<]
TUDelft

Delft University of Technology

Document Version
Final published version

Licence
CCBY

Citation (APA)
Koroglu, E., & van Horssen, W. T. (2026). On a multiple scales perturbation method for partial difference equations.
Nonlinear Dynamics, 114(8), Article 569. https://doi.org/10.1007/s11071-026-12422-x

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright

In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.

Unless copyright is transferred by contract or statute, it remains with the copyright holder.

Sharing and reuse

Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1007/s11071-026-12422-x

Nonlinear Dynamics (2026) 114:569
https://doi.org/10.1007/s11071-026-12422-x

RESEARCH l‘)

Check for
updates

On a multiple scales perturbation method for partial difference
equations

Ege Koroglu' - Wim T. van Horssen'

Received: 15 October 2025 / Revised: 27 January 2026 / Accepted: 25 February 2026
© The Author(s) 2026

Abstract

In this paper, we introduce a multiple time scales (MTS) framework for partial difference equations (PAEs). Such a framework
is underdeveloped for fully discrete systems. We investigate a classical initial-boundary value problem for a PDE using a
standard finite difference discretisation. For a nonlinear example, we additionally apply a nonstandard discretisation. Operators
for fast and slow iteration scales are introduced, and secularity conditions governing the slow evolution of modal amplitudes
are derived via discrete modal projection. Quantities such as natural frequencies and the stability of periodic solutions are
analysed by comparing continuous and discrete MTS approximations. We prove the asymptotic validity of approximations
in a Hilbert space setting. For standard discretisations, we derive the bounds on the mode numbers that can be accurately
represented by given spatial and temporal resolutions. Beyond these bounds, the discrete natural frequencies can lead to
spurious modal interactions, causing the approximations to fail at O(e) accuracy over iteration scales of O (%) For both
standard and nonstandard schemes, we obtain qualitatively consistent solutions. Notably, the nonstandard discretisation
yields solutions that exactly match the continuous PDE in the limit ¢ = 0 and closely approximate the continuous MTS
expansion for 0 < ¢ < 1.

Keywords Multiple scales perturbation methods - Partial difference equations - Nonstandard finite difference method -

Initial-boundary value problems - Asymptotics

1 Introduction

Multiple time scales (MTS) methods are well established
tools for studying the long time behaviour of weakly non-
linear systems, describing, for instance, wave propagation
and nonlinear oscillations. While MTS theory is mature
for ordinary differential equations (ODEs), partial differ-
ential equations (PDEs) (see e.g. [1-5]) and ordinary dif-
ference equations (OAEs), and recently been extended to
differential-delay equations [6], many practical problems in
science and engineering require discretisation in both space
and time, resulting in partial difference equations (PAEs).
However, the MTS theory for such fully discrete systems
remains underdeveloped.
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The development of MTS theory for OAEs and recurrence
equations goes back to the 1960s. Torng (1960) [7] and Hus-
ton (1970) [8], independently introduced the earliest forms
of MTS analysis for OAEs, both inspired by the Krylov-
Bogoliubov method. Despite some differences in notation,
their methods are essentially the same: treating weak nonlin-
earities as forcing terms, solving the linear systems, assuming
slowly varying coefficients, applying variation of constants
and imposing secularity conditions via Fourier expansions of
forcing terms to yield first-order difference equations govern-
ing the slow evolution of the amplitudes.

Hoppensteadt and Miranker (1977) [9] were the first to
explicitly introduce fast-slow iteration scales, n and s = en
with 0 < ¢ < 1, for difference equations. They assumed an
expansion

X, =x(n,s) =xo(n,s)+exi(n,s) + 0(82),

and defined shifted variable as x,,11 = x(n+1, s +¢). Using
Taylor expansions like
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x(n+1Ls+e)=x(n+1,s)+eix(n+1,s)+ O,

they finally obtained secularity conditions in the form of
ODE:s for the slow variable s, rather than a discrete recur-
rence relation.

Subramanian (1979) [10] similarly introduced discrete
fast and slow time scales with ng = n and n; = en. Mim-
icking the continuous fast-slow time decomposition

0 d 0

= &
Jat b1 + dat

the discrete difference operator is expanded as
Ax(n, en) =AM, x(n, en) + €Ay, x(n, en), (1)

where A, x(n,en) = x(m + 1,en) — x(n,en) and
Ay, x(n,en) = x(n,en 4+ €) — x(n, en). In contrast to
Hoppensteadt and Miranker, this method leads to discrete
secularity conditions that directly determine the slowly vary-
ing modal amplitudes.

Van Horssen and ter Brake (2009) [11] further developed
the method for OAEs, also obtaining discrete secularity con-
ditions similar to those in Subramanian’s approach. Their
main innovation lies in a more rigorous treatment of the
discrete operators. Rather than mimicking the continuous
analogue, they derived the difference operators from fun-
damental definitions:

A=E,—1
= EpyEn, — 1 )
= Ano + Anl + AnoAnl

where

E,x(n,en) =x(n+1,¢en +¢),
Eux(n,en) =x(n+1, en), 3)

E, x(n,en) =x(n,en +¢)

with A,, = O(1) and A,, = O(e). They pointed out that
the expansion used by Subramanian overlooks the mixed
difference term A, A,,, which contributes to the secularity
condition. This omission is a crucial flaw of that approach.
Furthermore, Van Horssen and ter Brake emphasized that
because the behaviour of OAEs and their corresponding
ODEs may differ substantially, applying continuous-type
secularity conditions as in Hoppensteadt and Miranker’s
method can yield approximations that are not O(g) accurate
over O(%) iteration scales.

Following the criticisms of van Horssen and ter Brake
[11] on the method of Hoppensteadt and Miranker [9], Hall
and Lustri (2016) [12] demonstrated that combining MTS
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with a continuous slow time scale and matched asymptotic
expansions can still capture the key characteristics of the
problem.

Liu (2018) [13] introduced an alternative analytical frame-
work for difference equations using renormalisation. The
method uses Newton—Maclaurin expansions to obtain uni-
formly valid asymptotic approximations and reduced slow
dynamics without explicit multiple time scales.

Compared to OAEs, the literature on MTS for partial
difference equations is even more limited. Newell (1977)
[14] studied explicit initial-value partial difference schemes,
aiming to determine nonlinear stability near linear stability
bounds. He used an asymptotic expansion assuming slow
variation in spatial and temporal indices, rather than for-
mally separating fast and slow time scales. This approach
therefore does not align with the formal MTS framework.
More recently, Hyatt and colleagues (2025) [15] applied a
semi-discretisation in time to the Korteweg-de Vries (KdV)
equation, using a Hoppensteadt and Miranker-like approach
to derive slow modulation equations for the resulting system
with travelling wave solutions.

The method proposed in [9] has become the most widely
used framework for applying MTS to difference equations.
Some notable examples of subsequent works applying or
extending this approach to OAEs include [16-18].

Nonstandard finite difference (NSFD) schemes were
introduced by Mickens [19] to better preserve qualitative
features of the underlying continuous models in discrete
formulations. These methods have since been extensively
developed for both OAEs and PAEs. Several studies have
specifically applied NSFD schemes to initial boundary value
problems (IBVPs) for PAEs, including [20-24].

As reflected in the disproportion between the literature on
OAEs and PAEs, further development is needed for PAEs.
In this paper, we extend the theory of MTS perturbation
methods from OAEs to PAEs. To demonstrate the result-
ing framework, we apply it to a nonlinear initial boundary
value problem (IBVP) discretised using both standard and
nonstandard finite difference schemes.

In this paper, a multiple time scales (MTS) framework for
PAEs, obtained by the spatial and temporal discretisation
of partial differential equations, is developed. To establish
this framework, partial difference operators incorporating
fast and slow iteration scales are introduced. Following this,
to illustrate the approach clearly, a linear PDE is discretised
using finite differences, and the resulting MTS approxi-
mation is compared with both the continuous PDEs MTS
approximation and its exact solution. The asymptotic valid-
ity of the MTS approximations are established in a Hilbert
space setting. Finally, the method is applied to a nonlinear
PAE derived from a string-like PDE with a Rayleigh-type of
nonlinearity, discretised using both standard and nonstandard
finite difference schemes. The resulting discrete approxima-
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tions are then compared to the corresponding continuous
PDE approximations.
The main contributions of this study include:

e Extending MTS analysis to initial boundary value prob-
lem for PAEs.

e Deriving a nonstandard difference scheme that is exact
for e = 0 and is equivalent to the MTS approximation of
the PDE for 0 < ¢ <« 1.

e Proving the asymptotic validity of the MTS approxima-
tion of the PAE.

e Comparing the modal equilibria of the continuous PDE
problem with the MTS approximations of the PAE prob-
lem.

The structure of this study is as follows: Sect.2 provides
preliminaries on partial difference equations in the context
of multiple scales. Following the preliminaries, a linear PDE
is analysed, and both its exact solution and MTS approxi-
mation are derived. The corresponding PAE is discretised,
its MTS approximation is obtained, and the results are com-
pared with the continuous analogue and the exact solution.
Section3 then establishes the asymptotic validity of these
MTS approximations within an infinite-dimensional Hilbert
space framework. Section4 investigates a weakly nonlinear
PDE, applying the MTS approximation both to the contin-
uous problem and to its standard and nonstandard discrete
formulations. Finally, Sect.5 concludes with a discussion of
the results, limitations, and prospects for future work.

2 Setup of the method
2.1 Discrete operators and time scales

Operators

We define the discrete operators that form the basis of
multiple scales perturbation methods for both ordinary and
partial difference equations.

