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Abstract

Hypersonic glide vehicle trajectory optimization requires generating complete reachable footprints for
mission planning under strict path constraints. Current methods face limitations including equilibrium
glide assumptions, fixed angle of attack profiles and incomplete footprint coverage requiring reoptimiza-
tion for each target direction. This work presents the first reinforcement learning approach for complete
global footprint generation with dual control authority (bank angle and angle of attack) on a rotating
spherical Earth model including direct target point guidance and no-fly zone avoidance. The trained
policy generates footprints for any location on Earth while incorporating full three-degree-of-freedom
dynamics including Coriolis effects and control rate limitations. All trajectories satisfy operational con-
straints including dynamic pressure, g-load and temperature limits. The policy learns purely from the
objective to maximize range in every direction without pre-designed control profiles. Based on the
Soft Actor-Critic algorithm, optimal control strategies are learned directly from environment interaction.
Large-scale Monte Carlo validation with 100 million randomly sampled trajectories confirms the learned
policy discovered the boundaries of the reachable domain, with the reinforcement learning footprint ex-
ceeding the Monte Carlo footprint by 5.1% in footprint area. The framework provides precision target
guidance to arbitrary global coordinates and allows for no-fly zone avoidance.
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�1�/�5 �1�H�W�K�H�U�O�D�Q�G�V �$�H�U�R�V�S�D�F�H �&�H�Q�W�U�H

�1�3�6�2�/ �1�R�Q�O�L�Q�H�D�U �3�U�R�J�U�D�P�P�L�Q�J �6�2�/�Y�H�U

�2�'�( �2�U�G�L�Q�D�U�\ �'�L�I�I�H�U�H�Q�W�L�D�O �(�T�X�D�W�L�R�Q

�2�S�H�Q�0�3 �2�S�H�Q �0�X�O�W�L���3�U�R�F�H�V�V�L�Q�J

�3�,�&�$ �3�K�H�Q�R�O�L�F �,�P�S�U�H�J�Q�D�W�H�G �&�D�U�E�R�Q �$�E�O�D�W�R�U�V

�3�6�2 �3�D�U�W�L�F�O�H �6�Z�D�U�P �2�S�W�L�P�L�]�D�W�L�R�Q

�4�(�*�& �4�X�D�V�L �(�T�X�L�O�L�E�U�L�X�P �*�O�L�G�H �&�R�Q�G�L�W�L�R�Q

�5�$�1�' �5�H�V�H�D�U�F�K �D�Q�G �'�H�Y�H�O�R�S�P�H�Q�W �&�R�U�S�R�U�D�W�L�R�Q

�5�H�/�8 �5�H�F�W�L�I�L�H�G �/�L�Q�H�D�U �8�Q�L�W

�5�/ �5�H�L�Q�I�R�U�F�H�P�H�Q�W �/�H�D�U�Q�L�Q�J

�5�/�9 �5�H�X�V�D�E�O�H �/�D�X�Q�F�K �9�H�K�L�F�O�H

�6�$�& �6�R�I�W �$�F�W�R�U���&�U�L�W�L�F

�6�1�2�3�7 �6�S�D�U�V�H �1�R�Q�O�L�Q�H�D�U �2�3�7�L�P�L�]�H�U

�6�2�&�3 �6�H�F�R�Q�G���2�U�G�H�U �&�R�Q�H �3�U�R�J�U�D�P�P�L�Q�J

�6�4�3 �6�H�T�X�H�Q�W�L�D�O �4�X�D�G�U�D�W�L�F �3�U�R�J�U�D�P�P�L�Q�J

�7�3�6 �7�K�H�U�P�D�O �3�U�R�W�H�F�W�L�R�Q �6�\�V�W�H�P

�8�$�9 �8�Q�P�D�Q�Q�H�G �$�H�U�L�D�O �9�H�K�L�F�O�H

�8�+�7�& �8�O�W�U�D���+�L�J�K �7�H�P�S�H�U�D�W�X�U�H �&�H�U�D�P�L�F�V

�8�6�6�$ �8�6 �6�W�D�Q�G�D�U�G �$�W�P�R�V�S�K�H�U�H

�:�*�6 �:�R�U�O�G �*�H�R�G�H�W�L�F �6�\�V�W�H�P

�7�]�Q�F�S�P�W
�0�E�X�M�R �7�]�Q�F�S�P�W

a �,�Q�W�H�U�P�H�G�L�D�W�H �Y�D�O�X�H �L�Q �K�D�Y�H�U�V�L�Q�H �I�R�U�P�X�O�D[� ]

ax ; ay ; az �$�F�F�H�O�H�U�D�W�L�R�Q �F�R�P�S�R�Q�H�Q�W�V �L�Q �(�&�(�) [�P���V2]

bL ��bU �/�R�Z�H�U �D�Q�G �X�S�S�H�U �E�R�X�Q�G�D�U�\ �F�R�Q�V�W�U�D�L�Q�W�V[� ]

c �&�H�Q�W�U�D�O �D�Q�J�O�H �V�H�S�D�U�D�W�L�Q�J �W�Z�R �S�R�L�Q�W�V[�U�D�G]

c1 �&�K�D�S�P�D�Q �K�H�D�W �I�O�X�[ �F�R�H�I�I�L�F�L�H�Q�W [� ]

CD �'�U�D�J �F�R�H�I�I�L�F�L�H�Q�W [� ]

CL �/�L�I�W �F�R�H�I�I�L�F�L�H�Q�W [� ]

D �'�U�D�J �I�R�U�F�H [�1]

d �'�L�V�W�D�Q�F�H [�P]

dmax �0�D�[�L�P�X�P �S�R�V�V�L�E�O�H �U�D�Q�J�H [�P]

dt �'�L�V�W�D�Q�F�H �W�R �W�D�U�J�H�W �D�W �W�L�P�Ht [�P]

d13 �$�Q�J�X�O�D�U �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �S�R�L�Q�W�V �� �D�Q�G ��[�U�D�G]

d�Q�R�U�P �1�R�U�P�D�O�L�]�H�G �G�L�V�W�D�Q�F�H �W�R �W�D�U�J�H�W [� ]



�'�S�R�X�I�R�X�W �\�M�M�M

dxt �&�U�R�V�V���W�U�D�F�N �G�L�V�W�D�Q�F�H [�P]

E �7�R�W�D�O �V�S�H�F�L�I�L�F �P�H�F�K�D�Q�L�F�D�O �H�Q�H�U�J�\[�P2=�V2]

Eh �(�Q�H�U�J�\ �K�H�L�J�K�W [�P]

f �6�\�V�W�H�P �G�\�Q�D�P�L�F�V �I�X�Q�F�W�L�R�Q [� ]

F �)�R�U�F�H �Y�H�F�W�R�U [�1]

g �*�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q [�P���V2]

g �3�D�W�K �F�R�Q�V�W�U�D�L�Q�W �I�X�Q�F�W�L�R�Q [� ]

g0 �6�W�D�Q�G�D�U�G �J�U�D�Y�L�W�\ �D�W �V�H�D �O�H�Y�H�O [�P���V2]

gL ��gU �/�R�Z�H�U �D�Q�G �X�S�S�H�U �S�D�W�K �F�R�Q�V�W�U�D�L�Q�W�V [� ]

gmax �0�D�[�L�P�X�P �D�O�O�R�Z�D�E�O�H �J���O�R�D�G [� ]

h �$�O�W�L�W�X�G�H �D�E�R�Y�H �(�D�U�W�K�¶�V �V�X�U�I�D�F�H [�P]

hmin �0�L�Q�L�P�X�P �D�O�W�L�W�X�G�H [�P]

hmax �0�D�[�L�P�X�P �H�[�S�H�F�W�H�G �D�O�W�L�W�X�G�H [�P]

h�Q�R�U�P �1�R�U�P�D�O�L�]�H�G �D�O�W�L�W�X�G�H [� ]

H �(�Q�W�U�R�S�\ [� ]

H s �$�W�P�R�V�S�K�H�U�L�F �V�F�D�O�H �K�H�L�J�K�W [�P]

J �&�R�V�W �I�X�Q�F�W�L�R�Q [� ]

k �(�S�L�V�R�G�H �L�Q�G�H�[ [� ]

k�V�W�H�H�S �6�W�H�H�S�Q�H�V�V �S�D�U�D�P�H�W�H�U ���S�H�Q�D�O�W�\ �I�X�Q�F�W�L�R�Q��[� ]

K max �7�R�W�D�O �Q�X�P�E�H�U �R�I �W�U�D�L�Q�L�Q�J �H�S�L�V�R�G�H�V [� ]

L �/�L�I�W �I�R�U�F�H [�1]

L �5�X�Q�Q�L�Q�J �F�R�V�W [� ]

L �/�R�V�V �I�X�Q�F�W�L�R�Q [� ]

m �9�H�K�L�F�O�H �P�D�V�V [�N�J]

m̂ �1�R�U�P�D�O�L�]�H�G �P�D�U�J�L�Q [� ]

mc �&�K�D�S�P�D�Q �Y�H�O�R�F�L�W�\ �H�[�S�R�Q�H�Q�W [� ]

mt �&�R�Q�V�W�U�D�L�Q�W �P�D�U�J�L�Q �D�W �W�L�P�Ht [� ]

M �0�D�F�K �Q�X�P�E�H�U [� ]

n �&�K�D�S�P�D�Q �G�H�Q�V�L�W�\ �H�[�S�R�Q�H�Q�W [� ]

n �/�R�D�G �I�D�F�W�R�U ���J���O�R�D�G�� [� ]

nmax �0�D�[�L�P�X�P �D�O�O�R�Z�D�E�O�H �O�R�D�G �I�D�F�W�R�U [� ]

P �3�U�H�V�V�X�U�H [�3�D]

P �&�R�Q�V�W�U�D�L�Q�W �S�H�Q�D�O�W�\ �I�X�Q�F�W�L�R�Q [� ]

q �'�\�Q�D�P�L�F �S�U�H�V�V�X�U�H [�3�D]

qmax �0�D�[�L�P�X�P �G�\�Q�D�P�L�F �S�U�H�V�V�X�U�H [�3�D]

_q�F�R�Q�Y �&�R�Q�Y�H�F�W�L�Y�H �K�H�D�W �I�O�X�[ [�:���P2]

Q �4���Y�D�O�X�H �I�X�Q�F�W�L�R�Q [� ]

Q� 1 ; Q� 2 �&�U�L�W�L�F �Q�H�W�Z�R�U�N�V �Z�L�W�K �S�D�U�D�P�H�W�H�U�V� 1; � 2 [� ]

r �5�D�G�L�D�O �G�L�V�W�D�Q�F�H �I�U�R�P �(�D�U�W�K�¶�V �F�H�Q�W�H�U[�P]

r �5�H�Z�D�U�G [� ]

r t �5�H�Z�D�U�G �D�W �W�L�P�Ht [� ]

R �5�H�W�X�U�Q ���F�X�P�X�O�D�W�L�Y�H �U�H�Z�D�U�G�� [� ]

RE �(�D�U�W�K�¶�V �U�D�G�L�X�V [�P]

Rf �5�D�Q�J�H [�P]

RN �1�R�V�H �U�D�G�L�X�V [�P]



�\�M�Z �'�S�R�X�I�R�X�W

s �'�R�Z�Q�U�D�Q�J�H �G�L�V�W�D�Q�F�H [�P]

s �6�W�D�W�H [� ]

st �6�W�D�W�H �D�W �W�L�P�Ht [� ]

