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Simulation of Ultrasonic Beam Propagation
From Phased Arrays in Anisotropic Media Using

Linearly Phased Multi-Gaussian Beams
Chirag Anand , Steven Delrue, Hyunjo Jeong, Sonell Shroff, Roger M. Groves , and Rinze Benedictus

Abstract— Phased array ultrasonic testing is widely used
to test structures for flaws due to its ability to produce
steered and focused beams. The inherent anisotropic nature
of some materials, however, leads to skewing and distortion
of the phased array beam and consequently measurement
errors. To overcome this, a quantitative model of phased
array beam propagation in such materials is required, so as
to accurately model the skew and the distortion. The exist-
ing phased array beam models which are based on exact
methods or numerical methods are computationally expen-
sive or time consuming. This article proposes a modeling
approach based on developing the linear phased multi-
Gaussian beam (MGB) approach to model beam steering
in anisotropic media. MGBs have the advantages of being
computationally inexpensive and remaining non-singular.
This article provides a comparison of the beam propagation
modeled by the developed ordinary Gaussian beam and
linear phased Gaussian beam models through transversely
isotropic austenitic steel for different steering angles. It is
shown that the linear phased Gaussian beam model outper-
forms the ordinary one, especially at steering angles higher
than 20◦ in anisotropic solids. The proposed model allows
us to model the beam propagation from phased arrays in
both isotropic and anisotropic media in a way that is com-
putationally inexpensive. As a further step, the developed
model has been validated against a finite element model
(FEM) computed using COMSOL Multiphysics.

Index Terms— Anisotropy, beam modeling, multi-
Gaussian, ultrasonic transducer arrays.

I. INTRODUCTION

WHEN applying phased array ultrasonic non-destructive
testing (NDT) in industry [1], [2], it is necessary

to consider some challenges the generated ultrasonic beam
is facing while propagating through anisotropic and layered
materials. These challenges include beam skewing and beam
diffraction due to anisotropy. Hence, this requires dedicated
modeling of the phased array beam propagation as an integral
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part of an overall ultrasonic measurement model and also to
understand the anisotropy effects and factor them in during
practical applications. The differences between isotropic and
anisotropic media are given in the following paragraph.

Isotropic homogeneous media are media in which the mate-
rial properties are the same throughout the material and in
all directions. Hence, in such materials, the velocity of the
ultrasonic beam is independent of the direction of propagation.
Anisotropic homogeneous materials have material properties
which are direction dependent and hence the velocity of the
propagating ultrasonic beam is also dependent on the direction
of propagation.

Single transducer ultrasonic beam modeling has been per-
formed by using different approaches. Some of the exact
methods that exist require to model the transducer as a
superposition of point sources [3] or to use the edge element
method [4]. These methods become computationally expensive
due to multiple integrals of high-frequency oscillations on the
face of the transducer and at interfaces. Another method is
to model the wavefield by a superposition of plane waves at
the face of the transducer (angular spectrum) [5]–[7], as plane
waves can be analytically transmitted and reflected from planar
interfaces. Although this method can be used for anisotropic
materials, it is not viable for curved interfaces as it leads to
singularities. Other non-paraxial approximation methods apply
numerical methods such as the finite element method (FEM)
[8], [9] and the boundary element method (BEM) [10]. These
numerical methods can be used for all complex interfaces and
for anisotropic materials, but they become computationally
very expensive, especially in the case where 3-D models
are required. Some other methods for beam modeling, such
as applying the full-wave methods by Green’s solution to
the dispersive wave equation [11], using nonlinear acoustics
[12]–[17], etc., have been explored for isotropic homogeneous
and inhomogeneous media, but have yet to be applied to
layered anisotropic media. An alternative method which is
based on paraxial approximation is to model the radiation as
a superposition of Gaussian beams. As Gaussian beams are
based on paraxial approximation, it has been shown that it is
possible to analytically calculate the reflection and transmis-
sion of such beams at planar and curved interfaces [18]–[20].
Following this work, Huang [21] developed the multi-Gaussian
beam (MGB) model for a single transducer to simulate prop-
agation through an anisotropic medium. Following Huang’s
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work, the MGB model for a single transducer was then applied
to composite curved parts [22].

