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ARTICLE INFO ABSTRACT

Keywords: Schlieren imaging is a widely applied optical technique for visualizing small refractive index changes in
Acousto-optics transparent media. An emerging application of schlieren is real-time monitoring and optimization of ultrasound
AC°‘}SU° levitation pressure fields for acoustic levitation applications. However, the typically nonlinear relationship between
Schlieren the schlieren intensity and the pressure field complicates deducing the latter from the former. Here, we
Ultrasonic phased arrays . . . . s . .
Standing waves propose a method to remove this nonlinear relationship, thereby permitting a more quantitative analysis of

the pressure variations in the levitation field. By exploiting the harmonic nature of the pressure field using
phase-shifted stroboscopic schlieren images we extract the linear part of the schlieren intensity. This linear part
is proportional to the instantaneous pressure gradient. The method is successfully employed experimentally
and validated by comparing it to simulated acoustic levitation fields. Thereby, our work paves the way towards
an improved quantitative analysis of periodic schlieren images that is easily implemented and is particularly

suitable for the analysis of ultrasound pressure fields for acoustic levitation applications.

1. Introduction

Already in the 19th century the idea that matter can be trapped
and moved via acoustic waves has captivated scientists [1]. During
the last decades, acoustic control over ultrasonic pressure fields has
improved tremendously and enabled independently translating and
levitating objects within a 3D volume [2-7]. Since it imposes nearly
no limitations — apart from weight-restrictions — on material properties
for successful lifting, acoustic levitation offers significant advantages
over other levitation techniques [8,9]. Consequently, it has been pro-
posed and adapted for a variety of applications, including container-
less processing [10-12], volumetric displays [13,14], omnidirectional
microscopy [15] and (micro-) assembly processes [9,16].

With the advances of acoustic levitation based applications arises
a growing need for accurately and rapidly measuring the ultrasound
fields hosting the levitation traps. A straightforward procedure to
achieve this is scanning the field using a microphone [17]. How-
ever, this method is not ideal since the microphone interacts with
the acoustic field and the point-wise measuring of the 3D acoustic
grid is time-consuming. Furthermore, the resolution is limited by the
microphone size. Optical methods have been found to be a suitable
alternative to the microphone due to their non-invasive nature. Inter-
ferometric techniques — such as laser Doppler vibrometry — allowed for
the accurate reconstruction of the 3D ultrasound field [18]. Yet, the
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imaging occurs on a pixel-to-pixel basis as a single laser beam has to
scan the full 3D field.

A wide-field alternative is measuring the ultrasound fields using
schlieren imaging. In a schlieren imaging setup local pressure variations
in the levitation field lead to small refractive index gradients. These
lead to a weakly modulated phase of the light, which in the geometric
optics picture gives rise to a slight deflection of light rays. Partly
blocking the light in the focal plane permits admixing the otherwise
small phase-variations to the amplitude at the screen. Hence, measuring
the light intensity after traversing the levitator with a conventional
camera allows real-time observation of the ultrasound field. Due to its
simplicity and speed, the schlieren method has recently increasingly
been employed for the qualitative analysis of ultrasound fields [19-21]
and for optimizing the levitator design [22,23]. Furthermore, the in-
stantaneous mapping permits the simultaneous observation of the field
and the levitated particle, granting further insights such as the effect of
particle shape on levitation characteristics [24,25].

The difficulty of schlieren imaging lies in the accurate interpretation
of the relation between the measured optical intensity and the ultra-
sound pressure values. This restricts most schlieren observations of lev-
itation fields to only hold qualitative information. Both the calibration
of the schlieren system, and the distinction between schlieren contribu-
tions related to the pressure gradient and other intensity contributions,
present challenges to be overcome before quantitative information on
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Fig. 1. The schlieren system and its illumination methods. (a.) The schematic overview of the schlieren system (not to scale for convenience of presentation) and the amplitude
and phase of the modeled input field p,,. (b.) The observed schlieren image of an acoustic field with a focal point in r = (0,0,0) (p,,comax & 3-4kPa) when driving the LED with a
continuous signal. A line-cut through x = 0mm of the image (pink) and when no pressure field is present (gray) i.e. the background illumination, is shown in (c.). (d.) Schlieren
image of the acoustic field with focal point in r = (0,0,0) (p,eomex & 1.4kPa) for a pulsed LED signal. (e.) Line-cuts for x = Omm of the stroboscopic schlieren image (pink) and
when no pressure field is present (gray). When using this LED setting, the obtained schlieren image line-cut displays similarities to the theoretically estimated intensity (dotted

line).

the pressure field can be obtained from the schlieren data. For the first
requisite, typically a known refractive index gradient is measured to
obtain the calibration factor for the system, an example of which being
the thin lens method [26]. The second requirement presumes a good
understanding of the impact of the acoustic field on the light field to
distinguish between the intensity variations depending linearly on the
gradient of the ultrasound pressure field and intensity contributions
originating from other, potentially nonlinear, sources. It is commonly
assumed that there is only a linear relationship between the measured
intensity and the pressure gradient [26]. We will show that nonlinear
contributions can play an important role.

