<]
TUDelft

Delft University of Technology

Development and validation of a three dimensional wave-current interaction formulation

Nguyen, T.D.

DOI
10.4233/uuid:2804b274-ee21-4257-a052-a46408899c1f

Publication date
2022

Document Version
Final published version

Citation (APA)

Nguyen, T. D. (2022). Development and validation of a three dimensional wave-current interaction
formulation. [Dissertation (TU Delft), Delft University of Technology]. UNESCO-IHE.
https://doi.org/10.4233/uuid:2804b274-ee21-4257-a052-a46408899c1f

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.4233/uuid:2804b274-ee21-4257-a052-a46408899c1f
https://doi.org/10.4233/uuid:2804b274-ee21-4257-a052-a46408899c1f

Development and Validation of
a Three Dimensional Wave —
Current Interaction Formulation

Duoc Tan Nguyen




DEVELOPMENT AND VALIDATION OF A THREE DIMENSIONAL WAVE —
CURRENT INTERACTION FORMULATION

Duoc Tan Nguyen






DEVELOPMENT AND VALIDATION OF A THREE DIMENSIONAL WAVE
— CURRENT INTERACTION FORMULATION

DISSERTATION

Submitted in fulfillment of the requirements of
the Board for Doctorates of Delft University of Technology
and
of the Academic Board of the IHE Delft
Institute for Water Education

for

the Degree of DOCTOR

to be defended in public on
Friday, 10 June 2022, at 10:00 hours
in Delft, the Netherlands

by

Duoc Tan NGUYEN
Master of Science in Oceanography, Vietnam National University, Hanoi
born in Hai Phong, Vietnam



This dissertation has been approved by the promotors:
Prof.dr.ir. J.A. Roelvink and Prof.dr.ir. A.J.H.M. Reniers

Composition of the doctoral committee:

Rector Magnificus TU Delft Chairman

Rector IHE Delft Vice-Chairman

Prof.dr.ir. J.A. Roelvink TU Delft/IHE Delft, promotor
Prof.dr.ir. A.J.H.M. Reniers TU Delft, promotor

Independent members:

Prof.dr.ir. S.G.J. Aarninkhof TU Delft

Prof.dr. J. Monbaliu Ku Leuven, Belgium

Prof.dr. A.-C. Bennis Université de Caen Normandie, France
Dr. J. Groeneweg Deltares

Prof.dr.ir. W.S.J. Uijttewaal TU Delft, reserve member

Other committee member:
Dr. N.G. Jacobsen Vattenfall, Denmark

This research was conducted under the auspices of the Graduate School for Socio-Economic and
Natural Sciences of the Environment (SENSE)

© 2022, Duoc Tan Nguyen

Although all care is taken to ensure integrity and the quality of this publication and the information
herein, no responsibility is assumed by the publishers, the author nor IHE Delft for any damage to the
property or persons as a result of operation or use of this publication and/or the information contained
herein.

A pdf version of this work will be made available as Open Access via
https://ihedelftrepository.contentdm.oclc.org/ This version is licensed under the Creative Commons
Attribution-Non Commercial 4.0 International License, http://creativecommons.org/licenses/by-

nc/4.0/

Published by IHE Delft Institute for Water Education
www.un-ihe.org
ISBN 978-90-73445-42-0



Dedicated to my beloved family






ACKNOWLEDGMENTS

It was started in October 2012 since I contacted Professor J.A. Roelvink and asked him
for an opportunity to become a Ph.D. fellow at UN-IHE/Delft University of Technology.
He asked me to come to the Netherlands in a framework of a special program. I worked
closely with him for three months. Before finishing that period, I felt very happy when he
accepted me as his Ph.D. fellow. I started doing my Ph.D. research in March of 2014.
Under his supervision, I got much of his support not only in my study but also in my life.
He spent a lot of time guiding my research, reading my papers and dissertation, and giving
many valuable comments. In the deepest of my heart, | appreciate his help and would like
to express all my love and great thanks to him. I learned from him not only knowledge
but also his personality.

I would like to give my special thanks to Dr. Niels Jacobsen, who spent a lot of time on
my work. Through the meeting and email contact, he gave me much detailed and useful
advice for my research. I would like to express my sincere thanks to Professor A.J.H.M.
Reniers, who spent much time reading my thesis and paper, and give me many useful
suggestions.

In the time of living and studying in the Netherlands, I have many good friends. They
made my life so colorful and happy. Many thanks to Lan, my high school friend, who
help me a lot in the time I stayed in the Netherlands. Thanks to all my friends from IHE
Delft including Hieu, Trang, Lan, Thanh, Ha, Nguyen as well as friends from T.U Delft
including Thao, Hung, Nghi, Tung, and many other friends that I do not have enough
space to mention here. We had funny and happy times when playing the sport, having
delicious parties, and traveling around together. I also would like to send my thanks to all
other IHE Delft friends. We had a great time and enjoy many common activities together.

Especially, I would like to express my love to all members of my family. This dissertation
is dedicated to you with all my love.

Duoc Tan Nguyen

vii



SUMMARY

This study aims at developing a new set of equations of mean motion in the presence of
surface waves, which is practically applicable from deep water to the coastal zone,
estuaries, and outflow areas. The Generalized Lagrangian Mean method is employed to
derive a set of Quasi-Eulerian mean three-dimensional equations of motion, where effects
of surface waves are included through source terms. The obtained equations are expressed
to the second-order of wave amplitude. Whereas the classical Eulerian-mean equations of
motion are only applicable below the wave trough, the new set of equations is valid until
the mean water surface even in the presence of finite-amplitude surface waves. Both
conservative and non-conservative waves are under consideration, especially in the
presence of a strong ambient current. A concept of three-dimensional wave radiation
stress is introduced to express the effects of surface waves on the currents. It is an
extension of the classical radiation stress concept. Especially, the relationship between
three-dimensional wave radiation stress and vortex force representations is investigated
in detail in conditions of both conservative and nonconservative waves. Through that
relationship, comparisons between the new set of equations and other sets of equations
implemented in recent well-known numerical models are given. It is useful for selecting
a suitable numerical ocean model to simulate the mean current in a specific condition of
waves combined with currents.

A two-dimensional numerical model (2DV model) is developed to validate the new set
of equations of motion. The model passes the test of steady monochromatic waves
propagating on a slope without dissipation (adiabatic condition). This is a primary test for
equations of mean motion with a known analytical solution. In addition to this,
experimental data for the interaction between random waves and currents in both non-
breaking and breaking waves are employed to validate the 2DV model. As shown by this
successful implementation and validation, the implementation of the new set of equations
in any 3D model code is straightforward and may be expected to provide consistent results
from deep water to the surfzone, in both conditions of weak and strong ambient currents.
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SAMENVATTING

Deze studie heeft tot doel een nieuwe reeks vergelijkingen van gemiddelde beweging in
aanwezigheid van oppervlaktegolven te ontwikkelen, die praktisch toepasbaar is van diep
water tot de kustzone, estuaria en uitstroomgebieden. De gegeneraliseerde Lagrangiaanse
gemiddelde methode wordt gebruikt om een reeks quasi-Euleriaanse gemiddelde
driedimensionale bewegingsvergelijkingen af te leiden, waarbij effecten van
oppervlaktegolven worden opgenomen via brontermen. De verkregen vergelijkingen
worden uitgedrukt in de tweede orde van golfamplitude. Terwijl de klassieke Euleriaanse
gemiddelde bewegingsvergelijkingen alleen van toepassing zijn onder het golfdal, is de
nieuwe reeks vergelijkingen geldig tot het gemiddelde wateroppervlak, zelfs in de
aanwezigheid van oppervlaktegolven met eindige amplitude. Zowel conservatieve als
niet-conservatieve golven worden overwogen, vooral in de aanwezigheid van een sterke
omgevingsstroom. Een concept van driedimensionale golfstralingsspanning wordt
geintroduceerd om de effecten van oppervlaktegolven op de stromingen uit te drukken.
Het is een uitbreiding van het klassieke concept van stralingsstress. Vooral de relatie
tussen driedimensionale golfstralingsspanning en vortexkrachtrepresentaties wordt in
detail onderzocht in omstandigheden van zowel conservatieve als niet-conservatieve
golven. Door die relatie worden vergelijkingen gegeven tussen de nieuwe reeks
vergelijkingen en andere reeksen vergelijkingen die in recente bekende numerieke
modellen zijn geimplementeerd. Het is nuttig voor het selecteren van een geschikt
numeriek oceaanmodel om de gemiddelde stroming in een specifieke toestand van golven
in combinatie met stromingen te simuleren.

Een tweedimensionaal numeriek model (2DV-model) is ontwikkeld om de nieuwe reeks
bewegingsvergelijkingen te valideren. Het model doorstaat de test van stabiele
monochromatische golven die zich voortplanten op een helling zonder dissipatie
(adiabatische toestand). Dit is een primaire test voor vergelijkingen van gemiddelde
beweging met een bekende analytische oplossing. Daarnaast worden experimentele
gegevens voor de interactie tussen willekeurige golven en stromen in zowel niet-brekende
als brekende golven gebruikt om het 2DV-model te valideren. Zoals blijkt uit deze
succesvolle implementatie en validatie, is de implementatie van de nieuwe reeks
vergelijkingen in elke 3D-modelcode eenvoudig en kan worden verwacht dat deze
consistente resultaten oplevert van diep water tot de surfzone, zowel in omstandigheden
van zwakke als sterke omgevingsstromingen.
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1

INTRODUCTION



1.1. General introduction to the study

1.1 GENERAL INTRODUCTION TO THE STUDY

In the ocean, the surface waves do not travel on a quiescent water surface but travel on
the currents. Due to the effects of currents, the wave field is modified by processes such
as diffraction, dissipation, refraction, or deformation. The surface waves also modify the
oceanic currents, particularly in the near-shore and coastal oceans. The surface gravity
waves generate the Stokes drift, which affects the sea state and ocean circulation
(Longuet-Higgins and Stewart, 1960). In many cases, the interaction between waves and
currents plays a significant role that we cannot ignore in processes such as contaminant
and sediment transport, Langmuir currents, long-shore currents, rip currents, and wave
set-down and setup. The requirements for improving the accuracy of coastal and ocean
forecasts are increasing due to the increase in human activities on the ocean. Two methods
are usually applied to simulate ocean currents. They are the Eulerian mean and the
Generalized Lagrangian Mean (GLM) methods.

In the Eulerian mean method, the mean flow properties are obtained by a time-averaged
technique. However, the difference in temporal and spatial scales between surface gravity
waves and currents is extremely large. Then, the use of a direct numerical simulation
approach is impractical. To solve this problem, a multi-scale asymptotic theory was
proposed by McWilliams ef al. (2004). Equations for the evolution of mean current were
obtained in the presence of surface gravity waves. Their equations are valid in conditions
of coastal water outside the surfzone. In the presence of finite-amplitude waves, the region
between wave trough and wave crest is not always filled by the fluid but by the air during
part of the wave period. Then, the use of the Eulerian mean method in this region poses
a problem due to a large difference in density between the fluid and the air.

Another approach is using the GLM method introduced by Andrews and McIntyre (1978).
This method is capable of properly separating air and water between the wave crest and
the wave trough leading to the physical interpretation of definitions of mean properties
from the wave trough to the mean water level. The problem with this method is that the
wave properties are expressed implicitly through disturbance quantities, which represent
departures from conservative motion. In practice, it is necessary to have an explicit
approximation of wave action or wave momentum from wave kinetics.

In this study, equations of mean motion are developed based on the GLM method. These
equations are written in terms of Quasi-Eulerian velocity which is defined as GLM
velocity minus Stokes drift. The new equations are valid from offshore to coastal areas.
In the case of infinitesimal and conservative waves, the new equations reduce to the well-
known classical Eulerian mean equations of motion. The new equations are validated and
calibrated with various sets of experimental data including adiabatic test, non-breaking
random waves propagating on a strong ambient current in a wave flume (Klopman, 1994),
breaking random waves propagating over a barred profile in a wave flume (Boers, 2005),
and breaking random waves propagating in a large-scale laboratory facility (Hamilton



1.2. Research questions and objectives of this study

and Ebersole, 2001). These works were published in a recent paper by Nguyen et al.
(2021a).

The effect of waves on the mean current is expressed explicitly in terms of three-
dimensional (3D) wave radiation stress representation. Moreover, the relationship
between 3D wave radiation stress and vortex force representations is proven
mathematically. Besides, comparisons between the new set of equations of mean motion
and other sets of equations implemented in recent well-known numerical models are
given. It is useful for selecting a suitable numerical ocean model to simulate the mean
current in specific conditions of waves combined with currents. These works are
presented in Nguyen ef al. (2021D).

1.2 RESEARCH QUESTIONS AND OBJECTIVES OF THIS STUDY

1.2.1 Research questions

This study aims to answer the following questions:

1) How to simulate three-dimensional mean currents from the deep ocean to the coastal,
estuary, and outflow areas in the presence of finite-amplitude nonconservative waves?

2) How to express the effects of surface waves on three-dimensional mean currents,
especially under the condition of non-conservative waves and strong ambient currents?

3) Is there any relationship between vortex force and radiation stress representations?

1.2.2 Objectives of this study

1) Develop a practical set of three-dimensional equations of mean motion which is valid
from the bottom to the mean surface even in the presence of finite-amplitude non-
conservative surface waves. The new set of equations should be suitable for applications
from the deep water to the coastal, estuaries, and outflow areas.

2) Study the wave-induced forcing on the mean current and the relationship between 3D
wave radiation stress and vortex force representations.

3) Develop a two-dimensional numerical model (2DV model) to validate the new set of
equations of mean motion. The following experiments are employed:

- Adiabatic test: a monochromatic wave propagates on a slope without dissipation.

- The experiment of Klopman (1994): random non-breaking waves propagate on a strong
ambient current in a wave flume.

- The experiment of Boers (2005): random breaking waves propagate in a wave flume.

- The experiment of Hamilton and Ebersole (2001): random breaking waves propagate in
a Large-Scale Sediment Transport Facility (LSTF).
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4) Compare the new set of equations with other sets of equations implemented in well-
known numerical ocean models.

1.2.3 Literature review

The interaction between waves and currents has been the subject of much research in
recent decades. There are two representations of wave-averaged effects on the currents
called “radiation stress” and “vortex force”. The concept of “radiation stress: was first
introduced by Longuet-Higgins and Stewart (1960) to explain the transfer of wave energy
to a uniform current. This concept was used by Longuet-Higgins and Stewart (1962) to
study the changes in the mean surface level and the currents caused by gravity waves.
The radiation stress concept has been successful in explaining phenomena such as wave
“set-up”, “surf beats”, the steepening of the surface waves on adverse currents (Longuet-
Higgins and Stewart, 1964), and the generation of long-shore currents by oblique incident
waves (Bowen, 1969; Longuet-Higgins, 1970; Thornton, 1970). However, since
“radiation stress” introduced by Longuet-Higgins and Stewart (1960) is a two-
dimensional horizontal tensor it is only practical for two-dimensional, depth-averaged
models. In reality, the current is depth-dependent, so the vertical structure of the radiation
stress should be specified.

