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SUMMARY
Power transformers are critical components of electrical power systems,
and their behavior under high-frequency and fast transient conditions
plays an important role in overall system reliability. Phenomena such as
internal resonances within transformer windings can lead to significant
overvoltages and localized electric field intensification, potentially result-
ing in insulation degradation or failure. Accurate modeling of transformer
behavior over a wide frequency range is therefore essential for both de-
sign and transient analysis. However, conventional transformer models
are often limited by either oversimplified analytical assumptions or the
high computational cost and limited generalization capability of purely
numerical approaches.

This thesis presents a comprehensive framework for the frequency-
dependent modeling of power transformers, with particular emphasis on
high-frequency behavior. The work focuses on the development of white-
box models derived from electromagnetic field theory, complemented
by data-driven machine learning techniques to enhance computational
efficiency while preserving physical consistency.

The first part of the thesis investigates the impact of conductor and
core losses on the impedance characteristics of transformer windings.
Numerical simulations are employed to quantify the influence of eddy
current losses in both conductors and ferromagnetic cores. The results
demonstrate that each loss mechanism dominates in different frequency
ranges, and that neglecting conductor losses can lead to significant er-
rors in impedance estimation and resonance prediction at higher fre-
quencies relevant to electromagnetic transient studies.

Building upon these insights, the thesis develops an analytical frame-
work for frequency-dependent impedance modeling of transformer wind-
ings. To validate the proposed analytical approach, several case studies
are presented in which the derived impedance characteristics and pa-
rameters are compared against numerical simulations and experimen-
tal measurements, demonstrating good agreement across a broad fre-
quency range. The analyses confirm the capability of the proposed ap-
proach to accurately capture resonance phenomena and frequency-depe-
ndent losses with substantially reduced computational effort compared
to full numerical field solvers.

In the final part of the thesis, a machine learning-based methodology is
introduced to further accelerate the estimation of frequency-dependent
winding impedances. Using a dataset generated from the analytical

ix
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framework, an XGBoost model is trained to predict the frequency de-
pendent parameters. The results show that the proposed data-driven
models achieve high accuracy while offering significant computational
speed-ups, making them well suited for large-scale parametric studies
and design optimization.

Overall, this thesis contributes a unified modeling framework that bridg-
es analytical electromagnetic theory, numerical validation, and machine
learning techniques for the high-frequency modeling of power transform-
ers. The proposed methods enable accurate and efficient prediction of
transformer winding behavior under fast transient conditions, providing
valuable tools for transformer designers and power system engineers.



1
INTRODUCTION

To trace something unknown back to something known is called
explanation.

1.1. TRANSFORMER FAILURES AND TRANSIENTS
Since their invention in the 19th century, transformers have been
indispensable to the evolution and expansion of electrical power
systems. As the heart of electricity networks [1], they enable long-
distance power transmission, making large-scale electrification possible.
Today, power transformers remain among the most vital components in
power systems, playing a fundamental role in the reliable delivery of
electricity to end-users. Ensuring their continuous operation is essential
for the reliable generation and transmission of electric power. Given
the growing demand and economic constraints, utilities are exposed to
pressure to maintain the reliability of these assets. Throughout their
operational lifetime, transformers are subjected to a range of electrical,
mechanical, thermal, and chemical stresses. These stresses may result
in failures, causing catastrophic operational interruptions, unscheduled
outages, substantial financial losses, system blackouts and brownouts,
and potential safety hazards for personnel [2–4].

Transformer failures are generally classified into electrical, mechanical,
and thermal categories [8]. Statistical analyses conducted by
researchers indicate that around 35% of transformer major failures are
attributed to insulation matters, with a significant share occurring in the
windings [9, 10]. Figure 1.1 shows examples of such a failure [5–7]. A
considerable number of transformer failures, particularly in high-voltage
(HV) and extra-high-voltage (EHV) systems, have been attributed to
transient overvoltages. As reported in [11], the main sources of
transient-induced failures include switching surges, voltage spikes, line
faults, and various transmission and distribution disturbances, which

1



1

2 1. Introduction

Figure 1.1: Examples of dielectric faults in transformers [5–7].

together account for approximately 29% of all failures. In addition,
lightning-induced incidents, which are not included in this figure, are
estimated to contribute an additional 17%.

Transformers exhibit different behavior under transient conditions
compared to steady-state operation. One of the primary reasons for
failure during such events is the nonlinear voltage distribution along the
winding caused by high-frequency excitations. Under normal operating
conditions, the voltage distributes linearly across the winding due
to the dominant inductive behavior. However, at high frequencies,
the capacitive characteristics of the winding become more significant,
resulting in a highly nonlinear voltage distribution. As an illustrative
example, consider the coil depicted in Figure 1.2(a), where each disk
has a series capacitance Cs and a capacitance to ground Cg. This coil
can be modeled as a capacitive network, as shown in Figure 1.2(b).
The voltage distribution in such a system can be analyzed using the
parameter α, defined as [12]:

α =

√

√

√
Cg

Cs
(1.1)

As α increases, the voltage distribution becomes more nonlinear,
as demonstrated in Figure 1.3. This nonuniform distribution leads
to increased electric field intensities at the terminal of the winding,
increasing the likelihood of insulation breakdown.

Another important concern is the possibility of resonances within the
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transformer. This phenomenon can be conceptually explained using the
simplified equivalent circuit shown in Figure 1.4 [13]. When the natural
frequencies of two subcircuits (subcircuit 1 and subcircuit 2) are nearly
equal [13]:

√

√

√
1

L1C1
≈

√

√

√
1

L2C2
(1.2)

and the surge impedance of subcircuit 2 is significantly higher than that
of subcircuit 1 [13]:

√

√

√
L2

C2
≫

√

√

√
L1

C1
(1.3)

substantial voltage amplification may occur at node C, as illustrated
in Figure 1.5. In practical scenarios, the transformer behaves as
a highly complex RLC network with multiple resonance frequencies.
Nevertheless, the same underlying principles remain valid. Excessive
resonant overvoltages at internal winding points, taps, or terminals can
arise under the following conditions [13]:

• A transient voltage with a dominant frequency component ƒ0
excites the transformer terminals, and this frequency matches
with a resonance peak in the internal or external voltage transfer
characteristic of the transformer;

• At this frequency ƒ0, the transformer’s input impedance is
considerably higher than the source or network impedance.

Figure 1.2: (a) An illustration of a winding, and (b) its equivalent
capacitance ladder network for distribution of surge voltage
across transformer windings.
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Figure 1.3: Voltage distribution along the winding for various values of
α. L is the total length of the winding.

Studies have shown that resonance-related conditions are not
uncommon and have contributed to transformer failures [14]. Many
of these failures have been linked to high-frequency transient events,
such as lightning strikes, cable energization, capacitor bank switching,
and system faults, which excite internal winding resonances, especially
when the transformer is lightly loaded [15].

Despite rigorous factory testing procedures, these transient scenarios
are not adequately addressed in presently applied standards [13]. For
example, standard lightning impulse tests assume specific wave shapes
and often involve grounding of non-excited terminals, which fail to
replicate the voltage transfer characteristics observed under actual
service conditions. As emphasized by CIGRÉ JWG A2/C4.39 [13], such
standardized test setups are insufficient for simulating fast-front or
oscillatory waveforms arising from switching events, GIS operations,
HVDC converters, or energization through long cables.

A key issue is that these transients may contain dominant frequency
components that match the natural frequencies of transformer windings.
When this occurs, internal voltages can be significantly amplified
because of resonance, even if the magnitude of the impinging
overvoltage is well below the surge arrester protection level. This
resonant amplification poses a serious risk to the transformer insulation
system. Moreover, such internal overvoltages are often not observable
from the terminals, making them difficult to detect with standard
diagnostic techniques [13].

To address these challenges, it is essential to develop detailed
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Figure 1.4: Simplified circuit illustrating resonance when the natural
frequencies of two sub-circuits are nearly equal.
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Figure 1.5: Voltage at points A, B, and C.

white-box models that will accurately represent the internal voltage
transfer characteristics and transformer terminal impedance within a
wide frequency range. These models should also be suitable for use in
time-domain transient simulations, enabling more realistic analysis of
these phenomena.

1.2. PROBLEM STATEMENT
The accurate modeling of transformers at high frequencies remains a
significant challenge for academic research and practical engineering.
Conventional analytical high-frequency transformer models are often
inadequate for simulating fast transient events. Many of these models
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either neglect electromagnetic phenomena (such as skin and proximity
effects) or account for them using simplified approximations [16–
26]. However, these effects become increasingly significant at higher
frequencies and must be accurately represented for reliable modeling.
Numerical methods, such as finite element analysis (FEA), can capture
complex electromagnetic interactions [27–35]. However, these methods
are computationally demanding and require a lot of time to be built for
a particular transformer.

Measurement-based, or black-box, modeling approaches have been
widely employed to overcome some of the limitations of analytical
methods. Although these models can provide accurate results within
the specific frequency range and operating conditions under which they
are derived, they lack a direct link to the physical structure of the
transformer. Consequently, their applicability is limited when assessing
design modifications or investigating failure mechanisms. Furthermore,
these models depend on experimental measurements, making them
unsuitable for use during the early design stages.

What is missing is an analytical modeling framework that accurately
represents high-frequency transformer behavior. Such a model would
provide both insight and computational efficiency, enabling the study
of internal resonances, high-frequency transients, and their role
in transformer failure. This thesis aims to address this gap by
developing a physically based, analytical approach in high-frequency
transformer modeling. The proposed method aims to capture essential
electromagnetic effects using mathematical formulations derived from
field theory, thereby offering a balance between accuracy and
computational efficiency.

1.3. RESEARCH OBJECTIVES AND QUESTIONS
The primary objective of this research is to develop an analytical
modeling framework that accurately represents the high-frequency
behavior of power transformers. To achieve this goal, the following
specific objectives are pursued:

• To derive frequency-dependent self- and mutual impedance ex-
pressions for transformer windings using electromagnetic field
theory.

• To validate the proposed models with simulations and available
measurements.

• To demonstrate the applicability of the model for analysis of
high-frequency resonances and potential failure mechanisms in
transformer operation.
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Based on these objectives, the central research questions addressed
in this thesis are:

1. What is the role of the transformer core at high frequencies, and
how does it influence the overall transformer behavior?

2. How can electromagnetic interactions within transformer windings
be accurately captured through analytical formulations at high
frequencies?

3. To what extent can analytical models reliably predict the frequency-
dependent impedance characteristics required for transient studies?

4. Can an analytical model simultaneously offer physical insight and
practical value for engineers to analyse high-frequency transformer
failures?

These questions form the basis of the proposed modeling frame-
work and guide the structure, methodology, and analysis presented
throughout this thesis.

1.4. FRAMEWORK
The modeling approach adopted in this thesis is rooted in analytical
electromagnetic field theory, aiming to characterize the high-frequency
behavior of power transformers in a physically consistent and com-
putationally efficient manner. Instead of relying on purely empirical
or fully numerical models, this work derives analytical expressions
for transformer impedance directly from conductor geometry, material
properties, and the electromagnetic behavior of the transformer in
high-frequency regimes.

The overall methodology comprises the following components:

• Electromagnetic field formulation: The impedance of trans-
former windings is derived from Maxwell’s equations using a
quasi-static approximation appropriate for the high-frequency
range of interest. The magnetic vector potential A⃗ is employed as
the primary field variable, enabling the analytical computation of
self- and mutual impedances. The influence of eddy current losses
in the conductors and core is accounted for separately, reflecting
the distinct behavior of the transformer core at high frequencies.

• Model validation: The accuracy and applicability of the proposed
model are assessed through comparison with benchmark results,
electromagnetic simulations, and measurements carried out on a
three-phase transformer (see Figure 1.6). Emphasis is placed on
validating the model over a wide frequency range, particularly in
regions where resonant phenomena are known to occur.
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• Model implementation: Following model validation, the devel-
oped analytical model was implemented in an EMT-based simulation
environment. To enable practical use in such environments, a
reduced-order version of the model is derived, which accurately
reproduces the terminal behavior of the transformer while signifi-
cantly reducing computational demands. This reduction also allows
for the inclusion of internal points that experience the highest
voltage amplification within the winding. The primary motivation
for model order reduction is to facilitate efficient simulation in
EMT-based tools, as the full model is computationally intensive. Fur-
thermore, in cases where transformer manufacturers develop such
detailed models, they may prefer to share only terminal equivalent
representation with clients to preserve proprietary information. In
such scenarios, the reduced-order model enables network studies
without exposing the internal details of the transformer.

• Machine learning-based parameter estimation: A machine
learning-based approach is introduced for the rapid and effi-
cient prediction of frequency-dependent inductance and resistance
values. The proposed ML model offers a computationally fast
and accurate alternative to analytical derivations or electromag-
netic simulations, enabling scalable estimation across diverse
transformer configurations.

1.5. THESIS ORGANIZATION
This thesis is divided into seven chapters, each building upon the
previous to develop and validate an analytical framework for modeling
the high-frequency behavior of power transformers.

• Chapter 1 introduces the motivation, research objectives, and
contributions of the thesis. It outlines the methodological
framework and defines the scope and limitations of the work.

• Chapter 2 provides a comprehensive review of transformer
modeling techniques, with an emphasis on high-frequency behavior.
It contrasts black-box, grey-box, and white-box approaches,
highlighting the need for physically grounded analytical models.

• Chapter 3 investigates the role of the magnetic core and
conductor losses in the high-frequency behavior of transformer
windings. Through numerical simulations and simplified geometries,
it examines the conditions under which the core can be neglected
and identifies the critical contribution of conductor eddy currents.
The chapter lays the physical foundation for separating loss
mechanisms in the modeling process.
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Figure 1.6: The three-phase transformer used as a case study (with
permission from Alliander N.V.).

• Chapter 4 presents an analytical formulation for determining the
frequency-dependent impedance of transformer windings. It models
both the core-confined and leakage magnetic flux components,
and describes how they affect self- and mutual impedances. The
chapter details the derivation of field equations, their solutions,
and the analysis of leakage magnetic flux effects via the magnetic
vector potential. The impedance matrices are subsequently used
for constructing the transformer’s admittance matrix for wideband
transient studies.

• Chapter 5 validates the proposed modeling approach through three
representative case studies, including single-phase and three-phase
transformer configurations. The chapter demonstrates the model’s
ability to accurately capture high-frequency behavior and internal
resonances through comparison with measured data. It also details
the process of model order reduction, amplification factor analysis,
and passivity enforcement, enabling implementation in EMT-based
simulation software for transient analysis.

• Chapter 6 introduces a machine learning-based approach to
estimate the frequency-dependent impedance of transformer
windings. It proposes a novel modeling framework that leverages
localized geometric features to predict impedance values with
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high accuracy. The methodology addresses the challenges
of input dimensionality and dataset diversity by reformulating
the problem into fixed-size inputs. The trained model is
validated against analytical solutions and experimental data,
demonstrating significant improvements in computational efficiency
and maintaining high accuracy over a wide frequency range.

• Chapter 7 concludes the thesis by summarizing the key findings.
The limitations are discussed accordingly, and some ideas are
suggested for future research in the area of high-frequency
transformer modeling.



2
OVERVIEW OF TRANSFORMER

MODELING TECHNIQUES
The more you know, the more you realize how much you don’t know.

Aristotle

This chapter provides a comprehensive review of transformer modeling
techniques across different frequency ranges, with a particular focus
on their application in electromagnetic transient studies. It begins by
discussing the influence of the involved frequencies on model selection
and highlights the modeling requirements for each frequency range. The
chapter then explores high-frequency modeling approaches, including
both lumped and distributed parameter methods, and distinguishes
between black-box, grey-box, and white-box modeling methods. Special
attention is given to the limitations of current high-frequency white-box
models, particularly regarding the treatment of core effects and the
separate computation of resistance and inductance. The review reveals
a lack of consensus in the literature concerning the role of the
transformer core at high frequencies. These unresolved challenges
motivate the advanced analytical methods and modeling strategies
proposed in the subsequent chapters.

11
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2.1. INTRODUCTION
Efficient power transmission through electricity is a fundamental
requirement of modern electrical networks. Since electrical energy is
generated at relatively low voltages, transmission over long distances
at these levels would result in excessive resistive losses. To mitigate
these losses, power must be transmitted at high voltages, as higher
voltage levels reduce current flow for a given power transfer, thereby
minimizing resistive losses in transmission lines. Power transformers
play a crucial role in this process by stepping up the voltage for
efficient long-distance transmission and subsequently lowering it for
safe distribution and end-use applications. Given that voltage levels
change multiple times from the power plant to the distribution system,
the total installed transformer capacity in a network is typically 8
to 10 times the generation capacity of power plants [36]. As a
result, power transformers are among the most vital components of
the power system. They are designed for long operational lifespans,
often exceeding 30 years, necessitating continuous research in areas
such as design, manufacturing, protection, modeling, maintenance, and
diagnostics [36].

Transformers operate based on the principle of electromagnetic
induction, as described by Faraday’s law, which states that a change in
magnetic flux causes an electromotive force (EMF) [37]. This principle is
mathematically expressed as:

emƒ = −
dϕ

dt
(2.1)

In its simplest form, an ideal transformer consists of two windings,
primary and secondary winding wound on a common magnetic core, as
illustrated in Figure 2.1. When an alternating voltage is applied to the
primary winding, it generates a time-varying magnetic flux according to
Faraday’s law [36]:

λ1 =
∫ t

t0

V1(t)dt + λ1(t0) (2.2)

where λ1 is the linkage flux and V1 is the applied voltage. Since an
ideal transformer has a perfect coupling, the flux generated by the first
winding passes through the second winding. This flux, in turn, induces a
voltage V2 in the secondary winding following Faraday’s law:

V2 =
dλ2

dt
(2.3)

The relationship between the primary and secondary voltages and
currents and the number of turns in each winding in an ideal transformer
is given by the following.
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V1

V2
=
N1

N2
(2.4)

1

2
=
N2

N1
(2.5)

where V1 and V2 are the primary and secondary voltages, and N1 and
N2 are the number of turns in the primary and secondary windings,
respectively.

Figure 2.1: Schematic diagram of an ideal two-winding transformer.