In this article, we provide a methodology for estimating ultrasound
pressure gradients from schlieren images that works in the presence
of nonlinear contributions to the schlieren image. We will provide
experimental data on standing-wave fields, generated by ultrasound
transducer arrays for acoustic levitation, indicating that, in addition
to linear contributions, higher order (i.e. nonlinear) intensity varia-
tions can be distinguished in schlieren images of these standing-wave
based acoustic levitation fields. As a consequence of these nonlinear
contributions, the identification of the schlieren signal ascribable to
the pressure field gradient becomes more complicated. We propose
that the schlieren intensity can be separated in a linear and nonlinear
component by exploiting their individual temporal behavior. By apply-
ing this separation method to our experimental schlieren images, we
can extract the linear intensity component and use it to successfully
reconstruct the pressure gradient of the ultrasound field. By comparing
this reconstructed pressure gradient to the simulated pressure field we
obtain a good agreement, providing evidence for the validity of the
methodology.

2. Schlieren intensity

The schlieren system used in this article is a single mirror system;
a pinhole with radius R = 75pm and a knife-edge, parallel to the x-
axis, are placed at twice the focal distance 2f=4.064 m of a parabolic
mirror, see Fig. 1(a). An image of the pinhole is projected on the
knife-edge plane. The knife-edge then blocks the light within roughly
a half-space [26,27]. The acoustic levitator consists of two ultrasound
transducer arrays which generate spatiotemporal pressure variations
p(x, y, z, 1) that slightly modulate the refractive index of air: n(x, y, z,7) ~
1 4+ kp(x,y, z,1). The constant k corresponds to x ~ 2.7 x 10~ Pa~! for
visible light in air at atmospheric pressure at room temperature [26,
28]. We consider a light beam that propagates through the schlieren
setup (Fig. 1(a)) and traverses the pressure field approximately parallel

to the optical axis in the z-direction. The inset plots of Fig. 1(a) depict
the amplitude and phase of an averaged pressure field p,n(x,y) that
was obtained by averaging the original pressure field p(x,y, z) along
the z-direction over the length L of the pressure field, i.e. p,p(x, y,1) =
% /OL p(x,y,2',1)dz'. The pressure field in the figure was generated by
configuring all transducers in the arrays such that they constructively
interfere at an acoustic focal point at position r=(0,0,0), thus creating
a locally confined high pressure amplitude.

Upon passing through the spatially modulated pressure field, the
light will acquire an additional phase shift ¢(x, y,t) = 2kqLkp,p(x, y,1).
Here, ky = 2/ 4, is the wave number of the light, and the factor two is
due to the light passing twice through the pressure field (cf. Fig. 1(a)).
We assumed that the change in refractive index is sufficiently small,
such that we can use the integrated field along the z-direction to obtain
the cumulative effect. Without going further into the details of how
the schlieren system transforms phase modulations ¢(x, y) to intensity
modulations, it can generally be stated that the three-dimensional
pressure field p(x,y,z,t) will be mapped to a two-dimensional light
intensity distribution I(x,,y,,7) on a screen with coordinates (x,, y,).
This projection can be described by an instantaneous mapping F
pop(x, y) = I(xg, y5).

It is known from schlieren theory [26] that, for sufficiently small
pressure variations, there is a linear relation between the intensity
and the y-component of the pressure gradient (perpendicular to the
knife-edge) which can be approximated as
10y v 1) & To(x0 ) |1+ €220, pp (% % t)] + 002 )
where m is the optical magnification of the projected pressure field on
the screen, and ¢, is a linear factor that relates pressure gradients to
intensity variations. Without loss of generality, for the rest of this paper
we will assume that we work with a magnification m = 1 to simplify
the analysis, such that I(x,, y,,t) = I(x,y,1).

