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Next-generation high-precision mechatronic systems require safe and precise control of unmeasurable states.
State-tracking iterative learning control (ILC) can achieve extremely high state-tracking performance up to the
performance of state estimation, with convergence guaranteed apriori through the frequency-domain characteristics
of the state estimator. The aim of this study is to develop a noncausal state estimation framework with verifiable
frequency-domain characteristics. In batch-operated systems such as ILC, the use of noncausal design leads to
substantial performance improvements that surpass the fundamental limits of causal approaches. Furthermore, by
analytically verifying the frequency-domain characteristics of the noncausal state estimator, the developed framework
retains the benefit of guaranteeing convergence in ILC. The developed framework is validated both by simulation
and experiment, confirming improved state-tracking with monotonic convergence of ILC, achieved by exploiting
noncausality in state estimation.

Keywords: state estimation, kalman smoother, fixed-interval smoother, iterative learning control, frequency-domain design

1. Introduction
Due to Moore’s law, increasingly stringent performance

requirements are posed for next-generation high-precision
mechatronic systems(1). This necessitates the consideration
of trivial phenomena neglected in tradition motion control,
e.g., internal deformation(2)–(4), unknown disturbances(5)–(7),
continuous-time performance(8)–(10), which motivates the
concept of controlling such unmeasurable phenomena by
introducing additional state variables. Such utilization of
state variables are introduced in the following examples.

A first example arises in an inferential control setup(11),
where internal deformation and unknown disturbances be-
tween the point-of-interest (performance variable) and the
sensor position (measured variable) must be explicitly con-
sidered(12). Due to the performance variables not being
directly accessible in real-time due to practical limitations
or cost considerations(13), it is highly motivated to obtain
accurate estimates, either online or offline, for improved
tracking-performance.

A second example arises in a sampled-data system
setup(14), where the controllers are implemented in discrete-
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time, but the tracking-performance of interest is in continu-
ous-time. Enhanced tracking in continuous-time can be
achieved by utilizing multirate inversion(8)(9)(15), where the
aim is not only to achieve perfect-tracking for measured
positions, but also the desired states in controllable canonical
form, e.g., velocity, acceleration, jerk.

Iterative learning control(16)(17) (ILC) can significantly
improve the control performance of systems performing
repetitive tasks by utilizing experimental data from previous
repeating iterations. In addition to its high tracking capa-
bility, with frequency-domain ILC, monotonic convergence
can be ensured using frequency response functions (FRFs).
This enabled frequency-domain ILC to be widely applied to
various high-precision mechatronic systems, such as wafer
stages(18), machine tools(19), atomic force microscopes(20)(21)

and industrial printers(22).
The idea of utilizing ILC for tracking unmeasurable states

has seen several developments in the past(13)(23)(24). However,
only the use of causal state estimators has been consid-
ered, e.g., Kalman filters(25) and state observers(26). While
nonlinear approaches performing beyond linear observers
have been reported(27), in general, causal state estimators
have a trade-off between estimation speed and noise sensi-
tivity(28)(29). Thus, the user is required to find a desirable
balance. In ILC, the system is controlled batch-by-batch,
allowing the use of noncausal filtering during offline opti-
mization(17). In such a situation, state estimation can be
fundamentally improved by fixed-interval smoothing(30)–(32),
which is essentially equivalent to a noncausal linear time-
varying (LTV) filtering method.

Although fixed-interval smoothing can fundamentally im-
prove ILC for tracking unmeasurable states compared to

c⃝ 2026 The Institute of Electrical Engineers of Japan. 332



Noncausal State Estimation for ILC（Kentaro Tsurumoto et al.）

using causal state estimations, frequency-domain charac-
teristics of the estimator must be analyzable for ensuring
monotonic convergence of frequency-domain ILC. The aim
of this study is to: 1) develop a linear time-invariant (LTI)
fixed-interval smoothing framework, suitable for analyzing
the frequency-domain characteristics and implementation in
ILC to ensure convergence; and 2) utilize noncausal state
estimation for improving the state-tracking performance of
ILC. Note that with LTI fixed-interval smoothing, the opti-
mality of estimation is lost in cost of the frequency-domain
interpretability.

The main contributions of this study are summarized as
follows.

C1 Steady-state behavior of the LTV fixed-interval smoo-
ther is analyzed and an LTI model is developed (Section
3.3 and 3.4), applicable for ensuring convergence of
state-tracking ILC (Section 5).

C2 State-estimation improvements and suboptimality of the
developed LTI fixed-interval smoother are validated by a
simulation setup (Section 4).

C3 With the developed LTI fixed-interval smoother, per-
formance and robustness improvement of state-tracking
ILC is validated by an experimental setup (Section 5).

This study extends the preliminary results reported in study
(33) and (34), coupled with additional derivation of the LTI
fixed-interval smoother and analysis on the influence of mea-
surement noise. In addition, the developed LTI fixed-interval
smoother is applied to ILC successfully in an experimental
setup, assuming multiple modeling conditions.

1.1 Notation Let H(z) denote a discrete-time linear
time invariant (LTI) system where

H(z)
z

:=
(

AH BH

CH DH

)
, · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

denotes a state-space representation

xH[k + 1] = AH xH[k] + BHuH[k] + w[k], · · · · · · · · (2)
yH[k] = CH xH[k] + DHuH[k] + v[k], · · · · · · · · · · · · · (3)

with state xH having n variables, process noise w and mea-
surement noise v being white, zero-mean, uncorrelated

w ∼ N(0, σ2
w), v ∼ N(0, σ2

v ), · · · · · · · · · · · · · · · · · · · (4)

where σ2
w and σ2

v respectively denote covariance matrices
of w and v. The transfer function is given by H(z) =
CH(zIn×n − AH)−1BH + DH with H(z) ∈ Rny×nu , where nu
and ny respectively denote the dimension of input uH and
output yH of the system. The frequency response function
of H(z) is obtained by substituting z = eiω ∀ω ∈ [0, 2π), and
is denoted by H(eiω). The lengths of all signals are assumed
to be N ∈ N.

For a discrete-time signal x, the k th ∈ Z time instance is
expressed as x[k], which corresponds to the continuous-time
signal x(kTs) where Ts denotes the sampling time. The z-
transform of signal x[k] is specified as x(z) =

∑∞
k=−∞ x[k]z−k.