S�U�H�I �5�H�I�H�U�H�Q�F�H �D�U�H�D [�P2]

t �7�L�P�H [�V]

t0 �,�Q�L�W�L�D�O �W�L�P�H [�V]

t f �)�L�Q�D�O �W�L�P�H [�V]

T �7�H�P�S�H�U�D�W�X�U�H [�. ]

T �(�S�L�V�R�G�H �O�H�Q�J�W�K [� ]

Tmax �0�D�[�L�P�X�P �W�H�P�S�H�U�D�W�X�U�H [�. ]

Tstag �6�W�D�J�Q�D�W�L�R�Q �S�R�L�Q�W �W�H�P�S�H�U�D�W�X�U�H [�. ]

Tw �:�D�O�O �W�H�P�S�H�U�D�W�X�U�H [�. ]

u �&�R�Q�W�U�R�O �Y�H�F�W�R�U [� ]

v �9�H�O�R�F�L�W�\ �Y�H�F�W�R�U [�P���V]

vx ; vy ; vz �9�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�V �L�Q �(�&�(�) [�P���V]

v�Q�R�U�P �1�R�U�P�D�O�L�]�H�G �Y�H�O�R�F�L�W�\ [� ]

V �9�H�O�R�F�L�W�\ �P�D�J�Q�L�W�X�G�H [�P���V]

Vc �&�L�U�F�X�O�D�U �R�U�E�L�W�D�O �Y�H�O�R�F�L�W�\ [�P���V]

V�H�T �(�T�X�L�O�L�E�U�L�X�P �J�O�L�G�H �V�S�H�H�G [�P���V]

V�J�F �0�D�[�L�P�X�P �O�R�D�G �I�D�F�W�R�U �V�S�H�H�G [�P���V]

V�T�F �0�D�[�L�P�X�P �K�H�D�W �I�O�X�[ �V�S�H�H�G [�P���V]

W �:�H�L�J�K�W [�1]

x �6�W�D�W�H �Y�H�F�W�R�U [� ]

x0 �,�Q�L�W�L�D�O �V�W�D�W�H [� ]

x f �)�L�Q�D�O �V�W�D�W�H [� ]

x; y; z �3�R�V�L�W�L�R�Q �F�R�R�U�G�L�Q�D�W�H�V �L�Q �(�&�(�) [�P]

a �$�F�F�H�O�H�U�D�W�L�R�Q �Y�H�F�W�R�U [�P���V2]

a�D�H�U�R �$�H�U�R�G�\�Q�D�P�L�F �D�F�F�H�O�H�U�D�W�L�R�Q [�P���V2]

a�F�H�Q�W�U�L�I�X�J�D�O�&�H�Q�W�U�L�I�X�J�D�O �D�F�F�H�O�H�U�D�W�L�R�Q [�P���V2]

a�&�R�U�L�R�O�L�V�&�R�U�L�R�O�L�V �D�F�F�H�O�H�U�D�W�L�R�Q [�P���V2]

a�J�U�D�Y �*�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q [�P���V2]

C �'�L�U�H�F�W�L�R�Q �F�R�V�L�Q�H �P�D�W�U�L�[ [� ]

F �D�H�U�R �$�H�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �Y�H�F�W�R�U [�1]

r �3�R�V�L�W�L�R�Q �Y�H�F�W�R�U [�P]

v �9�H�O�R�F�L�W�\ �Y�H�F�W�R�U [�P���V]

V �(�&�(�) �9�H�O�R�F�L�W�\ �L�Q �(�&�(�) �I�U�D�P�H [�P���V]

V �1�(�' �9�H�O�R�F�L�W�\ �L�Q �1�(�' �I�U�D�P�H [�P���V]

X a �8�Q�L�W �Y�H�F�W�R�U �D�O�R�Q�J �Y�H�O�R�F�L�W�\ ���D�H�U�R�G�\�Q�D�P�L�F �I�U�D�P�H��[� ]

Y a �3�H�U�S�H�Q�G�L�F�X�O�D�U �Y�H�F�W�R�U ���D�H�U�R�G�\�Q�D�P�L�F �I�U�D�P�H��[� ]

Za �9�H�U�W�L�F�D�O �Y�H�F�W�R�U ���D�H�U�R�G�\�Q�D�P�L�F �I�U�D�P�H��[� ]

Ze �8�Q�L�W �Y�H�F�W�R�U �W�R�Z�D�U�G �(�D�U�W�K�¶�V �F�H�Q�W�H�U[� ]

y �6�W�D�W�H �Y�H�F�W�R�U �L�Q �(�&�(�) �F�R�R�U�G�L�Q�D�W�H�V [� ]



�'�S�R�X�I�R�X�W �\�Z

�+�V�I�I�O �7�]�Q�F�S�P�W

� �$�Q�J�O�H �R�I �D�W�W�D�F�N [°]

� �7�H�P�S�H�U�D�W�X�U�H �S�D�U�D�P�H�W�H�U [� ]

� �%�H�D�U�L�Q�J �D�Q�J�O�H [�U�D�G] �R�U[°]

� 12 �%�H�D�U�L�Q�J �I�U�R�P �S�R�L�Q�W �� �W�R �S�R�L�Q�W �� [�U�D�G] �R�U[°]

� 13 �%�H�D�U�L�Q�J �I�U�R�P �S�R�L�Q�W �� �W�R �S�R�L�Q�W �� [�U�D�G] �R�U[°]


 �)�O�L�J�K�W �S�D�W�K �D�Q�J�O�H [�U�D�G] �R�U[°]


 �'�L�V�F�R�X�Q�W �I�D�F�W�R�U [� ]


 0 �,�Q�L�W�L�D�O �I�O�L�J�K�W �S�D�W�K �D�Q�J�O�H [�U�D�G] �R�U[°]


 �Q�R�U�P �1�R�U�P�D�O�L�]�H�G �I�O�L�J�K�W �S�D�W�K �D�Q�J�O�H [� ]

� �$�Q�J�X�O�D�U �G�L�V�W�D�Q�F�H [�U�D�G]

� � max �0�D�[�L�P�X�P �F�K�D�Q�J�H �L�Q �D�Q�J�O�H �R�I �D�W�W�D�F�N [°]

� � max �0�D�[�L�P�X�P �F�K�D�Q�J�H �L�Q �E�D�Q�N �D�Q�J�O�H [°]

� t �7�L�P�H �V�W�H�S [�V]

� � �/�D�W�L�W�X�G�H �G�L�I�I�H�U�H�Q�F�H [�U�D�G] �R�U[°]

� � �/�R�Q�J�L�W�X�G�H �G�L�I�I�H�U�H�Q�F�H [�U�D�G] �R�U[°]

� Eh �(�Q�H�U�J�\ �K�H�L�J�K�W �G�L�I�I�H�U�H�Q�F�H [�P]

_� max �0�D�[�L�P�X�P �U�D�W�H �R�I �F�K�D�Q�J�H �R�I �D�Q�J�O�H �R�I �D�W�W�D�F�N[°=�V]

_� max �0�D�[�L�P�X�P �U�D�W�H �R�I �F�K�D�Q�J�H �R�I �E�D�Q�N �D�Q�J�O�H [°=�V]

� �5�D�Q�G�R�P �Q�R�L�V�H ���V�W�D�Q�G�D�U�G �Q�R�U�P�D�O �G�L�V�W�U�L�E�X�W�L�R�Q��[� ]

� �(�P�L�V�V�L�Y�L�W�\ �R�I �V�X�U�I�D�F�H [� ]

� �(�I�I�L�F�L�H�Q�F�\ �U�D�W�L�R ��� R=� Eh �� [� ]

� �1�H�X�U�D�O �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V ���D�F�W�R�U�� [� ]

� �'�L�I�I�H�U�H�Q�F�H �E�H�D�U�L�Q�J �D�Q�G �K�H�D�G�L�Q�J ��� �  �� [�U�D�G] �R�U[°]

� �Q�R�U�P �1�R�U�P�D�O�L�]�H�G �G�L�I�I�H�U�H�Q�F�H �E�H�D�U�L�Q�J �D�Q�G �K�H�D�G�L�Q�J[� ]

� �/�R�Q�J�L�W�X�G�H [�U�D�G] �R�U[°]

� k �$�F�W�L�Y�H �S�H�Q�D�O�W�\ �I�D�F�W�R�U �D�W �H�S�L�V�R�G�Hk [� ]

� max �0�D�[�L�P�X�P �S�H�Q�D�O�W�\ �P�D�J�Q�L�W�X�G�H [� ]

� c �&�L�U�F�O�H �F�H�Q�W�H�U �O�R�Q�J�L�W�X�G�H [�U�D�G] �R�U[°]

� m �0�L�G�S�R�L�Q�W �O�R�Q�J�L�W�X�G�H [�U�D�G] �R�U[°]

� �(�D�U�W�K�¶�V �J�U�D�Y�L�W�D�W�L�R�Q�D�O �S�D�U�D�P�H�W�H�U[�P3=�V2]

� � �0�H�D�Q �R�I �S�R�O�L�F�\ �G�L�V�W�U�L�E�X�W�L�R�Q [� ]

� �3�R�O�L�F�\ [� ]

� � �3�R�O�L�F�\ �S�D�U�D�P�H�W�H�U�L�]�H�G �E�\� [� ]

� �$�W�P�R�V�S�K�H�U�L�F �G�H�Q�V�L�W�\ [�N�J���P3]

� 0 �6�H�D���O�H�Y�H�O �D�W�P�R�V�S�K�H�U�L�F �G�H�Q�V�L�W�\ [�N�J���P3]

� �%�D�Q�N �D�Q�J�O�H [�U�D�G] �R�U[°]

� �6�W�H�I�D�Q���%�R�O�W�]�P�D�Q�Q �F�R�Q�V�W�D�Q�W [�:�����P2�. 4��]

� � �6�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I �S�R�O�L�F�\ �G�L�V�W�U�L�E�X�W�L�R�Q[� ]

� �7�U�D�M�H�F�W�R�U�\ [� ]

� �/�D�W�L�W�X�G�H [�U�D�G] �R�U[°]

� 1; � 2 �&�U�L�W�L�F �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V [� ]

� c �&�L�U�F�O�H �F�H�Q�W�H�U �O�D�W�L�W�X�G�H [�U�D�G] �R�U[°]

� m �0�L�G�S�R�L�Q�W �O�D�W�L�W�X�G�H [�U�D�G] �R�U[°]
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� �0�D�\�H�U �F�R�V�W ���W�H�U�P�L�Q�D�O �F�R�V�W�� [� ]

 �+�H�D�G�L�Q�J �D�Q�J�O�H [�U�D�G] �R�U[°]

 �U�H�I �5�H�I�H�U�H�Q�F�H �K�H�D�G�L�Q�J [�U�D�G] �R�U[°]

! � �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q �U�D�W�H [�U�D�G���V]

! E �(�D�U�W�K�¶�V �D�Q�J�X�O�D�U �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U [�U�D�G���V]