Some scientists attempted to apply the “radiation stress” concept in three-dimensional
models. Xie et al. (2001) applied the radiation stress as a depth uniform body force in the
Princeton Ocean Model (POM), even though the radiation stress is caused by depth-
varying wave velocity and hydrodynamic pressure. Therefore, their assumption for the
vertical structure of radiation stress is not accurate. Xia et al. (2004) considered the
vertical structure of radiation stress; however, the three-dimensional radiation stress
formulation was derived from two-dimensional radiation stress.

The second representation of the wave and current interaction is expressed in terms of the
vortex force. This representation was first developed by Craik and Leibovich (1976) in
the work of constructing a realistic theoretical model of steady Langmuir circulations.
Their research focused on the near-surface layer to explain the generation of Langmuir
currents as a result of the interaction between surface waves and wind-driven circulation
through the action of a vortex force. Leibovich (1977) extended this theory to allow
vertical density stratification and slow time variation. McWilliams and Restrepo (1999)
developed a perturbation theory to obtain wave-averaged equations of motion. Their
theory is based on the assumption of small wave slope and deep water. McWilliams et al.
(2004) developed a system of mean equations of motion based on an asymptotic theory
to account for the interaction of waves and currents. In this, the effects of waves on the
current are expressed in terms of the vortex force formalism. However, the equations of
McWilliams et al. (2004) are only valid when the ratio of mean current to the wave orbital
velocity is a small quantity, and are only applicable outside the breaking zone. Newberger
and Allen (2007) developed a three-dimensional, hydrostatic model for surf zone
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applications, with applicability to linear waves interacting with a depth-uniform mean
current. They divided the effect of waves on the mean currents into surface and body
forces. The surface force represents the wave dissipation, and the body force represents
the gradient of the Bernoulli head and vortex-force. Equations of McWilliams ez al. (2004)
were used by Uchiyama et al. (2010) for surf zone applications. In this, the non-
conservative forcing by breaking waves, roller waves, bottom and surface streaming and
wave-enhanced mixing are added through empirical formulas. Their equations were
implemented in the COAWST (coupled ocean-atmosphere-wave-sediment transport)
modeling system by Kumar et al. (2012) with some modifications for empirical formulas
of wave-induced forcing.

The relationship between “radiation stress” and “vortex force” representations was
studied by Lane et al. (2007). In this, the asymptotic assumption proposed by McWilliams
et al. (2004) was used to look for the similarities and discrepancies between these two
representations. They proved that these two representations are equivalent. However,
their work was restricted to non-dissipative waves only. All the theories mentioned above
are expressed in an Eulerian-mean framework, though when finite-amplitude waves are
present, the region between the wave trough and wave crest is not always filled by the
fluid but by the air during part of the wave period. This poses a problem due to a large
difference in density between the fluid and the air.

In the work of Mellor (2003) and Mellor (2008), a wave-following sigma-coordinate
system was employed to couple the three-dimensional circulation models with wave
models. The coupling included depth-dependent wave radiation stress terms. Their
equations are inconsistent in the simple case of shoaling waves without energy dissipation
(Ardhuin et al., 2008). Recently, Mellor (2015) and Mellor (2016) derived prognostic
equations for Eulerian mean flow on sigma coordinates. The three-dimensional
momentum equations were inferred from the vertically integrated momentum equations
by adding a term for which vertical integration is zero. Similar to the work of Xia et al.
(2004), the inference of three-dimensional momentum equations from two-dimensional
momentum equations is not straightforward. This inconsistency was also pointed out by
Ardhuin et al. (2017). Moreover, in the momentum equation of Mellor (2015) and Mellor
(2016), there is a missing term related to the divergence of the vertical momentum flux
(Ardhuin et al., 2017).

The generalized Lagrangian mean (GLM) method was introduced by Andrews and
Mclntyre (1978), hereafter referred to as AM. The basic idea of this method is to average
over disturbance positions of the fluid particle. Therefore, the GLM method is valid from
the bottom to the mean water surface even in conditions of finite-amplitude waves. This
method provides a powerful foundation for the analysis of the wave-current interaction
and gives a physical interpretation of the interaction between waves and currents. Based
on the GLM method, AM developed a set of equations of mean motion in a general
condition of the wave-current interaction. Their set of equations is complete and depends
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on thermodynamic properties such as entropy and enthalpy. However, the disturbance-
related quantities, which include both wave-induced and turbulence-induced effects, are
not explicitly represented through source terms. Their equations were employed by
Leibovich (1980) to derive Langmuir circulation equations under the assumption that the
waves are dominated by their irrotational part. The GLM equations of AM were
simplified by Dingemans (1997) with the assumption of constant density, and removing
all thermodynamic terms, yet leaving the disturbance quantities as implicit. Groeneweg
(1999) used an alternative method to obtain GLM equations, where the Reynolds-
averaged Navier—Stokes (RANS) equations were rewritten in terms of GLM quantities.
The mean quantities in RANS equations are obtained by applying the Eulerian mean
method; therefore, the set of equations of Groeneweg (1999) is not suitable for the region
above the wave trough. His set of equations was implemented in the Delft3D-FLOW
model by Walstra et al. (2001) with simplification for the wave-induced driving force.
Ardhuin et al. (2008) developed a practical set of equations of mean motion based on the
work of Dingemans (1997). Their equations are written in terms of Quasi-Eulerian mean

velocity #, defined by:
0, =" —p,, (1.1)

where, " is the i"- component of GLM velocity and p, is the i”-component of

pseudomomentum defined by:

P, =£{u", +(ng)j}, (1.2)

ox,

1

where, x, is the ith-component of position x, & is the disturbance displacement of the
fluid particle, ujl is the j”-component of Lagrangian disturbance velocity, and Q is the

angular velocity of the Earth. In the equation (1.2) the summation convention for the
indices is employed. This convention is also used throughout this work with the indices
from 1 to 3.

Equations of mean motion by Ardhuin ef al. (2008) are explicit in terms of the wave
forcing and applicable outside the breaking zone; their equations provide qualitative
results for surf zone applications (Ardhuin ef al., 2008). This is due to the fact that the
Stokes drift only approximates to pseudomomentum when the waves are irrotational and
the mean flow is of second-order of the disturbance amplitude (AM). Equations of
Ardhuin et al. (2008) were employed by Bennis et al. (2011) for coastal applications with
an addition of dissipative forcing terms (i.e. breaking wave and roller wave-induced
forcing, wave-induced mixing, wave-induced bottom friction).

In this study, a set of equations of mean motion using the GLM method is developed.
These equations are written in terms of Quasi-Eulerian velocity defined as GLM velocity
minus Stokes drift. The new equations are valid from offshore to coastal areas. Outside



1.2. Research questions and objectives of this study

the surf zone and for non-dissipative waves, the new equations are identical to the
equations of Ardhuin ez al. (2008); for dissipative waves, there are subtle differences. In
the case of infinitesimal and conservative waves, the new equations reduce to the well-
known classical Eulerian mean equations of motion. The new set of equations is validated
with an adiabatic test, non-breaking waves propagating on a strong ambient current in a
wave flume, breaking waves propagating over a barred profile in a wave flume, and
obliquely incident breaking waves in a large-scale sediment transport facility (LSTF).

1.2.4 The outline of this dissertation

This dissertation is organized as follows:

In Chapter 1, the general information and the need of carrying out this study are presented.
The research questions, objectives, literature review, and the outline of this dissertation
are given in the second part of this Chapter. The derivation of the new equations of motion
is presented in detail in Chapter 2. In this, the momentum equation and continuity
equation are expressed in terms of Quasi-Eulerian mean quantities. In Chapter 3, a
concept of 3D wave radiation stress is introduced to express the mean effect of waves on
3D currents. The 3D wave radiation stress is specified in different conditions of waves
combined with currents. Besides, the relationship between 3D wave radiation stress and
vortex force representation is also proved mathematically. In Chapter 4, the Quasi-
Eulerian mean equations of motion are simplified under the hydrostatic assumption of the
mean flow. Equations of motion are expressed in terms of both Quasi-Eulerian mean and
GLM velocities. In Chapter 5, various experimental data sets are employed to validate
the new set of equations of mean motion. Four experiments were selected including
steady monochromatic waves propagating on a slope without dissipation (adiabatic
condition), random non-breaking waves propagating on a strong ambient current in a
wave flume, random breaking waves propagating on a sloping bed, and random breaking
waves propagating in a Large-Scale Sediment Transport (LSTF) facility. The comparison
of the new equations of motion with recent well-known equations of the mean motion of
fluid-particle is given in Chapter 6. The general conclusion of this study is given in
Chapter 7.
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2.1. Definition of Quasi-Eulerian mean quantity

2.1 DEFINITION OF QUASI-EULERIAN MEAN QUANTITY

2.1.1 Overview of Generalized Lagrangian Mean method

The GLM method is an exact theory of nonlinear waves on a Lagrangian-mean flow
proposed by AM. In the following, only some properties of the GLM operator are present.
Full details of this method are given in the original paper of AM. The basic idea of the
GLM method is to average over positions displaced by a certain disturbance. The GLM

of any quantity @(X,?) is defined as:
0" (x,1) = p{x+&(x,1),1}, 2.1)

where, operator ( ) expresses a time average over a wave period. The term on the right-

hand side of equation (2.1) is a usual Eulerian mean operator. Where, the particle
displacement is assumed a true disturbance quantity, i.e.:

&(x,1)=0. (2.2)
The following notation was employed throughout this study:
P{X+E(X,1),} = 9*(X,1). (2.3)

The Lagrangian disturbance quantity ¢’ is defined as the deviation of the real quantity

¢° from the GLM quantity 9", i.e.:

¢'(%,1) = 0°(X%,1) = 5" (x,1). (2.4)
If the quantity ¢ is the velocity vector u then we have the following definition of the
GLM velocity:

a’(x,t) =u(x,1). (2.5)
The Lagrangian mean material derivative is defined as (AM):
D =o/ot+u"V, (2.6)

where, V :(i 9 gj is the gradient operator. From equation (2.4) the Lagrangian

o’y oz
disturbance velocity vector is defined by:
u'(x,f)=u°—u". (2.7)
As pointed out by AM, the disturbance velocity u' s equal to the mean material rate of
change of disturbance displacement &, i.e.:

ple=u'. (2.8)

10



2.1. Definition of Quasi-Eulerian mean quantity

Evidently, the Lagrangian disturbance velocity is also a true disturbance quantity, i.e.:

u =0. (2.9)
Equations (2.1), (2.2), (2.7), and (2.8) are the fundamental equations of the GLM theory.

2.1.2 Definition of Quasi-Eulerian mean quantity

In this part, the fluid is assumed incompressible ( p =const ) and the dependence of

hydrodynamic processes on thermo-dynamics terms is neglected (assumption Al). For
small disturbance amplitude, using a Taylor expansion the value of the function ¢ at the

disturbance position Z(X,¢) =X+E(X,?) is expressed by:

R0
0

+0(&), (2.10)
Ox ,0x,

op 1
(X, =X, 1) +&, —+—E.
¢ (X,0) = p(x,0) +§; ax 5 55

where, Einstein summation convention is employed with j and & run from 1 to 3, & = |§|

is a small parameter in the order of disturbance displacement amplitude. The first term on
the right-hand side of equation (2.10) is the Quasi-Eulerian quantity. The second and the
third terms on the right-hand side of equation (2.10) express the effect of disturbance
motion on function ¢ correct to the second order of ¢ .

The Quasi-Eulerian mean quantity ¢ is defined by:
o(x,1)=¢"(x,1)-¢° (x,1), (2.11)

where, @’ is the Stokes correction of the Quasi-Eulerian mean quantity ¢ defined by
(AM):

_s oo 1
J)=E —/—+-E.
(P (X ) &_I axj Zé./ak

P
Ox0x,

+0(&), (2.12)

where, @' is the Quasi-Eulerian disturbance defined as the difference between the Quasi-
Eulerian quantity ¢ and the Quasi-Eulerian mean quantity ¢ :
P=0-0. (2.13)

Equations (2.11) and (2.12) show that the Quasi-Eulerian mean quantity is approximated
to the second-order of the disturbance amplitude.

We assume that any Quasi-Eulerian disturbance can be decomposed into wave and
turbulence components, such as:

P =0+9, (2.14)

11



2.2. Derivation of Quasi-Eulerian mean momentum equation

where, ¢ and @' are the wave and turbulent quantities, respectively. Moreover, the
turbulent and wave quantities are assumed to be uncorrelated, i.e., for any ¢ and  we

have:

£ =0. (2.15)

St
<
1l

2.2 DERIVATION OF QUASI-EULERIAN MEAN MOMENTUM EQUATION

Let us start with the momentum equation for the total flow written in the Eulerian
framework. The i equation is expressed by:

%+u_%+2(qu)i+aB+la—p+Xi=0, (2.16)
! ox, ox, pox,

J i
where, Einstein summation convention is applied with j runs from 1 to 3, the angular
velocity of the Earth Q is assumed constant, ®(X,?) is the potential of the gravitational

force, p is pressure, and X is a function of non-wave dissipative forcing.