Throughout this study (z) is omitted when obvious, Ĥ
and x̂ expressions are used to describe the estimation or
model of system H and signal x, σ̄(·) denotes the maximum
singular value, and In×n, 0n×n are n × n identity matrix and

(a) Discrete-time lifting.

(b) Downsampling.

Fig. 1. Example of discrete-time lifting and downsampling
for τ = 3

zero matrix. Furthermore, x j denotes a signal for the j th

iteration number of the motion task, an aposteriori estimation
of x[k], i.e., estimation made using measurement data up to
and including time instance k, is denoted by x̂+[k], and the
following notation is used for the analysis of lifted systems.
Definition 1 (Discrete-time lifting) A lifted signal of u[k]
over τ ∈ N samples is denoted by u[l] = Lu[k] with

u[l] =
[
u[lτ]⊤ u[lτ + 1]⊤ · · · u[lτ + τ − 1]⊤

]⊤ ∈ Rτ,
· · · · · · · · · · · · · · · · · · · · (5)

where l ∈ Z and L denotes the lifting operator, which maps
u 7→ u. An inverse lifting operator is given by u = L−1u. An
example of discrete-time lifting is illustrated in Figure 1(a).
Lifting over τ sample multiplies the sampling period by 1/τ,
and inverse lifting over τ sample multiplies the sampling
period by τ.
Definition 2 (Lifted system in state space) The input/out-
put of lifted system of H over τ samples would be y = Ly =
(LHL−1)(Lu) = Hu. H can be obtained from a state-space
model, and is denoted by

H zτ
=

(
AH BH
CH DH

)
∈ Rτ×τ · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

=



AτH Aτ−1
H BH Aτ−2

H BH · · · BH

CH DH 0 · · · 0
CH AH CH BH DH · · · 0
...

...
...

. . .
...

CH Aτ−1
H CH Aτ−2

H BH CH Aτ−3
H BH · · · DH


.

Definition 3 (Downsampling operator) The downsampl-
ing operation over τ samples is defined by
Sd : α[k] 7→ β[k], β[k] = α[kτ]. · · · · · · · · · · · · · · · · (7)

An example of downsampling is illustrated in Figure 1(b).

2. Problem Formulation

In this section the considered problem is defined by
describing the system and introducing state-tracking ILC.

2.1 High-torque Direct-drive Motor High-torque
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Fig. 2. High-torque direct-drive motor used for experimental
validation

Fig. 3. Simulation model of a high-torque direct-drive
motor used in Figure 2.

direct-drive motors deliver enhanced efficiency, precision,
and versatility across a wide range of industrial applications.

In this study, methods are validated both in simulation
and experimentally with a high-torque direct-drive motor
shown in Figure 2. High-torque direct-drive motors can
be modeled as a single-mass motion system as shown in
Figure 3. In continuous-time, this system Gc is described
as a second-order single-input-single-output system

Gc(s) =
1

Ms2 + Ds
,

s
=

 0 1 0
0 −D/M 1/M
1 0 0

 , · · · · · · · · · · · · · · · · · (8)

assuming the controllable canonical form x = [x1, x2]⊤ =
[y, ẏ]⊤, where y denotes the motor angle degree. For this
setup, coefficients of the system are M = 3.1 × 10−5 and
D = 2.6 × 10−4, controlled at a sampling time Ts where the
discrete-time system G is derived as

G(z) z
=

(
eAGc Ts A−1

Gc
(eAGc Ts − I2×2)BGc

CGc DGc

)
. · · · · · · · · · · · (9)

2.2 System Description The control setup consid-
ered for this study is shown in Figure 4. Here, the continuous-
time system Gc is discretized by a sampler and zero-order-
hold as G. The discrete-time system G is controlled with
a discrete-time system input u[k], consisting of stabiliz-
ing discrete-time feedback controller K f b and discrete-time
feedforward input f [k]. Furthermore, r[k] denotes the
discrete-time reference sampled from the continuous-time
reference r(t), y[k] the discrete-time system output sampled
from the continuous-time output y(t), e[k] the discrete-time
tracking-error sampled from the continuous-time error e(t).

Fig. 4. Considered tracking-control configuration. The
flow of the continuous-time signals are denoted by ( ),
whereas the discrete-time signals are denoted by ( ).
The objective of this study is to minimize the continuous-
time error e(t) with a discrete-time controller configura-
tion

The considered control objective in this study is to min-
imize the continuous-time error e(t), which includes both
on-sample and inter-sample behavior, with a discrete-time
control setup. For this study, the continuous-time reference
r(t) is assumed to be known in advance.

2.3 State-tracking ILC In this subsection, state-
tracking ILC (ST-ILC) developed in study (24) is introduced.

The aim of ST-ILC is to learn the feedforward f j+1
achieving perfect state-tracking for a trial invariant state
reference rx = rx, j+1 = rx, j ∈ Rn. Generally in ILC, an
FF input f j+1 which achieves perfect output-tracking, i.e.,
r j+1 = y j+1, is learned using measurement data collected
from previous iterations. In ST-ILC, this is modified to aim
perfect state-tracking, i.e., rx, j+1 = x j+1, by utilizing the
concept of multirate inversion(8)(9)(15), designing the FF input
f j+1 = L−1 f

j+1
as

f
j+1
= Qx( f

j
+ αLxSd êx, j), · · · · · · · · · · · · · · · · · · · · · (10)

where 0 < α ≤ 1 is the learning gain, Lx ∈ Rn×n is the
learning filter, Qx ∈ Rn×n is the robustness filter, and êx, j ∈ Rn

is the estimated state-tracking error at the j th iteration

êx, j = rx − x̂ j. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

Here the estimated state at the j th iteration is obtained from

x̂ j = O
[
u⊤j y⊤j

]⊤
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

where O ∈ Rn×(nu+ny) is the transfer function of the state
estimator, and the system input and output at the j th iteration
are denoted by u j and y j. The update scheme of ST-ILC is
illustrated in Figure 5. To facilitate the presentation, α = 1
is assumed for this section. Smaller α can be exploited to
mitigate the amplification of trial-varying disturbance at the
cost of slower learning(35).