A phased array consists of multiple transducer elements to
which time delays can be applied, allowing the steering of the
ultrasonic beam in any desired direction or to focus the beam at
a specific location. Beam steering and focusing of phased array
transducers have been studied extensively by Azar et al. [23],
which led to the formulation of time delay laws. To predict
the wave field generated from arrays, single-element models
such as the Rayleigh Sommerfeld have been expanded and
used [24]. However, the exact and numerical models for multi-
element transducers face the same drawbacks, as stated earlier
for the single-element models. Kim et al. [25] generated the
basis sets for rectangular-shaped array elements by applying
intelligent use of the circ function. Park et al. [26] then
expanded the MGB model to calculate the wave field from a
phased array in isotropic materials. It was observed that beam
steering above 20◦ was not accurately calculated as the beam
is steered at an angle exceeding the paraxial limit of about
20◦. To facilitate beam steering beyond the paraxial limit,
an MGB model based on the application of linear phasing on
the array element face was developed for wavefield simulation
in isotropic structures by Huang et al. [27].

The application of anisotropic materials such as austenitic
steel and carbon fiber-reinforced plastic (CFRP) in nuclear
energy and aerospace industries has increased in the past few
years. The NDT of such structures requires an understanding
of wave propagation through anisotropic media. This has led
to the expansion of the MGB model for a single-element
transducer to include the effects of the slowness surface, which
was then used to simulate the wave field in a graphite/epoxy
composite [28]. As phased arrays are being used extensively
for non-destructive inspection of such structures, it is also
necessary to understand the beam propagation from arrays in
such anisotropic structures.

The purpose of the current article is to combine the linear
phasing method [27] with the MGB model for phased arrays
in anisotropic media to calculate the ultrasonic beam propa-
gation in anisotropic structures. Simulation results using both
the ordinary MGB (OMGB) and the linearly phased MGB
(LMGB) models for beam propagation through austenitic steel
at different steering angles will be presented.

In Sections II and III, the theoretical basis of the OMGB
and LMGB models for anisotropic media is described, starting
from the MGB model for a single-element transducer and
extending toward the models for phased array transducer
radiation into anisotropic media. In Section IV, ultrasonic
beam simulations in austenitic steel are compared using both
the OMGB and LMGB models, and the results are verified by
means of an FEM simulation in COMSOL Multiphysics. This
article ends with conclusion in Section V.

II. BACKGROUND THEORY OF THE PARAXIAL MGB
MODEL FOR BEAM PROPAGATION IN

ANISOTROPIC MEDIA

This section entails the preliminary theory of Gaussian beam
propagation in anisotropic media. Consider a single circular
transducer of diameter 2a with its emitting surface lying in
the xy-plane and its normal pointing in the z-direction. The

Fig. 1. Transducer radiating a Gaussian beam at an angle θ (group
velocity direction).

z�-axis is taken along the group velocity direction (i.e., at an
angle θ with respect to the normal direction z) and the x �z�-
plane is taken as the plane of incidence as shown in Fig. 1.

Wen and Breazeale [19] determined that only ten Gaussian
beam coefficients An and Bn were required to represent an
ultrasonic beam. These coefficients were given in their seminal
paper [19]. Using these coefficients, the velocity amplitude
v and the phase M of a Gaussian beam in a solid can be
described by the solution of the paraxial equation [21] as

v=v0

10�
n=1

An

√
det[M(z�)]√
det[M(0)] d exp

�
iω

�
z�

up
+ 1

2
XT M(z�)X

��
(1)

with

M(0)n = 2 i Bn

ωa2 , M(z�) = M(0)

�
I + D

cp
spM(0)

�−1

(2)

and

sp = cp

�
(cp − 2C) −D

−D (cp − 2E)

�
. (3)

In (1) and (2), ν0 and M(0) are the initial velocity and
phase amplitudes at the transducer face, X(x�, y�, z�) are
the coordinates in the group velocity direction, and d is the
polarization vector. I is the identity matrix, ω is the angular
frequency, and cp and up are the magnitudes of the phase
velocity and group velocity, respectively. The parameters C, D,
and E in (2) and (3) are the slowness surface curvatures, which
are measured in the slowness coordinates. They determine
the rate of divergence or convergence of the beam due to
diffraction. These parameters are obtained by expanding the
z� component of the slowness vector s0 using a Taylor series
expansion as follows:

sz� = s0 + Asx � + Bsy� +
�

C − 1

2s0

�
s2

x � + Dsx �sy�

+
�

E − 1

2s0

�
s2

y� (4)

where sx � , sy� , and sz� are the slowness vector components
and s0 is the slowness value. Expansion of the slowness
vector also gives the parameters A and B which are
related to the deviation or skew of the group velocity
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from the slowness direction. For an isotropic material,
A = B = C = D = E = 0.