Evaluating equation (2.16) at disturbance position of the fluid particle Z=X+¢& to obtain:

: : ;
Wy P o, 4| L] [ L2 L(x o0, @1
o ' ox, ox, p Ox,

1

Equation (2.17) is valid from the bottom to the free water surface. Assuming that the
gravitational acceleration g is constant, we have:

oD
g = 8i3g7 (218)

where, 0,; is Kronecker delta function given by:
1 ifi=3
S, = e (2.19)
0 otherwise

The GLM momentum equation is obtained by averaging equation (2.17) over a wave
period, i.e.:

& g g
Wy Y| 2@xw, )+ L2 [ L2 (=0, (220)
o ' ox, ox, p O,

l

According to AM, the first term on the left-hand side of equation (2.20) can be rewritten
as:

12



2.2. Derivation of Quasi-Eulerian mean momentum equation

4
Oy g O | Bt (2.21)
o o,

Since Q is constant then the second term on the left-hand side of equation (2.20) becomes:
(2(Qxu), )" =2(Qxu"),. (2.22)

From equation (2.18), the third term on the left-hand side of equation (2.20) is:

(ij =(8,,8) =8,58. (2.23)

When V' =0 the divergence of disturbance displacement is of the second order of small
disturbance amplitude (AM), i.e.:

VE=0(&). (2.24)

Using a Taylor expansion and equation (2.24) the pressure gradient term in equation
(2.20) can be expressed as:

Ifop) _1dp 10 ([, o e o’p
tap) PL g, L ggk +0(&). (2.25)
p\ Ox, p Oox, p 8x le. Ox,0x ,0x,,

Inserting equations (2.21), (2.22) (2.23) and (2.25) into equation (2.20), we obtain the
following momentum equation in the GLM framework, i.e.:

D'u} +2(Qxu") +3, g+la—p )‘(?:—lﬂ[g.ap]

pox, pox,\ 7 ox,

(2.26)

3—
& —L—10@).
2p 10X,

0
0Ox,0x 0

In the above equation, both effects of waves and turbulence on the current are involved
in the Quasi-Eulerian disturbance and GLM terms. For example, Quasi-Eulerian
disturbance pressure p' includes wave-induced pressure p and turbulence-induced

pressure p' . However, there is no available theory to calculate such Quasi-Eulerian

disturbance terms. Therefore, it is necessary to separate wave and turbulent terms from
the Quasi-Eulerian disturbance. In the following, equation (2.26) is used to develop a
Quasi-Eulerian mean momentum equation in the GLM framework. The goal of this
exercise is that the wave-induced velocity, the turbulence, and the mean current velocity
are separated.

For any quantity @ , AM obtained the following relationship between Lagrangian

disturbance and Quasi-Eulerian disturbance:

13



2.2. Derivation of Quasi-Eulerian mean momentum equation

¢ = q>+§ +0(8) (2.27)

]

Using equation (2.27) the first term in the right-hand side of equation (2.26) can be
expressed as:

o () (o (e 22 o
o ﬁxj (ﬁz axiJ p axj g_i(axl} o ox, {i i j-l—O(g ). (2.28)

Subtracting equation (2.26) from equation (2.17) to obtain the following equation for the
evolution of disturbance motion:

— IR ! i (1op [:
D'u; +(2(Qxu), ) +(8,,2) +(X,) +[p8x,) 0. (2.29)

Since the gravitational acceleration g is assumed constant, the third term on the left-hand
side of equation (2.29) is neglected. Multiply equation (2.29) with &, and then take the

spatial derivative 0/0x; to obtain:

: ai é@—f} =—%(W)—g(zajmxum)—%(ajx,.’). (230)

J J

The first term on the right-hand side of equation (2.30) is decomposed as:

i(m):ﬁ {g}. %}r—a(;uf)%_ai ( D', )+0(g) (2.31)

J J J

From the definition of Lagrangian velocity disturbance (2.8) the second term on the right-
hand side of equation (2.31) becomes:

2 )12

(2.32)
j o,
Substitute equations (2.32) and (2.31) into equation (2.30) we obtain:
- P ]
1o, (a_pj 5 (g au} (&) et o)
pox, | 7 ox ox ox,  Ox, 0x, (2.33)

_%(m)_%(gjxg)mm
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2.2. Derivation of Quasi-Eulerian mean momentum equation

In the following, all terms on the right-hand side of equation (2.33) are rewritten in terms
of Quasi-Eulerian disturbance based on the relationship (2.27). The first term in the right-
hand side of equation (2.33) can be expressed as:

oFE, o, on, 7
+ 2 b g || D S O g O O o
ox; ox, Ox, Ox; Ox; Ox; ox,0x, le

(2.34)

Similarly, the second term on the right-hand side of equation (2.33) becomes:

8(&,%1) ou' 5(%_/‘% ) ot N 6(%)%3%
ox, Ox, ox,  Ox; Ox, Ox, Ox

J J

0 gu,aak . (iéz)au B, éaa”k o,
ox, | 77 ox, ox, o, ox, " ox, ox,ox,

—ou, 01,
Ox; Ox,0x,

+6,8,

X

(2.35)

% L0,

The third term on the right-hand side of equation (2.33) is expressed by:

a(ujuj)_ﬁ(u,.'uj')+i e e B r e B o), 236)
. o ox, i 18 k5 X, k l@xk ox,

J

Similarly, the fourth term on the right-hand side of equation (2.33) is expressed in term
of Quasi-Eulerian disturbance quantities as:

a —[ ul’[
87j(zgj(gzxu)) 26,08 ,+O(8)

mn m

- (2.37)
=26, Q& Cu u%( Em 2,6 Er gk J+0(g)
X

J

where, ¢, 1is the Levi-Civita symbol defined by:

mn

+1 if(z',m,n) is an even permutation of (1,2,3)
e =<1—1 if (i,m,n) is an odd permutation of (1,2,3) . (2.38)

mn

0 ifany index is repeated

The fifth term on the right-hand side of equation (2.33) is expressed by:

%(g ) gal_g i (g £, ]+0(g) (2.39)
X x

J
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2.2. Derivation of Quasi-Eulerian mean momentum equation

From equations (2.34)-(2.39) equation (2.33) can be expressed in terms of Quasi-Eulerian

disturbance quantities as:

L a(a—pjl ), ‘9[ T aka,aiai}

p Gx "\ o, Ox; ox Ox, Ox,
= ou,' 0 | =1 == Ou, ou!
-D'| g — |——|D"|eg —L||-2¢ Q & — 2.40
(F:A] axj J axj |: (a]&k axk }j| imn mEJJ axj ( )
0 oX,
__(281%1 mEJ &k J F: A (&jak _lj_‘_O(gS)
Ox; Oox; ox,
Replacing equation (2.40) into equation (2.28) we obtain:
5 Olu'u’ '
1o (o) ) pnuf ), o 00, K
p 8x ! ox, ox, / ox, Tox, 6x

0 7 Ot | 7 O, Ot 0 | ou —_,(au
+87j[”j (t:ka ik@a—a—%}—g[% (Ei Eék)} {Z;j&kD [EH (2.41)

Xk

0 Fr L) 0 (7r k) 10 (55 35 ), o
_8_(281'17111Qm&.>j&k g} axj (é/‘ak an ] p (EJ &k }4_0(8 )

X, k

From equation (2.8) and equation (2.27) the sixth term on the right-hand side of equation

(2.41) can be expressed as:

0 G- ST L 20 )

ox,
O —— i (2.42)
) Ou » O, u, Ou, ——
_Es/ka 'Hv%k,@ ii;akﬁ ikiza'a
Similarly, the seventh term on the right-hand side of equation (2.41) is expressed as:
ou 8u
& D" +0 243
3 faxJ . ( )aaka a0 (2.43)

Then, the total of the last four terms on the right-hand side of equation (2.41) is expressed

by:
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2.2. Derivation of Quasi-Eulerian mean momentum equation

O lezpe[ 0|, X, o’p
a{&,akD (GXI{] ( Eimn mEJ &k J [%j&k aka (é &k axkax J:|

[0 (i (e 1@
_Gx{&jak o (D i, +2(Qx1) +5,8+X, +p8x ﬂ (2.44)
Ou, ou, 3
[ﬁ S ox, ox j O(g").

Since ¢° = O(&”) then from equation (2.26) we have:
D'u, +2(Qxﬁ)i+8i3g+)_(i+lg£=0(gz). (2.45)
p Ox,

Therefore, in the second-order of the accuracy of the small disturbance amplitude
equation (2.44) can be rewritten as:

_ ) (o af 5
{a 5 L%jug Qm(ﬁ g, xk] [;,&k axk} {a Bt H

Ou, Ou
j{éikﬁ ax,j o).

(2.46)

From equations (2.42) and (2.46), the total of the last six terms on the right-hand side of
equation (2.41) can be expressed by:

0

u 0 | Ou —, [ Ou
ax‘[ 5 gyt ax,}g{axk H(Eg ék)} {a ED [anH

-2 Gy | - x|l o’p
ox; {28,7"”9"1 (‘:jék ox, ﬂ ox; H‘:/E)k ox, H ox, [p (ijik . ﬂ (2.47)

8 ' 8u
-2 1O
ox, (E)’ e 6xkj ().

Substitute equation (2.47) into equation (2.41) to obtain the following relationship:

10(, o 00#%) — [, ou' @
e Ll e
p 8x/. ox, Ox; 6xi Ox;
' ' (2.48)
0 ’ ou
£ —t—-—— +0
aj ox,  Ox; {al 5 8xk:| @)

Following the definition of Stokes correction (2.12) the second term on the right-hand
side of equation (2.48) can be expressed as:
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2.2. Derivation of Quasi-Eulerian mean momentum equation

5{ j%'} D'u*-D [ @ s, j+0(g) (2.49)

where, iz® is the i- component of Stoke drift u” .

Using equations (2.8) and (2.27) the second term in the right-hand side of equation (2.49)
is expressed as:

— |1 821/7 ] —— 5217, 1 62L_L o
D 3§, —|=5E8D" L |4+———D"(&.
(2 gjék 8xjaxk ] 2 éjak [axjaxk ] 7 axjaxk (i,‘ik)
2 A o L

=léjék 0 (BLIZ)—ﬂ%_% 6“[ _% 8ui

2 Ox ;0x, Ox,0x, Ox, Ox, Ox;0x, Ox; Ox,0x,

ou,\ o,
ﬁuk +E,~E.,1 +§ku +§ka1 +0(8)
ox . ka

(2.50)

I & (i ow, on T oW, .,
-1y ) |-+ G AT
2&jik{6x_j8x (P )} S5 e, 3 T B TOC)

The last three terms on the right-hand side of equation (2.48) can be expressed,
respectively, as:

26,0, T <2(0xw") -2, ( i J+O<a3), @51)

J

gj__ _S_lﬁ a

- = roA— — —
0 |:&juk’ 8ul}: 46uk aui+§.u' ou,
i
J

O, Tox, ox, " oxox,

:ﬁs%_la 62k 6u ' 82_
“ ox, " ox,0x, O, ox O,

+0(&%), (2.52)

(2.53)

+E,~j k

+0(&Y).

Replacing equations from (2.49) to (2.53) into equation (2.48), we obtain:

3_
D’ +2(Qxu’) +XS+li .8p i& ék—
pox,\ 7 ox, ) 2p 77 Ox,0x,0x,
8(ui'u‘j ) _ o

== 0

ox; X,

(2.54)
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2.3. Derivation of the Quasi-Eulerian mean mass conservation equation

Equation (2.54) expresses the relationship between the evolution of Stokes drift and the
disturbance of fluid particles. This is the basis to develop Quasi-Eulerian mean equations
of motion.

From (2.14) and (2.15) the first term on the right-hand side of equation (2.54) can be
decomposed into the wave and turbulence components, such as:

o) __ofem) o)
. Ox, o Ox, ) Ox,

, (2.55)

th

where, #, and u] are i”- components of wave and turbulent velocities, respectively. It is

stressed that an assumption of no correlation between wave and turbulent quantities is
employed in this step.

Using the definition of Quasi-Eulerian mean quantity (2.11) the GLM equation (2.26) can
be rewritten as:

D'u,+2(Qxu). +6[3g+la—p+)_(i =-D"u’ —Z(Qxﬁs)‘ - X7
l p Ox, l

1 0 op' 1 — 0o'p
iy W
p Ox, ox, ) 2p Ox,0x ,0x,

(2.56)

Inserting equations (2.54) and (2.55) into equation (2.56) we obtain the momentum
equation expressed in terms of Quasi-Eulerian mean velocity, i.e.:

m o(ad,) 1oz,
%+2(Qxﬁ),+6i3g+){i=—l@— ( ’)+l L+0(), (2.57)
Dt ! p Ox, ox, p Ox,

J

where, 7, = —puju} is the turbulent stress tensor.

The momentum equation (2.57) includes four variables: three components of Quasi-
Eulerian mean velocity u and pressure p . Effects of waves and turbulence can be

modeled as source terms. The momentum equation can be solved in combination with the
continuity equation. The turbulent effect is expressed in the form of Reynolds turbulent
stress, which can be calculated by using existing turbulent submodels, and the wave effect
following an appropriate wave model.

2.3 DERIVATION OF THE QUASI-EULERIAN MEAN MASS CONSERVATION
EQUATION

The mass conservation equation is necessary to close the set of equations of the mean
motion. The mass conservation is simplified under the assumption of slow modulation of

19



2.3. Derivation of the Quasi-Eulerian mean mass conservation equation

the waves (assumption A2). For an incompressible fluid (assumption A1), the mass
conservation equation is expressed by (AM):

ot vt ow DEE - OEE,
o o &z 2 otox 0x, ox,0x 0, |

(2.58)

In the following, the vertical GLM velocity is assumed a small quantity, i.e., w" = O(&).

Using assumption A2 the right-hand side of equation (2.58) is simplified as:

DEE, DEE, 2§2
1 255 +1) S | 01076 &23 +0(&%). (2.59)
2| otox;0x, Ox,0x,0x, | ot\ 2 Oz

Notice that Quasi-Eulerian mean quantities are averaged over the wave period. Therefore,
on the scale of the mean current, the right-hand side of equation (2.59), generally, differs
from zero. According to the definition of Stokes correction in AM, the term in brackets
on the right-hand side of equation (2.59) is the Stokes correction of the mean position of

fluid-particle Z°,i.e

55 _log

S +0(&). (2.60)

In stationary waves, the temporal derivative of Z° is zero, so equation (2.58) becomes:

—S —S —S
ou ov ow (6@1 ov ow ] 2.61)

—t—t+— - -
ox Oy oz ox Oy Oz

However, in nonstationary waves, the right-hand side of equation (2.59) differs from zero
and is also of second-order in the disturbance amplitude. In general, the continuity
equation (2.58) is rewritten as:

— — — =S —5 —S —5s
on ov ow_oZ _(Gu LoV ow j 2.62)

ox oy oz ot |ox oy oz

Equation (2.62) indicates that the divergence of Quasi-Eulerian mean velocity is
compensated by the divergence of Stokes drift and the time variation of Stokes correction
of the mean position of the fluid particle. As pointed out by Tamura et al. (2012), the
divergence of Stokes drift might cause vertical velocity which is comparable to Ekman
velocity and has important effects to the upper ocean dynamics. Besides, the divergence
of Stokes drift also contributes to the set-down/setup of mean water level.

Combined with the momentum equation (2.57) we had a set of four independent
equations in four unknowns as long as the wave and turbulent motions are described by
an appropriate wave theory and a relation to the mean flow, respectively. In principle,
these equations can be solved numerically.
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THREE-DIMENSIONAL WAVE
RADIATION STRESS AND
VORTEX FORCE
REPRESENTATIONS?




3.1. Introduction

3.1 INTRODUCTION

There are two representations of wave-averaged effects on the currents called 'radiation
stress' and 'vortex force'. Both representations have been applied widely in the ocean and
coastal numerical models.

