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Abstract—This study addresses a 1.8kV bilateral feeding sys-
tem for DC railway applications, composed of multi-pulse diode
rectifiers at both ends and a storage unit with a DC/DC converter
located at an intermediate station. The storage system introduces
an additional degree of freedom to control power flows by
applying a specific voltage at a strategic point between the passive
rectifiers. This paper formulates a voltage compensation problem
aimed at reinforcing the network while minimizing conduction
losses along the catenary. Due to the nonlinear nature of the
power balance equations, a closed-form analytical solution is
not directly obtained. To overcome this, the paper proposes an
approximation method for the pantograph voltage to enable an
analytical formulation of the optimization problem. A comparison
between the proposed analytical approach and a numerical
iterative optimization method is presented and discussed.

Index Terms—Energy hub, energy storage, grid congestion,
high power rectifiers, railways, traction.

I. INTRODUCTION

RANSPORTATION is a major contributor to greenhouse

gas emissions and a key driver of climate change. In
Europe, it accounts for approximately 20% of total greenhouse
gas emissions, making the decarbonization of this sector a
pressing priority. Among the various modes of transport, rail
highlights as one of the most sustainable. Despite its relatively
low carbon footprint, the railway sector is under increasing
pressure to further reduce emissions in alignment with carbon
neutrality targets set by industry stakeholders. These targets
represent both an environmental necessity and an opportunity
to displace fossil fuels as the dominant energy source in
transport systems.

As urbanization accelerates and mobility demand increases,
the load on distribution systems is expected to reach critical
levels, especially with the rapid expansion of electric vehi-
cle charging infrastructure and the broader electrification of
transport. This trend will intensify existing challenges and
may push distribution networks to their operational limits [1]-
[5]. According to the European Commission, by 2030, all
scheduled collective travel under 500 kilometers within the

EU should be carbon neutral, and high-speed rail traffic is
expected to double. These projections underscore the need for
advanced and flexible energy strategies for the railway sector.

In this context, electric railway systems (ERS) must evolve
alongside other rail-based transport modes such as trolleybuses
and trams [6]-[8], leveraging new energy paradigms. One
promising direction involves the integration of distributed
energy resources (DERs), including renewable energy systems
(RES) such as photovoltaic (PV) arrays and wind turbines,
coupled with various forms of energy storage systems (ESSs).
These combinations have demonstrated significant potential
in enabling regenerative braking energy (RBE) recovery, im-
proving energy efficiency, and supporting peak power shav-
ing strategies [9]-[17]. Such services are especially critical
in a ’Flex or Regret’ scenario [18], where the increasing
interdependency between the transport and energy sectors
calls for proactive, adaptive planning to prevent infrastructure
bottlenecks and avoid high-cost system overhauls. However,
the implementation of these solutions often involves substan-
tial infrastructure investments and technical complexities. To
overcome these challenges effectively, it is essential to develop
accurate mathematical models of railway power systems and
to assess how sensitive system performance is to various
modeling assumptions and parameter uncertainties. This paper
contributes to this objective by presenting a sensitivity anal-
ysis of power demand profiles in DC railway systems, with
particular focus on the implications for resistive power losses
in the overhead catenary lines.

This study focuses on the Dutch DC railway traction power
system (TPS), which is nominally rated at 1.5kV and typically
operated at 1.8kV. A representative layout of the system is
shown in Fig. 1. The substations are based on multi-pulse
diode rectifier for 12/24 pulse configuration. The train, on
the other hand, will drain power from the catenary, divided
between the two closest supply sources, although under heavy
load conditions, the system may converge to a different
solution. Despite its reliability and robustness over decades,
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Fig. 1. DC railway power system electrical model.

it lacks controllability and struggles with current expansion
plans. As the transportation sector undergoes electrification
and decarbonization, the electricity demand is expected to
increase. To address the some of above-mentioned challenges,
current expansion plans are shifting toward localized en-
ergy generation and storage solutions. These decentralized
approaches are not only more scalable and sustainable, but
they also alleviate pressure on the national grid infrastructure
expansion. In this context, power converters along with battery
energy storage systems (BESS), renewable energy systems
(RES) and advanced control strategies with advanced energy
management methods offer a flexible and modular way to
upgrade existing railway networks.