In practical applications, transducer arrays mainly consist
of rectangular-shaped elements of a fixed length and width.
Hence, in Section III, (1) is modified for transducer arrays
with rectangular-shaped elements.

III. ORDINARY AND LINEARLY PHASED MGB MODELS

FOR PHASED ARRAY BEAM PROPAGATION IN

ANISOTROPIC MEDIA

A. Development of the OMGB Model for Phased Arrays

The first model developed in this article to calculate the
ultrasonic beam propagation from an array of transducers
in anisotropic media is based on the expanded MGB model
developed for an array of rectangular transducers [26], [29] in
isotropic media. First, this expanded MGB model for element
j developed for isotropic media is shown below

vj = d exp

�
iω

z

cp

�
10�

m=1

10�
n=1

v0
An Am�

1 + cpz[Mmn(0)]11
�
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× exp
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2
XTMmn(z)X

�
(5)

where

[Mmn(0)]11 = i Bm

D1
, [Mmn(0)]22 = i Bn
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D1 = k pa2
1

2
, D2 = k pa2

2

2
(6)

[Mmn(z)]11 = [Mmn(0)]11

1 + cpz[Mmn(0)]11

[Mmn(z)]22 = [Mmn(0)]22

1 + cpz[Mmn(0)]22

[Mmn(z)]12 = [Mmn(z)]21 = 0. (7)

The subscripts in (7) are the indices for matrix elements. For
isotropic materials, the group velocity and the phase velocity
are equal, hence in (5) the phase velocity cp is used. k p is the
wavenumber and a1 and a2 are the width and the length of
the rectangular transducer, respectively. An , Am , Bn , and Bm

are the Wen and Breazzle coefficients as stated before.
Now, in this article, the OMBG for anisotropic media is

developed by modifying (5) using parameters from and by
using some simple linear algebra and matrix rearrangement.

The OMGB model for the array in anisotropic media is
formulated as shown below, where now the angle of incidence
is in the group velocity direction, hence the rotated coordinates
are now X�(x�, y�, z�):

vj = d exp

�
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� 10�
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For anisotropic media, Mmn(z�) is modified as

Mmn(z�) = Mmn(0)

�
I + D

cp
Sp Mmn(0)

�−1

. (9)

The normalized velocity field from an array of transducers can
be then given as follows:

v =
N�

j=1

vj exp(iωtj ) (10)

where tj is the time delay applied to the j th array element to
focus and steer the beam and ν j is the normalized velocity
field of a single element.

For both focusing and steering the beam, the time delay tj
to be applied is given by [24]

tj = F

cp

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎣1 +

�
Nd

F

�2

+ 2Nd

F
sin θ j

⎤
⎦

1/2

−
⎡
⎣1+

�
( j − N )d

F

�2

+ 2( j − N)d

F
sin θ j

⎤
⎦

1/2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

.

(11)

Here, F is the focus distance, d is the pitch of the element,
N = (N − 1)/2 where N is the number of elements, and θ j

is the steering angle of each element.
In anisotropic media, it is important to have accurate angles

of propagation from the element to the desired point as the
velocity used to calculate the time delays is dependent on the
angle of propagation of the beam. Using the ray theory [30]
and tracing the ray from element j to the desired point at a
distance F and angle θ j , we calculate the phase velocity along
this ray. Using this calculated phase velocity, we then apply
the accurate time delay to the element.

As has been observed in the work done by Park et al. [26],
the OMGB model fails when the beam is steered above 20◦
in isotropic media. It is shown later in this article that the
same behavior is observed in anisotropic media. To solve this
problem, a linear phasing is applied to the array elements,
as shown in Section IV. The LMGB beam model is then mod-
ified to simulate phased array ultrasonic beams in anisotropic
structures.