The radiation stress representation was introduced by Longuet-Higgins and Stewart
(1960). It was successful in explaining the transfer of momentum flux from the waves to
the mean current. However, it is a two-dimensional (2D) tensor, and as such it is only
suitable for depth-averaged numerical models. The extension of the ‘traditional’ radiation
stress concept to three-dimensional (3D) space has been the subject of many studies. In
Xia et al. (2004), the 3D radiation stress was inferred from the classical 2D radiation
stress concept of Longuet-Higgins and Stewart (1960). This method was also applied by
Mellor (2015). However, as indicated by Ardhuin ef al. (2017), this method is “incorrect
because of a derivation error”. Recently, Nguyen et al. (2021a) obtained a depth-
dependent wave radiation stress tensor in the Generalized Lagrangian Mean (GLM)
framework. It was applied in their Quasi-Eulerian mean equations of motion. With the
use of the depth-dependent wave radiation stress formulation, their equations were
successfully validated with various experimental data in conditions of waves combined
with currents.

The vortex force representation is an alternative way to express the mean effect of waves
on the current. It was first introduced by Craik and Leibovich (1976) to explain the
evolution of Langmuir circulations. The vortex-force representation involves a gradient
of the Bernoulli head and a vortex force. This concept has been widely applied by the
ocean and coastal communities such as McWilliams et al. (2004), Newberger and Allen
(2007), Ardhuin et al. (2008) Michaud et al. (2011); and Bennis et al. (2011).

In Lane ef al. (2007), a comparison of ‘radiation stress’ and ‘vortex force’ representations
was made. Their study showed that these two representations are equivalent in the
condition of conservative waves. However, the relationship between these two
representations for non-conservative waves was not addressed in their study.

In this Chapter, the concept of three-dimensional wave radiation stress tensor is
introduced. Besides, the relationship between three-dimensional wave radiation stress and
vortex-force representations in both conditions of conservative waves and non-
conservative waves is presented in detail. In this study, the concept of conservative wave
means the wave propagates without wave energy dissipation, and the concept of non-
conservative wave means the wave propagates with the presence of wave energy
dissipation (due to breaking wave, roller wave, or bottom friction).
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3.2. Three-dimensional wave radiation stress representation

3.2 THREE-DIMENSIONAL WAVE RADIATION STRESS REPRESENTATION

The components of three-dimensional wave radiation stress S are defined by:

Si =p(7’?_$) Stz =pﬁ Sis = pﬁ, (3.1)
Sy = p\7_ﬂ Sy = p(\?—%) Sy = p‘%a (3.2)
Sy = pﬂ’_ﬁ Sy, = pﬂ/_ﬁ Sy =0. (3.3)

The modulation of wave amplitude is assumed slowly in the horizontal direction. Then,
local linear wave theory is applied to calculate the following wave forcing terms:
oS, /ox, as,, /oy, 0, /ox, 0S,, /oy, 0S;,/0x, 0S,,/ 0y .

Using local linear wave theory, components of wave velocity are:

koa coshk(z+h)
k sinh kh

u=

cos(kx+k,y—ot), (3.4)

k,oa cosh k(z + h)
k sinh kA

V= cos(kx+k,y—ot), (3.5)
where, a is the wave amplitude, k is the wave number, k, (o =1;2 represents for

horizontal direction) is the component of wave number in the o direction, /4 is still water
depth, and o =./gk tanh k% is the angular frequency of the wave.

From equations (3.4) and (3.5), the vertical component of wave velocity is calculated
from the continuity equation for the wave motion:

inhk(z+h
W=Gam+wsin(k1x+k2y—at)
sinh kh (3.6)
o sinhk(z+h)(, 6a | éa '
- —————| k,—+k,— |cos(kx+k,y—ot).
k sinh kh ox oy
From equations (3.4), 3.5), and (3.6) we obtain:
2 2 : 2
S = pgha’ k_lzcosl.l k(z+h)_sm}% k(z+h) , (3.7)
k sinh 2kh sinh 2kh
kk, cosh® k(z + h)
S,=8, =pga’ —2 , 3.8
2 e T ik 2k 3:8)
k? cosh® k(z+h) sinh® k(z+h)
S . =poka®| =~ — , 3.9
» =P8 (kz sinh 24% sinh 24h ¢)
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3.2. Three-dimensional wave radiation stress representation

inh 2k (z+h
s, :_pgk;a sin : (Z ) kla—a+kza—a , (3.10)
2k sinh 2kh ox oy
inh2k(z+h
= Pghash2k(z4h)(, da | da) (3.11)
2k sinh 2kh ox

In the condition of conservative waves propagating in deep water, the wave forcing which

is caused by normal components of wave radiation stress, 0S,;/0z and 0S,,/0z, can be

calculated by the local linear wave theory. We have:

inh2k(z+h
s, :_pgk;a sin : (Z ) k1@+k2% , (3.12)
2k sinh 2kh ox
inh2k(z+h
5, - Pelasih2k(z+h)(, da , 2a) (3.13)
2k sinh 2kh ox oy

However, in the presence of dissipative forcing, the local linear wave theory is no longer
suitable to calculate S;; and S,;. The vertical distribution of the normal components of
wave radiation stress in dissipative waves was analyzed by Deigaard and Fredsee (1989).
Their study is restricted to the shallow water waves, where the horizontal wave velocity
is assumed to be depth independent. This results in the linear variation of S|; and S,
with depth. Usually, the horizontal wave velocity is a depth-dependent quantity (e.g.,
wind waves in deep water) in which case more general formulas for S,, and S,; are

required. In general, the normal components of wave radiation stress can be decomposed
into conservative and decay parts, such as:

S, = p(@ics +iivoc ), (3.14)
Sy = p(PWes + e ), (3.15)

where, the subscripts CS and DC represent the conservative and decay parts of normal
components of wave radiation stress, respectively.

3.2.1 Conservative part of the normal component of the wave
radiation stress in weak ambient current

In this part, the ambient current is assumed small in comparison with the near-bed orbital

velocity, i.e. |1_1| <u_,, and the surface waves are approximated irrotational. Then, the

orb ?
effect of mean currents on the wave radiation stress is neglected. The local linear wave
theory can be used to calculate conservative parts of normal components of wave
radiation stress. The above assumptions were also employed by McWilliams et al. (2004)
to obtain an asymptotic theory for the interaction of waves and currents in coastal water.
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3.2. Three-dimensional wave radiation stress representation

Then, conservative parts of normal components of wave radiation stress are given by:

— inh2k(z+h

Ties = —aga S (2+4) PR (3.16)
2k sinh 2kh ox oy

— inh2k(z+h

Fivcs = - faga I (z+4) PRaiA) (3.17)
2k sinh 2kh ox oy

The above formulas agree with the results obtained by You (1997) and Groeneweg (1999)

when the incident angle of the wave is zero (6 = 0° ).

3.2.2 Conservative part of the normal component of the wave
radiation stress in a strong ambient current

As pointed out by Supharatid et al. (1992) and Nielsen and You (1997), the ambient
current has a significant impact on the vertical distribution of wave radiation stress.
Therefore, in the presence of a strong ambient current, equations (3.16) and (3.17) are no
longer suitable. The normal component of the wave radiation stress is enhanced by a

factor Cy, = (CWR’1 , CWM) representing the effect of the ambient current. Equations (3.16)
and (3.17) become:

— Cyr .k inh2k(z+h

s = S 2Iga sin ‘ (Z ) k, 5_”_,_](2@ , (3.18)
2k sinh 2kh ox

— C,..k inh2k(z+h

Tibes = — VR2 22ga Sin : (Z ) 1a_a+k2 a_a ] (3.19)
2k sinh 2kh ox oy

For regular wave, the empirical factors C,,, | and C , are calculated by (Nielsen and
You, 1997):

u, (z+h
Con, 11004 (ZE1). (3.20)
’ ca D
v, (z+h
Cors 11002 M) (3.21)
’ ca D

where, (u_,;) is the friction velocity, and D =h +Z with Z is the Quasi-Eulerian mean
water level.

As indicated by Ockenden and Soulsby (1994), for a substantial part of the time, the
bottom shear stresses caused by random waves exceed those caused by the corresponding
regular waves. In this study, formulas (3.18) and (3.19) are modified to apply to random
waves as follows:
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3.2. Three-dimensional wave radiation stress representation

u, h
c —1+10042 4 1) (3.22)
’ ca D
V. (z+h)
Cpp, =1+10042 ==/ (3.23)
’ ca D

where, a=0.5H_  with H__ is the root mean square wave height. The empirical

coefficient is approximated to unity when the ambient current is small in comparison with
the near-bed orbital velocity. The friction velocity components caused by waves and

currents are calculated by:
=7, /p v.=\[7,,/p, (3.24)

where, 7, = (‘fb T 2) is the mean of total bed-shear stress caused by waves and currents.

3.2.3 Decay-related part of normal components of the wave
radiation stress

Outside the bottom boundary layer, the decayed-related part of wave radiation stress
gradient is caused by the dissipative forcing, i.e.:

diwne  Fpu(2) (@)
0z P p

(3.25)

a%DC _ F;yr,Z (Z) _ me,2 (Z)

Oz p p

(3.26)

where, F, =(E,,,,1,Fb,.’2) represents the effect of breaking waves and rollers, and

F,.=(F,..F,

mx,1°" mx,2

) represents the wave-induced mixing. The vertical distribution of the
wave-induced forcing terms £, and F, can be estimated by empirical formulas
proposed by Uchiyama et al. (2010).

Therefore, with a correction for the effect of Coriolis forcing on Stokes drift, the wave
radiation stress can be expressed by:

~2 =2 — —
l aSll 4 aSlZ + 8S13 _ a(u w ) i auv " auWCS —ﬁs _i_ me,l , (327)
p\ox oy oz ox oy 0Oz p
1(as, s, oS, o 5(6_2—5) Otves E,, F
2 Pau P Doy | " + + fuS -2 2 (3.28)
plox oy Oz Ox oy Oz p

26



3.3. Vortex force representation

1(8531 + S, + 0S5 ] _ owi n AL , (3.29)

pl ox Oy oz ox oy

where, ' =2Qsing as Coriolis frequency, and ¢ the latitude at the given position.

3.3 VORTEX FORCE REPRESENTATION

Another way to express the effect of waves on currents is using vortex-force
representation. This method was proposed by McWilliams et al. (2004). In their work,
the surface waves are assumed slow varying, weakly nonlinear, and irrotational up to
second-order of the wave amplitude. Further, the mean currents are assumed to vary

slowly and are small in comparison with the near-bed orbital velocity, i.e., 1_1| <u,,.
In vortex force representation, the wave-induced forcing is given by:
VFlzﬁ—J—\?S por| oG |y O (3.30)
ox ox 0y )| Oz
VF2=8—J+L7S f+ L +wsa—v, (3.31)
oy ox oy )| 0z
VF, =—(ﬁsa—”+v5 8_\/]’ (3.32)
Oz Oz

where, V'F, is wave-induced forcing in terms of vortex force representation, and J is
wave-induced kinematic pressure defined by:

2

gka

J=—"— (3.33)
2sinh 2kh

3.4 RELATIONSHIP BETWEEN WAVE RADIATION STRESS AND VORTEX
FORCE REPRESENTATIONS

In this section, the effects of turbulence and non-wave dissipative forcing X are neglected.
Multiplying equation (2.17) with 6, / Ox, and averaging over wave period to obtain the

following equation for the evolution of Lagrangian disturbance velocity u':

/ l
S o o
iDLul.—ki(Z(qu)A)l—ki o) %5 1) (3.34)
Ox, 7 ox, T ox, | o, ox, \ p Ox,

1 1

The pseudo-momentum p! defined by (Andrews and Mclntyre, 1978):
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3.4. Relationship between wave radiation stress and vortex force representations

ac,
e p—T 3.35
P; o (3.35)
Using the relation (2.8) and definition (3.35), the first term on the left-hand side of

equation (3.34) can be expressed as:

, — L, (3.36)
_ li(_Lé ) ag, u o, —_| Do’ + 1 a(uju/) o Oty
7 o, o ax, o, T2 ox Lo
The second term on the left-hand side of equation (3.34) is approximated by:
3l 1 O, _
—2L(2(Qxu),) = =L(2(Qxu’), )= -2(Qxu’). 3.37
—(2@xw), ) = (2Qxw), ) = 2(QxT), (3:37)

i i

From equation (2.18) the third term on the left-hand side of equation (3.34) can be
neglected, i.e.:

o, [ oD 8§ I
— | — ) =0. 3.38
Ox, [axjj Ox, ( ,3g) (.38)
The relationship between Lagrangian disturbance and Quasi-Eulerian disturbance is
given by relationship (2.27). Then, the fourth term on the left-hand side of equation (3.34)
can be expressed as:

l _—
Eilp|_@ . op o'p 3
L= = —— +0(8%), 3.39
ox, (axj} oy ox,ex, 2&" 08 Ox,0x, ) -39

1

—S . .
where, p~ is Stokes correction of mean pressure.

Then, equation (3.34) becomes:

_ 8uu T §
~D'p! - ;(6 )—pzaa”k ~2@x), + - 2
X X.
: 8 ’ (3.40)
1, op 1 op
=g, 0P, S gE 0P

= EJ
p ' oxox, 2p

From equation (2.54) we have:
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3.4. Relationship between wave radiation stress and vortex force representations

olu'u. =2 2
(40,) o3 = D'} +2(Qxu’ )+ﬁ,fai—a
Ox; Ox, ox,  Ox,
(3.41)
1 0 op 1— 0p 3
+ ) +0(&7).
p@x[’@xl} 25"&”‘888 )

If the effect of turbulence is neglected then the Quasi-Eulerian disturbance ¢’ is replaced

by wave quantity ¢ . From equations (3.40) and (3.41) we obtain:

i) ow _ofp 1rrm g% on
ox ox, ox | p 2V ax ox,

J ! J

(3.42)

—L

D (9 )- (0 - ) S+ 0.
Equation (3.42) expresses the general relationship between wave radiation stress and the
vortex-force representations. In this, the first term on the right-hand side represents the
changes in the wave-related Bernouilli head, and the second term on the right-hand side
of equation (3.42) expresses the vortex force of the mean current. The remaining terms
on the right-hand side are a function of the mismatch between the pseudo momentum and
the Stokes drift. According to Andrews and McIntyre (1978), the Stokes drift is defined
by:

_ ou, 62_
S=g,—L —g & 0(53). (3.43)
a J
From definitions (3.35) and (3.43) we obtain
_ oi, | 1= az—
- ag | LT DB SR 0. (3.44)
ox, Ox,

The first term on the right-hand side of equation (3.44) expresses the effect of rotation of
the wave, and the second term relates to the shear effect of the mean current. The
calculation of the first term on the right-hand side of equation (3.44) requires a rotational
wave theory. However, the use of rotational wave theory is still a challenge for coastal
and ocean applications. In the next sections, the right-hand side of equation (3.42) will be
expressed explicitly under specific conditions of the waves combined with the mean
currents.

