (d, p,m, λ, Kξ ) such that

|û|Wm
p

≤ N |u|Wm
p

for all ϑ ∈ [0, 1]. (4.38)

Hence by virtue of (4.33) the estimate (4.28) follows. 
�
Corollary 4.6 Let the conditions of Lemma 4.5 hold. Then for every finite signed Borel
measure μ with density u = dμ/dx ∈ Wm

p , satisfying (4.6), we have

∫
Rd

(Dα
x μ(ε))p−1Dα

x (J ξ∗μ)(ε) dx ≤ N ξ̄2(z)|u|pWm
p

for z ∈ Z, ε > 0 (4.39)

for multi-indices α, 0 ≤ |α| ≤ m with a constant N = N (d, p,m, λ, Kξ ).

Proof By the convexity of the function f (a) = a p, a ∈ R, for even integers p ≥ 2,
we know that (a + b)p − a p − pa p−1b ≥ 0 for all a, b ∈ R. Applying this with
a = Dαu(ε) and b = Dα(I ξu)(ε) shows that (4.28) implies (4.39). 
�
Lemma 4.7 Let the conditions of Lemma 4.5 hold. Then for every finite signed Borel
measure μ with density u = dμ/dx ∈ Wm

p , satisfying (4.6), we have

∣∣∣
∫
Rd

(Dαu(ε) + Dα(I ξ∗μ)(ε))p − (Dαu(ε))p dx
∣∣∣ ≤ N ξ̄ (z)|u|pWm

p
, (4.40)

for a constant N = N (d, p,m, λ, Kξ ) for z ∈ Z, where the argument x ∈ R
d is

suppressed in the integrand.
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Proof Define

F :=
∫
Rd

(Dαu(ε) + Dα(I ξ∗u)(ε))p − (Dαu(ε))p dx

=
∫
Rd

(Dα(T ξ∗u)(ε))p − (Dαu(ε))p dx,

where we use the operator T defined in (4.26). As in the proof of Lemma 4.5 in [5]
we define the operator

Mξ
y = �

p
i=1T

ξ
yi − I

where I is the identity operator. Observe that using Fubini’s theorem and the notation
Dpα

y = �
p
r=1D

α
yr , dy = dy1 · · · dyp, y = (y1, . . . , yp) ∈ R

pd ,

F =
∫
Rd

∫
Rdp

(
Dpα
x �

p
i=1T

ξ
yi�

p
j=1kε(x − y j )�

p
k=1u(yk)

−Dpα
x �

p
j=1kε(x − y j )�

p
k=1u(yk)

)
dy dx

=
∫
Rd

∫
Rdp

(
Mξ

y D
pα
y �

p
j=1kε(x − y j )

)
�

p
k=1u(yk) dy dx

=
∫
Rdp

(
Mξ

y D
pα
y ρε(y)

)
�

p
k=1u(yk) dy.

Next, note that by Taylor’s formula with ξ̄ (y) = (ξ(y1), . . . , ξ(yp)) ∈ R
dp,

Mξ
y D

pα
y ρε(y) =

p∑
k=1

∫ 1

0
(∂yik

Dpα
y ρε)(y + ϑξ̄(y)) dϑ ξ i (yk).

Thus, by a change of variables, Fubini’s theorem and the functions defined in (4.34),

F =
p∑

k=1

∫ 1

0

∫
Rdp

∂yik
Dpα

y ρε(y)ξ̂
i (yk)�

p
j=1û(y j ) dy dϑ,

which by integration by parts gives, with multi-indices β ≤ α, β̄ := α − β and
constants cα

β ,

F =
∑
β≤α

cα
β

p∑
k=1

∫ 1

0

∫
Rdp

∂yik
ρε(y)ξ̂

i
β(yk)ûβ̄ (yk)�

p
j �=k ûα(y j ) dy dϑ

=
∑
β≤α

cα
β

p∑
k=1

∫ 1

0
f β
k (ϑ) dϑ,
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where for k = 1, . . . , p, ϑ ∈ [0, 1] and β ≤ α,

f β
k (ϑ) :=

∫
Rdp

∂yik
ρε(y)ξ̂

i
β(yk)ûβ̄ (yk)�

p
j �=k ûα(y j ) dy

and where ûγ (yk) = Dγ
yk û(yk) for γ = α, β̄. We consider two cases. In the first case,

let β̄ < α and hence |β| ≥ 1. Then by integration by parts, for all k = 1, . . . , p and a
constant N = N (d, p,m, λ),

f β
k (ϑ) = −

∫
Rdp

ρε(y)
(
(∂yik

ξ̂ iβ(yk))ûβ̄ (yk) + ξ̂ iβ(yk)(∂yik
ûβ̄ (yk))

)
�

p
j �=k ûα(y j ) dy dϑ

≤ N ξ̄ (z)|u|pWm
p
,

where we used (4.37) and (4.38). In the second case β̄ = α so that β = 0 and we have

p∑
k=1

f 0k =
p∑

k=1

∫
Rpd

∂yik
ρε(y)ξ̂

i (yk)�
p
j=1ûα(y j ) dy,

as well as by using (4.4) and the symmetry in s and k,

p∑
k=1

f 0k = −
p∑

k=1

∑
s �=k

∫
Rpd

∂yik
ρε(y)ξ̂

i (ys)�
p
j=1ûα(y j ) dy.

Therefore also, with a constant N = N (d, p,m, λ, Kξ ),

∣∣(p − 1)
p∑

k=1

f 0k + p
p∑

k=1

f 0k
∣∣

=
∣∣∣

p∑
k=1

∑
s �=k

∫
Rpd

∂yik
ρε(y)

(
ξ̂ i (yk) − ξ̂ i (ys)

)
�

p
j=1ûα(y j ) dy

∣∣∣ ≤ N η̄(z)|u|pWm
p
,

where we used (4.37) together with (4.5), as well as (4.38). This proves the lemma. 
�

5 Solvability of the filtering equations in Sobolev spaces

The following two lemmas are contained in Lemma 5.2 in [5], in the special case of
multi-index α = 0, i.e., when Dα is the identity operator. Their proof goes in the same
way, as that of Lemma 5.2 in [5], if we consider the kernel Dαkε in place of kε in
the proof of Lemma 5.2. Hence we only provide an outline and refer the reader to the
preceding article [5] for full details.

Lemma 5.1 Let the Assumption 2.1 hold. Let u be an L p-solution of (3.3), p ≥ 2,
such that (3.2) holds for each ϕ ∈ C∞

0 (Rd) almost surely for all t ∈ [0, T ] and
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assume moreover that ess supt∈[0,T ] |ut |L1 < ∞. If K1 �= 0 in Assumption 2.1 (ii),
then assume additionally

ess sup
t∈[0,T ]

∫
Rd

|y|2|ut (y)| dy < ∞, almost surely. (5.1)

Then for each ε > 0 and integer m ≥ 0, for any multi-index α = (α1, . . . , αd),
|α| ≤ m, for all x ∈ R

d almost surely

Dαu(ε)
t (x) = Dαu(ε)

0 (x) +
∫ t

0
Dα(L̃∗

s us)
(ε)(x) ds +

∫ t

0
Dα(M∗k

s us)
(ε)(x) dV k

s

+
∫ t

0

∫
Z0

Dα(Jη∗
s us)

(ε)(x) ν0(dz)ds +
∫ t

0

∫
Z1

Dα(J ξ∗
s us)

(ε)(x) ν1(dz)ds

+
∫ t

0

∫
Z1

Dα(I ξ∗
s us−)(ε)(x) Ñ1(ds, dz), (5.2)

for all t ∈ [0, T ].
Proof The case of α = 0 is Lemma 5.4 in [5]. The case of α �= 0 such that 0 <

|α| ≤ m works exactly in the same way. We first define for a ψ ∈ C∞
0 (R) such that

ψ(0) = 1, ψ(r) = 0 for |r | ≥ 2, for n ≥ 1, ψn(x) := ψ(|x |/n) ∈ C∞
0 (Rd). Setting

ϕx (y) := kε,α(x − y)ψn(y) ∈ C∞
0 in (3.3), where kε,α(x − y) = Dα

x kε(x − y), yields
that for each x ∈ R

d almost surely

(ut , kε,α(x − ·)ψn) = (u0, kε,α(x − ·)ψn) +
∫ t

0

(
us, L̃s(kε,α(x − ·)ψn)

)
ds

+
∫ t

0

(
us,Mk

s (kε,α(x − ·)ψn)
)
dV k

s

+
∫ t

0

∫
Z0

(
us, J

η
s (kε,α(x − ·)ψn)

