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Abstract
In this paper, we introduce amultiple time scales (MTS) framework for partial difference equations (P�Es). Such a framework
is underdeveloped for fully discrete systems. We investigate a classical initial-boundary value problem for a PDE using a
standard finite difference discretisation. For a nonlinear example,we additionally apply a nonstandard discretisation.Operators
for fast and slow iteration scales are introduced, and secularity conditions governing the slow evolution of modal amplitudes
are derived via discrete modal projection. Quantities such as natural frequencies and the stability of periodic solutions are
analysed by comparing continuous and discrete MTS approximations. We prove the asymptotic validity of approximations
in a Hilbert space setting. For standard discretisations, we derive the bounds on the mode numbers that can be accurately
represented by given spatial and temporal resolutions. Beyond these bounds, the discrete natural frequencies can lead to
spurious modal interactions, causing the approximations to fail at O(ε) accuracy over iteration scales of O ( 1

ε

)
. For both

standard and nonstandard schemes, we obtain qualitatively consistent solutions. Notably, the nonstandard discretisation
yields solutions that exactly match the continuous PDE in the limit ε = 0 and closely approximate the continuous MTS
expansion for 0 < ε � 1.

Keywords Multiple scales perturbation methods · Partial difference equations · Nonstandard finite difference method ·
Initial-boundary value problems · Asymptotics

1 Introduction

Multiple time scales (MTS) methods are well established
tools for studying the long time behaviour of weakly non-
linear systems, describing, for instance, wave propagation
and nonlinear oscillations. While MTS theory is mature
for ordinary differential equations (ODEs), partial differ-
ential equations (PDEs) (see e.g. [1–5]) and ordinary dif-
ference equations (O�Es), and recently been extended to
differential-delay equations [6], many practical problems in
science and engineering require discretisation in both space
and time, resulting in partial difference equations (P�Es).
However, the MTS theory for such fully discrete systems
remains underdeveloped.
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The development ofMTS theory forO�Es and recurrence
equations goes back to the 1960s. Torng (1960) [7] and Hus-
ton (1970) [8], independently introduced the earliest forms
of MTS analysis for O�Es, both inspired by the Krylov-
Bogoliubov method. Despite some differences in notation,
their methods are essentially the same: treating weak nonlin-
earities as forcing terms, solving the linear systems, assuming
slowly varying coefficients, applying variation of constants
and imposing secularity conditions via Fourier expansions of
forcing terms to yield first-order difference equations govern-
ing the slow evolution of the amplitudes.

Hoppensteadt and Miranker (1977) [9] were the first to
explicitly introduce fast-slow iteration scales, n and s = εn
with 0 < ε � 1, for difference equations. They assumed an
expansion

xn = x(n, s) = x0(n, s) + εx1(n, s) + O(ε2),

and defined shifted variable as xn+1 = x(n+1, s+ε). Using
Taylor expansions like
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x(n + 1, s + ε) = x(n + 1, s) + ε ∂
∂s x(n + 1, s) + O(ε2),

they finally obtained secularity conditions in the form of
ODEs for the slow variable s, rather than a discrete recur-
rence relation.

Subramanian (1979) [10] similarly introduced discrete
fast and slow time scales with n0 = n and n1 = εn. Mim-
icking the continuous fast-slow time decomposition

∂

∂t
= ∂

∂t0
+ ε

∂

∂t1

the discrete difference operator is expanded as

�x(n, εn) =�n0x(n, εn) + ε�n1x(n, εn), (1)

where �n0x(n, εn) = x(n + 1, εn) − x(n, εn) and
�n1x(n, εn) = x(n, εn + ε) − x(n, εn). In contrast to
Hoppensteadt and Miranker, this method leads to discrete
secularity conditions that directly determine the slowly vary-
ing modal amplitudes.

Van Horssen and ter Brake (2009) [11] further developed
the method for O�Es, also obtaining discrete secularity con-
ditions similar to those in Subramanian’s approach. Their
main innovation lies in a more rigorous treatment of the
discrete operators. Rather than mimicking the continuous
analogue, they derived the difference operators from fun-
damental definitions:

� = En − I

= En0En1 − I

= �n0 + �n1 + �n0�n1

(2)

where

Enx(n, εn) = x(n + 1, εn + ε),

En0x(n, εn) = x(n + 1, εn),

En1x(n, εn) = x(n, εn + ε)

(3)

with �n0 = O(1) and �n1 = O(ε). They pointed out that
the expansion used by Subramanian overlooks the mixed
difference term �n0�n1 , which contributes to the secularity
condition. This omission is a crucial flaw of that approach.
Furthermore, Van Horssen and ter Brake emphasized that
because the behaviour of O�Es and their corresponding
ODEs may differ substantially, applying continuous-type
secularity conditions as in Hoppensteadt and Miranker’s
method can yield approximations that are notO(ε) accurate
over O( 1

ε
) iteration scales.

Following the criticisms of van Horssen and ter Brake
[11] on the method of Hoppensteadt and Miranker [9], Hall
and Lustri (2016) [12] demonstrated that combining MTS

with a continuous slow time scale and matched asymptotic
expansions can still capture the key characteristics of the
problem.

Liu (2018) [13] introduced an alternative analytical frame-
work for difference equations using renormalisation. The
method uses Newton–Maclaurin expansions to obtain uni-
formly valid asymptotic approximations and reduced slow
dynamics without explicit multiple time scales.

Compared to O�Es, the literature on MTS for partial
difference equations is even more limited. Newell (1977)
[14] studied explicit initial-value partial difference schemes,
aiming to determine nonlinear stability near linear stability
bounds. He used an asymptotic expansion assuming slow
variation in spatial and temporal indices, rather than for-
mally separating fast and slow time scales. This approach
therefore does not align with the formal MTS framework.
More recently, Hyatt and colleagues (2025) [15] applied a
semi-discretisation in time to the Korteweg-de Vries (KdV)
equation, using a Hoppensteadt and Miranker-like approach
to derive slow modulation equations for the resulting system
with travelling wave solutions.

The method proposed in [9] has become the most widely
used framework for applying MTS to difference equations.
Some notable examples of subsequent works applying or
extending this approach to O�Es include [16–18].

Nonstandard finite difference (NSFD) schemes were
introduced by Mickens [19] to better preserve qualitative
features of the underlying continuous models in discrete
formulations. These methods have since been extensively
developed for both O�Es and P�Es. Several studies have
specifically applied NSFD schemes to initial boundary value
problems (IBVPs) for P�Es, including [20–24].

As reflected in the disproportion between the literature on
O�Es and P�Es, further development is needed for P�Es.
In this paper, we extend the theory of MTS perturbation
methods from O�Es to P�Es. To demonstrate the result-
ing framework, we apply it to a nonlinear initial boundary
value problem (IBVP) discretised using both standard and
nonstandard finite difference schemes.

In this paper, a multiple time scales (MTS) framework for
P�Es, obtained by the spatial and temporal discretisation
of partial differential equations, is developed. To establish
this framework, partial difference operators incorporating
fast and slow iteration scales are introduced. Following this,
to illustrate the approach clearly, a linear PDE is discretised
using finite differences, and the resulting MTS approxi-
mation is compared with both the continuous PDEs MTS
approximation and its exact solution. The asymptotic valid-
ity of the MTS approximations are established in a Hilbert
space setting. Finally, the method is applied to a nonlinear
P�E derived from a string-like PDE with a Rayleigh-type of
nonlinearity, discretised using both standard and nonstandard
finite difference schemes. The resulting discrete approxima-
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tions are then compared to the corresponding continuous
PDE approximations.

The main contributions of this study include:

• Extending MTS analysis to initial boundary value prob-
lem for P�Es.

• Deriving a nonstandard difference scheme that is exact
for ε = 0 and is equivalent to the MTS approximation of
the PDE for 0 < ε � 1.

• Proving the asymptotic validity of the MTS approxima-
tion of the P�E.

• Comparing the modal equilibria of the continuous PDE
problem with the MTS approximations of the P�E prob-
lem.

The structure of this study is as follows: Sect. 2 provides
preliminaries on partial difference equations in the context
of multiple scales. Following the preliminaries, a linear PDE
is analysed, and both its exact solution and MTS approxi-
mation are derived. The corresponding P�E is discretised,
its MTS approximation is obtained, and the results are com-
pared with the continuous analogue and the exact solution.
Section3 then establishes the asymptotic validity of these
MTS approximations within an infinite-dimensional Hilbert
space framework. Section4 investigates a weakly nonlinear
PDE, applying the MTS approximation both to the contin-
uous problem and to its standard and nonstandard discrete
formulations. Finally, Sect. 5 concludes with a discussion of
the results, limitations, and prospects for future work.

2 Setup of themethod

2.1 Discrete operators and time scales

Operators
We define the discrete operators that form the basis of

multiple scales perturbation methods for both ordinary and
partial difference equations.

We begin with the three primary difference operators: the
identity operator I , the shift operator E and the difference
operator �, defined for a scalar function x(n) as:

I x(n) := x(n),

Ex(n) := x(n + 1),

�x(n) := x(n + 1) − x(n).

(4)

Following from the definition of the shift operator, we intro-
duce the inverse shift operator E−1, which satisfies EE−1 =
E−1E = I . It can be written explicitly as

E−1x(n) := x(n − 1). (5)

We can briefly write

� = E − I . (6)

To study partial difference equations, we extend these def-
initions to a multivariate setting. Restricting ourselves to two
discrete variables, we define for x = x(i, n):

Ei x(i, n) = x(i + 1, n),

E−1
i x(i, n) = x(i − 1, n),

�i x(i, n) = (Ei − I )x(i, n),

Enx(i, n) = x(i, n + 1),

E−1
n x(i, n) = x(i, n − 1),

�nx(i, n) = (En − I )x(i, n).

(7)

We now assume that the variable n carries dynamics on
both a fast scale and a slow scale:

n0 = n0(n) := n, n1 = n1(n) := εn, (8)

so that the sequence x(i, n) becomes a function of both
scales: x(i, n) → x(i, n0, n1) = x(i, n, εn). The given form
of two-scale extensionwas first introduced in [11] forO�Es.
Following the fast and slow scales (8), and definitions in (6)-
(7), the extended operators acting on x(i, n, εn) are given
by:

Ei x(i, n, εn) = x(i + 1, n, εn),

�i x(i, n, εn) = (Ei − I )x(i, n, εn),

En0x(i, n, εn) = x(i, n + 1, εn),

�n0x(i, n, εn) = (En0 − I )x(i, n, εn),

En1x(i, n, εn) = x(i, n, εn + ε),

�n1x(i, n, εn) = (En1 − I )x(i, n, εn).

(9)

The corresponding inverse shift operators in space and time
follow directly from these definitions.

The full time shift operator En is then composed of the
fast and slow shifts:

Enx(i, n0, n1) =Enx(i, n, εn)

=x(i, n + 1, εn + ε)

=En0En1x(i, n0, n1).

(10)

Using this composition and (6), the total time (or iteration)-
difference operator becomes:

�n =En − I

=En0En1 − I

=�n0 + �n1 + �n0�n1 .