3.4.1 Conservative waves
In this part, the following conditions are applied:

1) The waves are conservative and irrotational up to the second-order of wave amplitude.
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3.4. Relationship between wave radiation stress and vortex force representations

i1) The mean currents are slow variation and small in comparison with near-bed orbital

velocity, i.e. |ﬁ| <u,.

The above conditions were also used by McWilliams et al. (2004) to obtain the vortex
force representation. With conditions (i) and (i1), the formula (3.44) becomes:

p; -’ =0(&). (3.45)

Thus, the pseudo-momentum p; can be approximated by the Stokes drift i . Therefore,

the last two terms on the right-hand side of equation (3.42) can be neglected giving:

olia,) w2 AR o, om,
(a -1)_ﬁl:i[l’__l(u;ui)_ﬂ_gf P o, (3.46)
X, ox, ox,| p 2 ox, Ox

i j
The term ujuj /2 1s the Bernoulli head defined in the GLM framework. From the

relationship (2.27) we obtain:

1N

%(”ﬁ“j)zé( )+ K, (3:47)

where, the term K is a correction to the Bernoulli head defined by:

o, & (om Y
K=ig 2 S %) (3.48)
Tox, 2\ ox,
Using linear wave theory we obtain:
=S - 2
p——l(af.)—wz:{gL. (3.49)
p 2V77 2sinh 2kh
Combining (3.47) and (3.49) gives:
p° 1771 —| o(J+K
ox,| p 2 Ox,

where, the term J is defined by (3.33).

In the ocean and coastal environment, it is usually that ow/ox, < u, / Oz . Therefore, the

term iz’ 0w/ Ox, can be neglected in the vortex force representation. From equation (3.50)

and including the Coriolis effect in the radiation stress forcing equation (3.46) can be
expressed explicitly as:

o(J+K v Ou u
1(8S11+8512+8513): ( + )_‘78|:f+(a_v_a_u]}+wsgu+O(83), (3.51)

plox oy Oz ox ox Oy oz
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3.4. Relationship between wave radiation stress and vortex force representations

p\ Ox Oy 0z

1( 0§, n 0S5, n 0S5 (9K (us 8_u+_5 5vj+0(€ ). (3.53)
ox oy Oz Tz 0z oz

1(8521 , 05, +8823j:5(J+K)+L—,{f+{5_v_a_ﬁﬂ+—Sa__+0(g) (3.52)
oy iy 0

Equations (3.51)-(3.53) show the relationship between radiation stress and vortex force
representations in conservative waves. The right-hand side of these equations is vortex
force representation obtained by McWilliams et al. (2004) with a correction of the
Bernoulli head K. Therefore, in conditions of weakly nonlinear waves and weak ambient
current, the radiation stress and vortex force representations are equivalent.

3.4.2 Non-conservative waves

In this section, the relationship between radiation stress and vortex force representations
will be studied in the following conditions:

1) The evolution of the waves is dominated by dissipative processes, such as breaking
waves, rollers, white-capping, and bottom friction.

i1) The mean currents are slowly varying and small in comparison with near-bed orbital

velocity, i.e. |ﬁ| <u,,

In the presence of non-conservative processes, the last two terms on the right-hand side
of equation (3.42) express the evolution of the rotation of the waves. In the presence of

wave dissipation, we do not have any relationship between #° and p! . If the current is
small in comparison with the wave velocity then its effect on the wave-induced forcing

can be neglected. The evolution of the rotation of the waves is approximated by
dissipative wave forcing, i.e.:

_ o . 4
D" (p} -t )+(p}—ir’) (;: Fg”+F"S“”. (3.54)

From equations (3.50) and (3.54) equation (3.42) is now expressed as:

l(@S“ +8512 + aSlsj: 8(J+K) —yS {f+[8_17_5_ﬁj}

0 0 0 0 ox 0O
P x_ Fy Fz x x Oy (3.5%)
o O _Lora Tt o(&Y),

Oz
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3.5. Conclusions

1[5521+8522+8S23j:a(J+K)+ﬁS|:f+(5_\7_a_ﬁj}

x 9 d 0 x 0
pLox 0y & i r (3.56)
v F F
+ws a_v_ br,2 _ mx,2 + 0(83),
154
l 0S;, n 0S5, i 08y _ 8_K_(L75 a_u+‘75 6_‘})4.0(53), (3.57)
pl ox oy Oz Oz Oz 0z

Equations (3.55)-(3.57) expresses the relationship between radiation stress and vortex
force representations in the condition of non-conservative waves propagating on a weak
current. It shows that the wave radiation stress gradient is the total of vortex-force and
nonconservative wave forcing.

3.5 CONCLUSIONS

In this Chapter, a three-dimensional wave radiation stress formalism was introduced. In
this formalism, the effects of non-conservative waves and ambient current on three-

dimensional wave radiation stress are taken into account. An empirical coefficient C,,
was proposed to account for the effect of strong ambient current on the vertical

distribution of wave radiation stress components.

Besides, the relationship between 3D wave radiation stress and vortex force
representations was proven mathematically. It showed that:

1) In conservative waves and weak ambient current, the wave radiation stress and vortex
force representations are equivalent.

i1) In non-conservative waves and weak ambient current, the wave radiation stress
representation is equivalent to the total of vortex force and wave-induced dissipative
forcing terms.
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EQUATIONS OF MOTION IN
THE HYDROSTATIC
ASSUMPTION



4.1. Quasi-Eulerian mean equations of motion

4.1 QuASI-EULERIAN MEAN EQUATIONS OF MOTION

4.1.1 Momentum equation of motion

In this Chapter, equations of mean motion are obtained in the hydrostatic assumption for
the mean flow. This means that acceleration of mean velocity and dissipative forcing are
neglected in the vertical momentum equation. This assumption is suitable for most
hydrodynamic problems in the deep ocean and coastal zones.

From equation (2.57) the Quasi-Eulerian mean vertical momentum equation is expressed
explicitly as:

— ~~ <= ~2 — — _
@+g+X3 __1dp ouw ovw ow +18731 +16732 +lar33

+0(&).(4.1)
Dt poz O Oy 0z pox poy p oz

With the use of hydrostatic assumption for the mean flow equation (4.1) becomes:

1 gp  oiw o oW
—Ltgt—t—t

=0(&). 4.2
0w Ty T O “2)

According to Longuet-Higgins and Stewart (1964), hydrostatic pressure p” is defined
by:

P =p+pW. (4.3)
The vertical momentum equation (4.2) becomes:

ap" ouw  Ovw
+g+ +

1 3
— =0(¢). 4.4
p Oz ox Oy (=) 44

Substituting equation (4.3) into the momentum equation (2.57) and using the
formulations (3.27) and (3.28) to obtain the following Quasi-Eulerian mean horizontal
momentum equations:

s o i | ol -W) A A
6_u+ﬁa_u+‘76_u+w6_u_ﬁ=_16p B ( )+8uv+8uwCs _ &
ot ox oy 0z p Ox ox oy 0z
(4.5)
F, F T T T
pla L 1 8r“+6r12+8r13 +UAL+O(&Y),
p p plox oy oz
— ~2  ~2 —
o v _ov _ov 10p" | oav a(v —W) Bvwes s
— U —+V—+W—t fu =—— - + + + fu
ot ox oy 0z p Oy ox oy oz
(4.6)
F, F T T T
y 2y Twa 1 ar21+6722+8723 +UAV +0().
p p  plLox Oy oz
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4.1. Quasi-Eulerian mean equations of motion

Equations (4.5) and (4.6) are Quasi-Eulerian mean horizontal momentum equations in
hydrostatic assumption. The mean velocity will be solved when coupling these equations
with the mass conservation equation presented below.

4.1.2 Depth-integrated continuity equation

The mass conservation equation is given by (2.62). At the second-order of the wave
amplitude, the Stokes correction of the mean position of a fluid particle Z° can be
estimated by:

P cosh2k(z+h)

+0(&). 4.7
sinh? kh &) “.7)

The Quasi-Eulerian mean water level is calculated by solving the depth-integrated mass
conservation equation. Vertical integration of the continuity equation (2.62) to obtain:

g GZS

J'EL ou* J-C ov'

A 5 EFT )W =[] (4.8)

where, zL = Z + zs is the GLM water surface, and C° is Stokes correction of mean water

level and approximated by:

=S ka’ 3
=———1+0(&). 4.9
~ = Sannhm ) *2)
From equations (4.7) and (4.9) we have:
=[* Z°az+0(). (4.10)

Equation (4.10) suggests that the Stokes correction of the mean water level is the
cumulative effect of the Stokes correction of the mean position of the fluid particles.

Applying Leibniz integral rule for the first and the second terms on the left-hand side of
equation (4.8) we obtain:

vout 9ty = 00, Oh
L= dz—alehu dz=a" €)== (-h)—, @.11)
T ovt _ 0 L, ol C I a_h
L o “s f dz =V (&) === v"( N (4.12)

The boundary conditions at the water surface and water bottom are given by:

—L /7L _g —L_Lg —L_Lg
wi(C") = o ¥ (") o Y (€ o (4.13)
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4.2. Generalized Lagrangian Mean equations of motion

Wt (=h) = {%H—ﬂ (—h)%+ pt (—h)%}. (4.14)

Replacing of (4.11)-(4.14) into equation (4.8) we obtain:
olc+h L L L L
(C—)+ijC ﬁdz+if de=—3(f ﬁsdxj—iuc Vsdy). (4.15)
ot Ox o=h oy o Ox \7-h oy \J

Equation (4.15) is the depth-integrated continuity equation. The solution of this equation
gives the evolution of the mean water level.

When local linear wave theory is employed the Stokes drift is expressed explicitly by:

oka’® cosh2k(z +h)
2 sinh® kh

w’(z)= +0(&%), (4.16)

ok,a® cosh 2k(z +h)
2 sinh® kh

vi(z)= +0(&). 4.17)

4.2 GENERALIZED LAGRANGIAN MEAN EQUATIONS OF MOTION

4.2.1 Momentum equation of motion

In this section, the Quasi-Eulerian mean equations of motion are expressed in terms of
GLM quantities assuming hydrostatic conditions.

According to Ardhuin ez al. (2008), hydrostatic pressure p” is calculated by:

p" =p,+pg(C-2), (4.18)

Besides, using local linear wave theory to calculate Stokes correction of mean pressure
we obtain:

P =pg(#+T°). (4.19)

Then, hydrostatic pressure p” can be calculated by:

" =, +pg(C —2)~(P° -pei). (4.20)

From relationship (2.11) and equation (4.20) equations (4.5) and (4.6) can be expressed
in terms of GLM quantities as:
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4.2. Generalized Lagrangian Mean equations of motion

ont  out ort cont o 1ap, o
ot ox 5‘y Oz p Ox ox
i om omwes | F,, F P’
| ou N ouv N Ouwcs 4 Dot Lo +l P 4.21)
ox oy oz PP pOx
—I —L
(8;161 n 66‘31;2 + aar;’ j+7} +UA" +0(€3),
ov* Lt aVL_l_vL v’ it ov' + firt __l%_ &
ot Ox 8y 0z p oy y
i 0V Owies | B, F p’
| ouv N ov N OvWes 2 L +l§p (4.22)
x oy &z p p POy
—L =L
(ag;‘ + 681;2 + aaTZ” j+ T, +vAV" +O(&%),
where, the terms 7; and 7, are defined by:
I — —1L
T=p's it T s T e B s, (4.23)
X oy Z
— — —L
=05+ s P T oa (424)
X oy Z

The term T, is of second-order of the wave amplitude and should not be neglected,

especially in dissipative waves.

4.2.2 Mass conservation equation of motion

The mass conservation equation in the GLM framework is given by:

ou* s ovt . ow" oZ°

= : (4.25)
ox Oy 0Oz ot
The depth-integrated mass conservation equation written is:
o(C" +h z 2 7S
oEt+h) )+ 0 jc atdz +2- [ vide =% (4.26)

ot ox oy I ot

The right-hand side of equation (4.26) is a term of second-order of wave amplitude. It can
be neglected in case of stationary waves.
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4.3. Equations of mean motion in vortex force representation

4.3 EQUATIONS OF MEAN MOTION IN VORTEX FORCE REPRESENTATION

In this section, the new Quasi-Eulerian mean equations are expressed in terms of vortex
force representation. It is noticed that the vortex force representation is only valid in the

condition of weak ambient current, i.e. [a] < u,,.

From the relationship between radiation stress and vortex force representation (3.55)-
(3.56), the Quasi-Eulerian mean horizontal momentum equations (4.5) and (4.6) are
rewritten as:

i i i i B o(J+K v Ou
8—u+z76—u+\7a—u+wa—u—/"\7:—1815 IICAS )+\7S f+ o o
ot Ox oy 0z p Ox Ox ox Oy
(4.27)
— rF Al oAl
e O Lo s 1108, 07, | 08, +vu, A +0(E),
oz p p plLoOx Oy 0z
v v v v p’  O(J+K v ou
‘2—‘;+ﬁ‘2—v+v‘2—v+w2—v+ﬁ:_l‘3§y - ((; )—Es{f+(a_"_‘2_”ﬂ
X zZ
g P g Y 4.28)

—S a_‘7+F;77*,2+Enx,2 +l£ale +62_'22+6'Z_'23

+u, AV +0(g).
oz p p pl ox oy oz

The vertical momentum equation is given by (4.4), the mass conservation equation is
given by equation (2.62), and the depth-integrated mass conservation equation is given
by equation (4.15).
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5.1. Model implementation

5.1 MODEL IMPLEMENTATION

Wave energy balance equation 2DV equations of mean motion

Empirical closure for strong wave-current interaction

2DV numerical model

Validation
Non-breaking waves propagate on a Bennis et al. (2011)
slope without dissipation 2DV analytical test
Non-breaking waves propagate on a Klopman (1994)
strong ambient current 2DV flume test
Breaking waves on barred profile, Boers (2005)
cross-shore currents and setup 2DV flume test
Oblique breaking waves, cross-shore Hamilton and Ebersole (2001)
and longshore currents and setup 3D wave basin test

Figure 5.1 A flowchart of the validation scheme

A 2DV numerical model was developed based on Quasi-Eulerian mean equations of
motion. Various tests of wave combined with current were employed to validate the new
equations of motion. In these tests, the wave period, wave frequency, and wave number
are assumed slowly variations in time and space. Therefore, the wave energy balance
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5.1. Model implementation

equation is applied instead of the wave action balance equation. A flowchart of the
validation scheme is described in Figure 5.1.