)
ν0(dz)ds

+
∫ t

0

∫
Z1

(
us, J

ξ
s (kε,α(x − ·)ψn)

)
ν1(dz)ds

+
∫ t

0

∫
Z1

(
us−, I ξ

s (kε,α(x − ·)ψn)
)
Ñ1(dz, ds) (5.3)

for all t ∈ [0, T ]. Then we notice that

|kε,α(x − y)| ≤
∑

|γ |≤m+2

|Dγ kε(x − y)| ≤ Nk2ε(x − y), (5.4)

as well as that by Assumption for all x, y ∈ R
d , s ∈ [0, T ], zi ∈ Zi . i = 0, 1 and

n ≥ 0 we have

sup
x∈Rd

|Dkψn | = n−k sup
Rd

|Dkψ | < ∞, for k ∈ N, .
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|L̃s(kε,α(x − y)ψn(y))| +
∑
k

|Mk
s (kε,α(x − y)ψn(y))|2 ≤ N (K 2

0 + K 2
1 |y|2 + K 2

1 |Ys |2),

|Jη
s (kε,α(x − y)ψn(y))| ≤ sup

v∈Rd
|D2

v(kε,α(x − v)ψn(v))||ηs(y, z0)|2 ≤ N |ηs(y, z0)|2

≤ N η̄2(z0)(K
2
0 + K 2

1 |y|2 + K 2
1 |Ys |2),

and

|J ξ
s (kε,α(x − y)ψn(y))| + |I ξs (kε,α(x − y)ψn(y))|2
≤ sup

v∈Rd
|D2

v(kε,α(x − v)ψn(v))||ξs(y, z1)|2 + sup
v∈Rd

|Dv(kε,α(x − v)ψn(v))|2|ξs(y, z1)|2

≤ N |ξs(y, z1)|2 ≤ N ξ̄2(z1)(K
2
0 + K 2

1 |y|2 + K 2
1 |Ys |2),

for a constant N = N (ε,m, d, K0, K1, K , Kξ , Kη). Using

ess sup
t∈[0,T ]

∫
Rd

(1 + |y|2 + |Yt |2)|ut (y)| dy < ∞, (a.s.)

together with the estimates above, we can apply Lebesgue’s theorem on Dominated
Convergence to get that for all x ∈ R

d ,

(ut , kε,α(x − ·)ψn) → (ut , kε,α(x − ·)), (u0, kε,α(x − ·)ψn) → (u0, kε,α(x − ·)) and∫ t

0

(
us ,As(kε,α(x − ·)ψn)

)
ds →

∫ t

0
(us ,Askε,α(x − ·)) ds

as n → ∞, almost surely uniformly in time, as well as that

lim
n→∞

∫ t

0

(
us ,Mk

s (kε,α(x − ·)ψn(·))
)
dV k

s =
∫ t

0

(
us ,Mk

s kε,α(x − ·)) dV k
s ,

lim
n→∞

∫ t

0

∫
Z1

(us−, I ξs (kε,α(x − ·)ψn)) Ñ1(dz, ds) =
∫ t

0

∫
Z1

(us−, I ξs kε,α(x − ·)) Ñ1(dz, ds)

in probability, uniformly in time. Thus, letting n → ∞ in (5.3) it remains to note that
since A acts in the y variable,

(us,Askε,α(x − ·)) =
∫
Rd

us(y)As D
α
x kε(x − y) dy

= Dα
x

∫
Rd

us(y)Askε(x − y) dy = Dα(A∗
s us)

(ε)(x)

for all (ω, s, x) ∈ � × [0, T ] × R
d if A = L̃,Mk or the identity, as well as for

all (ω, s, x, zi ) ∈ � × [0, T ] × R
d × Zi if A = J η or A = I ξ , J ξ with i = 0, 1

respectively. 
�
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Lemma 5.2 Let Assumptions 2.1 and 2.2 hold. Let u be an L p-solution of (3.3), p ≥ 2
and assume moreover that ess supt∈[0,T ] |ut |L1 < ∞. If K1 �= 0 in Assumption 2.1
(ii), then assume additionally (5.1). Then for each ε > 0 and integer m ≥ 0, for any
multi-index α = (α1, . . . , αd), |α| ≤ m, almost surely

|Dαu(ε)
t |pL p

= |Dαu(ε)
0 |pL p

+ p
∫ t

0

(|Dαu(ε)
s |p−2Dαu(ε)

s , Dα(L̃∗
s us)

(ε)
)
ds

+p
∫ t

0

(|Dαu(ε)
s |p−2Dαu(ε)

s , Dα(Mk∗
s us)

(ε)
)
dV k

s

+ p(p−1)
2

∑
k

∫ t

0

(|Dαu(ε)
s |p−2, |Dα(Mk∗

s us)
(ε)|2) ds

+p
∫ t

0

∫
Z0

(|Dαu(ε)
s |p−2Dαu(ε)

s , Dα(J η∗
s μs)

(ε)
)
ν0(dz)ds

+p
∫ t

0

∫
Z1

(|Dαu(ε)
s |p−2Dαu(ε)

s , Dα(J ξ∗
s μs)

(ε)
)
ν1(dz)ds

+p
∫ t

0

∫
Z1

(|Dαu(ε)
s−|p−2Dαu(ε)

s−, Dα(I ξ∗
s us−)(ε)

)
Ñ1(dz, ds)

+
∫ t

0

∫
Z1

∫
Rd

{∣∣Dαu(ε)
s− + Dα(I ξ∗

s μs−)(ε)
∣∣p − |Dαu(ε)

s−|p

−p|Dαu(ε)
s−|p−2Dαu(ε)

s−Dα(I ξ∗
s us−)(ε)

}
dxN1(dz, ds) (5.5)

holds for all t ∈ [0, T ].
Proof We apply the Itô formula, Theorem 5.1 in [5], to |Dαu(ε)

t |pL p
. In order to do that,

we need to verify that almost surely for each x ∈ R
d and α, such that 0 ≤ |α| ≤ m,

∫ T

0
|Dα(L̃∗

s us)
(ε)(x)| ds < ∞,

∫ T

0

∑
k

|Dα(Mk∗
s us)

(ε)(x)|2ds < ∞,

∫ T

0

∫
Z0

|Dα(J η∗
s us)

(ε)(x)| ν0(dz) ds < ∞,

∫ T

0

∫
Z1

|Dα(J ξ∗
s us)

(ε)(x)| ν1(dz) ds < ∞,

∫ T

0

∫
Z1

|Dα(I ξ∗
s us)

(ε)(x)|2 ν1(dz)ds < ∞,

that for every finite set � ∈ B(Rd), almost surely

∫
�

∫ T

0
|Dα(L̃∗

s us )
(ε)(x)| dxds < ∞,

∫
�

( ∫ T

0

∑
k

|Dα(Mk∗
s us )

(ε)(x)|2ds
)1/2

dx < ∞,

∫
�

∫ T

0

∫
Z0

|Dα(Jη∗
s us )

(ε)(x)| ν0(dz) dxds < ∞,
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∫
�

∫ T

0

∫
Z1

|Dα(J ξ∗
s us )

(ε)(x)| ν1(dz) dxds < ∞,

∫
�

( ∫ T

0

∫
Z1

|Dα(I ξ∗
s us )

(ε)(x)|2 ν1(dz)ds
)1/2

dx < ∞,

as well as that almost surely

A :=
∫ T

0

∫
Rd

|Dα(L̃∗
s us)

(ε)(x)|p dxds < ∞,

Aη :=
∫ T

0

∫
Rd

∣∣∣
∫
Z0

Dα(J η∗
s us)

(ε)(x)ν0(dz)
∣∣∣p dxds < ∞,

Aξ :=
∫ T

0

∫
Rd

∣∣∣
∫
Z1

Dα(J ξ∗
s us)

(ε)(x)ν1(dz)
∣∣∣p dxds < ∞,

B :=
∫ T

0

∫
Rd

( ∑
k

|Dα(Mk∗
s us)

(ε)(x)|2)p/2 dxds < ∞,

G :=
∫ T

0

∫
Rd

∫
Z1

|Dα(I ξ∗
s us)

(ε)(x, z)|p ν1(dz)dxds < ∞,

H :=
∫ T

0

∫
Rd

( ∫
Z1

|Dα(I ξ∗
s us)

(ε)(x, z)|2 ν1(dz)
)p/2

dxds < ∞.