�7�Y�F�W�G�V�M�T�X�W �E�R�H �7�Y�T�I�V�W�G�V�M�T�X�W

�6�X�E�V�F�U�L�S�W�V

0 �,�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �R�U �V�H�D �O�H�Y�H�O �Y�D�O�X�H

a �$�H�U�R�G�\�Q�D�P�L�F �I�U�D�P�H

c �&�L�U�F�X�O�D�U �R�U�E�L�W�D�O �F�R�Q�G�L�W�L�R�Q �R�U �F�L�U�F�O�H �F�H�Q�W�H�U

�F�R�Q�Y �&�R�Q�Y�H�F�W�L�Y�H

D �'�R�Z�Q �F�R�P�S�R�Q�H�Q�W ���1�(�' �I�U�D�P�H��

e �(�D�U�W�K���F�H�Q�W�H�U�H�G

E �(�D�U�W�K �U�H�O�D�W�H�G

f �)�L�Q�D�O �F�R�Q�G�L�W�L�R�Q

h �5�H�O�D�W�H�G �W�R �H�Q�H�U�J�\ �K�H�L�J�K�W

i �,�Q�G�H�[ �Y�D�U�L�D�E�O�H

k �(�S�L�V�R�G�H �L�Q�G�H�[

m �0�L�G�S�R�L�Q�W �Y�D�O�X�H

N �1�R�U�W�K �F�R�P�S�R�Q�H�Q�W ���1�(�' �I�U�D�P�H��

R �5�H�I�H�U�H�Q�F�H �I�U�D�P�H

s �6�F�D�O�H

t �9�D�O�X�H �D�W �W�L�P�H �V�W�H�St �R�U �W�D�U�J�H�W

V �9�H�K�L�F�O�H �I�U�D�P�H

w �:�D�O�O

x;y;z �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H �F�R�P�S�R�Q�H�Q�W�V

1;2;3 �1�X�P�E�H�U�H�G �L�Q�G�L�F�H�V

12��13 �,�Q�G�L�F�H�V �L�Q�G�L�F�D�W�L�Q�J �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �Q�X�P�E�H�U�H�G �S�R�L�Q�W�V

L ��U �/�R�Z�H�U �D�Q�G �X�S�S�H�U �E�R�X�Q�G�V

max �0�D�[�L�P�X�P �Y�D�O�X�H

min �0�L�Q�L�P�X�P �Y�D�O�X�H

�H�T �(�T�X�L�O�L�E�U�L�X�P �F�R�Q�G�L�W�L�R�Q

�U�H�I �5�H�I�H�U�H�Q�F�H �Y�D�O�X�H

�J�F �0�D�[�L�P�X�P �O�R�D�G �I�D�F�W�R�U �F�R�Q�G�L�W�L�R�Q

�T�F �0�D�[�L�P�X�P �K�H�D�W �I�O�X�[ �F�R�Q�G�L�W�L�R�Q

�D�H�U�R �$�H�U�R�G�\�Q�D�P�L�F

�J�U�D�Y �*�U�D�Y�L�W�D�W�L�R�Q�D�O

�&�R�U�L�R�O�L�V�&�R�U�L�R�O�L�V �D�F�F�H�O�H�U�D�W�L�R�Q

�F�H�Q�W�U�L�I�X�J�D�O�&�H�Q�W�U�L�I�X�J�D�O �D�F�F�H�O�H�U�D�W�L�R�Q

�(�&�(�) �(�D�U�W�K���&�H�Q�W�H�U�H�G �(�D�U�W�K���)�L�[�H�G �I�U�D�P�H

�1�(�' �1�R�U�W�K���(�D�V�W���'�R�Z�Q �I�U�D�P�H



�'�S�R�X�I�R�X�W �\�Z�M�M

�Q�R�U�P �1�R�U�P�D�O�L�]�H�G �Y�D�O�X�H

�S�U�R�J �3�U�R�J�U�H�V�V

�V�W�D�J �6�W�D�J�Q�D�W�L�R�Q �S�R�L�Q�W

�V�W�H�H�S �6�W�H�H�S�Q�H�V�V �S�D�U�D�P�H�W�H�U

�W�R�W�D�O �7�R�W�D�O �Y�D�O�X�H

� �$�F�W�R�U �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V

� 1 ;� 2 �&�U�L�W�L�F �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�V

� �(�D�U�W�K �V�\�P�E�R�O

�6�X�S�H�U�V�F�U�L�S�W�V
T �7�U�D�Q�V�S�R�V�H ���P�D�W�U�L�[��
> �7�U�D�Q�V�S�R�V�H ���Y�H�F�W�R�U��
2 �6�T�X�D�U�H�G
� �2�S�W�L�P�D�O �Y�D�O�X�H
� �(�Y�D�O�X�D�W�H�G �X�Q�G�H�U �S�R�O�L�F�\�

�1�E�X�L�I�Q�E�X�M�G�E�P �2�S�X�E�X�M�S�R

_(�) �7�L�P�H �G�H�U�L�Y�D�W�L�Y�H

�( �) �,�Q�F�U�H�P�H�Q�W �R�U �G�L�I�I�H�U�H�Q�F�H
@f
@x �3�D�U�W�L�D�O �G�H�U�L�Y�D�W�L�Y�H �R�If �Z�L�W�K �U�H�V�S�H�F�W �W�Rx

x(t)��u(t) �6�W�D�W�H �Y�H�F�W�R�U �D�Q�G �F�R�Q�W�U�R�O �Y�H�F�W�R�U �D�W �W�L�P�Ht

kxk �(�X�F�O�L�G�H�D�Q �Q�R�U�P �R�I �Y�H�F�W�R�Ux

minx f (x) �0�L�Q�L�P�L�]�H �I�X�Q�F�W�L�R�Qf (x) �R�Y�H�U �Y�D�U�L�D�E�O�Hx

maxx f (x) �0�D�[�L�P�L�]�H �I�X�Q�F�W�L�R�Qf (x) �R�Y�H�U �Y�D�U�L�D�E�O�Hx

L(x; u; t ) �5�X�Q�Q�L�Q�J �F�R�V�W

f (x; u; t ) �6�\�V�W�H�P �G�\�Q�D�P�L�F�V �I�X�Q�F�W�L�R�Q

g(x; u; t ) �3�D�W�K �F�R�Q�V�W�U�D�L�Q�W �I�X�Q�F�W�L�R�Q

b(x0; t0; x f ; t f ) �%�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �I�X�Q�F�W�L�R�Q

[�]L ��[�]U �/�R�Z�H�U �D�Q�G �X�S�S�H�U �E�R�X�Q�G�V

st ��at ��r t �6�W�D�W�H�� �D�F�W�L�R�Q�� �D�Q�G �U�H�Z�D�U�G �D�W �W�L�P�H �V�W�H�St

s0 �1�H�[�W �V�W�D�W�H �D�I�W�H�U �W�D�N�L�Q�J �D�F�W�L�R�Q

� (ajs) �3�R�O�L�F�\�� �S�U�R�E�D�E�L�O�L�W�\ �R�I �D�F�W�L�R�Qa �J�L�Y�H�Q �V�W�D�W�Hs

Q� (s; a) �4���Y�D�O�X�H�� �H�[�S�H�F�W�H�G �U�H�W�X�U�Q �I�R�U �D�F�W�L�R�Qa �L�Q �V�W�D�W�Hs �X�Q�G�H�U �S�R�O�L�F�\�

Q� i (s; a) �&�U�L�W�L�F �Q�H�W�Z�R�U�N �S�D�U�D�P�H�W�H�U�L�]�H�G �E�\� i

H (� (�js)) �(�Q�W�U�R�S�\ �R�I �S�R�O�L�F�\� �L�Q �V�W�D�W�Hs

L(� ) �/�R�V�V �I�X�Q�F�W�L�R�Q �Z�L�W�K �S�D�U�D�P�H�W�H�U�V�

E[X ] �(�[�S�H�F�W�H�G �Y�D�O�X�H �R�I �U�D�Q�G�R�P �Y�D�U�L�D�E�O�HX

Ex � p[f (x)] �(�[�S�H�F�W�H�G �Y�D�O�X�H �R�If (x) �Z�K�H�Qx �V�D�P�S�O�H�G �I�U�R�P �G�L�V�W�U�L�E�X�W�L�R�Qp

x � p �5�D�Q�G�R�P �Y�D�U�L�D�E�O�Hx �V�D�P�S�O�H�G �I�U�R�P �G�L�V�W�U�L�E�X�W�L�R�Qp

[a; b] �&�O�R�V�H�G �L�Q�W�H�U�Y�D�O �I�U�R�Pa �W�Rb
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log(x) �1�D�W�X�U�D�O �O�R�J�D�U�L�W�K�P �R�Ix

exp(x)��ex �(�[�S�R�Q�H�Q�W�L�D�O �I�X�Q�F�W�L�R�Q

sin(�)��cos(�)��tan( �) �7�U�L�J�R�Q�R�P�H�W�U�L�F �I�X�Q�F�W�L�R�Q�V

arcsin(�)��arccos(�)��arctan(�) �,�Q�Y�H�U�V�H �W�U�L�J�R�Q�R�P�H�W�U�L�F �I�X�Q�F�W�L�R�Q�V
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������ �/�L�P�L�W�D�W�L�R�Q�V �R�I �*�3�0 �>�����@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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������ �7�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �P�R�W�L�R�Q �R�I �D �+�*�9 �>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�������� �0�R�Q�W�H �&�D�U�O�R �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K �U�D�Q�G�R�P �E�D�Q�N �D�Q�J�O�H �D�Q�G �U�D�Q�G�R�P �D�Q�J�O�H �R�I �D�W�W�D�F�N �V�H�W�V �Z�L�W�K

�D�Q �L�Q�L�W�L�D�O �K�H�D�G�L�Q�J �R�I0° �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H �&�R�U�L�R�O�L�V �H�I�I�H�F�W���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �6�L�Q�N �U�D�W�H �F�X�U�Y�H �D�Q�G �J�O�L�G�H �G�L�V�W�D�Q�F�H �Y�H�U�V�X�V �V�S�H�H�G �I�R�U �/�6�� �J�O�L�G�H�U���� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�6�$ �R�S�W�L�P�L�]�D�W�L�R�Q �I�R�U �P�D�[�L�P�X�P �D�Q�G �P�L�Q�L�P�X�P �U�D�Q�J�H�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �2�S�W�L�P�L�]�H�G �V�S�H�H�G �S�U�R�I�L�O�H�V �I�R�U �P�D�[�L�P�X�P �D�Q�G �P�L�Q�L�P�X�P �J�O�L�G�H �G�L�V�W�D�Q�F�H���� �� �� �� �� �� �� �� �� �� ������
�������� �2�S�W�L�P�L�]�H�G �V�S�H�H�G �S�U�R�I�L�O�H�V �I�R�U �P�D�[�L�P�X�P �D�Q�G �P�L�Q�L�P�X�P �J�O�L�G�H �G�L�V�W�D�Q�F�H �X�V�L�Q�J �'�,�'�2���� �� �� �� ����
�������� �*�O�L�G�H�U �G�H�V�F�H�Q�W �P�R�G�H�O �P�D�G�H �E�\ �U�H�L�Q�I�R�U�F�H�P�H�Q�W �O�H�D�U�Q�L�Q�J�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �7�K�U�H�H �G�L�P�H�Q�V�L�R�Q�D�O �L�Q�W�H�U�S�R�O�D�W�L�R�Q �R�I �D�H�U�R�G�\�Q�D�P�L�F �G�D�W�D���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�Q�R�P�D�O�\ �Z�L�W�K �D�H�U�R�G�\�Q�D�P�L�F �G�D�W�D �D�W �K�L�J�K �D�O�W�L�W�X�G�H�V �������� �N�P�� �D�Q�G �O�R�Z �0�D�F�K �Q�X�P�E�H�U�V�� �� �� ����
������ �&�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �H�[�S�R�Q�H�Q�W�L�D�O �D�W�P�R�V�S�K�H�U�H �D�Q�G �W�K�H �8�6�6�$�������� �D�W�P�R�V�S�K�H�U�H�� �Z�L�W�K