5.1.1 Wave energy balance equation

In this Chapter, we assume that the relative wave frequency, wave period, and
wavenumber are slowly variations in the experimental flumes. Then, the wave energy
balance equation can be applied instead of the wave action balance equation.

If the wave field is assumed uniform in the y-direction then the wave balance equation is
given by (Roelvink and Reniers, 2011):

OE 0O
—+—(Ec_cos@)+D_+D,=0. 5.1
ot ax( ;€030)+ D, +D; G-

where, E=pgH’ /8 is the wave energy density with H

rms

is the root mean square wave
height, c, is the wave group velocity, ¢ is the incident angle of the wave, D, is the wave
energy dissipation rate due to breaking wave, D, is the wave energy dissipation rate due

to bottom friction.

The wave energy dissipation rate due to breaking wave is calculated by (Battjes and
Janssen, 1978):

H,,
h

1
DW =_pgabprb

2 : (5.2)

where, f, =27z/T, is the peak frequency and 7, is the peak period of the wave, o, is a

constant of order one, /1, is the breaking wave height, and Q, is the fraction of breaking

wave given by the following relationship:

H,
Qh=exp[—£ﬁ(l Q,,)D. (5.3)

The breaking wave height is calculated by Miche criterion, i.e.:

H, = 0.88 tanh( Al j, (5.4)
k 0.88

where, y is the breaking index (=0.6—0.8). This index can be calculated by the
following equation (Battjes and Stive, 1985):

7:0.5+0.4tanh(33 ;1”’” ], (5.5

rms

with L is the root mean square wavelength at deep water.

S
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5.1. Model implementation

To calculate the mean current in the surfzone, an additional component called roller is
included (Svendsen, 1984). The idea is that some fractions of breaking waves o, (from

0 to 1) are transferred to the roller before dissipating. The evolution equation for the roller
energy density is given by (Roelvink and Reniers, 2011):

OE, | O(E,ccosf)

_aer_Dr’ (56)
Ot ox

where, £, is the roller energy density, c is the wave celerity, and D, is the roller wave

dissipation rate calculated by (Nairn et al., 1991):

E
D, =255, (5.7)
C

where, [ is the mean slope under the roller.

The bottom friction dissipation rate is calculated by (Putnam and Johson, 1949):

D, = ‘Tbub

: (5.8)

where, U, is the horizontal wave velocity vector above the bottom boundary layer, and

7, 1s the instantaneous total bed shear stress. Simply, the instantaneous total bed shear

stress can be decomposed as:

T, =7, +|T.,

w

: (5.9)

where, 7, is the wave-induced bed shear stress, and 7, is the bed-shear stress due to the

mean current. Then, equation (5.8) can be rewritten as:

D,=D, +D

o (5.10)

where, D, is the wave energy dissipation caused by wave-induced bed shear stress, and

D, 1is the wave energy dissipation caused by mean current-induced bed shear stress

degned by:
D, =[r4,), (5.11)
D, . =7/} (5.12)
The wave-induced bed shear stress 7, is calculated by (Soulsby, 1997):
1 .
Tﬁzpfwlublu,,, (5.13)

where, f, is the friction factor for wave motion calculated by:
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5.1. Model implementation

A -0.52
Sy =1-39(ﬂJ , (5.14)

2y

Wlth Aorb = uarb

T,/2rx is the semi-orbital excursion, and z, is the bottom roughness

height. The near-bed orbital velocity amplitude is calculated by:

_ O (5.15)
2sinh kh

orb

For random waves, we use the assumption of the Gaussian distribution of the wave
velocity. According to Guza and Thornton (1985), we have:

i, =%, (5.16)

— — 3/2
|, | =1.60(|ub| ) : (5.17)

where, s is the near-bed standard deviation of the velocity. The Gaussian moments can
express by ‘equivalent monochromatic wave’ moments by the following relationship:

i,|” =0.5u,,|’ (5.18)
Therefore, the relationship (5.17) can be expressed as:

li,[ =0.57u,,[ . (5.19)
It furthermore follows that the mean of the absolute velocity reads:

i, = V2s o, (5.20)

NN
Therefore, the wave energy dissipations caused by wave-induced friction and current-
induced friction are calculated, respectively, by:

3

D,,=028pf,

u orb

: (5.21)

T

cw

u

. (5.22)

orb

few ﬁ

According to Van Rijn (2011), the magnitude of the near-bed current can be calculated

by:
i 1 2
| = 8+ Sl (5.23)
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5.1. Model implementation

where, u, =(i,,V, ) is horizontal mean velocity near the bed. Then, the mean bed shear

stress for combined waves and currents 7, is calculated by:

Tcw = _%pﬁwﬁb\’ﬁz +% uorb ’ > (524)

where, f. is the friction factor of the mean current. The formula (5.24) was derived for

monochromatic waves. For random waves, we modify the formula (5.24) based on the
approximate practical formula of Feddersen et al. (2000) to obtain:

T, = —%pfcwﬁb«/(l.l6s)2 +u,’. (5.25)

The friction factor of the mean current is given by:
., =0242[log(12/k,)] ", (5.26)

where, k, is the apparent roughness calculated from the near-bed layer thickness

calculated by:
k,=3008/e, (5.27)
with e is the base of the natural logarithm, and & is the bottom boundary layer thickness.
In current-only condition, the boundary layer thickness is given by (Van Rijn, 2011):
d = ez,. (5.28)

In wave-only condition, the bottom boundary layer thickness is calculated by (Jonsson
and Carlsen, 1976), i.e.:

§=0.0724,,(4,,/ k)" . (5.29)

In the condition of waves combined with current, Van Rijn (2011) proposed the following
formula:

06=0.24

orb

( Aorb

k)", (5.30)

where, k, =30z, is the Nikuradse roughness. However, equation (5.30) does not account
for the effect of near-bed mean current on the bottom boundary layer thickness. Therefore,
it is only suitable if the near-bed mean current is small in comparison with the near-bed
orbital velocity. When the near-bed current is significant and is comparable to the orbital
velocity the following formula is proposed:

0=0.24

orb

ATk )" (1+]a,|/
orb n

). (5.31)

u orb
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5.1. Model implementation

It is clear that when [u,| < the formula (5.31) reduces to formula (5.30).

u

orb

5.1.2 The 2DV governing equations

In this part, a two-dimensional numerical model is developed based on the Quasi-Eulerian
mean equations of motion, which were developed in the previous part. The model is
written for the variation of hydrodynamic properties in the x- and z-directions (2DV
model). All hydrodynamic properties are assumed to be uniform in the y-direction. The
accelerations of mean vertical velocity and dissipative forcing are neglected in the vertical
momentum equation of mean motion. Besides, the horizontal variation of the mean
atmospheric pressure at the water surface and Coriolis’ effect are assumed small and
neglected.

Using equation (4.18) momentum equations in the 2DV model are given by:

— — — = olia—-w = = =
o g O 5 i =—g 05 ( )_auw+l(afn+‘%13)+0(g3), (5.32)
ot ox 0z ox ox oz p\lox 0Oz
a_v+1/76_v+wa_v_u v:_%_&}_w+l(%+%j+0(g3)’ (533)
ot ox z ox 0z p\ oOx oz

where, only molecular viscosity is considered as non-wave dissipative forcing and v is
molecular viscosity.

The components of turbulence stress tensor are parameterized by:

_ ou _ ou
Th :puhra’ T3 =vaTga (5.34)
_ ov _ ov
Ty =pUZa, Ty =vaTga (5.35)

where, v] and v, are horizontal and vertical turbulent viscosities, respectively. In this

study, horizontal turbulent viscosity is assumed a constant v] =1.0x10~° m?%s, and

vertical turbulent viscosity is assumed a constant-parabolic distribution, i.e.:

Ké‘(l—%jﬁ*,c if (z+h)<6

v (z) = , (5.36)

zZ\_ .
—Kz (1 + Zj u.,  otherwise

where, x=0.41 is the Von Karman constant, u. , = «/|fc|/ p 1s friction velocity caused

by mean current, and 7, is the bed shear stress caused by mean current calculated by:
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1
T.===P
. Zpﬁw

u,|u,. (5.37)

In the condition of stationary waves, Quasi-Eulerian mean continuity equation in the 2DV
model is:

ou ow_ oul ow

—t—=- - . (5.38)
ox 0Oz ox 0Oz
If the bed level is fixed then depth-integrated continuity equation is simplified as:
oC o ¢t _, 0 (%_s
E+§Lh udz-—a(jh i dx). (5.39)

5.1.3 Vertical distribution of wave-induced forcing

In the 2DV model, the vertical distribution of the wave-induced forcing F,, and F is

estimated using the empirical formula proposed by Uchiyama et al. (2010). The breaking
and roller forcing is calculated by:

F, = (- ar)GDW D kf”(2), (5.40)

where, f”(z) represents the penetration of momentum associated with breaking waves

and rollers. Here, the Type I and Type III of function f”(z) proposed by Uchiyama et al.
(2010) is employed, i.e.:

Typel, 1)~ 1—tanh[kb(_c—z)]4 |
j_h(l—tanh[kb(g—z')] dz')

(5.41)

Type lll: f"(2)=— cosh [ %,(E2)]

: (5.42)
L cosh[ k,(C—z) |dz’

where, k, = ( a,H, )_] 1s the vertical length scale controlling the penetration depth of the

breaking wave, and a, is a O(l) constant. Type I is applied for the deep water and type
III for the shallow water (characterized by the ratio 4/ L).

The wave-induced momentum mixing is parameterized similar to turbulent stress
(Uchiyama et al., 2010), i.e.:

0 ou

F,_= —E[p(Kb +Kﬁ‘)g}, (5.43)
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5.1. Model implementation

where, K is the wave-induced mixing coefficient due to the wave decay at the bottom,

and K, is the wave-induced mixing coefficient due to breaking waves.

The vertical distribution of the wave-induced mixing coefficients K, and K, are

necessary to calculate the wave-induced forcing F, . In this study, the wave-induced

mx *

mixing coefficient K, is parameterized similar to the turbulent viscosity, i.e.:

Ké‘[l—%jﬁ*,cw if (z+h)<6
K

# , (5.44)
Z\_ .
-Kz (l + Z] u., otherwise

where, u, , =u. —u,_ isacomponent of friction velocity which arises in the presence of

the waves.

The wave-induced mixing coefficient K, is calculated following the empirical formula

given by Uchiyama ef al. (2010), 1.e.:

rms

K,,(z):cb[(l_“")D”D”j H_Df*(z), (5.45)
p

where, ¢, isa O(0.1) parameter, and f*"(z) is a decay function. Here, we use two types

of decay function f*"(z), i.e. Type I and Type III, proposed by Uchiyama et al. (2010).
Type I for the deep water application, and Type III for the shallow water application.

Typel: f5(z) = — 1-tanh £, (§~2) (5.46)

“(1-tanh [k, C-2) ')
J[,(1-tanh J'a)

Type [l fX(z) = — cosh [k, (€ =2)]

: (5.47)
[ cosh[ k, @~z ]

with ky, =(ay,H,,, )_1 is the decay length controlling the penetration depth of the wave-

induced mixing, and a,, is O(l) constant.

In the following, we define F,, as the total of wave-induced mixing and current-induced

turbulent forcing, i.e.:

F B _ _ _
—totl l(mel + o, +%j = (Uv +K, +Kb)8_u+i(0hr G_uj’ (5.48)
P p ’ ox 0z : 0z Ox ox
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5.2. Numerical approximation

- B 3 _ _
o2 =1£Fm2 0%, 0%y =(Uv+Kﬁ+Kb)a_V+i[u,{ 8_\)) (5.49)
p ’ ox oz : 0z Ox ox

Defining F, as the total of wave-induced forcing caused by the conservative part of the

wave radiation stress and breaking wave and roller-induced forcing, i.e.:

0 (1/? - E) ~~ F
wl J Oies || Lo (5.50)
p ox 0z p
F v ovw F,
wa | 0wV OVWes || Firs (5.51)
p ox oz p

The total forcing (F, +F,,) then represents the total effects of waves and turbulence on

the mean current.

5.2 NUMERICAL APPROXIMATION

The 2DV equations of mean motion are discretized based on the finite difference method
on a fully staggered grid (C-grid). An implicit numerical scheme has been used to
discretize these equations. Finally, the tri-diagonal matrix algorithm (Thomas algorithm)
has been used to solve these equations. In the model, the water level is approximated at

the grid point (i, k), the horizontal component of velocity at (i+1/2,k), and the vertical

component of velocity at (i,k +1/ 2). The advection terms are approximated following

the principles described in Stelling and Busnelli (2001). This method ensures the
conservation of properties near large local gradient areas. The 2DV model developed in
this study is a time-domain model starting from rest and simulating to equilibrium in all
cases.

5.3 ADIABATIC TEST

The adiabatic test, described in Bennis et al. (2011), is a seemingly simple but challenging
test of the derived equations since any imbalance leads to strong spurious circulations.
This test was applied first by Ardhuin et al. (2008). In this, a steady monochromatic small-
amplitude wave propagates over a slope without dissipation. This test has an exact
solution by solving Laplace’s equation for the instantaneous velocity potential with given
bottom, surface, and lateral boundary conditions (Ardhuin et al., 2008). In the work of
Ardhuin et al. (2008), the adiabatic test was solved by using the NTUA-nl2 model
(National Technical University of Athens numerical model) developed by Belibassakis
and Athanassoulis (2002). The Quasi-Eulerian mean current is depth uniform.
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5.3. Adiabatic test

5.3.1 Bathymetry

The bathymetry is symmetrical and varies slowly from 4 m to 6 m in the x-direction and
is uniform in the y-direction (Figure 5.2). The maximum bottom slope is 2.6x10-2, and

the reflection coefficient is R =1.4x10", so we can neglect the reflected wave in the
momentum balance (Ardhuin ef al., 2008).

5[|)O
x (my)

Figure 5.2 Bathymetry of the computational area

5.3.2 Boundary conditions

At the boundary, a regular wave with 1.02 m height and a period of 5.26 s is imposed.
This is also the wave that was used by Ardhuin ef al. (2008), and Bennis et al. (2011) to
test their model in adiabatic condition. The mean water level at the boundary is given by:

ka®

= S sinh 2k

(5.52)
At the inflow boundary, the Quasi-Eulerian mean velocity is vertical uniform and given
by:
7(z) = —— [ () (5.53)
h+ ¢l ' '

At the outflow boundary, the Neumann boundary condition is applied, i.e.:

ou  ou’

5.3.3 Numerical results

Figure 5.3 shows the spatial distribution of Stokes drift in the x-direction. It shows that
the Stokes drift is constant over the horizontal bed and the magnitude of the Stokes drift
increases with a decrease in water depth and vice versa.
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Ol
) u, (m/s)
E 0.05
N 0.04
4 0.03
0.02
0.01
" ! 0.00

5CIJD
X (my)

Figure 5.3 Spatial distribution of Stokes drift

The comparison of mean water level calculated by the numerical model and mean water
level calculated by the formula of Longuet-Higgins and Stewart (1964) is given in Figure
5.4. It shows a perfect agreement between the two calculation methods.