B. Development of LMGB From an Array Into
Anisotropic Media

Huang et al. [27] showed that by introducing a continuous,
linearly varying phase on the face of the transducer, a steered
sound beam can be produced from a virtual transducer which
has its axis in the steering direction. They also showed that
the phasing of a Gaussian beam would shift it to a steering
direction which is still within the paraxial limit.

The nonparaxial expansion given by Zhao and Gang [31],
though appropriate for a single-layered isotropic medium,
is not suitable for a multi-layered anisotropic medium due to
the fact that the formulation does not support the formation of
M matrices which reduce the complexity when dealing with a
multi-layered anisotropic medium. When dealing with layered
media, the M matrices can be further decomposed into A, B,
C, and D matrices which make beam radiation calculation in
layered media simpler.

Hence, the linear phasing on the face of the transducer
can be applied by rotating the coordinates in the required
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Fig. 2. Rotated coordinates in the steering direction.

steering direction from the central axis of the array θ as shown
in Fig. 2.

Doing so, the coordinates and the M(0) matrix have to be
modified to simulate the linear phasing over each element. The
velocity also has to be multiplied by an amplitude correction
factor (1/ cos θ j ), as shown in the following equation. Because
of the anisotropic nature of the material, θ j has to be calculated
separately for each element using ray theory. It might be added
here that θ j corresponds to the steering angle from element j ,
whereas θ corresponds to the steering angle from the center
of the array

v �
j (x �, y �, z�)= 1

cos θ j
v j

⎛
⎝x → x �, y → y �, z → z�, d → d �

M(0)→ 1

cos2 θ j
M(0)

⎞
⎠ .

(12)

Using the OMGB model for a phased array in anisotropic
media and modifying it to including the amplitude correction
factor and the modified phase, the velocity field for the j th
element is given as

vj = exp(ikz�)d �
10�

m=1

10�
n=1

An Am�
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Directivity of the element also plays an important role in an
array. The directivity for each element [24] is given as

Dr = sin[(kpa1 sin θ j )/2]
(k pa1 sin θ j )/2

(16)

where kp is the wavenumber.

The directivity can then be included in (13) as follows:

v�
j = Dr exp(ikz�)d �
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An�
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Section III-C presents details on how the FEM simulation was
carried out.

C. Development of the FEM Model Using COMSOL

The numerical model was computed using commercially
available FEM software COMSOL Multiphysics. An implicit
solver is used to solve this problem. The construction of the
FEM model in COMSOL comprises the following steps.

1) Construction of Geometry: For verifying the model at
hand, it consists of a 2-D rectangular domain repre-
senting an anisotropic material with a number of line
elements at the upper boundary which represent the
array elements.

2) Definition of the Domain and the Boundary Conditions:
For the domain, this consists of the definition of material
properties (density and elastic tensor). A boundary force
is applied on the array elements. These take into account
the time delays to be applied to focus and steer the beam.
For the other boundaries, perfectly matching layers
(PMLs) are defined to model an infinitely large domain
so as to reduce the reflections from the boundaries.

3) The computational region has to be discretized into
smaller elements (i.e., mesh elements) on which the
solutions will be calculated. For this problem, quadratic
triangular Lagrange elements are chosen. For ultrasonic
propagation problems, it is recommended that the ele-
ment size should be lesser than λ/6, where λ is the
wavelength [32].

4) Postprocessing of the Output: The model output is then
postprocessed to remove the shear wave contributions.
This is done by using a spatial Fourier transform to
identify the wavenumber of the shear waves and the
longitudinal waves. The shear wave contribution is then
filtered out and an inverse Fourier transform returns only
the longitudinal wave contribution in the beam.

For this article, the COMSOL model consisted of a rec-
tangular domain of 80 mm × 100 mm with mesh elements
of the size of λ/7. The PMLs of dimensions 100 mm ×
20 mm are defined at the boundaries of the rectangular domain.
The domain material properties are user-defined, as shown
in Table I.

Fig. 3 shows an example where the beam is steered at
an angle of 20◦. In Fig. 3(a), the wavefield consists of both
quasi-longitudinal and quasi-shear waves. Fig. 3(b) shows the
wavenumbers present, where kx is the wavenumber component
in the x-direction and kz is the wavenumber component in the
z-direction. The lower kz corresponds to the quasi-longitudinal
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TABLE I
MATERIAL PROPERTIES

wave. Fig. 3(c) shows the wavefield after filtering out the shear
wave contribution. The beam field now consists of the quasi-
longitudinal wave.