We begin with the three primary difference operators: the
identity operator /, the shift operator £ and the difference
operator A, defined for a scalar function x(n) as:

Ix(n) ;= x(n),

Ex(n) :=x(n+1), 4)
Ax(n) :=x(n+1) — x(n).
Following from the definition of the shift operator, we intro-

duce the inverse shift operator E~!, which satisfies EE~! =
E~'E = I.1t can be written explicitly as

E~'x(n) :=x(n —1). (5)

We can briefly write
A=FE—1. 6)

To study partial difference equations, we extend these def-
initions to a multivariate setting. Restricting ourselves to two
discrete variables, we define for x = x (i, n):

Eix(i,n)=x{+1,n),
E7'x(i,n) =x(i — 1,n),
Aix(i,n) = (E; — Dx(i,n),
E,x(i,n)=x({,n+1),
E-lx(i,n) =x(@i,n—1),
Apx(i,n) = (E, — Dx(i, n).

(N

We now assume that the variable n carries dynamics on
both a fast scale and a slow scale:

no =no(n) :=n, np=n1(n):=en, ®)

so that the sequence x(i,n) becomes a function of both
scales: x(i,n) — x(i, ng,n1) = x(i, n, en). The given form
of two-scale extension was first introducedin [11] for O AEs.
Following the fast and slow scales (8), and definitions in (6)-
(7), the extended operators acting on x (i, n, en) are given
by:

Eix(i,n,en) =x(0+1,n,en),

Aijx(i,n,en) = (E; — I)x(i, n, en),
Eux(i,n,en) =x(,n+ 1, en), ©)
Apox(i,n,en) = (Eyy — Ix(i,n, en),
Eyx(i,n,en) =x(i,n,en+¢),

Ay x(i,n,en) = (E,, — Dx(i, n, en).

The corresponding inverse shift operators in space and time
follow directly from these definitions.

The full time shift operator E, is then composed of the
fast and slow shifts:

E,x(i,ng,ny) =E,x(i,n, en)
=x(i,n+1,en+¢) (10)
=En En x(i, no, ny).

Using this composition and (6), the total time (or iteration)-
difference operator becomes:

Ap=E, —1
=En En, — 1 (11)
=Apy + Apy + ApgApy.

@ Springer
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Based on Taylor expansions (see [11]), we note the orders
of the fast and slow difference operators:

Aix(i,n,en) =0(x(,n, en)),
Apox(i,n,en) =0(x(i, n, en)), (12)

Ap,x(i,n,en) =0(ex(i, n, en)).

It is convenient to use difference operators rather than shift
operators because they directly indicate the orders of magni-
tude of terms in the equations. Thus, we adopt this choice in
the difference stencils obtained from discretisations.
Inner product

Where the time and space discretisation step sizes are uni-
form and are given by At and Ax, respectively, we use the
discrete analogue of the L inner product on a uniform spatial
grid x; = i Ax, where x; € {0, Ax, ..., 1 — Ax, 1}, as

1/Ax

(f,8)=2Ax Y f()g(). (13)

i=0
2.2 Analytical example and its MTS solution

In this subsection we consider the following damped wave
equation on the unit interval:

Uy — Uyyx +€uyp =0, (14)

where x € (0,1) and ¢t > O with homogeneous boundary
conditions u(0, t) = u(1, t) = 0 and given initial conditions
u(x,0) = f(x)and u;(x,0) = g(x).

We define the modal coefficients associated with the initial
conditions as

1
Ag ::2[ fx)sin(kmx)dx,
0

1 (15)
B :=$/ g(x)sin(kmrx)dx,
0
where damped natural frequencies are given by
g2
wi(e) i= k27?2 — e (16)

Throughout this example we restrict to the underdamped
case. In particular, we assume 0 < ¢ < 2m, so that wi(¢)
is real for every k € N. Using the method of separation
of variables, the eigenfunctions satisfying the homogeneous
Dirichlet boundary conditions are ¢ (x) = sin(kmwx) (so
ok (0) = @i (1) = 0 for all k € N). Hence, the exact solution
of Eq. (14) can be written as

@ Springer

ur )=y e % (Ak cos(ay (£)1)
k=1 (17

B sin(a)k(s)t)> sin(km x).

We now further consider weakly-damped case 0 < ¢ < 1
and construct a multiple time scales approximation by intro-
ducing the expansion

u(x, 1) = uo(x, to, 1) + suy (x, to, 1) + O(e?),

where the fast and and slow times are ty = ¢, f] = ef, respec-
tively. This leads to the leading order problems

o) : dguo — d7ug =0

O(e) : dgur — dguy = — 2849y, 1o — dyylto,

with ug and u; satisfying homogeneous Dirichlet boundary
conditions at x = 0, 1. At leading order, the approximation
is given by

8]

ug(x, to, t1) = A (t1) cos(kmty)
o(x, fo, 11 ];( k(71 0 (18)

+ By (t1) sin(k7 o)) sin(kmx)

where the modal amplitudes evolve according to
Ar(t) = e T ALO). Bi(n) = e F B(0). (19)
2.3 Discretised problem and its MTS approximation

Having derived the exact solution (17) and the multiple time-
scales (MTS) approximation (18) of the continuous problem
(14), we now study its discretised counterpart. Our goal is to
construct the corresponding MTS expansion for the discrete
scheme and compare its structure to that of the continuous
case.

We discretise the PDE (14) using a standard second-order
central differences. Let U (i, n) denote the discrete approx-
imation of u(x, t), defined on uniform spatial and temporal
grids, defined as x; = iAx,fori =0,1,..., M = Aix, and
t, = nAt for n € N. Applying central differences for each
term in (14), yields to the following explicit finite difference
scheme:

UGli,n+1)=-2UG,n)+U(,n—1)

(Ar)?
_U(l+1,n)—2U(l,n)+U(z—l,n) 20)
(Ax)?
+8U(z,n+1)—U(z,n— 1) _o.
2At
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Using the operators defined in (7), Eq. (20) can be written
compactly as LU (i, n) = 0 with

_AE!

AES (A2 +2A)E;!
(Ar)? ’

Ax? ¢ 2A1

21

It is convenient, however, to use the equivalent time-
shifted partial difference operator, which simplifies the
separation of time-scales in asymptotic expansions:

2 2 p—1
L A ANETE,
(An)?

A2 +2A,

NN, (22)

Hence, we adopt this forward time-shifted operator for the
discretised PDE.

A naive perturbation expansion applied to Eq. (22) leads
to secular terms in the discrete solution. To avoid this, we
introduce a two time-scales expansion of the form:

U(i,n) = Ug(i, no, 1) + Ui (i, no, m) + O(e%),  (23)
where the fast and slow iteration scales are defined as ng =
no(n) :=n and ny = ny(n) := en, respectively.

From the expansion of the time-difference operator (cf.
Equation (12)), we know that

Ay = An + 200 Ay (Any + 1) + O(E?).

Substituting the two time-scales expansion into Eq. (22)
yields:

LU =0 —(Lo+ L + O@E) (U + eUp + O(e?))
= LoUy + eLoU; + L1Up + O(e?) = 0,

(24)
where the operators Lo and L are given by
A2 AYET'E
Lo:=—20 — —if 0 (252)
(Ar)? (Ax)?
280 (Mg Ang)  AZA Ey
L= 2 - 2
gAt) (Ax) (25b)
A2 420y,
+&e——.
2At

Recalling from (12) that A,, = O(e), it follows that
LUy = O(e). Hence, the leading order problems become:

O(l): LoUy=0,
O(e): eLoUy = —LUj.

(26a)
(26b)

To solve Eq. (26a), we use the method of separation of
variables by setting

Uo(i, no, n1) = Vo(no, n1) (i),
which leads to

(A%, Vo(no, n)]g (i)
(An)?
[AFE )] Eny Vo(no, n1)]
(Ax)? a

27)
0.

Dividing both sides by the common factors E,, Vo(no, n1)
¢(i), and introducing a separation constant A, we obtain

2 2 =1 .
AgoVo(no,nl) _ A E,-2 90(.1) _ (28)
(A1) EnyVo(no, n1)  (Ax)*p(i)
The spatial problem then becomes
oG + 1)+ ((Ax)* = 2)p(i) + ¢ — 1) = 0. (29)

The characteristic roots of this equation are

2 2 4
Fo=1— A(Azx) + i\/x(Ax)Z - #. (30)

Imposing ¢(0) = ¢(M) = 0 yields discrete eigenpairs

or (1) =sin(kmi Ax),

4 o kmAx

= an? )

(31a)

A

(31b)

with k € NT, MAx = 1,andi = 0,1,....M = £
These satisfy Ay < ﬁ, hence the square-root term in (30)
is real and |r; 2| = 1. Further details on the derivation of
the eigenvalues in (31b) are provided in § 4.2. Using this
separation constant A4, one can similarly obtain the temporal

equation as

Vo 42, ) + G (AD* = 2)Vo(n + 1, ) + Vo(n, ) = 0,

(32)
which has characteristic roots
A (Ar)? AZ(An)*
ra=1— AT s an? - AC (33)
’ 2 4
Imposing A; < ﬁ ensures |r1 2| = 1, yielding oscilla-

@ Springer



569 Page 6 of 25

E. Koroglu, W. T. van Horssen

tory solutions without spurious damping or amplification and
keeping the discrete dynamics consistent with the intended
continuous model. This yields the general solution

Vo (no, n1) =Ax(n1) cos(@xnoAt)

o (34
+ By (ny) sin(wgnoAt),

where the frequency @y satisfies

— A (AD)?
cos(wrAt) =1 — %,

35
A2 (A 59

sin(wy At) :\/)\k(At)2 —

Hence, we can write

or = Alt arcsm|: (1 + (A g sin (ﬂkAx)> (A1)
(36)

2 72
4 2 (mkA (Af)
—<1+(A)C)2 sin (”zx)) 4 i| }

This results in the solution of the O(1) problem

o0

Uo(i,ng,ny) = Ay (ny) cos(wg Atng)
o(i, no, ny ];[ k(1 i Atng &N

+ By (ny) sin(@r Atng) | sin(kmi Ax).