(11)
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Based on Taylor expansions (see [11]), we note the orders
of the fast and slow difference operators:

�i x(i, n, εn) =O(x(i, n, εn)),

�n0x(i, n, εn) =O(x(i, n, εn)),

�n1x(i, n, εn) =O(εx(i, n, εn)).

(12)

It is convenient to use difference operators rather than shift
operators because they directly indicate the orders of magni-
tude of terms in the equations. Thus, we adopt this choice in
the difference stencils obtained from discretisations.
Inner product

Where the time and space discretisation step sizes are uni-
form and are given by �t and �x , respectively, we use the
discrete analogue of the L2 inner product on a uniform spatial
grid xi = i�x , where xi ∈ {0,�x, . . . , 1 − �x, 1}, as

〈 f , g〉 := �x
1/�x∑

i=0

f (i)g(i). (13)

2.2 Analytical example and its MTS solution

In this subsection we consider the following damped wave
equation on the unit interval:

utt − uxx + εut = 0, (14)

where x ∈ (0, 1) and t > 0 with homogeneous boundary
conditions u(0, t) = u(1, t) = 0 and given initial conditions
u(x, 0) = f (x) and ut (x, 0) = g(x).

We define themodal coefficients associatedwith the initial
conditions as

Ak :=2
∫ 1

0
f (x) sin(kπx)dx,

Bk := 2
ωk (ε)

∫ 1

0
g(x) sin(kπx) dx,

(15)

where damped natural frequencies are given by

ωk(ε) :=
√

k2π2 − ε2

4
. (16)

Throughout this example we restrict to the underdamped
case. In particular, we assume 0 < ε ≤ 2π , so that ωk(ε)

is real for every k ∈ N. Using the method of separation
of variables, the eigenfunctions satisfying the homogeneous
Dirichlet boundary conditions are ϕk(x) = sin(kπx) (so
ϕk(0) = ϕk(1) = 0 for all k ∈ N). Hence, the exact solution
of Eq. (14) can be written as

u(x, t) =
∞∑

k=1

e− εt
2

(
Ak cos(ωk(ε)t)

+Bk sin(ωk(ε)t)
)
sin(kπx).

(17)

We now further consider weakly-damped case 0 < ε � 1
and construct a multiple time scales approximation by intro-
ducing the expansion

u(x, t) = u0(x, t0, t1) + εu1(x, t0, t1) + O(ε2),

where the fast and and slow times are t0 = t , t1 = εt , respec-
tively. This leads to the leading order problems

O(1) : ∂2t0u0 − ∂2x u0 =0

O(ε) : ∂2t0u1 − ∂2x u1 = − 2∂t0∂t1u0 − ∂t0u0,

with u0 and u1 satisfying homogeneous Dirichlet boundary
conditions at x = 0, 1. At leading order, the approximation
is given by

u0(x, t0, t1) =
∞∑

k=1

(
Ak(t1) cos(kπ t0)

+Bk(t1) sin(kπ t0)
)
sin(kπx)

(18)

where the modal amplitudes evolve according to

Ak(t1) = e− t1
2 Ak(0), Bk(t1) = e− t1

2 Bk(0). (19)

2.3 Discretised problem and its MTS approximation

Having derived the exact solution (17) and the multiple time-
scales (MTS) approximation (18) of the continuous problem
(14), we now study its discretised counterpart. Our goal is to
construct the corresponding MTS expansion for the discrete
scheme and compare its structure to that of the continuous
case.

We discretise the PDE (14) using a standard second-order
central differences. Let U (i, n) denote the discrete approx-
imation of u(x, t), defined on uniform spatial and temporal
grids, defined as xi = i�x , for i = 0, 1, . . . , M = 1

�x , and
tn = n�t for n ∈ N. Applying central differences for each
term in (14), yields to the following explicit finite difference
scheme:

U (i, n + 1) − 2U (i, n) +U (i, n − 1)

(�t)2

− U (i + 1, n) − 2U (i, n) +U (i − 1, n)

(�x)2

+ ε
U (i, n + 1) −U (i, n − 1)

2�t
= 0.

(20)
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Using the operators defined in (7), Eq. (20) can be written
compactly as LU (i, n) = 0 with

L := �2
n E

−1
n

(�t)2
− �2

i E
−1
i

(�x)2
+ ε

(�2
n + 2�n)E−1

n

2�t
. (21)

It is convenient, however, to use the equivalent time-
shifted partial difference operator, which simplifies the
separation of time-scales in asymptotic expansions:

L := �2
n

(�t)2
− �2

i E
−1
i En

(�x)2
+ ε

�2
n + 2�n

2�t
. (22)

Hence, we adopt this forward time-shifted operator for the
discretised PDE.

A naïve perturbation expansion applied to Eq. (22) leads
to secular terms in the discrete solution. To avoid this, we
introduce a two time-scales expansion of the form:

U (i, n) = U0(i, n0, n1) + εU1(i, n0, n1) + O(ε2), (23)

where the fast and slow iteration scales are defined as n0 =
n0(n) := n and n1 = n1(n) := εn, respectively.

From the expansion of the time-difference operator (cf.
Equation (12)), we know that

�2
n = �2

n0 + 2�n1�n0(�n0 + I ) + O(ε2).

Substituting the two time-scales expansion into Eq. (22)
yields:

LU = 0 →(L0 + L1 + O(ε2))(U0 + εU1 + O(ε2))

= L0U0 + εL0U1 + L1U0 + O(ε2) = 0,
(24)

where the operators L0 and L1 are given by

L0 := �2
n0

(�t)2
− �2

i E
−1
i En0

(�x)2
, (25a)

L1 :=2�n1(�
2
n0 + �n0)

(�t)2
− �2

i �n1En0

(�x)2

+ ε
�2

n0 + 2�n0

2�t
.

(25b)

Recalling from (12) that �n1 = O(ε), it follows that
L1U0 = O(ε). Hence, the leading order problems become:

O(1) : L0U0 = 0, (26a)

O(ε) : εL0U1 = −L1U0. (26b)

To solve Eq. (26a), we use the method of separation of
variables by setting

U0(i, n0, n1) = V0(n0, n1) ϕ(i),

which leads to

[�2
n0V0(n0, n1)]ϕ(i)

(�t)2

− [�2
i E

−1
i ϕ(i)][En0V0(n0, n1)]

(�x)2
= 0.

(27)

Dividing both sides by the common factors En0V0(n0, n1)
ϕ(i), and introducing a separation constant λ, we obtain

�2
n0V0(n0, n1)

(�t)2En0V0(n0, n1)
= �2

i E
−1
i ϕ(i)

(�x)2ϕ(i)
= −λ. (28)

The spatial problem then becomes

ϕ(i + 1) + (λ(�x)2 − 2)ϕ(i) + ϕ(i − 1) = 0. (29)

The characteristic roots of this equation are

r1,2 = 1 − λ(�x)2

2
± i

√

λ(�x)2 − λ2(�x)4

4
. (30)

Imposing ϕ(0) = ϕ(M) = 0 yields discrete eigenpairs

ϕk(i) = sin(kπ i�x), (31a)

λk = 4

(�x)2
sin2(

kπ�x

2
), (31b)

with k ∈ N
+, M�x = 1, and i = 0, 1, . . . , M = 1

�x .
These satisfy λk < 4

(�x)2
, hence the square-root term in (30)

is real and |r1,2| = 1. Further details on the derivation of
the eigenvalues in (31b) are provided in § 4.2. Using this
separation constant λk , one can similarly obtain the temporal
equation as

V0(n + 2, ·) + (λk(�t)2 − 2)V0(n + 1, ·) + V0(n, ·) = 0,

(32)

which has characteristic roots

r1,2 = 1 − λk(�t)2

2
± i

√

λk(�t)2 − λ2k(�t)4

4
. (33)

Imposing λk < 4
(�t)2

ensures |r1,2| = 1, yielding oscilla-
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tory solutionswithout spurious damping or amplification and
keeping the discrete dynamics consistent with the intended
continuous model. This yields the general solution

V0k(n0, n1) =Ak(n1) cos(ω̃kn0�t)

+ Bk(n1) sin(ω̃kn0�t),
(34)

where the frequency ω̃k satisfies

cos(ω̃k�t) =1 − λk(�t)2

2
,

sin(ω̃k�t) =
√

λk(�t)2 − λ2k(�t)4

4
.

(35)

Hence, we can write

ω̃k = 1
�t arcsin

[ (
1 + 4

(�x)2
sin2

(
πk�x

2

))
(�t)2

−
(
1 + 4

(�x)2
sin2

(
πk�x

2

))2
(�t)4

4

] 1
2

.

(36)

This results in the solution of the O(1) problem

U0(i, n0, n1) =
∞∑

k=1

[
Ak(n1) cos(ω̃k�tn0)

+ Bk(n1) sin(ω̃k�tn0)
]
sin(kπ i�x).

(37)

Substituting this into Eq. (26b) and taking the inner product
(as defined in Eq. (13)) with ϕm as defined in (31a), we obtain

ε〈L0U1, ϕm〉 = −〈L1U0, ϕm〉. (38)

Assuming

U1(i, n0, n1) =
∞∑

k=1

V1k(n0, n1)ϕk(i), (39)

Equation (38) becomes

ε〈L0

∞∑

k=1

V1kϕk, ϕm〉 = −〈L1

∞∑

k=1

V0kϕk, ϕm〉. (40)

Using linearity and orthogonality, we get for each m ∈ N:

− ε

(
�2

n0

(�t)2
V1m + λmEn0V1m

)

=�n1

�2
n0 + 2�n0

(�t)2
V0m + ε

�2
n0 + 2�n0

2�t
V0m .

(41)

Since the kernel of left-hand side of Eq. (41) is spanned by
sin(ωm�t n0) and cos(ωm�t n0), and to avoid the secular

growth of the leading order solution (37), we let Am(n1) and
Bm(n1) be such that the right-hand side of Eq. (41) does not
project onto this kernel.

To determine the required conditions, we expand

(�2
n0 + 2�n0)V0m

= cos(ω̃mn�t)

× [Am cos(2ω̃m�t) + Bm sin(2ω̃m�t) − Am]︸ ︷︷ ︸
=:Fm

+ sin(ω̃mn�t)

× [−Amsin(2ω̃m�t) + Bm cos(2ω̃m�t) − Bm]︸ ︷︷ ︸
=:Gm

=Fm cos(ω̃mn�t) + Gm sin(ω̃mn�t).

(42)

Substituting this into the right-hand side of (41), secular
terms are eliminated by requiring

�n1Fm = −ε
�t

2
Fm, �n1Gm = −ε

�t

2
Gm . (43)

Equivalently, in terms of slow time steps:

Fm(εn + ε) =
(
1 − ε

�t

2

)
Fm(εn),

Gm(εn + ε) =
(
1 − ε

�t

2

)
Gm(εn).

(44)

This yields exponential decay for iteration steps n � 1
ε
:

Fm(εn) =
(
1 − ε

�t

2

)n

Fm(0) 	 e− εn�t
2 Fm(0),

Gm(εn) 	e− εn�t
2 Gm(0).