The proposed modernization strategy introduces an interme-
diate bidirectional DC/DC converter, connected to the catenary
within a segment. Let’s assume this conversion unit is properly
designed and capable of regulating the voltage at the specified
location while two trains are being fed. Given the limitations of
the current TPS the converter output voltage will either reduce
or increase the power coming into the segment from the two
adjacent substations. Therefore, it is possible to fix the voltage
in the intermediate segment of the railway to supply energy
to the load, but also to set the system operation point where
conduction losses are minimized. This problem involving
conduction loss minimization through voltage control, has
been previously explored in [19], where a coordinated control
scheme between two controllable substations was proposed. In
their work, the optimal substation voltages were determined
using the Powell optimization method, effectively minimizing
conduction losses along the catenary. Unlike their centralized
approach, this paper investigates the use of a single controlled
node placed at an intermediate location, aiming for similar
benefits with potentially lower infrastructure complexity.

This paper is structured as follows. Section II introduces
a problem formulation of power losses within a segment of
the railway. Section III present an analytical approximation to
provide a closed form to the optimization problem. Section IV
presents the results of this approximation and some compar-
ison in specific operation scenarios. Finally, a conclusion in
provided in section V.

II. PROBLEM FORMULATION

In Fig. 1 a bilaterally fed DC railway system with passive
rectifier substations and an intermediate station equipped with
a voltage-controlled DC/DC converter is presented for this
study. In the current state of the system, the catenary losses
are mainly given by the conditions of the loads. By adding a
controllable voltage source in between both substations, it is
possible to modify the power flow in the rail segment. This
intermediate voltage acts as a degree of freedom to redistribute
current flows among the substations, thus, the formulation of
the problem aims to minimize the catenary losses across the
section.

A. Catenary power losses

Assuming the substations at both ends are modeled as
ideal voltage sources, the catenary conduction losses can be
expressed as:

(Vi = Vir)? (Vo — Vip)?

Pos=>_ (>, @)
kel \ieS Rik R,
Pry =V, Z Ly,
icS
2
7o Yi— Vi @
ik — Rik

Where I;;, is the current flowing from substation ¢ into
train k, V; is the substation’s ¢ voltage, Prx is the DC
power supplied to the train from the overhead line. On the
other hand, & and £ are the indexes associated with the
supplying substations and the corresponding train. Note that
if the system is perfectly balanced, the equation dictates that
the power split among both substations only depends on the
distance ratio between them. Therefore, the voltage at the
train’s pantograph from (3) has a quadratic solution in the
form 0 = aVLQ,C + bV + ¢, where the coefficients a, b, ¢
depend on the substation voltages and the asymmetry in the
circuit impedance. The parameters a, b, and ¢ are defined as
follows:
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Fig. 2. Contour lines of optimal midpoint voltage V,,. Same case as in Fig. 3.
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B. Derivation of an Optimal Power Flow

From equations (1) and (2), the total conduction losses
depend quadratically on the voltage difference between the
train location and the supply points. Using (2), the power
delivered to the train Prj; can be expressed as a nonlinear
function of Vi:

Pri = Vi Z % =—apVi + Ve )
i€S ik

where the coefficients a; and by are defined in (3). Solv-
ing this quadratic equation yields a unique and physically
meaningful solution for Vi, provided that the discriminant
Ay, = b} — 4ay, Pry, is non-negative.

Under traction conditions (Pr; > 0) and assuming V; >
Vik, the resulting currents I;; > 0, ensuring power flows
from the substations into the train. However, since passive
rectifiers at the adjacent substations do not support four-
quadrant operation, the model assumes that energy during
regenerative braking is absorbed exclusively by the energy
storage system (ESS), and neglects interactions with other
trains. This simplification could be relaxed by extending the
model with logic-based rules for power exchange between
trains and substations during regenerative events.