A key question with respect to the interpretation of schlieren im-
ages is whether the higher order terms (D(pgD) in Eq. (1) can be
neglected. This question can be answered by evaluating the time-
averaged intensity (I(x;, y,.?)),. For a harmonically oscillating pressure
field p,p(x,y.1) = pop(x,y)cos(wt) (i.e. a standing wave), the time
average of the pressure dependent term should be zero in the absence
of higher order terms. Yet, schlieren measurements of the acoustic
focal point under continuous illumination in Fig. 1(b), (c) clearly
show an intensity modulation. In the absence of the acoustic field this
modulation fully disappears (gray curve in Fig. 1(c)), suggesting that
this modulation is not due to the pressure independent background
Iy(x,, y,). We furthermore note that the wavelength of the modulation
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is halved compared to the pressure field wavelength (1 = 8.6 mm) which
makes it reasonable to assume that the intensity modulation is caused
by the higher order term O(p3)).

For comparison, we show in Fig. 1(d), (e) the schlieren image for
stroboscopic illumination operated at the transducer frequency w, such
that the acoustic field is probed at a specific moment of its oscillation
cycle. Probing the same acoustic field containing the focal point, it
appears that the modulation amplitude is roughly twice as large and
the wavelength of the intensity modulation matches the pressure field
wavelength.

The dotted line in Fig. 1(e) also shows a theoretical estimate of the
schlieren intensity based on Eq. (1) (excluding (D(pgD) terms) where I,
has been determined from the gray curve, the pressure field is modeled
as given in Section 3.3 and ¢, is chosen such that the minimum of the
measured and theoretical intensity coincide. While the general behavior
is reasonably described by the linear approximation, the positive am-
plitudes of the experiment and theory show an apparent discrepancy.
Based on the observations in Fig. 1(b)-(e) it has become clear that the
higher order terms O(pgD) can impact the schlieren image.

From the measurements in Fig. 1, we can thus deduce that the
mapping function F requires a nonlinear dependency on p,, such
that the time averaged intensity will not reduce to zero. In general,
given that we consider a harmonic pressure field (p,p(x, ) cos(wr)), it
makes sense to expand the intensity variation (I,) as a Fourier-series
to acquire the time-dependency of the schlieren intensity,

I(x,y,1) = Ip(x,y) + I(x, y.7)
Iy(x,y) + ay + a; cos(wt) + a, coswt) + -+ 2

where [, is the pressure independent background of our schlieren
system and a, = a,(x,y) with n=0,1,2, ... are the Fourier coefficients.
It follows from Eq. (2), as outlined in more detail in supplemental Sec.
1, that we obtain the following expression for the schlieren intensity,

I1(x,y,t) = 1y(x,y) + I,(x, y) cos(wt) + I,(x, y) cos* (i) + ... 3)

Here, according to Eq. (1), I;(x,y) ~ ¢;2LIy(x,y)9,p,p(x,y) and I,
represents second-order contributions of the pressure. We neglect all
other contributions I, corresponding to Fourier coefficients with n > 3.
This expression for the intensity appears not only formally reasonable,
but also in light of the experimental observation presented in Fig.
1(b)-(e).

Note that in the case of continuous illumination, as shown in Fig.
1(c), the modulations in the measured intensity can be explained by
the presence of the term I,(x, y), because (I(x, y)), — Io(x,y) = %Iz(x, »).
The nonlinearities in the schlieren system that give rise to I, are rather
complex and their discussion is out of the scope of this article. Instead,
in this work we propose a method to separate out the I, terms in Eq. (3)
to facilitate more quantitative analysis of the schlieren images, as will
be addressed in the following.

3. Implementation of phase-shifted stroboscopic schlieren tech-
nique

In this section, we discuss a proposed methodology to isolate the
linear intensity contribution I, from the other terms in Eq. (3), which
can then be used to estimate the pressure gradient using I,(x,y) =
¢2L1y(x, y)d,pop(x, y). First, the method and its practical implemen-
tation in our schlieren imaging setup is presented. After that, the
model used for estimating the pressure field of the acoustic levitator
is described.

3.1. Extracting I, by phase-shifted strobing

For a schlieren intensity that obeys Eq. (3), it follows that the linear
intensity contribution I, (x, y) can be extracted using the relation:

I(x,y,tl)—l(x,y,tl+£)=211(x,y,t=t1). (€)]
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Thus, in order to extract the linear schlieren contribution /; it suffices
to measure the intensity at two times (¢, and ¢, + T/2 =, + n/w, with
T denoting the period). This permits establishing a simple relationship
of the measured intensity and the pressure gradient at a given time ¢,.
We can experimentally realize the measurement at the two moments
t, and t; + T /2, corresponding to acoustic field phases that are phase
shifted by =, using stroboscopic illumination at angular frequency
equal to that of the generated ultrasound field. The LED strobe time ¢,
is chosen to coincide with the moment at which 7, and the pressure
at the trap are maximal, and define our timescale such that #; = 0 in
Eq. (4). Therefore, Eq. (4) is the core of the proposed methodology for
extracting I, by phase-shifted stroboscopic schlieren measurements.