The estimate of state-tracking error Sd êx, j can be derived
as

Sd êx, j = Sx̂rx − Jx̂ f
j
, · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

where Sx̂ ∈ Rn×n2
and Jx̂ ∈ Rn×n respectively denote the

sensitivity and process sensitivity of the state estimate. Sx̂
and Jx̂ are derived as

Sx̂ = S
(
In2×n2 −G x̂Kf bSyCG

)
, · · · · · · · · · · · · · · · · · (14)

Jx̂ = SG x̂Su, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (15)

with system G x̂ ∈ Rn×nu , output and input sensitivity Sy ∈

334 IEEJ Journal IA, Vol.15, No.3, 2026
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Fig. 5. Update scheme of state-tracking ILC, with j
denoting the iteration number of the motion task. The
flow of signals sampled by Ts are denoted by ( ),
whereas the slow-rate signals sampled by nTs are denoted
by ( )

Rny×ny and Su ∈ Rnu×nu , state selection matrix S ∈ Rn×n2
and

lifted output matrix CG ∈ Rn×n2

G x̂ = O
[
Inu×nu G⊤

]⊤
,

Sy = (Iny×ny +GKf b)−1, Su = (Inu×nu + Kf bG)−1,

S =
[
In×n 0n×n(n−1)

]
, CG = In×n ⊗CG. · · · · · · · (16)

Here ⊗ denotes the Kronecker tensor product. For further
derivation of ST-ILC, see study (24).

From (10) and (13), it is guaranteed that ∥ f ∥2 converges
monotonically within the entire frequency domain ω when

σ̄(Qx(eiω)(In×n − Lx(eiω)Jx̂(eiω))) < 1 ∀ω ∈ [0, π],
· · · · · · · · · · · · · · · · · · · (17)

is satisfied(36).
Remark 1 Similar to typical frequency-domain ILC, an ad-
vantage of ST-ILC is that nonparametric frequency response
data of Jx̂ can be used for testing learning convergence.
This ensures monotonic convergence before executing the
experiments.

When monotonic convergence condition (17) is satisfied,
from (10) and (13), the asymptotic state-tracking error esti-
mate lim

j→∞
Sd êx, j = Sd êx,∞ and FF input lim

j→∞
f

j
= f

∞
are

derived as

Sd êx,∞=
(
In×n−Jx̂(In×n−Qx(In×n−LxJx̂))−1QxLx

)
Sx̂rx,

f
∞
= (In×n − Qx(In×n − LxJx̂))−1QxLxSx̂rx. · · · · · · · (18)

Remark 2 When (17) is satisfied with Qx = In×n, the
estimated states x̂∞ perfectly track the desired state reference
rx for each n samples, i.e., Sd êx,∞ = 0. In order for Qx = In×n
to be applicable, σ̄(In×n − LxJx̂) < 1 is required. This
motivates the design of Lx ≈ J−1

x̂ .
Remark 3 As a cost of being limited to applications only
performing a specific reference, convergence conditions for
ILC frameworks are more relaxed compared to adaptive
control schemes(37).

2.4 Problem Description While ST-ILC offers the
benefit of potentially achieving perfect state-tracking perfor-
mance, this comes with problems and limitations listed as

follows.

• As addressed in Remark 2, ST-ILC can only ensure
the estimated state x̂∞ to achieve perfect state-tracking.
Therefore, the actual tracking performance of ST-ILC is
dependent on the quality of state estimation.

• For state estimator O in (12), previous studies only
consider the use of causal state estimators, which have an
inevitable trade-off between estimation speed and noise
sensitivity.

• To ensure the convergence of ST-ILC from (17),
frequency-domain characteristics of the state estimator
O must be available. While LTI transfer functions for
causal state estimators have been well developed(14), LTI
transfer functions for noncausal state estimators have
never been discussed.

In ST-ILC, state estimate x̂ j is only needed to calculate the
update of FF input in (10). This permits the utilization
of noncausal filtering, fundamentally improving the state
estimation performance from causal filtering.

Hence, the problem addressed in this paper is to: 1) de-
velop a noncausal LTI state estimation framework improving
state-estimation performance compared to causal state esti-
mators; 2) with frequency-domain characteristics available
from the LTI model; and 3) apply it to ST-ILC for improved
state-tracking performance with monotonic convergence.

3. Noncausal LTI Fixed-interval Smoother

In this section the LTI fixed-interval smoother is devel-
oped. First in Section 3.1, typical approaches for deriving the
LTI transfer functions for causal state estimators are derived.
Then in Section 3.2, a typical procedure of the noncausal
LTV fixed-interval smoother is introduced. Finally, through
a steady state analysis of the LTV fixed-interval smoother
in Section 3.3, the transfer function of the developed LTI
fixed-interval smoother is derived in Section 3.4. Section 3.3
and 3.4 constitute Contribution C1.

3.1 Steady-state Analysis of Causal Kalman Filter
The optimal apriori state estimate x̂ and aposteriori state

estimate x̂+ of Kalman filter are given by computing the
following equations

x̂[k] = AG x̂+[k − 1] + BGu[k − 1], · · · · · · · · · · · · · · (19)
Σ[k] = AGΣ

+[k − 1]A⊤G + Q, · · · · · · · · · · · · · · · · · · · (20)
K[k] = Σ[k]C⊤G(CGΣ[k]C⊤G + R)−1, · · · · · · · · · · · · · (21)
x̂+[k] = x̂[k] + K[k](y[k] −CG x̂[k]), · · · · · · · · · · · · (22)
Σ+[k] = (In×n − K[k]CG)Σ[k]. · · · · · · · · · · · · · · · · · · (23)

for each time instance k = 1, 2, . . . ,N, with Q ∈ Rn×n,
R ∈ Rny×ny , x̂+[0] and Σ+[0] initialized by the user(25)(32).
Here, Σ and Σ+ are covariances of x̂ and x̂+, and K denotes
the Kalman gain.