Substituting this into Eq. (26b) and taking the inner product
(as defined in Eq. (13)) with ¢,, as defined in (31a), we obtain

e(LoU1, o) = —(L1Uo, ¢m). (38)
Assuming
o0
Ui(i, no,m) = Y Vix(no, n)gx (i), (39)
k=1

Equation (38) becomes
o0 oo
(Lo Y Vikpk, om) = —(L1 Y Vok @k, @m).- (40)
k=1 k=1

Using linearity and orthogonality, we get for each m € N:

AQ.
— & <(A[)2 Vlm + A Enovlm>

A2+ 204 AZ + 20
(A2 2At

(41)

Om Om -

Since the kernel of left-hand side of Eq. (41) is spanned by
sin(w,; At ng) and cos(w,, At ng), and to avoid the secular

@ Springer

growth of the leading order solution (37), we let A, (n1) and
B, (n1) be such that the right-hand side of Eq. (41) does not
project onto this kernel.

To determine the required conditions, we expand

(Aﬁo + 2Ano)v()m
=cos(wpnAt)
X [Ay o8y At) + By sinQQio At) — Ap]
=:F,

—~ (42)
+ sin(w,nAt)

X [—Amsinom At) + By, cos(2iom At) — By
=G
=F,, cos(onnAt) + G, sin(opnAt).

Substituting this into the right-hand side of (41), secular
terms are eliminated by requiring

At At
AnyFn = —£=Fu. Ay Gn = —e—G. (43)

Equivalently, in terms of slow time steps:

Fn(en+¢) = ( - e%) Fp(en),
(44)

At
Gpulen+e¢e) = (1 — 87> G, (en).

. . . . . 1 .
This yields exponential decay for iteration steps n S :

( At)n __enAt
Fu(en)=(1—e— | Fn(0)~e 2 F,(0),
2 (45)

G(en) ~e™ " G (0).

We have obtained the identical eigenfunctions for the dis-
cretised system (¢ = sin(kmwiAx)) as in the exact PDE
solution and the MTS approximation of this PDE (¢ =
sin(kmrx)). However, the discretisation has an influence on
the corresponding eigenvalues, Ax, hence on the natural fre-
quencies @y.

From (18) and (16), we observe that the MTS approxi-
mations for the continuous PDE have frequencies w; = km,
which are accurate up to O (g%) compared to the exact damped
frequencies of the PDE. The decay factor in both the exact

solution (17) and the MTS approximation (19) are identical,
—et

given by e 2

In contrast, from (35) and (31b), the natural frequency of
the discrete system (36) @y does not equal the continuous
PDEs frequency or its MTS approximation. The discrete fre-
quency depends explicitly on the spatial and temporal grid
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resolutions Ax and A¢. We will examine how closely these
discrete frequencies approximate the continuous MTS fre-
quencies in later chapters.

For small ¢, and recognizing that At n = t,, the discrete

decay factors of F;,, and G,, in (45) tend to e%ln. The rela-
tionship between the modal amplitudes A,,, B,, and F,,,, G,
given in (42), shows that while they share the same rate of
decay to leading order in &, the actual modal amplitudes do
not match exactly due to discretisation effects. Furthermore,
notice from their definitions (42) that for larger mode num-
bers m, the F,, and G,, deviates from A,, and B,,. Hence,
despite differences in frequency content and amplitudes, the
MTS approximations for continuous PDE and its discretisa-
tion exhibit consistent leading-order damping behaviour.

Overall, even in the limit ¢ = 0, the discrete system
does not exactly reproduce the continuous PDE frequency or
amplitude contents due to the dependence on spatial and tem-
poral grid resolutions. In this linear example, there is no time
dependence or nonlinearities. Therefore, phenomena such as
modal interactions do not arise in this case. These interac-
tions make the analysis more interesting, as discretisation can
qualitatively alter the system’s behaviour. In § 4, we exam-
ine a nonlinear system where modal interactions arise and
explore how discretisation affects them.

3 Asymptotic validity

The first rigorous construction of the asymptotic validity
of the multiple time scales perturbation approximation for
difference equations was provided by van Horssen and Ter
Brake in [11].

In the present section, we extend the theory to partial
difference equations (PAE), or equivalently, to infinite-
dimensional difference systems. This extension requires the
formulation of the suitable Hilbert space framework that
accommodates the modal decomposition arising from the
spatial discretisation of partial differential equations.

Therefore, we first introduce the necessary function spaces
used in our analysis.

Definition 1 (Hilbert Space Framework) Let each mode k be
represented by a vector wy (n) € RY at iteration step n € N.
The dimension d € N corresponds to the order of the system
(e.g., d = 2 for second order in time). We define the state
vector as

W(n) :=(wi(n), wa(n),...)

= 4
=@ wi(m). wi(m) e RY, (40
k=1

and the associated Hilbert space as

H o= 2N RY) = {W‘i||wk||2 <oo}. 47)
k=1

We define a linear operator A : H — H by
(0.¢]
A= @ Ag, (48)
k=1

with Ay € R?%4 assumed to be diagonalisable as Ay =
PkAkPk_l, where Ay = diag()»,(cl), el k,((d)). This direct
sum construction yields a block-diagonal structure, acting
component-wise:

A(W) = (AlWl,Azwz,...). (49)

We similarly define the block operators P, L : H — H by

o0 oo
P::kQ_?Pk, L::I@lz\k. (50)

We assume that the block operators P, Pl and £ are
bounded on H with norms satisfying

= |IP| HP—IH <00, A:=||L| < oo. 51)

The nonlinear operator F : H — H is defined component-
wise as

FW) =@ frW). fr:H—>R" (52)
k=1

We assume that F is Lipschitz continuous:
[ feW1) = FrW2)| ga < LillWi — Wally, (53)
: %) 2:1/2 .. .
with L = (37—, L;) '~. This implies
o0
IFW1) = FOWDI5, =" [ frW1) = f1(W2)| pa
k=1
o
<Y LiIW = W23,
k=1
o0
=W —Wal3, > L}
k=1
=L*|Wy — W23,

(54)
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Theorem 1 (Asymptotic Validity) Let the state vector W (n)
evolve according to the discrete system

Wn+1) = AW (n) + eF(W(n)), (55)

and let W(n) be its multiple time scales approximation sat-
isfying

Wmn+1)=AWn) + e F(Wn)) + "' Rn), (56)

where R(n) € H is the residual term. With A defined in (51),
the following holds:

[W©) — WO, =0Em.
then for n = O(%) and any A > 0,
[W ) — W), = OE™2".

Proof We investigate each scenario for A, i.e., 0 < A < 1,
A=1land A > 1.

We begin with 0 < A < 1. We introduce the transformed
variables U (n) := P~! W (n), which leads to:

Un+1)=AUm)+eP ' F(PU®n)),
Un+1)=AUn)+eP 'F(PU®m)) + "' P IR®).

(57)
Subtracting these, and applying the H-norm yields
[U@m+1) U@+ 1),
<Al |U®m) —Um)|,,
(58)

e | P |[FPTm) - FPUM) |,

+ | P RO gy

Using Lipschitz continuity of F, we estimate

|F(PU®)) — F(PUm))|,, < LIPI|U®R) —Um)|,,-

(59)

Using from (51) that x = || P|| ||P_1
there exists a constant C such that “ P~
all n up to (’)(%), then it follows that

, and assuming that

YR 9¢ < C for

[Tn+1)-U®m+ D5

~ ~ (60)
<(+exl) [Un) —Um)|,, +&"'C.
The derived difference inequality yields the estimate:
|T@m) —Um)|y < +exL)" | U©) — UWO)],,
| riEGt el =1 (6D

AMtexl —1
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Casel: 0 < A < 1
We rewrite the powers as

[T —Um]

K_L n -
<" (1 + 87> |T©) —UWO],,
——
—0@re™ ) (62)
n
+8m+15)‘n (1 +8%) —1
A+ekl —1

:O<Anes’l%)

=0 (M) [T - U],

+0 <8m+lknesn%> )

(63)

Assuming the initial condition satisfies

|W©) -~ WO, =0E"*, (64)
where U(n) = P~'W (n), we conclude that for n = (’)(é):
| W) — Wn)|,, = OE""am. (65)
On the other hand, if we assume A = 1 — ¢, Eq.(62) yields to

[T — U]y

kL ~
<M1 +e=2)" |00 - VO],

(66)
s M el — 1
+&"C L — 1
= 00" ) | T ©0) — U(0) ¢ (67)

+ (’)(smk”e‘m%).

Hence, for the initial conditions (64), we conclude for itera-
tion scale n = (’)(é):

[W ) — W), = 0E"1". (68)
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Casell: A =1
Where (1 + x)" < "™ for x > 0, the estimate (61)
becomes

[T —U@m)|,, <1 +exl)" [T©O) —U©O)],
:O(esm(L)
e (1+ecL) —1 (69)
KL
—_—
:O(e””‘L)
=0 ) | U(©0) — U©O)],,

+ O(gmesnKL).