IV. SIMULATION RESULTS

In this section, we present results simulated by the OMGB
and LMGB models for linear phased arrays in anisotropic
materials. These models were programed and executed using
MATLAB 2016. These results are also verified by comparing
them to the results obtained by a numerical FEM implemented
in the commercially available software package COMSOL
Multiphysics. The anisotropic material considered here is
austenitic steel (transversely isotropic) with the following
elastic constants [10].

The phased array ultrasonic transducer modeled consists
of 32 elements, with an element pitch of 0.49 mm, an element
width of 0.49 mm, and a center frequency of 2.25 MHz. The
beam profile is computed to a depth of 80 mm in the solid
and with a desired beam focus F at 40 mm.

In the following sections, we will first illustrate the beam
distortion effects for specific materials. Next, we will compare
the OMGB and LMGB models for angles below the paraxial
restriction, and after that, we will present the comparison and
verification of the LMGB model for angles above the paraxial
restriction.

A. Effect of Slowness Surface Curvatures on the Beam

Fig. 4 shows the slowness surfaces of austenitic steel
for quasi-longitudinal (qp), quasi-shear horizontal (qsh), and
quasi-shear vertical (qsv) waves [see Fig. 4(a)], as well as the
variation of the C and E parameters [see Fig. 4(b)] and the
beam skew [see Fig. 4(c)].

To show the effect of the slowness parameters on the beam
propagation, the values are artificially varied from C = E = 0
(isotropic case) to C = E = −4.9 mm/μs. Beam profiles are
obtained using the OMGB model for 0◦ propagation and are

Fig. 3. (a) Beam field with quasi-longitudinal and quasi-shear waves.
(b) Wave numbers corresponding to quasi-longitudinal and quasi-shear
waves. (c) Beam field consisting of only quasi-longitudinal waves.

shown with the corresponding curvature values in Fig. 5. The
desired focus F is 40 mm and the steering angle θ is 0◦. It can
be seen that as the curvature values move toward 0, the beam
extends, whereas for larger negative curvature values, the beam
moves toward the face of the transducer (compression).
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Fig. 4. Beam field using (a) slowness surfaces, (b) slowness surface
curvatures C and E, and (c) beam skew.

B. Comparison of the OMGB and LMGB Models Below
the Paraxial Limit

Figs. 6 and 7 show the comparison between the OMGB and
LMGB models steered at an angle of 0◦ and 10◦, respectively,
and focused at 40 mm. As can be seen in Figs. 6 and 7,
both the LMGB and OMGB models are approximately the
same for angles below 20◦. The slowness curvature values

Fig. 5. Beam field: (a) C = E = 0, (b) C = E = −2.5 mm/μs, and
(c) C = E = −4.9 mm/μs.

for the steering angle 0◦ are C = E = −4.18 mm/μs
and for the steering angle 10◦ are C = −2.4856 mm/μs
and E = −3.0292 mm/μs.
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Fig. 6. Beam field at a steering angle of 0◦ using (a) OMGB, (b) LMGB,
and (c) on-axis magnitude.

C. Comparison of OMGB, LMGB, and FEM Models
Above the Paraxial Limit

Fig. 8(a)–(c) shows the beam propagation calculated using
COMSOL, LMGB, and OMGB models, respectively, when the
beam is steered at an angle of 30◦ with slowness curvature
values, C = 1.4888 mm/μs and E = 0.7769 mm/μs. As can
be seen in the figures, the shape and the structure of the beam

Fig. 7. Beam field at a steering angle of 10◦ using (a) OMGB, (b) LMGB,
and (c) on-axis magnitude.

are maintained for the COMSOL and LMGB cases, whereas
it breaks down for the OMGB model. Fig. 9(a)–(c) shows the
on-axis pressure calculated by the three modeling techniques
for steering angles 20◦, 30◦, and 45◦, respectively. It can be
seen that at higher steering angles, the on-axis magnitude
calculated using the OMGB model is drastically different from
the LMGB and COMSOL models. Fig.10(a)–(c) shows the
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Fig. 8. Beam field using (a) COMSOL, (b) LMGB, and (c) OMGB for a
steering angle of 30◦.

on-axis pressure calculated by the three modeling techniques
for steering angles 20◦, 30◦, and 45◦, respectively, in the
decibel scale (dB). Fig. 11 shows a comparison between the
LMGB and OMGB models for different angles at different
on-axis distances in the dB scale. It is observed that as the
angle of propagation increases, the relative error in the far-
field increases.