For detectable and stabilizable LTI systems, Kalman gain
K and covariances Σ, Σ+ converge to a steady-state(32) derived
as

Σ[∞] = AGΣ[∞]A⊤G + Q · · · · · · · · · · · · · · · · · · · · · · · (24)
−(AGΣ[∞]C⊤G)(CGΣ[∞]C⊤G + R)−1(AGΣ[∞]C⊤G)⊤,
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K[∞] = Σ[∞]C⊤G(CGΣ[∞]C⊤G + R)−1, · · · · · · · · · · · (25)
Σ+[∞] = (In×n − K[∞]CG)Σ[∞], · · · · · · · · · · · · · · · (26)

where (24) is the positive-semidefinite solution of the
discrete-time algebraic Riccati equation. In steady-state
Kalman filter, K[k] in (21) and Σ[k] in (23) are replaced
with the steady-state K[∞] and Σ[∞]. This results in a state
estimate with a time-invariant update procedure reformulated
as

x̂[k] = AG x̂[k − 1] + BGu[k − 1]
+ H(y[k − 1] −CG x̂[k − 1]), · · · · · · · · · · · · · (27)

H = AGK[∞], · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (28)

where H is the static observer gain, resembling the Lu-
enberger observer(26). From (27), the transfer function of
steady-state Kalman filter is derived as

O z
=

(
AG − HCG BG H

In×n 0n×nu 0n×ny

)
, · · · · · · · · · · · · (29)

with the input being [u⊤, y⊤]⊤ and output being x̂.
Remark 4 Although the steady-state Kalman filter is not op-
timal, its performance is indistinguishable from the optimal
LTV Kalman filter for many practical problems(32). With
steady-state Kalman filter being LTI, it can be coupled with
various frequency-domain analysis, which is fundamental for
linear control theory.

3.2 Fixed-interval Smoothing When measurement
data are accumulated after the k th time instance, state estima-
tions can be improved by Kalman smoothing(32). Especially,
smoothing for scenarios after the accumulation of full N
time instances of measurement data is called fixed-interval
smoothing(30)(31).

In fixed-interval smoothing, all measurement data are
utilized to obtain a smoothed estimate x̂LTV

sm [k] by combining
two optimal estimates x̂+[k] and x̂b[k], which are independent
of each other. Here, x̂b[k] is the optimal backward estimate,
which can be interpreted as an apriori estimate of a Kalman
filter (designed based on the inverted system dynamics) using
measurement data from time instances N,N−1, . . . , k+1. The
concept of fixed-interval smoothing is illustrated in Figure 6.

The optimal backward estimate x̂b[k] is given by comput-
ing the following equations

Kb[k] = Σb[k]C⊤G(CGΣb[k]C⊤G + R)−1, · · · · · · · · · · · (30)
x̂+b [k] = x̂b[k] + Kb[k](y[k] −CG x̂b[k]), · · · · · · · · · (31)
Σ+b [k] = (In×n − Kb[k]CG)Σb[k], · · · · · · · · · · · · · · · · (32)
x̂b[k − 1] = A−1

G (x̂+b [k] − BGu[k − 1]), · · · · · · · · · · · (33)
Σb[k − 1] = A−1

G Σ
+
b [k]A−⊤G + A−1

G QA−⊤G , · · · · · · · · · · (34)

for each time instances k = N,N − 1, . . . , 1, with x̂b[N] = 0

Fig. 6. Noncausal fixed-interval smoothng

and Σb[N] initialized as a sufficiently large value(31)(32). Here,
Σb and Σ+b are covariances of x̂b and x̂+b , and Kb denotes the
Kalman gain of backward estimate. Note that Q and R are
the same parameters as the Kalman filter designed to obtain
the forward estimate.

In fixed-interval smoothing, an optimal smoothed estimate
x̂LTV

sm is obtained by a linear (time-varying) combination of x̂+

and x̂b based on

x̂LTV
sm [k] = c1[k]x̂+[k] + c2[k]x̂b[k], · · · · · · · · · · · · · · (35)

c1[k] = Σb[k](Σ+[k] + Σb[k])−1, · · · · · · · · · · · · · · · · (36)
c2[k] = Σ+[k](Σ+[k] + Σb[k])−1, · · · · · · · · · · · · · · · · (37)

where c1 and c2 are optimal matrix coefficients determined
from the covariance matrices Σ+ and Σb

(32). From update
(35), the covariance matrix ΣLTV

sm of x̂LTV
sm is derived as

ΣLTV
sm [k] = ((Σ+[k])−1 + (Σb[k])−1)−1, · · · · · · · · · · · · ·(38)

which is smaller than Σ+ and Σb, implying improved accuracy
by smoothing(32).

3.3 Steady-state Analysis of Fixed-interval Smoothing
Similar to Σ[∞] and K[∞] in (24) and (25), the steady-state

covariance matrix Σb[−∞] and Kalman gain Kb[−∞] for the
backward estimation can be derived from (30), (32) and (34)
as

Σb[−∞] = A−1
G Σb[−∞]A−⊤G − (A−1

G Σb[−∞]C⊤G) · · · · (39)
× (CGΣb[−∞]C⊤G+R)−1(A−1

G Σb[−∞]C⊤G)⊤+A−1
G QA−⊤G ,

Kb[−∞] = Σb[−∞]C⊤G(CGΣb[−∞]C⊤G + R)−1, · · · · · (40)

where (39) is the positive-semidefinite solution of the
discrete-time algebraic Riccati equation.
Remark 5 The asymptotic Σb[−∞] and Kb[−∞] resemble
the Σ[∞] and K[∞] of Kalman filter, where AG and Q are
respectively replaced by A−1

G and A−1
G QA−⊤G .

By replacing Kb[k] in (30) and Σb[k] in (34) with the
steady-state Kb[−∞] and Σb[−∞], the time-invariant update
law is derived as

x̂b[k − 1] = Ab x̂b[k] + Bbu[k − 1]
+Hb(y[k] −CG x̂b[k]), · · · · · · · · · · · · · · (41)

Ab=A−1
G , Bb=−A−1

G BG, Hb=A−1
G Kb[−∞]. · · · · · (42)

Hence, when fixed-interval smoother is in steady-state, the
smoothed estimate x̂LTI

sm in (35) is approximated as

x̂LTI
sm [k] = cconst

1 x̂+[k] + cconst
2 x̂b[k], · · · · · · · · · · · · · · (43)

cconst
1 = Σb[−∞](Σ+[∞] + Σb[−∞])−1, · · · · · · · · · · (44)

cconst
2 = Σ+[∞](Σ+[∞] + Σb[−∞])−1, · · · · · · · · · · · · (45)

where

x̂+[k] = x̂[k] + K[∞](y[k] −CG x̂[k]), · · · · · · · · · · · (46)
Σ+[∞] = (In×n − K[∞]CG)Σ[∞]. · · · · · · · · · · · · · · · (47)

From the aforementioned steady-state analysis, the estima-
tion procedure for the developed LTI fixed-interval smoother
is summarized as in Procedure 1.