+¢

(70)

Assuming the initial condition satisfies

[W©O) = WO, =0("),

where U(n) = P~'W (n), we conclude that forn = O(1):
[Wn) = W), =0("). (71)

Caselll: ) > 1
‘We define the rescaled variables

U(n) = A"V (n),

- - (72)
Un) = 2\"V(n),
so that Eq. (57) becomes
1 e _
Vit 1) =~ AV)+5g PTIFQIPY (),
~ 1 ~ & B ~
Vin+1) = XAV(n)+WP YFO"PV (n)) (73)
8m+1 1
+ g PR,

Subtracting and applying H-norm, we obtain
[Va+1 -vV@+1],

1 -
=5 Al |V (@) — V(n)IIH
+ e |FGr PV () + FOM PV )|

Al H

8m+1 o
vl L [T (4)
<[V - v,
+—— Pt 1P V) — v

atl H

8m+1 -
+ 55 € (75)

ekl | ~ gmtl

= 1+T ||V(n)—V(n)||H+WC. (76)

Hence we obtain

~ L\" | ~
Vo) = v, = (1 + SKT> V0 - v,

g ~(1 + SKL)n _ (77)
+—C -
Al kL
Assuming that
V)= v, =0Em.
we obtain for up ton = O(%) that
V) = v, = 0Em. (78)
Recalling that W (n) = A" PV (n), it follows that
|Wn) = W), = 0@E"1". (79)
O

4 On a weakly nonlinear PDE

In this section, we apply the multiple time-scales perturbation
method to a weakly nonlinear PDE of Rayleigh type:

1
Uy —Uxxy T U =€ (l/tt - §M3) , (80)

forx € (0,1),t > 0,and 0 < ¢ < 1, subject to homoge-
neous Dirichlet boundary conditions u(f, 0) = u(t, 1) =0,
and subject to initial conditions given by u(0, x) = f(x) and
us (0, x) = g(x). Already in 1970 this problem was stud-
ied by using averaging methods in [25]. Here, we outline its
analysis using the multiple time-scales framework, and in the
following subsection we study its discrete analogues (that is,
PAEs) under both standard and nonstandard finite difference
schemes.

4.1 A MTS approximation of the solution

We introduce the fast and slow time scales 1) = ¢t and t; = &t,
and expand the solution of (80) as

u(x, 1) = uo(x, to, 11) + eu1 (x, to, 11) + O(e?).

@ Springer
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Substituting this into Eq. (80) yields:
(910 — 310 + o) + £(dgur — dgur +u)

1 3 5 81)
= —820;, 0puto + €[(3;y10) — g(azouo) 14 O(e?).

This expansion gives us the first two leading order equa-
tions:

O : dguo — dfuo +uo =0, (82a)
O(e) 1 dpur — Ozuy +uy
1
= —28, 8,10 + (Dytt0) — 5(810140)3. (82b)

Solving Eq. (82a) by using the method separation of vari-
ables yields the eigenpairs

M= =1+ 7%k, @p(x) = sin(rkx), (83)

and the general solution

uo(x, ty, t1) = [Af(t1) cos(wity)
0 0,11 1; k(71 k10 (84)

+ By (1) sin(wytp)] sin(wkx),

where Ay (1) and By(t1) are still arbitrary functions which
can be used to avoid secular terms in u.

To avoid secular growth in u1, the right-hand side of
Eq. (82b) must be orthogonal to the kernel of Lo, which
is spanned by {sin(wgty), cos(wi?p)}. This leads to the con-
dition that the modal amplitudes Ay (1), B (1) for k € N
have to satisfy:

Am =1Am + iA,,,(A2 + B2)w?
2 32 m m m
1 . 2 2y, 2 (85a)
— gAn > (AR + By,
k=1
B, =le + iBm(A2 + B2)w?
(85b)

1 S 2 2y, 2
— g B ];(Ak + BPw}.

(See [25] for a similar and detailed derivation.)
We introduce scaled polar functions for each mode:

W Ap (1) =rp (11) cos(ap (11)),

. (86)
W By (1) =1y, (21) sin(a, (11)),

@ Springer

Table 1 Stability types and eigenvalues for each equilibrium point

Equilibrium (1, r7) X A2 Type

(0, 0) 1 i Unstable Node
(0. %) -1 -1 Stable Node
(% , 0) -1 -1 Stable Node
(% %) -1 ! Saddle

Vm € NT, which transforms the scaled modal amplitude
equations (86) into

1 1 1
gt 38— gn @0
& =0 (87b)

Example 1 (A Two-Mode System) Assume that only initial
energy of the system is present in the first two modes. The
system (87a) reduces to

P :lrl +=r} - lr1 i +r3) (88a)
2 32 8 ’
. 1 1 3 1 2 2
&) :§r2+3—2r2 —§r2(r1 +r2) (88b)
Solving /; = 0 and 7, = 0 yields
ri=0or 16 =3r +4r2, and
(39)

ry =0o0r 16 = 4rf +3r3,

which yields the equilibrium points. Resulting equilibria and
and their linearised stability are listed in Table 1:

We present the phase portrait of this system in Fig. 1. In
§ 4.2, we extend the same MTS approximations to the discre-
tised PDE and derive its modal amplitude equations. Example
2 illustrates the resulting dynamics when only the the first two
modes are initially excited. In § 4.3, we compare the continu-
ous (Example 1) and discrete (Example 2) two-mode systems
to assess the correspondence between their modal dynamics.

4.2 Discretisation of the PDE

We now analyse the weakly nonlinear PDE (80) using finite
difference approximations. We discretise the spatial and tem-
poral domains as x; = iAx fori =0,1,...,M = Aix, and
t, = nAt for n € N. We denote the discrete approximation
of u(x,t) by U(i, n). Following the nonstandard finite dif-

ference framework, we replace the standard discretisations
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Fig. 1 Phase portrait of the two-mode system in scaled modal ampli-
tudes (ry,r2) with equilibrium points @ and stable and unstable
manifolds of the saddle —.

with modified difference quotients:

(A1)? = ¢ =(AD? + O((A1)?),
(AX)* = ¢ =(Ax)> + 0((Ax)P), (90)
2At — Yy =2A1 + O(AtL),

with ¢;, ¢y, Y, > 0, as originally proposed by Mickens in
[19]. Following the operator-based notation introduced in
Eq. (20) and (22), the discrete analogues of the differential
operators become:

" _)A%E;lU(i,n)’

o
_)Al.in_lU(i,n)

ox ’
_)(A% +2An)E,j1U(i,n)'

Vi

oD

Uxx

Uy

Note that the numerators in (91) are equivalent to those in the
standard discretisation (20). In the remainder of this section,
we study the given equation under both the standard and
nonstandard finite difference schemes by referring to ¢y, ¢,
and v, as standard or nonstandard quotients.

Using these approximations, the PAE corresponding to
Eq. (80) becomes:

A2UG,n)y A2ET'E,UG,n)

+ EU(i,n) =
o s - o)
(280U [AF+280UGm]
Vi 397 ’

accurate up to O((A1)?) + O((Ax)?), which we denote by
the operator equation LU = ¢ f(U).

Similarly as in § 2.3, we construct an approximation of the
solution to Eq. (92) using multiple time-scales perturbation
expansion. Introducing the fast and slow iteration scales

no(n) :=n, ni(n):=en, (93)
we expand the solution of the discrete problem Eq. (92) as:

U(i,n) = Up(i, no, n1) + U1 (i, no, n1) + O(e?).  (94)

Substituting this expansion into the discrete system, and
using Eq. (9)-(12), we obtain the MTS expansion of LU =

f):

(Lo + L1 + O(e?))(Up + €Uy + O(e?))

, (95)
= ¢ fo(Up+ O(e)) + O(e7),
which yields:
LoUo + eLoU1 + L1Ug = € fo(Up) + O(e?). (96)
The discrete operators involved are defined as:
2 2 -1
Lo =2 AiE En + Eng
¢t ¢x
. 2A”1 (A%o + A"O) AizAﬂl Eno (97)
1= - )
¢ %
Iy (A2 +20,00)  [(A2 424,
0() = —
2 3y

Since A,, = O(¢e), we obtain L1 = O(¢) and following
from (12), the leading-order equations are then:

O@1): LoUy=0,
O(e) : eLoU; = —L Uy + ¢ fo(Up).

(98a)
(98b)

To solve (98a), we use the method of separation of vari-
ables. Let

Uo(i, no, n1) = Vo(no, n1)e(i). 99)

@ Springer
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Substituting this into Eq. (98a) gives

Az Vo(no, ny)

@)
fon
_ (A2E; " (i) (Eny Vo(no. n1)) (100)
O«

+ EnyVo(no, n1) ¢(i) = 0.

By dividing both side by E,,Vy(ng, n1) ¢(i) and intro-
ducing a separation constant A, we obtain:

(A%, Vo(no.n1)) — (AZE['9()
$1EngVo(no,n1) — ¢x(i)

= —A. (101)
This leads to the separated spatial and temporal problems.

Spatial problem and eigenvalues The spatial problem
becomes

(A2E7Ng() 4 ¢ (0 — De(i) = 0,

i (102)
with ¢(0) = ¢(1/Ax) = 0.
This leads to the characteristic roots:
207 _1)2
ra=1—0D 4 e oo n - BT (103)

$2(—1)2
when ¢, (A — 1) — ===—=— > 0. It turns out that for ¢, (A —

1
P2 (A —1)? .. . .
1) — == < 0, only trivial solutions will be found. Hence,

for nontrivial solutions, given inequality leads to 1 < A <
1+ q;ix’ |r12| = 1 and ¢ (i) is given by:

@(i) = c1cos(0pAxi) + cysin(By Ax i), (104)
fori=1,2,..., M = ﬁ,where
A—1
cos(0)Ax) =1 — %,
105
. p2(n — 1)? (10
sin(0), Ax) :=, /¢y (A —1) — 1

Imposing the boundary conditions ¢(0) = ¢(1/Ax) = 0

givescy =0and@;,, = wkfork € N, so the eigenfunctions

become

o (i) = sin(rkAx i), with Ax € (1, 1+ ¢;i) . (106)
The eigenvalues Aj easily follow from the first equation

in Eq. (105). For 6;, = km we find

=1+ ¢l(1 — cos(km Ax))
4X - 2 knA (107)
=1+ 2. sin (7).