(45)

We have obtained the identical eigenfunctions for the dis-
cretised system (ϕk = sin(kπ i�x)) as in the exact PDE
solution and the MTS approximation of this PDE (ϕk =
sin(kπx)). However, the discretisation has an influence on
the corresponding eigenvalues, λk , hence on the natural fre-
quencies ω̃k .

From (18) and (16), we observe that the MTS approxi-
mations for the continuous PDE have frequencies ωk = kπ ,
which are accurate up toO(ε2) compared to the exact damped
frequencies of the PDE. The decay factor in both the exact
solution (17) and the MTS approximation (19) are identical,

given by e
−εt
2 .

In contrast, from (35) and (31b), the natural frequency of
the discrete system (36) ω̃k does not equal the continuous
PDEs frequency or its MTS approximation. The discrete fre-
quency depends explicitly on the spatial and temporal grid
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resolutions �x and �t . We will examine how closely these
discrete frequencies approximate the continuous MTS fre-
quencies in later chapters.

For small ε, and recognizing that �t n = tn , the discrete

decay factors of Fm and Gm in (45) tend to e
−εtn
2 . The rela-

tionship between the modal amplitudes Am, Bm and Fm,Gm

given in (42), shows that while they share the same rate of
decay to leading order in ε, the actual modal amplitudes do
not match exactly due to discretisation effects. Furthermore,
notice from their definitions (42) that for larger mode num-
bers m, the Fm and Gm deviates from Am and Bm . Hence,
despite differences in frequency content and amplitudes, the
MTS approximations for continuous PDE and its discretisa-
tion exhibit consistent leading-order damping behaviour.

Overall, even in the limit ε = 0, the discrete system
does not exactly reproduce the continuous PDE frequency or
amplitude contents due to the dependence on spatial and tem-
poral grid resolutions. In this linear example, there is no time
dependence or nonlinearities. Therefore, phenomena such as
modal interactions do not arise in this case. These interac-
tionsmake the analysismore interesting, as discretisation can
qualitatively alter the system’s behaviour. In § 4, we exam-
ine a nonlinear system where modal interactions arise and
explore how discretisation affects them.

3 Asymptotic validity

The first rigorous construction of the asymptotic validity
of the multiple time scales perturbation approximation for
difference equations was provided by van Horssen and Ter
Brake in [11].

In the present section, we extend the theory to partial
difference equations (P�E), or equivalently, to infinite-
dimensional difference systems. This extension requires the
formulation of the suitable Hilbert space framework that
accommodates the modal decomposition arising from the
spatial discretisation of partial differential equations.

Therefore,wefirst introduce the necessary function spaces
used in our analysis.

Definition 1 (Hilbert Space Framework) Let each mode k be
represented by a vector wk(n) ∈ R

d at iteration step n ∈ N.
The dimension d ∈ N corresponds to the order of the system
(e.g., d = 2 for second order in time). We define the state
vector as

W(n) :=(w1(n),w2(n), . . . )

=
∞⊕

k=1

wk(n), wk(n) ∈ R
d ,

(46)

and the associated Hilbert space as

H := 
2(N;Rd) =
{
W
∣∣∣

∞∑

k=1

‖wk‖2 < ∞
}
. (47)

We define a linear operator A : H → H by

A :=
∞⊕

k=1

Ak, (48)

with Ak ∈ R
d×d , assumed to be diagonalisable as Ak =

Pk�k P
−1
k , where �k = diag(λ(1)

k , . . . , λ
(d)
k ). This direct

sum construction yields a block-diagonal structure, acting
component-wise:

A(W) = (A1w1, A2w2, . . . ). (49)

We similarly define the block operators P,L : H → H by

P :=
∞⊕

k=1

Pk, L :=
∞⊕

k=1

�k . (50)

We assume that the block operators P , P−1, and L are
bounded on H with norms satisfying

κ := ‖P‖
∥∥∥P−1

∥∥∥ < ∞, λ := ‖L‖ < ∞. (51)

The nonlinear operator F : H → H is defined component-
wise as

F(W) :=
∞⊕

k=1

f k(W), f k : H → R
d . (52)

We assume that F is Lipschitz continuous:

∥
∥ f k(W1) − f k(W2)

∥
∥
Rd ≤ Lk‖W1 − W2‖H, (53)

with L = (
∑∞

k=1 L
2
k)

1/2
. This implies

‖F(W1) − F(W1)‖2H =
∞∑

k=1

∥∥ f k(W1) − f k(W2)
∥∥
Rd

≤
∞∑

k=1

L2
k‖W1 − W2‖2H

=‖W1 − W2‖2H
∞∑

k=1

L2
k

=L2‖W1 − W2‖2H.

(54)
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Theorem 1 (Asymptotic Validity) Let the state vector W(n)

evolve according to the discrete system

W(n + 1) = AW(n) + εF(W(n)), (55)

and let W̃(n) be its multiple time scales approximation sat-
isfying

W̃(n + 1) = AW̃(n) + εF(W̃(n)) + εm+1R(n), (56)

where R(n) ∈ H is the residual term. With λ defined in (51),
the following holds:

∥∥W̃(0) − W(0)
∥∥H = O(εm),

then for n = O( 1
ε
) and any λ > 0,

∥∥W̃(n) − W(n)
∥∥H = O(εmλn).

Proof We investigate each scenario for λ, i.e., 0 < λ < 1,
λ = 1 and λ > 1.

We begin with 0 < λ ≤ 1. We introduce the transformed
variables U(n) := P−1W(n), which leads to:

U(n + 1) = �U(n)+εP−1F(PU(n)),

Ũ(n + 1) = �Ũ(n)+εP−1F(PŨ(n)) + εm+1P−1R(n).

(57)

Subtracting these, and applying theH-norm yields

∥∥Ũ(n + 1) − U(n + 1)
∥∥H

≤ ‖�‖ ∥∥Ũ(n) − U(n)
∥∥H

+ ε

∥
∥∥P−1

∥
∥∥
∥
∥F(PŨ(n)) − F(PU(n))

∥
∥H

+ εm+1
∥∥∥P−1

∥∥∥ ‖R(n)‖H .

(58)

Using Lipschitz continuity of F, we estimate

∥
∥F(PŨ(n)) − F(PU(n))

∥
∥H ≤ L ‖P‖ ∥∥Ũ(n) − U(n)

∥
∥H .

(59)

Using from (51) that κ = ‖P‖ ∥∥P−1
∥
∥, and assuming that

there exists a constant C̃ such that
∥∥P−1

∥∥ ‖R(n)‖H ≤ C̃ for
all n up to O( 1

ε
), then it follows that

∥∥Ũ(n + 1) − U(n + 1)
∥∥H

≤ (λ + εκL)
∥
∥Ũ(n) − U(n)

∥
∥H + εm+1C̃ .

(60)

The derived difference inequality yields the estimate:

∥∥Ũ(n) − U(n)
∥∥H ≤(λ + εκL)n

∥∥Ũ(0) − U(0)
∥∥H

+ εm+1C̃
(λ + εκL)n − 1

λ + εκL − 1
.

(61)

Case I: 0 < λ < 1
We rewrite the powers as

∥∥Ũ(n) − U(n)
∥∥H

≤ λn
(
1 + ε

κL

λ

)n

︸ ︷︷ ︸
=O(λneεn κL

λ )

∥∥Ũ(0) − U(0)
∥∥H

+ εm+1C̃
λn
(
1 + ε κL

λ

)n − 1

λ + εκL − 1︸ ︷︷ ︸

=O
(

λneεn κL
λ

)

(62)

= O
(
λneεn κL

λ

) ∥∥Ũ(0) − U(0)
∥∥H

+ O
(
εm+1λneεn κL

λ

)
.

(63)

Assuming the initial condition satisfies

∥
∥W̃(0) − W(0)

∥
∥H = O(εm+1), (64)

where U(n) = P−1W(n), we conclude that for n = O( 1
ε
):

∥∥W̃(n) − W(n)
∥∥H = O(εm+1λn). (65)

On the other hand, if we assume λ = 1− ε, Eq.(62) yields to

∥∥Ũ(n) − U(n)
∥∥H

≤ λn(1 + ε
κL

λ
)n
∥∥Ũ(0) − U(0)

∥∥H

+ εmC̃
λn(1 + ε κL

λ
)n − 1

κL − 1

(66)

= O(λneεn κL
λ )
∥∥Ũ(0) − U(0)

∥∥H
+ O(εmλneεn κL

λ ).
(67)

Hence, for the initial conditions (64), we conclude for itera-
tion scale n = O( 1

ε
):

∥∥W̃(n) − W(n)
∥∥H = O(εmλn). (68)
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Case II: λ = 1
Where (1 + x)n ≤ enx for x > 0, the estimate (61)

becomes

∥∥Ũ(n) − U(n)
∥∥H ≤ (1 + εκL)n︸ ︷︷ ︸

=O(eεnκL )

∥∥Ũ(0) − U(0)
∥∥H

+ εmC̃
(1 + εκL)n − 1

κL︸ ︷︷ ︸
=O(eεnκL )

(69)

=O(eεnκL)
∥∥Ũ(0) − U(0)

∥∥H
+ O(εmeεnκL).

(70)

Assuming the initial condition satisfies

∥∥W̃(0) − W(0)
∥∥H = O (εm) ,

where U(n) = P−1W(n), we conclude that for n = O( 1
ε
):

∥
∥W̃(n) − W(n)

∥
∥H = O (εm) . (71)

Case III: λ > 1
We define the rescaled variables

U(n) = λnV (n),

Ũ(n) = λn Ṽ (n),
(72)

so that Eq. (57) becomes

V (n + 1) = 1

λ
�V (n)+ ε

λn+1 P
−1F(λn PV (n)),

Ṽ (n + 1) = 1

λ
�Ṽ (n)+ ε

λn+1 P
−1F(λn P Ṽ (n))

+εm+1

λn+1 P
−1R(n).

(73)

Subtracting and applying H-norm, we obtain

∥∥Ṽ (n + 1) − V (n + 1)
∥∥H

≤ 1

λ
‖�‖ ∥∥Ṽ (n) − V (n)

∥∥H

+ ε

λn+1

∥∥
∥P−1

∥∥
∥
∥
∥F(λn PV (n)) + F(λn P Ṽ (n))

∥
∥H

+ εm+1

λn+1

∥∥∥P−1
∥∥∥ ‖R(n)‖H (74)

≤ ∥∥Ṽ (n) − V (n)
∥∥H

+ ε

λn+1

∥
∥∥P−1

∥
∥∥ ‖P‖ Lλn

∥
∥Ṽ (n) − V (n)

∥
∥H

+ εm+1

λn+1 C̃ (75)

=
(
1 + εκL

λ

)∥
∥Ṽ (n) − V (n)

∥
∥H + εm+1

λn+1 C̃ . (76)

Hence we obtain

∥∥Ṽ (n) − V (n)
∥∥H =

(
1 + εκL

λ

)n

︸ ︷︷ ︸

=O
(
e

εnκL
λ

)

∥∥Ṽ (0) − V (0)
∥∥H

+ εm

λn
C̃

(
1 + εκL

λ

)n − 1

κL︸ ︷︷ ︸

=O
(

εm
λn e

εnκL
λ

)

.