The expression in (3) motivates the formulation of an
optimization problem in which the midpoint voltage V,, is
calculated to minimize total conduction losses while satisfying
power balance constraints at each train location:

Contour of Power Loss [kW]

01 02 03 04 05 06 07 08 09
Rm [€Q]

Fig. 3. Contour lines of total conduction losses as a function of V,,. Case:
Pr1 = Pro=16MW, V; =V, =1800V.
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This results in a nested nonlinear optimization problem,
where the total losses Pioss(V;,) depend on the implicit function
Vi (Vy,). Tts gradient can be computed analytically as:

Vi
=2V, + 2V ——
a]Dloss — Z [ ‘ + Lk avn
OV kec Lies Ri
2V, — 2V + 2V —aVLk
+ OV 5)
Rnk
The sensitivity of V1, with respect to V,, is given by:
Ve 1 <1_ bk> ©
6Vn QCLkRnk vV Ak
Vg VA

Vik OV, 4a’R.y (1 B \/Ak) @

Finally, the complete loss function becomes a nested map-
ping:

Hoss(vn) =g (VL(Vn)7 Vn) (8)

Since V1 (V,) is not analytically expressible, the mini-
mization of Pu(V;,) with respect to V,, becomes intractable
analytically. The derivative:

requires applying the chain rule with an implicit derivative
of Vi with respect to V,,, which involves a square root of
a rational expression and again includes V7. This structure
leads to a non-closed-form gradient that must be computed
numerically.
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C. Optimization Problem Statement

Based on the analytical formulation described above, the
voltage compensation strategy is posed as a nonlinear one-
dimensional optimization problem:

min ]Dloss(vn) )
Vi €[Va,min,Vn,max)
subject to:
o Power balance constraint: P, = Vii(V,)
Itota],k(‘/n) Vke L

o Voltage bounds: V, nin < V, < V, max, Where
Vimin = 1600V and Vj, ax = 1925V

This problem is solved numerically using the fminbnd
function in MATLAB, which implements a combination of
golden-section search and parabolic interpolation for bounded
univariate minimization. The total losses function Plos(V5,) is
evaluated through nested expressions that capture the depen-
dence of each train’s voltage V1 on the midpoint voltage V,,,
as described in (2) and (5).

The contour plots in Figures 3 and 2 illustrate the results of
the numerical optimization for a representative case with two
symmetric trains. In this example, the train power demands are
set to Pr1 = Pro = 1.6 MW, and both substations operate at
V1 = Vo = 1800 V. Figure 3 shows the resulting loss surface
as a function of V;,, while Figure 2 presents the corresponding
contour lines for the optimal midpoint voltage. Traction and
electrical parameters were tailored according to the model
presented in [20].

III. ANALYTICAL APPROXIMATION OF PANTOGRAPH
VOLTAGE

To enable an analytical solution to the optimization problem,
an explicit approximation of the pantograph voltage V7, as a
function of the midpoint voltage V,,, train power demand Pr,
substation voltage V;, and the line resistance R,,;; is proposed.

In order to keep the solution simple, it is important to
perform a sensitivity analysis on the variables of the system.
Clearly, all variables have a quadratic impact on the function
Vik, the distance between the supply points being the most
relevant, giving an intuition about using a paraboloid as an
approximation function. However, according to 1, if the order
of the polynomial function used to estimate V1, is greater than
1, the further algebraic expansion of the optimization function
will also lead to a higher order polynomial solution which
may need another numerical tool for solving it, or even worst,
finding multiple minimal local solutions. Therefore, a simple
function to characterize a linear relationship between V,, and
Vi, while keeping a quadratic dependence on the variables
Vi, Rni and Pry is the following:

Vik = oV, + 8P} + V2 +0R2, (10)

The coefficients «, 3,~,d are derived by a regression pro-
cess based on numerical evaluations of the exact model. This
function structure ensures that the key nonlinear dependencies
of V1, are captured within a certain range, while maintaining a

structure that allows algebraic manipulation. It is important to
mention that the proposed structure is fitted using the closest
region of the paraboloid (R,,1, R,2 < 0.15. where the impact
on the load is critical since the train could be accelerating
while the distance between any supply point and the train is
acceptable. The main reason for this assumption is to give
special focus under heavy load scenarios.