3.4 Transfer Function of LTI Fixed-interval Smoother
For the derivation of the transfer function of noncausal LTI
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Procedure 1 (Update procedure of developed LTI fixed-
interval smoother).

( 1 ) Perform an experiment and collect the entire N samples
of input u and output y data.

( 2 ) Do a forward estimate to obtain x̂+.

( a ) Determine K[∞] and Σ+[∞] from (24), (25), (47),
solving the discrete-time algebraic Riccati equa-
tion.

( b ) Obtain x̂+ from (46), using x̂ obtained from (27).

( 3 ) Do a backward estimate to obtain x̂b.

( a ) Determine Kb[−∞] and Σb[−∞] from (39) and (40),
solving the discrete-time algebraic Riccati equa-
tion.

( b ) Obtain x̂b from (41).

( 4 ) Combine the estimates to obtain x̂LTI
sm .

( a ) Obtain x̂LTI
sm from (43).

smoother, the following Lemma 1 and Theorem 1 are derived.
Lemma 1 (Transfer function of LTI forward estimator) The
transfer function of the LTI forward estimator O+, where the
system input is [u⊤, y⊤]⊤ and output is x̂+, is derived as
O+= (In×n−K[∞]CG)O+K[∞]

[
0ny×nu Iny×ny

]
.

· · · · · · · · · · · · · · · · · · · (48)

Proof. From
x̂(z) = O

[
u(z)⊤y(z)⊤

]⊤
, · · · · · · · · · · · · · · · · · · · · · · · (49)

y(z) =
[
0ny×nu Iny×ny

] [
u(z)⊤ y(z)⊤

]⊤
, · · · · · · · · · (50)

(48) is derived, using the superposition principle with (46). □
Theorem 1 (Transfer function of LTI backward estimator)
The transfer function of the LTI backward estimator Ob,
where the system input is [u⊤, y⊤]⊤ and output is x̂b, is
derived as

Ob ×
[
Inu×nu 0nu×ny
0ny×nu z−1Iny×ny

]
z
= · · · · · · · · · · · · · · · · · · · · · · · · · (51)(

(Ab − HbCG)−1 −(Ab − HbCG)−1Bb −(Ab − HbCG)−1Hb

In×n 0n×nu 0n×ny

)
.

Proof. Rearranging (41) in terms of a causal update law
yields

x̂b[k + 1] = (Ab − HbCG)−1 · · · · · · · · · · · · · · · · · · · · · (52)

×(x̂b[k] −
[
Bb Hb

] [
u[k]⊤ y[k + 1]⊤

]⊤
).

Therefore, by taking the z-transform of (52),
x̂b(z) = −(zIn×n − (Ab − HbCG)−1)−1(Ab − HbCG)−1

×
[
Bb Hb

] [Inu×nu 0
0 zIny×ny

] [
u(z)
y(z)

]
, · · · · · · · · · · (53)

is derived, which is equivalent to (51). □
Remark 6 The LTI backward estimator Ob is noncausal and
unstable in a standard time forward filtering sense, implying
its inapplicability online, e.g., real-time feedback systems.

From Lemma 1 and Theorem 1, the transfer function of
LTI fixed-interval smoother is derived as follows.

Corollary 1 (Transfer function of LTI fixed-interval smoother)
The transfer function of the LTI fixed-interval smoother Osm,
where the system input is [u⊤, y⊤]⊤ and output is x̂LTI

sm , is
derived as
Osm = cconst

1 O+ + cconst
2 Ob, · · · · · · · · · · · · · · · · · · · · · · (54)

where cconst
1 , cconst

2 are matrix coefficients from (43).
Proof. The proof follows from using the superposition
principle with (43). □

Using the transfer function above, the developed LTI fixed-
interval smoother can be analyzed in frequency-domain. This
is further utilized in Section 4 for analyzing the performance
of state estimation results, and in Section 5 for assuring
convergent learning in ST-ILC.

4. Offline State Estimation Examples
In this section, offline state estimation results of the

developed LTI fixed-interval smoother are validated both
in time-domain and frequency-domain. To investigate the
effectiveness of the developed framework, estimation re-
sults are compared with the steady-state Kalman filter using
unified conditions, without any additional information or
measurement data of the system. This section constitutes
Contribution C2.

4.1 System Setup In this simulation validation, a
high-torque direct-drive motor described in Section 2.1 with
sampling time Ts = 1 ms, process noise w = 0 and
measurement noise v ∼ N(0, 10−6) is assumed.

For this validation, an offline state estimation after the
execution of an open-loop motion task simulation is assumed.
The control input u for the motion task is given as Figure 7(a),
which results in the measured output data y shown in Fig-
ure 7(b). The true states x1 and x2 during the simulation task
are displayed respectively in Figure 7(c) and Figure 7(d). The
aim of state estimation is to obtain an accurate estimate close
to the true x, (which is often difficult to obtain in experimental
setups,) using input u and measurement data y, which are
previously collected.

State estimations are conducted by assuming two scenar-
ios. The first scenario is when the system is insufficiently
identified and there exists a modeling error in the damping
coefficient. The second scenario is when the system param-
eters are sufficiently identified, but there exists an unknown
input disturbance. For both scenarios, the effect of assuming
additional fictitious noise is also investigated, which is a
standard approach for dealing with modeling error(28)(32).

Finally, suboptimality of the developed LTI fixed-interval
smoother is considered, by comparing the estimation results
with optimal LTV fixed-interval smoother.

4.2 Example 1: Estimation with Model Parameter
Error For this scenario, the state estimation is based on
a system model Ĝ where M̂ = M and D̂ = 1.1D.

4.2.1 Time-domain Analysis The state estimation
result with Q = diag(10−5, 1) and R = 10−6 is shown in
Figure 8. The result demonstrates that the estimation of
steady-state Kalman filter yields an estimation error espe-
cially apparent in the velocity x2. Due to the modeling error
in the damping coefficient, an estimation error proportional
to the velocity profile (Figure 7(d)) occurs. With the de-
veloped LTI fixed-interval smoother, the estimation error is
significantly mitigated with less noise. This is achieved by
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(a) Input current u. (b) Output position y with measurement noise.