An ideal transformer is characterized by the absence of core losses,
meaning that both hysteresis and eddy current losses are zero. This
implies infinite core resistance and a core material without hysteresis
behavior. The winding conductors are assumed to have zero resistance,
eliminating all winding losses. Additionally, the core has infinite relative
permeability, which leads to zero magnetic reluctance and ensures that
all magnetic flux is confined within the core. As a result, the entire
magnetic flux links both windings, leading to zero leakage inductances
and a coupling coefficient of unity. The magnetizing inductance is
considered infinite, and thus no magnetic energy is stored. In addition,
capacitances are assumed to be nonexistent, and the saturation flux
density of the core is considered infinite [38].

Real-world transformers are far from perfect, and their behavior
varies significantly across different frequency ranges, requiring models
that can account for such variations. For example, steep-fronted
overvoltages, such as those caused by breaker operations or nearby
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flashovers, require a model with a precise representation of the
transformer’s frequency-dependent input impedance [39]. Similarly,
oscillating overvoltages, which can lead to resonant voltage buildup
within the transformer windings, require models capable of accurately
representing resonance and damping effects [39]. These complexities
highlight the importance of selecting appropriate modeling approaches
tailored to the specific application and frequency range of interest.

This chapter explores the various factors that influence transformer
modeling, focusing on the high-frequency domain. Before delving into
specific considerations for different applications, a general overview
of transformer modeling approaches—white-box, black-box, and gray-
box—will be provided. These approaches serve as the foundation
for understanding how transformers can be represented in different
scenarios, ranging from simplified models to highly detailed physical
representations.

2.2. TRANSFORMER MODELING TECHNIQUES
Transformer modeling can be categorized into three primary approaches
[35, 40]: white-box, black-box, and gray-box models. Each of these
approaches differs in terms of complexity, required input data, and
applicability to different studies. The following sections explore these
modeling approaches, highlighting their strengths, limitations, and
appropriate use cases.

2.2.1. WHITE-BOX MODELS
White-box models are detailed physics-based representations of trans-
formers that rely on physical equations to describe the behavior of
transformers. By explicitly modeling internal phenomena, white-box
models provide a comprehensive and accurate depiction of transformer
behavior [41]. The development of a white-box model requires detailed
information about the transformer’s design and materials [41, 42],
including data on the core geometry, winding configurations, insulation
properties, and material characteristics. Using these data, the governing
equations are solved to predict the performance of the transformer
under various operating conditions.

White-box models offer significant advantages. They provide deep
physical insights into the internal behavior of transformers [41], enabling
the study of complex phenomena such as resonance, and overvoltages
within the transformers [42]. These models are suitable for system level
analysis to study the interaction of transformers with the network, and
designing stage [41, 43].

However, white-box models come with notable limitations. They are
computationally intensive and require significant expertise in numerical
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modeling and simulation. The dependency on detailed design data
poses challenges, as such information may be proprietary or unavailable
[41], and inaccuracies in input data can compromise the model’s
reliability.

2.2.2. BLACK-BOX MODELS
Black-box models are a widely used approach for representing the
terminal behavior of transformers. Unlike white-box models, which
rely on detailed design data and physical equations, black-box models
bypass the need for intricate knowledge of the transformer’s internal
structure and physical properties. Instead, these models are developed
directly from measurement data obtained at the transformer terminals
or data obtained from other models, e.g., white-box models [43].
They simplify the complexity of internal behaviors while ensuring
sufficient accuracy for various applications. For example, system studies
evaluating electrical stresses caused by lightning strikes, switching
events, and short-circuit faults rely on electromagnetic transients (EMT)
simulation tools such as PSCAD/EMTDC, EMTP, or ATP-EMTP. In these
studies, the accuracy of the transformer model is essential to capture
realistic voltage waveforms at the terminals [43]. Black-box models are
particularly suitable for these scenarios due to their ability to accurately
represent input impedance over a wide frequency range, making them
valuable for both steady-state and transient studies [43, 44].

However, black-box models are subject to certain constraints. They
lack interpretability, as they do not provide information on internal
behavior or physical phenomena within the transformer, which makes
them unsuitable for tasks such as transformer design or detailed
diagnostics [43]. Furthermore, black-box models are heavily based
on accurate and high-quality measurement data [43]. Any errors or
limitations in the measurements can significantly impact the accuracy
and reliability of the model. Furthermore, these models are context-
specific, which means that they are only valid within the range of
conditions for which measurements were taken [41]. For example,
a high-frequency model designed to represent leakage inductance
under short-circuit conditions cannot accurately capture the open-circuit
behavior of the transformer [41]. This limitation arises because the
model parameters are derived for a specific operating condition using
the corresponding measurements. As a result, separate black-box
models must be developed for different scenarios. An alternative
approach is to combine multiple methods using special techniques,
such as filters [45]. It should be noted that black-box models are
predominantly applied in mid- and high-frequency applications and are
not commonly used to represent low-frequency transients [41].
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2.2.3. GRAY-BOX MODELS
Gray-box models aim to bridge the gap between black-box and white-
box approaches [42]. These models incorporate physical meaning
and structure while relying on terminal measurements to estimate
key parameters, making them a hybrid approach that balances
physical insight with practical feasibility [46]. Unlike white-box models,
which require detailed design data, gray-box models derive their
topology and structural components based on physical principles while
estimating model parameters such as saturation inductance obtained
from measured data, similar to black-box models [41].

Gray-box models have gained increasing interest among transformer
modelers due to their ability to overcome the limitations associated with
restricted access to transformer construction and material information
[41]. Using measurement-based parameter estimation, they provide
a practical and often fairly accurate alternative to purely physical or
purely empirical modeling approaches. However, the main challenge
remains in accurately estimating model parameters based on terminal
measurements, which requires advanced identification techniques and
optimization methods [41, 47].

2.3. TRANSFORMER MODELS BASED ON APPLICATION
After discussing various transformer modeling approaches, the next
step is to examine their application in different transient studies. The
level of detail and complexity required in a transformer model depends
on the specific transient phenomenon under investigation. Selecting
an appropriate transformer model is essential, as not all parameters
are relevant for every study. For instance, capacitive effects may be
insignificant in certain transient analyses but become critical in others,
such as ferroresonance studies. Similarly, the representation of the iron
core can vary from a simple inductive model to a detailed dynamic
hysteresis model, depending on the study’s objectives [41].

Choosing a suitable transformer model ensures that transient be-
haviors are accurately represented, enhancing the reliability of system
analysis and the effectiveness of protective measures. Thus, under-
standing the diverse nature of transients in power systems is crucial for
selecting an appropriate transformer model. These transients can vary
significantly in terms of duration and frequency content. The following
section provides an overview of these classifications and discusses their
implications for transformer modeling.

2.3.1. CLASSIFICATION OF TRANSIENT PHENOMENA
As mentioned, the accuracy and complexity of the electromagnetic
model depend largely on the specific objectives of the study. One of
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the key factors influencing the level of detail is the frequency range
of interest. In other words, the selection of component models should
be based on the frequency range of the transients under investigation.
Table 2.1 represents transients in power systems classified into four
groups, depending on the nature and duration of the change [12].
However, the exact frequency range of a given test case is often
unknown before the simulation. This challenge can be addressed by
referring to widely accepted classification tables, which provide general
frequency ranges for various transient phenomena. Table 2.2 presents a
concise summary of common transient events [12].

Table 2.1: Classification of Frequency Ranges

Group Frequency Range Shape Designation
I 0.1 Hz - 3 kHz Low-Frequency Oscillation
II 50/60 Hz - 20 kHz Slow-Front Surges
III 10 kHz - 3 MHz Fast-Front Surges
IV 100 kHz - 50 MHz Very Fast-Front Surges

Table 2.2: Origin and Frequency Range of the Transients in Power
Systems

Origin Frequency range
Ferroresonance 0,1 Hz to 1 kHz
load rejection 0,1 Hz to 3 kHz
Fault clearing 50 Hz to 3 kHz
Line switching 50 Hz to 20 kHz
Transient recovery voltage 50 Hz to 100 kHz
Lightning overvoltages 10 kHz to 3 MHz
Switching in GIS 100 kHz to 50 MHz

2.3.2. LOW- AND MID- FREQUENCY MODELS
Most transformer models implemented in electromagnetic transient
simulation tools are primarily designed for low- and mid-frequency
transients, typically for phenomena occurring well below the first
winding resonance, which is generally in the kilohertz range [48].
These models are adequate for analyzing events such as line switching,
harmonic interactions, ferroresonance, controller interactions, and short-
circuit transients. They are also used to study magnetic saturation
phenomena, including inrush currents and geomagnetically induced
currents (GIC) [36, 41, 48, 49].
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The proposed transformer models for low- and mid- frequencies can be
categorized into three main groups: terminal-based (or matrix) models,
topology-based models, and hybrid models [36]. This section explores
the fundamental principles behind each modeling approach, highlighting
their advantages and limitations.

TERMINAL (MATRIX)-BASED MODELS

In this category, the focus is on the voltage and current at the winding
terminals, treating the transformer as a black box component [36]. Only
the equations governing the relationship between terminal voltages and
currents are required [36]. These models are typically represented
mathematically as matrices using circuit elements such as self- and
mutual inductances, ideal transformers, and resistances [36]. They
are suitable for linear and short-circuit studies, with model parameters
often derived from short-circuit tests [36]. The most common model
of this category, BCTRAN routine, was first introduced by [50] and is
implemented in EMTP software. BCTRAN model is based on the following
equation [51]:

V = Z (2.6)

In which V is the terminals’ voltage,  is the windings’ current, and Z is
the impedance matrix. For transient calculations, Equation (2.6) must
be reformulated as:

 = R + L
d

dt
(2.7)

where R and L represent the real and imaginary components of
Z, respectively, and can be derived from excitation tests. This
approach accounts for phase-to-phase coupling and models terminal
characteristics; however, it does not differentiate between core or
winding topology, as all core designs are treated identically in the
mathematical formulation [51].

A potential limitation of this method is that the branch impedance
matrix Z may become ill-conditioned for very small excitation currents
or when these currents are completely neglected [52]. Additionally,
short-circuit impedances are not well represented in this approach [51],
due to the strong coupling between windings. To address these issues,
an admittance matrix representation is often preferred:

 = YV (2.8)

where the admittance matrix Y always exists and its elements can be
directly obtained from standard short-circuit tests.

These models are inherently linear [51]. However, for many transient
studies, it is necessary to account for saturation and hysteresis effects.
Excitation current effects can be linearized within the matrix formulation,
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but this may introduce errors when the core saturates. Alternatively,
excitation can be excluded from the matrix and modeled externally at
the transformer terminals using nonlinear elements [51], see Figure 2.2.
Although since the placement of the core model within the equivalent
circuit is arbitrary, this can lead to inaccuracies in applications where
precise core representation is essential, such as transformer energization
[48].

It is worth mentioning that while these models are theoretically valid
only at the frequency at which the nameplate data were obtained, they
remain reasonably accurate for frequencies up to 1 kHz [51].

Figure 2.2: Basic BCTRAN-based model of a two-winding transformer
with an externally represented core [51].

TOPOLOGY-BASED MODELS
Unlike terminal-based models, these models are derived from the
transformer’s magnetic circuit. In this approach, the placement of
the core within the circuit is explicitly defined. Additionally, each
inductor representing the core corresponds directly to a specific section
of the core, ensuring that its nonlinear characteristics are accurately
incorporated [48]. The key challenge lies in accurately determining
the magnetic flux paths, as the model’s accuracy heavily depends
on the assumptions made about these paths [36]. In regions with
high-permeability magnetic cores, defining flux paths is relatively
straightforward. However, in areas with low permeability or under deep
saturation, achieving an accurate representation becomes significantly
more challenging [36].

The development of topology-based models generally involves two
main steps: first, constructing a magnetic equivalent circuit of the
transformer, and second, coupling the magnetic circuit to an external
electrical circuit. This coupling establishes the relationships between
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currents, voltages, and magnetomotive forces. These relationships can
be classified into two main approaches: duality-based and geometric
methods [36, 51].

Duality based methods: The principle of duality is a well-established
and physically accurate method to derive circuit-based models of power
transformers. Originally introduced by Cherry [53] and later extended
by Slemon to incorporate nonlinearities [54], this approach enables
the inclusion of key transformer behaviors and phenomena, such as
core saturation in individual legs, interphase magnetic coupling, and
leakage flux interactions [51]. Duality-based models effectively capture
the distribution of magnetic flux within both the core and windings,
making them valuable for analyzing the electromagnetic behavior of
transformers [55].

In this approach, windings are represented as magnetomotive force
(MMF) sources, leakage paths as linear reluctances, and the magnetic
core as saturable reluctances [51]. The node and mesh equations of
the magnetic circuit directly correspond to the dual node and mesh
equations in the electrical equivalent circuit [51]. To enhance practical
applicability, the current sources resulting from the transformation are
replaced with ideal transformers. This substitution ensures primary-to-
secondary isolation while preserving the turns ratio [51]. Figure 2.3
illustrates the equivalent circuit of a single-phase shell-form transformer
with concentric windings, derived using this methodology [51].

Geometric models: Unlike models based on the duality principle,
geometric models utilize an inductance matrix to establish the coupling
between magnetic and electrical circuits [36]. This inductance matrix
is determined based on the core topology [36, 51]. In the presence of
a nonlinear core, the inductance matrix must be updated at each time
step to account for changes in permeability. Additionally, in geometric
models, the magnetic and electrical components of the transformer
remain decoupled, making them computationally distinct [36].

It should be noted that for low-frequency transients, where trans-
former’s behavior significantly impacts system performance, topology-
based models are generally superior to matrix-based models. Topology-
based models offer a more accurate representation of the physical
structure and internal interactions within the transformer, making them
particularly effective for detailed transient analyses in this frequency
range [48].

HYBRID MODELS
The fundamental concept of hybrid models is to enhance the represen-
tation of leakage inductance by incorporating both the transformer’s
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Figure 2.3: Duality-derived model for a single-phase shell-form trans-
former. (a) Core design. (b) Equivalent circuit [51].

topology and core nonlinearity [36]. This is achieved by coupling an
equivalent circuit of the core, derived using the duality principle, with a
leakage inductance model [36]. The approach relies on the assumption
that core inductances are significantly higher than leakage inductances,
meaning that the linkage flux primarily closes through the core, with
leakage inductance remaining unaffected by core permeability [36].
However, this assumption does not hold under saturation, where core
permeability decreases, affecting the leakage flux. To account for
this, hybrid models represent core and leakage inductances separately,
connecting them at their terminals to maintain accuracy for different
operating conditions [36].

2.3.3. TRANSFORMER MODELS FOR HIGH FREQUENCIES
The behavior of a transformer at high frequencies differs significantly
from its low-frequency characteristics. As frequency increases,
phenomena such as skin and proximity effects, dielectric losses,
resonances in windings, and capacitive effects become dominant,
necessitating more sophisticated modeling approaches.

High-frequency transformer models aim to capture these intricate
behaviors to ensure accurate analysis of fast transients. Unlike
low-frequency models, which primarily consider inductive and resistive
components, high-frequency models must incorporate additional capac-
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itive components in the transformers to simulate their behavior in the
frequency range of interest.

The selection of an appropriate high-frequency model depends on
the specific study, particularly whether the focus is on the internal
electromagnetic behavior of the transformer or only on its terminal
response. Some applications, such as insulation design, require detailed
internal modeling, while others, such as system-level transient studies,
may only need an accurate representation of terminal characteristics.

In the following sections, various high-frequency modeling techniques
will be explored. Each method offers different levels of complexity and
accuracy, making them suitable for different types of high-frequency
phenomena and engineering applications.

WHITE-BOX MODELS

High-frequency white-box (WB) or detailed models of transformers
provide insights into both external and internal overvoltages, making
them essential for analyzing high-frequency transient phenomena. These
models rely on detailed transformer design data, including geometry
and material properties, to accurately represent the transformer’s
electromagnetic behavior [56].

White-box models can be broadly classified into lumped-parameter
circuit models and distributed parameter models. Lumped parameter
models use spatial discretization of the windings to approximate the
transformer’s behavior, while distributed parameter models adopt a
traveling wave approach. In all cases, model parameters are derived
through analytical formulations and/or numerical methods, ensuring a
physically consistent representation of the transformer’s high-frequency
response [56].

Lumped-parameter model: The most common approach to obtain a
detailed transformer model is based on lumped-element parameters
[56]. In this method, the transformer winding is subdivided into smaller
sections, which can represent a single turn, multiple turns, a disk, or
a group of disks, depending on the required level of detail [42]. The
length of these sections directly determines the highest frequency for
which the model remains valid. In practice, this corresponds to a few
megahertz for large power transformers, depending on the design and
discretization level.

Each section is then represented using fundamental circuit elements,
such as inductances, capacitances, and resistances, to account for the
electrical and magnetic interactions within the windings. Finally, all
sections are interconnected to form a complete transformer model that
accurately captures its high-frequency behavior [42, 56]. Figure 2.4
represents the detailed transformer model obtained in this way, where
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Lh and L represent the self-inductances of the high-voltage (HV) and
low-voltage (LV) winding sections, respectively. Mj, Mn, and Mjn denote
the mutual impedance between these winding sections and other parts
of the transformer. Notably, the term mutual impedance is used instead
of mutual inductance since it accounts for both inductive and resistive
components of the interaction between sections, and the resistive term
arises from eddy losses. The conductor resistances of the HV and LV
windings are represented by Rh and R. Capacitive effects are also
included in the model: Ch and C represent the capacitances of the HV
and LV winding sections, while Ch accounts for the coupling capacitance
between HV and LV sections. Additionally, Chg and Cg represent the
capacitances between the HV winding and the tank, and between the
LV winding and the core, respectively. In Figure 2.4, the capacitances to
ground and between windings are divided between the beginning and
end of each section. When consecutive sections are interconnected,
these half-capacitances form parallel pairs, which effectively result in
the capacitances illustrated in the figure.. For the sake of simplicity,
the conductances are not represented in the figure, but they should be
accounted for if they are not negligible.

Figure 2.4: An illustration of a transformer model.

Distributed-parameter methods In the lumped parameter method, the
finest possible discretization is at the level of individual turns. However,
when the wavelength of the signal becomes comparable to the length of
these sections, the lumped parameter approach loses its validity. This
limitation is particularly evident in scenarios involving very fast-front
transients, such as those caused by gas-insulated substation (GIS)
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switching operations [56], where a traveling wave modeling approach
becomes necessary for accurate representation.