We note that with this stroboscopic approach, higher-order odd
terms such as I35 in Eq. (3), might result in parasitic contributions
to the extracted I,. If needed, a lock-in technique, where the light
intensity is harmonically modulated at w, might be used to filter out
these small higher-order contributions. In our experiments we found
that these higher-order contributions could not be resolved within our
experimental resolution. Therefore, we have employed the stroboscopic
approach for its simplicity.

3.2. Schlieren imaging setup

A general overview of the setup used for generating the stroboscopic
schlieren images is shown in Fig. 1(a); we create a physical point-
like source by placing a pinhole (Thorlabs, P150K) with a diameter
of d = 150 ym in front of a conventional 5mm green light emitting
diode (LED) (NSPG500DS-G, 4, ~ 532nm). To enhance the intensity
of the pinhole output, the emitted light from the LED is collected
by a condenser lens (Thorlabs, AC254-030-AB d = lg, f, = 30mm)
and focused onto the pinhole with a magnification close to —1. The
pinhole is placed at a distance 2f from a parabolic mirror (Edmund
optics, d = 8”, f = 2032mm, enhanced aluminium) under a slight
angle such that the reflected light is directed via a 45° rotated mirror
onto a commercial razor blade, which serves as the knife-edge. To
allow precise tuning of the intensity cutoff, the razor blade is mounted
onto a manual translation stage that can be read out with 10 pm step
resolution along the three spatial axes (three stacked Thorlabs PT1/M
stages). The distance between parabolic mirror and the knife edge is
adjusted such that the point source is focused onto the knife-edge.

Behind the knife-edge we placed a camera (Fujifilm X-T5, positioned
at the location of the white screen in Fig. 1(a)) with hyper-zoom
telelens (Sigma 60-600 mm 1:4.5-6.3 DG) to capture the schlieren
images. The levitator itself is placed close to the parabolic mirror (~
5cm edge-to-edge distance), ensuring high imaging resolution.

To enable stroboscopic illumination, the LED is driven with a pulsed
signal triggered by the waveform that drives the transducers, at a
frequency of 39.8 kHz. To acquire the schlieren images, we adjust the
camera’s focal distance so that the central levitator plane is in focus.
To minimize acquisition of artifacts due to noise and parasitic effects,
such as those caused by transducer heating or ambient air-flow, we
record movies of the acoustic field for ~ 8 — 14 seconds and average the
intensity of the frames to obtain an averaged schlieren image. During
these recordings, we set the frame rate to 30 fps, the shutter speed to
1/30s, the f-stop to f/4.5, and the ISO value to 1000. Since the LED
used in our setup emits green light, we exclusively employ the green
channel of our images for the analysis.

We note that although we assume the light rays to traverse the
pressure field as parallel rays, the off-centered rays actually pass under
a slight angle. This angle 6 can be estimated from the height of the
pressure field (H » = 92mm) and its distance to the pinhole (2f ~ 4
m) to be less than § < arctan H,/(4f) = 0.7°, which suggests that the
parallel ray approximation is quite reasonable and that the effect of this
angle on the schlieren image will be limited. Since we use an off-axis
schlieren setup, there is also a small angle between light incident and
reflected from the mirror, which we estimate to be ~ 0.3°.
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Fig. 2. The phase-shifted stroboscopic schlieren analysis method to estimate the pressure gradient d,p,, from the schlieren intensity. (a.) Line-cuts at x = Omm of the
stroboscopic schlieren images of a focal point for temporal phases wr = 0 (black) and wr = = (gray) normalized to the average background intensity (/). The dotted line interpolates
the crossing points of the two measured curves, i.e. where I(r = 0) = I(t = n/w) (b.) The normalized linearized schlieren intensity I,(y)/(I,) at x = Omm and t = O extracted
from the intensity line-cuts shown in (a) (exp) compared to the modeled intensity (theo). The modeled intensity is obtained using I, e,(x, .t = 0)/{Iy) = ¢;2Ld,p,p(x,y,t = 0)
where the integrated pressure field p,p is acquired as described in Section 3.3. (c., d.) The 2D images of the experimentally obtained I, ,/(/,) and modeled I, ,/(l,) linear
intensity, respectively, corresponding to the line-cuts shown in (b). (e.) The second-order intensity contribution I,(x = 0mm, y,r = 0) extracted from the schlieren data in (a) and