For α = 0 the claim is Lemma 5.4 in [5] and the estimates can be found in the proof
of the preceding Lemma 5.2 therein. To prove the case where 0 < |α| ≤ m, we note
that for A = L̃,M, I ξ , J ξ , J η we have

Dα(A∗u)(ε) =
∫
Rd

Dα
x (Aykε(x − y))u(y) dy =

∫
Rd

(Aykε,α(x − y))u(y) dy,

for kε,α(x) = Dαkε(x). Hence, a word for word repetition of the proof of Lemma 5.2
& 5.4 in [5], where we replace kε by kε,α and recall (5.4), yields the desired result. 
�
Lemma 5.3 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with an integer m ≥ 0. Let
(ut )t∈[0,T ] be a Wm

p -solution to (3.3), for an even integer p ≥ 2, such that E|u0|pWm
p

<

∞ and almost surely ess supt∈[0,T ] |ut |L1 < ∞. If K1 �= 0 in Assumption 2.1, then
assume additionally

ess sup
t∈[0,T ]

∫
Rd

|y|2|ut (y)| dy.

Then
E sup

t∈[0,T ]
|ut |pWm

p
≤ NE|u0|pWm

p
(5.6)

for a constant N = N (m, d, p, K , Kη, Kξ , L, T , λ, |ξ̄ |L2(Z1), |η̄L2(Z1)).
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Proof For m = 0 the claim is Lemma 5.4 in [5]. We proceed similarly here. For the
present case, fix a multi-index α such that 0 �= |α| ≤ m, and define

Qp(α, b, σ, ρ, β, u, kε) = p
(
(Dαu(ε))p−1, Dα(L̃∗u)(ε)

)
+ p(p−1)

2

∑
k

(
(Dαu(ε))p−2, (Dα(Mk∗u)(ε))2

)
,

Q(0)
p (α, η(z0), u, kε) = p

(
(Dαu(ε))p−1, Dα(J η(z0)∗u)(ε)

)
,

Q(1)
p (α, ξ(z1), u, kε) = p((Dαu(ε))p−1, Dα(J ξ(z1)∗u)(ε)),

Rp(α, ξ(z1), u, kε) = |Dαu(ε) + Dα(I ξ(z1)∗u)(ε)|pL p
− |Dαu(ε)|pL p

− p((Dαu(ε))p−1, Dα(I ξ(z1)∗u)(ε)), (5.7)

for u ∈ Wm
p ,β ∈ R

d ′
, functions b, σ and ρ onRd , with values inRd ,Rd×d1 andRd×d ′

,
respectively, andRd -valued functions η(z0) and ξ(z1) for each zi ∈ Zi , i = 0, 1, where
βt = Bt (Xt ),

L̃ = 1
2 (σ

ilσ jl+ρikρ jk)Di j+βlρil Di+βl Bl , Mk = ρik Di+Bk, k = 1, 2, ..., d ′.
(5.8)

By Lemma 5.2 almost surely

d|Dαu(ε)
t |pL p

= Qp(α, bt , σt , ρt , βt , ut , kε) dt +
∫
Z0

Q(0)
p (α, ηt (z), ut , kε) ν0(dz) dt

+
∫
Z1

Q(1)
p (α, ξt (z), ut , kε) ν1(dz) dt +

∫
Z1

Rp(α, ξt (z), ut−, kε) N1(dz, dt)

+dζ1(α, t) + dζ2(α, t), (5.9)

for all t ∈ [0, T ], and

ζ1(α, t) = p
∫ t

0

(
(Dαu(ε)

s )p−1, Dα(Mk∗
s us)

(ε)
)
dV k

s ,

ζ2(α, t) = p
∫ t

0

∫
Z1

(
(Dαu(ε)

s )p−1, Dα(I ξ∗
s us)

(ε)
)
Ñ1(dz, ds) t ∈ [0, T ] (5.10)

are local martingales under P . We write

∫
Z1

Rp(α, ξt (z1), ut−, kε) N1(dz, dt) =
∫
Z1

Rp(α, ξt (z1), ut−, kε) ν1(dz)dt + dζ3(α, t)

(5.11)
with

ζ3(α, t) =
∫ t

0

∫
Z1

Rp(α, ξs(z), us−, kε) N1(dz, ds)

−
∫ t

0

∫
Z1

Rp(α, ξs(z), us−, kε) ν1(dz)ds,
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which we can justify if we show

A :=
∫ T

0

∫
Z1

|Rp(α, ξs(z), us, kε)| ν1(dz) ds < ∞ (a.s.). (5.12)

To this end observe that by Taylor’s formula

0 ≤ Rp(α, ξt (z), ut , kε)) ≤ N
∫
Rd

(Dαu(ε)
t )p−2(Dα(I ξ(z)∗ut )(ε))2+(Dα(I ξ(z)∗ut )(ε))p dx

(5.13)
with a constant N = N (d, p). Hence

∫
Z1

Rp(α, ξt (z), ut , kε)) ν1(dz)

≤ N
∫
Rd

(Dαu(ε)
t )p−2|Dα(I ξ(z)∗ut )(ε)|2L2(Z1)

+ |Dα(I ξ(z)∗ut )(ε)|pL p(Z1)
dx

≤ N ′(|Dαu(ε)
t |pL p

+ A1(t) + A2(t)
)

with

A1(t) =
∫
Rd

|Dα(I ξ(z)∗ut )(ε)|pL2(Z1)
dx, A2(t) =

∫
Rd

|Dα(I ξ(z)∗ut )(ε)|pL p(Z1)
dx

(5.14)
and constants N and N ′ depending only on d and p. ByMinkowski’s inequality, using
again that Dα

x I
ξ kε(x − y) = I ξ Dα

x kε(x − y), and using the notation kε,α = Dαkε we
have

|Dαu(ε)
t |pL p

=
∫
Rd

∣∣∣
∫
Rd

kε,α(x − y) ut (y) dy
∣∣∣p dx,

≤
∣∣∣
∫
Rd

|kε,α |L p |ut (y)| dy
∣∣∣p ≤ |kε,α |pL p

|ut |pL1
, (5.15)

A1(t) =
∫
Rd

∣∣∣
∫
Z1

∣∣
∫
Rd

(
kε,α(· − y − ξt (y, z)) − kε,α(· − y)

)
ut (y) dy

∣∣2ν1(dz)
∣∣∣p/2dx

≤
∣∣∣
∫
Z1

∣∣∣
∫
Rd

|kε,α(· − y − ξt (y, z)) − kε,α(· − y)||ut (y)| dy
∣∣∣2
L p

ν1(dz)
∣∣∣p/2

≤
∣∣∣
∫
Z1

∣∣∣
∫
Rd

|Dkε,α |L p ξ̄ (z1)(K0 + K1|y| + K1|Yt |)|ut (y)| dy
∣∣∣2ν1(dz)

∣∣∣p/2

≤ |Dkε,α |pL p
|ξ̄ |pL2(Z1)

( ∫
Rd

(K0 + K1|y| + K1|Yt |)|ut (y)| dy
)p

, (5.16)

and similarly, using Assumption 2.2,

A2(t) =
∫
Rd

∫
Z1

∣∣∣
∫
Rd

(
kε,α(x − y − ξ(t, y, z)) − kε,α(x − y)

)
ut (y) dy

∣∣∣pν1(dz)dx
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≤
∫
Z1

∣∣∣
∫
Rd

∣∣kε,α(· − y − ξ(t, y, z)) − kε,α(· − y))
∣∣
L p

|ut (y)| dy
∣∣∣pν1(dz)

≤ K p−2
ξ |Dkε,α|pL p

|ξ̄ |2L2(Z1)

( ∫
Rd

(K0 + K1|y| + K1|Yt |)|ut (y)| dy
)p

. (5.17)

By (5.13)–(5.17) we have a constant N = N (p, d, ε, |ξ̄ |L2(Z1), Kξ ) such that

A ≤ N
∫ T

0
|Dαu(ε)

t |pL p
+ N

∫ T

0

( ∫
Rd

(K0 + K1|y| + K1|Yt |)|ut (y)| dy
)p

dt < ∞ (a.s.).