(77)

Assuming that

∥∥Ṽ (0) − V (0)
∥∥H = O(εm),

we obtain for up to n = O( 1
ε
) that

∥∥Ṽ (n) − V (n)
∥∥H = O(εm). (78)

Recalling that W(n) = λn PV (n), it follows that

∥
∥W̃(n) − W(n)

∥
∥H = O(εmλn). (79)

��

4 On a weakly nonlinear PDE

In this section,we apply themultiple time-scales perturbation
method to a weakly nonlinear PDE of Rayleigh type:

utt − uxx + u = ε

(
ut − 1

3
u3t

)
, (80)

for x ∈ (0, 1), t > 0, and 0 < ε � 1, subject to homoge-
neous Dirichlet boundary conditions u(t, 0) = u(t, 1) = 0,
and subject to initial conditions given by u(0, x) = f (x) and
ut (0, x) = g(x). Already in 1970 this problem was stud-
ied by using averaging methods in [25]. Here, we outline its
analysis using themultiple time-scales framework, and in the
following subsection we study its discrete analogues (that is,
P�Es) under both standard and nonstandard finite difference
schemes.

4.1 AMTS approximation of the solution

We introduce the fast and slow time scales t0 = t and t1 = εt ,
and expand the solution of (80) as

u(x, t) = u0(x, t0, t1) + εu1(x, t0, t1) + O(ε2).

123



  569 Page 10 of 25 E. Koroglu, W. T. van Horssen

Substituting this into Eq. (80) yields:

(∂2t0u0 − ∂2x u0 + u0) + ε(∂2t0u1 − ∂2x u1 + u1)

= −ε2∂t1∂t0u0 + ε[(∂t0u0) − 1

3
(∂t0u0)

3] + O(ε2).
(81)

This expansion gives us the first two leading order equa-
tions:

O(1) : ∂2t0u0 − ∂2x u0 + u0 = 0, (82a)

O(ε) : ∂2t0u1 − ∂2x u1 + u1

= −2∂t1∂t0u0 + (∂t0u0) − 1

3
(∂t0u0)

3. (82b)

Solving Eq. (82a) by using the method separation of vari-
ables yields the eigenpairs

λk = ω2
k = 1 + π2k2, ϕk(x) = sin(πkx), (83)

and the general solution

u0(x, t0, t1) =
∞∑

k=1

[Ak(t1) cos(ωk t0)

+ Bk(t1) sin(ωk t0)] sin(πkx),
(84)

where Ak(t1) and Bk(t1) are still arbitrary functions which
can be used to avoid secular terms in u1.

To avoid secular growth in u1, the right-hand side of
Eq. (82b) must be orthogonal to the kernel of L0, which
is spanned by {sin(ωk t0), cos(ωk t0)}. This leads to the con-
dition that the modal amplitudes Ak(t1), Bk(t1) for k ∈ N

have to satisfy:

Ȧm =1

2
Am + 1

32
Am(A2

m + B2
m)ω2

m

− 1

8
Am

∞∑

k=1

(A2
k + B2

k )ω
2
k ,

(85a)

Ḃm =1

2
Bm + 1

32
Bm(A2

m + B2
m)ω2

m

− 1

8
Bm

∞∑

k=1

(A2
k + B2

k )ω
2
k .

(85b)

(See [25] for a similar and detailed derivation.)
We introduce scaled polar functions for each mode:

ωm Am(t1) =rm(t1) cos(αm(t1)),

ωmBm(t1) =rm(t1) sin(αm(t1)),
(86)

Table 1 Stability types and eigenvalues for each equilibrium point

Equilibrium (r1, r2) λ1 λ2 Type

(0, 0) 1
2

1
2 Unstable Node

(
0, 4√

3

)
−1 − 1

6 Stable Node
(

4√
3
, 0
)

−1 − 1
6 Stable Node

(
4√
7
, 4√

7

)
−1 1

7 Saddle

∀m ∈ N
+, which transforms the scaled modal amplitude

equations (86) into

ṙm =1

2
rm + 1

32
r3m − 1

8
rm

∞∑

k

r2k , (87a)

α̇m =0. (87b)

Example 1 (A Two-Mode System) Assume that only initial
energy of the system is present in the first two modes. The
system (87a) reduces to

ṙ1 =1

2
r1 + 1

32
r31 − 1

8
r1(r

2
1 + r22 ), (88a)

ṙ2 =1

2
r2 + 1

32
r32 − 1

8
r2(r

2
1 + r22 ). (88b)

Solving ṙ1 = 0 and ṙ2 = 0 yields

r1 = 0 or 16 = 3r21 + 4r22 , and

r2 = 0 or 16 = 4r21 + 3r22 ,
(89)

which yields the equilibrium points. Resulting equilibria and
and their linearised stability are listed in Table 1:

We present the phase portrait of this system in Fig. 1. In
§ 4.2, we extend the sameMTS approximations to the discre-
tisedPDEandderive itsmodal amplitude equations.Example
2 illustrates the resulting dynamicswhen only the the first two
modes are initially excited. In § 4.3, we compare the continu-
ous (Example 1) and discrete (Example 2) two-mode systems
to assess the correspondence between their modal dynamics.

4.2 Discretisation of the PDE

We now analyse the weakly nonlinear PDE (80) using finite
difference approximations.We discretise the spatial and tem-
poral domains as xi = i�x for i = 0, 1, . . . , M = 1

�x , and
tn = n�t for n ∈ N. We denote the discrete approximation
of u(x, t) by U (i, n). Following the nonstandard finite dif-
ference framework, we replace the standard discretisations

123



On a multiple scales perturbation method for partial difference… Page 11 of 25   569 

Fig. 1 Phase portrait of the two-mode system in scaled modal ampli-
tudes (r1, r2) with equilibrium points and stable and unstable
manifolds of the saddle .

with modified difference quotients:

(�t)2 → φt =(�t)2 + O((�t)2),

(�x)2 → φx =(�x)2 + O((�x)2),

2�t → ψt =2�t + O(�t),

(90)

with φt , φx , ψt > 0, as originally proposed by Mickens in
[19]. Following the operator-based notation introduced in
Eq. (20) and (22), the discrete analogues of the differential
operators become:

utt →�2
n E

−1
n U (i, n)

φt
,

uxx →�2
i E

−1
i U (i, n)

φx
,

ut → (�2
n + 2�n)E−1

n U (i, n)

ψt
.

(91)

Note that the numerators in (91) are equivalent to those in the
standard discretisation (20). In the remainder of this section,
we study the given equation under both the standard and
nonstandard finite difference schemes by referring to φt , φx

and ψt as standard or nonstandard quotients.

Using these approximations, the P�E corresponding to
Eq. (80) becomes:

�2
nU (i, n)

φt
− �2

i E
−1
i EnU (i, n)

φx
+ EnU (i, n) =

ε

(
(�2

n + 2�n)U (i, n)

ψt
−
[
(�2

n + 2�n)U (i, n)
]3

3ψ3
t

)

,

(92)

accurate up to O((�t)2) + O((�x)2), which we denote by
the operator equation LU = ε f (U ).

Similarly as in § 2.3, we construct an approximation of the
solution to Eq. (92) using multiple time-scales perturbation
expansion. Introducing the fast and slow iteration scales

n0(n) := n, n1(n) := εn, (93)

we expand the solution of the discrete problem Eq. (92) as:

U (i, n) = U0(i, n0, n1) + εU1(i, n0, n1) + O(ε2). (94)

Substituting this expansion into the discrete system, and
using Eq. (9)-(12), we obtain the MTS expansion of LU =
f (U ):

(L0 + L1 + O(ε2))(U0 + εU1 + O(ε2))

= ε f0(U0 + O(ε)) + O(ε2),
(95)

which yields:

L0U0 + εL0U1 + L1U0 = ε f0(U0) + O(ε2). (96)

The discrete operators involved are defined as:

L0 :=�2
n0

φt
− �2

i E
−1
i En0

φx
+ En0 ,

L1 :=2�n1(�
2
n0 + �n0)

φ2
t

− �2
i �n1En0

φ2
x

,

f0(·) := (�2
n0 + 2�n0)(·)

ψt
− [(�2

n0 + 2�n0)(·)]3
3ψ3

t
.

(97)

Since �n1 = O(ε), we obtain L1 = O(ε) and following
from (12), the leading-order equations are then:

O(1) : L0U0 = 0, (98a)

O(ε) : εL0U1 = −L1U0 + ε f0(U0). (98b)

To solve (98a), we use the method of separation of vari-
ables. Let

U0(i, n0, n1) = V0(n0, n1)ϕ(i). (99)
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Substituting this into Eq. (98a) gives

�2
n0V0(n0, n1)

φt
ϕ(i)

− (�2
i E

−1
i ϕ(i))(En0V0(n0, n1))

φx

+ En0V0(n0, n1) ϕ(i) = 0.

(100)

By dividing both side by En0V0(n0, n1) ϕ(i) and intro-
ducing a separation constant λ, we obtain:

(�2
n0V0(n0, n1))

φt En0V0(n0, n1)
= (�2

i E
−1
i ϕ(i))

φxϕ(i)
− 1 = −λ. (101)

This leads to the separated spatial and temporal problems.

Spatial problem and eigenvalues The spatial problem
becomes

(�2
i E

−1
i )ϕ(i) + φx (λ − 1)ϕ(i) = 0,

with ϕ(0) = ϕ(1/�x) = 0.
(102)

This leads to the characteristic roots:

r1,2 = 1 − φx (λ−1)
2 ± j

√
φx (λ − 1) − φ2

x (λ−1)2

4 , (103)

when φx (λ − 1) − φ2
x (λ−1)2

4 > 0. It turns out that for φx (λ −
1)− φ2

x (λ−1)2

4 ≤ 0, only trivial solutionswill be found.Hence,
for nontrivial solutions, given inequality leads to 1 < λ <

1 + 4
φx
, |r1,2| = 1 and ϕ(i) is given by:

ϕ(i) = c1 cos(θλ�x i) + c2 sin(θλ�x i), (104)

for i = 1, 2, . . . , M = 1
�x , where

cos(θλ�x) :=1 − φx (λ − 1)

2
,

sin(θλ�x) :=
√

φx (λ − 1) − φ2
x (λ − 1)2

4
.

(105)

Imposing the boundary conditions ϕ(0) = ϕ(1/�x) = 0
gives c1 = 0 and θλk = πk for k ∈ N

+, so the eigenfunctions
become

ϕk(i) = sin(πk�x i), with λk ∈
(
1, 1 + 4

φx

)
. (106)

The eigenvalues λk easily follow from the first equation
in Eq. (105). For θλk = kπ we find

λk =1 + 2
φx

(1 − cos(kπ�x))

=1 + 4
φx

sin2( kπ�x
2 ).