@ Springer

Temporal problem The temporal part of the separated prob-
lem (101) reads:

Ap Vok (0, n1) + Ay Eny Vor(no, n1) = 0. (108)
Its characteristic roots are:

i | IAT
ro=1- f2 + ji[dihk — f4k. (109)

Given 0 < A < %, we have |r1 2| = 1. From the physical
perspective, this is the necessary and sufficient condition on
the eigenvalues that leads to oscillatory time solutions of the
given system, which is the characteristic of solution obtained
for ¢ = 0 and the approximation obtained for 0 < ¢ < 1 for
the continuous PDE. For this given interval of A;, define

A
cos(wrAt) :=1 — ¢t2k,
(110)

. ¢ i

sin(wg At) :=[ piAr — 1
so that the general temporal solution becomes

Vor (ng, n1) =Ag(n1) cos(wrngAt

0k (no, n1) =Ax(n1) cos(wgnoAt) (11

+ By (ny) sin(wgngAt).

We refer to @y, as the k-th natural frequency of the PAE.

Combining spatial and temporal solutions for all modes,
such that Uy (i, no, n1) = Y pey Vo (no, n1)gx (i), solution
of O(1) problem (98a) can be obtained as

Uo(i,no,m) = Y [Ax(m) cos(@rnoAt)
keN+

+By(n1) Sin(aknoAt)]QDk @@).

(112)

Where we are seeking for approximations of the solutions
of the PAEs (92), which satisfy for ¢ = 0 the exact solution
of the PDE-problem (80). For other choices of ¢;, ¢, and
Y, we will not have exactly matching solutions for ¢ = 0
properly.

Difference quotients for ¢, ¢; and

The separation constants A depend on ¢,, and the natural
frequencies wy depend on both ¢; and ¢,.. Since ¢ and ¢, are
not a priori fixed, we consider two main cases. Either ¢, and
¢; are equal to the standard step sizes, i.e., ¢, = (A)c)2 and
& = (A%, or they are the exact (nonstandard) discretisation
step sizes.

For the harmonic oscillator the standard discretisation is

yin+1)=2ym) + yn — 1)

5 +w’y(n) =0,

(113)
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where ¢, = (A1)2, and in the nonstandard discretisation
(114)

[19]. Following this approach in Eq. (102) yields for each
mode

4 TkAx
O = Pxk = yE) sin® < 5 ) (115)
which gives eigenvalues:
1+ A sin?(kzaxy jf = (Ax)?,
I +77k if ¢pr = —z sin ().

Thus, the nonstandard eigenvalues A; (and as will be shown,
eigenfrequencies @y ) coincide with those from the continu-
ous PDE (80).

Similarly for the temporal problem Eq. (108), the non-
standard expression can be obtained as

4 5 o At
¢ = Qrk = =5 sin .
;; 2

(117)

This leads to two scenarios for the natural frequencies:
If ¢, = (Ax)? and ¢, = (Ar)?, we have the following
expression for the natural frequencies,

sin® (”k%)) (A1)?

of = ﬁarcsin[ (1 + (Ai)z

4 - 2 (mkAx Z(Az)“ :
_<1+(Ax>2sm (% )) 4 )

(118)

4 Gn2(mkA 4 2 Al
If ¢ = —3pz sin (FF%) and ¢y = = sin (#457), so choos-
ing nonstandard discretisations for both time and space, we

obtain the expression
or =V 1+ m2k2,

This last natural frequency expression (119) is identical to
the natural frequencies from the MTS expansion of the cor-
responding PDE (80).

Note that the choice of ¢, does not affect the eigenfunc-
tions ¢(i), but it affects the eigenvalues A, thus wy. Hence,
the standard difference discretisations for ¢, and ¢, lead to
a deviation the natural frequencies.

To compute the nonlinear term fy(Up) in the O(¢) prob-
lem, we also require a nonstandard discretisation with ¥,
which appears in the denominator of the first-order time dif-
ference operator defined in Eq. (90).

(119)

Consider a single mode of the solution:

Vom (no, n1) =An (n1) cos(@mnoAt)

o (120)
+ By, (n1) sin(w,,,ngAt).

We assume that the discretisation of the nonstandard dif-
ference operator for first order time derivative near the time
step ng is of the form:

(do+dy Ey +d_1E; ! +...)Vou(no, n1)
12

where d; corresponds to the weights of neighboring cells of
Vom (no, -), and [ represents the constant distance of neighbor-
ing cells on the positive iteration axis. We consider a 3 point
stencil as an initial guess for the nonstandard first order differ-
ence operator. We compute the continuous derivative of the
solution Vo, (f9, n1) with respect to the fast scale typ = noAt.
This derivative serves as a reference expression that the dis-
crete operator (121) should reproduce. In other words, we
are using the exact derivative as a calibration tool to deter-
mine the correct discretisation y; in the nonstandard finite
difference operator. This leads to

(121)

1y Vom (t0, 1) =C,‘-)\1-1/1(Bm (n1) cos(wmto)

— A (n1) sin(@mio)). (122

Again writing ngAt for #y and matching coefficients of
(121) and (122), we get

Om VYt (B cos(@mnoAt) — Ap sin(@mnoAt))
- cos(cﬁ,;lnoAt){doAm
+dy1[A cos(w, At) + By, sin(w, At)]
+d_1[Ap cos(@y At) — By sin(@y, At)]} (123)
+ sin(@pnoAt) {doBm
+ di1[ By, cos(wm At) — Ay sin(wm Al)]
+d_1[By, cos(@ AL) + Ay, sin(@n, At)]}.
From orthogonality, matching the coefficients of

cos(a, At no) and sin(w,, At ng) terms, we obtain the nec-
essary constraints:

OmYtm — (dy1 — d_1) sin(w, At) =0,
do + (di1 +d_1) cos(w, At) =O0.

(124a)
(124b)
Assuming that dy, d+ are constants independent from mode
number m and temporal step size At, then we find from

(124b)

do=0, andd_1 = —d4. (125)
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Choosing d41 = 1 without loss of generality, we obtain

Yim = 7= sin(@n Al). (126)

Thus, as with ¢, and ¢, the discretisation size ¥y n,
depends on the mode number m.

Spectral projection of the O(¢)-problem

We now proceed to the O(g)-problem (98b), employ-
ing the spectral decomposition established previously. This
step involves spectral projection, where the full system is
projected onto the eigenbasis ¢, allowing us to isolate the
evolution equations for each modal amplitude.

Taking the inner product of both sides of Eq. (98b) with
the m-th eigenfunction ¢,,, we obtain

e{(LoU1, om) = —(L1Uo, @) + &(fo(Uo), @m). (127)

Assuming the modal expansion Ui (i, no, ny)
= Y po; Vik(no, n)ek(i), and following similar calcula-
tions as for Eq. (38-(41)), we define

Hi(no. ny) := (An +2A0) Vor(no, n1)

o (128)
= F,,(ny1) cos(omnoAt) + G, (ny) sin(omnoAt).
where Fy,(n1) and G,,(n) are defined as
F, =A cosQwy, At
m(nt) m(n1) ( wm~ ) (1292)
+ By (n1) sin(Lwy, At) — Ay (ny),
G =—A in(2w, At
m(ny) m(n1) sin(Qw, At) (129b)

+ By (n1) cos(2m At) — By (n1).

Substituting Eq. (128) into Eq. (127), we obtain the evolution
equation for Vi,,:

AZ
e LA . Eny | Vim
¢t m

_AwHy  Hy
¢f m 1Ahl‘ﬂ’l

HyH,H,
3 Zzzmmw

(130)

(Ok0p©Pgs Om)-

Avoiding secular terms

To avoid secular growth in Vi, (ng, n1), the right-hand
side of (130) must be orthogonal to the kernel of the
operator on the left-hand side, which is spanned by
{sin(wg At ngp), cos(wg At ng)}. Retaining only resonant con-
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tributions, we obtain the secular terms:

AZ
& + )\m EnO Vlm (nOs l’l])

t,m
AV (no,nl) Hm(no,nl)
¢tm ‘(/ft,m
81 (H,i(no,m) (131)
8 wﬁm
H2 no, n1)H,, (ng, n
P S LL T T
k#m w,,k‘/ft,m

where "n.r.t" stands for non-resonant terms. The details on
the reduction of the triple summation and the identification
of resonant contributions are presented in the Appendix A.
The secular terms can be avoided if

Ay, Hy (ng, ny)
m m 3
=t 3y Hy(no. n1) — e 4= H (no. 1)

(132)

— e H,, (no,nl)Z = H{ (no, n1).
k#m

As a result, the evolution of the modal components F;,, and
G, becomes:

Ep, Fpu(n1) =
(14 e ) Futu)

+ 83;”;,:"’" Fn(n)(F(m1) + G, (n1))

(133a)

¢,m - F, (nl)Z(Fk("')+Gz("')),

Eanm(nl) =
(1+82‘f;:';n)cm(n1)

+ e G () (F2(n1) + G2, (n1))

32w3 (133b)

¢tm Gm(”l )Z (F ("l)+Gk(nl))

Introducing polar coordinates

Fyu(n1) =pm (1) cos(Bimn (n1)),

) (134)
G(ny) =pm(ny) sin(By (n1)),
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Vm € NT, for (133a) x cos(B,,) + (133b) x sin(B,,) equates
to

(Eny pin (n1))[ cOS(Epy B (n1)) cOS(Byn (n1))
+ Sin(Ep, fn (n1)) sin(Bn (n1)) ]
= (Eny pm(n1)) cos(Ag B (n1))

= (1 €352 om(m) + £ 555805, (1)

2(n1)
81//, pm(nl)z . s

and from (133b) x cos(B,,) — (133a) x sin(B,,) we have

(135)

(Enlpm (n1)) [ Sin(Enl Bm(n1)) cos(Bm(n1))
+ Sin(Ep, B (1)) cos(B (n1)) ]
= (En, pm(n1)) sin(Ay, B (n1)) = 0.