Next we claim that, with the operator T ξ defined in (4.26), we have

ζ2(α, t)+ ζ3(α, t) =
∫ t

0

∫
Z1

(|Dα(T ξ∗
s us)

(ε)|pL p
−|Dαu(ε)

s |pL p

)
Ñ1(dz, ds) =: ζ(α, t)

(5.18)
for t ∈ [0, T ]. For that purpose, note first that Dαu(ε) + Dα(I ξ(z1)∗u)(ε) =
Dα(T ξ∗us)(ε). To see that the stochastic integral ζ(α, t) is well-defined as an Itô
integral note that by Lemma 4.7,

∫ T

0

∫
Z1

||Dα(T ξ∗us)(ε)|pL p
− |Dαu(ε)

s |pL p
|2 ν1(dz)ds

≤ N |ξ̄ |2L2(Z1)

∫ T

0
|us |2pWm

p
ds < ∞ (a.s.) (5.19)

with a constant N = N (d, p,m, λ, Kξ ). Since ν1 is σ -finite, there is an increasing
sequence (Z1n)

∞
n=1, Z1n ∈ Z1, such that ν1(Z1n) < ∞ for every n and∪∞

n=1Z1n = Z1.
Then it is easy to see that

ζ̄2n(α, t) = p
∫ t

0

∫
Z1

1Z1n (z)
(
(Dαu(ε)

s )p−1, Dα(I ξ∗
s us)

(ε)
)
N (dz, ds),

ζ̂2n(α, t) = p
∫ t

0

∫
Z1

1Z1n (z)
(
(Dαu(ε)

s )p−1, Dα(I ξ∗
s us)

(ε)
)
ν1(dz)ds,

ζ̄3n(α, t) =
∫ t

0

∫
Z1

1Z1n (z)Rp(α, ξs(z), us−, kε) N1(dz, ds),

ζ̂3n(α, t) =
∫ t

0

∫
Z1

1Z1n (z)Rp(α, ξs(z), us−, kε) ν1(dz)ds

are well-defined, and

ζ2(α, t) = lim
n→∞(ζ̄2n(α, t) − ζ̂2n(α, t)), ζ3(α, t) = lim

n→∞ ζ̄3n(α, t) − lim
n→∞ ζ̂3n(α, t),

where the limits are understood in probability. Hence

ζ2(α, t) + ζ3(α, t) = lim
n→∞

(
ζ̄2n(α, t) + ζ̄3n(α, t) − (

ζ̂2n(t) + ζ̂3n(α, t)
))
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= lim
n→∞

( ∫ t

0

∫
Z1

1Z1n (z)(|Dα(T ξ∗us)(ε)|pL p
− |Dαu(ε)

s |pL p
)Ñ1(dz, ds)

)

= ζ(α, t),

which completes the proof of (5.18). Consequently, from (5.9)-(5.11) we have

d|Dαu(ε)
t |pL p

= Qp(α, bt , σt , ρt , βt , ut , kε) dt +
∫
Z0

Q(0)
p (α, ηt (z0), ut , kε) ν0(dz) dt

+
∫
Z1

Q(1)
p (α, ξt (z1), ut , kε) + Rp(α, ξt (z1), ut , kε) ν1(dz) dt + dζ1(α, t) + dζ(α, t).

(5.20)

By Lemma 4.1, Corollary 4.2, Lemma 4.3 and Lemma 4.4 we have

Qp(α, bs, σs, ρs, βs, us, kε) ≤ N (L2 + K 2)|us |pWm
p

(5.21)

with a constant N = N (d, p,m), and by Lemma 4.5 and Corollary 4.6, using that
ξ̄ ≤ Kξ and η̄ ≤ Kη,

Q(0)
p (α, ηs(z), us , kε) ≤ N η̄2(z)|us |pWm

p
, (Q(1)

p + Rp)(α, ξs(z), us , kε) ≤ N ξ̄2(z)|us |pWm
p

(5.22)
with a constant N = N (Kξ , Kη, d, p, λ,m). Thus from (5.20) we obtain that for all
α with |α| ≤ m almost surely

|Dαu(ε)
t |pL p

≤ |u(ε)
0 |pWm

p
+ N

∫ t

0
|us |pWm

p
ds + mε

t for all t ∈ [0, T ] (5.23)

with a constant N = N (m, p, d, K , Kξ , Kη, L, λ, |ξ̄ |L2(Z1), |η̄|L2(Z0)) and the local
martingale mε(α, t) = ζ1(α, t) + ζ(α, t). Summing over all |α| ≤ m gives

|u(ε)
t |pWm

p
≤ |u(ε)

0 |pWm
p

+ N
∫ t

0
|us |pWm

p
ds + mε

t for all t ∈ [0, T ] (5.24)

with (another) constant N = N (m, p, d, K , Kξ , Kη, L, λ, |ξ̄ |L2(Z1), |η̄|L2(Z0)) and a
local martingale, denoted again by mε. For integers n ≥ 1 set τ ε

n,k = τ̄n ∧ τ̃ ε
k , where

(τ̃ ε
n )∞n=1 is a localising sequence of stopping times for m(ε) and

τ̄n = inf
{
t ∈ [0, T ] :

∫ t

0
|us |pWm

p
ds ≥ n

}
.

Then from (5.24), using also |Dαu(ε)|L p = |(Dαu)(ε)|L p ≤ |Dαu|L p formulti-indices
α ≤ m and ε > 0, we get

E|u(ε)

t∧τ ε
n,k

|pWm
p

≤ E|u0|pWm
p

+ N
∫ t

0
E|us∧τ ε

n,k
|pWm

p
ds < ∞ for t ∈ [0, T ] and integers n ≥ 1.
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Taking here first k → ∞ and then ε → 0, by Fatou’s lemma followed by Gronwall’s
lemma we get

E|ut∧τn |pWm
p

≤ NE|u0|pWm
p

for t ∈ [0, T ] and integers n ≥ 1

with a constant N = N (m, p, d, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Letting here n →
∞, by Fatou’s lemma we obtain

sup
t∈[0,T ]

E|ut |pWm
p

≤ NE|u0|pWm
p
. (5.25)

To prove (5.6) we define the stopping times
ρε
n,k = ρ̄n ∧ τ̃ ε

k for integers k, n ≥ 1 and ε > 0, where

ρ̄n = inf
{
t ∈ [0, T ] :

∫ t

0
|us |2pWm

p
ds ≥ n

}
,

and τ̃ ε
k defined above. Using the Davis inequality and Lemma 4.3 by standard calcu-

lations for every n ≥ 1 and |α| ≤ m we get

E sup
t≤T

|ζ1(α, t ∧ ρε
n,k)| ≤ 3E

( ∑
k

∫ T∧ρε
n,k

0

(
(Dαu(ε)

s )p−1, Dα(Mk∗
s us)

(ε)
)2

ds
)1/2

≤ NE

( ∫ T∧ρε
n,k

0
|us |2pWm

p
ds

)1/2
< ∞, (5.26)

and similarly, by using the Davis inequality and Lemma 4.7 we have

E sup
s≤T

|ζ(α, s ∧ ρε
n,k)| ≤ 3E〈ζ(α, ·)〉1/2(T ∧ ρε

n,k) ≤ NE

( ∫ T∧ρε
n,k

0
|us |2pWm

p
ds

)1/2
< ∞,

(5.27)
with a constant N = N (m, d, p, K , Kξ , L, λ, |ξ̄ |L2(Z1)), where

〈ζ(α, ·)〉(t) =
∫ t

0

∫
Z1

||Dα(T ξ∗us)(ε)|pL p
− |Dαu(ε)

s |pL p
|2ν1(z)ds, t ∈ [0, T ].

Thus, due to (5.25) together with (5.26) and (5.27), from (5.24) we get

E sup
t∈[0,T ]

|u(ε)

t∧ρε
n,k

|pWm
p

≤ NE|u0|pWm
p

+
∑

|α|≤m

E sup
t≤T

|ζ1(α, t ∧ ρε
n,k)|

+
∑

|α|≤m

E sup
t≤T

|ζ(α, t ∧ ρε
n,k)|

≤ NE|u0|pWm
p

+ NE

( ∫ T

0
|us∧ρn |2pWm

p
ds

)1/2
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with a constant N = N (m, p, d, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Letting here k →
∞ and then ε → 0, we by Fatou’s lemma obtain

E sup
t∈[0,T ]

|ut∧ρn |pWm
p

≤ NE|u0|pWm
p

+ NE

( ∫ T

0
|us∧ρn |2pWm

p
ds

)1/2
< ∞.