In such cases, the transformer can be modeled using the well-known
Telegrapher’s equations for a single-phase transmission line (STL) [48].
The Telegrapher’s equations in the Laplace domain are given as [48, 57,
58]:

−
dV

d
= (R + jωL) = Z (2.9)

−
d

d
= (G + jωC)U = YU (2.10)

where V and  represent the voltage and current at position  along
the winding, and Z and Y denote the series impedance and shunt
admittance per unit length, respectively. By solving Equations (2.9)
and (2.10), the voltage distribution within the transformer windings can
be determined.

However, the STL model does not account for the mutual inductance
between turns of a winding, which can be significant when computing
inter-turn voltages under fast-front incident impulses [48]. To overcome
this limitation, a multiconductor transmission line (MTL) model can be
applied, as illustrated in Figure 2.5. In this model, continuity is preserved
by topologically connecting the end of each conductor to the beginning
of the next conductor [48, 59], which is expressed as:

r = s(+1), r = −s(+1),  = 1,2, . . . , n − 1 (2.11)

The Telegrapher’s equations for the MTL model are given by:

−
dV

d
= Z (2.12)

−
d

d
= Y (2.13)

where Z and Y are N × N matrices representing the series impedance
and shunt admittance per unit length, and N is the number of conductors
(turns or discs). The vectors V and  represent the voltages and currents
at position  along the winding.

For very fast transients, it may be necessary to model all individual
turns. Applying a full MTL model can be computationally expensive in
such a case [60]. To mitigate these computational challenges, a hybrid
approach combining the STL and MTL models can be employed [56, 60,
61]. In this approach, the STL model is first used to determine the
voltages at coil connection points, followed by the application of the
MTL model to compute the voltage distribution within each coil section
[56, 59, 60].
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Figure 2.5: Multiconductor Transmission Line Model for the Transformer
Winding.

BLACK-BOX MODELS
High-frequency black-box models aim to accurately represent the
transformer’s response as observed from its external terminals within a
defined frequency range [56]. These models are particularly useful for
system-level studies where internal transformer details are not required,
and only terminal behavior is of interest. System studies involving
black-box transformer models are essential for evaluating electrical
stresses caused by lightning strikes, switching events, and short-circuit
faults. The results of these studies inform the selection of insulation
levels for electrical equipment, as defined by IEC and IEEE standards.
To achieve realistic voltage waveforms at transformer terminals, the
applied transformer model must [42, 43]:

• have a sufficiently accurate input impedance to capture the
damping effect on steep-fronted incoming waves and oscillating
voltages.

• maintain accuracy at 50/60 Hz to enable proper initialization of
steady-state conditions in simulations.

Considering the transformer as a linear time-invariant (LTI) component,
the relationship between the voltage and current at its terminals can be
expressed in the frequency domain as:

(ƒ ) = Y(ƒ )V(ƒ ) (2.14)

where ƒ is the frequency, (ƒ ) and V(ƒ ) are the vectors of currents
and voltages at the transformer terminals, respectively, and Y(ƒ ) is
the admittance matrix of the transformer, which describes its electrical
behavior over a range of frequencies.
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The most accurate approach to obtain Y(ƒ ) is through direct frequency
response measurements of the transformer. However, it can also be
derived from frequency response data obtained using detailed white-box
models [42, 43].
For the n-terminal transformer shown in Figure 2.6, the elements of the
th row of the admittance matrix can be determined by applying a voltage
source to terminal  while keeping all other terminals short-circuited.
The admittance elements are then calculated as follows:

Y =


V
, Yj =



Vj
(2.15)

where Y represents the self-admittance of terminal , and Yj represents
the mutual admittance between terminals  and j.

Figure 2.6: Schematic of an n-terminal transformer used for admittance
matrix determination [43].

After obtaining the frequency response data, a mathematical model
should be developed to represent the transformer’s behavior. One
common approach is the state-space model, as shown in Equation (2.16)
[43]:

Ymes(ω) ≃ Y = C(jω − A)−1B + D (2.16)

where A(n × n) is the system dynamics matrix, B(n × m) is the input
matrix, C( × n) maps the internal states to the outputs, and D( × m
directly relates the inputs to the outputs. Here, n denotes the number
of state variables, m the number of inputs, and  the number of outputs.
Another widely used technique is the pole-residue model, which can be
expressed as [43]:

Ymeas(ω) ≃ Y =
N
∑

=1

R

jω − 
+ D (2.17)
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One of the most effective techniques for estimating the parameters
of these mathematical models is the vector fitting (VF) method. The
details of this method are provided in [43, 62–65]. These expressions
are then structured for integration into circuit solvers through one of the
following methods:

• Equivalent circuit representation using lumped RLC parameters
[28, 30, 66],

• Direct implementation as a state-space model for numerical
simulation [67, 68].

Additional details on how to obtain these models and examples using
them for transient studies can be found in [45, 69–71].

GRAY-BOX MODELS

As mentioned before, grey-box (GB) models represent a balance
between white-box models, which rely on design data, and black-box
models, which are purely measurement-based. The core idea behind
grey-box modeling is to establish a topologically correct transformer
representation and then tune its parameters to fit frequency response
measurements [46]. This approach enables a physically meaningful
model while using measurement data for accuracy [46]. High frequency
gray-box models are typically based on ladder networks, as shown in
Figure 2.7, and require rigorous fitting procedures [72, 73]. These
models can approximate internal winding responses at high frequencies
but might not be suitable for low-frequency studies [46].

Figure 2.7: Ladder network topology of a transformer.

As this thesis focuses on the white-box modeling of power transformers,
the following section provides an overview of the common approaches
used to determine the parameters of such models.
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2.4. PARAMETER DETERMINATION FOR WHITE-BOX
MODELS

As previously discussed, the white-box modeling approach represents
the transformer using inductances, resistances, and capacitances
derived from its physical structure. The accurate determination of these
parameters is crucial for modeling high-frequency behavior precisely.

The following sections explore the most commonly used methods for
parameter determination, highlighting their applications and limitations.

2.4.1. INDUCTANCE CALCULATION
In the equivalent circuit of a transformer, the magnetic behavior is
represented by self- and mutual inductances. Due to the eddy currents
induced in the conductors and core, the inductance of the windings
varies with frequency, typically decreasing as frequency increases. This
reduction occurs more evidently when the frequency reaches a point
where the skin depth of the magnetic flux becomes comparable to the
dimensions of the conductors and the laminated sheets of the core.

Before delving into inductance calculations, it is important to consider
the influence of the iron core on inductance values at high frequencies.
Due to its high permeability, the iron core significantly affects
inductance values at low frequencies. However, at high frequencies,
many researchers have concluded that the magnetic flux does not
penetrate the core due to the very small skin depth [74, 75]. The skin
depth, which describes the extent to which magnetic flux and eddy
currents penetrate a conductor [38], is given by:

δ =

√

√

√

2

ωμσ
(2.18)

where σ is the electrical conductivity of the material, ω is the angular
frequency, and μ is the permeability of the material.

Since the cores of power transformers are made of materials with high
magnetic permeability and electrical conductivity, the resulting skin
depth for each laminated sheet at high frequencies becomes extremely
small. For instance, the skin depths in iron are approximately 0.35 mm
at 50 Hz and 7 nm at 100 kHz. Given that typical lamination thicknesses
range between 0.1 mm and 0.3 mm, many studies have concluded that
magnetic flux penetration into the core is negligible at high frequencies
and modeled the transformer as an air-core component. Moreover,
the limited flux penetration implies that the core can be effectively
treated as a magnetic flux barrier at high frequencies. On the other
hand, some researchers have demonstrated that the equivalent complex
permeability of the core remains significant even at frequencies as high
as 1 MHz [76]. This indicates that the skin depth may not be negligible
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and suggests that the effects of the core at high frequencies cannot be
ignored.

Consequently, various approaches have been proposed for calculating
inductances for high-frequency transformer models, each based on
different assumptions regarding the role of the magnetic core. These
approaches can be categorized as follows:

1. Air-core approximation (μ = 1): Assumes the absence of the
core, modeling the transformer as an air-core structure.

2. Finite permeability core: Takes into account the actual perme-
ability of the core material.

3. Core as a magnetic shield (μ = 0): Treats the core as a perfect
magnetic shield, completely preventing magnetic flux penetration.

The following sections provide an overview of each approach,
discussing their assumptions, applicability, and limitations in the context
of high-frequency transformer modeling.

AIR-CORE APPROXIMATION

The simplest and most common approach to modeling a transformer
core is to completely neglect its presence [56]. For the two coils shown
in Figure 2.8, the mutual inductance can be determined by solving
Maxwell’s equations. The expression for this case is given by [16, 74]:

M12 =
μ0

4π

∮

C1

∮

C2

ds⃗1 · ds⃗2
R12

(2.19)

where μ0 is the permeability of free space, ds⃗1 and ds⃗2 are differential
elements along the paths of coils C1 and C2, respectively, and R12 is the
distance between these differential elements.

For circular thin wires, Equation (2.19) leads to the following
closed-form expression for mutual inductance [74]:

M12 =
2μ0
p
r1r2

p
k′

�

K(k′) − E(k′)
�

(2.20)

where

k′ =
1 −
p

1 − k2

1 +
p

1 − k2
(2.21)

k =

√

√

√

4r1r2

(r1 + r2)2 + d2
(2.22)
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In Equations (2.21) and (2.22), K and E represent the complete elliptic
integrals of the first and second kind, respectively. The variables r1 and
r2 denote the radii of the two coils, and d is the axial distance between
their centers. Lyle’s method can be employed to calculate the mutual
inductance between coils with rectangular cross-sections. The simplest
form of Lyle’s method is that each coil is approximated by two thin-wire
circular coils. The placement of these equivalent coils depends on the
conductor construction [77].

Figure 2.8: Two parallel thin wires [78].

The self-inductance of the turn showed in the Figure 2.9 can be
computed as follows [74]:

L = R(ln(
8R

GMD
− 2) (2.23)

in which, GMD is the geometric mean distance and is defined as:

ln(
GMD
p

2 + b2
) =

2b

3
tn−1



b
+
2

3b
tn−1

b



−
b2

122
ln(1 +

2

b2
) −

2

12b2
ln(1 +

b2

2
) −

25

12
(2.24)

This approach provides reasonable accuracy when the two coils are
similar in structure and when the main dimensions of their cross-
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sections are comparable to the average radius of the coil. In [79],
the authors propose a unified formula for calculating both self- and
mutual-inductance without restrictions on the coil dimensions. In
Equation (2.20) and Equation (2.23), the frequency dependency of
inductances due to eddy currents in the conductors is neglected. This
can lead to different characteristics at high frequencies. To address
this limitation, [80] proposes a combined analytical and finite element
method (FEM) approach for parameter estimation, incorporating the
effects of eddy currents circulating in the conductors.

The air-core assumption significantly underestimates the power
frequency impedance of the transformer compared to its actual value.
This discrepancy leads to inaccurate initial conditions in transient
studies, potentially affecting the reliability of the analysis.

MAGNETIC SHIELDING

Some researchers have concluded that, when subjected to very fast
front transients, the penetration of magnetic flux into the transformer
core becomes negligible [25, 81], effectively causing the core to act
as a magnetic insulating barrier. This phenomenon is illustrated in
Figure 2.10. As a result, conventional air-core approximations tend to
overestimate inductance values, particularly within the core window,
leading to substantial modeling errors [25, 81].

To address this limitation, several studies have incorporated the
shielding effect of the core into inductance calculations. A common
solution involves modifying air-core inductance expressions using
analytical techniques that account for the exclusion of magnetic flux
by the core [25, 81]. These approaches employ a multilayer image
method to refine the inductance calculation. The resulting expressions
are computationally efficient and demonstrate high accuracy, as verified
through comparison with finite element method (FEM) simulations. In
addition to analytical approaches, FEM-based methods have also been
investigated. For instance, [31] utilized a two-dimensional axisymmetric
model to compute the per-unit-length inductance matrix of transformer
windings.

FINITE PERMEABILITY

Several studies have demonstrated that the presence of an iron
core significantly influences transformer behavior at high frequencies,
challenging the common assumption that magnetic flux does not
penetrate the core under such conditions. For example, in [82] and
[83] it was discussed that the transformer core plays a crucial role
in damping transient overvoltages, with inductance values remaining
influential even beyond 1 MHz. Findings in [76] further support this view,
showing that the effective complex permeability of power transformer
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Figure 2.9: Parameter determination of a single turn [78].

Figure 2.10: Magnetic flux distribution at 10 MHz. (a) Air core. (b) Iron
core [81]

cores remains substantial at frequencies up to 1 MHz. Similarly, [84]
asserted that the magnetic core cannot be neglected at frequencies
above 10 kHz. Experimental studies reinforce these conclusions,
indicating that inductance values deviate significantly from air-core
approximations when an iron core is present, even at frequencies as
high as 1 MHz [56].

Therefore, an alternative approach for inductance calculations involves
explicitly accounting for finite permeability in transformer models.
Several studies have proposed efficient methods to incorporate these
effects. In [19], self- and mutual-impedance calculations for coils on
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ferromagnetic cores were examined, taking into account eddy current
losses in the core. However, this study assumed a uniform current
distribution in the conductors, which limits accuracy for scenarios with
significant skin and proximity effects. To overcome these limitations,
other researchers [28, 83, 85] employed FEM-based approaches to
calculate inductance and resistance parameters more accurately. These
studies utilized the concept of complex permeability to approximate
eddy current losses in conductive materials without requiring an
excessively fine mesh. This approach improves computational efficiency
while preserving modeling accuracy.

2.4.2. RESISTANCE CALCULATION
At high frequencies, the resistive losses in transformers are beneficial
as they contribute to damping transient voltage responses, thereby
reducing the associated voltage oscillations [56]. Typically, transient
voltage oscillations are underdamped, and the introduction of resistance
not only decreases their magnitude but also slightly lowers their
oscillation frequency [56].

In high-frequency transformer models, resistance values account for
winding and core losses. Conductance, on the other hand, represents
dielectric losses within the transformer structure [56].

DIELECTRIC LOSSES

The frequency-dependent dielectric losses can be represented by the
concept of complex permittivity, as described in [56]. The complex
permittivity of a dielectric medium ε∗ can be expressed as follows [86,
87]:

ε∗(ω) = ε0ε∗r (ω) = ε0(ε
′

r
(ω) − jε

′′

r
(ω)) (2.25)

where ε0 denotes the vacuum permittivity, while ε′
r

and ε′′
r

represent
the real and imaginary parts of the permittivity, respectively.
Consequently, the dielectric conductance can be computed using [56]:

G(ω) = ω tn δε
′

r
C0 (2.26)

where C0 is the geometric capacitance calculated assuming vacuum
conditions, and tn δ denotes the dissipation factor of the dielectric
material, defined as:

tn δ =
ε
′′

r
(ω)

ε
′

r
(ω)

(2.27)
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WINDING LOSSES
Winding losses significantly contribute to the overall energy losses in
magnetic components. Eddy currents generated within the conductors
cause winding losses to increase substantially at higher frequencies [88].
To accurately determine these losses, several approaches are available,
including analytical, empirical, and numerical methods. Among these
methods, FEM stands out as it can yield highly accurate results, allowing
detailed winding loss calculations for various configurations. However,
FEM requires extensive computational resources, as accurate results
typically demand mesh element sizes approximately one-third of the
skin depth within the conductor [88]. Consequently, FEM becomes
computationally intensive, especially at higher frequencies. In contrast,
analytical and empirical methods offer more efficient computational
alternatives. These approaches are widely utilized due to their ability to
quickly estimate winding losses without the substantial computational
requirements associated with FEM.

Eddy current phenomenon in conductors manifest itself as two distinct
effects: the skin effect and the proximity effect. The skin effect arises
due to the conductor’s own current, where the induced magnetic field
causes the current density to become non-uniform and increasingly
concentrated near the conductor’s surface at higher frequencies [38]. In
contrast, the proximity effect results from the interaction with magnetic
fields generated by currents flowing through neighboring conductors,
similarly causing uneven current distribution within the conductor [38].
An important concept in calculating the increase in winding losses
due to eddy currents is the orthogonality between skin and proximity
effects. This orthogonality permits the independent calculation of losses
associated with each effect [38, 88].

Skin Effect Skin effect losses in conductors with rectangular cross-
sections can be estimated using the formulation proposed by Lammer-
aner and Stafl [56, 89]:

Rskin(ω) = Re{RDC ζ cothζ} (2.28)

where

ζ = b
Æ

jωμσ (2.29)

In Equations (2.28) and (2.29), RDC represents the DC resistance per
unit length of the conductor, ω is the angular frequency, b denotes half
of the conductor’s thickness (radial dimension), μ is the permeability,
and σ is the conductivity of the conductor material.
However, if the conductor has a large height-to-width ratio (axial-to-
radial dimensions), Equation (2.28) tends to underestimate the skin
effect losses. In such scenarios, a more accurate estimation can
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be achieved by approximating the conductor’s cross-section with an
equivalent circular shape and applying an equation based on Bessel
functions [56]:

Rskin(ω) = Re{RDCm
0(mr)

1(mr)
} (2.30)

where r is the equivalent circular radius of the conductor, 0 and 1
are modified Bessel functions of the first kind of order zero and one,
respectively, and m is defined as:

m =
Æ

jωμσ (2.31)

Proximity Effect The increase of resistance due to the proximity effect
is given by [56, 89]:

Rpro(ω) = Re{jω
tnhζ

ζ
L0} (2.32)

In Equation (2.32), L0 is the average inductance accounting for induced
currents due to adjacent conductors, and ζ is defined in Equation (2.29).
At higher frequencies, the proximity effect losses between two turns can
be approximated by [56]:

Rpro(ω) =

√

√

√

2ω

μσd2
Lr (2.33)

where Lr is the leakage inductance between turns, and d is the
insulation thickness.

Empirical Formulas Apart from analytical and numerical methods, the
resistance of transformer winding sections at high frequencies can
also be estimated using empirical approaches. Two widely recognized
methods are the K-Factor and D-Factor approaches [56].