(107)

Temporal problem The temporal part of the separated prob-
lem (101) reads:

�2
n0V0k(n0, n1) + λkφt En0V0k(n0, n1) = 0. (108)

Its characteristic roots are:

r1,2 = 1 − φtλk

2
± j

√

φtλk − φ2
t λ

2
k

4
. (109)

Given 0 < λk < 4
φt
, we have |r1,2| = 1. From the physical

perspective, this is the necessary and sufficient condition on
the eigenvalues that leads to oscillatory time solutions of the
given system, which is the characteristic of solution obtained
for ε = 0 and the approximation obtained for 0 < ε � 1 for
the continuous PDE. For this given interval of λk , define

cos(ω̃k�t) :=1 − φtλk

2
,

sin(ω̃k�t) :=
√

φtλk − φ2
t λ

2
k

4
,

(110)

so that the general temporal solution becomes

V0k(n0, n1) =Ak(n1) cos(ω̃kn0�t)

+ Bk(n1) sin(ω̃kn0�t).
(111)

We refer to ω̃k as the k-th natural frequency of the P�E.
Combining spatial and temporal solutions for all modes,

such that U0(i, n0, n1) = ∑∞
k=1 V0k(n0, n1)ϕk(i), solution

of O(1) problem (98a) can be obtained as

U0(i, n0, n1) =
∑

k∈N+

[
Ak(n1) cos(ω̃kn0�t)

+Bk(n1) sin(ω̃kn0�t)
]
ϕk(i).

(112)

Where we are seeking for approximations of the solutions
of the P�Es (92), which satisfy for ε = 0 the exact solution
of the PDE-problem (80). For other choices of φt , φx and
ψt we will not have exactly matching solutions for ε = 0
properly.

Difference quotients for φx , φt and ψt

The separation constants λk depend on φx , and the natural
frequenciesωk depend on bothφt andφx . Sinceφx andφt are
not a priori fixed, we consider two main cases. Either φx and
φt are equal to the standard step sizes, i.e., φx = (�x)2 and
φt = (�t)2, or they are the exact (nonstandard) discretisation
step sizes.

For the harmonic oscillator the standard discretisation is

y(n + 1) − 2y(n) + y(n − 1)

φt
+ ω2y(n) = 0, (113)
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where φt = (�t)2, and in the nonstandard discretisation

φt = 4

ω2 sin
2
(

ω�t

2

)
(114)

[19]. Following this approach in Eq. (102) yields for each
mode

φx → φx,k = 4

π2k2
sin2

(
πk�x

2

)
(115)

which gives eigenvalues:

λk =
{
1 + 4

(�x)2
sin2( kπ�x

2 ) if φx = (�x)2,

1 + π2k2 if φx,k = 4
π2k2

sin2(πk�x
2 ).

(116)

Thus, the nonstandard eigenvalues λk (and as will be shown,
eigenfrequencies ω̃k) coincide with those from the continu-
ous PDE (80).

Similarly for the temporal problem Eq. (108), the non-
standard expression can be obtained as

φt → φt,k = 4

ω̃2
k

sin2
(

ω̃k�t

2

)
. (117)

This leads to two scenarios for the natural frequencies:
If φx = (�x)2 and φt = (�t)2, we have the following

expression for the natural frequencies,

ω̃k = 1
�t arcsin

[ (
1 + 4

(�x)2
sin2

(
πk�x

2

))
(�t)2

−
(
1 + 4

(�x)2
sin2

(
πk�x

2

))2
(�t)4

4

] 1
2

.

(118)

If φx = 4
π2k2

sin2(πk�x
2 ) and φt = 4

ω̃2
k
sin2( ω̃k�t

2 ), so choos-

ing nonstandard discretisations for both time and space, we
obtain the expression

ω̃k =
√
1 + π2k2. (119)

This last natural frequency expression (119) is identical to
the natural frequencies from the MTS expansion of the cor-
responding PDE (80).

Note that the choice of φx does not affect the eigenfunc-
tions ϕ(i), but it affects the eigenvalues λk , thus ω̃k . Hence,
the standard difference discretisations for φx and φt lead to
a deviation the natural frequencies.

To compute the nonlinear term f0(U0) in the O(ε) prob-
lem, we also require a nonstandard discretisation with ψt ,
which appears in the denominator of the first-order time dif-
ference operator defined in Eq. (90).

Consider a single mode of the solution:

V0m(n0, n1) =Am(n1) cos(ω̃mn0�t)

+ Bm(n1) sin(ω̃mn0�t).
(120)

We assume that the discretisation of the nonstandard dif-
ference operator for first order time derivative near the time
step n0 is of the form:

(d0 + d+1E1
n0 + d−1E−1

n0 + . . . )V0m(n0, n1)

ψt
(121)

where dl corresponds to the weights of neighboring cells of
V0m(n0, ·), and l represents the constant distance of neighbor-
ing cells on the positive iteration axis. We consider a 3 point
stencil as an initial guess for the nonstandardfirst order differ-
ence operator. We compute the continuous derivative of the
solution V0m(t0, n1)with respect to the fast scale t0 = n0�t .
This derivative serves as a reference expression that the dis-
crete operator (121) should reproduce. In other words, we
are using the exact derivative as a calibration tool to deter-
mine the correct discretisation ψt in the nonstandard finite
difference operator. This leads to

∂t0V0m(t0, n1) =ω̃m
(
Bm(n1) cos(ω̃mt0)

− Am(n1) sin(ω̃mt0)
)
.

(122)

Again writing n0�t for t0 and matching coefficients of
(121) and (122), we get

ω̃mψt,m(Bm cos(ω̃mn0�t) − Am sin(ω̃mn0�t))

= cos(ω̃mn0�t)
{
d0Am

+ d+1[Am cos(ω̃m�t) + Bm sin(ω̃m�t)]
+ d−1[Am cos(ω̃m�t) − Bm sin(ω̃m�t)]

}

+ sin(ω̃mn0�t)
{
d0Bm

+ d+1[Bm cos(ω̃m�t) − Am sin(ω̃m�t)]
+ d−1[Bm cos(ω̃m�t) + Am sin(ω̃m�t)]

}
.

(123)

From orthogonality, matching the coefficients of
cos(ω̃m�t n0) and sin(ω̃m�t n0) terms, we obtain the nec-
essary constraints:

ω̃mψt,m − (d+1 − d−1) sin(ω̃m�t) =0, (124a)

d0 + (d+1 + d−1) cos(ω̃m�t) =0. (124b)

Assuming that d0, d±1 are constants independent frommode
number m and temporal step size �t , then we find from
(124b)

d0 = 0, and d−1 = −d+1. (125)
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Choosing d+1 = 1 without loss of generality, we obtain

ψt,m = 2
ω̃m

sin(ω̃m�t). (126)

Thus, as with φx,k and φt,k , the discretisation size ψt,m

depends on the mode number m.

Spectral projection of the O(ε)-problem

We now proceed to the O(ε)-problem (98b), employ-
ing the spectral decomposition established previously. This
step involves spectral projection, where the full system is
projected onto the eigenbasis ϕk , allowing us to isolate the
evolution equations for each modal amplitude.

Taking the inner product of both sides of Eq. (98b) with
the m-th eigenfunction ϕm , we obtain

ε〈L0U1, ϕm〉 = −〈L1U0, ϕm〉 + ε〈 f0(U0), ϕm〉. (127)

Assuming the modal expansion U1(i, n0, n1)
= ∑∞

k=1 V1k(n0, n1)ϕk(i), and following similar calcula-
tions as for Eq. (38-(41)), we define

Hk(n0, n1) := (�2
n0 + 2�n0)V0k(n0, n1)

= Fm(n1) cos(ω̃mn0�t) + Gm(n1) sin(ω̃mn0�t).
(128)

where Fm(n1) and Gm(n1) are defined as

Fm(n1) :=Am(n1) cos(2ω̃m�t)

+ Bm(n1) sin(2ω̃m�t) − Am(n1),
(129a)

Gm(n1) := − Am(n1) sin(2ω̃m�t)

+ Bm(n1) cos(2ω̃m�t) − Bm(n1).
(129b)

SubstitutingEq. (128) into Eq. (127), we obtain the evolution
equation for V1m :

ε

(
�2

n0

φt,m
+ λmEn0

)

V1m

= − �n1Hm

φt,m
+ ε

Hm

ψt,m

− ε
2

3

∑

k

∑

p

∑

q

HkHpHq

ψt,kψt,pψt,q
〈ϕkϕpϕq , ϕm〉.

(130)

Avoiding secular terms

To avoid secular growth in V1m(n0, n1), the right-hand
side of (130) must be orthogonal to the kernel of the
operator on the left-hand side, which is spanned by
{sin(ω̃k�t n0), cos(ω̃k�t n0)}. Retaining only resonant con-

tributions, we obtain the secular terms:

ε

(
�2

n0

φt,m
+ λmEn0

)

V1m(n0, n1)

= − �n1Hm(n0, n1)

φt,m
+ ε

Hm(n0, n1)

ψt,m

− ε
1

8

(
H3
m(n0, n1)

ψ3
t,m

+ 2
∞∑

k �=m

H2
k (n0, n1)Hm(n0, n1)

ψ2
t,kψt,m

)
+ n.r.t.

(131)

where "n.r.t" stands for non-resonant terms. The details on
the reduction of the triple summation and the identification
of resonant contributions are presented in the Appendix A.
The secular terms can be avoided if

�n1Hm(n0, n1)

=ε
φt,m
2ψt,m

Hm(n0, n1) − ε
φt,m

8ψ3
t,m

H3
m(n0, n1)

− ε
φt,m
4ψt,m

Hm(n0, n1)
∞∑

k �=m

1
ψ2
t,k
H2
k (n0, n1).

(132)

As a result, the evolution of the modal components Fm and
Gm becomes:

En1Fm(n1) =
(
1 + ε

φt,m
2ψt,m

)
Fm(n1)

+ ε
φt,m

32ψ3
t,m

Fm(n1)(F
2
m(n1) + G2

m(n1))

− ε
φt,m
8ψt,m

Fm(n1)
∞∑

k=1

(F2
k (n1)+G2

k (n1))

ψ2
t,k

,

(133a)

En1Gm(n1) =
(
1 + ε

φt,m
2ψt,m

)
Gm(n1)

+ ε
φt,m

32ψ3
t,m

Gm(n1)(F
2
m(n1) + G2

m(n1))

− ε
φt,m
8ψt,m

Gm(n1)
∞∑

k=1

(F2
k (n1)+G2

k (n1))

ψ2
t,k

.