(136)

Notice that E,,, pp(n1) =0 < pp(n1) = 0 for all modes m,
and slow iterations np, i.e. the trivial solution. Hence, The
only nontrivial solution for Eq. (136) is that A, B, (n1) =0
or Ay, Bm(n1) = I, 1 € Nt hence we obtain

En ) = (14 6852 ) pu(m) + e5358- 0, ()

pi(n1)
Vik

— e P (n1)

k=1

(137a)

Ep, Bm(n1) = 0. (137b)

This indicates no phase shift for modal frequencies, and the
dynamics are

Example 2 (2 modes) Consider initial energy only in the first
two modes:

m(sn+s)=(1+82f;‘,)p1+s3§’;2 P}

(138a)
8(?/;;11’0 < + wﬁ;)
palen +e) =(1 + szf;zzmz + i
. pz (138b)

The fixed points are determined as follows. For (138a):

Py _
01 —Oor3wt2] —|-4wt2 16, (139)
and for (138b):
p2—00r4 +3”2 = 16. (140)
Uia

Table 2 Stability types and eigenvalues for each fixed point

Fixed point(p;, p2) M1 7% Type
(0, 0) l+e 2?/;11 I+e 2‘7;‘[27 Unstable Node
( 4y, 2) 1- sé’p’l‘l 1 - 3%2_ Stable Node
4, P, [
( ! O) 1—¢ 1//!.'1 1— 6l//2 Stable Node
(4 ﬁz) 1 —em 1+em Saddle
This yields the fixed points:
p1=0, pp=0,
4
p1 =0, ;= V2,
4 (141)
Pl =7§1ﬂz,1, p2 =0,
_ 4 _ 4
o1 = 77Wt,ls P2 = ﬁ%,z-

We determine the linear stability, following the eigenvalues,
of each fixed point in Table 2:
where

3(praVeotd2¥n1)

m-= 1441912
N 997 W22 H46G 10 2y 201967 5 U
149:,1Y1,2
=3PV 2P 2V 1) (142)
n-= 1491912
JOO7 Y22 H460: 19 26 201 +997 U7,
+ 1491912

and notice that ny 2 > 0.

Having obtained the MTS approximations for both the con-
tinuous PDE and its standard and nonstandard discretisations,
it is essential to examine how these approximations relate
to one another. It is crucial to determine whether the dis-
crete systems reproduce the same equilibria and stability
behaviour as the continuous one, or whether additional fea-
tures arise due to discretisation. To address these questions,
we next compare the continuous and discrete MTS approxi-
mations in § 4.3, focusing on the two-mode examples.

4.3 Comparison of MTS for the PDE and the PAE

We have derived the MTS approximation of the continuous
PDE (80) in § 4.1, as well as the MTS approximation for
the standard and nonstandard difference schemes in § 4.2.
We now compare these approximations by studying the nat-
ural frequencies and fixed point structures in their 2-mode
examples.
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4.3.1 Natural frequencies

It is evident that the natural frequencies of the nonstandard
PAE is identical to those of the continuous PDE. Therefore,
we focus on the standard difference scheme. Using the natural
frequencies wy and wy from the continuous PDE (83) and the
standard PAE (118), respectively, we compare them for each
mode.

The relative difference between wy and @y is computed
by taking wy as the reference frequency for each mode. The
results for the first two modes, showing the relative difference
as a function of Ax and At, are presented in Fig.2. It can
be observed that for Ax >~ At, a more accurate natural fre-
quency approximation is achieved for the standard difference
schemes.

4.3.2 Fixed points

Let us recall the definitions of p,, from (134) and r,, from
(86), along with the definitions of F,,, and G, (129). These
allow us to compare the fixed points of nonstandard and stan-
dard schemes of the PAE with those of the continuous PDE.

Standard finite difference

First we consider the standard discretisation, where
brom =1 = (AD?, Yrm =Yy =241
leading to the fixed points:

, =0,

> 2
o
o o

) p2=f9
, p2=0,

— 8Ar
,Oz—ﬁ-

(143)

o
B

p1 =

S

_ 8
Pl—ﬁ,

>

|N

From the discrete definition of p,,, we obtain

Pm = F}%+G%n

29, /, (144)

2 + B2 sin(@, At) .
———
Eq. (118)

The modal amplitude can be then written as

5 Pm
Rn=+A2 +B2 = —"" |
" m + Bin 2 sin(@y, At)

On the other hand, following from Eq. (86), the modal ampli-
tude for the continuous PDE is given by

-
Rm=mﬁ+35=£2
m
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(145)

(146)

10~1

e,
o,

10t (b) Mode 2

10—4 . L Nl
1074 1073

107% 1077 107¢ 107° 107* 107 1072 10"

Fig.2 Relative error %, form=1,2

Thus, the modal amplitudes /A2, + B2 serves as the natu-
ral measure to compare the fixed points of the standard and
nonstandard schemes with those of the continuous PDE (80),
see Table 3.

The relative error of the fixed points of the standard differ-
ence scheme modal amplitudes with respect to the continuous
system are computed by m”‘Rﬂ.

Observe in Fig.3 that reﬁl';ing only the temporal or only
the spatial discretisation does not reduce the error in the fixed
points of the modal amplitudes. Therefore, to achieve a better
approximation, both Ax and Ar should be refined propor-
tionally.
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Table 3 Stability types and

. Fixed Points PDE PAE
eigenvalues j,, for each fixed ——
point (R1, Ry) w1 w2 (Ri, Rp) I w2
Eqb-1 0.0) 3 3 ©0.0) 14+680 1464
_4 _1 _ __4Ar _ gl _ gl
Eqb-2 (0, ﬁwz) 5 1 (O, ﬁsin@zm)) l—e7s l—e5
4 1 4A1 At At
Eqb-3 (f3_an’0) —1 -5 (m, ) 1—87 I—EE
4 4 _ 1 4At 4At _ oA Ar
Eqb-4 (ﬁwl ’ ﬁwz) ! 7 (ﬁsin@lm)’ VT sin(@, Ar) 1—-23 I+egg

10—t (a) Mode 1

101 (b) Mode 2

1072 E
At .
10—3 =
104 ——
10~4 1073 1072 10~*
Ax

106 1075 107* 10°% 1072 10!

Fig.3 Relative error ‘R%’HR'”', form=1,2

Nonstandard finite difference

‘We now consider the nonstandard difference approach for
the difference scheme with the following definitions:

4 02 (oAt
$r.m =z sin (—2 )

Vim =2 sin (wp, At)

_wm

(147)

for each mode m. Using these definitions with (144), we
find that for each fixed point, (ﬁl, ﬁz) = (R1, Ry), mean-
ing the fixed points of the modal amplitudes coincide with
those of the continuous PDE. Similarly, we have previously
shown that the NSFD scheme yields natural frequencies in
the PAE that exactly match those of the corresponding con-
tinuous MTS approximation for the solution of the PDE.

5 Conclusion and discussion

In this study, the theory of the multiple time-scales pertur-
bation method has been extended to initial-boundary value
problems for partial difference equations (PAEs). We have
introduced discrete operators that include fast and slow iter-
ation scales for PAEs, extending earlier work on OAEs to
the spatially discrete case. Using these operators, multiple
time-scales approximations for both a linear and a nonlinear
PAE have been derived from their corresponding continu-
ous PDEs. The asymptotic validity of these approximations
has been established in a Hilbert space setting, providing a
rigorous foundation for the method.

A linear PDE example has been analysed to allow direct
comparison between its exact solution, its multiple time-
scales approximation in the continuous setting, and the
multiple time-scales approximation of its discretised form.
Subsequently, a weakly nonlinear PDE of Rayleigh type has
been studied using both standard and nonstandard finite dif-
ference discretisations. The resulting multiple time-scales
approximations for these schemes have been compared with
those of the continuous PDE.

It has been observed that the eigenfunctions of the con-
tinuous PDE remain invariant under both standard and
nonstandard PAE discretisations. On the other hand, the
eigenvalues are affected by the choice of the second-order
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0.15

0.1
At

0.05

0 | | | |
0 0.05 0.1 0.15 0.2
Az
— W3 = 3W1 — Wy = 3w
— Wy = Wy + 2wW1 — ws = w1

w5:w2+2w1 —w5:2w2+w1

— (W5 = W3 + 2W1

Fig.4 Some examples for spurious resonance interactions in (Ax, At)

spatial difference operator. Standard spatial discretisation
leads to eigenvalues that differ from those of the continu-
ous system but converge to the exact values as the grid size
becomes smaller. In contrast, the nonstandard discretisation
yields eigenvalues that match exactly with those of the PDE
for each mode, regardless of the grid size.

Similarly, the natural frequencies depend on the choice of
both spatial and temporal second-order difference operators.
Standard differences lead to approximations that converge
to the exact natural frequencies as the grid is refined, while
nonstandard discretisation yield natural frequencies that are
identical to those of the continuous system for all modes.
Consequently, the nonstandard discretisation reproduces the
internal resonance structure of the continuous system exactly
for all modes. For standard differences, the validity of the
approximation is effectively limited to mode numbers up to
m < ﬁ, assuming Ax ~ Ar < 1.