In the K-Factor method, a constant multiplier—referred to as the
K-Factor—is applied to all DC resistance values to approximate their
frequency-dependent behavior. This approach is straightforward to
implement. However, its main limitation lies in the fact that it modifies
all resistances uniformly with a single constant, which means that
accurate damping can only be achieved for one dominant oscillatory
frequency [56, 77]. In practice, different resonance frequencies can
exist within the transformer, typically ranging from tens to hundreds of
kilohertz. As a result, the K-Factor method may fail to accurately capture
the frequency-dependent nature of losses across the entire system.
Typical K-Factor values range from 1500 to over 3000, depending on the
specific dominant frequency being targeted for damping [56].
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The D-Factor method, on the other hand, is based on empirical data
collected by Fergestad from 25 power transformers of varying sizes [56].
The procedure for implementing this method is as follows [56, 90]:

1. The eigenvalues and eigenvectors of the undamped white-box
transformer model are computed.

2. The real parts of the eigenvalues, denoted as α, are then assigned
according to an experimentally derived relationship between the
real part α and the imaginary part ω = 2πƒ of the eigenvalues:

α

ω
= −0.022 − 0.058 × 10−6 × ω for 0 < ω ≤ 5 × 105 (2.34)

α

ω
= −0.050 for ω > 5 × 105 (2.35)

CORE LOSSES
An approximate formula to account for the effects of eddy current losses
in the transformer core can be expressed as follows [56, 89]:

Rcore(ω) = Re{
4N2A

d2σ
 tnh} (2.36)

 =
d

2

Æ

jωμσ (2.37)

where ω denotes the angular frequency,  is the axial length of the
core limb, d represents the lamination thickness, μ and σ indicate
the permeability and conductivity of the core material respectively, N
signifies the number of coil turns, and A is the total cross-sectional area
of the core laminations.

Alternatively, the increase in resistance caused by eddy current losses
in the core can be calculated using the method presented in [19]. This
approach will be discussed in greater detail in subsequent chapters.

2.4.3. CAPACITANCE CALCULATION
During fast-front transient events, transformers are subjected to rapid
voltage pulses containing significant high-frequency contents. These
high-frequency transients reveal capacitive effects that normally remain
insignificant during regular operating conditions [77]. Therefore,
accurately simulating transformer behavior under transient conditions
necessitates precise determination of capacitances, which can be
incorporated into lumped or traveling-wave models [77].
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Depending on the degree of discretization, capacitances used in
transformer models can be classified into two types: equivalent
capacitances, derived using energy-based approaches, and physical
capacitances, calculated directly from the geometry and spatial
arrangement of windings. These methods are described in detail in the
following sections.

ENERGY METHOD

The energy-based approach is particularly suitable when multiple
conductors are grouped and treated as a single section. This method
relies on the distribution of the electric field and the stored energy within
the transformer to compute the equivalent capacitances. The equivalent
capacitance of a winding section is defined as the capacitance value of
an equivalent capacitor that exhibits the same electrostatic behavior as
the winding section [56].

To illustrate this method, consider Figure 2.11, which depicts various
capacitances, including those between turns of the same winding and
between turns of adjacent disks. The objective is to replace each section
with an equivalent capacitance that preserves the same electrostatic
characteristics. This is achieved by leveraging the electrical energy
stored within the winding configuration. The energy stored in a capacitor
is given by:

E =
1

2
CV2 (2.38)

where C is the capacitance and V is the voltage across it.
Beyond capacitance values, the above equation also requires knowl-

edge of the voltage distribution within the winding, which introduces
two challenges. First, the equivalent series capacitance is typically
assumed to be a constant value; however, Equation (2.38) indicates
that it depends on the time-dependent voltage distribution within the
winding. This implies that the actual series capacitance must also
be time-dependent [56]. Second, the voltage distribution required
for this calculation is generally unknown. In fact, determining this
distribution is the primary objective of transient transformer models
[56]. While this may initially seem to present a circular dependency,
an effective approach to address these challenges is to assume a
predefined voltage distribution. One assumption could be considering
a linear voltage distribution in the sections [77, 91], as it provides
a reasonable approximation of the average voltage distribution within
an oscillating winding, and provides a straightforward way to compute
the energy stored within the windings [56]. As a result, the series
capacitance calculated under this assumption remains constant and can
be interpreted as the average series capacitance. Non-linear voltage
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Figure 2.11: An illustration of capacitances between various turns of a
winding section.

distribution can also be considered within the windings (discs), as
proposed by Stein [92], although this method only determines the initial
series capacitance [56].

For the geometry shown in Figure 2.11 and by assuming a linear
voltage distribution, equipotential surfaces can be considered between
disks, as illustrated in Figure 2.12. The energy stored between these
surfaces can then be calculated as follows:

Etot = Eseries + Eshunt (2.39)

where Etot represents the total stored energy, while Eseries and Eshunt
correspond to the energy stored between adjacent turns and between
turns and the equipotential surfaces, respectively.

Considering the linear voltage drop along the disk as:

V() = V
�

1 −


L

�

(2.40)

the energy stored in the shunt capacitance, Eshunt, is given by:

Eshunt =
1

2

�

2Cdd

L

�∫ L

0

�

[V(1 −


L
) − V]2 + [V(1 −



L
) − 0]2
�

d (2.41)

which simplifies to:

Eshunt =
1

2

�

4

3
Cdd

�

V2 (2.42)
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Figure 2.12: An illustration of a winding section and equipotential lines.

where Cdd is the total capacitance between turns and the equipotential
surfaces.
Similarly, the energy stored in the series capacitance, Eseries, can
be determined using Equation (2.43), as there are Nt − 1 turn-to-turn
capacitances, each with voltage V/Nt.

Eseries =
1

2
(Nt − 1)Ctt
�

V

Nt

�2

(2.43)

in which Ctt is the capacitance between adjacent turns.
By combining Equations (2.42) and (2.43) and considering the total
voltage drop V, the equivalent capacitance can be expressed as:

Ceq = Ctt
Nt − 1

N2
t

+
4

3
Cdd (2.44)

This equivalent capacitance can be used to replace the complex capac-
itance network in Figure 2.11 while preserving the same electrostatic
behavior. By simplifying the network in this manner, the computational
complexity is reduced without compromising accuracy in modeling the
transformer’s transient response.

GEOMETRICAL CAPACITANCES

Geometrical capacitances refer to the physical capacitances that arise
due to the spatial arrangement and geometry of transformer windings
and their surrounding structures. Unlike equivalent capacitances, which
are derived based on the stored energy, geometrical capacitances are
determined directly from the physical dimensions, permittivity of the
materials, and the relative positioning of conductors.
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Depending on the specific geometry of interest, these capacitances
can be determined using conventional analytical formulas, such as those
applicable to cylindrical or parallel-plate geometries. For more complex
arrangements, such as capacitances between transformer windings and
the tank, approximate formulas are often employed. For configurations
that involve complex geometries or when higher accuracy is required,
numerical methods such as FEM can be employed to precisely calculate
the capacitances.

2.5. CONCLUSION
This chapter provides an overview of various transformer modeling
approaches for different frequency ranges, with a particular focus
on white-box modeling techniques. The modeling strategies were
categorized based on the frequency content of the transient phenomena
under consideration, highlighting the relevance of different levels of
detail and parameter accuracy. Analytical, empirical, and numerical
methods for determining transformer parameters such as inductance,
resistance, and capacitance are discussed in the framework of their
applicability, computational requirements, and physical realism.

Despite the extensive research conducted in this area, there remains
no consensus in the literature regarding the influence of the magnetic
core on transformer’s high-frequency behavior. While some studies
suggest that the core can be neglected due to minimal flux penetration
at high frequencies, others demonstrate that the core continues to
exhibit significant effects particularly in terms of damping and complex
permeability even at frequencies exceeding 1 MHz. This ongoing debate
underscores the need for more comprehensive and physically accurate
modeling approaches.

Additionally, eddy current losses in conductors are either neglected or
estimated using oversimplified analytical expressions, which may fail to
capture the correct loss behavior over a wide frequency range. Moreover,
a common limitation in many existing methods is the separate calculation
of resistance and inductance parameters, particularly in analytical and
empirical approaches. In reality, these quantities are interdependent.
Eddy currents circulating within conductive materials alter the magnetic
flux distribution, which not only impacts losses but also modifies
inductance values as a function of frequency. Consequently, treating
these parameters independently can lead to inaccurate predictions of
transformer behavior.

In the following chapters, these limitations will be addressed in more
detail. We will explore improved techniques for accurately estimating
high-frequency transformer parameters, with an emphasis on physically
consistent modeling practices that consider the coupled nature of losses
and magnetic behavior.
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MAGNETIC CORE EFFECT ON

TRANSFORMER
HIGH-FREQUENCY BEHAVIOR

What we observe is not nature itself, but nature exposed to our method
of questioning.

Werner Heisenberg

This chapter investigates the influence of magnetic core and conductor
eddy current losses on the high-frequency behavior of transformer
windings. A simplified disk-type winding structure is modeled using
finite element simulations to isolate and quantify the effects of various
loss mechanisms. Results demonstrate that while core losses dominate
at lower frequencies, their influence becomes negligible at high
frequencies due to phase shifts along the winding, which effectively
cancel the net magnetomotive force. In contrast, conductor eddy
losses remain significant and must be included to accurately capture
the damping behavior and inductance values at high frequencies. The
findings are supported by both impedance analysis and frequency-
domain current phase distributions, offering new insights into the
frequency-dependent role of the core and validating key assumptions
behind the proposed white-box modeling approach.

Parts of this chapter have been published in:

• F. Nasirpour, M. G. Niasar, and M. Popov. “Magnetic core effects on the
high-frequency behavior of transformers”. In: International Journal of Electrical
Power & Energy Systems 159 (2024), p. 110035
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3.1. INTRODUCTION
Transformer failures are often triggered by fast transient phenomena,
such as lightning impulses, switching surges, and fault-induced tran-
sients. These events can cause highly non-linear voltage distributions
along transformer windings, potentially exciting resonance and leading
to localized overvoltages. Such conditions significantly increase the
risk of dielectric breakdown. Therefore, understanding and accurately
modeling the high-frequency behavior of transformers is crucial for pre-
dicting and mitigating these failure risks. A key aspect of this modeling
is the accurate representation of internal damping mechanisms, which
limit the amplitude of overvoltages. Losses within the transformer
contribute substantially to this damping.

The main sources of loss in transformers include hysteresis and
anomalous (excess) losses, ohmic losses caused by currents circulating
in conductive materials, and dielectric losses. Detailed modeling
of hysteresis and other additional losses by using models such as
Preisach or Jiles-Atherton is generally discouraged in the context of
high-frequency transformer modeling for network studies, due to the
associated complexity [56].

As described in the previous chapter, dielectric losses are incorporated
into the model through conductance terms, which can be estimated
using the loss tangent, tn(δ), of insulation materials. Eddy current
losses in the conductors and the core are included via the resistive
components, since in configurations where conductors are wound
around a magnetic core, the resulting core losses appear as increased
resistance in the conductors. This is because the core itself is not
explicitly represented in the voltage-current relations [23].

The influence of the magnetic core on the resistance and inductance of
winding sections is often neglected, typically justified by the assumption
that the magnetic field penetration depth in the core is extremely
small at high frequencies (e.g., above 10 kHz), rendering the core’s
effect negligible. This assumption is further supported by experimental
observations showing that the open-circuit and short-circuit impedance
characteristics of transformer windings tend to converge at high
frequencies, as illustrated in Figure 3.1.

In contrast, several studies have reported that the magnetic
core continues to influence transformer impedance and damping
characteristics even at frequencies exceeding 1 MHz. For example, it
has been shown in [82] that the core plays a significant role in damping
transient overvoltages, and that inductance values remain appreciable
at frequencies above 1MHz, challenging the assumption that magnetic
flux cannot penetrate the core at such frequencies. Another study
[83] has concluded that, when the LV winding is open-circuited, the
laminated core becomes the dominant source of losses. The authors
in [94] have demonstrated that the effective complex permeability of
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Figure 3.1: Terminal impedance measurements [43].

the transformer core materials remains appreciable up to at least 1
MHz. These studies argue that conductor losses are often negligible in
comparison to core losses and suggest that the magnetic core should
still be accounted for at frequencies above 10kHz.

This divergence in findings underscores the need for a more compre-
hensive and systematic investigation into the role of the magnetic core
in the high-frequency behavior of transformers.

This chapter aims to clarify the influence of the magnetic core on
the high-frequency response of transformers. A combined methodology
involving finite element simulations and experimental validation is
adopted. Initially, numerical methods are employed to assess the
significance of eddy current losses in both the core and the conductors
across a wide frequency range. Subsequently, high-frequency models
for a representative winding geometry are developed to investigate the
separate and combined effects of these losses. Finally, experimental
measurements are conducted to validate the numerical results and
support the general conclusions.
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3.2. AN EQUIVALENT CORE MODEL FOR HIGH-FREQUENCY
ANALYSES

To systematically investigate the influence of the magnetic core on
the high-frequency behavior of transformers, it is essential to develop
detailed models that allow separate assessment of eddy current effects
in the conductors and core.

At this stage, the most appropriate and accurate approach is the use
of numerical methods, as they solve the governing equations without
simplifications typically associated with analytical methods. To study
eddy current losses, a simplified winding configuration wound on a
laminated core is considered. This setup provides a representative case
analogous to real transformers, without the need to model the complex
transformer geometry.

When dealing with laminated cores, several modeling approaches are
available. One option is to model the laminated structure explicitly
using real permeability and conductivity values for each lamination
sheet and the insulation in between. However, this method is
computationally expensive as it requires very fine meshes, especially at
higher frequencies.
An alternative and more efficient approach involves replacing the
laminated core with a core modeled with zero conductivity and complex
permeability. In this case, the ohmic losses due to eddy currents
circulating in the core are approximated by hysteresis losses introduced
via the complex permeability. Since the core is electrically insulated,
detailed meshing near the edges of the laminations is no longer
necessary, as no current flows through these areas. The losses are
captured through the magnetic field distribution, which remains accurate
even with relatively coarse meshes.

Despite its practicality in numerical modeling, this approach is not
adopted in this thesis, as the ultimate goal is to develop an analytical
framework to obtain high-frequency transformer models. The use of
complex permeability is not compatible with the types of analytical
formulations presented in chapter 4. Instead, the laminated core
is approximated by an equivalent solid core model with an effective
conductivity,σ∗, chosen to reproduce the same loss characteristics.
This approach eliminates the need to explicitly model each lamination
and the insulation between them, significantly simplifying the meshing
requirements, reducing memory demand, and improving computational
efficiency.

The effective conductivity of the equivalent solid core is calculated
using the following:

σ∗ =
σk

n2
(3.1)
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where σ is the base material conductivity, k is the stacking factor
accounting for insulation gaps between lamination sheets, and n is the
number of sheets. The effective permeability μ∗

z
can be determined

using Equation (3.2), where μz represents the permeability of the
laminated core in the flux direction.

μ∗
z
= kμz + (1 − k) ≃ kμz (3.2)

To verify the accuracy of this substitution, two geometries are
simulated in FEM environment: one featuring an explicitly modeled
laminated core, and the other using the equivalent solid core with
effective conductivity. Table 3.1 outlines the geometric details and
simulation configuration for this case. Both models share identical
geometries, except for the core representation. This is shown in
Figure 3.2. When replacing the laminated core with an equivalent solid
core, only the conductivity in the plane orthogonal to the flux direction
is modified. Given the toroidal shape of the core, a new coordinate
system is defined in COMSOL Multiphysics, which is consistently aligned
with the core’s cross-section. This allows the software to distinguish
the direction of conductivity by specifying the conductivity values as a
vector, as illustrated in Figure 3.3.

Table 3.1: The required details of the geometries shown in Figure 3.2.

Parameter Value

Number of turns 32
Laminated sheet width (mm) 0.3
Insulation width between sheets (mm) 0.01
Core conductivity (S/m) 1.12 × 107
Inner/Outer diameter (mm) 6.9 / 13.08
Core height (mm) 1
Core relative permeability 4000
Current source (A) 1

To maintain computational efficiency, only 1/32 of the entire core
structure is simulated by exploiting the core’s geometric symmetry.
Periodic boundary conditions are applied to ensure that the reduced
model accurately represents the behavior of the complete core structure.
A copper conductor is wound around the core, and by exciting it with
a current source, the average magnetic flux density within the core
cross-section is obtained for various frequencies, examples of which are
shown Figure 3.4. Since the magnetic flux distributions in both the
laminated and equivalent solid core cases are identical, the parameters
dependent on the flux—specifically, the winding’s inductance and
resistance—are also expected to be the same. It should be noted that
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Figure 3.2: The geometry of (a) a laminated core and (b) its equivalent
solid one.

Figure 3.3: The coordinate system used for the equivalent solid core.
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in Figure 3.4, only the magnetic flux within the core is compared, and
the leakage flux outside the core is not included. This does not affect
the validity of the analysis, as for the frequency range in which the
core has a significant impact, nearly all magnetic flux remains confined
within the core. This point is further explained later in this chapter and
in Chapter 4.

Figure 3.4: Average magnetic flux density in laminated and equivalent
solid cores

This expectation is confirmed by the results presented in Tables 3.2
and 3.3, which compare the inductance and resistance values between
the laminated core and the equivalent solid core geometries. The close
agreement between the two models demonstrates that Equations (3.1)
and (3.2) can be reliably used to replace a laminated transformer
core with an equivalent solid core, without introducing significant
computational errors.

Having validated this modeling approach, the next step is to
investigate the impact of core eddy current losses on the winding’s
high-frequency response.
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Table 3.2: Inductance of the Windings in Figure 3.2.

Frequency Inductance (lamination) Inductance (solid) Difference
Hz mH mH %

50 15.66 15.71 -0.31
100 15.01 15.11 -0.66
200 13.03 13.19 -1.22
1 k 5.20 5.34 -2.69
100 k 0.465 0.446 4.08
1 M 0.155 0.147 5.16

Table 3.3: Resistance of the Windings in Figure 3.2.

Frequency Resistance (lamination) Resistance (solid) Difference
Hz mΩ mΩ %

50 0.71 0.69 -2.24
100 2.17 2.07 -4.60
200 6.69 6.52 -2.54
1 k 29.01 29.92 -3.13
100 k 341.93 338.86 -0.89
1 M 1089.70 1070.7 -1.10
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3.3. IDENTIFICATION
To investigate the influence of the core on high-frequency behavior,
a winding configuration based on a typical disk-type arrangement
comprising twenty disks with ten turns each is modeled in COMSOL
Multiphysics using a 2D representation to reduce computational
requirements. The details of this case are given in Table 3.4. The
laminated core is first replaced with an equivalent solid core described
in the previous section. Then, to model the winding in 2D environment,
the core is substituted by a cylindrical shape with a length equal to
the mean magnetic path length of the original rectangular core. This
equivalence is illustrated in Figure 3.5. In the 2D model, it is necessary
to ensure that the magnetic path is properly closed. To achieve this,
a periodic boundary condition is applied at the end of the core. The
complete geometry with the boundary of the problem is shown in
Figure 3.6.