(c) True state x1 = y. (d) True state x2 = ẏ.

Fig. 7. Measurement data (a) and (b) used for offline state estimation, and validation data (c) and (d). These data
are used for all Example 1, 2 and 3

(a) State estimation error x1 − x̂1.

(b) State estimation error x2 − x̂2.

Fig. 8. State estimation error of Example 1 with Q =
diag(10−5, 1) and R = 10−6. State estimation results
using the LTI fixed-interval smoother ( ) outperform
the causal steady-state Kalman filter ( ) with less error
amplitude and less noise amplification

combining

( 1 ) Forward estimation based on excessive damping as-
sumption, leading to overestimation; with

( 2 ) Backward estimation design on excessive damping as-
sumption, but constructed using the inverted system
dynamics as in (42), leading to underestimation,

resulting in minimization of modeling error and averaging
out the effect of noise.

Figure 9 shows the result of state estimation assuming ad-
ditional fictitious noise in x2, designing Q = diag(10−5, 102).

(a) State estimation error x1 − x̂1.

(b) State estimation error x2 − x̂2.

Fig. 9. State estimation error of Example 1 with Q =
diag(10−5, 102) and R = 10−6. Compared to Figure 8,
both causal steady-state Kalman filter ( ) and LTI
fixed-interval smoother ( ), show either reduced or
unchanged average error amplitude with significantly
amplified noise

The result demonstrates that for steady-state Kalman filter,
the magnitude of state estimation errors are decreased with
the cost of amplified noise. An interesting observation is
that with the LTI fixed-interval smoother, the estimation
result does not improve, in fact, deteriorates due to noise
amplification.

4.2.2 Frequency-domain Analysis For the frequ-
ency-domain analysis, let

• G x̂ denote the transfer function where the system input
is [u, y]⊤ and output is x̂, derived from (16) using O in
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(a) input: u, output: x1.

(b) input: u, output: x2.

Fig. 10. Frequency-domain analysis of the state estima-
tors designed in Example 1 with Q = diag(10−5, 1) and
R = 10−6. Transfer function of the LTI fixed-interval
smoother G x̂LTI

sm
( ) match the referred true system Gx

( ) better, compared to the causal steady-state Kalman
filter G x̂ ( )

(29).

• G x̂LTI
sm

denote the transfer function where the system input
is [u, y]⊤ and output is x̂LTI

sm , derived from (16) using Osm
in (54).

• Gx, with the subscript of the true state x, denote the
transfer function where the system input is [u, y]⊤ and
output is x, derived as, Gx = (zIn×n − AG)−1BG.

In Figure 10, the Bode plot of the aforementioned transfer
functions are shown. The result of the developed LTI
fixed-interval smoother G x̂LTI

sm
matches the true response Gx

more accurately compared to the steady-state Kalman filter
G x̂. In addition, the gain difference between G x̂ and G x̂LTI

sm

is approximately 3 × 10−5 dB and 3.35 × 10−2 dB for x1 and
x2, respectively. This indicates the improvement in state
estimations x1 and x2, calculated from the velocity profile
as 6.9 × 10−3 deg and 7.7 deg/s, respectively, approximately
matching the estimation difference between x̂ and x̂LTI

sm dis-
played in Figure 8.

4.3 Example 2: Estimation with Unknown Input Dis-
turbance For this scenario, the state estimation is based

(a) Considered system with unknown input disturbance.

(b) Applied input disturbance d.

Fig. 11. Problem setup for Example 2 with unknown
input disturbance

on a perfect system model Ĝ where M̂ = M and D̂ = D, how-
ever, there is an unknown disturbance d. For the unknown
disturbance, a simplified coulomb friction d = 0.01 sign(ẏ)
is applied as an input disturbance, as shown in Figure 11.
Slowly varying disturbance dynamics can be estimated by
approximating the dynamics as a constant(38), i.e., d[k + 1] =
d[k], where the state equation is augmented(39)(40) as[

x[k + 1]
d[k + 1]

]
=

[
AG −BG
0 1

] [
x[k]
d[k]

]
+

[
BG
0

]
u[k], · · · · · (55)

derived as a transfer function

GDOB
z
=

 AG −BG BG
01×2 1 0
CG 0 DG

 , · · · · · · · · · · · · · · · · · (56)

with the input as u, output as y and state as [x⊤, d]⊤. By using
the new matrices defined in (56), LTI fixed-interval smoother
can be applied as in Example 1, to obtain time-domain state
estimation results from Procedure 1 and frequency-domain
characteristics from (54). To facilitate the presentation, the
results of the unknown disturbance estimate d̂ are focused
for this scenario.

4.3.1 Time-domain Analysis The state estimation
results with Q = diag(10−5, 1, 10−6) and R = 10−6 are shown
in Figure 12. The result demonstrates that the estimation
of steady-state Kalman filter yields an estimation delay,
while the LTI fixed-interval smoother yields a significantly
mitigated estimation delay with less noise. This is achieved
by the

( 1 ) Forward estimation with estimation delay; and

( 2 ) Backward estimation with estimation advance

complementing the estimation phase error and averaging out
the effect of noise.

Figure 14 shows the result of state estimation as-
suming additional fictitious noise in d, designing Q =

diag(10−5, 1, 10−4). The result demonstrates that for both
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Fig. 12. Disturbance estimation of Example 2 with Q =
diag(10−5, 1, 10−6) and R = 10−6. With the LTI fixed-
interval smoother ( ), estimation delay and the noise
amplification are reduced compared to the steady-state
Kalman filter ( )

(a) input: d, output: d − d̂.

(b) input: v, output: d̂.

Fig. 13. Frequency-domain analysis of the state estima-
tors designed in Example 2 with Q = diag(10−5, 1, 10−6)
and R = 10−6. Characteristics of the LTI fixed-interval
smoother ( ) discuss both the estimation error d− d̂ and
the noise amplification from v is reduced compared to the
steady-state Kalman filter ( )

steady-state Kalman filter and noncausal LTI smoother, the
estimation delay is mitigated with the cost of amplified noise.
While the amplified noise severely deteriorates the estimation
of steady-state Kalman filter, results show that the noise
amplification for LTI fixed-interval smoother is not severe.