two stroboscopic measurements at wt = z/2 and 3z/2.
3.3. Acoustic levitator

The acoustic fields giving rise to the levitation traps are created
using a double-sided phased array of transducers (PAT)-based levi-
tator [29]. The transducers (Murata MA40S4S) in the two PATs are
arranged in 8 X 8 planar grids with a spacing (center-to-center) of
10mm along the x and z-axis, resulting in a total array length and
width of 80mm, and an inter-array distance of 92mm. Each trans-
ducer is driven by an individually controllable 39.8kHz sinusoidal
signal with V, 16V. The signals are generated by a FPGA-based
system-on-module combined with analogue low-pass filters and power
amplifiers [30].

In the following, we discuss the modeling of the pressure field
generated by the PATs of the levitator. Each transducer s generates
a harmonic pressure field p(r,r) = R (ps(r) exp(iwt)). Its spatial de-
pendence p(r) as function of position vector r can be expressed as

exp(i (k|r = r,[))
v —r
where P, (= 2.72Pa[6]) corresponds to the reference pressure, D,(r)
denotes a far-field directivity function, k = 2x/4 is the wave vector
with A being the wavelength of the sound generated by the transducer,
r, is the position vector of transducer s (relative to the center of
the levitator), a, is the transducer’s pressure amplitude relative to a
reference pressure P, and ¢, is an additional phase offset relative to a
reference phase. In this work, a, was set identical for all transducers in
the PATs while the phase delay ¢, of each transducer is independently
adjusted to optimize the pressure field to effectively create the focal

points/levitation traps at desired positions [6].
The directivity function is approximated employing a single fre-
quency baffled piston model,

Jy (kasin(9,(r)))
kasin(9,(r))

with J;(-) the Bessel function of first order and first kind, 9,(r) the
angle between transducer normal and spatial point r, and @ (= 4.5 mm)
the effective radius of the transducers [6]. The total pressure field
in the levitator is then given by the superposition of the N 128
single transducers. The averaged pressure p,;, generated by the PATs,
that is probed by schlieren according to Eq. (1), can be calculated by

p,(X) = PyD,(r) aexp(—ig,), ©)

Dy(r)=2 (6)

integrating the pressure field over the length of the acoustic levitator
in the direction of the optical axis (L = 8cm),

N L
_ 1 !/ !
pp(%.¥) =+ gf/() py(x,y,2')dz". %)
For a certain configuration of the PATs, we employ numerical integra-
tion to obtain the modeled p,, from Eq. (7).

4. Experimental results and analysis of phase-shifted stroboscopic
schlieren technique

In Fig. 2, the application of the phase-shifted stroboscopic extraction
method presented in Section 3.1 is demonstrated for the acoustic field
with a focal point at the center of the levitator, r = (0,0, 0). The starting
point of our analysis is the measurement of the two stroboscopic
schlieren images at times + = 0 (see Fig. 1(d)) and ¢ r/w. Fig.
2(a) shows line-cuts of the schlieren images along the y-axis through
the center of the focal point at x = Omm. They are normalized to
the average background illumination (/) which is measured when the
pressure field is switched off, with the black and gray curves indicating
the intensity obtained for wf = 0 and #, respectively. When comparing
the two intensity curves, we observe the expected phase shift of =
between the two measurements. We find that the intensity peaks are
sharper than the valleys and the points where the black and gray
curves cross, marked by the dotted line in Fig. 2(a), are shifted towards
lower intensity values near the levitator center. These observations are
indicative of nonlinear effects that affect the schlieren images.

To determine the linear contribution 7;, we apply the method
described in Section 3.1 and Eq. (4). Subtracting the two stroboscopic
intensity measurements in Fig. 2(a) from each other, i.e. I, .,,(»)/(Iy) =
fl())(l (x=0,y,t=0)—I(x=0,y,t = r/w)), results in the ’exp.” (exper-
imental) I, curve shown in Fig. 2(b). The background is indiscernible
and the intensity curve has become symmetric around the I, = 0
line. For comparison, the ‘theo’ (theoretical) intensity curve, obtained
from the modeled pressure field by I} e, (x,»)/{ly) = ¢;2Ld,p,p(x,y)
at x = Omm is plotted as a dotted line in Fig. 2(b). To obtain the
modeled pressure field, we use the procedure described in Section 3.3
and Eq. (7), where p,, relates to the integrated pressure field along the
optical axis over the length of the levitator L = 8 cm. The constant c,
represents the transduction factor by which the schlieren setup converts
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Fig. 3. Phase-shifted stroboscopic analysis applied to varying acoustic fields. The extracted intensity using the phase-shifted stroboscopic method for a shifted focus point
created in r = (—15mm,0,0) and for a twin-trap in r = (0,0,0) are shown in (a.) and (d.) with their corresponding modeled pressure y-derivatives given in (b.) and (e.). The line
cuts marked by the gray lines in the experimental and modeled fields of the shifted focus point and twin trap are plotted in (c.) and (f.), respectively.