Table 3.4: Details of Disk-type Winding and Core

Component Parameter Value

HV winding

Winding type Disk
Number of disks 20
Number of turns per disk 10
Conductor size (radial × axial) (mm) 6.99 × 15.35
Inner/Outer diameter (mm) 200 / 376

Core Leg diameter (mm) 100
Leg height (m) 1.2

Figure 3.5: A rectangular core and its equivalent 2D representation.
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Figure 3.6: Winding geometry used for simulation studies

As detailed model development is not the primary focus of this chapter,
only the conceptual framework is presented here. Each section can be
modeled as illustrated in Figure 3.7. Each disk is represented by an
equivalent circuit consisting of inductance, resistance, and capacitance.
The inductance and resistance are extracted from magnetostatic
simulations by neglecting capacitive effects. In a separate step, the
capacitances are calculated using electrostatic simulations, ignoring
magnetic effects. This sequential approach allows for independent
determination of each parameter.

Figure 3.7: Equivalent circuit of each winding section.

Considering the voltage-current relationship:

V = Z (3.3)

The parameters of each section can be obtained by exciting the section
of interest with a current source while leaving the others open-circuited.
The impedance is then calculated as:
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Zj =
Vj

jj
(3.4)

The real part of Zj gives the resistance, and the imaginary part
corresponds to the reactance, from which the inductance is derived by
dividing by angular frequency. In Equation (3.4), indices  and j denote
the respective winding sections being analyzed.
Capacitances are computed using the Maxwell capacitance matrix
method, based on charge-voltage relationships. This involves exciting
one section while short-circuiting the rest.

To analyze the contribution of different loss mechanisms, the
inductance and resistance values are extracted under the following
three simulation cases:

1. Both core and conductor eddy currents included;

2. Only core eddy currents included;

3. Core excluded, with only conductor losses modeled.

For the case where the conductors’ skin effect is neglected, the
homogenized multi-turn approach is used. The core conductivity and
permeability are set to zero and one, respectively, when the eddy
losses in the core are ignored. In the other case, material conductivity
is defined to account for conductive losses. Losses in dielectric
materials are neglected, as the focus of this study is on conductive loss
contributions.
With this model established, the influence of core losses on the
high-frequency behavior of the transformer can be systematically
investigated.

3.4. IMPACT OF EDDY CURRENTS IN THE CORE ON
WINDING PARAMETERS

In the first step, the inductance and resistance values for sections are
compared across the three modeling cases. Figures 3.8 and 3.9 presents
the self-inductance and resistance of the first section as an example.
It is worth noting that the capacitance values are not included in this
comparison, as all models utilize the same capacitance values.

According to Figures 3.8 and 3.9, when core eddy current losses are
included, the resulting inductance and resistance values are significantly
dominated by them. The values obtained when core eddy currents are
considered are several orders of magnitude higher than those calculated
when core losses are neglected, and the influence of conductor eddy
losses appears to be negligible in comparison.
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These findings suggest that the commonly held assumption that
magnetic flux does not penetrate the core at high frequencies because
of substantial eddy losses is not entirely accurate. This misconception
largely arises from the traditional calculation of penetration depth using
the bulk electrical conductivity of the core material (e.g., iron). In reality,
the laminated structure of the core drastically reduces its effective
conductivity, resulting in a much larger penetration depth. The depth
calculated using the actual material conductivity reflects the penetration
for individual sheets rather than the entire core cross-section (this
distinction becomes clearer when considering the penetration depth at
50 Hz). While this explanation supports the possibility of the magnetic
flux existence in the core at high frequencies, it does not fully explain
the observed transformer behavior at high frequencies. For example,
Figure 3.1 shows the impedance characteristics of the low-voltage
(LV) winding in two scenarios. When the high-voltage (HV) winding
is short-circuited, the core is effectively bypassed. However, when
the HV winding is open-circuited, the magnetic flux is expected to
circulate within the core, thereby significantly influencing the inductance
and resistance values. Despite this, the measured characteristics do
not show the expected dominance of core-related effects, indicating
that additional mechanism(s) must be considered to fully explain the
transformer’s behavior at high frequencies. This is the subject of the
next section.

Figure 3.8: Self-inductance of a winding section.
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Figure 3.9: Self-resistance of a winding section.

3.5. HIGH-FREQUENCY IMPEDANCE BEHAVIOR AND CORE
DECOUPLING MECHANISM

To further investigate the influence of eddy current losses in both
the conductors and the core, the impedance characteristics of the
modeled winding structure are plotted for the three simulation cases.
As shown in Figure 3.10, despite the significant differences in computed
inductance and resistance values when core eddy losses are included,
the impedance characteristics at high frequencies closely overlap with
the case where only conductor eddy currents are considered. In
contrast, the case in which conductor eddy losses are neglected, shows
a remarkable different behavior. This observation highlights the critical
role of conductor eddy losses in accurately modeling high-frequency
behavior.

The reason why core eddy losses do not significantly influence the
impedance at high frequencies can be explained as follows: at these
frequencies, the wavelength of the traveling wave approaches the
physical length of the winding. Consequently, substantial phase shifts
occur between different sections of the winding, leading to a distributed
magnetic flux that is out of phase along the winding length. This
phase difference effectively cancels the net magnetomotive force (MMF),
resulting in negligible flux in the core. Therefore, the core becomes
magnetically inactive not because of the limited penetration depth,
which remains significant, as shown in section 3.4, but because of the
magnetic flux phase shifts within the winding.

In the parameter extraction process, each section is treated indepen-
dently, hence the effects of the phase shift along the winding would not
be apparent. However, as the frequency increases, the effect of the
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Figure 3.10: The impedance characteristics of the representative winding
for the three case scenarios.

common flux diminishes due to phase cancellation, while local conductor
eddy losses become dominant. This explains why, when conductor eddy
losses are ignored, the impedance characteristics diverge significantly
at high frequencies. Figure 3.11 illustrates the phase distribution of
the current in different sections of the winding across a wide frequency
range. In this case, the winding is excited with a one-ampere current
source in the frequency domain, which corresponds to a Dirac delta
function in the time domain. As shown, at lower frequencies, the
current maintains an almost uniform phase across all winding sections.
However, as the frequency increases, distinct phase differences emerge
between various parts of the winding. At sufficiently high frequencies,
some sections exhibit current flowing in the opposite phase relative to
others, resulting in a significant reduction of the net magnetomotive
force (MMF) and, consequently, very little magnetic flux in the core. To
further illustrate this phenomenon, the current phasors representing the
MMF contribution of each section at selected frequencies are shown in
Figure 3.12.
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Figure 3.11: The electrical current’s phase in each section.

Figure 3.12: The current’s phasor in the sections at two frequencies.
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Additionally, Figure 3.13 schematically shows a simplified double-disk
geometry to emphasize this concept. In this figure, the 2D cross-
sectional representation implies that current flows perpendicular to the
plane of the figure. When the phase shift is negligible, the magnetic
flux in the core is substantial and contributes to both losses and
inductance. However, when significant phase shifts are present, the
core becomes magnetically inactive and does not alter the magnetic
field distribution outside of it, or its influence becomes negligible. Thus,
in this frequency range, the inductance and resistance values can be
accurately determined without including the core in the model. This
observation forms an essential basis for the modeling methodology
adopted in this thesis, which will be elaborated upon in the following
chapters.

Figure 3.13: (a) Disks carrying the same current in the presence of
the magnetic core, (b) Disks carrying an opposite current
in the presence of the magnetic core, (c) Disks carrying
an opposite current in the air, (d) The inductance and
resistance of the winding in different cases.

To further validate this behavior, the frequency response of an inductor
with two different core configurations, ferrite and air, is measured and
compared, as shown in Figure 3.14. Given that ferrite cores possess
low conductivity and are capable of operating effectively at high
frequencies, any significant flux in the core at high frequencies would
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result in a noticeably different response compared to the air-core case.
However, because of the phase shift mechanism described earlier, the
responses are nearly identical. This confirms that the presence of the
core does not significantly influence the magnetic field in the vicinity
of the conductors; thus, the inductance and resistance values can be
determined without accounting for the core in this frequency range.

Figure 3.14: (a) The inductor used for the measurement verification, (b)
Its frequency response with air and ferrite cores.

It should be noted that although the core’s influence becomes
negligible at high frequencies, it remains essential at low frequencies
(around 10 kHz for large power transformers), particularly for capturing
the correct initial conditions in simulations. Omitting the core in
such cases would result in unrealistically low transformer impedance;
therefore, the core must still be included in the overall modeling
framework.

3.6. CONCLUSIONS
In this chapter, the influence of the core and conductor eddy current
losses on the high-frequency behavior of transformer windings has been
systematically investigated using numerical modeling. By applying a
simplified disk-type winding structure and evaluating different modeling
scenarios, it was shown that conductor eddy current losses play
a dominant role in shaping the impedance characteristics at high
frequencies. In contrast, despite the significant eddy current losses in
the core at lower frequencies, their impact becomes negligible at higher
frequencies.
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This behavior was attributed not to limited flux penetration depth
in the laminated core, as is commonly assumed, but also to the
distributed phase shift along the winding at high frequencies. This phase
shift leads to a reduction of the net magnetomotive force, effectively
rendering the core magnetically inactive in this frequency range. The
study demonstrated that, even when the core is present, it does not
significantly alter the magnetic field distribution in the vicinity of the
conductors nor affect the calculated impedance at high frequencies.
Furthermore, the results highlight the necessity to include conductor
eddy current losses in the model to ensure accurate high-frequency
response. These losses not only contribute to the damping behavior
but also influence the inductance values, thereby affecting the overall
transient response of the transformer. Nevertheless, the core remains
essential for accurately modeling low-frequency behavior and ensuring
realistic initial conditions in time-domain simulations. The findings of this
chapter not only clarify the role of the core and conductor losses across
the frequency spectrum but also provide a solid foundation for the
modeling methodology adopted in this thesis, which will be elaborated
upon in subsequent chapters.
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TRANSFORMER

HIGH-FREQUENCY WINDING
IMPEDANCE

Everything should be made as simple as possible, but not simpler.

Albert Einstein

This chapter presents a detailed analytical framework for modeling
the frequency-dependent impedance of transformer windings. The
impedance calculation is decomposed into contributions from the
magnetic flux confined within the core and that outside it. The influence
of the core is analyzed based on a simplified cylindrical geometry, while
the leakage flux is treated by assuming the air-core approximation.
The resulting resistance and inductance matrices are used to construct
the transformer’s full admittance matrix, which captures both low-
and high-frequency behaviors. The analytical formulation is validated
against FEM results, demonstrating both accuracy and computational
efficiency.

Parts of this chapter have been published in:

• F. Nasirpour, T. Luo, M. G. Niasar, and M. Popov. “Multi-Winding Power
Transformer Modeling for Fast-Front Transients”. In: IEEE Transactions on Power
Delivery (2025), pp. 1–13
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4.1. INTRODUCTION
In the previous chapter, it was shown that for the low-frequency region,
the inductance and resistance of the winding are primarily influenced by
the core and associated eddy current losses, while skin and proximity
effects in the conductors are negligible. For higher frequencies, the
net magnetomotive force (MMF) generated by the winding becomes
insignificant, and the core no longer alters the magnetic field distribution
in its surroundings, particularly near the conductors. These observations
can be used to calculate the frequency-dependent inductance and
resistance of transformer windings.

For the rest of the chapter, the term impedance of the winding refers
to the frequency-dependent inductance and resistance of a section,
excluding its capacitance. The calculation of capacitances is explained
in Chapter 2.

4.2. CALCULATION OF THE WINDING SECTION IMPEDANCE
The mutual impedance between the winding sections n and m can be
defined as:

Znm = Zcore(nm) + Zair(nm) (4.1)

where Zcore(nm) is the impedance contribution from the core-related
magnetic flux, and Zair(nm) corresponds to the component arising from
the flux outside the core. To model the high-frequency behaviour of
the transformers, the term Zair(nm) can be effectively approximated by
assuming an air-core configuration. As demonstrated in the previous
chapter, because of the phase shift introduced at high frequencies, the
resulting impedance remains practically unchanged whether the flux is
assumed to be entirely external to the core or the core is replaced with
air. Therefore, the air-core assumption is justified in this context. The
resistance Rnm and inductance Lnm can be obtained as:

Rnm = ℜ(Znm) (4.2)

Lnm = ℑ(
Znm

2πƒ
) (4.3)

where ℜ and ℑ denote the real and imaginary parts, respectively, and ƒ
is the frequency.

4.2.1. CORE-COMPONENT IMPEDANCE
Consider the configuration depicted in Figure 4.1 [95]. The ferromagnetic
core is assumed to be infinitely long, characterized by conductivity σ2,
permeability μ2, and radius b. A filamentary turn of radius  is wound
around the core at the axial position z = 0, carrying a sinusoidal current
whose phasor representation is .
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Figure 4.1: Configuration of filamentary turns around an infinitely long
ferromagnetic core

The mutual impedance between the energizing turn and the second
open-circuit turn with radius r, located at an axial distance z, is
determined through the azimuthal electric field intensity Eφ. Under
quasi-stationary conditions, the problem can be analyzed using Maxwell’s
equations [95]:

∇ × E = −
∂B

∂t
(4.4)

∇ × B = μJ + ε0
∂E

∂t
(4.5)

Considering the symmetry of the problem, the following field assump-
tions apply [95]:

Er = 0, Ez = 0,
∂Eφ

∂φ
= 0 (4.6)

Hφ = 0
∂Hr

∂φ
= 0,

∂Hz

∂φ
= 0 (4.7)

With these assumptions, the relevant field equations in cylindrical
coordinates simplify to:

∂Eφ

∂z
= jωμrHr , (4.8)

1

r

∂(rEφ)

∂r
= −jωμzHz, (4.9)

∂Hr

∂z
−
∂Hz

∂r
= σEφ + φδ(r − )δ(z), (4.10)
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The Dirac delta function δ(r − ) and δ(z) indicates the location of
the energizing turn [95]. By substituting equations Equation (4.8) and
Equation (4.9) into Equation (4.10), the governing equations for the two
media are obtained as follows [95]:

1. Medium 1 (r ≥ b)

∂2Eφ1

∂z2
+
∂2Eφ1

∂r2
+
1

r

∂Eφ1

∂r
−
Eφ1

r2
= jωμ1φδ(r − )δ(z) (4.11)

2. Medium 2 (r ≤ b)

μ2z

μ2r

∂2Eφ2

∂z2
+
∂2Eφ2

∂r2
+
1

r

∂Eφ2

∂r
−
Eφ2

r2
= jωμ2zσ2Eφ2 (4.12)

Medium 1 is assumed to be non-conductive (σ = 0), and μ1r = μ1z = μ1.
The following field continuity conditions must be satisfied at r = b:

Eφ1 = Eφ2 (4.13)
Hz1 = Hz2 (4.14)

Additionally, the boundary conditions are [95]:

Eφ2 = 0 at r = 0, (4.15)
Eφ1 → 0 as r →∞, (4.16)

Eφ1 , Eφ2 → 0 as z→ ±∞. (4.17)

To solve the system of equations, the Fourier integral transform is
applied with respect to z. Transformed quantities are denoted by an
asterisk (∗) [95]:

∂2E∗
φ1

∂r2
+
1

r

∂E∗
φ1

∂r
−
E∗
φ1

r2
− β2E∗

φ1
= jωμ1φδ(r − ) (4.18)

∂2E∗
φ2

∂r2
+
1

r

∂E∗
φ2

∂r
−
�

1

r2
+ cβ2 +m2
�

E∗
φ2
= 0 (4.19)

where c = μ2z/μ2r and
m =
Æ

jωμ2zσ2 (4.20)

Equation Equation (4.19) is a modified Bessel differential equation, with
a general solution:

E∗
φ2
= A1(r) + BK1(r) (4.21)
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where 1 and K1 are the modified Bessel functions of the first and second
kind, respectively, and:

2 = cβ2 +m2 =
μ2z

μ2r
β2 + jωμ2zσ2 (4.22)

To ensure regularity at r = 0, we set B = 0.
Assuming the field at r = b is E∗

φb
, the solution becomes:

E∗
φ2
(r) =

1(r)

1(b)
E∗
φb

(4.23)

The solution in medium 1 is given by [95]:

E∗
φ1
=
K1(βr)

K1(βb)
E∗
φb
+ jωμ1
�

K1(βr)1(βb)K1(β)

K1(βb)

− 1(βr)K1(β)
�

φ (4.24)

For r > , the terms r and  should be interchanged in 1(βr)K1(β).
At r = b, the field intensities must be continuous, i.e., Hz1 = Hz2 . Hence:

1

jωμ1

1

r

∂(rE∗
φ1
)

∂r
=

1

jωμ2z

1

r

∂(rE∗
φ2
)

∂r
at r = b (4.25)

Differentiating both sides, and using the following Bessel function
identities:

∂n(r)

∂r
= n−1(r) −

n

r
n(r) (4.26)

∂Kn(r)

∂r
= −Kn−1(r) −

n

r
Kn(r) (4.27)

yields:

∂(rK1(γr))

∂r
= −γrK0(γr) (4.28)

∂(r1(γr))

∂r
= γr0(γr) (4.29)

Thus, the expression for E∗
φb

is [95]:

E∗
φb
= −jωμ1

βK1(β)1(b) [ 0(βb)K1(βb) + 1(βb)K0(βb)]
μ1
μ2z

0(b)K1(βb) + βK0(βb)1(b)
φ (4.30)
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The electric fields Eφ1 and Eφ2 are obtained by applying the inverse
Fourier transform. In medium 1:

Eφ1(r, z) =
1

2π

∫ ∞

−∞
E∗
φ1
(r, β)ejβz dβ (4.31)

The mutual impedance Z between the turns is found by evaluating the
induced voltage in the secondary turn [95]:

V = Zφ (4.32)

V = −
∫ 2π

0
Eφ1(r, z)r dφ = −2πrEφ1(r, z) (4.33)

Thus:

Z =
−2πrEφ1(r, z)

φ
(4.34)

The impedance Z can be expressed as:

Z = jωL1 + Zc (4.35)

where:

L1 = μ1r
∫ ∞

−∞
1(βr)K1(β)ejβz dβ (4.36)

(For r > , interchange r and  in the integral.)
and

Zc = jωμ1r
∫ ∞

−∞
K1(β)

K1(βr)0(βb)

K0(βb)

×







1 − μ1
μ2z


β
1(βb)0(b)
0(βb)1(b)

1 + μ1
μ2z


β
0(b)K1(βb)
K0(βb)1(b)







ejβz dβ (4.37)

The first term is equivalent to the mutual inductance between two
filamentary turns in air, aligned along the same axis, as given by
Maxwell [95]:

L1 = μ1
p
r

2

k

��

1 −
k2

2

�

K(k) − E(k)
�

(4.38)

where
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k =

√

√

√

4r

z2 + ( + r)2
(4.39)

and K and E denote the complete elliptic integrals of the first and
second kinds, respectively. The second term accounts for the effects of
the magnetic core.