(133b)

Introducing polar coordinates

Fm(n1) =ρm(n1) cos(βm(n1)),

Gm(n1) =ρm(n1) sin(βm(n1)),
(134)
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∀m ∈ N
+, for (133a)×cos(βm)+ (133b)×sin(βm) equates

to

(En1ρm(n1))
[
cos(En1βm(n1)) cos(βm(n1))

+ sin(En1βm(n1)) sin(βm(n1))
]

= (En1ρm(n1)) cos(�εβm(n1))

= (1 + ε
φt,m
2ψt,m

)ρm(n1) + ε
φt,m

32ψ3
t,m

ρ3
m(n1)

− ε
φt,m
8ψt,m

ρm(n1)
∞∑

k=1

ρ2
k (n1)

ψ2
t,k

,

(135)

and from (133b) × cos(βm) − (133a) × sin(βm) we have

(En1ρm(n1))
[
sin(En1βm(n1)) cos(βm(n1))

+ sin(En1βm(n1)) cos(βm(n1))
]

= (En1ρm(n1)) sin(�n1βm(n1)) = 0.

(136)

Notice that En1ρm(n1) = 0 ⇔ ρm(n1) = 0 for all modes m,
and slow iterations n1, i.e. the trivial solution. Hence, The
only nontrivial solution for Eq. (136) is that �n1βm(n1) = 0
or �n1βm(n1) = lπ , l ∈ N

+ hence we obtain

En1ρm(n1) =
(
1 + ε

φt,m
2ψt,m

)
ρm(n1) + ε

φt,m

32ψ3
t,m

ρ3
m(n1)

− ε
φt,m
8ψt,m

ρm(n1)
∞∑

k=1

ρ2
k (n1)

ψ2
t,k

,

(137a)

En1βm(n1) = 0. (137b)

This indicates no phase shift for modal frequencies, and the
dynamics are

Example 2 (2 modes) Consider initial energy only in the first
two modes:

ρ1(εn + ε) =
(
1 + ε

φt,1
2ψt,1

)
ρ1 + ε

φt,1

32ψ3
t,1

ρ3
1

− ε
φt,1
8ψt,1

ρ1

(
ρ2
1

ψ2
t,1

+ ρ2
2

ψ2
t,2

)
,

(138a)

ρ2(εn + ε) =(1 + ε
φt,2
2ψt,2

)ρ2 + φt,2

32ψ3
t,2

ρ3
2

− φt,2
8ψt,2

ρ2

(
ρ2
1

ψ2
t,1

+ ρ2
2

ψ2
t,2

)
.

(138b)

The fixed points are determined as follows. For (138a):

ρ1 = 0 or 3
ρ2
1

ψ2
t,1

+ 4
ρ2
2

ψ2
t,2

= 16, (139)

and for (138b):

ρ2 = 0 or 4
ρ2
1

ψ2
t,1

+ 3
ρ2
2

ψ2
t,2

= 16. (140)

Table 2 Stability types and eigenvalues for each fixed point

Fixed point(ρ1, ρ2) μ1 μ2 Type

(0, 0) 1 + ε
φt,1
2ψt,1

1 + ε
φt,2
2ψt,2

Unstable Node
(
0, 4ψt,2√

3

)
1 − ε

φt,1
6ψt,1

1 − ε
φt,2
ψt,2

Stable Node
(
4ψt,1√

3
, 0
)

1 − ε
φt,1
ψt,1

1 − ε
φt,2
6ψt,2

Stable Node
(
4ψt,1√

7
,
4ψt,2√

7

)
1 − εη1 1 + εη2 Saddle

This yields the fixed points:

ρ1 = 0, ρ2 = 0,

ρ1 = 0, ρ2 = 4√
3
ψt,2,

ρ1 = 4√
3
ψt,1, ρ2 = 0,

ρ1 = 4√
7
ψt,1, ρ2 = 4√

7
ψt,2.

(141)

We determine the linear stability, following the eigenvalues,
of each fixed point in Table 2:

where

η1 := 3(φt,1ψt,2+φt,2ψt,1)

14ψt,1ψt,2

+
√
9φ2

t,1ψ
2
t,2+46φt,1ψt,2φt,2ψt,1+9φ2

t,2ψ
2
t,1

14ψt,1ψt,2
,

η2 :=−3(φt,1ψt,2+φt,2ψt,1)

14ψt,1ψt,2

+
√
9φ2

t,1ψ
2
t,2+46φt,1ψt,2φt,2ψt,1+9φ2

t,2ψ
2
t,1

14ψt,1ψt,2
,

(142)

and notice that η1,2 > 0.

Having obtained the MTS approximations for both the con-
tinuousPDEand its standard andnonstandarddiscretisations,
it is essential to examine how these approximations relate
to one another. It is crucial to determine whether the dis-
crete systems reproduce the same equilibria and stability
behaviour as the continuous one, or whether additional fea-
tures arise due to discretisation. To address these questions,
we next compare the continuous and discrete MTS approxi-
mations in § 4.3, focusing on the two-mode examples.

4.3 Comparison of MTS for the PDE and the P1E

We have derived the MTS approximation of the continuous
PDE (80) in § 4.1, as well as the MTS approximation for
the standard and nonstandard difference schemes in § 4.2.
We now compare these approximations by studying the nat-
ural frequencies and fixed point structures in their 2-mode
examples.
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4.3.1 Natural frequencies

It is evident that the natural frequencies of the nonstandard
P�E is identical to those of the continuous PDE. Therefore,
we focus on the standard difference scheme.Using the natural
frequenciesωk and ω̃k from the continuous PDE (83) and the
standard P�E (118), respectively, we compare them for each
mode.

The relative difference between ωk and ω̃k is computed
by taking ωk as the reference frequency for each mode. The
results for the first twomodes, showing the relative difference
as a function of �x and �t , are presented in Fig. 2. It can
be observed that for �x 	 �t , a more accurate natural fre-
quency approximation is achieved for the standard difference
schemes.

4.3.2 Fixed points

Let us recall the definitions of ρm from (134) and rm from
(86), along with the definitions of Fm and Gm (129). These
allow us to compare the fixed points of nonstandard and stan-
dard schemes of the P�E with those of the continuous PDE.

Standard finite difference

First we consider the standard discretisation, where

φt,m = φt = (�t)2, ψt,m = ψt = 2�t

leading to the fixed points:

ρ1 = 0, ρ2 = 0,

ρ1 = 0, ρ2 = 8�t√
3
,

ρ1 = 8�t√
3
, ρ2 = 0,

ρ1 = 8�t√
7
, ρ2 = 8�t√

7
.

(143)

From the discrete definition of ρm , we obtain

ρm =
√
F2
m + G2

m

(129)= 2
√
A2
m + B2

m sin(ω̃m�t)︸ ︷︷ ︸
Eq. (118)

.
(144)

The modal amplitude can be then written as

R̃m =
√
A2
m + B2

m = ρm

2 sin(ω̃m�t)
. (145)

On the other hand, following fromEq. (86), themodal ampli-
tude for the continuous PDE is given by

Rm =
√
A2
m + B2

m = rm
ωm

. (146)

Fig. 2 Relative error |ωm−ω̃m |
ωm

, for m = 1, 2

Thus, the modal amplitudes
√
A2
m + B2

m serves as the natu-
ral measure to compare the fixed points of the standard and
nonstandard schemes with those of the continuous PDE (80),
see Table 3.

The relative error of the fixed points of the standard differ-
ence schememodal amplitudeswith respect to the continuous

system are computed by |Rm−R̃m |
Rm

.
Observe in Fig. 3 that refining only the temporal or only

the spatial discretisation does not reduce the error in the fixed
points of themodal amplitudes. Therefore, to achieve a better
approximation, both �x and �t should be refined propor-
tionally.
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Table 3 Stability types and
eigenvalues μm for each fixed
point

Fixed Points PDE P�E

(R1, R2) μ1 μ2 (R̃1, R̃2) μ1 μ2

Eqb-1 (0, 0) 1
2

1
2 (0, 0) 1 + ε �t

4 1 + ε �t
4

Eqb-2 (0, 4√
3ω2

) − 1
6 −1 (0, 4�t√

3 sin(ω̃2�t)
) 1 − ε �t

12 1 − ε �t
2

Eqb-3 ( 4√
3ω1

, 0) −1 − 1
6 ( 4�t√

3 sin(ω̃1�t)
, 0) 1 − ε �t

2 1 − ε �t
12

Eqb-4 ( 4√
7ω1

, 4√
7ω2

) −1 1
7 ( 4�t√

7 sin(ω̃1�t)
, 4�t√

7 sin(ω̃2�t)
) 1 − ε �t

2 1 + ε �t
14

Fig. 3 Relative error |Rm−R̃m |
Rm

, for m = 1, 2

Nonstandard finite difference

We now consider the nonstandard difference approach for
the difference scheme with the following definitions:

φt,m = 4
ω2
m
sin2

(
ωm�t

2

)
,

ψt,m = 2
ωm

sin (ωm�t)
(147)

for each mode m. Using these definitions with (144), we
find that for each fixed point, (R̃1, R̃2) = (R1, R2), mean-
ing the fixed points of the modal amplitudes coincide with
those of the continuous PDE. Similarly, we have previously
shown that the NSFD scheme yields natural frequencies in
the P�E that exactly match those of the corresponding con-
tinuous MTS approximation for the solution of the PDE.

5 Conclusion and discussion

In this study, the theory of the multiple time-scales pertur-
bation method has been extended to initial-boundary value
problems for partial difference equations (P�Es). We have
introduced discrete operators that include fast and slow iter-
ation scales for P�Es, extending earlier work on O�Es to
the spatially discrete case. Using these operators, multiple
time-scales approximations for both a linear and a nonlinear
P�E have been derived from their corresponding continu-
ous PDEs. The asymptotic validity of these approximations
has been established in a Hilbert space setting, providing a
rigorous foundation for the method.

A linear PDE example has been analysed to allow direct
comparison between its exact solution, its multiple time-
scales approximation in the continuous setting, and the
multiple time-scales approximation of its discretised form.
Subsequently, a weakly nonlinear PDE of Rayleigh type has
been studied using both standard and nonstandard finite dif-
ference discretisations. The resulting multiple time-scales
approximations for these schemes have been compared with
those of the continuous PDE.

It has been observed that the eigenfunctions of the con-
tinuous PDE remain invariant under both standard and
nonstandard P�E discretisations. On the other hand, the
eigenvalues are affected by the choice of the second-order
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Fig. 4 Some examples for spurious resonance interactions in (�x,�t)

spatial difference operator. Standard spatial discretisation
leads to eigenvalues that differ from those of the continu-
ous system but converge to the exact values as the grid size
becomes smaller. In contrast, the nonstandard discretisation
yields eigenvalues that match exactly with those of the PDE
for each mode, regardless of the grid size.

Similarly, the natural frequencies depend on the choice of
both spatial and temporal second-order difference operators.
Standard differences lead to approximations that converge
to the exact natural frequencies as the grid is refined, while
nonstandard discretisation yield natural frequencies that are
identical to those of the continuous system for all modes.
Consequently, the nonstandard discretisation reproduces the
internal resonance structure of the continuous system exactly
for all modes. For standard differences, the validity of the
approximation is effectively limited to mode numbers up to
m � 1

2�x , assuming �x ∼ �t � 1.
Numerical results also indicate that standard discretisa-

tions may exhibit spurious resonance interactions. Although
Appendix A proves that resonances of the form ωm =
ωk + ωp + ωq cannot occur, these spurious resonance inter-
actions occur for certain pairs of (�x,�t), as illustrated in
Fig. 4. For instance, for �x = 0.05 fixed, the spurious inter-
action ω3 = 3ω1 (for m = 3 and k = p = q = 1) arises at
both �t = 0.1534 and �t = 0.1171, lying on the manifold
represented by the curve in Fig. 4.