Numerical results also indicate that standard discretisa-
tions may exhibit spurious resonance interactions. Although
Appendix A proves that resonances of the form w, =
wi + wp + w, cannot occur, these spurious resonance inter-
actions occur for certain pairs of (Ax, At), as illustrated in
Fig. 4. For instance, for Ax = 0.05 fixed, the spurious inter-
action w3 = 3w (form =3 andk = p = g = 1) arises at
both At = 0.1534 and At = 0.1171, lying on the manifold
represented by the curve —— in Fig. 4.

As a concrete example, a two-mode scenario has been
analysed. It was shown that when there is no initial energy
(up to O(e) for times of (’)(é)) in the remaining modes, they
remain decoupled with zero energy due to the structure of
the PDE. In this case, four modal equilibria were identified:
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an unstable trivial equilibrium, a saddle equilibrium, and two
stable equilibria, each characterised by energy concentrated
in a single mode. The locations of these nontrivial equilib-
ria are influenced by the choice of the temporal first-order
difference operator. The nonstandard scheme leads the same
equilibria as for the continuous PDE’s multiple time-scales
approximations.

Overall, the nonstandard difference scheme yields the
exact solution when ¢ = 0. For 0 < ¢ <« 1, it produces
solutions that are identical to the multiple time-scales approx-
imation of the continuous PDE. However, the nonstandard
approach requires discretisations that depend on the mode
number, which poses challenges for systems involving many
strongly coupled modes.

Future work may focus on extending the proposed frame-
work to higher-dimensional problems, more complicated
boundary conditions, and a wider class of PDEs with their
corresponding PAEs. A direct extension of the present
study is to consider equations with weakly space- and time-
dependent coefficients and to investigate different types of
weak nonlinearities. In addition, the occurrence of spuri-
ous resonance interactions in standard discretisations can
be studied in further detail. Insights of the origins of spu-
rious resonances could guide to development of difference
schemes that suppress spurious resonances while preserving
the actual modal structure of the continuous system.

Appendix A Modal interactions

In this appendix, we provide the intermediate steps leading
from Eq. (130) to Eq. (133). We begin by restating Eq. (130):

AZ
e ( + Am En0> Vim
Or,m

An H H,
= AR (A1)

¢rm Vim

HkHH
I Zzzmw,pw

<§0k‘/’p§0q, Om).

The nonlinear contributions to the modal interactions come
from the inner product in the right-hand side of (A1). Using
the orthogonality of the discrete cosine basis over the uniform
grid with step size Ax, we obtain

(OkPp®qg s Pm)

1/Ax
A (A2)
== E cos((k £ p+qgEm)miAx)
8
i=0
1 .
< f+tktptqg+tm=0,
3 1 pTtqg=xm (A3)
0, else,
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where the summation is over all sign combinations. Substi-
tuting this into Eq. (A1), gives

IO Werere
(T x

m=—k+p+q m=k—p+q m=k+p—q
m=—k+p—q m=—k—p+q m=k—p—q
HyH,H

_ _RTpTq
IO DY )wt,kwt,pwt,q‘

m=+k+p+q m=—k—p—q

(kP p®g> Om) (A4)

(AS5)

The term with the summation over m = —k — p — g vanish
sincem, k, p,q € N *.Dueto the symmetry over the indices,
Eq. (AS5) simplifies to:

(-

m=—k+p+q m=k—p—q

1 HyHpH,
3 Z ) 1/f1.k1/fr,pwt.q ! (A6)
m=k+p+q

To identify secular (resonant) contributions, we note that
sin(wy,n) and cos(w,,n) lie in the kernel of left-hand operator
in Eq. (130). The product Hy H), H, generates combinations
of the form sin((£wi + w, £ wy)n) and cos((Fwy + wp £
wg)n), up to multiplicative constants. We therefore need to
determine for which combinations of k, p, and ¢ these reso-
nant terms arise:
wy = tTwp T o) oy, (A7)
In order to rule out or to determine secular terms, we
impose the following assumptions on the natural frequen-
cies {wx }ren+:

1. Frequencies are positive:

wy > 0. (Cond-1)
2. Frequencies are strictly increasing:

Awy = wk4+1 — wi > 0. (Cond-2)
3. The frequency sequence is convex:

Aoy = wpya — 20441 + g > 0. (Cond-3)
4. Frequencies are strictly sub-additive:

Ok4m < Ok + Wpy. (Cond-4)
5. Frequencies are linearly bounded:

mk < ox <k +3). (Cond-5)

While the first two conditions are natural, Conditions 3-5
require further justification, provided in Appendix B. Though
these assumptions may seem strong, they become practical
when analysing complex natural frequency expressions of
the PAE in Appendix B.

Analysis of resonance conditions

We analyse possible resonant terms for the summations in
Eq. (A6). For the last summation, withm = k 4+ p 4+ g, we
identify three distinct resonance scenarios:

wy = Wp + Wy + w, (Case 1)
Oy = Wp + Wy — w, (Case 2)
Wy = Wk — Wp — Wy. (Case 3)

Next, we consider the second summation in Eq. (A6),
where m = k — p — g. Indices can be rearranges as
k = m + p + ¢, leading to resonance scenarios that are
equivalent to (Case 1)-(Case 3). Specifically:

W = 0p + wg + Ok

Sy = wy —wp — w; = (Case3),
Wy = Wp + g — Wk

S =wp +wg — wy = (Case),
Wy = Wk — Wp — Wy

S = oy +wp +w; = (Casel).

For the first summation in Eq. (A6), where m = p+q —k,
we obtain three additional resonance scenarios:

wy = wp + 0y + w, (Case 4)
Wy = Wp — Wy + Wi, (Case 5)
Oy = Wp + Wy — . (Case 6)

We now investigate whether any of the six resonance
conditions above hold under the assumptions (i.e. (Cond-1)-
(Cond-5)) on the natural frequency.

Proposition 1 Under the frequency conditions (Cond-1)—
(Cond-5), none of the resonance conditions (Case 1)—(Case
4) can occur.
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Proof Case 1: Suppose w,, = wp+wy+wi. Thenw,i g4k =
wr + wp + wy. However, by the sub-additivity condition
(Cond-4), we have:
Wptq+k<®p + wg + Wk, (A8)
which is a contradiction. Hence, Case 1 cannot occur.

Case 2: Suppose w;; = w), + wg — w. Using (Cond-1), we
get

Wpigtk = Wp + g — W < Wp + wy. (A9)

Using (Cond-5), we write:

T(p+q +K) < 0pigik (A10)
< wp + wy (A11)
<m(p+3) +7(g+3). (A12)

Subtracting 7 (p + ¢) from both sides yields

T 7w

Tk<w,—mptw; —mg < -+ - =m. (A13)

2 2

This implies k < 1, contradicting the assumption that k €
NT. Thus, Case 2 cannot occur.
Case 3: Suppose w,; = wy — wp — w,. Then,

Wk = Opirgrk +0p + w4 > 0 +0p +wy >0 (Al4)

again a contradiction. Therefore, Case 3 cannot occur.

Case 4: Assume w,, = o +w)p +w, withm = p+q — k.
Then, it follows from (Cond-1) and (Case 4), that

Wk + wp + Wy = Oprg—k<Wpirqg < ©p + g + @y, (AlS)
which is a contradiction. So, Case 4 cannot occur. O
Proposition 2 Under the frequency conditions (Cond-1)—
(Cond-5), none of the resonance conditions (Case 5)—(Case
6) can occur, except in the degenerate cases where the indices
satisfym = p,k =qorm =q, k = p.

Proof Case 5: Suppose w,, = wy + wp — wg with m =

p+q —k,implyingm +k =p +q.
We consider three scenarios:

e If m > pand k < ¢, then from (Cond-2),
(Al16)

W+ wg > 0p + Wk,

a contradiction.
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e If m < p and k > ¢, then again, from (Cond-2),

Wy + g < ©p + g, (A17)
again a contradiction.

e If m = p and k = ¢, then clearly
Wy + Wy = Wk + wp, (A18)

thus Case 5 is satisfied.

Case 6: Suppose w,, = @, +wy; — o withm = p+qg —k.
Letc := p +¢q € NT, and we want to prove the inequality

We—i + W > We—i—1 + W41 (A19)

for some i € N with ¢ —i > i. Using convexity (Cond-3),
we write

c—=2(i+1) c=2(i+1)
Z Aza)H_j:Az Z Eja),‘
Jj=0 j=0
c—=2(i+1)
=(E-I* Y Eo
Jj=0 (A20)

=(E-DETH " 1o
— (EC72i _ E _ EC72i71 + I)(l)l > O
& (E% 4+ Do > (EH 1 — By

& We—i + Wi > Wc—ij—1 + Djt1.

Following induction, it is evident that for m > k and p > ¢
(without loss of generality), we obtain:

Wy + W > wp + Wy, (A21)
which contradicts the resonance condition (Case 6). Simi-
larly, form < k and p < ¢, the inequality reverses direction
and again leads to a contradiction.

Thus, (Case 6) cannot occur except form = p, k = ¢, or
m=gq,k=p. O

Following Proposition 1 and 2, Eq. (A5) reduces to

AZ
€ < 0 +)\mEn0> Vim
bt.m

_ Anl Hm +e Hm
B ¢t,m 1/ft,m (A22)
o
— & Hn31 +2 Z szHm + n.r.t.
8lbt,m k;ém
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Appendix B Verification of the frequency
conditions

We verify that natural frequencies defined in (118)-(119) sat-
isfy (Cond-1)-(Cond-5).

B.1 PDE frequencies

For wy = +/1 + 72k? from (119) all five conditions trivially
satisfied: wy is positive, increasing, convex, sub-additive and
satisfying mk < wp < w(k + %); the reader can verify these
properties directly.