For practical transformers with a finite-length core, the core can be
idealized as a straight segment placed between two infinitely permeable
magnetic plates, as shown in Figure 4.2 [95]. This effectively closes the
magnetic circuit.
Since the plates are assumed to be infinitely permeable, the boundary
condition becomes [95]:

Hr = 0 at z = ±


2
(4.40)

At these boundaries, the magnetic field lines must enter and exit
perpendicularly. A similar field configuration can also be achieved by
removing the infinite plates and introducing an infinite number of image
sources along the axial direction, as depicted in Figure 4.3 [95].

Figure 4.2: Closed magnetic core configuration.

Figure 4.3: Replacement of the plates with an infinite number of images.

Rewriting Equation (4.35) as:
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Z =
∫ ∞

−∞
G(, r, β)ejβzdβ (4.41)

The corresponding expression for the closed core becomes [95]:

Z =
∫ ∞

−∞
G(, r, β)

∞
∑

k=−∞
ejkejβzdβ (4.42)

Using the Dirac comb function and its Fourier series:

IIIT(t) :=
∞
∑

k=−∞
δ(t − kT) =

1

T

∞
∑

n=−∞
e2πn

t
T (4.43)

Equation (4.42) simplifies to:

Z =
2π



∞
∑

k=−∞
G(, r, βk)ejβkz (4.44)

where

βk =
2πk


(4.45)

Based on Equation (4.38), the impedance can be written as:

L1 = μ1r
2π



∞
∑

k=−∞
1(βkr)K1(βk)ejβkz (4.46)

(If r > , interchange r and  in the summation.)
And, based on Equation (4.37):

Zc =
2π



∞
∑

k=−∞

rK1(βk)K1(βkr)1(βkb)F(βk)

K1(βkb)
ejβkz (4.47)

where F(β) is defined as:

F(β) = jωμ1

(

ƒ (β) − μ1
μ2z

ƒ ()

g(β) + μ1
μ2z

ƒ ()

)

(4.48)

with the auxiliary functions:

ƒ () = 
0(b)

1(b)
(4.49)

g() = 
K0(b)

K1(b)
(4.50)
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For practical applications, the infinite series in Equations (4.46)
and (4.47) must be truncated. Noting that a single-sided summation is
sufficient, they can be approximated as [95]:

L1 ≈ μ1r
π



(

r


+ 4

N−1
∑

k=1

1(βkr)K1(βk)σk cos(βkz)

)

(4.51)

and

Zc ≈
π



(

C + 4
N−1
∑

k=1

rK1(βkr)K1(βk)1(βkb)

K1(βkb)
F(βk)σk cos(βkz)

)

(4.52)

where:

σk =
sin(kπ/N)

(kπ/N)
(4.53)

C is defined as:

C = jωb2
�

2μ2z1(mb)

mb0(mb)
− μ1
�

(4.54)

where m is given in Equation (4.20).
To understand the physical significance of each term, consider the

case where the permeability of the surrounding medium is set to zero.
Physically, this suppresses the flux external to the core. In this condition,
according to Equation (4.35), all terms vanish except the term related to
C, identifying it as the impedance contribution from flux fully confined
within the core [95]. Consequently, the remaining two terms represent
contributions due to leakage flux [95].

For power transformers, the term C is dominant in the low-frequency
region. This term is called core-component impedance in this thesis. At
higher frequencies, the core becomes magnetically inactive and does
not significantly alter the external magnetic field distribution. However,
the other terms become less accurate in this regime since eddy current
losses in the conductors and their impact on the field distribution are
neglected.

To address this limitation, an alternative approach is adopted and
discussed in the following section.

4.3. AIR-COMPONENT IMPEDANCE
As the core does not alter the magnetic flux distribution external to
it in this case, the leakage flux is evaluated based on the air-core
assumption. This section builds upon the works presented in [96, 97].
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Starting with Maxwell’s equations:

∇ × E = −
∂B

∂t
(4.55)

∇ ·B = 0 (4.56)

The electric field can be expressed as:

∇ × E = −∇ ×
�

∂A

∂t

�

(4.57)

∇ × E + ∇ ×
�

∂A

∂t

�

= ∇ ×
�

E +
∂A

∂t

�

= 0 (4.58)

If the curl of a vector field is zero, then that field can be expressed as
the gradient of a scalar potential field. Hence:

−∇φ = E +
∂A

∂t
(4.59)

Integrating both sides over the conductor cross-section, and considering
the potential to be fixed over the cross-section with J = σE yields [96]:

−∇φ = Rdc + jωĀ (4.60)

where Rdc is the DC resistance of the conductor, Ā is the average
magnetic vector potential over the cross-section,  is the AC current, and
ω is the angular frequency.
The per-unit-length AC impedance Zac for a round conductor can be
calculated by dividing both sides of the Equation (4.60) by . Note that
A is not unique if the net current is non-zero; thus, it depends on the
choice of reference point.

To specify A for the geometry of interest, consider the following for a
single conductor:

B = ∇ × A (4.61)

∇ × B = ∇ × ∇ × A = ∇(∇ ·A) − ∇2A (4.62)

Applying the Coulomb gauge (∇ ·A = 0) and using ∇ × B = μ0σE:

∇2A = −μ0σE (4.63)

Since

E = −∇φ − jωA (4.64)

then:

∇2A − jμ0σωA = μ0σ∇φ (4.65)
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In polar coordinates, the Helmholtz equation in Equation (4.65) becomes:

∂2A

∂r2
+
1

r

∂A

∂r
+

1

r2
∂2A

∂φ2
− jωσμA = μσ∇φ (4.66)

Since A has only a z-component:

Hr =
1

μr

∂A

∂φ
, Hφ = −

1

μ

∂A

∂r
(4.67)

There are two regions of interest: inside and outside the conductor.
Equation (4.66) can be solved by applying the method of separation
of variables. The general solution is considered in the form
A(r, φ) = R(r)ϕ(φ), and the particular solution is taken as A = A0.
Let us define:

k2 = −jωσμ (4.68)

Then the governing equation becomes:

r2
∂2R1

∂r2
+ r

∂R1

∂r
+ (r2k2 − λ)R1 = 0 (4.69)

∂2ϕ1

∂φ2
+ λϕ1 = 0 (4.70)

Due to the periodic boundary condition A(r, φ) = A(r, φ + 2π), λ must be
positive and is taken as λ = n2. The radial equation is a form of Bessel’s
equation. Thus, the general solution is:

R1(r) = C1nJn(kr) + D1nYn(kr) (4.71)

Since the solution must be finite at r = 0, D1n = 0. For the angular part:

ϕ1(φ) = A1n cos(nφ) + B1n sin(nφ) (4.72)

Hence, the complete solution in region 1 is:

A1(r, φ) = A0 +
∞
∑

n=0

Jn(kr)
�

A′1n cos(nφ) + B
′
1n sin(nφ)
�

(4.73)

Outside the conductor, the conductivity is assumed to be zero.
Therefore, the equation simplifies to Laplace’s equation. Following the
same method, the solution in region 2 becomes:
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A2(r, φ) = C0 + D0 ln
�

r

r0

�

+
∞
∑

n=1

rn
�

A′2n cos(nφ) + B
′
2n sin(nφ)
�

+
∞
∑

n=1

r−n
�

A′′2n cos(nφ) + B
′′
2n sin(nφ)
�

(4.74)

Here, r0 is the reference point. The zero-order logarithmic term is
related to the current inside the conductor via Ampère’s law, and
D0 = −μ0/(2π). The r−n terms decay with radius and are associated
with the emitted magnetic potential due to the current density in the
conductor. The rn terms grow with radius and correspond to received
potential from external sources.
The boundary conditions on the conductor surface at r =  are:

μcHr,c|r= = μ0Hr,air|r= (4.75)

Hφ,c|r= = Hφ,air|r= (4.76)

Az,c|r= = Az,air|r= (4.77)

These lead to the following relations:

A′10 = −
D0

kJ1(k)

A′1n =
2nn−1

kJn−1(k)
A′2n =

2n

n+1kJn+1(k)
A′′2n, n ≥ 1

B′1n =
2nn−1

kJn−1(k)
B′2n =

2n

n+1kJn+1(k)
B′′2n, n ≥ 1

A0 + A′10J0(k) = C0 + D0 ln
�



r0

�

(4.78)

When there are several conductors, a set of equations can be formed
by equating the received part of one conductor to the summation of the
emitted parts from other conductors. For this, it is necessary to express
all equations in a common coordinate reference. A Cartesian coordinate
system is chosen for this purpose. As shown in Figure 4.4, there is
a global Cartesian coordinate system (, y), and each conductor has a
local Cartesian coordinate system (p, yp) whose origin is the center of
the conductor.
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(a)
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ai
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(xji,yji)

Figure 4.4: Illustration of coordinates used for the 2D analysis, (a)
polar coordinates for a single round conductor, (b) Cartesian
coordinates for multiple conductors

The received part of conductor p can be written in its local coordinate
system as:

Apr = C0p +
+∞
∑

n=1

¦

A′2npℜ((p + jyp)
n) + B′2npℑ((p + jyp)

n)
©

. (4.79)

The emitted part of conductor q, as received by conductor p, is
expressed in the local coordinate system (p, yp) as:

Aqe =
D0q

2
ln
(p − ΔXpq)2 + (yp − ΔYpq)2

r20

+
+∞
∑

n=1

¦

A′′2nqℜ
�

�

(p − ΔXpq) − j(yp − ΔYpq)
�−n�

+B′′2nqℑ
�

�

(p − ΔXpq) − j(yp − ΔYpq)
�−n�©

. (4.80)

Note that Aqe is transformed to the local coordinates of conductor p
using the relations p = q + Xq − Xp and similarly for yp. ΔXpq and ΔYpq
are defined as follows:

ΔXpq = Xq − Xp (4.81)
ΔYpq = Yq − Yp (4.82)

By expanding Equations (4.79) and (4.80) using binomial and Maclaurin
series expansions, the coefficients of the terms P

p
yQ
p

in the received
part Arp and the emitted part Aeq are determined. The relation between
A′2nq and A′′2nq is known from Equation (4.78). Thus, for a system with
M conductors, a system of equations is formed. Truncating the infinite
series to Nth order facilitates the calculation process. The resulting
matrix equation takes the form:
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



2N+1 · · · α1M
...

. . .
...

αM1 · · · 2N+1









γ1
...
γM



 =
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



∑

q ̸=1 β1q
...
∑

q ̸=M βMq






. (4.83)

By solving this system, the coefficients for conductor p are ob-
tained. Then, the impedance of conductor p can be calculated using
Equation (4.60). The obtained impedance in this way is called the
air-component impedance in this thesis.

For rectangular conductors, the proposed method can be applied
by replacing each conductor with several round conductors, as shown
in Figure 4.5. Conceptually, a rectangular conductor can be viewed
as an arrangement of numerous parallel round conductors, which
helps to approximate the high-frequency behavior of the original
shape. This approach reliably captures high-frequency behavior and is
computationally efficient for arbitrary winding configurations.

Figure 4.5: Replacing rectangular conductors with several round ones

To validate the accuracy of the applied method, the obtained results
are compared with FEM simulations. For computational efficiency in
FEM environment, a geometry with ten disks, each with 10 turns, is
simulated. Figures 4.6 and 4.7 show the self- and mutual resistances
and inductances associated with the first disk, obtained from both
the analytical approach and FEM. In the analytical method, each turn
is modeled using four parallel round conductors. As observed, the
agreement between the FEM and analytical results is very good, which
shows the accuracy of the proposed method.

4.3.1. CORE-COMPONENT VS AIR-COMPONENT
To understand the effects of the core- and air component fluxes on
the impedance of the winding sections, the inductance and resistance
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Figure 4.6: Resistance values associated with the first disk obtained from
analytical formulas and FEM.

Figure 4.7: Inductance values associated with the first disk obtained
from analytical formulas and FEM.
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of the first section of the three-phase transformer manufactured by
Royal SMIT Transformers B.V. (Figure 1.6) are plotted in Figures 4.8
and 4.9, respectively, considering each effect separately. These figures
show that the impedance contribution from the core component is
significantly greater than that of the air component up to several kHz.
This observation further confirms that the influence of the magnetic
flux external to the core on the winding impedance is negligible in the
frequency range where the core remains magnetically active. Therefore,
calculating the leakage flux contribution using an air-core assumption
does not compromise accuracy at low frequencies. The justification for
this assumption at high frequencies has already been provided earlier.

Figure 4.8: The inductance of the first transformer’s disk obtained by
taking into account different flux components.

Figure 4.9: The resistance of the first transformer’s disk obtained by
taking into account different flux components.
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4.4. TRANSFORMER ADMITTANCE MATRIX
Having all the required elements, the admittance matrix of the
transformer can be obtained using:

Y =  + jωC (4.84)

 = k(R + jωL)−1kT (4.85)

where , R, L, and C denote the nodal impedance, resistance,
inductance, and capacitance matrices, respectively. k is the incidence
matrix, kT represents its transpose, and ω is the angular frequency. The
impedance matrix Z can be obtained by inverting the admittance matrix
Y. The procedure for computing these matrices is described below.

4.4.1. RESISTANCE AND INDUCTANCE MATRICES
The resistance and inductance matrices are defined as branch impedance
matrices. Their diagonal elements represent the self-resistance and
self-inductance of the winding sections, while the off-diagonal elements
represent mutual coupling between sections. Since the parameters
are frequency-dependent, these matrices must be updated at each
frequency point of interest.

4.4.2. INCIDENCE MATRIX
The incidence matrix transforms branch-domain resistance and induc-
tance matrices into their corresponding nodal-domain representation. It
encodes the winding topology, including star (Y) and delta connections,
through an appropriate arrangement of its elements. The matrix
contains only three values:

• 1 if a branch starts at a node,

• −1 if a branch ends at a node,

• 0 if the branch is not connected to the node.

4.4.3. CAPACITANCE MATRIX
The capacitance matrix is defined in the nodal domain. Its diagonal
entries represent the sum of all capacitances connected to a given
node, while the off-diagonal elements represent the negative of the
capacitance between the corresponding pair of nodes.
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4.5. CONCLUSION
This chapter presents a detailed analytical framework for modeling
the frequency-dependent impedance of transformer windings, with
an emphasis on the physical interpretation and separation of flux
components. The formulation is structured around the decomposition
of magnetic flux into core and air (leakage) components, enabling their
individual contributions to be quantified and subsequently combined
within a unified model. For the core flux, analytical expressions for
the mutual impedance between winding turns are derived, explicitly
accounting for the finite conductivity and permeability of the magnetic
core. To represent the leakage flux, a magnetic vector potential-based
approach is employed, where the solution of the Helmholtz equation in
cylindrical coordinates accurately captures skin and proximity effects in
round conductors. The framework is further extended for rectangular
conductors by discretizing them into equivalent round conductors,
thereby enabling efficient high-frequency modeling without a significant
loss of accuracy.

By combining these techniques, the transformer admittance matrix has
been constructed using frequency-dependent resistance, inductance,
and capacitance matrices. This matrix-based representation facilitates
the inclusion of the high-frequency behavior of transformer windings in
system-level simulations, while remaining computationally efficient.

The analytical framework established in this chapter provides a
reliable and versatile basis for transformer modeling across a wide
frequency range. In the next chapter, the application of this model
to real transformers and winding geometries is presented, along with
comparisons to experimental results to validate its accuracy and
effectiveness.
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EMT-BASED TRANSFORMER

MODELS FOR FAST TRANSIENTS

The purpose of computing is insight, not numbers.

Richard Hamming

This chapter presents the validation and practical implementation of the
proposed high-frequency transformer modeling methodology through
a series of case studies. Three representative configurations are
examined: a high-voltage (HV) winding, a three-phase transformer, and
a single-phase transformer published in CIGRÉ JWG A2/C4.52. For these
cases, the high-frequency characterizations and voltage distributions
are computed and compared with measurements in the frequency and
time domains. To enable efficient transient simulations, model order
reduction using Kron reduction is applied, and voltage amplification
is analyzed to retain the most critical nodes. The reduced models
are subsequently fitted using vector fitting and enforced for passivity,
allowing their integration into EMT-based simulation environments.

Parts of this chapter have been published in:

• F. Nasirpour, T. Luo, M. G. Niasar, and M. Popov. “Multi-Winding Power
Transformer Modeling for Fast-Front Transients”. In: IEEE Transactions on Power
Delivery (2025), pp. 1–13

• F. Nasirpour, A. Heidary, M. G. Niasar, A. Lekić, and M. Popov. “High-frequency
transformer winding model with adequate protection”. In: Electric Power
Systems Research 223 (2023), p. 109637
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5.1. INTRODUCTION
In the previous chapter, the methodology for determining the parameters
of a high-frequency transformer model was discussed. In this chapter,
the proposed approach is applied to three case studies. These include
two power transformers with rated powers of 48 MVA and 50 MVA, as
well as a high-voltage (HV) winding consisting of 22 disks.
The HV coil is specifically designed to allow access to the terminals of
each disk, thereby enabling voltage distribution measurements along
the winding. It is important to note that the modeling of the three-phase
transformer is conducted by modeling each phase independently, after
which the phases are interconnected to form the complete three-phase
configuration.

5.2. TRANSFORMER CHARACTERISTICS
Under the assumption of linear behavior, the relationship between
voltages V and currents  at different nodes of the transformer windings
can be expressed as:

V = Z (5.1)

When node j is excited by a current j, the resulting node voltages can
be calculated as follows [99]:
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(5.2)

Using Equation (5.1), the voltage distribution within the transformer
windings can be determined. These results can subsequently be
validated against experimental measurements in the frequency or time
domain. It should be noted that in Equation (5.2), the end of the excited
winding is grounded.