The approximation reflects the dependencies observed in
the equations presented in the previous section. This structure
allows to obtain an analytical solution for the minimum total
loss function for f/,f.

A. Closed-Form Expression for Losses

Using the approximation for the pantograph voltage V., in-
troduced in (10), we substitute it into the total loss expression
given in (1). For each train k € L, the contribution to the total
losses becomes:

(Vo — Vii,)?
Rnk'

(V; = Vig)?
Ploss,k = Z +
€S Rik

Y

Substituting Vi, ~ oV, + BP?, + V2 + §R2, into the
expression above yields a quadratic function of V;,, given that
all other terms are treated as constants with respect to V,,. This
results in a total loss function of the form:

]Dloss(‘/n) = aVnQ + b‘/n +c (12)

where the coefficients a,b,c are computed by grouping
terms after substitution and simplifying:

)

B a? (1-a)
G_Z<ZRzk+ Rnk:

—2a(V; — C 2(1 — a)Cy
bZ(Z (Rik 6 _ (Rnk) "), (14)

kel \ieS
kel \ieS

13)

(Vi = Ci)? %)
3 (AT ). 03
kel (ies Ri B
where Cj, = SP}, + V72 + 6R2,.
The optimal midpoint voltage minimizing this quadratic loss
function is then obtained in closed form as:

~ b

Vyi=——

n 2a

This result provides a fast and interpretable way to estimate

the optimal voltage setpoint for the DC/DC converter under
different loading conditions and train locations.

(16)

IV. RESULTS AND DISCUSSIONS

To evaluate the accuracy of the proposed analytical approx-
imation, we compare its results with those obtained using the
numerical optimization method fminbnd in MATLAB. Two
scenarios are considered:
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Fig. 4. Absolute error between analytical and numerical V;, under balanced
scenario. Vi = Vo = 1800[V], Pry1 = Pra = 1.5[MW].

« Balanced scenario: Identical power demands and sym-
metric positions for both trains, with Py = Prs =
1.5MW and V; =V, = 1800 V.

« Unbalanced scenario: One train is under higher load,
and the distances to substations are asymmetric. Pr; =
1.0MW, Pro =2.0MW and V; = 1750V, V5 = 1700 V.

Figure 4 shows the absolute error between the analytical and
numerical solutions for V,, in the balanced case. The maximum
error observed is 0.65V, which is negligible in the context
of 1.6kV-1.8kV voltage levels. In the unbalanced scenario
(Figure 5), the maximum absolute error increases to 6.6V
due to the larger nonlinearities introduced by the overloading
condition and asymmetric supply resistances.

In both cases, there are regions where the error approaches
zero, indicating that the analytical approximation successfully
captures the key nonlinear behavior of the system within the
region of interest (0.05 < R, < 0.15). This validates the use
of the closed-form expression in scenarios where fast, real-
time estimation is required, such as on-board converters or
decentralized control schemes.

The analytical model significantly reduces computational
complexity and enables insights into the behavior of the
system, particularly under normal operation conditions. The
error remains bounded and small in practical cases, suggesting
that the model is not only computationally efficient but also
robust within the selected operating range.

Tables I and II summarize the approximation errors across
four scenarios, for two different ranges of normalized resis-
tance values: R, < 0.35 and R,; < 0.35. These ranges
reflect practical limits for DC railway line impedance, where
smaller values are typical under nominal loading and cable
configurations, while higher values can occur under degraded
conditions or long distances.