0.01 T
— 2DV model
— = = =LH-1964
E o}
N
— S
-0.01 : : :
-500 0 500 1000 1500

x (m)
Figure 5.4 Distribution of mean water level

In the adiabatic condition, the total forcing F_ . was zero. The vertical distribution of the

tot,1

wave forcing term F, | /p is presented in Figure 5.5. It shows that wave-induced forcing
F,,/p was zero when the waves propagated over a flat bed. On a sloping bed, this
forcing was not nil and was distributed uniformly over depth. Then, the total forcing

(F,, +F,

mm) was depth-uniform in the adiabatic condition.

0 F,./p
25x10%
£r 150
~ 50x10%
4l 50x10%
1 5x10%
. , , 25x10™

0 500 1000
X (m)

Figure 5.5 Distribution of F, /p (m/ s?)

When the wave propagates over a slope, the change of the wave height leads to the change
of Stokes drift. Due to the conservation of mass and momentum the Quasi-Eulerian mean
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5.4. Mean currents in the presence of non-breaking waves

velocity also changes. However, the vertical integration of total flow is still unchanged,
and in this case, it equals zero, i.e.:

[ " itdz = 0. (5.55)

Since all dissipative forcing was absent, the Quasi-Eulerian mean horizontal velocity was
uniformly distributed over the vertical. However, the GLM velocity inherited the non-
uniformity from the Stokes drift (Figure 5.6a). Figure 5.6b presents the Quasi-Eulerian
mean velocity calculated with the 2DV model. It proves that Quasi-Eulerian mean
equations of motion passed the adiabatic test.

bT 0
u,_ (mis)
0.020 - u (m/s)
E 0.015 E -0.018
N 0010 W -0.020
0.005 4 -0.022
0.000 -0.024
-0.005 -0.026
I -0.010 8 ] ] -0.028
500 1000 0 500 1000
X (m) x{m)
(a) GLM velocity (b) Quasi-Eulerian mean velocity

Figure 5.6 Vertical distribution of horizontal mean velocity

5.4 MEAN CURRENTS IN THE PRESENCE OF NON-BREAKING WAVES

In the experiment of Klopman (1994), the vertical distribution of the mean current was
measured in three different types of waves: monochromatic waves, bi-chromatic waves,
and random waves. The experiments were performed for four conditions of ambient
currents: currents only (CO), waves only (WO), waves following currents (WFC), and
waves opposing currents (WOC). The wave height was chosen so that no wave breaking
took place. Therefore, the bottom friction plays an important role in the vertical
distribution of the mean current. In the following, the experimental data for random waves
were employed to validate the 2DV numerical model.

5.4.1 Input parameters

The experiment was performed in a wave flume that has a horizontal flat bottom. The
flume has a size of 45 m long, 1 m wide, and 0.5 m deep. The total discharge was kept
constant: O =0. m%/s for the case wave-only, and Q =0.08 m%/s for the remaining cases.

The properties of the random waves at the wave paddle are given in Table 5-1.
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5.4. Mean currents in the presence of non-breaking waves

Table 5-1 Wave properties at the paddle

Wave type T, (s) Hyms (m) h (m)

Random 1.7 0.1 0.5

The flow velocities were measured at the center of the channel, i.e., 22.5 m from the wave
paddle. Two Laser-Doppler Velocimetry flow meters (LDV’s) were used to measure flow
velocity components. The vertical distributions of Eulerian-mean velocities measured at

the center of the flume are present in Figure 5.7.
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Figure 5.7 Vertical distribution of the Eulerian-mean velocity

On the left-hand side of Figure 5.7 (WO condition), the wave propagates from the right-
hand side to the left-hand side. The wave-induced streaming near the bed is in the same
direction as the propagation of the surface waves. The horizontal mean velocity changes
sign at the height z = 0.13 m (Klopman, 1994). Outside the bottom streaming layer, the
mean velocity varies almost linearly. On the right-hand side of Figure 5.7, we present the
vertical distribution of horizontal mean velocity in three conditions: CO, WFC, and WOC.
It shows that vertical profiles of mean current change significantly in the presence of
surface waves. In the WFC condition, the velocity shear ou / 0z is negative in the upper
part of the water column (z/h > 0.4). In the WOC condition, the mean velocity decreases
near the bed (z/h < 0.4) and increases near the surface (z/h > 0.4) in comparison with the

current-only condition.

By linear extrapolation of the velocities in a semi-logarithmic scale, Klopman (1994)
obtained the friction velocity u. = 7.3 mm/s. The vertical distribution of the Reynolds

shear stress —u'w' is present in Figure 5.8. The bottom shear stress was estimated by

Klopman (1994) at about 7, / p = 4.6x10~ m%/s?, corresponding to the friction velocity of
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5.4. Mean currents in the presence of non-breaking waves

u, =4/7,/p = 6.7 mm/s. Then, the friction velocity calculated from the bed shear stress
is slightly smaller than obtained from the velocity profile.
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Figure 5.8 Vertical distribution of observed Reynolds shear stress —u'w' in the CO
condition

5.4.2 Boundary conditions

a) Surface and bottom boundary conditions

In the model, the total shear stress is assumed to vanish at the mean water surface, since
non-breaking waves are considered, i.e.:

|:(UV +Kﬁ)a—g} =0, (5.56)

oz

T
where, v, =0, +v,,,.

At the bottom, the bottom boundary condition is given by:

i kD, 7

|:(Uv+Kﬁ)a—u} = e (5.57)
Zl_, po P

b) Lateral boundary conditions

At the outflow boundary, the boundary condition for the mean water level and the mean
current is given by:

— ka*
= 5.58
5 2sinh 2kh ( )
— —5
ou__ou (5.59)
ox Ox
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5.4. Mean currents in the presence of non-breaking waves

At the inflow boundary, the Quasi-Eulerian mean velocity is given by:
1

g 0" -’ (z), (5.60)

u(z)=

where, QL is the mean of total discharge through the pipe.

5.4.3 The numerical results

The experiment of Klopman (1994) is simulated by the 2DV model with spatial steps of
Ax=0.15m, Az =0.0025 m, and a time step of Az =0.5s. In the experiment, due to small
technical issues, there was uncertainty in the measured discharge (see Klopman (1994)
for more detail). However, these errors were not corrected in his document. Generally,
the measured discharge is expressed as a total of the real discharge and error discharge,
ie.:

Qmeasured = Qreal + Qerr ’ (5 6 1)
where, QO

rea

, is the real discharge through the wave flume, O, ..., is the measured
discharge, and Q,, is the error of flow discharge. In the CO condition, it was found that

when Q

err

approximates to 0.003 m®s™! (3.75% of the real discharge) a good agreement

between numerical results and experimental data was obtained. In waves combined with
current conditions, the error of flow discharge is assumed similar to the current only

condition. In the WO condition, flow discharge Q

err

is zero by definition. In all tests, the
bed roughness is kept constant z, =4.0x10~ m, corresponding to a Nikuradse roughness
of k, =1.2x10” m. In Table 2, the bottom boundary thickness is presented. In the

condition of waves combined with current, bottom boundary thickness & was calculated
by two methods: the formula of Van Rijn (2011) and its modified formula 62. The results
are presented in Table 5-2.

Table 5-2 Bottom boundary thickness o in different waves and current condition

Formula (5.31) Van Rijn (2011)
Conditions \ ,
(x10™ m) (x10™ m)
CcO 0.1 0.1
WO 1.3 1.3
WEC 53 3.6
WOC 4.9 3.6
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5.4. Mean currents in the presence of non-breaking waves

The wave energy dissipation in different conditions of waves combined with the current
is present in Table 5-3. It shows that with the same wave height and ambient current
velocity, the wave energy dissipation due to the following current is bigger than due to
opposing current. The wave energy dissipation due to current-induced bottom friction

D, ., approximates 42% and 31% of the total energy dissipation D, due to bottom

friction in the WFC, and WOC conditions, respectively. Moreover, the energy dissipation
due to bottom friction in the WFC condition is bigger than that in the WOC condition.

Table 5-3 Wave energy dissipation

Conditions D, ( W/m? ) D, ( W/m® )
WO 0.046 0
WEC 0.044 0.032
WOC 0.045 0.020

Table 5-4 presents the characteristics of the mean flow near the bed calculated by the
2DV model. It shows that bottom stress in conditions of waves combined with the current
was much higher than that in conditions of WO and CO. This is because momentum
mixing under wave-current interaction conditions was much higher than in conditions of
both WO and CO (see for instance the discussion in Chapter 3 of Deigaard (1992)).

Table 5-4 Characteristics of the near-bed mean flow

| 7| .,
Conditions
(x107 m/s) (x107 kgm?¥s?) (x107 m/s)
CO 8.16 5.4 0.74
WO 0.9 0.21 0.13
WEC 8.10 37.67 1.94
WOC 5.86 24.6 1.56

The vertical distribution of Reynolds turbulent viscosity is present in Figure 5.9. It shows
that the viscosity in WFC condition is bigger than in WOC condition, and viscosity in
waves combined with current conditions is bigger than in CO condition. Moreover, the
viscosity in the WO condition is much smaller than in other conditions.
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Figure 5.9 Reynolds turbulent viscosity (V! )

In Figure 5.10, the conservative part of W in different conditions of waves combined
with the current was plotted. It clearly shows that the ambient current had a significant
impact on the normal component of the wave radiation stress. Moreover, the conservative

part of the normal component of wave radiation stress iw in the condition of the
following waves was slightly bigger than that in the condition of the opposing waves.

0 2 4 6 8
Radiation stress (m?%/s?) =10

Figure 5.10 Vertical distribution of the wave radiation stress component UWcs

In non-breaking waves, the wave-induced forcing term F, , / p only represents the effect

of the conservative part of the wave radiation stress. Figure 5.11 shows the vertical

distributions of forcing term F,, /p and mixing term F,, /p at the center of the wave

tot,1

flume. In all three tests, i.e., WO, WFC, and WOC, the forcing F,, is completely
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compensated by total mixing £, at any water depth level. The total of these two forcing

tot,1

tot,1

terms, i.¢., (Fw,1 +F ) , 1 depth-uniform in the non-breaking wave condition.
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Figure 5.11 Vertical distribution of wave-induced forcing terms

Figure 5.12 shows the vertical distribution of Reynolds turbulent stress at the center of
the wave flume. Near the bed, the turbulent stress calculated by the 2DV numerical model

is about 7, /p~54.4x10°m* /s*, and the corresponding friction velocity is 7.4 mm/s

(Table 5-4), which is in good agreement with the friction velocity obtained from the mean
velocity profile by Klopman (1994), i.e. 7.3 mm/s.
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Figure 5.12 Spatial distribution of Quasi-Eulerian mean velocity in the CO condition

The spatial distribution of the Quasi-Eulerian mean velocity calculated with the 2DV
model in the condition of CO is given in Figure 5.13. The (vertically uniform) inflow
boundary was specified at position x =0 m.
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Figure 5.13 Spatial distribution of Quasi-Eulerian mean velocity in CO condition

The comparison between numerical results and experimental data in the middle of the
flume is given in Figure 5.14. The comparison is given in both the linear scale and
semilogarithmic scale. It shows that the mean current profile calculated with the 2DV
model closely followed the experimental data. The agreement was good not only in the
upper part of the water column but also close to the bed.
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Figure 5.14 Vertical distribution of Quasi-Eulerian mean velocity in CO condition

In Figure 5.15, the spatial distributions of Stokes drift and Quasi-Eulerian mean velocity
in the WO condition are presented. In this, surface waves are imposed at x =45 m and
propagated towards the left. The Stokes drift was in the direction of the waves, whereas
the Quasi-Eulerian mean velocity was in the opposite direction. The magnitude of Stokes
drift and Quasi-Eulerian mean velocity decreased in the wave propagation direction due
to the effect of bottom friction. However, the momentum transport of total flow through
any vertical section was zero.
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Figure 5.15 Spatial distribution of mean velocity fields in the WO condition

The comparison between the Quasi-Eulerian mean velocity calculated with the 2DV
model and experimental data in the WO condition is given in Figure 5.16. It shows a very
good agreement between model results and experimental data in the whole vertical
section even on both linear scale and semilogarithmic scale. The near-bed wave-induced
streaming is in the wave propagation direction. The mean horizontal velocity varied near-
linearly from above the bottom streaming layer up to the mean surface level.
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Figure 5.16 Vertical distribution of Quasi-Eulerian mean velocity in the WO condition

The spatial distribution of Quasi-Eulerian mean velocity in conditions of WFC and WOC
is presented in Figure 5.17. In the case of WFC, the magnitude of the mean velocity was
not the biggest at the water surface but located inside the water column. In the case of
WOC, the magnitude of velocity increased from the bottom to the water surface.
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Figure 5.17 Spatial distribution of Quasi-Eulerian mean velocity

Figure 5.18 shows the comparisons between experimental data and numerical model
results under the condition of waves combined with the current on a linear scale. It shows
that the vertical profile of the mean velocity calculated by the 2DV model fits well with
experimental data in the whole water column. The agreement holds for both WFC and

WOC conditions.
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Figure 5.18 Distribution of Quasi-Eulerian mean velocity in the linear scale

In Figure 5.19, the semilogarithmic scale is employed to see the agreement between the

2DV model results and experimental results.
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Figure 5.19 Distribution of Quasi-Eulerian mean velocity in the semilogarithmic scale

It shows that the agreement between the 2DV model results and experimental data was
very good even in the area very close to the bed. Besides, the mean current velocity
profiles using the boundary layer thickness formulation proposed by Van Rijn (2011)
(Formula (5.30)) were also plotted (dashed line). The result calculated by the modified
formulation (5.31) was better than the result calculated by the formulation of Van Rijn
(2011), especially in the region close to the bed. It is noticed that the formula to calculate
boundary layer thickness &, i.e., Formula (5.31), is an extension of the formula proposed
by Van Rijn (2011) (Formula (5.30)). In Formula (5.31), the effect of near-bed current is
accounted for when calculating & . Table 2 presents boundary layer thickness & in
different conditions of waves combined with the current. In the wave-only condition,
formulas (5.31) and (5.30) are identical. However, the difference between them is
significant in cases of a strong ambient current.