a pressure gradient d,p,p, to a normalized linear optical intensity /.
The value of ¢, is determined from the x = 0 mm line-cut such that the
peak-valley distances for I, ., and I, 4, are equal near r = (0,0,0) by
evaluating the following equation over the range —% <y< %,
B 1 max (Il,exp(Y)) — min (Il.exp(y))

2L{1Ip) max (9,pyp(»)) — min (6yp2D(y))’

resulting in ¢, = 8.9 - 107> Pa~!. We find a good agreement between
the experimentally determined and modeled I, in the vicinity of the
focal point. In the off-center regions the intensity amplitudes seem to
be reasonable described by the theory as well, however, we observe
a slight de-phasing of the measured pressure field gradient. A similar
observation can be made for the 2D-images corresponding to the line-
cuts in Fig. 2(b) of the linearized intensity I, .,/(l,), obtained from
the schlieren images, shown in Fig. 2(c) and the modeled intensity
I} theo/{Ip) shown in Fig. 2(d); we find a good agreement over the
whole image with slight deviations in the off-center areas. The overall
reasonable match in amplitudes indicates that the transduction factor
of the schlieren setup is roughly constant throughout the field of view.

It is worth noting that by using a similar approach as that used for
extracting I,, the higher order term I, can also be estimated from the
schlieren images. According to Eq. (3), we find that

(8

€

2y (x,y,1=0) = 1(x,y,t=0)+1(x,y,t= f)
w

—[I(x,y,t:£>+l<x,y,t:3—”)]. )

2w 2w

We use this equation to generate the line-cut of the estimated I, in Fig.
2(e) from the schlieren data in Fig. 2(a) and two additional stroboscopic
schlieren measurements taken at wt = /2 and 3z/2. As expected,
the wavelength is halved compared to I, ,, and the whole curve is
shifted below zero. This fits well with the observed downward shift
of the crossings in Fig. 2(a). It can also be seen from Fig. 2(e) that
the contribution of the nonlinear term I, to the schlieren image is
substantial, and has a non-negligible amplitude compared to that of I,
shown in Fig. 2(b).

To further explore the phase-shifted stroboscopic schlieren extrac-
tion method for determining the pressure gradient, and to test whether
the value of the transduction factor ¢; remains a roughly constant
property of the schlieren setup, we apply the method to two other
acoustic fields.

For the first field (Fig. 3(a)-(c)), we generate an acoustic focal point
15 mm left from the center of the levitator at r = (—15 mm, 0,0). From

our measurements we obtain a peak-to-peak ratio of ¢, = 6.9-107> Pa~!.
Using this transduction factor, we find the estimated pressure gradient
0,pyy shown in Fig. 3(a); a high amplitude standing wave at x =
—15mm is clearly visible and we observe again a good agreement
with the modeled pressure gradient 0yp’2']’)e" as shown in Fig. 3(b). This
agreement is validated by the comparison of the line-cuts at x = —15 mm
of the experimental and theoretical pressure gradient in Fig. 3(c) (line-
cut position is marked by the gray dashed lines in Figs. 3(a) and (b)).
When shifting away from the focal point, we do find, however, slightly
higher intensity values than expected from the theory.

In the second acoustic field (Fig. 3(d)-(f)) we create a twin-trap
at r = (0,0,0). The twin trap is generated as described in Ref. [7]
where the transducers are optimized to generate a focal point at r =
(0,0,0), then an additional phase of = is added to every transducer
for which the transducer’s position satisfies x, < 0 mm. The extracted
image representing the estimated d,p;” is shown in Fig. 3(d). The
corresponding theoretical spatial derivative of the acoustic field is given
in Fig. 3(e). The line-cuts of the schlieren image and the modeled
derivative are shown in Fig. 3(f) and we observe similar trends as with
the previously analyzed fields; a general agreement with deviations
in the low pressure regions. The line-cut in Fig. 3(f) is taken at x =
—4.7mm, corresponding to the location where the amplitude has the
highest value. An interesting feature of this particular acoustic field is
the expected symmetry around the nodal-line x = 0 mm, which allows
to determine c; at the two equivalent positions of x, = +4.7mm. As
expected from Eq. (8), the peak-to-peak ratios result in similar values
for the transduction factor at both sides of the symmetry axis: ¢, =
7.3-107% Pa~! for negative x_ < Omm and ¢, = 7.0-10~ Pa~! for positive
x, > 0Omm.