Hence standard estimates yield

E sup
t∈[0,T ]

|ut∧ρn |pWm
p

≤ NE|u0|pWm
p

+ NE

(
sup

t∈[0,T ]
|ut∧ρn |pWm

p

∫ T

0
|us∧ρn |pWm

p
ds

)1/2

≤ NE|u0|pWm
p

+ 1
2E sup

t∈[0,T ]
|ut∧ρn |pWm

p
+ N ′

E

∫ T

0
|us∧ρn |pWm

p
ds

≤ N ′′
E|u0|pWm

p
+ 1

2E sup
t∈[0,T ]

|ut∧ρn |pWm
p

< ∞

with constants N ′ and N ′′ only depending on m, p, d, T , K , Kξ , Kη, L , λ, |ξ̄ |L2(Z1)

and |η̄|L2(Z0). Thus also, we get for all n,

E sup
t∈[0,T ]

|ut∧ρn |pWm
p

≤ 2N ′′
E|u0|pWm

p
,

and letting here n → ∞ by Fatou’s lemma we get the desired result. 
�
The following Proposition 5.4 is Lemma 6.4 in [5]. To formulate it let Bm

0 denote
the space of those functions ψ ∈ ⋂

p≥1W
m
p such that

m∑
k=0

sup
ω∈�

sup
x∈Rd

|Dkψ(x)| < ∞ and almost surely ψ(x) = 0 for |x | ≥ R,

for some constant R depending on ψ . If m = 0 then we just write B0 in place of B0
0.

It is easy to see that Bm
0 is a dense subspace of Wm

p for every p ∈ [1,∞). For ε > 0

let in the following proposition v(ε) denote the convolution

v(ε)(x) =
∫
Rd

χε(x − y)v(y) dy

of a Borel function v on Rd , where χ is a smooth, symmetric function of unit integral
on Rd , such that χ(x) = 0 for |x | ≥ 1. Set χε(·) := ε−dχ(·/ε) for ε > 0 and let

Mεk
t = ρ

(ε)ik
t Di + B(ε)k

t , k = 1, . . . , d ′,

L̃ε
t = aε,i j

t Di j + b(ε)i
t Di + βk

t Mεk
t , βt = B(t, Xt ,Yt ),

aε,i j
t := 1

2

∑
k

(σ
(ε)ik
t σ

(ε) jk
t + ρ

(ε)ik
t ρ

(ε) jk
t ), i, j = 1, 2, ..., d,
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and let I ξε
, J ξε

and J ηε
be defined as I ξ , J ξ and J η, only with ξ (ε) and η(ε) instead

of ξ and η, respectively.
Consider for ε ∈ (0, 1) the equation

duε
t = L̃ε∗

t uε
t dt + Mεk∗

t uε
t dV

k
t +

∫
Z0

J ηε∗
t uε

t ν0(dz)dt

+
∫
Z1

J ξε∗
t uε

t ν1(dz)dt +
∫
Z1

I ξε∗
t uε

t Ñ1(dz, dt). (5.28)

Proposition 5.4 Let Assumptions 2.1, 2.2 and 2.4 hold with K1 = 0 and let p ≥ 2
be even. Assume that the following “support condition” holds: There is some R > 0
such that (

bt (x), Bt (x), σt (x), ρt (x), ηt (x, z0), ξt (x, z1)
) = 0 (5.29)

for ω ∈ �, t ≥ 0, z0 ∈ Z0, z1 ∈ Z1 and x ∈ R
d such that |x | ≥ R. Let ψ ∈ B0

such that almost surely ψ(x) = 0 for |x | ≥ R. Then there exist ε0 > 0 and a
R̄ = R̄(R, K , K0, Kξ , Kη) such that the following statements hold.

(i) For each ε ∈ (0, ε0), for every integer r ≥ 1, there exists a Wr
p-solution uε to

(5.28) with initial condition uε
0 = ψ(ε) and such that

E sup
t∈[0,T ]

|uε
t |pWr

p
< ∞ and uε

t (x) = 0 almost surely for |x | ≥ R̄ and t ∈ [0, T ].

(ii) There exists a unique L p-solution u to (3.3) (with non-smoothed coefficients)
such that almost surely ut (x) = 0 for dx-almost every x ∈ {x ∈ R

d : |x | ≥ R̄}
for every t ∈ [0, T ] and

E sup
t∈[0,T ]

|ut |pL p
≤ NE|ψ |pL p

(5.30)

with a constant N = N (d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2).
(iii) There exists a sequence (εn)

∞
n=1, εn → 0, such that for n → ∞

uεn
T → uT weakly in Lp and uεn → u weakly in Lp,q for every integer q ≥ 2.

Proof See Lemma 6.4 in [5]. 
�
Lemma 5.5 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with K1 = 0, and assume that
the support condition (5.29) of Proposition 5.4 holds for some R > 0. Then for an
integer m ≥ 0 and even integer p ≥ 2 there exists a unique Wm

p -solution (ut )t∈[0,T ]
to equation (3.3) with initial condition u0 = ψ , for any ψ ∈ Bm

0 such that ψ = 0 for
|x | ≥ R. Moreover, almost surely ut (x) = 0 for dx-almost every x ∈ {x ∈ R

d : |x | ≥
R̄} for every t ∈ [0, T ] for a constant R̄ = R̄(R, K , K0, Kξ , Kη), and

E sup
t∈[0,T ]

|ut |pWm
p

≤ NE|ψ |pWm
p

(5.31)

with a constant N = N (m, d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2).
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Proof By Proposition 5.4 (i) for ε > 0 sufficiently small there exists a Wm
p -valued

weakly cadlag Ft -adapted process (uε
t )t∈[0,T ], such that for each ϕ ∈ C∞

0 almost
surely

(uε
t , ϕ) = (ψ(ε), ϕ) +

∫ t

0
(uε

s , L̃ε
sϕ) ds

+
∫ t

0
(uε

s ,Mεk
s ϕ) dV k

s +
∫ t

0

∫
Z0

(uε
s , J

ηε

s ϕ) ν0(dz) ds

+
∫ t

0

∫
Z1

(uε
s , J

ξε

s ϕ) ν1(dz) ds +
∫ t

0

∫
Z1

(uε
s , I

ξε

s ϕ) Ñ1(dz, ds) (5.32)

holds for all t ∈ [0, T ]. By Proposition 5.4 (ii), since almost surely uε
t = 0 for |x | ≥ R̄

for all t ∈ [0, T ] for a constant R̄ = R̄(R, K , K0, Kξ , Kη), we also have

E sup
t∈[0,T ]

|uε
t |L1 ≤ R̄d/q

E sup
t∈[0,T ]

|uε
t |pL p

for q = p/(p−1). Next, note that the smoothed coefficients b(ε), B(ε), σ (ε), ρ(ε), ξ (ε)

and η(ε) satisfy Assumptions 2.1, 2.2, 2.5 and Assumption 2.4 (ii) & (iii) with the same
constants K0, L, Kξ and Kη, independent of ε. By Remark 2.3 and Lemma 6.2 in [5]
we have a constant ε0 > 0 such that for ε ∈ (0, ε0), for the mappings

τ
η(ε)

t,θ,z0
(x) = x + θη

(ε)
t (x, z0), and τ

ξ(ε)

t,θ,z1
(x) = x + θξ

(ε)
t (x, z1), x ∈ R

d ,

we have that

| det Dxτ
η(ε)

t,θ,z0
(x)| ≥ λ/2 and | det Dxτ

ξ(ε)

t,θ,z1
(x)| ≥ λ/2

for all x ∈ R
d , t ∈ [0, T ], θ ∈ [0, 1] and zi ∈ Zi , i = 0, 1. Hence, for ε ∈ (0, ε0) the

functions τ
η(ε)

t,θ,z0
and τ

ξ(ε)

t,ξ,z0
are C1-diffeomorphisms on R

d for each t ∈ [0, T ], θ ∈
[0, 1], zi ∈ Zi , i = 0, 1, and the functions f0(t, x, y, z0) := η(ε)(t, x, y, z0),
f1(t, x, y, z1) := ξ (ε)(t, x, y, z1), (x, y) ∈ R

d+d ′
, t ∈ [0, T ], zi ∈ Zi , i = 0, 1

satisfy Assumption 2.4(i) with a constant λ̄ = λ̄(λ, d, Kξ , Kη, K0, L) > 0 in place
of λ. Hence by Lemma 5.3 for each ε ∈ (0, ε0) we have

E|uε
T |pWm

p
+ E

( ∫ T

0
|uε

t |rWm
p
dt

)p/r ≤ E|uε
T |pWm

p
+ T p/r

E sup
t∈[0,T ]

|uε
t |pWm

p
≤ NE|ψ |pWm

p

(5.33)
for every integer r ≥ 1,with a constant N = N (m, d, p, K , Kη, Kξ , L, T , λ, |ξ̄ |L2(Z1),|η̄L2(Z1)), independent of ε and r . Letting (εn)

∞
n=1 be the sequence fromProposition 5.4

(iii), we know that for n → ∞

uεn
T → uT weakly in Lp(FT ) and uεn → u weakly in Lp,r for integers r > 1,
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where u is the unique L p-solution to (3.3) and, if necessary by passing to a subse-
quence,

uεn
T → uT weakly inWm

p (FT ) and uεn → u weakly inWm
p,r for integers r > 1.