Fig. 9. On-axis beam fields calculated using the analytical and numerical
models for the steering angles of (a) 20◦, (b) 30◦, and (c) 45◦.

V. DISCUSSION

It is seen from Fig. 8 that the shape and the structure of the
beam remain intact for both the numerical (COMSOL) and
LMGB models, whereas the beam loses its shape and structure
when computed using the OMGB model. This is attributed to
the beam from the array elements not being in the paraxial
limit. The linear phasing applied to the elements in the LMGB
model shifts the axis for each element in the steered direction,
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Fig. 10. On-axis beam fields calculated using the analytical and
numerical models for the steering angles of (a) 20◦, (b) 30◦, and (c)
45◦ in the decibel (dB) scale.

hence maintaining the paraxial limit in the steering direction.
It is also noted that the magnitude curve for FEM falls slower
than that using analytical models, hence the beam appears to
extend for a longer distance. Two factors have been attributed
to this: 1) the array elements used in the analytical models have
finite lengths and widths, whereas in the COMSOL simulation
though the array elements have a finite width, their lengths
are relatively infinite affecting the beam extension and 2)

Fig. 11. Difference in on-axis amplitudes (dB) for different steering
angles between the LMGB and OMGB models.

the slowness surface curvatures control the beam diffraction
effects, and these curvature values are approximates found
by fitting a second-order polynomial. Using higher order
polynomials might give more accurate slowness curvature
values eliminating this discrepancy too. While comparing the
normalized magnitude of the on-axis pressure of the three
models, it is seen that the COMSOL and LMGB models
show the same shape and structures with an error of ±1 dB,
as seen from Fig. 10 of the maximum magnitude, in contrast
to the OMGB model. The slight discrepancy in the normalized
magnitude in the COMSOL and LMGB models is attributed
to the fact that the normalization depends on the magnitude at
the surface of the elements which might differ using both the
approaches as it is in the near field of the beam.

It is also seen from Fig. 4 that the C and E slowness
parameters control the beam diffraction. The beam is seen to
move toward the transducer (compression) when the slowness
values are varied from 0 to −4.9 mm/μs. Hence, for austenitic
steel, even though the focus required is 40 mm, the beam
moves toward the transducer with a focus at 15 mm. This is
consistent with the anisotropy factor AF [33] as shown below:

AF = C44

C33
+ (C13 + C44)

2

C33(C33 − C44)
. (18)

For an isotropic material, AF is unity, whereas for austenitic
steel, it is 2.51. This means that traveling along the z-axis in
the austenitic steel, the equivalent distance that the beam has to
travel in an isotropic material to achieve the same diffraction
is 2.51z.

Fig. 3(c) shows the beam skew angles, but by applying the
time delays, it is seen from Figs. 7 and 8 that the skewing can
be overcome.

At this point, it can also be noted that though the numerical
model was able to predict the beam propagation, a rela-
tively larger amount of computational resources and time as
compared to the MGB models were required to compute
it. The LMGB/OMGB models took 180 s on a personal
computer with 8 GB of RAM, whereas the COMSOL model
took 400 s on a computer with 32 GB of RAM. Also,
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restrictions were placed on the highest frequency which can be
modeled.

VI. CONCLUSION

This article proposes a modeling approach for anisotropic
media using phased arrays to optimize the inspection of such
structures. The modeling approach uses the LMGB model to
calculate the beam fields in anisotropic media. Comparisons
between the OMGB model and the LMGB model, and as
verified by a numerical model, show that the LMGB model is
able to predict beam fields successfully even when the beam is
steered above 20◦. It is also seen that owing to the anisotropic
nature of the material, beam compression takes place due to
which the location of the focal point also changes. Beam
skewing is also observed due to the anisotropic nature of the
material which is compensated by calculating the appropriate
time delays.
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