As a concrete example, a two-mode scenario has been
analysed. It was shown that when there is no initial energy
(up toO(ε) for times ofO( 1

ε
)) in the remaining modes, they

remain decoupled with zero energy due to the structure of
the PDE. In this case, four modal equilibria were identified:

an unstable trivial equilibrium, a saddle equilibrium, and two
stable equilibria, each characterised by energy concentrated
in a single mode. The locations of these nontrivial equilib-
ria are influenced by the choice of the temporal first-order
difference operator. The nonstandard scheme leads the same
equilibria as for the continuous PDE’s multiple time-scales
approximations.

Overall, the nonstandard difference scheme yields the
exact solution when ε = 0. For 0 < ε � 1, it produces
solutions that are identical to themultiple time-scales approx-
imation of the continuous PDE. However, the nonstandard
approach requires discretisations that depend on the mode
number, which poses challenges for systems involving many
strongly coupled modes.

Future work may focus on extending the proposed frame-
work to higher-dimensional problems, more complicated
boundary conditions, and a wider class of PDEs with their
corresponding P�Es. A direct extension of the present
study is to consider equations with weakly space- and time-
dependent coefficients and to investigate different types of
weak nonlinearities. In addition, the occurrence of spuri-
ous resonance interactions in standard discretisations can
be studied in further detail. Insights of the origins of spu-
rious resonances could guide to development of difference
schemes that suppress spurious resonances while preserving
the actual modal structure of the continuous system.

Appendix A Modal interactions

In this appendix, we provide the intermediate steps leading
fromEq. (130) to Eq. (133).We begin by restating Eq. (130):

ε

(
�2

n0

φt,m
+ λmEn0

)

V1m

= − �n1Hm

φt,m
+ ε

Hm

ψt,m

− ε
2

3

∑

k

∑

p

∑

q

HkHpHq

ψt,kψt,pψt,q
〈ϕkϕpϕq , ϕm〉.

(A1)

The nonlinear contributions to the modal interactions come
from the inner product in the right-hand side of (A1). Using
the orthogonality of the discrete cosine basis over the uniform
grid with step size �x , we obtain

〈ϕkϕpϕq , ϕm〉

= �x

8

1/�x∑

i=0

cos((k ± p ± q ± m)π i�x)
(A2)

=
{

1
8 , if ± k ± p ± q ± m = 0,

0, else,
(A3)
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where the summation is over all sign combinations. Substi-
tuting this into Eq. (A1), gives

∑

k

∑

p

∑

q

HkHpHq

ψt,kψt,pψt,q
〈ϕkϕpϕq , ϕm〉 (A4)

=1

8

( ∑

m=−k+p+q

+
∑

m=k−p+q

+
∑

m=k+p−q

−
∑

m=−k+p−q

−
∑

m=−k−p+q

−
∑

m=k−p−q

−
∑

m=+k+p+q

+
∑

m=−k−p−q

)
HkHpHq

ψt,kψt,pψt,q
.

(A5)

The term with the summation over m = −k − p − q vanish
sincem, k, p, q ∈ N

+. Due to the symmetry over the indices,
Eq. (A5) simplifies to:

3
8

( ∑

m=−k+p+q

−
∑

m=k−p−q

− 1
3

∑

m=k+p+q

)
HkHpHq

ψt,kψt,pψt,q
. (A6)

To identify secular (resonant) contributions, we note that
sin(ωmn) and cos(ωmn) lie in the kernel of left-hand operator
in Eq. (130). The product HkHpHq generates combinations
of the form sin((±ωk ± ωp ± ωq)n) and cos((±ωk ± ωp ±
ωq)n), up to multiplicative constants. We therefore need to
determine for which combinations of k, p, and q these reso-
nant terms arise:

ωm = ±ωk ± ωp ± ωq . (A7)

In order to rule out or to determine secular terms, we
impose the following assumptions on the natural frequen-
cies {ωk}k∈N+ :

1. Frequencies are positive:

ωk > 0. (Cond-1)

2. Frequencies are strictly increasing:

�ωk = ωk+1 − ωk > 0. (Cond-2)

3. The frequency sequence is convex:

�2ωk = ωk+2 − 2ωk+1 + ωk > 0. (Cond-3)

4. Frequencies are strictly sub-additive:

ωk+m < ωk + ωm . (Cond-4)

5. Frequencies are linearly bounded:

πk < ωk < π(k + 1
2 ). (Cond-5)

While the first two conditions are natural, Conditions 3-5
require further justification, provided inAppendixB. Though
these assumptions may seem strong, they become practical
when analysing complex natural frequency expressions of
the P�E in Appendix B.

Analysis of resonance conditions

We analyse possible resonant terms for the summations in
Eq. (A6). For the last summation, with m = k + p + q, we
identify three distinct resonance scenarios:

ωm = ωp + ωq + ωk, (Case 1)

ωm = ωp + ωq − ωk, (Case 2)

ωm = ωk − ωp − ωq . (Case 3)

Next, we consider the second summation in Eq. (A6),
where m = k − p − q. Indices can be rearranges as
k = m + p + q, leading to resonance scenarios that are
equivalent to (Case 1)-(Case 3). Specifically:

ωm = ωp + ωq + ωk

⇔ωk = ωm − ωp − ωq ≡ (Case3),

ωm = ωp + ωq − ωk

⇔ωk = ωp + ωq − ωm ≡ (Case2),

ωm = ωk − ωp − ωq

⇔ωk = ωm + ωp + ωq ≡ (Case1).

For the first summation in Eq. (A6), wherem = p+q−k,
we obtain three additional resonance scenarios:

ωm = ωp + ωq + ωk, (Case 4)

ωm = ωp − ωq + ωk, (Case 5)

ωm = ωp + ωq − ωk . (Case 6)

We now investigate whether any of the six resonance
conditions above hold under the assumptions (i.e. (Cond-1)-
(Cond-5)) on the natural frequency.

Proposition 1 Under the frequency conditions (Cond-1)–
(Cond-5), none of the resonance conditions (Case 1)–(Case
4) can occur.
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Proof Case 1:Supposeωm = ωp+ωq+ωk . Thenωp+q+k =
ωk + ωp + ωq . However, by the sub-additivity condition
(Cond-4), we have:

ωp+q+k<ωp + ωq + ωk, (A8)

which is a contradiction. Hence, Case 1 cannot occur.
Case 2: Suppose ωm = ωp + ωq − ωk . Using (Cond-1), we
get

ωp+q+k = ωp + ωq − ωk < ωp + ωq . (A9)

Using (Cond-5), we write:

π(p + q + k) < ωp+q+k (A10)

< ωp + ωq (A11)

< π(p + 1
2 ) + π(q + 1

2 ). (A12)

Subtracting π(p + q) from both sides yields

πk < ωp − π p + ωq − πq <
π

2
+ π

2
= π. (A13)

This implies k < 1, contradicting the assumption that k ∈
N

+. Thus, Case 2 cannot occur.
Case 3: Suppose ωm = ωk − ωp − ωq . Then,

ωk = ωp+q+k + ωp + ωq > ωk + ωp + ωq > ωk (A14)

again a contradiction. Therefore, Case 3 cannot occur.
Case 4: Assume ωm = ωk + ωp + ωq with m = p + q − k.
Then, it follows from (Cond-1) and (Case 4), that

ωk + ωp + ωq = ωp+q−k<ωp+q < ωp + ωq + ωk, (A15)

which is a contradiction. So, Case 4 cannot occur. ��

Proposition 2 Under the frequency conditions (Cond-1)–
(Cond-5), none of the resonance conditions (Case 5)–(Case
6) can occur, except in the degenerate cases where the indices
satisfy m = p, k = q or m = q, k = p.

Proof Case 5: Suppose ωm = ωk + ωp − ωq with m =
p + q − k, implying m + k = p + q.

We consider three scenarios:

• If m > p and k < q, then from (Cond-2),

ωm + ωq > ωp + ωk, (A16)

a contradiction.

• If m < p and k > q, then again, from (Cond-2),

ωm + ωq < ωp + ωk, (A17)

again a contradiction.
• If m = p and k = q, then clearly

ωm + ωq = ωk + ωp, (A18)

thus Case 5 is satisfied.

Case 6: Suppose ωm = ωp + ωq − ωk with m = p + q − k.
Let c := p + q ∈ N

+, and we want to prove the inequality

ωc−i + ωi > ωc−i−1 + ωi+1 (A19)

for some i ∈ N with c − i > i . Using convexity (Cond-3),
we write

c−2(i+1)∑

j=0

�2ωi+ j = �2
c−2(i+1)∑

j=0

E jωi

= (E − I )2
c−2(i+1)∑

j=0

E jωi

= (E − I )
(
Ec−2i−1 − I

)
ωi

= (Ec−2i − E − Ec−2i−1 + I
)
ωi > 0

⇔ (Ec−2i + I )ωi > (Ec−2i−1 − E)ωi

⇔ ωc−i + ωi > ωc−i−1 + ωi+1.

(A20)

Following induction, it is evident that for m > k and p > q
(without loss of generality), we obtain:

ωm + ωk > ωp + ωq , (A21)

which contradicts the resonance condition (Case 6). Simi-
larly, for m < k and p < q, the inequality reverses direction
and again leads to a contradiction.

Thus, (Case 6) cannot occur except for m = p, k = q, or
m = q, k = p. ��

Following Proposition 1 and 2, Eq. (A5) reduces to

ε

(
�2

n0

φt,m
+ λmEn0

)

V1m

= − �n1Hm

φt,m
+ ε

Hm

ψt,m

− ε
1

8ψ3
t,m

⎛

⎝H3
m + 2

∞∑

k �=m

H2
k Hm

⎞

⎠+ n.r.t.

(A22)
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Appendix B Verification of the frequency
conditions

We verify that natural frequencies defined in (118)-(119) sat-
isfy (Cond-1)-(Cond-5).

B.1 PDE frequencies

For ωk = √
1 + π2k2 from (119) all five conditions trivially

satisfied: ωk is positive, increasing, convex, sub-additive and
satisfying πk < ωk < π(k + 1

2 ); the reader can verify these
properties directly.

B.2 Standard P1E frequencies

We now verify (Cond-1)-(Cond-5) for the discrete natural
frequency in (118). For fixed �t and �x , we define the con-
tinuous extensions (from R

+ to R+)

λ(k) := 1 + 4
(�x)2

sin2( kπ�x
2 ),

ω(k) := 1
�t arcsin

(√
(�t)2λ(k) − (�t)4λ(k)2

4

)
.