Letting r → ∞ in (5.33) yields

E|uT |pWm
p

+ E ess sup
t∈[0,T ]

|ut |pWm
p

≤ NE|ψ |pWm
p
.

By Lemma 3.3 u is weakly cadlag as Wm
p -valued process. Thus we can replace the

essential supremum above by the supremum to obtain (5.31). By Proposition 5.4 (ii)
we also have that almost surely ut (x) = 0 for dx-almost every x ∈ {x ∈ R

d : |x | ≥ R̄}
for every t ∈ [0, T ] for a constant R̄ = R̄(R, K , K0, Kξ , Kη). This finishes the proof.


�
Corollary 5.6 Let Assumptions 2.1, 2.2, 2.4 and 2.5 hold with an integer m ≥ 0 and
K1 = 0. Assume, moreover that the support condition (5.29) holds for some R > 0.
Then there is a linear operator S defined onWm

p for every p ≥ 2 such that Sψ admits
a P ⊗ dt-modification u = (ut )t∈[0,T ] which is a Wm

p -solution to equation (3.3) with
initial condition u0 = ψ for every ψ ∈ W

m
p , and

E sup
t∈[0,T ]

|ut |pWm
p

≤ NE|ψ |pWm
p

(5.34)

with a constant N = N (m, d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Moreover, if ψ ∈
W

m
p such that almost surely ψ(x) = 0 for |x | ≥ R, then almost surely ut (x) = 0 for

|x | ≥ R̄ for t ∈ [0, T ] for a constant R̄ = R̄(R, K , K0, Kξ , Kη).

Proof By Corollary 6.5 in [5] we know that there exist linear operators S and ST

defined on Lp for every p ≥ 2, such that if ψ ∈ Lp for a p ≥ 2 then Sψ ∈ Lp,r

for every integer r ≥ 2 and Sψ admits a P ⊗ dt-modification u = (ut )t∈[0,T ] that
is an L p-solution to (3.3), and STψ = uT . By an abuse of notation we refer to this
stochastic modification u whenever we write Sψ in the following. It remains to show
that if ψ ∈ W

m
p , then u is in particular a Wm

p -solution to (3.3), i.e. it is almost surely
a weakly cadlag Wm

p -valued process.
If p is an even integer, then this follows from Lemma 5.5. Assume p is not an even

integer. Then let p0 be the greatest even integer such that p0 ≤ p and let p1 be the
smallest even integer such that p ≤ p1. By Lemma 5.5, in particular (5.31), we get
that

|STψ |Wm
pi

+ |Sψ |Wm
pi ,r

≤ Ni |ψ |Wm
pi

for i = 0, 1 (5.35)

for every r ∈ [1,∞) and constants Ni = Ni (m, d, pi , T , K , Kξ , Kη, L, λ, |ξ̄ |L2 ,

|η̄|L2), i = 0, 1, independent of r . Hence, by a well-known generalization of the
Riesz-Thorin interpolation theorem we also get for all r ≥ 1,

|STψ |Wm
p

+ |Sψ |Wm
p,r

≤ N |ψ |Wm
p

for i = 0, 1, (5.36)
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for (another) constant N = N (m, d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Consider a
sequence (ψn)∞n=1 ⊂ B

m
0 such that ψn → ψ in W

m
p . For each n, un = Sψn is the

unique Wm
pi -solution to (3.3), i = 0, 1, with initial condition ψn . By virtue of (5.36),

using that |ψn − ψ |Wm
p

→ 0, as n → ∞ we know that also

un → u weakly inWm
p,r for every integer r > 1 and

unT → uT weakly inWm
p (FT ),

where u = Sψ is the unique L p-solution introduced in the beginning of the proof,
satisfying (5.36). To see that u is weakly cadlag as Wm

p -valued process, note that by
letting r → ∞ in (5.36) for Sψ = u and STψ = uT we get

E|uT |pWm
p

+ E ess sup
t∈[0,T ]

|ut |pWm
p

≤ NE|ψ |pWm
p
,

with (another) constant N = N (m, d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). By
Lemma 3.3 we then know that u is (almost surely) a Wm

p -valued weakly cadlag pro-
cess. Thus we can replace the essential supremum above with the supremum, to obtain
(5.34). To prove the claim about the support of u, note that ifψ(x) = 0 for |x | ≥ R, for
a constant R, and ψn → ψ in W

m
p , then for sufficiently large n we have ψn(x) = 0

for |x | ≥ 2R. By Proposition 5.4 (ii) thus also unt (x) = 0 for dx-almost every
x ∈ {x ∈ R

d : |x | ≥ R̄} for every t ∈ [0, T ] and n sufficiently large, for a constant
R̄ = R̄(R, K , K0, Kξ , Kη). This is clearly preserved in the limit as n → ∞. This
finishes the proof. 
�

6 Proof of Theorem 2.1

Let χ be a smooth function on R such that χ(r) = 1 for r ∈ [−1, 1], χ(r) = 0 for
|r | ≥ 2, χ(r) ∈ [0, 1] and ∑m+2

k=1 |dk/(drk)χ(r)| ≤ C for all r ∈ R and a constant
C ≥ 1. For integers n ≥ 1 we define the function χn by χn(x) = χ(|x |/n), x ∈ R

d .

Lemma 6.1 (i) Let b = (bi ) be an Rd-valued function on Rm such that for a constant
L

|b(v) − b(z)| ≤ L|v − z| for all v, z ∈ R
m . (6.1)

Then for bn(z) = χ(|z|/n)b(z), z ∈ R
m, for integers n ≥ 1 we have

|bn(z)| ≤ 2nL+|b(0)|, |bn(v)−bn(z)| ≤ C(3L+|b(0)|/n)|v−z| for all v, z ∈ R
m .

(6.2)
(ii) Let additionally to (i) the function b satisfy

m∑
k=1

|Dkb| ≤ M, (6.3)
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for a constant M > 0. Then bn satisfies (6.3) in place of b with M ′(n) =
M ′(M,C,m, |b(0)|/n) in place of M (and where M ′(n) is decreasing as function
of n).

Proof The proof is left as an easy exercise for the reader. 
�
To preserve the diffeomorphic property of the mappings

τ
η
t,z0,θ

(x) = x + θηt (x, z0) and τ
ξ
t,z1,θ

(x) = x + θξt (x, z1) (6.4)

(for all ω ∈ �, t ∈ [0, T ], θ ∈ [0, 1] and zi ∈ Zi , i = 0, 1) as a function of x ∈ R
d ,

when the functions ξ and η are truncated, we introduce, for each fixed R > 0 and
ε > 0, the function κ R

ε defined on R
d by

κR
ε (x) =

∫
Rd

φR
ε (x − y)k(y) dy, φR

ε (x)

⎧⎪⎨
⎪⎩
1, |x | ≤ R + 1,

1 + ε log
( R+1

|x |
)
, R + 1 < |x | < (R + 1)e1/ε,

0, |x | ≥ (R + 1)e1/ε,
(6.5)

where k is a nonnegative C∞ mapping on R
d with support in {x ∈ R

d : |x | ≤ 1}.
Lemma 6.2 Let ξ : R

d �→ R
d be such that for a constant L ≥ 1 and for every

θ ∈ [0, 1] the function τθ (x) = x + θξ(x) is L-biLipschitz, i.e.

L−1|x − y| ≤ |τθ (x) − τθ (y)| ≤ L|x − y| (6.6)

for all x, y ∈ R
d . Then for any M > L and any R > 0 there is an ε =

ε(L, M, R, |ξ(0)|) > 0 such that with κ R := κ R
ε the function ξ R := κ Rξ van-

ishes for |x | ≥ R̄ for a constant R̄ = R̄(L, M, R, |ξ(0)|) > R, |ξ R| is bounded by a
constant N = N (L, M, R, |ξ(0)|), and for every θ ∈ [0, 1] the mapping

τ R
θ (x) = x + θξ R(x), x ∈ R

d

is M-biLipschitz.