In the theoretical analysis it was assumed that the stroboscopic
illumination pulses are very short compared to the period of the ul-
trasound. However, experimentally it is desirable to work with longer
pulses because they result in a brighter image and decreased image
noise on the camera. It is therefore of interest to see whether good re-
sults can still be obtained by longer duty cycles of the LED illumination.
Here, the duty cycle is defined as the percentage of the time the LED
is on (t,,/T).

In Fig. 4(a), (b) we extract I, at the central focal point for varying
LED duty cycles. It can be seen in Fig. 4(a) that up to a duty cycle of
40% the shape of the schlieren intensity curve is roughly constant. A
comparison between these duty cycle dependent intensity curves and
the theoretical expectation is shown in supplemental Sec. 2 with the
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Fig. 4. Influence of the LED duty cycle and relative transducer amplitude on the
extracted intensity. Line-cuts through x = Omm of the focal point field are plotted
for varying LED duty cycle 7,,/T (a.) and relative transducer amplitude g,(c.). The
progression of the peak-to-peak value of the central extremums (marked by the filled
data point) and of side extremums (marked by the empty data point) are shown in
(b.) and (d.) for the changing LED duty cycle and transducer amplitude, respectively.
In (b.), the gray dashed line represents the average intensity without the presence of
a pressure field as function of the duty cycle.

corresponding plot shown in Fig. S2. However, as is clear from Fig.
4(b), the linear relation between duty cycle and I, breaks down above
duty cycles larger than 20%. This deviation is attributed to the fact that
the strobe pulse length becomes so large that the schlieren intensity
1(t) varies substantially during the pulse, and cannot be assumed to
be representative of an instantaneous intensity anymore. Consequently,
the LED duty cycle was set to #,,/T = 20% during the schlieren image
acquisition of Figs. 2, 3 and 4(c).

A second critical parameter of the schlieren setup is the maximum
resolvable pressure amplitude. The pressure amplitude generated by
our levitator is controlled by the relative transducer amplitude (a,)
parameter, as given in Eq. (5). Fig. 4(c) shows the extracted I, line-
cuts through the focal point at x = 0mm for a, values between 5 —40%.
The comparison between the theoretical intensity and the pressure
dependent intensity line-cuts are provided in supplemental Sec. 2. We
find that the shape of I,(y) is roughly identical for all a, (see also
supplemental Fig. S3). The extracted peak-to-peak values of the gray
shaded areas at x = Omm and x = 20mm are given by the filled and
empty data points in Fig. 4(d), respectively. Here, we find that the peak-
to-peak values at x = 0 mm display a linear increase up to a, ~ 25% after
which a saturation sets in for higher amplitudes. Contrary to the duty
cycle dependency, however, this saturation point is not reached for the
peak-to-peak values at x ~ 20 mm. We attribute this longer persistence
of linear response, up to a larger value of g, to the lower pressure
amplitude at y = 20 mm.

5. Discussion

Although schlieren has been widely applied for several centuries,
the nonlinearities in the relation between schlieren intensity and refrac-
tive index gradient have received relatively little attention, specifically
for acoustic levitation fields. In this article we show that second order
nonlinearities can have a substantial effect on the schlieren image of
ultrasound pressure fields, and present a methodology for eliminating
these nonlinearities by making use of the time-harmonic variation of
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the pressure field. With a phase-shifted stroboscopic schlieren tech-
nique the linear schlieren intensity I, can be extracted from the pres-
sure gradient using I,(x,y) = ¢;2L{Iy)d,pop(x,y), where (I;) is the
spatially averaged background intensity and L the integration length
of the pressure field.

In order to determine the effectiveness of our method for eliminat-
ing the second-order intensity from the schlieren images, we compare
the peak to peak amplitudes of the linear part I,, in Fig. 2(b) and of
the nonlinear part I,, in Fig. 2(e) of the schlieren image. From that
comparison we find that 1,,,/1,, ~ 0.19, indicating that the presented
method for the presented acoustic levitation pressure field corrects
errors of about 19% due to the higher order nonlinear terms, in addition
to removing the constant background.