4.3.2 Frequency-domain Analysis To analyze the
frequency-domain characteristics of estimation accuracy and
noise amplification, let

• Sd̂ denote the transfer function where the system input is
d and output is d − d̂, derived as,

Sd̂ = 1 −
[
0 0 1

]
O

[
0 −G

]⊤
. · · · · · · · · · · ·(57)

• Sd̂LTI
sm

denote the transfer function where the system input
is d and output is d − d̂LTI

sm , derived similar as (57).

• Gd̂v denote the transfer function where the system input
is v and output is d̂, derived as

Gd̂v =
[
0 0 1

]
O

[
0 1

]⊤
. · · · · · · · · · · · · · · · (58)

Fig. 14. Disturbance estimation of Example 2 with Q =
diag(10−5, 1, 10−4) and R = 10−6. Compared to Figure 12,
both the LTI fixed-interval smoother ( ) and the steady-
state Kalman filter ( ) show reduced estimation delay
with the cost of noise amplification

(a) input: d, output: d − d̂.

(b) input: v, output: d̂.

Fig. 15. Frequency-domain analysis of the state estima-
tors designed in Example 2 with Q = diag(10−5, 1, 10−4)
and R = 10−6. Compared to Figure 13, the bandwidth of
estimation error d − d̂ is improved for both steady-state
Kalman filter ( ) and LTI fixed-interval smoother ( ),
with the cost of increased noise amplification from v

• Gd̂LTI
sm v

denote the transfer function where the system
input is v and output is d̂LTI

sm , derived similar as (58).

In Figure 13 and Figure 15, the Bode plot of the afore-
mentioned transfer functions are shown, with Figure 13
showing the results of Q = diag(10−5, 1, 10−6) and Figure 15
showing the results of Q = diag(10−5, 1, 10−4). For both
settings, it is observed that the bandwidth of the disturbance
estimation is higher for the LTI fixed-interval smoother. This
increased bandwidth leads to improved estimation results
observed both in Figure 12 and Figure 14. In addition, from
Figure 13(b) and Figure 15(b), it is observed that increasing
the bandwidth of both estimators comes with the price of
amplified noise. By increasing Q, the noise is amplified
by about 20 dB for the steady-state Kalman filter, which is
observed by comparing Figure 12 and Figure 14, where the
magnitude of the noise is about 10 times larger. Additionally,
Gd̂LTI

sm v
for the higher bandwidth LTI fixed-interval smoother in

Figure 15(b) is about the same as Gd̂v for the lower bandwidth
steady-state Kalman filter in Figure 13(b). This is confirmed
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Fig. 16. Disturbance estimation with LTI ( ) and LTV
( ) fixed-interval smoother

Fig. 17. Kalman gain K and Kb of LTI fixed-interval
smoother ( , ) and LTV fixed-interval smoother
( , ). After reaching steady-state, LTI and LTV
fixed-interval smoother approaches the same value for
both gains K and Kb

by comparing the noise level of d − d̂ in Figure 12 and
d− d̂LTI

sm in Figure 14. This indicates that the bandwidth of the
LTI fixed-interval smoother is improved from 4 Hz to 55 Hz,
without sacrificing the signal to noise ratio of estimation.

4.4 Example 3: Comparison with Optimal LTV
Fixed-interval Smoother In Figure 16, the state esti-
mation results of the optimal LTV fixed-interval smoother
and suboptimal LTI fixed-interval smoother are shown. For
the simulation setup, the design parameters in Example 2
(with Q = diag(10−5, 1, 10−4)) are used. From Figure 16,
it is observed that: 1) during t ∈ [0.02, 1.98], both LTV
and LTI fixed-interval smoothers show identical estimation
results; and 2) during t ∈ [0, 0.02], [1.98, 2], the LTV
fixed-interval smoother shows better estimation results. This
is interpretable from the time sequence of Kalman gain,
displayed in Figure 17. From Figure 17, it is seen that during
the transient period of forward estimation in t ∈ [0, 0.02]
and backward estimation in t ∈ [1.98, 2], the Kalman gain
of LTV fixed-interval smoother is adaptively adjusted. Due
to the Kalman gain being optimally adjusted based on the
covariance, this leads to improving the estimation of LTV
fixed-interval smoother in Figure 16 during t ∈ [0, 0.02],
[1.98, 2].

5. Application to ST-ILC

In this section, ST-ILC with the developed LTI fixed-
interval smoother is experimentally validated with a high-
torque direct-drive motor. To investigate the effectiveness of
the developed framework, tracking results are compared with

Fig. 18. State reference rx = [r, ṙ]⊤ used for ST-ILC

Fig. 19. Identified FRF of system ( ) and sufficient
model used for Case 1 ( ) and insufficient model used
for Case 2 ( )

the conventional ST-ILC, which only uses causal steady-state
Kalman filter. This section constitutes Contribution C3.

5.1 Experimental Setup In this experimental vali-
dation, a high-torque direct-drive motor described in Sec-
tion 2.1 is controlled at a sampling time of Ts = 10 ms with a
stabilizing FB controller

K f b(z) =
1.3837 × 10−2(1 − 0.8584z−1)

1 − 0.6327z−1 . · · · · · · · · (59)

For this validation, the state reference shown in Figure 18
is assumed as the trial-invariant task and inter-sample data
are collected every 1 ms. Note that the inter-sample data are
only used for validation of e(t) and not used for the control
setup.

ST-ILC experiments are conducted assuming two scenar-
ios. The first scenario is where the system is sufficiently
identified and there is small modeling error, i.e., M̂ ≈ M
and D̂ ≈ D. The second scenario is where the system is
insufficiently identified and there is a modeling error in the
low frequency, i.e., M̂ ≈ M but D̂ ≈ 1.73D. The FRF of
the actual system G and model Ĝ used for Case 1 and 2 are
shown in Figure 19. For both models of Ĝ, the 1 sample delay
measured from the FRF of G is also included.