Proof This is Lemma 7.3 in [5]. 
�
We summarize the results of Lemmas 7.1, 7.2 andRemark 7.1 in [5] in the following

lemma. For that purpose, define the functions bn = (bni (t, z)), Bn = (Bnj (t, z)),
σ n = (σ ni j (t, z)), ηn = (ηni (t, z, z0)) and ξn = (ξni (t, z, z1)) by

(bn, Bn, σ n, ρn) = (b, B, σ, ρ)χn, (ηn, ξn) = (η, ξ)χ̄n (6.7)

for every integer n ≥ 1, where χn and χ̄n are functions on R
d+d ′

defined by χn(z) =
χ(|z|/n) and χ̄n(x, y) = κn(x)χ(|y|/n) for z = (x, y) ∈ R

d+d ′
, with χ used in

Lemma 6.1 and with κn = κn
ε from Lemma 6.2, such that, by the L-biLipschitzness

of the mappings in (6.4), the mappings

τ
ηn

t,z0,θ
(x) = x + θηnt (x, z0) and τ

ξn

t,z1,θ
(x) = x + θξnt (x, z1),

123



Stochastics and Partial Differential Equations: Analysis and Computations

on Rd are biLipschitz (for each ω ∈ �, t ∈ [0, T ], θ ∈ [0, 1] and zi ∈ Zi , i = 0, 1).

Lemma 6.3 Let Assumptions 2.1, 2.2 and 2.5 hold. If K1 �= 0 in Assumption 2.1
(ii), then let additionally Assumption 2.3 for some r > 2 hold. Assume the initial
conditional density π0 = P(X0 ∈ dx |FY

0 )/dx exists (a.s.) and satisfies E|π0|pWm
p

<

∞ for some p ≥ 2 and integer m ≥ 0. Then there exist sequences

(Xn
0 )

∞
n=1, ((X

n
t ,Y

n
t )t∈[0,T ])∞n=1, as well as (πn

0 )∞n=1 and ((πn
t )t∈[0,T ])∞n=1

such that the following are satisfied:

(i) For each n ≥ 1 the coefficients bn, Bn, σ n, ρn, ξn and ηn, defined in
(6.7), satisfy Assumptions 2.1 and 2.2 with K1 = 0 and constants K ′

0 =
K ′
0(n, K , K0, K1, Kξ ,

Kη) and L ′ = L ′(K , K0, K1, L, Kξ , Kη) in place of K0 and L, Assumption 2.5
with a constant K ′ = K ′(K0, K1) in place of L, as well as Assumption 2.4 with
λ′ = λ′(K0, K1, Kξ , Kη, λ) > 0 in place of λ. Moreover, for each n ≥ 1 they
satisfy the support condition (5.29) of Lemma 5.5 for some R = R(n).

(ii) For each n ≥ 1 the random variable Xn
0 is F0-measurable and satisfies

lim
n→∞ Xn

0 = X0 , ω ∈ �, and E|Xn
0 |r ≤ N (1 + E|X0|r )

for r ≥ 1 with a constant N independent of n.
(iii) Zn

t = (Xn
t ,Y

n
t ) is the solution to (1.1) with the coefficients bn, Bn, σ n, ρn, ξn

and ηn in place of b, B, σ, ρ, ξ and η, respectively, and with initial condition
Zn
0 = (Xn

0 ,Y0).
(iv) For each n ≥ 1 we have πn

0 = P(Xn
0 ∈ dx |FYn

0 )/dx, πn
0 (x) = 0 for |x | ≥ n+1

and

lim
n→∞ |πn

0 − π0|Wm
p

= 0,

where π0 = P(X0 ∈ dx |FYn

0 )/dx.
(v) For each n ≥ 1 there exists an Lr -solution un to (3.3), r = 2, p, such that un is

the unnormalised conditional density of Xn given Y n, almost surely

unt (x) = 0 for dx-a.e. x ∈ {x ∈ R
d : |x | ≥ R̄} for all t ∈ [0, T ]

with a constant R̄ = R̄(n, K , K0, Kξ , Kη) and

E sup
t∈[0,T ]

|unt |pL p
≤ NE|πn

0 |pL p
for n ≥ K0 (6.8)

with a constant N = N (d, d ′, K , L, Kξ , Kη, T , p, λ, |ξ̄ |L2 , |η̄|L2). Moreover,

un → u weakly in Lr ,q for r = p, 2 and all integers q > 1,
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where u is the unnormalised conditional density of X given Y , satisfying (6.8)
with the same constant N and (u, π0) in place of (un, πn

0 ).
(vi) Consequently, for each n ≥ 1 and t ∈ [0, T ] we have

πn
t (x) = P(Xn

t ∈ dx |FYn

t )/dx = unt (x)
oγ n

t , almost surely,

as well as

πt (x) = P(Xt ∈ dx |FY
t )/dx = ut (x)

oγt , almost surely,

where oγ n
t and oγt are cadlag positive normalising processes, adapted to FYn

t
and FY

t , respectively.

Proof This is Corollary 7.4 in [5]. Note that the condition n ≥ K0 in (6.8) comes from
Proposition 6.7, as then |b(0)|/n ≤ K0/n ≤ 1. In other words, the constant N in that
equation is the same for all n ≥ K0. 
�

Now we are in the position to prove our main result.

Proof of Theorem 2.1 Step I.Assume first that the support condition (5.29) holds with
some R > 0 and that the initial conditional density π0 is such that π0(x) = 0 for
|x | ≥ R. By Corollary 5.6 we know that there exists aWm

p -solution (ut )t∈[0,T ] to (3.3)
with initial condition π0, satisfying

E sup
t∈[0,T ]

|ut |pWm
p

≤ NE|π0|pWm
p

(6.9)

with a constant N = N (m, d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Moreover, we
have ut = 0 for |x | ≥ R̄, for a constant R̄ = R̄(R, K , K0, K1, Kξ , Kη), and hence
clearly

sup
t∈[0,T ]

|ut |L1 ≤ R̄d/q sup
t∈[0,T ]

|ut |L p and sup
t∈[0,T ]

∫
Rd

|y|2|ut (y)| dy < ∞ (a.s.),

with q = p/(p − 1). Since also π0 = P(X0 ∈ dx |FY
0 )/dx ∈ L1, then in particular

π0 ∈ L2 and hence
E sup

t∈[0,T ]
|ut |2L2

≤ NE|π0|2L2
, (6.10)

with a constant N = N (d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). By Lemma 5.5 u is
the unique L2-solution and therefore by Theorem 3.2, u is in particular the unnor-
malised conditional density, i.e., ut = dμt/dx for all t ∈ [0, T ], almost surely, with
μ the unnormalised conditional distribution from Theorem 3.1. Thus also for each
t ∈ [0, T ],

πt = P(Xt ∈ dx |FY
t )/dx = ut

oγ t , almost surely,
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where oγ t is the FY
t -optional projection of the normalizing process γ under P intro-

duced in (3.5).
Step II. Finally, we dispense with the assumption that the coefficients and the initial

condition are compactly supported. Define the functions bn, Bn, σn, ρn, ξn and ηn as
in (6.7). Note that by Lemma 6.3 the truncated coefficients satisfy Assumptions 2.1
and 2.2 with K1 = 0 and constants K ′

0 = K ′
0(n, K , K0, K1, Kξ , Kη) and L ′ =

L ′(K , K0, K1, L, Kξ , Kη) in place of K0 and L , the coefficients bn, Bn, σn, ρn satisfy
Assumption 2.5(i) with a constant K ′ = K ′(m, K0, K1) in place of L , and moreover
that the coefficients ηn and ξn satisfy Assumption 2.5(ii) with K ′η̄ and K ′ξ̄ instead
of η̄ and ξ̄ respectively. Furthermore, by Lemma 6.2, for each n ≥ 1 the coefficients
ηn and ξn satisfy Assumption 2.4 with a constant λ′ = λ′(λ, K0, K1, Kη, Kξ ) > 0
in place of λ. Note that K ′, L ′ and λ′ do not depend on n. Moreover, for each n ≥ 1
they satisfy the support condition (5.29) of Lemma 5.5 for some R = R(n) > 0. By
assumption, π0 = P(X0 ∈ dx |FY

0 )/dx exists almost surely andE|π0|pWm
p

< ∞. Then

let (Xn
0 )

∞
n=1 and (πn

0 )∞n=1 ⊂ W
m
p be the sequences from Lemma 6.3 such that

lim
n→∞ |πn

0 − π0|Wm
p

= 0, (6.11)

πn
0 (x) = 0 for |x | ≥ R(n) andπn

0 = P(Xn
0 ∈ dx |FY

0 )/dx (a.s.), where (Xn
0 ,Y0) is the

initial condition to the system (1.1), and (R(n))∞n=1 is the sequence of positive numbers
from the support condition for the coefficients (σ n, ..., ξn). By Step I we know that
there exists a Wm

p -solution (unt )t∈[0,T ] to (3.3) with initial condition πn
0 , which is the

unnormalized conditional density of Xn = (Xn
t )t∈[0,T ] given Yn = (Yn

t )t∈[0,T ], where
Zn = (Xn,Yn) is the solution to (1.1) with initial condition (Xn