(B23)

To ensure real and unique natural frequencies, we consider
0 < φtλ(k) < 4 and 0 < k < 1

�x , within which λ(k) is
strictly increasing. Condition-1

From (B23),ω(k) is real and positive whenever 0 < λk <
4
φt
, which gives

|sin( kπ�x
2 )| < �x

�t

√
1 − (�t)2

4 . (B24)

If the right-hand side exceeds one, the inequality is auto-
matically satisfied for all k. This occurs when

�t < �x√

1+ (�x)2

4

.
(B25)

Otherwise, when �x
�t

√
1 − (�t)2

4 < 1 and sin( kπ�x
2 ) is

monotone (i.e. for k�x < 1), this yields the bound

k < 2
π�x arcsin(

�x
�t

√
1 − (�t)2

4 ). (B26)

Hence, (Cond-1) is satisfied for k in this range.
For small steps, (B26) can be approximated as follows:

for �x = �t � 1:

kmax 	 1

�t
− 1

π
+ O((�t)2), (B27)

and for a more general case �x = �t + c(�t)2 +O((�t)2)
with �t � 1 and c = O(1):

kmax 	 1
�t − 2

√−2c√
�t

− c + O
(√

�t
)

, (B28)

for c < 0. These bounds specify the highest spatial mode for
which ω(k) satisfies (Cond-1).
Condition-2

To ensure�ωk > 0, it is sufficient to show that dω(k)
dk > 0.

From (B23), define

f (k) := φtλ(k) − φ2
t λ

2(k)

4
, (B29)

which satisfies f (k) > 0 for 0 < λ(k) < 4
φt
.

Since f (k) = sin2(ω(k)�t), it follows that 1 − f (k) =
cos2(ω(k)�t) > 0, hence

√
1 − f (k) > 0. Differentiating

(B23) gives

ω′(k) = f ′(k)
2�t

√
f (k)

√
1 − f (k)

. (B30)

So ω′(k) whenever f ′(k) > 0.
Because

f ′(k) = φtλ
′(k)(1 − φtλ(k)

2 ), (B31)

f ′(k) requires both λ′(k) and 1 − φtλ(k)
2 being positive or

negative. The later caseλ′(k) < 0 excludes themodal interval
where ωk > 0, hence only the first case is relevant for the
present analysis. λ′(k) > 0 holds for 0 < k < 1

�x , where
λ′(k) = 2πk

�x sin(πk�x).

The second condition, 1 − φtλ(k)
2 > 0, yields

k < 2
π�x arcsin(

�x
2�t

√
2 − (�t)2). (B32)

For small stepswith�x = �t � 1, this canbe approximated
by

kmax 	 1

2�t
− �t

2π
+ O((�t)5), (B33)

and for a more general case �x = �t + c(�t)2 with
�t � 1, we obtain

kmax 	 1
2�t + 2c

π
(1 − π

4 ) + 1
2π ((π − 2)c2 − 1)�t

+ O((�t)2).
(B34)

Thus combining (Cond-1) and (Cond-2), the lowest upper
bound corresponds to φtλ < 2.

123



  569 Page 22 of 25 E. Koroglu, W. T. van Horssen

Condition-3

Analogous to the monotonicity argument in Condition-2,
discrete convexity (�2ωk > 0) follows from the continuous
convexity condition ω′′(k) > 0. Differentiating (B30) once
again with respect to k, we obtain

ω′′(k) = 2 f ′′ f (1− f )−( f ′)2(1−2 f )

4�t f
3
2 (1− f )

3
2

> 0, (B35)

where the denominator is positive, (B35) is positive when
numerator is positive, i.e.

2 f ′′ f (1 − f ) − ( f ′)2(1 − 2 f ) > 0. (B36)

Substituting f (k) = φtλ(k) − φ2
t λ

2(k)
4 gives

φt
16 (φtλ − 2)3((2 − φtλ)(λ′)2 + λ(φλ − 4)λ′′) > 0. (B37)

As shown in Condition-2, we have φtλ < 2. To determine
the upper bound for k, we shall study the interval for which

(2 − φtλ)(λ′)2 + λ(φλ − 4)λ′′ < 0. (B38)

Considering the casewhere�x = �t � 1, this inequality
simplifies to

(2 − φtλ)(λ′)2 + λ(φλ − 4)λ′′

= − 2π2(3 − (�x)2 cos(kπ�x) + cos(2kπ�x)) < 0
(B39)

showing thatω′′(k) > 0 for all k < 1
�x . Thus the same upper

bound obtained in Condition-2 φtλ(k) < 2 also guarantees
convexity.

Further assuming, for more general case, �x = �t +
c(�t)2 with �t � 1 yields

(2 − φtλ)(λ′)2 + λ(φλ − 4)λ′′

= − 2π2
[
32c
�x sin4( kπ�x

2 ) − 8c2 cos(kπ�x)

+ (1 + 2c2)(3 + cos(2kπ�x))

+ 16c(�x) sin4( kπ�x
2 ) + O((�x)2)

]
< 0.

(B40)

This similarly holds for all modes when �t � 1. There-
fore, for �x = �t + c(�t)2, we again have 1 − φtλ(k)

2 > 0
as the condition on mode number k.

Condition-5

We now determine the interval of mode number k for
which (Cond-5) holds, i.e. πk < ωk < π(k + 1

2 ). To estab-
lish the upper bound, we aim show that ω(0) < π

2 and, for

a given interval in k, that ω′(k) ≤ π . Using the fundamental
theorem of calculus, we write

ω(k) < ω(0) +
∫ k

0
ω′(s)ds ≤ π(k + 1

2 ). (B41)

From (B23),

ω(0) = 1
�t arcsin(

√
(�t)2 − (�t)4

4 ) <
π

2
(B42)

where (�t)2 − (�t)4

4 < sin2(π�t
2 ) for �t � 1.

For ω′(k) ≤ π , using (B29)-(B31), we have

λ′(k) ≤ 2π
√

λ(k) − (�t)2λ2(k)
4 . (B43)

Substituting the expressions of λ(k) and λ′(k) and squar-
ing of both sides, thenmultiplying each term by (�x)2 yields

0 ≤(�x)2(1 − (�t)2

4 ) + 2 sin2( kπ�x
2 )

[
1 − (�t)2

+ (1 − 2(�t)2

(�x)2
) sin2( kπ�x

2 )
]
.

(B44)

This expression can be written as a polynomial in S =
sin2( kπ�x

2 ). Dividing (B44) by 2 yields

P(S) := a2S
2 + a1S + a0 ≥ 0, (B45)

where

a0 :=�x2
2 (1 − �t2

4 ),

a1 :=1 − �t2,

a2 :=1 − 2 �t2

�x2
.

(B46)

Note that S ∈ [0, 1], and since 0 < �t,�x � 1 we have
a0, a1 > 0. Hence, there are two distinct scenarios for this
polynomial: a2 ≥ 0 and a2 < 0.

Ifa2 ≥ 0 (equivalently�t ≤ �x/
√
2), then P(S) ≥ a0 >

0 for all S ∈ [0, 1], and thus inequality (B44) is satisfied.
If a2 < 0, P(S) is concave, so P(S) ≥ 0 holds for S ∈

[S−, S+], where S± are the (real) roots.Writing ã2 = −a2 >

0, we obtain

S± = a1
2ã2

∓
√
a21+4a0ã2
2ã2

. (B47)

Since S− < 0 < S+, it follows that P(S) ≥ 0 for S ∈
[0,min{1, S+}]. We obtain S+ > 1 when

2�x√
�x2+4

> �t > �x√
2
, (B48)
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meaning that [0, 1] ∩ [S−, S+] = [0, 1], and there-
fore(B44) is directly satisfied. On the other hand, we obtain
S+ < 1 when

2�x√
�x2+4

< �t, (B49)

so that [0, 1] ∩ [S−, S+] = [0, S+].For the upper bound
we require S < S+, which is equivalent to

sin2( kπ�x
2 ) < 1

2ã2

(
a1 +

√
a21 + 4a0ã2

)
, (B50)

which leads to

k < 2
π�x arcsin

(√
1
2ã2

(a1 +
√
a21 + 4a0ã2)

)

. (B51)

For the special case �x = �t � 1, this simplifies to

kmax 	 1
�t − 2

π
+ O((�t)2). (B52)

For a more general case�x = �t+c(�t)2 with�t � 1,
we obtain

kmax 	 1
�t − 4

√−c
π

√
�t

− c + 3+202
12cπ

√−c�t

+ O(�t),
(B53)

where c < 0.
We now obtain the modal interval for k where πk < ωk .

From (B23),

πk�t < arcsin

⎛

⎝

√

φtλ(k) − φ2
t λ(k)2

4

⎞

⎠ (B54)

which leads to

sin2(πk�t) < φtλ(k) − φ2
t λ(k)2

4
. (B55)

Equivalently,

φ2
t λ(k)2 − 4φtλ(k) + 4 sin2(πk�t) < 0, (B56)

a parabola in λ, with discriminant 16 cos2(πk�t) ≥ 0 and
roots

λ± = 2
(�t)2

(1 ± cos(kπ�t)). (B57)

Hence, the admissible range of mode numbers k (i.e. those
satisfying πk < ωk) is determined by the inequality

4
(�t)2

sin2(πk�t
2 ) < λ(k) < 4

(�t)2
cos2(πk�t

2 ). (B58)

With λ(k) = 1 + 4
(�x)2

sin2( kπ�x
2 ), the lower inequality

is trivial for �x = �t � 1, so the range of validity in mode
number k is determined by the upper inequality, which gives

1 + 4
(�t)2

sin2( kπ�t
2 ) < 4

(�t)2
cos2(πk�t

2 ) (B59)

which leads to

1 < 4
(�t)2

cos(πk�t), (B60)

which means

kmax 	 1
2�t − �t

4π + O((�t)5). (B61)

For �x = �t + c(�t)2 with �t � 1: similarly, the lower
bound is trivial. For the upper bund we get

cos (kπ�t) + cos( kπ�t
1+c�t ) − 1

(1 + c�t)2
+ 1 − (�t)2

2 > 0. (B62)

Following the bound obtained in (B61), we expand given
expressions near k = 1

2�t , we obtain

kmax 	 1
2�t + c( 1

π
− 1

4 ) − 2+c2(8−3π)
8π �t

+ O((�t)2).
(B63)

Condition-4

Finally, we verify the strict sub-additivity condition,

ωa+b < ωa + ωb. (B64)

To prove this, we use the known fact that "ωk
k decreasing

implies sub-additivity". Using the continuous arguments, we
have

d
dk (

ω(k)
k ) = ω′(k)k−ω(k)

k2
< 0

⇔ ω′(k)k < ω(k).
(B65)

We have proved for (Cond-5) that ω′(k) ≤ π and ω(k) >

πk for k � 1
2�t . Hence we can write

kω′(k) ≤ πk < ω(k), (B66)

which proves that ω(k) (and thus ωk) is sub-additive.
Thus, we have shown all scenarios for the mode number

that satisfy the conditions (Cond-1)-(Cond-5). For special
scenarios, where �x 	 �t � 1, the approximate bound on
the total number of modes is obtained as k � 1

2�x .
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