By comparing simulations of the pressure field to experimental
schlieren images we have obtained estimates for ¢, that range between
6.9 - 1075 and 8.9 - 1075 Pa~!. The close correspondence between these
values shows that once an accurate calibration for a known pressure
field has been performed, the value of ¢, can be used to quantitatively
estimate unknown pressure fields. It was observed that near the edge
of the levitator, differences between measured and modeled pressure
fields increased, resulting in higher error margins. The observed de-
viations between the modeled and measured pressure fields could
be caused by reflections of the ultrasound from the PATs and rigid
levitator components. Furthermore, natural variation in properties and
placement of the transducers that were not captured in the optimization
procedure of the transducer phases may also lead to differences be-
tween applied and modeled pressure field. These sources of disturbance
can furthermore lead to interfering pressure fields from the top and
bottom array that will cause parasitic traveling sound waves to be
generated that can distort the schlieren images. In general, a linear
harmonic pressure field containing both standing and traveling waves
might be described by

Pop(x, ¥, 1) = pap 1(x, y) cos(@1) + pyp (X, y) sin(wr) (10)

where p,p (x, y) is the in-phase amplitude (with respect to the standing
wave field) and Pap(x,y) is the amplitude of the quadrature (i.e. 90°
phase shifted) term. E.g. for a plane sound wave traveling in the posi-
tive x direction with wavenumber k we have p,n(x, y,t) = a,p cos(kx —
ot) resulting in p,p (X, ) = ayp cos(kx) and pyp (X, y) = app sin(kx).

Essentially, the presence of traveling waves, in addition to standing
waves, results in the emergence of the p,po(x,y) term, whose linear
component I, can be extracted in a similar way as that for the standing
wave part p,p(x, y). However, to obtain both p,p(x, y) and pyp o(x, )
will require applying Eq. (4) twice, at moments ¢, and t; — ¢, + 7 /(2w)
to obtain both I, ; and I, ;.

It is of interest to see whether the transduction factor ¢; can be esti-
mated from the schlieren setup parameters. In the ray approximation,
for non-coherent light, a refractive index gradient d,n = dn/dy results
in an angular deflection [26] a = 2L0yn ~ 2LK0,p. Partial blocking of
the deflected rays by the knife-edge converts these pressure induced
deflection angles to intensity modulations, which in the linear regime
can be approximated by I = (dI/da)a. In the ray approximation we
can assume that the maximal deflection angles for which the ray is still
partly cut by the knife edge is given by +a,,, ~ +R/2f, translating
to a maximal intensity amplitude of 2(I,). The transduction factor
then becomes d1I/da = 2f(1,)/R. Comparison with Eq. (1) results in
an estimated ¢, ~ 2fk/R = 14.6 - 1075 Pa! (see supplemental Sec.
3). Although this value is somewhat higher than the experimentally
obtained values for ¢, this model for incoherent light gives a rough
first approximation. The exact value for ¢; may moreover depend
on schlieren system specific parameters such as the exact knife-edge
position in the y-direction and camera sensitivity. To obtain c¢;, we
recommend measuring a known linear refractive index gradient with
the schlieren setup, e.g. a thin lens [26]. This allows to determine
the calibration factor between the intensity and the refractive index
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gradient d,n from which the transduction factor ¢, can be determined
using that in the linear case n ~ 1 + kp (see Section 2).

Although we do get d,p,, from the presented method, this does not
provide us with the full 3D pressure field. To obtain p,, we can numer-
ically integrate d,p,p, in the y-direction. To obtain the 3D field requires
tomography in which multiple schlieren images, at different angles
are used [31]. Tomography might be combined with the presented
stroboscopic technique for eliminating nonlinearities.

An important final remaining question is whether we can identify
the mechanism that generates the nonlinearities. Probably either non-
linear acoustic effects, or nonlinear effects in the schlieren mapping
F : pp(x,¥) = I(x,y,) play a role. However, a full discussion of
this topic is out of the scope of this paper, and we are preparing a
manuscript to discuss this question in more detail and analyze the
origin and relevance of nonlinearities in schlieren.

6. Conclusion

Schlieren imaging is a powerful technique for visualizing pressure
fields in acoustic levitators. However, as we have shown, nonlinear
effects can distort the images, which complicates using them for quanti-
tative analysis. Here, a phase-shifted stroboscopic method for extracting
the linear part of the schlieren image was proposed, and it was shown
to agree well to modeled pressure fields, providing evidence that the
method can contribute to a better quantitative analysis of schlieren
images once the transduction factor ¢, is properly calibrated. The pro-
posed approach allows for better quantitative analysis of harmonically
varying refractive index variations, which is especially relevant for
optimizing pressure fields in ultrasonic transducer arrays for acoustic
levitation applications.
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