B.2 Standard PAE frequencies

We now verify (Cond-1)-(Cond-5) for the discrete natural
frequency in (118). For fixed At and Ax, we define the con-
tinuous extensions (from RT to R™)

(k) =1+ 5oy sin (IR0,

w(k) = & arcsin (\/(At)zk(k) _ (At)‘i‘x(k)z) .

(B23)

To ensure real and unique natural frequencies, we consider
0 < ¢pAk) <4and 0 < k < ﬁ, within which A(k) is
strictly increasing. Condition-1

From (B23), w (k) is real and positive whenever 0 < Ay <

¢ , which gives

2
(kﬂzAX)l < M 1_ (A1) .

: (B24)

|sin

If the right-hand side exceeds one, the inequality is auto-
matically satisfied for all k. This occurs when

PTS (B25)
Otherwise, when £ E
monotone (i.e. for kAx < 1), thls ylelds the bound
k < % arcsin(%\/l — %). (B26)

Hence, (Cond-1) is satisfied for k in this range.
For small steps, (B26) can be approximated as follows:
for Ax = Ar K 1:

o =~ —— — % +OAND), (B27)

At

and for a more general case Ax = At + c(AD2 4+ 0((AD)?)
with At <« 1 and ¢ = O(1):

L 2*/TZC c+(9<\/_),

kmax = A[

(B28)

for ¢ < 0. These bounds specify the highest spatial mode for
which w (k) satisfies (Cond-1).
Condition-2
To ensure Awy > 0, itis sufficient to show that d“’(k) > 0.
From (B23), define

(B29)

2)2(k
£ = gt = & 4( ),

which satisfies f(k) > 0 for 0 < A(k) < g
Since f(k) = sin*(w(k)At), it follows that 1 — f(k) =
cos?(w(k)At) > 0, hence /T — f(k) > 0. Differentiating

(B23) gives

, £k
k) = . B30
“O TV T® B30
So ' (k) whenever f’(k) > 0.
Because
£k = ¢ () (1 — 228, (B31)

f' (k) requires both A/(k) and 1 — w being positive or
negative. The later case A’ (k) < 0excludes the modal interval
where w; > 0, hence only the first case is relevant for the

present analysis. A'(k) > 0 holds for 0 < k < —, where
N (k) = ZE sin(rkAx).

The second condition, 1 — w > 0, yields
k < n— arcsm(zm\/ — (A1)?). (B32)

For small steps with Ax = Az < 1, this can be approximated
by

1 At
kmax ~ —— — =— + O((AD)?),

B33
2At  2m ( )

and for a more general case Ax = Ar + c(A1)? with
At < 1, we obtain

kmax ~yhe + 2 (1= Z) + 5 ((r = 2)c? = DAt

B34
+ O(AD?). (B39

Thus combining (Cond-1) and (Cond-2), the lowest upper
bound corresponds to ¢: 1 < 2.
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Condition-3

Analogous to the monotonicity argument in Condition-2,
discrete convexity (A2wy, > 0) follows from the continuous
convexity condition w” (k) > 0. Differentiating (B30) once
again with respect to k, we obtain

2F" F(—)—(fH2(1-2
W' (k) = £ f( f); ) (3 N o 0, (B35)
4Arf2(1-f)2
where the denominator is positive, (B35) is positive when
numerator is positive, i.e.

2" f(1— f) = (fH*(1 —=2f) > 0. (B36)

Substituting f (k) = ¢ A (k) — w gives
P (i —2)3(2 — d )W) + A(pr — HA") > 0. (B37)

As shown in Condition-2, we have ¢; A < 2. To determine
the upper bound for k, we shall study the interval for which
Q2 =g M)+ r(pr —HA" < 0. (B38)

Considering the case where Ax = At < 1, thisinequality
simplifies to

Q2 — g AM)? + r(dr — 1"

5 5 (B39)
=—271°(3 — (Ax)“ cos(kmr Ax) + cos(Qkmr Ax)) < 0

showing that ” (k) > O forall k < ﬁ. Thus the same upper
bound obtained in Condition-2 ¢;A(k) < 2 also guarantees
convexity.

Further assuming, for more general case, Ax = At +
c(An)? with At < 1 yields

2 — M) + A(pr — DA
—_ 27#[% sin® (ATA2) _ 8¢2 cos (ke Ax)
) (B40)
+ (1 4+ 2¢°)(3 + cos(2km Ax))

+ 16¢(Ax) sin® (A% + O((Ax)z)] <0.

This similarly holds for all modes when At < 1. There-
fore, for Ax = Atr + c(Ar)?, we again have 1 — w >0
as the condition on mode number k.

Condition-5
We now determine the interval of mode number k for

which (Cond-5) holds, i.e. 7k < w; < w(k + %). To estab-

lish the upper bound, we aim show that w(0) < 7% and, for
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a given interval in k, that @’(k) < 7. Using the fundamental
theorem of calculus, we write

w(k) < w(0) + /Ok o' (s)ds < w(k+1). (B41)
From (B23),

©(0) = - arcsin(y/ (A2 — 0% < % (B42)
where (A1)? — % < sinz(”TA’) for At <« 1.
For o' (k) < 7, using (B29)-(B31), we have

X () < 2o (k) — CORE (B43)

Substituting the expressions of A(k) and A’(k) and squar-
ing of both sides, then multiplying each term by (Ax)? yields

0 <(A0(1 - CF) + 25in(2pn 1 — (an)?
(B44)

2 .
+ (1 = 2800 sin? Az |

This expression can be written as a polynomial in § =
sin?(“ZA2) Dividing (B44) by 2 yields

P(S) :=axS* + a1 S+ ag > 0, (B45)
where
2 2
ag :=55-(1 = ),
ap =1 — A#>, (B46)

1 _ A2
ap =1 Z—sz.

Note that S € [0, 1], and since 0 < Af, Ax <« 1 we have
ap, a; > 0. Hence, there are two distinct scenarios for this
polynomial: a; > 0 and a> < 0.

Ifa; > 0 (equivalently At < Ax/+/2),then P(S) > ag >
0 for all S € [0, 1], and thus inequality (B44) is satisfied.

If ay < 0, P(S) is concave, so P(S) > 0 holds for S €
[S—, S+], where S are the (real) roots. Writing a, = —ap >
0, we obtain

a) +/ a|2+4a052

St+=0 F o

(B47)

Since S_ < 0 < S, it follows that P(S) > O for S €
[0, min{1, S+}]. We obtain S+ > 1 when

20X o Ap > A

Ax2+4 V2’ (B48)
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meaning that [0, 1] N [S—, S+] = [0, 1], and there-
fore(B44) is directly satisfied. On the other hand, we obtain
S+ < 1 when

2Ax
< At,
VAxT+4

(B49)

so that [0, 1] N [S—, S4+] = [0, S4].For the upper bound
we require S < S, which is equivalent to

sin (ATAT) < ﬁ <a1 +/a} +4a0a2>,

which leads to

k < % arcsin <\/ﬁ(a1 + ,/a% + 4a0&2)> . (B51)

For the special case Ax = At < 1, this simplifies to

(B50)

kinax == A — 2 4+ O((A1)?). (B52)

For a more general case Ax = At +c(AN? with At <« 1,
we obtain

~ 1 4/ 34202/
kmax >~ 77 avar ¢ T Taem cAt (BS3)
+ O(Ab),

where ¢ < 0.
‘We now obtain the modal interval for k where 7k < wg.
From (B23),

2)\ k)2
mkAt < arcsin \/¢tk(k) — # (B54)
which leads to
2)\ k 2
sin?(mkAr) < ¢uA(k) — ¢ 4( " (B55)
Equivalently,
P20(k)? — Ay (k) + 4sin®(wkAr) < 0, (B56)

a parabola in XA, with discriminant 16 cosz(nkAt) > (0 and
roots
Ay = ﬁ(l + cos(km At)). (B57)

Hence, the admissible range of mode numbers k (i.e. those
satisfying mk < wy) is determined by the inequality

o sin® (FEAL) < k) < 2 (BS8)

2, 7kA
A a7 Cos (—”k2 1y,

With (k) = 1+ A‘;)z sin?(XZA2), the lower inequality
is trivial for Ax = At < 1, so the range of validity in mode

number k is determined by the upper inequality, which gives

L+ e sin® (TR0 < ey cos? (TR (B59)
which leads to

1 < ﬁ cos(TkAt), (B60)
which means

kmax = 3i; — 5%+ O((A1)). (B61)

For Ax = At + ¢(A1)? with At < 1: similarly, the lower
bound is trivial. For the upper bund we get

ki At
1+cAt) —1

(14 cAp)?

cos(

cos (k Af) + +1-@0 o (B62)

Following the bound obtained in (B61), we expand given

expressions near k = ﬁ, we obtain

1 1 1 24c2(8=3
kmax =7 + e — §) = FEEED AL

(B63)
+ O(AD?).

Condition-4

Finally, we verify the strict sub-additivity condition,

Watb < Wq + Wp. (B64)

To prove this, we use the known fact that "% decreasing
implies sub-additivity". Using the continuous arguments, we
have

(w(k)) — w/(k)/]iz—w(k) <0

k

S

(B65)
& o' (k< wk).

We have proved for (Cond-5) that ' (k) < 7 and w (k) >

wk fork < ﬁ. Hence we can write

ko' (k) < mk < w(k), (B66)
which proves that w (k) (and thus wy) is sub-additive.

Thus, we have shown all scenarios for the mode number
that satisfy the conditions (Cond-1)-(Cond-5). For special
scenarios, where Ax >~ Ar < 1, the approximate bound on

the total number of modes is obtained as k < ﬁ.
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