5.3. HIGH VOLTAGE WINDING
To validate the modeling approach using a geometry of reduced
complexity, the method is first applied to a high-voltage (HV) winding
before proceeding to more comprehensive transformer case studies. The
HV winding consists of 22 disks, as depicted in Figure 5.1, where each
disk is treated as one section in the model. Detailed coil specifications
are provided in Table 5.1.

The coil includes wound-in electrostatic shields between the turns,
designed to improve capacitive voltage distribution and enhance overall
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transformer reliability by mitigating nonlinear voltage distribution within
the winding. The resulting capacitances are calculated under the
assumption of linear voltage distribution in the windings and shields,
again employing the energy method introduced in Chapter 2. Since the
stored electric energy between the shields and turns is included in the
total energy calculation, the resulting equivalent capacitance values are
higher. Due to prolonged exposure to open air, the paper insulation
in the coil has absorbed a significant amount of moisture. While this
moisture introduces additional dielectric losses, measurements show
no noticeable change in the relative permittivity of the insulation. To
incorporate the effect of dielectric losses, the following loss tangent
model is employed, as given in [100]:

tn δ = 1.082 × 10−8 ·ω + 40 × 10−3 (5.3)

Figure 5.1: An illustration of the HV winding. Arrows indicate the winding
direction.

To validate the model, voltage distribution measurements are
performed along the winding at various terminals and across a range
of frequencies using an Omicron Bode 100 instrument. Measurements
are conducted with 50 Ω terminating resistors. Figures 5.2 and 5.3
compare the measured and modeled voltage ratios at nodes 3 and
13, respectively. The close agreement confirms the accuracy of the
modeling methodology and parameter extraction.
Transient simulations are also carried out by applying triangular voltage
pulses with rise times of 5 µs and 3 µs, and a fall time of 0.3 µs,
as shown in Figure 5.4. The resulting voltage responses at nodes
13 and 15 are measured and compared with the simulation results in
Figures 5.5 and 5.6, respectively. Nodes 13 and 15 were selected as
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Table 5.1: HV Coil Parameters

Parameter Value

Number of disks 22
Number of turns per disk 40
Conductor dimensions 1.8 mm × 8 mm
Insulated conductor dimensions 3.11 mm × 9.31 mm
Radial build 125.5 mm
Inner diameter 750 mm
Outer diameter 1001 mm
Vertical distance between disks 4 mm
Disks with 3 turns of shields 4
Disks with 2 turns of shields 4
Disks with 1 turn of shields 4
Disks with no shields 10

Figure 5.2: Voltage ratio at node 3 relative to the terminal voltage.

the highest voltage amplification occurs near the center of the winding.
The observed oscillations at 40 kHz in both cases match the first
anti-resonance frequency predicted by the model. These simulations
confirm the model’s fidelity in the time domain as well.

To underscore the significance of frequency-dependent inductance
modeling, a separate model is developed using constant inductance
values derived from [101]. In this simplified model, skin and
proximity effects are neglected. The results show not only magnitude
discrepancies but also significant phase shift errors when compared
to measurements. This highlights the need to incorporate frequency
dependence into the inductance formulation, as also emphasized in the
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Figure 5.3: Voltage ratio at node 13 relative to the terminal voltage.

Figure 5.4: Excitation signals applied to the HV winding.

CIGRÉ Working Group A2/C4.52 [56]. For example, the voltage at node
15 predicted by the constant-parameter model is included in Figure 5.6
for comparison. Based on this figure, one might conclude that the
simplified model is sufficiently accurate for the first 10-20 μs. While
the voltage profiles match well during the first few microseconds in this
particular case, this behavior cannot be generalized to all transformers.
The winding under study exhibits high dielectric losses, which result
in closely matched amplitudes between the full and simplified models.
However, in other cases, this assumption may not hold. Furthermore,
the resonance points predicted by the frequency-dependent model can
differ significantly from those obtained using a simplified approach.
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Figure 5.5: Voltage at node 13: model vs. measurement (5 µs rise time).

Figure 5.6: Voltage at node 15: model vs. measurement (3 µs rise time).

5.4. THREE-PHASE TRANSFORMER
The second case study involves a three-phase transformer with a rated
power of 48 MVA. In addition to the conventional high-voltage (HV)
and low-voltage (LV) windings, this transformer is equipped with a
tap changer consisting of two coarse layer-type windings and one fine
multi-start winding, providing a total of 23 tap positions. Except for
the HV winding, where each disk is modeled as a separate section,
each turn is considered as one section in all other windings. The
general specifications of the transformer are provided in Table 5.2. In
this table, G1, G2, and FW represent the transformer’s tap changer
windings. Specifically, G1 and G2 refer to the coarse windings, while
FW represents the fine winding. Due to confidentiality agreements, full
access to the transformer’s detailed design data is restricted by the
manufacturer.
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Table 5.2: Three-Phase Transformer Parameters

Component Parameter Value

Transformer
Rated Power (MVA) 48
Rated Voltage (kV) 150/11.2
OLTC +12 / −11 steps of

2.5 kV

LV Winding
Type Layer
Number of Layers 4
Number of Turns 142

HV Winding
Type Disk
Number of Disks 90
Number of Turns 900

G1 Winding
Type Layer
Number of Layers 1
Number of Turns 144

G2 Winding
Type Layer
Number of Layers 1
Number of Turns 144

FW Winding
Type Multi-start
Number of Steps 7
Number of Turns 126
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To investigate the influence of the magnetic core on high-frequency
behavior, the complete transformer model incorporates both core- and
air-flux contributions to the conductors’ impedance. Figure 5.7 shows
the terminal impedance of the HV winding of phase R, obtained from
three modeling variations. The figure illustrates that when skin and
proximity effects in conductors are accounted for, the high-frequency
responses with and without considering the core converge. This occurs
because, at higher frequencies, significant phase shifts emerge between
different winding sections, effectively cancelling the flux contributions
within the core. Consequently, the net magnetomotive force (MMF)
becomes nearly zero, and the resultant core flux is negligible. The
theoretical basis of this phenomenon is discussed in Chapter 3.

Figure 5.7: Terminal impedance of the HV winding of phase R.

Conversely, when skin and proximity effects are neglected, the
high-frequency response deviates markedly. The substantial phase
shift between winding sections implies that the differences in leakage
impedance values across sections dictates the transformer’s high-
frequency behavior. Neglecting skin and proximity effects results in
significant modeling errors, not only in loss estimation but also in the
prediction of resonance frequencies. At lower frequencies, however, the
transformer behavior is dominated by the magnetic core. Therefore,
accurate modeling of core losses is essential to ensure reliable initial
conditions for transient simulations. By including eddy current losses in
both the core and the conductors, the model’s accuracy across a broad
frequency range is significantly enhanced.

To validate the model, the frequency response of the transformer is
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measured and compared with the simulation results. On-site frequency
sweep measurements are performed using a DV FRA500 instrument.
Figure 5.8 presents a comparison of the HV terminal impedance of
phase R obtained from the model and the measurement, conducted
at the lowest tap changer position. The good agreement observed
validates the proposed modeling approach. The remaining differences
between the simulated and measured responses could be attributed to
unmodeled elements such as bushings, tap leads, tank.

Figure 5.8: Comparison of measured and simulated terminal impedance
of the HV winding of phase R.

5.5. SINGLE-PHASE TRANSFORMER
The third case study examines a single-phase transformer with a rated
power of 50 MVA, as presented in CIGRÉ JWG A2/C4.52 Technical
Brochure No. 904. The internal layout of this transformer is illustrated
in Figure 5.9. The transformer includes four windings: tertiary (TV), low
voltage (LV), high voltage (HV) and regulating (RW, tap changer).

In the model, each turn of the TV winding and each disk of the
LV winding is treated as a single section. For the HV winding, each
double disk is modeled as one section, while every 10 disks of the RW
winding are grouped into a single modeling element. As this transformer
is studied without oil, moisture absorption could influence insulation
characteristics. In the absence of specific dissipation factor data in the
brochure, dielectric losses are considered using Equation (5.3). The
internal electrical connections and terminal designations are shown in
Figure 5.9, with terminals labeled as follows: 1 (H1), 2 (X1), 3 (Y1), and
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4 (Y2).

Figure 5.9: Internal connections and labeling of the single-phase trans-
former according to CIGRÉ JWG A2/C4.52 [102].

Figure 5.10 presents a comparison of the admittance characteristics
obtained from both the developed model and the measurements. The
measurement data are provided by the CIGRÉ JWG A2/C4.52 working
group, as reported in [56, 102]. To further validate the model,
time-domain simulations are performed. In the first simulation case,
the standard lightning impulse (1.2/50 us) is applied to the HV terminal
(H1), and the resulting responses at the terminals X1, Y1 and R1 are
recorded. In this case, the terminals H0 and X0 are grounded, while the
TV winding is left floating. In the second case, lighting impulse is applied
to the LV terminal (X1) and responses are measured at H1, Y1, and R1
under the same grounding and floating conditions. The comparisons for
both cases, shown in Figures 5.11 and 5.12, indicate a good agreement
between the measured and simulated responses.

To examine the effect of core losses on transformer behavior, the
impedance of the HV winding is evaluated for three different equivalent
conductivity values: 10 S/m, 1.5 S/m, and 0 S/m, as shown in Figure 5.13.
Since typical equivalent conductivity values for power transformers are
below 10 S/m, variations in this parameter predominantly affect the
amplitude of the resonance peaks in the low-frequency range.
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Figure 5.10: Comparison of admittance matrix elements for the CIGRÉ
transformer: model vs. measurements.

Figure 5.11: Responses at terminals X1, Y1, and R1 to a lightning
impulse applied at HV terminal H1.
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Figure 5.12: Responses at terminals H1, Y1, and R1 to a lightning
impulse applied at LV terminal X1.

Figure 5.13: HV winding impedance obtained for different equivalent
conductivity values.
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5.6. EMT-BASED SOFTWARE IMPLEMENTATION
With a validated model, time-domain transient studies can be performed
by implementing the model within an EMT-based simulation environment.
However, because of the large number of sections and the high
dimensionality of the admittance matrix, direct implementation for
transient analysis is computationally unpractical. To address this, the
admittance matrix must first be reduced to a smaller order while
preserving the essential dynamic characteristics relevant to the study.

The Kron reduction technique is employed to reduce the original
admittance matrix to a lower-order representation that retains the
behavior of selected nodes of interest. This reduction can be performed
using the following expression:

Y
′

j
= Yj −

YkYjk

Ykk
for , j ̸= k (5.4)

where k denotes the row and column to be eliminated.
To identify the most critical nodes, the amplification factor (AF) is
used. It quantifies the relative voltage amplification at internal nodes
compared to the terminal node. The amplification factors were analyzed
across frequencies, and nodes exhibiting the highest voltage amplitudes
at dominant resonances along with the terminal nodes are retained in
the reduced model. The AF when the excitation is applied to terminal
node  is defined as [99]:

AF =
Vj

V
=
Zj

Z
(5.5)

where V is the terminal voltage and Vj is the voltage at internal node j.
Figure 5.14 illustrates the voltage amplification along the HV winding of
the three-phase transformer under sinusoidal excitation at 18 kHz. This
frequency corresponds to the first anti-resonance point observed in the
terminal impedance (Figure 5.7) when the magnetic core is neglected.
The highest voltage amplification—up to 10 p.u.—is observed in the
middle section of the winding.

Alternatively, it is possible to observe only the terminal nodes and
compute their corresponding voltages. By applying Equation (5.2) in the
frequency domain and then using a modified Fourier transform [103],
the time-domain voltages can be accurately obtained. This approach
enables detailed reconstruction of the voltage distribution along the
transformer winding. Figure 5.15 shows the voltage distribution in the
HV winding of the transformer following the application of a standard
lightning impulse (1.2/50 μs). The maximum voltage in the center of
the winding reaches approximately 0.8 p.u., which, given the typical
amplitudes of lightning impulses, is significantly high. The waveform
exhibits oscillations at 18 kHz—again aligning with the first anti-
resonance point when neglecting the core—indicating this frequency’s
dominant contribution due to its high amplification factor.
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Figure 5.14: Voltage amplification in the HV winding of the three-phase
transformer at 18 kHz.

Figure 5.15: Voltage distribution in the HV winding upon applying a
standard lightning impulse.
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Following the matrix reduction, vector fitting and passivity enforcement
algorithms [104–108] are applied to the reduced admittance matrix to
ensure stability and physical reliability in the time domain. The final
reduced-order model can then be implemented in an EMT software
environment. Figure 5.16 compares the terminal impedance of phase R
obtained from the original model and the reduced model implemented
in EMT-environment. The characteristics shown correspond to the
maximum tap position, with the original matrix (of order 1944) reduced
to a model with only six terminals.

Figure 5.16: Terminal impedance of phase R: comparison between the
original and the reduced model implemented in EMT-
environment.

5.7. CONCLUSION
This chapter presented the application and validation of the proposed
high-frequency transformer modeling approach through three compre-
hensive case studies: a standalone high-voltage winding, a three-phase
power transformer, and a single-phase transformer published in the
CIGRÉ Technical Brochure. For each case, the model accurately
predicted both frequency and time-domain responses, demonstrating its
robustness and practical relevance.

In the first case, detailed voltage distribution measurements along
the HV winding showed excellent agreement with the simulation
results, validating the accuracy of the analytical derivation and
parameter extraction procedures. The second case highlighted the
physical mechanisms underlying high-frequency transformer behavior,
particularly the role of phase shifts and flux cancelation in rendering
the magnetic core ineffective at higher frequencies. These insights
reinforced the importance of accounting for skin and proximity effects in
conductors to capture resonant phenomena accurately. In the third case,
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the model effectively reproduced admittance and transient responses
of a well-documented transformer configuration, further validating its
general applicability.

To enable implementation in EMT-based simulation environments,
model order reduction via Kron reduction and voltage amplification
analysis was employed. This allowed for the retention of critical nodes
while significantly reducing the computational burden. The reduced
models were subsequently fitted and enforced for passivity, enabling
accurate transient studies in EMTP-type tools.

Overall, the chapter demonstrates that the developed modeling
framework not only captures the relevant high-frequency phenomena
with high accuracy but also enables practical integration into widely-used
EMT simulation platforms. This makes it a valuable tool for transient
studies in which transformers play a crucial role.



6
MACHINE LEARNING-BASED

ESTIMATION OF
FREQUENCY-DEPENDENT

TRANSFORMER IMPEDANCE

A computer is like a violin. You can imagine it making beautiful music,
but you have to learn how to play it

Paraphrased from ideas attributed to Marvin Minsky

This chapter presents a machine learning-based methodology for effi-
ciently estimating the frequency-dependent impedance of transformer
windings, with particular focus on the air-flux component. While the
analytical approach developed in earlier chapters provides accurate
results, it remains computationally intensive, especially when applied to
large transformer models. To address this, a data-driven framework is
introduced that leverages local conductor interactions to predict self and
mutual inductance and resistance. The methodology is validated using
the single-phase transformer from CIGRE JWG A2/C4.52, with time- and
frequency-domain comparisons confirming the fidelity and efficiency of
the proposed approach.

Parts of this chapter have been published in:
• F. Nasirpour, M. Ghaffarian Niasar, and M. Popov. “Machine Learning-Based

Estimation of Frequency-Dependent Transformer Parameters for Fast-Front
Transient Studies”. In: IEEE Transactions on Power Delivery (accepted) (2026).
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6.1. INTRODUCTION
In the previous chapters, a framework for developing high-frequency
transformer models was presented. The accurate computation of
model parameters has a significant impact on the fidelity of these
models. Among all parameters, the frequency-dependent inductances
and resistances are the most computationally intensive to calculate.
Chapter 4 introduced an analytical approach that offers substantial
efficiency improvements compared to the finite element method (FEM).
However, it remains time-consuming and resource-intensive, which may
not be ideal for all types of studies.

One potential solution is to approximate the frequency-dependent
inductances and resistances using functional representations. However,
identifying such functions is challenging because of the complex
interactions between conductors in arbitrary geometries and the wide
variety of transformer designs. To address this challenge, data-driven
methods are considered. These approaches enable the estimation
of parameters with acceptable accuracy while significantly reducing
computational costs compared to analytical or numerical methods.

The following presents a procedure for applying machine learning (ML)
techniques to estimate frequency-dependent transformer parameters.

6.2. METHODOLOGY
For an accurate transient model, it is essential to incorporate frequency-
dependent inductances and resistances, which arise from eddy current
losses in both the core and conductors over a broad frequency range. In
Chapter 4, an analytical method was developed that separately accounts
for these contributions: the core component, representing eddy currents
in the magnetic core, and the air component, which captures the
effects of eddy currents in the conductors. The core component is
computationally inexpensive and can be calculated rapidly. In contrast,
the air component requires significantly more effort as a result of
the complex electromagnetic interactions among the conductors. To
address this computational burden, we propose an ML-based approach
for efficient estimation of the p.u. length air component.

The objective is to train a model that takes as input the geometry of
interest along with the frequency range and outputs the corresponding
frequency-dependent inductance and resistance matrices. However,
two major challenges arise. First, transformer designs vary considerably,
not only in conductor size and insulation but also in the number of
turns, making the input size variable. Second, the number of elements
in the impedance matrices can be large. For example, a transformer
with 1000 turns has 500,500 unique inductance elements, which
makes the training procedure challenging.While it may seem reasonable
to neglect distant conductors in the inductance matrix due to their
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presumed minimal influence, this assumption does not hold for compact
transformer geometries. In such configurations, all conductors are in
close proximity, and none of the inductance or resistance elements are
truly negligible. Omitting these contributions would compromise the
accuracy of the model, particularly in high-frequency transient studies.
Therefore, all elements should be retained in the calculation to ensure
fidelity in the electromagnetic representation.