�G�H�Q�V�L�W�\ �G�L�I�I�H�U�H�Q�F�H �R�Q �W�K�H �O�H�I�W �D�Q�G �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H �R�Q �W�K�H �U�L�J�K�W���� �� �� �� �� �� �� �� �� �� ������
������ �6�S�K�H�U�L�F�D�O �W�U�L�J�R�Q�R�P�H�W�U�\ �>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �(�&�(�) �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H �V�\�V�W�H�P �>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �'�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �1�R�U�W�K���(�D�V�W���'�R�Z�Q �U�H�I�H�U�H�Q�F�H �I�U�D�P�H �>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �'�\�Q�D�P�L�F �S�U�H�V�V�X�U�H �Y�H�U�V�X�V �W�L�P�H �R�I �W�K�H �5�$�0 �&���,�,�, �U�H���H�Q�W�U�\ �Y�H�K�L�F�O�H �>�����@���� �� �� �� �� �� �� �� �� �� ������
������ �7�H�P�S�H�U�D�W�X�U�H �I�R�U �Y�D�U�\�L�Q�J �D�Q�J�O�H �R�I �D�W�W�D�F�N �D�Q�G �0�D�F�K �Q�X�P�E�H�U�V �D�W �D�Q �D�O�W�L�W�X�G�H �R�I40 �N�L�O�R�P�H�W�H�U�V������
������ �&�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �Q�R�Q�D�E�O�D�W�L�Q�J �D�Q�G �D�E�O�D�W�L�Q�J �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H�V �D�W �W�K�H �V�W�D�J�Q�D�W�L�R�Q �S�R�L�Q�W

�>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �6�S�H�H�G �Y�H�U�V�X�V �$�O�W�L�W�X�G�H �3�U�R�I�L�O�H �Z�L�W�K �&�R�Q�V�W�U�D�L�Q�W �9�L�R�O�D�W�L�R�Q�V�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �(�[�S�R�Q�H�Q�W�L�D�O �S�H�Q�D�O�W�\ �I�X�Q�F�W�L�R�Q �Z�L�W�K �Y�D�U�\�L�Q�J �V�W�H�H�S�Q�H�V�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �/�R�J�D�U�L�W�K�P�L�F �5�D�Q�J�H �*�D�L�Q �S�H�U �(�Q�H�U�J�\ �+�H�L�J�K�W �/�R�V�V �I�R�U �Y�D�U�L�R�X�V �$�R�$���� �� �� �� �� �� �� �� �� �� �� ������
�������� �:�R�U�N�L�Q�J �R�I �5�H�L�Q�I�R�U�F�H�P�H�Q�W �/�H�D�U�Q�L�Q�J �>�����@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �$�U�W�L�V�W �L�P�S�U�H�V�V�L�R�Q�V �R�I �W�K�H �+�7�9���� �D�Q�G �'�)���=�) �+�\�S�H�U�V�R�Q�L�F �*�O�L�G�H �9�H�K�L�F�O�H�V���� �� �� �� �� �� �� �� �� ������
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �I�R�U �P�D�[�L�P�X�P �U�D�Q�J�H �I�R�U �W�K�H �+�7�9���� �+�*�9���� �� ����
�������� �6�S�H�H�G �Y�H�U�V�X�V �D�O�W�L�W�X�G�H �S�U�R�I�L�O�H �I�R�U �+�7�9���� �P�D�[�L�P�X�P �U�D�Q�J�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� ������
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �I�R�U �P�L�Q�L�P�X�P �U�D�Q�J�H �I�R�U �W�K�H �+�7�9���� �+�*�9���� �� ����
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �I�R�U �P�D�[�L�P�X�P �F�U�R�V�V �U�D�Q�J�H �I�R�U �W�K�H �+�7�9���� �+�*�9������
�������� �&�R�Q�V�W�U�D�L�Q�W �P�D�U�J�L�Q�V �D�Q�G �V�S�H�H�G �Y�H�U�V�X�V �D�O�W�L�W�X�G�H �S�U�R�I�L�O�H �I�R�U �G�L�U�H�F�W�L�R�Q �U�H�Y�H�U�V�D�O �W�U�D�M�H�F�W�R�U�\�� �� ����
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �I�R�U �P�D�[�L�P�X�P �U�D�Q�J�H �I�R�U �W�K�H �'�)���=�) �+�*�9���� ����
�������� �6�S�H�H�G �Y�H�U�V�X�V �D�O�W�L�W�X�G�H �S�U�R�I�L�O�H �I�R�U �F�R�Q�V�W�D�Q�W8° �$�R�$ �R�Q �W�K�H �O�H�I�W �D�Q�G �W�K�H �5�/ �D�J�H�Q�W�¶�V �O�H�D�U�Q�H�G

�S�R�O�L�F�\ �R�Q �W�K�H �U�L�J�K�W���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�������� �9�H�O�R�F�L�W�\ �F�R�Q�V�W�U�D�L�Q�W �P�D�U�J�L�Q�V �Y�H�U�V�X�V �I�O�L�J�K�W �W�L�P�H �I�R�U �F�R�Q�V�W�D�Q�W �$�R�$ �D�Q�G �5�/ �D�J�H�Q�W�¶�V �D�G�D�S�W�H�G
�W�U�D�M�H�F�W�R�U�\�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�������� �$�Q�J�O�H �R�I �D�W�W�D�F�N �Y�H�U�V�X�V �W�L�P�H �Z�L�W�K �L�Q�W�U�R�G�X�F�H�G �I�O�D�U�H �P�D�Q�H�X�Y�H�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �6�W�H�U�H�R�J�U�D�S�K�L�F �S�U�R�M�H�F�W�L�R�Q �F�H�Q�W�H�U�H�G �R�Q �W�K�H �1�R�U�W�K �3�R�O�H �>�����@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �)�R�R�W�S�U�L�Q�W �W�U�D�M�H�F�W�R�U�L�H�V �D�Q�G �W�D�U�J�H�W �S�R�L�Q�W�V �I�R�U �+�7�9���� �D�Q�G �'�)���=�)�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �W�K�H �������G�L�U�H�F�W�L�R�Q

�D�]�L�P�X�W�K�D�O �V�D�P�S�O�L�Q�J �V�W�U�D�W�H�J�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �&�R�P�S�D�U�L�V�R�Q �R�I �I�R�R�W�S�U�L�Q�W�V �I�R�U �W�K�H �+�7�9���� �D�Q�G �'�)���=�) �K�\�S�H�U�V�R�Q�L�F �J�O�L�G�H �Y�H�K�L�F�O�H�V �I�U�R�P �W�K�H

�L�Q�L�W�L�D�O �S�R�V�L�W�L�R�Q �D�F�U�R�V�V ���� �H�Y�H�Q�O�\ �G�L�V�W�U�L�E�X�W�H�G �K�H�D�G�L�Q�J �G�L�U�H�F�W�L�R�Q�V�� �7�K�H �U�H�G �V�K�D�G�H�G �D�U�H�D
�U�H�S�U�H�V�H�Q�W�V �W�K�H �R�S�H�U�D�W�L�R�Q�D�O �U�D�Q�J�H �H�Q�Y�H�O�R�S�H�� �D�Q�G �W�U�D�M�H�F�W�R�U�\ �F�R�O�R�U�V �D�U�H �X�V�H�G �W�R �G�L�V�W�L�Q�J�X�L�V�K
�L�Q�G�L�Y�L�G�X�D�O �I�O�L�J�K�W �S�D�W�K�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�������� �)�R�R�W�S�U�L�Q�W�V �I�R�U �R�S�S�R�V�L�W�H �O�D�X�Q�F�K �K�H�D�G�L�Q�J�V �I�R�U �E�R�W�K �+�7�9���� �D�Q�G �'�)���=�) �W�R �Y�H�U�L�I�\ �W�K�H �1�R�U�W�K��
�6�R�X�W�K �6�\�P�P�H�W�U�\ �D�Q�G �&�R�U�L�R�O�L�V �(�I�I�H�F�W���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�������� �)�R�R�W�S�U�L�Q�W�V �I�R�U �Z�H�V�W�Z�D�U�G �O�D�X�Q�F�K�H�V �V�K�R�Z�L�Q�J �U�H�G�X�F�H�G �U�D�Q�J�H �F�R�P�S�D�U�H�G �W�R �H�D�V�W�Z�D�U�G �W�U�D�M�H�F��
�W�R�U�L�H�V �G�X�H �W�R �(�D�U�W�K�¶�V �U�R�W�D�W�L�R�Q �H�I�I�H�F�W�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�������� �&�R�P�S�D�U�L�V�R�Q �R�I �W�Z�R �I�R�R�W�S�U�L�Q�W�V �R�I �G�L�I�I�H�U�H�Q�W �+�*�9�V �R�Q �D�U�E�L�W�U�D�U�\ �O�R�F�D�W�L�R�Q �R�Q �(�D�U�W�K���� �� �� �� �� ��������
�������� �&�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �W�Z�R �I�R�R�W�S�U�L�Q�W�V �R�I �W�K�H �+�7�9���� �Z�L�W�K �G�L�I�I�H�U�H�Q�W �F�R�Q�W�U�R�O �D�X�W�K�R�U�L�W�L�H�V���� �� �� �� ��������
�������� ���' �I�R�R�W�S�U�L�Q�W �R�I �W�K�H �+�7�9���� �V�K�R�Z�L�Q�J �V�N�L�S���J�O�L�G�H �W�U�D�M�H�F�W�R�U�L�H�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� ���' �I�R�R�W�S�U�L�Q�W �R�I �W�K�H �'�)���=�) �V�K�R�Z�L�Q�J �O�R�Z�H�U �D�O�W�L�W�X�G�H �V�N�L�S �W�U�D�M�H�F�W�R�U�L�H�V �G�X�H �W�R �U�H�G�X�F�H�G �H�Q�H�U�J�\

�V�W�D�W�H �F�R�P�S�D�U�H�G �W�R �W�K�H �+�7�9�������� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �8�Q�L�I�R�U�P �V�S�D�W�L�D�O �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �U�D�Q�G�R�P�O�\ �J�H�Q�H�U�D�W�H�G �W�D�U�J�H�W �S�R�L�Q�W�V�� �V�K�R�Z�L�Q�J �F�R�U�U�H�F�W �D�U�H�D��

�X�Q�L�I�R�U�P �V�D�P�S�O�L�Q�J���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �W�R �Q�D�Y�L�J�D�W�H �W�R�Z�D�U�G�V �D�U�E�L�W�U�D�U�\ �W�D�U�J�H�W �S�R�L�Q�W���� ������
�������� �*�U�R�X�Q�G �W�U�D�M�H�F�W�R�U�\ �D�Q�G �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H �L�Q�S�X�W�V �W�R �Q�D�Y�L�J�D�W�H �W�R�Z�D�U�G�V �W�D�U�J�H�W �S�R�L�Q�W �F�O�R�V�H �W�R

�W�K�H �L�Q�L�W�L�D�O �S�R�V�L�W�L�R�Q�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �O�H�D�U�Q�H�G �E�D�Q�N �U�H�Y�H�U�V�D�O�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �+�7�9���� �I�R�R�W�S�U�L�Q�W �J�H�Q�H�U�D�W�H�G �Z�L�W�K ������ �P�D�[�L�P�X�P���U�D�Q�J�H �W�U�D�M�H�F�W�R�U�L�H�V �L�Q �H�Y�H�Q�O�\ �V�S�D�F�H�G �G�L�U�H�F��

�W�L�R�Q�V �I�U�R�P �L�Q�L�W�L�D�O �S�R�V�L�W�L�R�Q���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �1�)�= �D�Y�R�L�G�D�Q�F�H �W�U�D�M�H�F�W�R�U�\ �Z�L�W�K �H�I�I�L�F�L�H�Q�W �G�H�W�R�X�U �U�R�X�W�L�Q�J �D�U�R�X�Q�G �1�)�= �S�R�V�L�W�L�R�Q�H�G �E�H�W�Z�H�H�Q

�V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q �D�Q�G �W�D�U�J�H�W �S�R�L�Q�W���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �+�*�9 �W�U�D�M�H�F�W�R�U�\ �V�K�R�Z�L�Q�J �1�)�= �D�Y�R�L�G�D�Q�F�H �D�W �G�L�I�I�H�U�H�Q�W �J�H�R�J�U�D�S�K�L�F �O�R�F�D�W�L�R�Q �D�Q�G �G�L�I�I�H�U�H�Q�W

�S�R�V�L�W�L�R�Q �R�I �1�)�= �U�H�O�D�W�L�Y�H �W�R �R�U�L�J�L�Q �D�Q�G �W�D�U�J�H�W���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �7�U�D�M�H�F�W�R�U�\ �R�I �W�K�H �+�*�9 �Z�L�W�K �W�D�U�J�H�W �S�R�L�Q�W �S�R�V�L�W�L�R�Q�H�G �D�G�M�D�F�H�Q�W �W�R �1�)�= �E�R�X�Q�G�D�U�\�� �� �� �� �� ��������
�������� �1�)�= �O�R�F�D�W�H�G �W�R�R �F�O�R�V�H �W�R �W�K�H �L�Q�L�W�L�D�O �S�R�V�L�W�L�R�Q �Z�K�L�F�K �Z�L�O�O �U�H�V�X�O�W �L�Q �D �Y�L�R�O�D�W�L�R�Q�� �Z�K�H�U�H �W�K�H

�W�D�U�J�H�W �S�R�L�Q�W �L�V �S�R�V�L�W�L�R�Q�H�G �D�W� = 0°; � = 60°�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �0�H�D�Q �U�R�O�O�R�X�W �U�H�Z�D�U�G�� �V�K�R�Z�L�Q�J �T�X�L�F�N �H�D�U�O�\ �O�H�D�U�Q�L�Q�J �I�R�O�O�R�Z�H�G �E�\ �K�L�J�K �Y�D�U�L�D�E�L�O�L�W�\ �W�K�U�R�X�J�K�R�X�W

�W�U�D�L�Q�L�Q�J���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �0�H�D�Q �H�S�L�V�R�G�H �O�H�Q�J�W�K �G�X�U�L�Q�J �W�U�D�L�Q�L�Q�J �U�R�O�O�R�X�W�V�� �Z�K�L�F�K �V�K�R�Z�V �U�D�S�L�G �L�Q�L�W�L�D�O �L�Q�F�U�H�D�V�H �I�R�O�O�R�Z�H�G

�E�\ �V�W�D�E�O�H �S�O�D�W�H�D�X���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �$�F�W�R�U �O�R�V�V �G�X�U�L�Q�J �W�U�D�L�Q�L�Q�J�� �V�K�R�Z�L�Q�J �T�X�L�F�N �L�Q�L�W�L�D�O �O�H�D�U�Q�L�Q�J �I�R�O�O�R�Z�H�G �E�\ �V�W�D�E�O�H �F�R�Q�Y�H�U�J�H�Q�F�H��������
�������� �&�U�L�W�L�F �O�R�V�V �G�X�U�L�Q�J �W�U�D�L�Q�L�Q�J�� �V�K�R�Z�L�Q�J �U�H�G�X�F�W�L�R�Q �I�U�R�P �L�Q�L�W�L�D�O �V�S�L�N�H�V �D�Q�G �F�R�Q�Y�H�U�J�H�Q�F�H �W�R �O�R�Z

�Y�D�O�X�H���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �5�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �+�� �J�U�L�G �R�Q �(�D�U�W�K �>�����@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
������ �0�R�Q�W�H �&�D�U�O�R �6�L�P�X�O�D�W�L�R�Q �Z�L�W�K ������ �P�L�O�O�L�R�Q �W�U�D�M�H�F�W�R�U�L�H�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �)�R�R�W�S�U�L�Q�W �V�H�Q�V�L�W�L�Y�L�W�\ �W�R �L�Q�L�W�L�D�O �I�O�L�J�K�W �S�D�W�K �D�Q�J�O�H ��� 0:5°���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
������ �7�U�D�M�H�F�W�R�U�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �I�R�U �L�Q�L�W�L�D�O �I�O�L�J�K�W �S�D�W�K �D�Q�J�O�H �Y�D�U�L�D�W�L�R�Q�V �V�K�R�Z�L�Q�J �D�O�W�L�W�X�G�H �Y�V �Y�H�O�R�F�L�W�\��

�G�\�Q�D�P�L�F �S�U�H�V�V�X�U�H �Y�V �W�L�P�H�� �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �Y�V �W�L�P�H �D�Q�G �J �O�R�D�G �I�D�F�W�R�U �Y�V �W�L�P�H �I�R�U

 0 = � 3:5°; � 3:0°; � 2:5° �D�Q�G �E�D�V�H�O�L�Q�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �)�R�R�W�S�U�L�Q�W �V�H�Q�V�L�W�L�Y�L�W�\ �W�R �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ ��� 100m
s ������ �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �7�U�D�M�H�F�W�R�U�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �I�R�U �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �Y�D�U�L�D�W�L�R�Q�V �V�K�R�Z�L�Q�J �D�O�W�L�W�X�G�H �Y�V �Y�H�O�R�F�L�W�\�� �G�\��
�Q�D�P�L�F �S�U�H�V�V�X�U�H �Y�V �W�L�P�H�� �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �Y�V �W�L�P�H �D�Q�G �J �O�R�D�G �I�D�F�W�R�U �Y�V �W�L�P�H �I�R�UV0 =
6100; 6000; 5900�P���V �D�Q�G �E�D�V�H�O�L�Q�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �)�R�R�W�S�U�L�Q�W �V�H�Q�V�L�W�L�Y�L�W�\ �W�R �L�Q�L�W�L�D�O �D�O�W�L�W�X�G�H ��� 10km������ �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
������ �7�U�D�M�H�F�W�R�U�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �I�R�U �L�Q�L�W�L�D�O �D�O�W�L�W�X�G�H �Y�D�U�L�D�W�L�R�Q�V �V�K�R�Z�L�Q�J �D�O�W�L�W�X�G�H �Y�V �Y�H�O�R�F�L�W�\�� �G�\��

�Q�D�P�L�F �S�U�H�V�V�X�U�H �Y�V �W�L�P�H�� �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �Y�V �W�L�P�H �D�Q�G �J �O�R�D�G �I�D�F�W�R�U �Y�V �W�L�P�H �I�R�Uh0 =
110; 100; 90 �N�P �D�Q�G �E�D�V�H�O�L�Q�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������



�0�M�W�X �S�J �*�M�K�Y�V�I�W �\�\�M

������ �)�R�R�W�S�U�L�Q�W �V�H�Q�V�L�W�L�Y�L�W�\ �W�R �Y�H�K�L�F�O�H �P�D�V�V ��� 10%���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
������ �7�U�D�M�H�F�W�R�U�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �I�R�U �P�D�V�V �Y�D�U�L�D�W�L�R�Q�V �V�K�R�Z�L�Q�J �D�O�W�L�W�X�G�H �Y�V �Y�H�O�R�F�L�W�\�� �G�\�Q�D�P�L�F �S�U�H�V��

�V�X�U�H �Y�V �W�L�P�H�� �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �Y�V �W�L�P�H �D�Q�G �J �O�R�D�G �I�D�F�W�R�U �Y�V �W�L�P�H �I�R�Um = 1965; 2184; 2402
�N�J �D�Q�G �E�D�V�H�O�L�Q�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

������ �)�R�R�W�S�U�L�Q�W �V�H�Q�V�L�W�L�Y�L�W�\ �W�R �V�X�U�I�D�F�H �D�U�H�D�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�������� �7�U�D�M�H�F�W�R�U�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �I�R�U �V�X�U�I�D�F�H �D�U�H�D �Y�D�U�L�D�W�L�R�Q�V �V�K�R�Z�L�Q�J �D�O�W�L�W�X�G�H �Y�V �Y�H�O�R�F�L�W�\�� �G�\��

�Q�D�P�L�F �S�U�H�V�V�X�U�H �Y�V �W�L�P�H�� �V�X�U�I�D�F�H �W�H�P�S�H�U�D�W�X�U�H �Y�V �W�L�P�H �D�Q�G �J���O�R�D�G �I�D�F�W�R�U �Y�V �W�L�P�H �I�R�USref =
3:96; 4:4; 4:84 �P2 �D�Q�G �E�D�V�H�O�L�Q�H �W�U�D�M�H�F�W�R�U�\���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�%���� �6�W�H�D�G�\���V�W�D�W�H �7�3�6 �K�H�D�W�L�Q�J �P�R�G�H�O �>�����@�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
�%���� �6�S�H�F�L�I�L�F �V�W�U�H�Q�J�W�K �Y�H�U�V�X�V �W�H�P�S�H�U�D�W�X�U�H �I�R�U �G�L�I�I�H�U�H�Q�W �P�D�W�H�U�L�D�O�V���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�&���� �7�K�H �D�W�W�D�L�Q�D�E�O�H �H�Q�Y�H�O�R�S�H �R�I �D�Q �D�L�U���E�U�H�D�W�K�L�Q�J �Y�H�K�L�F�O�H �L�Q �V�S�D�F�H �>�������@�� �D�G�D�S�W�H�G �E�\ �0�R�R�L�M �H�W
�D�O�� �>�����@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������

�&���� �7�K�H �I�O�R�Z �I�H�D�W�X�U�H�V �R�Q �D�Q �$�+�)�9 �>�������@���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��������
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�3�U�L�P�D�U�\ �6�W�D�N�H�K�R�O�G�H�U�V

�‡�1�H�W�K�H�U�O�D�Q�G�V �$�H�U�R�V�S�D�F�H �&�H�Q�W�H�U ���1�/�5��
�$�V �W�K�H �F�R�P�P�L�V�V�L�R�Q�H�U�� �1�/�5 �L�V �W�K�H �S�U�L�P�D�U�\ �V�W�D�N�H�K�R�O�G�H�U�� �7�K�H�\ �G�H�I�L�Q�H �W�K�H �S�U�R�E�O�H�P �V�F�R�S�H�� �S�U�R�Y�L�G�H
�D�F�F�H�V�V �W�R �U�H�O�H�Y�D�Q�W �G�D�W�D�� �W�R�R�O�V�� �R�U �H�[�S�H�U�W�V�� �D�Q�G �Z�L�O�O �H�Y�D�O�X�D�W�H �W�K�H �S�U�D�F�W�L�F�D�O �U�H�O�H�Y�D�Q�F�H �R�I �W�K�H �U�H�V�X�O�W�V��
�7�K�H �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �D�U�H �H�[�S�H�F�W�H�G �W�R �F�R�Q�W�U�L�E�X�W�H �G�L�U�H�F�W�O�\ �W�R �W�K�H �R�Q�J�R�L�Q�J �Z�R�U�N �R�I �1�/�5��

�‡�7�8 �'�H�O�I�W �� �6�X�S�H�U�Y�L�V�R�U�V �D�Q�G �$�F�D�G�H�P�L�F �6�W�D�I�I
�7�K�H �D�F�D�G�H�P�L�F �V�X�S�H�U�Y�L�V�R�U�V �H�Q�V�X�U�H �W�K�H �V�F�L�H�Q�W�L�I�L�F �T�X�D�O�L�W�\ �R�I �W�K�H �W�K�H�V�L�V �D�Q�G �P�D�N�H �V�X�U�H �W�K�H �W�K�H�V�L�V �L�V
�D�F�F�R�U�G�L�Q�J �W�R �J�X�L�G�H�O�L�Q�H�V�� �7�K�H�\ �S�U�R�Y�L�G�H �J�X�L�G�D�Q�F�H �R�Q �U�H�V�H�D�U�F�K �G�H�V�L�J�Q �D�Q�G �D�O�L�J�Q�P�H�Q�W �Z�L�W�K �D�F�D�G�H�P�L�F
�V�W�D�Q�G�D�U�G�V�� �7�K�H �W�K�H�V�L�V �P�X�V�W �P�H�H�W �W�K�H �U�H�T�X�L�U�H�P�H�Q�W�V �R�I �W�K�H �7�8 �'�H�O�I�W �W�R �E�H �F�R�Q�V�L�G�H�U�H�G �I�R�U �J�U�D�G�X�D�W�L�R�Q��

�6�H�F�R�Q�G�D�U�\ �6�W�D�N�H�K�R�O�G�H�U�V

�‡�(�Q�J�L�Q�H�H�U�V �D�W �1�/�5
�7�K�H �H�Q�J�L�Q�H�H�U�V �D�W �1�/�5 �D�U�H �D�I�I�H�F�W�H�G �E�\ �W�K�H �U�H�V�H�D�U�F�K �R�X�W�F�R�P�H�V �D�V �W�K�H�\ �F�D�Q �X�V�H �W�K�H �I�L�Q�G�L�Q�J�V �R�I �W�K�H
�W�K�H�V�L�V �L�Q �W�K�H�L�U �D�F�F�R�U�G�L�Q�J �S�U�R�M�H�F�W�V��

�‡�)�X�W�X�U�H �V�W�X�G�H�Q�W�V �R�U �L�Q�W�H�U�Q�V
�7�K�H �W�K�H�V�L�V �P�D�\ �V�H�U�Y�H �D�V �W�K�H �I�R�X�Q�G�D�W�L�R�Q �R�U �U�H�I�H�U�H�Q�F�H �I�R�U �I�X�W�X�U�H �V�W�X�G�H�Q�W�V �Z�K�R �D�U�H �Z�R�U�N�L�Q�J �R�Q �V�L�P�L�O�D�U
�S�U�R�E�O�H�P�V �Z�L�W�K�L�Q �7�8 �'�H�O�I�W �R�U �D�W �1�/�5��

�‡�(�X�U�R�S�H�D�Q �6�S�D�F�H �$�J�H�Q�F�\ ���(�6�$��
�(�6�$ �K�D�V �L�Q�W�H�U�H�V�W �L�Q �K�\�S�H�U�V�R�Q�L�F �W�H�F�K�Q�R�O�R�J�L�H�V �I�R�U �D�W�P�R�V�S�K�H�U�L�F �U�H�H�Q�W�U�\ �Y�H�K�L�F�O�H�V �D�Q�G �S�R�W�H�Q�W�L�D�O �V�S�D�F�H
�S�O�D�Q�H �G�H�Y�H�O�R�S�P�H�Q�W�� �7�K�H �U�H�V�H�D�U�F�K �I�L�Q�G�L�Q�J�V �R�Q �+�*�9 �W�U�D�M�H�F�W�R�U�\ �R�S�W�L�P�L�]�D�W�L�R�Q �D�Q�G �G�X�D�O �F�R�Q�W�U�R�O �V�W�U�D�W�H��
�J�L�H�V �F�R�X�O�G �L�Q�I�R�U�P �W�K�H�L�U �S�U�R�J�U�D�P�V �R�Q �U�H�H�Q�W�U�\ �J�X�L�G�D�Q�F�H��

�‡�1�$�6�$
�1�$�6�$ �L�V �D�F�W�L�Y�H�O�\ �U�H�V�H�D�U�F�K�L�Q�J �K�\�S�H�U�V�R�Q�L�F �I�O�L�J�K�W �I�R�U �D�W�P�R�V�S�K�H�U�L�F �U�H�H�Q�W�U�\�� �7�K�H �P�H�W�K�R�G�R�O�R�J�\ �G�H�Y�H�O��
�R�S�H�G �L�Q �W�K�L�V �W�K�H�V�L�V �I�R�U �K�D�Q�G�O�L�Q�J �F�R�X�S�O�H�G �Q�R�Q�O�L�Q�H�D�U �G�\�Q�D�P�L�F�V �D�Q�G �F�R�Q�V�W�U�D�L�Q�W �V�D�W�L�V�I�D�F�W�L�R�Q �F�R�X�O�G �E�H
�D�S�S�O�L�F�D�E�O�H �W�R �W�K�H�L�U �W�U�D�M�H�F�W�R�U�\ �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P�V��

�‡�'�X�W�F�K �0�L�Q�L�V�W�U�\ �R�I �'�H�I�H�Q�V�H
�'�X�H �W�R �W�K�H �V�W�U�D�W�H�J�L�F �L�P�S�O�L�F�D�W�L�R�Q�V �R�I �K�\�S�H�U�V�R�Q�L�F �J�O�L�G�H �Y�H�K�L�F�O�H �W�H�F�K�Q�R�O�R�J�\�� �W�K�H �'�X�W�F�K �0�L�Q�L�V�W�U�\ �R�I
�'�H�I�H�Q�V�H �K�D�V �D�Q �L�Q�W�H�U�H�V�W �L�Q �G�H�Y�H�O�R�S�P�H�Q�W�V �L�Q �W�K�L�V �I�L�H�O�G �I�U�R�P �G�H�I�H�Q�V�H �S�H�U�V�S�H�F�W�L�Y�H�V�� �8�Q�G�H�U�V�W�D�Q�G�L�Q�J
�W�K�H �R�S�H�U�D�W�L�R�Q�D�O �F�D�S�D�E�L�O�L�W�L�H�V �D�Q�G �O�L�P�L�W�D�W�L�R�Q�V �R�I �+�*�9�V �L�V �U�H�O�H�Y�D�Q�W �I�R�U �Q�D�W�L�R�Q�D�O �V�H�F�X�U�L�W�\ �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V��

�‡�1�$�7�2
�1�$�7�2 �D�O�O�L�H�V �F�R�O�O�D�E�R�U�D�W�H �R�Q �G�H�I�H�Q�V�H �U�H�V�H�D�U�F�K�� �L�Q�F�O�X�G�L�Q�J �K�\�S�H�U�V�R�Q�L�F �V�\�V�W�H�P�V�� �7�K�H �R�S�W�L�P�L�]�D�W�L�R�Q

����



���� �'�L�E�T�X�I�V ���� �7�X�E�O�I�L�S�P�H�I�V �%�R�E�P�]�W�M�W

�P�H�W�K�R�G�R�O�R�J�L�H�V �D�Q�G �I�R�R�W�S�U�L�Q�W �D�Q�D�O�\�V�L�V �W�H�F�K�Q�L�T�X�H�V �G�H�Y�H�O�R�S�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �F�R�X�O�G �F�R�Q�W�U�L�E�X�W�H �W�R �D
�E�U�R�D�G�H�U �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �+�*�9 �F�D�S�D�E�L�O�L�W�L�H�V��

�‡�7�1�2
�2�U�J�D�Q�L�]�D�W�L�R�Q�V �O�L�N�H �7�1�2 �D�Q�G �V�L�P�L�O�D�U �G�H�I�H�Q�V�H �U�H�V�H�D�U�F�K �L�Q�V�W�L�W�X�W�H�V �K�D�Y�H �L�Q�W�H�U�H�V�W �L�Q �K�\�S�H�U�V�R�Q�L�F �W�H�F�K��
�Q�R�O�R�J�L�H�V �I�R�U �E�R�W�K �P�L�O�L�W�D�U�\ �D�S�S�O�L�F�D�W�L�R�Q�V �D�Q�G �F�L�Y�L�O�L�D�Q �W�H�F�K�Q�R�O�R�J�L�H�V�� �7�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �D�S�S�U�R�D�F�K�H�V
�G�H�Y�H�O�R�S�H�G �F�R�X�O�G �E�H �U�H�O�H�Y�D�Q�W �I�R�U �W�K�H�L�U �V�L�P�X�O�D�W�L�R�Q �D�Q�G �D�Q�D�O�\�V�L�V �Z�R�U�N��

���������2�0�6 �)�\�T�I�G�X�E�X�M�S�R�W
�7�R�J�H�W�K�H�U �Z�L�W�K �1�/�5�� �W�K�H �I�R�O�O�R�Z�L�Q�J �W�K�H�V�L�V �R�X�W�O�L�Q�H �K�D�V �E�H�H�Q �W�K�R�X�J�K�W �R�I�� �Z�K�L�F�K �U�H�V�X�O�W�H�G �L�Q �D�Q �D�V�V�L�J�Q�P�H�Q�W
�W�K�D�W �1�/�5 �Z�L�O�O �E�H�Q�H�I�L�W �I�U�R�P �L�Q �F�R�P�E�L�Q�D�W�L�R�Q �Z�L�W�K �D �V�X�L�W�D�E�O�H �J�U�D�G�X�D�W�L�R�Q �S�U�R�M�H�F�W��

�7�K�L�V �W�K�H�V�L�V �V�K�D�O�O �G�H�Y�H�O�R�S �D�Q �R�S�W�L�P�D�O �J�X�L�G�D�Q�F�H �V�W�U�D�W�H�J�\ �I�R�U �D �+�\�S�H�U�V�R�Q�L�F �*�O�L�G�H �9�H�K�L�F�O�H �X�V�L�Q�J �V�L�P�X�O�W�D�Q�H��
�R�X�V �D�Q�J�O�H �R�I �D�W�W�D�F�N �D�Q�G �E�D�Q�N �D�Q�J�O�H �F�R�Q�W�U�R�O �W�R �P�D�[�L�P�L�]�H �W�K�H �U�H�D�F�K�D�E�O�H �I�R�R�W�S�U�L�Q�W �Z�L�W�K�L�Q �I�O�L�J�K�W �F�R�Q�V�W�U�D�L�Q�W�V��
�7�K�H �G�X�D�O �F�R�Q�W�U�R�O �D�S�S�U�R�D�F�K �L�V �W�R �I�X�O�O�\ �H�[�S�O�R�L�W �W�K�H �+�*�9�V �P�D�Q�H�X�Y�H�U�D�E�L�O�L�W�\ �E�\ �F�R�R�U�G�L�Q�D�W�L�Q�J �E�R�W�K �F�R�Q�W�U�R�O
�L�Q�S�X�W�V �W�K�U�R�X�J�K�R�X�W �W�K�H �W�U�D�M�H�F�W�R�U�\�� �L�Q�V�W�H�D�G �R�I �X�V�L�Q�J �S�U�H���G�H�I�L�Q�H�G �D�Q�J�O�H �R�I �D�W�W�D�F�N �S�U�R�I�L�O�H�V �Z�L�W�K �E�D�Q�N �D�Q�J�O�H
�U�H�Y�H�U�V�D�O �V�W�U�D�W�H�J�L�H�V��

�7�K�H �S�U�L�P�D�U�\ �F�K�D�O�O�H�Q�J�H �O�L�H�V �L�Q �W�K�H �F�R�X�S�O�H�G �Q�R�Q�O�L�Q�H�D�U �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �E�D�Q�N �D�Q�J�O�H �D�Q�G �D�Q�J�O�H �R�I �D�W�W�D�F�N
�F�R�Q�W�U�R�O�� �7�U�D�G�L�W�L�R�Q�D�O �R�S�W�L�P�L�]�D�W�L�R�Q �P�H�W�K�R�G�V �V�W�U�X�J�J�O�H �Z�L�W�K �W�K�L�V �G�X�D�O �F�R�Q�W�U�R�O �S�U�R�E�O�H�P�� �H�V�S�H�F�L�D�O�O�\ �Z�K�H�Q �J�H�Q��
�H�U�D�W�L�Q�J �F�R�P�S�O�H�W�H �I�R�R�W�S�U�L�Q�W�V �U�H�T�X�L�U�L�Q�J �I�H�D�V�L�E�O�H �W�U�D�M�H�F�W�R�U�L�H�V �L�Q �D�O�O �G�L�U�H�F�W�L�R�Q�V�� �7�K�H�U�H�I�R�U�H�� �D �F�R�P�S�X�W�D�W�L�R�Q�D�O
�D�S�S�U�R�D�F�K �P�X�V�W �E�H �G�H�Y�H�O�R�S�H�G �W�K�D�W �F�D�Q �H�I�I�L�F�L�H�Q�W�O�\ �K�D�Q�G�O�H �W�K�H �F�R�X�S�O�H�G �G�\�Q�D�P�L�F�V�� �H�Q�I�R�U�F�H �F�R�Q�V�W�U�D�L�Q�W �V�D�W��
�L�V�I�D�F�W�L�R�Q �D�F�U�R�V�V �D�O�O �W�U�D�M�H�F�W�R�U�L�H�V �D�Q�G �J�H�Q�H�U�D�O�L�]�H �W�R �D�U�E�L�W�U�D�U�\ �W�D�U�J�H�W �G�L�U�H�F�W�L�R�Q�V �Z�L�W�K�R�X�W �U�H�T�X�L�U�L�Q�J �L�Q�G�L�Y�L�G�X�D�O
�U�H���R�S�W�L�P�L�]�D�W�L�R�Q �I�R�U �H�D�F�K �G�L�U�H�F�W�L�R�Q�� �7�K�L�V �V�K�R�X�O�G �D�O�O �E�H �G�R�Q�H �Z�L�W�K �D �K�L�J�K���I�L�G�H�O�L�W�\ �P�R�G�H�O �W�K�D�W �Z�L�O�O �U�H�I�O�H�F�W �D
�U�H�D�O���O�L�I�H �H�[�D�P�S�O�H��

�7�K�H �S�U�L�P�D�U�\ �G�H�O�L�Y�H�U�D�E�O�H �L�V �D �F�R�P�S�U�H�K�H�Q�V�L�Y�H �I�R�R�W�S�U�L�Q�W �P�D�S �W�K�D�W �Y�L�V�X�D�O�L�]�H�V �D�O�O �D�W�W�D�L�Q�D�E�O�H �H�Q�G�S�R�L�Q�W�V �I�U�R�P
�J�L�Y�H�Q �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �W�K�H �I�X�O�O �R�S�H�U�D�W�L�R�Q�D�O �F�D�S�D�E�L�O�L�W�\ �H�Q�D�E�O�H�G �E�\ �G�X�D�O �F�R�Q�W�U�R�O �R�I �D�Q�J�O�H �R�I
�D�W�W�D�F�N �D�Q�G �E�D�Q�N �D�Q�J�O�H��
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�9�D�U�L�R�X�V �R�S�W�L�P�L�]�D�W�L�R�Q �P�H�W�K�R�G�V �I�R�U �V�R�O�Y�L�Q�J �W�K�H �W�U�D�M�H�F�W�R�U�\ �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �D�U�H �U�H�Y�L�H�Z�H�G �K�H�U�H�� �7�K�H
�G�L�V�F�X�V�V�L�R�Q �L�Q�F�O�X�G�H�V �G�L�U�H�F�W�� �L�Q�G�L�U�H�F�W�� �D�Q�G �K�H�X�U�L�V�W�L�F �P�H�W�K�R�G�V�� �I�R�F�X�V�L�Q�J �R�Q �W�K�H�L�U �D�S�S�O�L�F�D�E�L�O�L�W�\�� �V�W�U�H�Q�J�W�K�V��
�D�Q�G �O�L�P�L�W�D�W�L�R�Q�V �L�Q �W�K�H �F�R�Q�W�H�[�W �R�I �+�*�9 �I�O�L�J�K�W��

�+�\�S�H�U�V�R�Q�L�F �W�H�F�K�Q�R�O�R�J�\ �W�R�G�D�\ �L�V �V�W�X�G�L�H�G �D�O�O �R�Y�H�U �W�K�H �Z�R�U�O�G�� �6�L�Q�F�H �W�K�H ���������V�� �D �J�U�H�D�W �G�H�D�O �R�I �S�U�R�J�U�H�V�V
�K�D�V �E�H�H�Q �P�D�G�H �L�Q �P�R�G�H�O�L�Q�J �W�K�H �G�\�Q�D�P�L�F�V �R�I �K�\�S�H�U�V�R�Q�L�F �J�O�L�G�H �Y�H�K�L�F�O�H�V�� �(�V�S�H�F�L�D�O�O�\ �L�Q �R�S�W�L�P�L�]�L�Q�J �W�K�H
�W�U�D�M�H�F�W�R�U�\ �D �O�R�W �R�I �S�U�R�J�U�H�V�V �K�D�V �E�H�H�Q �P�D�G�H��

�7�K�H �H�[�D�F�W �H�T�X�D�W�L�R�Q�V �R�I �H�Q�W�U�\ �G�\�Q�D�P�L�F�V �F�D�Q�Q�R�W �E�H �V�R�O�Y�H�G �D�Q�D�O�\�W�L�F�D�O�O�\ �D�Q�G�� �W�K�H�U�H�I�R�U�H�� �Q�X�P�H�U�L�F�D�O �F�R�P��
�S�X�W�H�U �P�R�G�H�O�V �K�D�Y�H �W�R �E�H �X�V�H�G �W�R �D�Q�D�O�\�]�H �W�K�H �S�U�R�E�O�H�P �>���� �@�� �%�R�W�K �G�L�U�H�F�W �D�Q�G �L�Q�G�L�U�H�F�W �P�H�W�K�R�G�V �D�L�P �W�R
�I�L�Q�G �D�Q �R�S�W�L�P�D�O �F�R�Q�W�U�R�O �V�W�U�D�W�H�J�\ �W�K�D�W �V�D�W�L�V�I�L�H�V �V�\�V�W�H�P �G�\�Q�D�P�L�F�V �Z�K�L�O�H �P�L�Q�L�P�L�]�L�Q�J �D�Q �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q��
�Z�K�L�F�K �F�R�X�O�G �E�H �P�D�[�L�P�L�]�L�Q�J �U�D�Q�J�H�� �I�R�U �H�[�D�P�S�O�H�� �'�L�U�H�F�W �P�H�W�K�R�G�V �F�R�P�H �Z�L�W�K �W�Z�R �S�U�R�E�O�H�P�V�� �K�R�Z �F�D�Q
�W�K�H �R�S�W�L�P�D�O �F�R�Q�W�U�R�O �S�U�R�E�O�H�P �E�H �W�U�D�Q�V�I�R�U�P�H�G �W�R �D �Q�R�Q�O�L�Q�H�D�U �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P �D�Q�G �K�R�Z �W�R �U�H�V�R�O�Y�H
�W�K�L�V �W�U�D�Q�V�I�R�U�P�H�G �Q�R�Q�O�L�Q�H�D�U �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P �>���� �@�� �'�L�U�H�F�W �P�H�W�K�R�G�V �P�X�V�W �V�R�O�Y�H �O�D�U�J�H���V�F�D�O�H �Q�R�Q�O�L�Q��
�H�D�U �S�U�R�J�U�D�P�P�L�Q�J �S�U�R�E�O�H�P�V�� �Z�K�L�F�K �L�Q�W�U�R�G�X�F�H �F�K�D�O�O�H�Q�J�H�V �L�Q �F�R�Q�Y�H�U�J�H�Q�F�H �D�Q�G �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W�� �7�K�H
�G�L�U�H�F�W �P�H�W�K�R�G �L�V�� �L�Q �F�R�P�S�D�U�L�V�R�Q �W�R �W�K�H �L�Q�G�L�U�H�F�W �P�H�W�K�R�G�� �P�R�U�H �Z�L�G�H�O�\ �D�S�S�O�L�H�G��

���������*�S�V�Q�Y�P�E�X�M�S�R �S�J �'�S�R�X�M�R�Y�S�Y�W �(�]�R�E�Q�M�G�E�P �7�]�W�X�I�Q�W
�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �W�K�H �J�H�Q�H�U�D�O �Q�R�Q���O�L�Q�H�D�U �G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P �W�K�D�W �U�H�S�U�H�V�H�Q�W�V �W�K�H �P�R�W�L�R�Q �R�I �W�K�H �+�*�9 �L�V
�L�Q�W�U�R�G�X�F�H�G�� �7�K�H �V�W�D�W�H �V�S�D�F�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �V�\�V�W�H�P �D�Q�G �D�V�V�R�F�L�D�W�H�G �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H
�G�H�V�F�U�L�E�H�G�� �I�R�U�P�L�Q�J �W�K�H �P�D�W�K�H�P�D�W�L�F�D�O �I�R�X�Q�G�D�W�L�R�Q �I�R�U �W�U�D�M�H�F�W�R�U�\ �R�S�W�L�P�L�]�D�W�L�R�Q��

�+�\�S�H�U�V�R�Q�L�F �J�O�L�G�H �Y�H�K�L�F�O�H�V �I�R�O�O�R�Z �D �F�D�U�H�I�X�O�O�\ �G�H�V�L�J�Q�H�G �W�U�D�M�H�F�W�R�U�\ �W�R �P�H�H�W �P�L�V�V�L�R�Q �R�E�M�H�F�W�L�Y�H�V�� �7�K�H �G�H�V�L�J�Q
�D�Q�G �R�S�W�L�P�L�]�D�W�L�R�Q �R�I �W�K�L�V �W�U�D�M�H�F�W�R�U�\ �H�Q�V�X�U�H �F�R�P�S�O�L�D�Q�F�H �Z�L�W�K �I�O�L�J�K�W �F�R�Q�V�W�U�D�L�Q�W�V �Z�K�L�O�H �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �L�V
�P�D�[�L�P�L�]�H�G�� �7�K�U�R�X�J�K�R�X�W �W�K�H �O�L�W�H�U�D�W�X�U�H�� �W�K�H�U�H �L�V �D �Z�L�G�H �Y�D�U�L�H�W�\ �R�I �G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P �P�R�G�H�O�V�� �$�O�W�K�R�X�J�K
�W�K�H�U�H �D�U�H �P�D�Q�\ �G�L�I�I�H�U�H�Q�F�H�V�� �W�K�H�\ �D�O�O �V�K�D�U�H �D �F�R�P�P�R�Q �P�D�W�K�H�P�D�W�L�F�D�O �I�U�D�P�H�Z�R�U�N�� �7�\�S�L�F�D�O�O�\�� �W�K�H �V�W�D�W�H �R�I
�D �V�S�D�F�H �Y�H�K�L�F�O�H �L�V �G�H�V�F�U�L�E�H�G �Z�L�W�K �D �G�L�P�H�Q�V�L�R�Q�D�O �Y�H�F�W�R�Ux(t)�� �Z�K�R�V�H �W�L�P�H �H�Y�R�O�X�W�L�R�Q �L�V �J�L�Y�H�Q �E�\ �D �V�\�V�W�H�P
�R�I �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V�� �7�K�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�V �X�V�X�D�O�O�\ �D�V �I�R�O�O�R�Z�V �>���� �@��

_x(t) = f
�
x(t); u(t); t

�
;

�Z�K�H�U�Hu(t) �L�V �W�K�H �F�R�Q�W�U�R�O �Y�D�U�L�D�E�O�H��f �L�V �D �I�X�Q�F�W�L�R�Q �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�L�P�H �D�Q�Gx(t) �W�K�H �V�W�D�W�H�� �,�Q �J�H�Q�H�U�D�O��
�W�K�H �I�X�Q�F�W�L�R�Qf �L�V �Q�R�Q���O�L�Q�H�D�U�� �7�K�H �V�W�D�W�H �Y�H�F�W�R�Ux(t) �V�W�D�U�W�V �D�W �D �S�U�H�G�H�W�H�U�P�L�Q�H�G �S�R�L�Q�W �F�D�O�O�H�Gx0 �D�Q�G �D�W �D
�S�U�H�G�H�W�H�U�P�L�Q�H�G �W�L�P�H �L�Q�V�W�D�Q�Wt0�� �7�K�H �J�R�D�O �R�I �W�K�H �V�\�V�W�H�P �L�V �W�R �U�H�D�F�K �D �S�U�H�G�H�W�H�U�P�L�Q�H�G �I�L�Q�D�O �V�W�D�W�Hx f �D�W �D
�I�L�Q�D�O �W�L�P�Ht f �� �7�K�H�U�H�I�R�U�H�� �W�K�H�U�H �L�V �D�Q �L�Q�H�T�X�D�O�L�W�\ �W�R �G�H�V�F�U�L�E�H �W�K�H �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �D�V �I�R�O�O�R�Z�V��

bL � b(x0; t0; x f ; t f ) � bU

����



���� �'�L�E�T�X�I�V ���� �3�T�X�M�Q�M�^�E�X�M�S�R �1�I�X�L�S�H�W

���������3�T�X�M�Q�M�^�E�X�M�S�R �4�V�S�F�P�I�Q
�,�Q �W�U�D�M�H�F�W�R�U�\ �R�S�W�L�P�L�]�D�W�L�R�Q�� �D �I�H�D�V�L�E�O�H �I�O�L�J�K�W �W�U�D�M�H�F�W�R�U�\ �L�V �G�H�I�L�Q�H�G �D�V �D �V�R�O�X�W�L�R�Q �W�R �W�K�H �Y�H�K�L�F�O�H�¶�V �G�\�Q�D�P�L�F�D�O
�V�\�V�W�H�P �Z�K�L�O�H �V�D�W�L�V�I�\�L�Q�J �W�K�H �S�U�H�V�F�U�L�E�H�G �S�D�W�K �F�R�Q�V�W�U�D�L�Q�W�V�� �)�R�U �D �J�L�Y�H�Q �P�L�V�V�L�R�Q �S�U�R�I�L�O�H�� �W�K�H�U�H �D�U�H �P�D�Q�\ �I�H�D��
�V�L�E�O�H �W�U�D�M�H�F�W�R�U�L�H�V�� �,�Q �R�U�G�H�U �W�R �V�H�O�H�F�W �D�Q �R�S�W�L�P�D�O �W�U�D�M�H�F�W�R�U�\�� �D �S�H�U�I�R�U�P�D�Q�F�H �L�Q�G�H�[ �L�V �L�Q�W�U�R�G�X�F�H�G �G�H�S�H�Q�G�L�Q�J
�R�Q �W�K�H �P�L�V�V�L�R�Q�¶�V �R�E�M�H�F�W�L�Y�H�� �7�K�L�V �D�O�O�R�Z�V �I�R�U �D �T�X�D�Q�W�L�W�D�W�L�Y�H �P�H�D�V�X�U�H�� �7�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �L�V �X�V�X�D�O�O�\
�I�R�U�P�X�O�D�W�H�G �X�V�L�Q�J �D �F�R�V�W �I�X�Q�F�W�L�R�Q�� �Z�K�L�F�K �K�D�V �W�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P��

J = �( x0; t0; x f ; t f ) +
Z t f

t 0

L(x(t); u(t); t) dt ����������

�Z�K�H�U�H� �L�V �W�K�H �0�D�\�H�U �F�R�V�W�� �Z�K�L�F�K �G�H�S�H�Q�G�V �R�Q �W�K�H �L�Q�L�W�L�D�O �D�Q�G �I�L�Q�D�O �F�R�Q�G�L�W�L�R�Q�V�� �D�Q�GL �L�V �W�K�H �S�U�R�F�H�V�V
�F�R�V�W�� �Z�K�L�F�K �L�Q�W�H�J�U�D�W�H�V �W�K�U�R�X�J�K�R�X�W �W�K�H �W�U�D�M�H�F�W�R�U�\�� �7�K�H �0�D�\�H�U �F�R�V�W �L�V �H�Y�D�O�X�D�W�H�G �D�W �W�K�H �H�Q�G�S�R�L�Q�W�V �R�I �W�K�H
�W�U�D�M�H�F�W�R�U�\�� �P�H�D�Q�L�Q�J �L�W �G�R�H�V �Q�R�W �D�F�F�X�P�X�O�D�W�H �G�X�U�L�Q�J �W�K�H �I�O�L�J�K�W�� �7�K�H �S�U�R�F�H�V�V �F�R�V�W �L�V �L�Q�W�H�J�U�D�W�H�G �R�Y�H�U �W�L�P�H
�G�R�P�D�L�Q[t0; t f ] �P�H�D�Q�L�Q�J �L�W �D�F�F�R�X�Q�W�V �I�R�U �F�R�Q�W�L�Q�X�R�X�V �I�D�F�W�R�U�V �G�X�U�L�Q�J �W�K�H �H�Q�W�L�U�H �P�L�V�V�L�R�Q �>���� �@��

�7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �P�X�V�W �E�H �P�L�Q�L�P�L�]�H�G�� �+�H�U�H��x(t) �L�V �W�K�H �V�W�D�W�H �Y�H�F�W�R�U �Z�K�L�F�K �U�H�S�U�H�V�H�Q�W�V �D�O�O �W�K�H �Y�D�U�L�D�E�O�H�V
�W�K�D�W �D�U�H �Q�H�H�G�H�G �W�R �G�H�V�F�U�L�E�H �W�K�H �V�\�V�W�H�P �D�W �D�Q�\ �J�L�Y�H�Q �W�L�P�H�� �Z�K�L�F�K �X�V�X�D�O�O�\ �D�U�H �S�R�V�L�W�L�R�Q �D�Q�G �Y�H�O�R�F�L�W�\ �I�R�U
�D�Q �+�*�9��u(t) �L�V �W�K�H �F�R�Q�W�U�R�O �Y�H�F�W�R�U �W�K�D�W �U�H�S�U�H�V�H�Q�W�V �W�K�H �Y�D�U�L�D�E�O�H�V �W�K�D�W �F�D�Q �E�H �D�G�M�X�V�W�H�G �W�R �L�Q�I�O�X�H�Q�F�H �W�K�H
�E�H�K�D�Y�L�R�U �R�I �W�K�H �V�\�V�W�H�P�� �)�R�U �D�Q �+�*�9 �W�K�L�V �F�R�X�O�G �E�H �W�K�H �E�D�Q�N �D�Q�J�O�H �D�Q�G �W�K�H �D�Q�J�O�H �R�I �D�W�W�D�F�N�� �7�K�H �V�W�D�W�H
�Y�H�F�W�R�U �G�H�V�F�U�L�E�H�V �Z�K�D�W �W�K�H �V�\�V�W�H�P �L�V �G�R�L�Q�J�� �Z�K�L�O�H �W�K�H �F�R�Q�W�U�R�O �Y�H�F�W�R�U �G�H�V�F�U�L�E�H�V �K�R�Z �\�R�X �L�Q�I�O�X�H�Q�F�H �L�W��J
�L�V �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�� �Z�K�L�F�K �L�V �D�L�P�H�G �W�R �E�H �P�L�Q�L�P�L�]�H�G�� �7�K�L�V �P�H�D�V�X�U�H�V �W�K�H �W�R�W�D�O �F�R�V�W �R�I �W�K�H �W�U�D�M�H�F�W�R�U�\
�D�Q�G �F�R�Q�W�U�R�O �L�Q�S�X�W �R�Y�H�U �W�L�P�H���( x0; t0; x f ; t f ) �L�V �W�K�H �W�H�U�P�L�Q�D�O �F�R�V�W�� �7�K�L�V �F�R�X�O�G �E�H �X�V�H�G �W�R �P�L�Q�L�P�L�]�H �W�K�H
�I�O�L�J�K�W �W�L�P�H�� �I�R�U �H�[�D�P�S�O�H�� �R�U �W�R �D�F�K�L�H�Y�H �D �I�L�Q�D�O �V�W�D�W�H �Z�L�W�K �P�L�Q�L�P�D�O �H�U�U�R�U�� �7�K�L�V �L�V �D�S�S�O�L�H�G �R�Q�O�\ �D�W �W�K�H �H�Q�G
�R�I �W�K�H �W�U�D�M�H�F�W�R�U�\�� �7�K�L�V �F�R�X�O�G �E�H �V�H�H�Q �D�V �D �S�H�Q�D�O�W�\ �I�R�U �D�U�U�L�Y�L�Q�J �O�D�W�H �R�U �P�L�V�V�L�Q�J �W�K�H �W�D�U�J�H�W �G�H�V�W�L�Q�D�W�L�R�Q��Rt f

t 0
L(x(t); u(t); t) dt �L�V �W�K�H �U�X�Q�Q�L�Q�J �F�R�V�W �D�Q�G �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�X�P�X�O�D�W�L�Y�H �F�R�V�W �W�K�D�W �L�V �D�F�F�X�P�X�O�D�W�H�G �G�X�U�L�Q�J

�W�K�H �I�O�L�J�K�W�� �Z�K�L�F�K �L�V �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �V�W�D�W�H�� �F�R�Q�W�U�R�O�� �D�Q�G �W�L�P�H�� �7�K�L�V �F�R�X�O�G �E�H �X�V�H�G �W�R �P�L�Q�L�P�L�]�H �H�Q�H�U�J�\
�F�R�Q�V�X�P�S�W�L�R�Q�� �F�R�Q�W�U�R�O �H�I�I�R�U�W �R�U �G�H�Y�L�D�W�L�R�Q�V �I�U�R�P �D �G�H�V�L�U�H�G �S�D�W�K�� �I�R�U �H�[�D�P�S�O�H�� �7�K�H �U�X�Q�Q�L�Q�J �F�R�V�W �L�V�� �I�R�U
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