0 ,Y0). By Lemma 6.3
(v) we know moreover that

un → u weakly in Lr ,q for r = p, 2 and all integers q > 1,

where u is the unnormalised conditional density of X given Y from Theorem 3.2,
satisfying

E sup
t∈[0,T ]

|ut |2L2
≤ NE|π0|2L2

,

with a constant N = N (d, p, T , K , Kξ , Kη, L, λ, |ξ̄ |L2 , |η̄|L2). Moreover, u is an
L p-solution to (3.3) and by Theorem 3.2 (ii), it is the unique L2-solution to (3.3). It
remains to show that u is also a Wm

p -solution to (3.3), as well as that it is strongly
cadlag as Ws

p-valued process, for s ∈ [0,m). To prove the former, by (6.9) together
with (6.11) we get

E|unT |pWm
p

+ E

(∫ T

0
|unt |rWm

p
dt

)p/r

≤ E|unT |pWm
p

+ T p/r
E sup

t∈[0,T ]
|unt |pWm

p
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≤ NE|πn
0 |pWm

p
≤ N sup

n≥1
E|πn

0 |pWm
p

< ∞ (6.12)

for every n ≥ 1 and r > 1 with a constant N independent of r and n. Hence for
n → ∞ we have

unT → uT weakly inWm
p and un → u weakly inWm

p,r for any r > 1,

and u satisfies

E|uT |pWm
p

+ E

(∫ T

0
|ut |rWm

p
dt

)p/r

≤ NE|π0|Wm
p

for all r ≥ 1.

Letting r → ∞ above yields

E|uT |pWm
p

+ E ess sup
t∈[0,T ]

|ut |pWm
p

≤ NE|π0|Wm
p
.

By Lemma 3.3 we then know that u is weakly cadlag as an Wm
p -valued process, i.e. it

is a Wm
p -solution to (3.3). Clearly, by Lemma 6.3, also for each t ∈ [0, T ]

πt (x) = P(Xt ∈ dx |FY
t )/dx = ut (x)

oγt , almost surely, (6.13)

with oγ from Theorem 3.2. We now show that ifm ≥ 1 and K1 = 0, then u is strongly
cadlag as Ws

p-valued process for s ∈ [0,m). To this and first we state u is strongly
cadlag as an L p-valued process.

Proposition 6.4 Let Assumptions 2.1 through 2.5 hold with K1 = 0 and with m = 1.
Let p ≥ 2 and let u = (ut )t∈[0,T ] be a W 1

p-solution to (3.3). Then u is strongly cadlag
as an L p-valued process.

Proof We apply Theorem 2.2 in [8]. In order to do so, we rewrite equation (3.2) into
the form used therein. Clearly, for v ∈ W 1

p and ϕ ∈ C∞
0 we have

(v,Mkϕ) = (Mk∗v, ϕ) withM∗kv = −Di (ρ
ik
s v) + Bk

s v, k = 1, 2, ..., d1

and

(v, L̃sϕ) = −(Dj (a
i j
s v), Diϕ) − (Di (b

i
sv), ϕ) + βk

s (M∗k
s v, ϕ).

Using Corollary 3.5 with ηt (·, z) and ξt (·, z) in place of ζ we can see that

(v, J η
t ϕ) = (K ηt

i v, Diϕ), (v, J ξ
t ϕ) = (K ξt

i v, Diϕ) and (v, I ξ
t ϕ) = (I ξ∗

t v, ϕ),

for v ∈ W 1
p and ϕ ∈ C∞

0 , where K ηt
i v and K ξt

i v are defined as K ζ
i v in Corollary 3.5

with ζ replaced with ηt (z0) and ξt (z1), respectively, (for t ∈ [0, T ], ω ∈ �, z0 ∈ Z0,
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z1 ∈ Z1, i = 1, . . . , d), and I ξ∗
t is defined as I ζ∗, with ζ replaced by ξt (z1). Thus for

every ϕ ∈ C∞
0 almost surely

(ut , ϕ) = (ψ, ϕ) −
∫ t

0
(Dj (a

i j
s us), Diϕ) ds −

∫ t

0
(Di (b

i
sus) + βk

sM∗k
s us, ϕ) ds

+
∫ t

0
(M∗k

s us, ϕ) dV k
s +

∫ t

0

∫
Z0

(K ηs
i us, Diϕ) ν0(dz)ds

+
∫ t

0

∫
Z1

(K ξs
i us, Diϕ) ν1(dz)ds +

∫ t

0

∫
Z1

(I ξ∗
s us, ϕ) Ñ1(dz, ds) (6.14)

for all t ∈ [0, T ]. It is easy to see that almost surely

∫ T

0
|Di (a

i j
s us)|pL p

ds < ∞,

∫ T

0
|Di (b

i
sus) + βk

sM∗k
s us |pL p

ds < ∞,

∫ T

0

∫
Rd

( ∑
k

|(Mk∗
s us)(x)|2

)p/2
dxds < ∞. (6.15)

By estimates (3.13) and (3.14), for all x ∈ R
d we have

|I ξ∗u(x)| ≤ N ξ̄

∫ 1

0
|u(τ−1

θξ (x))| + |(Du)(τ−1
θξ (x))| dθ,

|K ξ
i u(x)| ≤ N ξ̄2

∫ 1

0
|u(τ−1

θξ (x))| + |(Du)(τ−1
θξ (x))| dθ,

|K η
i u(x)| ≤ N η̄2

∫ 1

0
|u(τ−1

θη (x))| + |(Du)(τ−1
θη (x))| dθ

for every ω ∈ �, s ∈ [0, T ], zi ∈ Zi (i=0,1), suppressed in these estimates, with a
constant N = N (d, λ, L, Kη, Kξ ) and with the C2-diffeomorphisms

τθη(x) = x + θη(x) and τθξ (x) = x + θξ(x).

Hence by Jensen’s inequality, Fubini’s theorem and Minkovski’s inequality we get

∫ T

0

∫
Rd

( ∫
Z1

|I ξ∗
s us(x)|2ν1(dz)

)p/2
dx ds ≤ N |ξ̄ |pL2(Z1)

∫ T

0
|us |pW 1

p
ds < ∞ (a.s.)

(6.16)
with a constant N = N (p, d, λ, L, Kη, Kξ ). By Jensen’s inequality and Fubini’s
theorem we obtain

∫ T

0

∫
Rd

∫
Z1

|I ξ∗
s us(x)|p ν1(dz)dx ds ≤ N |ξ̄ |2L2(Z1)

∫ T

0
|us |pW 1

p
ds < ∞ (a.s.),

(6.17)
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and for every i = 1, 2, ..., d

∫ T

0

∫
Rd

∫
Z1

|K ξs
i us(x)|p ν1(dz)dx ds ≤ N |ξ̄ |2L2(Z1)

∫ T

0
|us |pW 1

p
ds < ∞ (a.s.),

(6.18)∫ T

0

∫
Rd

∫
Z1

|K ηs
i us(x)|p ν1(dz)dx ds ≤ N |ξ̄ |2L2(Z1)

∫ T

0
|us |pW 1

p
ds < ∞ (a.s.)

(6.19)

with a constant N = N (p, d, λ, L, Kη, Kξ ). Hence, by virtue of Theorem 2.2 in [8]
we get from equation (6.14), taking into account (6.15) through (6.19), that (ut )t∈[0,T ]
is strongly cadlag as an L p-valued process. 
�

By the above proposition u is a strongly cadlag L p-valued process, as well as
weakly cadlag as an Wm

p -valued process. By interpolation we then have a constant
N = N (d,m, s, p) such that for θ = s/m

|ut − utn |Ws
p

≤ N |ut − utn |θWm
p
|ut − utn |1−θ

L p
≤ 2Nζ θ |ut − utn |1−θ

L p
,

|urn − ur−|Ws
p

≤ N |urn − ur−|θWm
p
|urn − ur−|1−θ

L p
≤ 2Nζ θ |urn − ur−|1−θ

L p

for any t ∈ [0, T ), r ∈ (0, T ], any strictly decreasing sequences tn → t and strictly
increasing sequences rn → r with rn, tn ∈ (0, T ), where ur− denotes the weak limit
in Wm

p of u at r from the left, and ζ := supt∈[0,T ] |ut |Wm
p

< ∞ (a.s.). Letting here
n → ∞ we finish the proof. 
�
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