Within the range (R, < 0.152), shown in Table I, the
analytical approximation performs very well, with root mean
square errors (RMSE) below 4.3V in all scenarios. Notably,

Error |V, — V7| [V]
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Fig. 5. Absolute error between analytical and numerical V;, under unbalanced
scenario. Pr,; = 1.5MW, Pro = 2.0MW and V; = 1750V, Vo = 1700 V.

Scenario 1—representing nearly balanced load and resistance
conditions—achieves a maximum error below 1V and an
average error under 0.4V, highlighting the high accuracy of the
model under ideal or nominal configurations. Scenario 4 also
shows excellent performance, with errors similar to Scenario
1 despite some asymmetry.

For higher loading differences or asymmetric resistances,
the RMSE increases slightly, reaching up to 4.28V in Scenario
3. However, these errors are still acceptable for real-time
voltage estimation purposes, especially considering the voltage
scale of operation (typically 1600-1925V).

To include higher resistances (R, < 0.35(2), as shown in
Table II, the approximation error increases significantly. In this
extended range, RMSEs range from 3.5V to 16.7V, and max-
imum errors can exceed 50V (Scenario 3). This degradation
is expected due to the stronger nonlinear effects introduced at
higher resistances, where the underlying assumptions of the
quadratic loss model become less accurate. Despite this, the
model still preserves qualitative trends and could be used for
estimation with caution under such conditions.

Overall, these results confirm that the proposed closed-form
approximation is especially well-suited for normal operating
conditions (i.e., R, < 0.15Q2), where it delivers low error and
fast computation. This makes it particularly attractive for real-
time control or embedded applications. For broader operation
ranges, adaptive models or piecewise approximations could be
explored in future work to maintain accuracy.

. TABLE I
ERROR BETWEEN V;, AND V,* FOR DIFFERENT SCENARIOS FOR
R, <0.15
Scenario RMSE [V] Max [V] Min [V] Mean [V]
Scenario 1 0.4336 0.7167 0.0002 0.3906
Scenario 2 2.2035 3.7345 1.0604 2.1353
Scenario 3 4.2792 8.2526 2.5682 4.1047
Scenario 4 2.6564 6.0503 0.0002 2.4059
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. TABLE II
ERROR BETWEEN V;, AND V' FOR DIFFERENT SCENARIOS FOR

R, <0.35
Scenario RMSE [V] Max [V] Min [V] Mean [V]
Scenario 1 3.5082 12.965 0.0020 2.3485
Scenario 2 7.0014 21.027 1.0604 5.7550
Scenario 3 16.701 51.050 2.5686 13.222
Scenario 4 13.628 43.639 0.0040 10.333

V. CONCLUSION

This work presented an analytical approximation for esti-
mating the optimal midpoint voltage V;, in DC railway systems
with passive substations and resistive line losses. The proposed
model is based on a closed-form approximation of the train ter-
minal voltage V7, expressed as a quadratic function of system
parameters around typical operating points. This expression
was then used to derive an approximate loss function, enabling
direct minimization without iterative numerical optimization.

A detailed comparison with the reference numerical solu-
tion, obtained via fminbnd, demonstrates that the analytical
model achieves good accuracy within the typical operating
range (R, < 0.1582). In this domain, the root mean square
error remains below 5V in all tested scenarios, and often below
1V under balanced conditions. Even when extended to higher
resistance values (R,; < 0.35€2), the model preserves qual-
itative accuracy, though with increased error due to stronger
nonlinear effects.

The simplicity and low computational cost of the proposed
approximation make it particularly suitable for embedded con-
trol, real-time optimization, and on-board power management
in DC railway systems. Future work may address extending
the model to dynamic scenarios with time-varying loads and
include adaptive corrections or hybrid methods to maintain
accuracy under broader operating conditions. For instance,
considering that the train usually accelerates during the first
phase, it could be acceptable to assume the train operates at
constant power demand while coasting (larger resistance, low
power), potentially reducing the non linear dependence within
the variables.
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