For fair comparison in each case study, all state estimators
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Fig. 20. Monotonic convergence condition of ST-ILC
in Case 1 with sufficiently identified model. ST-ILC
designed with the LTI fixed-interval smoother ( ) show
a larger margin from 0 dB compared to steady-state
Kalman filter ( )

Fig. 21. Position error norm per iteration of ST-ILC
in Case 1 with sufficiently identified model. Maxi-
mum tracking-performance achieved using the LTI fixed-
interval smoother ( ) outperforms the use of steady-
state Kalman filter ( )

are designed with the same covariance matrix Q =

diag(10−6, 1) and R = 10−6, learning settings with same
learning gain α = 0.05, robustness filter Qx = In×n and
learning filter Lx = J−1

x̂ calculated from model Ĝ. Note that
a low learning gain is set purely for validation purposes, to
remove the influence of trial-varying noise and focus on the
performance solely achieved by the methods(35).

5.2 Case 1: Performance with Sufficiently Identified
Model For this scenario, all state estimations and learning
are based on a system model Ĝ where M̂ ≈ M and D̂ ≈ D.

First, Figure 20 shows the comparison of the monotonic
convergence condition of ST-ILC derived from (17). Note
that this is derivable for the LTI fixed-interval smoother using
the transfer function developed in (54). The result shows
that ST-ILC utilizing the LTI fixed-interval smoother exhibits
a smaller maximum singular value, indicating enhanced ro-
bustness in learning. This is interpretable from the simulation
results in the previous section, namely Figure 10. With
the transfer function G x̂LTI

sm
being closer to the actual system

Gx. This mitigates the imbalance between learning filter Lx
and inverse process sensitivity J−1

x̂ , resulting to a smaller
σ̄(In×n − LxJx̂).

Second, Figure 21 shows the norm of the inter-sample
error e(t) = r(t) − y(t) per iteration. Results show that the
best performing error norm ∥e(t)∥2 with ST-ILC using the
LTI fixed-interval smoother is reduced by 35% compared to
that with the steady-state Kalman filter. Figure 22 shows
the state-tracking results in the best performing iterations.
With LTI fixed-interval smoother improving state estimation
performance as in Figure 22(a), the peek tracking error of
ST-ILC is mitigated for all states as shown in Figure 22(b).

(a) State estimation error x̂ − x ( ) and x̂LTI
sm − x ( ) at 1st iteration.

(b) State tracking error rx − x at best iteration, using steady-state Kalman
filter ( ) and LTI fixed-interval smoother ( ).

Fig. 22. Experimental results of ST-ILC in Case 1 with
sufficiently identified model

Moreover, the results show that state-tracking performance of
ST-ILC can be indicated from state-estimation results of the
1 st iteration.

Note that for this scenario with sufficient modeling, state
estimation performance using the steady-state Kalman filter
is sufficient enough. Therefore, after ST-ILC converges after
100 iterations, the bottleneck of the tracking-error becomes
trial-varying noise. This results in identical average per-
formance between both ST-ILC implementations using the
LTI fixed-interval smoother and steady-state Kalman filter,
as depicted in Figure 21.

5.3 Case 2: Performance with Insufficiently Identified
Model For this scenario, all state estimations and learning
are based on a system model Ĝ where M̂ ≈ M and D̂ ≈
1.73D.

First, Figure 23 shows the comparison of the monotonic
convergence condition of ST-ILC derived from (17). Similar
to Case 1 with sufficient modeling, the result shows that
ST-ILC utilizing the LTI fixed-interval smoother exhibits a
smaller maximum singular value, indicating enhanced ro-
bustness in learning. Compared to Figure 20, learning is less
robust due to larger modeling error.

Second, Figure 24 shows the norm of the inter-sample
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Fig. 23. Monotonic convergence condition of ST-ILC in
Case 2 with insufficiently identified model. Similarly
to Case1, ST-ILC designed with the LTI fixed-interval
smoother ( ) have a larger margin from 0 dB compared
to steady-state Kalman filter ( )

Fig. 24. Position error norm per iteration of ST-ILC in
Case 2 with insufficiently identified model. Similarly to
Case1, maximum tracking-performance achieved using
the LTI fixed-interval smoother ( ) outperforms the use
of steady-state Kalman filter ( )

error e(t) = r(t) − y(t) per iteration. Results show that the
best performing error norm ∥e(t)∥2 with the fixed-interval
smoother is reduced by 79% compared to that with the
Kalman filter. Figure 25 shows the state-tracking results
in the best performing iterations. Similarly to Case 1 with
sufficient modeling, improved state estimation with the LTI
fixed-interval smoother in Figure 25(a) leads to mitigated
state-tracking error in Figure 25(b) when applied to ST-ILC.
For this scenario with insufficient modeling, state estimation
performance using the steady-state Kalman filter is insuffi-
cient. Therefore, after ST-ILC converges after 100 iterations,
the bottleneck of the tracking-error becomes state-estimation
error. This results in an apparent difference in average
performance between both ST-ILC implementations using
the LTI fixed-interval smoother and steady-state Kalman
filter, as depicted in Figure 24.

Interestingly, from Figure 24, the error norm with the
Kalman filter reaches a lower value before convergence. This
is due to the state estimation of Kalman filter having an
excessive gain with D̂ ≈ 1.73D, which amplifies the effect of
error used for learning. For this scenario, this modeling error
has accelerated the learning in a positive manner. However,
for other scenarios with deficient gain, decelerated learning
leading to poor results is expected.

6. Conclusion
In this study, the developed LTI fixed-interval smoother

fundamentally enhances the state-estimation performance,
taking advantage of the batch-wise operation of ILC. This
is successfully validated in simulation results analyzed both
in time-domain and frequency-domain, assuming various

(a) State estimation error x̂ − x ( ) and x̂LTI
sm − x ( ) at 1st iteration.

(b) State tracking error rx − x at best iteration, using steady-state Kalman
filter ( ) and LTI fixed-interval smoother ( ).

Fig. 25. Experimental results of ST-ILC in Case 2 with
insufficiently identified model

conditions of modeling error. Improved state-estimation
directly contributes to improved state-tracking performance
in ST-ILC, which is verified experimentally with a high-
torque direct-drive motor setup. In addition, the developed
transfer function of the LTI fixed-interval smoother provides
important measures for enhancing monotonic convergence of
ST-ILC.

Ongoing research focuses on applying noncausal LTI
Kalman smoothing for repetitive control.
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