To overcome these challenges and simplify the training process, a
novel strategy is proposed that inherently fixes the input size and
enables the model to be trained on a single value at a time. Before
elaborating on the method, consider the geometry shown in Figure 6.1.
Due to skin and proximity effects, the presence of other conductors
affects the self-inductance and resistance values of the conductor ,
as well as the mutual inductance and resistance between conductors
 and j. Thus, for an accurate model, it is necessary to consider
not only the conductor(s) of interest but also their interactions with
nearby conductors. Considering this, the problem can be reformulated
as follows: instead of training the model on the entire transformer
geometry, where each geometry represents a single observation, we
focus on the conductor(s) of interest and their k-nearest neighbors. In
other words, the model takes the conductor(s) of interest and their
k-nearest conductors as input and learns to predict the self- or mutual
inductance and resistance. This allows us to handle varying transformer
geometries with a uniform model structure. In this way, the input size of
the model is fixed and independent of the total number of turns in the
transformer, enhancing its generality and scalability.
Consider again Figure 6.1 as one observation. Suppose that the goal is
to train a model to predict the self-inductance of the conductor  with
k = 8. The model takes as input the characteristics (coordinates and
dimensions) of the conductor  and its eight nearest conductors, the
target being L at a specific frequency. Another observation can involve
conductor j and its eight nearest neighbors, with target Lj. However, the
input vectors for  and j may appear identical even though L ̸= Lj. This
is because the inductance also depends on the position of the conductor
in the winding. Conductors located near the center are more affected
by surrounding conductors than those at the periphery.
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Figure 6.1: Example geometry with highlighted conductor of interest.

Moreover, the self-inductance and resistance of conductor  also depend
on the total number of conductors in the geometry. For instance,
Figures 6.2 and 6.3 show the self-inductance and resistance of a
conductor located at the center of windings with 81, 121, 441, and
625 total turns. In other words, in Figures 6.2 and 6.3, the impedance
of the same conductor is calculated while progressively increasing the
number of neighbouring turns included in the computation. The physical
dimensions and the position of the reference turn (, y), remain
unchanged in all cases; only the extent of the surrounding winding
region considered in the calculation is varied. Figure 6.4 depicts the case
with 81 turns, where the conductor under consideration is highlighted
in red. It is evident that the total number of conductors significantly
affects the impedance of each turn. A more compact geometry leads to
stronger interactions.
To capture this effect, an additional feature, representing the relative
position of the conductor of interest, is included in the input vector.
The relative position of a conductor is defined with respect to the inner
and outer winding boundaries. This enables the model to distinguish
geometries with different numbers of turns and predict the target values
more accurately, based on both relative and absolute positions.

This strategy provides several key advantages. Firstly, the model can
learn how geometrical features such as conductor radii and positions
influence inductance and resistance values. Secondly, it alleviates the
need to generate a massive dataset of transformer geometries. If the
entire geometry is used as the input, then each geometry corresponds
to one training sample, necessitating a highly diverse set of transformer
designs. In contrast, under the proposed method, each geometry with n
turns contributes n training samples for self-inductance (or resistance)
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Figure 6.2: Variation of self-inductance with the total number of turns.

Figure 6.3: Variation of resistance with the total number of turns.

Figure 6.4: Transformer winding with 81 turns. The conductor of interest
is shown in red.
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and n(n − 1)/2 samples for mutual inductance (or resistance). Hence,
a dataset comprising m transformer designs with a total of N turns
provides only m training instances in the conventional approach,
whereas it yields m × N samples for self-inductance and m × N(N − 1)/2
for mutual inductance in the proposed method. It should be noted
that although conductors located symmetrically with respect to the top
and bottom of the winding may exhibit similar inductance values, they
still form distinct feature–target pairs for training the machine-learning
model. This is because their relative spatial positions within the winding
are different, resulting in different feature inputs (e.g., normalized
(, y)) even when the corresponding inductance values are identical.
This allows the model to learn the dependence of the impedance
parameters on the conductor’s position. Furthermore, the number
of conductors per geometry can remain relatively small (e.g., 200 to
1000), significantly reducing the data generation burden. Once trained,
the model can be applied to transformers with any number of turns,
provided the number of conductors is at least k + 2, where k is the
number of nearest neighbors considered. This is not feasible under the
conventional approach, where each training instance corresponds to a
one transformer geometry.

In the next section, we discuss the implementation of this methodology
in detail.

6.3. TRAINING A MODEL
Training a machine learning model involves several essential steps.
Each of these steps is described in the following subsections.

6.3.1. DATA GENERATION
As stated earlier, the goal of the trained model is to estimate the
air-flux component of the impedance matrix. To this end, the accurate
analytical method developed in Chapter 4 is employed to generate
training data. A total of 5000 different geometries are created, each
with a varying number of turns ranging from 200 to 1000. Table 6.1
summarizes the parameters and configurations used in generating these
geometries. The objective at this stage is to demonstrate the feasibility
and generalization potential of the proposed method rather than to
cover all possible designs

6.3.2. DATA PREPARATION
After generating the data, a Python-based preprocessing routine is
developed to prepare the data for training. This routine processes the
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Table 6.1: Range of parameters used for generating synthetic trans-
former geometries.

Parameter Description Range

Nturns Number of turns per geometry 200 – 1000
range Horizontal extent of winding (m) 0.15 – 1.00
r Conductor radius (m) 0.0005 – 0.007
dturn Turn-to-turn insulation (m) 0.0001 – 0.005
dcoil Coil-to-coil insulation (m) 0.0001 – 0.010
dwinding Winding-to-winding insulation (m) 0.050 – 0.200

raw output and breaks it into individual observations. For example, in
the case of self-inductance prediction, each observation includes:

• The features of the conductor of interest (e.g., coordinates and
radius),

• The features of its k-nearest neighbors based on Euclidean distance,

• The relative position of the conductor within its respective geometry.

This processed dataset is then used to train the ML model. To ensure
robust performance and avoid data leakage, the dataset is partitioned
into three subsets: training, validation, and test sets. These subsets are
generated from mutually exclusive geometries, ensuring that the model
is evaluated on entirely unseen configurations during testing.

6.3.3. MACHINE LEARNING ALGORITHM
In this study, the eXtreme Gradient Boosting (XGBoost) algorithm
is selected to predict the inductance and resistance values of high-
frequency transformer models. XGBoost is a highly efficient and
scalable implementation of gradient boosting that provides excellent
predictive performance and computational speed, particularly with large
datasets [110]. One of the key features of XGBoost is its built-in
regularization mechanism, which penalizes overly complex models
to prevent overfitting and enhance generalization [111]. XGBoost
constructs an ensemble of decision trees sequentially, where each new
tree attempts to correct the residual errors of the previous ensemble
[112].

Mathematically, the prediction ŷ is defined as an additive function of
M trees [112]:

ŷ = F(X) =
M
∑

m=1

ƒm(X) (6.1)
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where X = { | ∈ Rn} denotes the input feature vectors, y = {y |y ∈ R}
represents the target values, and ƒm(X) is the prediction from the m-th
tree. The ensemble combines weak learners into a strong predictor
through the boosting framework [112].

The optimization objective involves minimizing a loss function (y, ŷ)
that quantifies the difference between the predicted and true values.
For regression tasks, the squared error is commonly used. The update,
for each new tree gm is given by [112]:

gm = rgmin
g

k
∑

=1

(y, ƒm−1(X) + g) (6.2)

where ƒm−1(X) is the output from the previous m− 1 trees. This iterative
correction mechanism enables the model to gradually reduce residual
errors.

To further enhance the model performance, Optuna’s Bayesian
optimization framework [110] is used for hyperparameter tuning. The
following hyperparameters are optimized:

• Number of boosting rounds,

• Learning rate (step size shrinkage),

• Maximum tree depth,

• Minimum sum of instance weights per node,

• Subsample ratio of training instances,

• Subsample ratio of features,

• Minimum loss reduction required to make a split,

• L1 regularization term (reg_alpha),

• L2 regularization term (reg_lambda).

It worth mentioning that the parameter k defines the model’s input
size and is fixed during training. Using a different k during prediction
would result in a dimension mismatch, as the trained model architecture
corresponds to a specific input size.

6.4. RESULTS AND DISCUSSION
In this section, the performance of the trained model is evaluated on
the test dataset. Then, the model is applied to generate the complete
high-frequency model for a single-phase transformer as reported in
CIGRE JWG A2/C4.52.
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6.4.1. MODEL PERFORMANCE EVALUATION
Table 6.2 presents the Mean Squared Error (MSE) and coefficient of
determination R2 metrics for self- and mutual inductance at various
frequencies for the test dataset. This table also shows the percentage
of the predictions with errors higher than 5%. The numbers of
predictions for self- and mutual inductances in this table are about
80 thousand and 10 million, respectively. A similar level of accuracy
is observed for self-resistance parameters. The consistently low MSE
values demonstrate the model’s high predictive accuracy, while the
R2 metric confirms a strong correlation between predicted and actual
values for all cases. Figure 6.5 illustrates the predicted versus actual
values for a self-inductance at 100 kHz. The 45-degree reference line
represents perfect accuracy, and it can be observed that nearly all
predictions fall within the 5% error band. Only 0.08% of predictions
exceed this threshold, demonstrating the robustness of the proposed
approach. Moreover, the same level of accuracy is maintained across
the entire frequency range, ensuring reliable predictions for a wide
frequency range.

Table 6.2: MSE and R2 metrics for self- and mutual inductance for
different frequencies, respectively.

Frequency (kHz) MSE (×10−5) R2 > 5%
1 2.6, 2.2 0.999, 0.999 0, 2.29

10 9, 4 0.999, 0.998 0.23, 3.96
100 4.9, 2.2 0.999, 0.999 0.08, 1.8

1000 20, 55 0.995, 0.998 1.34, 5

6.4.2. TRANSFORMER MODELS
For the actual application, the one-phase transformer from CIGRE JWG
A2/C4.52 is used. Figure 6.6 presents the impedance of the HV
winding obtained using the accurate analytical method compared to the
characteristic obtained through the application of the ML model. As
observed, the ML-based model achieves a high level of accuracy. It
should be noted that while the analytical method requires approximately
12 hours to compute the parameters, the ML model completes the
task within two minutes, demonstrating a significant computational
advantage.
To further evaluate the model’s performance, a time-domain comparison
is performed. For these tests, lightning impulse signals are applied to
the HV and LV terminal while all other terminals remain open. Figure 6.7
presents the results obtained from the ML-based model and compares it
with experimental measurements and analytical model.



6

102 6. Machine Learning-based Estimation of Frequency-Dependent
Transformer Impedance

Figure 6.5: Predicted values obtained from ML vs actual values obtained
from an accurate analytical method.

Figure 6.6: Input impedance of the HV winding obtained through ML and
analytical methods.
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Figure 6.7: Time-domain responses to lightning impulse.

6.5. CONCLUSION
This chapter presents a machine learning-based methodology for
estimating the frequency-dependent impedance of transformer windings.
The proposed approach addresses the computational limitations of
conventional analytical and numerical methods by introducing a
scalable framework that learns from geometric configurations and their
localized electromagnetic interactions. It should be noted that the
machine-learning model estimates the air-flux component of the winding
inductances and resistances, which is independent of the core geometry;
thus, the core type does not affect the applicability of the approach in
this chapter.

The key innovation is in reformulating the problem so that the
model is trained on individual impedance elements rather than on
entire matrices. By focusing on the conductor(s) of interest and their
k-nearest neighbors, the method ensures fixed-size input vectors and
generalizes well across transformer designs with varying numbers of
turns. This approach drastically reduces the training complexity while
increasing the number of effective training samples. The trained
model, based on the XGBoost algorithm with hyperparameter tuning
via Bayesian optimization, demonstrates high predictive accuracy for
both self- and mutual impedance components across a wide frequency
range. Performance evaluation using extensive test data shows
excellent agreement with analytical results, with less than 1% of the
self-impedance and less than 5% of mutual impedance predictions
exceeding a 5% error threshold. Finally, the model was validated
against a transformer case from CIGRE JWG A2/C4.52. It successfully
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reproduced both frequency-domain and time-domain behaviors with
a high degree of accuracy, while reducing computational time from
hours to minutes. This demonstrates the model’s potential for fast,
reliable integration into high-frequency transformer modeling workflows.
Although the proposed training approach is expected to remain valid for
different winding configurations, since the data generation is performed
per unit length in a two-dimensional domain, it is recommended to
further investigate its performance for alternative configurations, such
as pancake windings. Moreover, the present machine learning model is
not suitable for predicting mutual resistance values, as certain elements
exhibit small negative values that adversely affect learning stability.
Finally, for accurate prediction of the parameters of previously unseen
geometries, the winding dimensions must fall within the ranges used
during training. The number of turns, however, does not constitute a
limiting factor, as discussed earlier.
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CONCLUDING REMARKS AND

RESEARCH OUTLOOK
What we know is a drop, what we don’t know is an ocean.

Isaac Newton

7.1. INTRODUCTION
This thesis presented a comprehensive analytical and data-driven frame-
work for modeling the high-frequency behavior of power transformers.
Motivated by the growing need for physically consistent and computa-
tionally efficient transformer models in electromagnetic transient (EMT)
simulations, the work emphasized a white-box modeling approach that
incorporates fundamental electromagnetic principles while leveraging
modern numerical tools and machine learning to enhance accuracy and
efficiency.

The research covered a broad spectrum—from fundamental un-
derstanding of physical phenomena to practical implementation and
validation—resulting in a set of modeling tools suitable for both academic
investigation and engineering applications.

7.2. SUMMARY OF MAJOR CONTRIBUTIONS
The main contributions of this thesis can be summarized as follows:

• A systematic numerical investigation was conducted to study
the influence of conductor and core eddy current losses on
high-frequency winding behavior. It was shown that while core
losses dominate at lower frequencies, conductor eddy current
losses become the primary factor at high frequencies. Notably,
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even with a laminated magnetic core present, the generated net
magnetic flux diminishes due to distributed phase shifts along the
winding, leading to a magnetically passive core behavior at higher
frequencies.

• A comprehensive analytical formulation was developed to model
frequency-dependent winding impedance. This included the
calculation of mutual and self-impedance, considering both leakage
and core flux components. Skin and proximity effects were
analytically captured in this formulation.

• The analytical model was validated through three extensive case
studies. These included a high-voltage winding, a three-phase
transformer, and a single-phase benchmark transformer reported
by CIGRÉ JWG A2/C4.52. The model demonstrated high agreement
with measured and simulated results across both frequency and
time domains, confirming its physical accuracy and practical
applicability.

• For time-domain simulation compatibility, the full admittance
matrix obtained analytically was subjected to Kron reduction to
retain only critical nodes, significantly reducing model complexity.
Additionally, passivity enforcement techniques were applied to
ensure stability in EMT tools such as EMTP-RV, enabling reliable
integration into power system studies.

• To overcome the computational burden associated with analytical
or numerical impedance extraction for large systems or parameter
sweeps, a machine learning framework was developed. This
method reformulated the problem to estimate frequency-dependent
parameters using localized geometric inputs. Using XGBoost and
Bayesian optimization, the model achieved high prediction accuracy
and scalability, while significantly reducing computation time from
hours to minutes.

7.3. KEY FINDINGS
Several important insights emerged from this research:

• Transformer impedance is governed by different physical phenom-
ena across the frequency spectrum. At low frequencies, the
magnetic core dominates the behavior, while at high frequencies,
conductor eddy current losses and associated phase shifts become
more critical.

• The common assumption that the effects of the core become
negligible at high frequencies is supported by cancellation of
magnetomotive forces.
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• Accurate high-frequency modeling requires the simultaneous eval-
uation of both resistance and inductance. Treating these quantities
independently—common in many simplified methods—can lead
to physically inconsistent results, particularly regarding damping
behavior and transient response.

• Analytical modeling, when structured around electromagnetic field
theory and enhanced with efficient approximations, offers a
physically transparent yet computationally tractable alternative to
fully numerical methods such as FEM.

• Machine learning techniques can augment or even replace tradi-
tional modeling approaches in certain contexts—especially when
rapid evaluation is required for multiple transformer designs or
optimization tasks.

7.4. LIMITATIONS OF THE STUDY
Despite the comprehensive scope and demonstrated capabilities,
the developed framework has several limitations that should be
acknowledged:

• Applicability to foil windings: The proposed modeling framework
is not well suited for transformers with foil windings. Accurately
representing a foil conductor using multiple round strands requires
a large number of conductors, which significantly increases the
model complexity and computational burden. In these cases, full
numerical methods such as FEM may be more appropriate.

• Magnetic nonlinearity and hysteresis: The model assumes a
linear, isotropic magnetic core and does not account for saturation,
hysteresis, or core layout. While this simplification is valid for
high-frequency conditions, it limits the model’s accuracy under
fault scenarios or core saturation effects.

• Mutual resistance prediction in ML model: The current
machine learning model does not predict mutual resistance with
sufficient accuracy. This limitation directly affects the damping
behavior of the overall model.

7.5. FUTURE RESEARCH DIRECTIONS
The work presented in this thesis opens several promising avenues for
future exploration:

• Nonlinear magnetic effects: Incorporating factors such as
magnetic saturation and hysteresis would improve model fidelity.
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• Hybrid modeling: Combining analytical modeling with deep
learning or graph neural networks may further enhance the
scalability and generalization of transformer models, particularly
for system-level simulations or design optimization.

• Application to monitoring: One way to detect mechanical or
electrical faults in the transformer windings is by applying FRA.
One of the main challenges of the FRA is the interpretation of
results, which often depends heavily on user expertise. To address
this, recent research has introduced automated techniques—such
as mathematical indices and AI-based classifiers—to improve
diagnostic reliability. However, these methods typically rely
on experimental data, which may be limited or difficult to
generalize. The modeling approach presented in this study
offers a complementary solution by enabling the generation
of synthetic data under various fault scenarios, including disk
spacing variation, axial displacement, and turn-to-turn faults. The
simulated impedance changes can be used to train diagnostic
models with greater accuracy and robustness, thereby enhancing
the reliability of health assessments based on FRA. In summary, the
proposed models could serve as a foundation for online condition
monitoring, fault localization, and predictive maintenance by
correlating impedance changes with evolving transformer health.

7.6. FINAL REMARKS
This thesis established a unified and physically grounded modeling strat-
egy for capturing the high-frequency behavior of power transformers.
The synergy between electromagnetic field theory, numerical validation,
and machine learning resulted in a powerful yet practical modeling
suite. The developed models address the pressing need for accuracy,
transparency, and efficiency in transformer simulations—particularly in
the context of digital substations, power-electronic interfaced grids, and
renewable energy integration.

By bridging the gap between academic rigor and engineering utility,
this work contributes not only to the advancement of transformer
modeling but also to the broader effort of enhancing power system
resilience and reliability in the face of growing complexity.
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