5.5 BREAKING WAVES PROPAGATING IN A WAVE FLUME

5.5.1 Bathymetry and the wave properties at the boundary

The experiment of Boers (2005) was carried out in a wave flume with dimensions of 40
m long, 1.05 m high, and 0.8 m wide. The bottom of the flume is filled with sand and
mortar on the top layer. Two breaker bars are designed at the bottom. The still water level
is fixed at the level z = 0 m. Bottom profile of calculation area is depicted in Figure 5.20.
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Figure 5.20 The bottom profile

Two wave conditions with the highest and lowest wave height at the boundary in the
experiment of Boers (2005) are employed in this work (tests 1B and 1C). The properties

of the waves at the offshore boundary are given in Table 5-5, where H | is the significant

wave height of the waves.

Table 5-5 Wave properties at the offshore boundary.

Experiment H; (m) T, (s)
Test 1B 0.206 2.03
Test 1C 0.103 3.33

5.5.2 Boundary conditions

a) Surface and bottom boundary conditions

At the GLM water surface, the total shear stress is assumed to vanish, i.e.:

{(uv +K, +Kb)a—ﬁ} =0, (5.62)

oz

=t

where, v, =0, +0] .

mol

At the bed, the momentum dissipated by bottom friction is assumed to be transferred to
the vertical mixing, i.e.:

7 kD, T
{(Uv*‘Kﬁ"’Kb)a—u} = e, (5.63)
zl_, po P

b) Lateral boundary conditions

At the offshore boundary, the following conditions are applied:
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- ka®
=, 5.64
5 2sinh 2kD ( )
_ | S
=T L, idz. (5.65)
At the land boundary, the GLM velocity is zero. Then, we have:
u(z)=-u’(2). (5.66)

5.5.3 Model validation

In the experiment, the cross-shore distribution of significant wave height was calculated
from the zeroth-order spectral moment of surface elevation (Boers, 2005), that is:

H, =4[ s(df. (5.67)

where, S(f) is the spectral energy density, and f) is the Nyquist frequency of the

measurements (~10 Hz ).
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Figure 5.21 Distribution of significant wave height

The significant wave height in the 2DV numerical model is calculated from the wave
energy balance equation (5.1). In Figure 5.21, the spatial distributions of significant wave
height in tests 1B and 1C are presented. In this, the dots present the experimental data,
and the solid line presents the numerical model results. It shows that the numerical model
results fit well with measured data. In test 1B, the experimental data was slightly lower
than the model results in the region from x =5 m to x = 14 m. In test 1C, the recirculation
was rather small then a better agreement between two kinds of data was obtained.

Figure 5.22 shows the vertical distribution of the forcing term F,  /p and total mixing

term Eot’l

/p at x=22.9m. It shows that the wave-induced forcing F, , /p is completely

/p . Total forcing (FW’1+F

balanced by total mixing F, m[,l) is depth-uniform in

tot,1

breaking wave conditions.
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Figure 5.22 Distribution of wave-induced forcing terms at x =22.9m
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The comparison of the mean water level calculated by the 2DV numerical model with
measured data is given in Figure 5.23. In both tests, the calculated mean water level fits

well with measured data even in the breaking wave area.
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Figure 5.23 Distribution of mean water level 14

The horizontal distribution of Stokes drifts and Quasi-Eulerian mean velocities calculated
by the 2DV model is presented in Figure 5.24.
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Figure 5.24 Distribution of Stokes drift (a,b) and Quasi-Eulerian mean velocity (c,d)

Figure 5.24(a) and Figure 5.24(b) show the spatial distribution of Stokes drift in Test 1B
and Test 1C. The Stokes drift reaches local maximum above the peak of sandbars. Figure
5.24(c) and Figure 5.24(d) present the spatial distribution of Quasi-Eulerian mean
velocity in Test 1B and Test 1C, respectively. We can see a spatial lag between the
location of the maximum wave-induced current at the surface level and the location of
the breaking wave. This spatial lag is caused by roller effects. Besides, Figure 5.24(c) and
Figure 5.24(d) show that the direction of the mean current at the upper part of the water
column is shoreward. Whereas, the mean current at the lower part of the water column is
offshore direction.
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Figure 5.25 Vertical distribution of horizontal mean velocity in test 1B
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Figure 5.26 Vertical distribution of horizontal mean velocity in test 1C

The comparison between Quasi-Eulerian mean velocities calculated by the 2DV
numerical model and measured data along the wave flume is given in Figure 5.25 and
Figure 5.26.

Overall, the 2DV model simulated quite well the vertical distribution of the mean velocity.
In comparison with test 1B, the model results for test 1C show a better agreement with
experimental data, especially near the sandbars. It suggests that empirical formulas of
Uchiyama et al. (2010) can be applied well for small-amplitude waves. For the waves of
high amplitude, these empirical formulas just give qualitative results in the breaking zone.
Besides, in the 2DV model, the roller-induced mass flux is not taken into account. The
inclusion of that flux might improve the results. Further research on the wave forcing in
breaking wave areas is needed.

5.6 BREAKING WAVES PROPAGATING IN A LARGE-SCALE FACILITY
5.6.1 Laboratory setup

In this section, the 2DV model was employed to simulate the cross-shore and the
longshore currents with the input data obtained from the large-scale sediment transport
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facility (LSTF). The design of the LSTF is presented in detail in the paper of Hamilton
and Ebersole (2001). The facility has dimensions of approximately 30 m cross-shore by
50 m longshore by 1.4 m deep. The concrete beach has a longshore dimension of 31 m
and a cross-shore dimension of 21 m, with a slope of 1:30. Unidirectional long-crested
waves were generated with four piston-type wave generators. An active pumping and
recirculation system comprised of 20 independent pumps and pipelines was used to
control the cross-shore distribution of mean longshore current. Pumping rates were
adjusted iteratively to converge toward the proper setting, based on the measurements
along the beach.

The wave conditions at the offshore boundary are given in Table 5-6. The TMA spectrum
(self-similar spectral shape) with the width parameter of 3.3 was employed. It is an
extension of deep water spectrum JONSWAP for applications in shallow water.

Table 5-6 Incident wave properties at the boundary

Wave type T, (s) H; (m) 9( ° ) h (m)

Irregular 2.5 0.225 10 0.667

5.6.2 Boundary conditions
a) Surface and bottom boundary conditions

At the GLM water surface, the total shear stress is assumed to vanish. Therefore, the
surface boundary conditions are:

(v,+K, +Kb)a—” =0, (5.68)
L ’ 82 —Z:EL
(v, +K, +Kb)a—v =0, (5.69)
L aZ_Z:zL

where, v, =v, , +0U! .

The bottom boundary condition in the cross-shore direction is given by:

mn kD, 7T
[(UV+KJ.,+Kb)a—u} =1 "ol
z=—h pU p

0z

(5.70)

According to Longuet-Higgins (1970), the bed shear stress in the longshore direction can
be calculated based on the local rate of energy dissipation. In the following, their formula

is corrected with the bed shear stress caused by the mean current 7. Therefore, we have:
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k,|(1-a,)D, +D, +D,
__k[(-a)D,+D, foc,z. (5.71)
(o2

ow,2
From equations (5.25) and (5.71) the longshore current near the bed is calculated by:

_ 2 _ 2k[(1-a,)D,+D,+D,]
v, =—
ooy 165)° +(7 +77) pafcw\/(1.16s) +a,f

(5.72)

c,2 -

b) Lateral boundary conditions

At the offshore, boundary conditions for Quasi-Eulerian mean water level and Quasi-
Eulerian mean velocity components are:

- ka®
= 5.73
. 2sinh 2kh ( )
_ 1 T _g
= d 5.74
! h+§ J. - 6749
Vv =utané. (5.75)

At the land boundary, the GLM velocity in the x-direction is zero. Besides, the no-slip
boundary condition is assumed for Quasi-Eulerian velocity in the y-direction. Then:

u(z)=-u’(z), (5.76)
v(z)=0. (5.77)

5.6.3 Numerical results and discussion

Figure 5.27 shows the comparison of significant wave height between experimental data
and numerical results calculated by the 2DV model. The comparison shows a very good
agreement between experimental data and model results.
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Figure 5.27 Distribution of significant wave height

In Figure 5.28, a comparison of the mean water level between experimental data and the
2DV model result is given. There was a small difference of about a few millimeters
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outside the breaking zone. The difference between these two kinds of data was bigger in
the area closer to the coastline. It might be due to the recirculation system of the facility

or because the experimental data was for a closed basin, so the volume of water in the
setup was taken from offshore.
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Figure 5.29 Vertical distribution of wave-induced forcing terms

Figure 5.29 presents the vertical distribution of wave forcing term F, | /p and total
mixing £, ,/p at the location x=10.9 m. It shows that momentum caused by wave

forcing was completely compensated by total mixing. The total of these two forcing terms
was depth uniform.
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Figure 5.30 Distribution of cross-shore velocity

71



5.6. Breaking waves propagating in a large-scale facility

Figure 5.30 shows an overview of the spatial distribution of cross-shore velocity
calculated by the 2DV model. It shows that outside the wave breaking zone, the vertical
distribution of the Quasi-Eulerian mean velocity was almost uniform. However, inside
the wave breaking zone, the mean velocity shows a strong vertical shear.

The LSTF data was also employed by Teles et al. (2013) to validate the TELEMAC 3D
model. In Figure 5.31, comparisons of cross-shore mean velocities between experimental
data, results of the TELEMAC 3D model, and results of the 2DV model were carried out
at six cross-shore locations.
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Figure 5.31 Vertical profiles of cross-shore velocity

The results obtained from the 2DV model fit quite well with the experimental data, and
are much better than the results obtained by the TELEMAC 3D model in most of the
cross-sections. Closer to the surface and the land boundary the difference between
experimental data and 2DV model results became bigger. The difference might be due to
the use of empirical formulas for the wave-induced forcing, and the return flow in the
facility. Improvement of these formulas by making use of the large body of literature on
the return flow profiles is recommendable but outside the scope of this study.

b) Longshore direction

72



5.6. Breaking waves propagating in a large-scale facility

Figure 5.32 shows the vertical distribution of the wave-induced forcing F, , /p and total

mixing F, ,/p in the longshore direction at x=10.9 m. It shows that the total mixing

1

F,,, 1s balanced by wave-induced forcing £, ,. The total forcing (le +F ot,z) is depth

uniform.
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Figure 5.32 Vertical distribution of wave-induced forcing terms

The cross-shore distribution of the longshore velocity calculated by the 2DV numerical
model is presented in Figure 5.33. According to the results, the longshore velocity
increases shoreward. The maximum magnitude of the longshore velocity reached
approximately 0.35 m/s at the position x ~14 m. After this point, the longshore velocity
decreased toward the shoreline.
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Figure 5.33 Distribution of the longshore velocity

In Figure 5.34, a comparison between experimental data and numerical results at one-
third of the water depth above the bottom is given. It shows that the results obtained by
the 2DV model agreed well with the experimental data and matched the observed cross-
shore distribution better than the results obtained by the TELEMAC 3D model.
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The comparison of the longshore velocities at different vertical cross-sections is given in
Figure 5.35. The results of the TELEMAC 3D model show quite good agreement at four
locations from x = 9.5 m to x = 13.9 m. However, at the location near the offshore x =7.1
m and the location near the coastline x = 15.3 m the differences between experimental
data and results from the TELEMAC 3D model were significant. In contrast, the results
of the 2DV model show good agreement with experimental data at all six cross-sections.
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Figure 5.35 Vertical profiles of the longshore velocity at different locations
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5.7. Discussion

5.7 DiscussioN

Following Van Rijn (2011), the bottom boundary layer thickness 6 was calculated by the
formula (5.30). In this, the effect of mean current on bottom boundary layer thickness
was neglected. However, interactions of the current with the wave boundary layer and
waves with current boundary layer led to the enhancement of current-induced friction,
wave energy dissipation, and bed shear stress. Then, both waves and current should be
considered in calculating bottom boundary thickness. In this study, the formula given by
Van Rijn (2011) was modified to take into account the effect of ambient currents. The use
of the modified formula provided a better agreement with experimental data than the use
of the original formula of Van Rijn (2011).

In the work of Nielsen and You (1997), an empirical coefficient C,, was proposed to

account for the effect of strong ambient currents on the vertical distribution of wave
radiation stress components. However, that coefficient is only applied to regular waves.
In this study, a modified formula was proposed to apply to random waves. With that
modification, the mean current profiles calculated by the 2DV model agreed well with
experimental data obtained by Klopman (1994).

In breaking wave conditions, dissipative wave forcing terms were estimated by using
empirical formulas introduced by Uchiyama et al. (2010). The cross-shore velocity
profiles obtained by the 2DV model showed good agreement with experimental data
presented in the works of Boers (2005) and Hamilton and Ebersole (2001). However,
there are differences between model results and observed data near the breaking points.
It requires further research on the vertical distribution of wave breaking induced forcing.
In the longshore direction, the effect of breaking wave-induced forcing was small. Then,
the longshore current data calculated by the 2DV model fitted very well with experimental
data.

The LSTF test was also employed by Teles et al. (2013) to validate the TELEMAC 3D
model. That model was developed based on the work of Ardhuin ef al. (2008), and Bennis
et al. (2011). As indicated by Ardhuin ef al. (2008), their equations are only expected to
give qualitative results for surfzone applications. The comparison presented in the

previous part also showed that the 2DV model obtained a better agreement with observed
data than TELEMAC 3D model.
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6.1. Comparison with equations of motion of Walstra et al. (2001)

6.1 COMPARISON WITH EQUATIONS OF MOTION OF WALSTRA ET AL. (2001)

A set of equations of mean motion of Walstra et al. (2001) has been implemented in the
Delft3D-FLOW model. Details of the implementation are given in Deltares (2014). It is
the simplification of a set of equations developed by Groeneweg (1999). In the following,
horizontal momentum equations of Walstra et al. (2001) are expressed with the addition
of the Coriolis effect and gradient of atmospheric pressure, i.e.:

—L —L —L —L - L
ou Lt ou Lt ou Lt ou _ﬁL:_l@_ g

ot ox oy 0z p Ox ox (5.78)
+l T +EZ+TIL3 +87,

p\ox 0Oy 0z
vt ot vt avL+ﬁL__l@_ ac*

ot X 0 0z 0 0

v p Oy v (5.79)

i1 ?—2L1+?—2L2+?—2L3 +S)
plox oy az)

where, 7© is GLM turbulent stress, S;* and S} are wave-induced driving forces given
by:

_ 1 =S = —=s ~_2 ~~ ~~
lez_;(%+%;+%j_[a; +aa”;v+ag;” +0(e"), (5.80)
_ 1 =5 =5 —=s ~~ ~_2 ~~
5 :_;(%+g_zyz+%j_(a;+%; +86VZW +0(&%), (5.81)

where, T % is Stokes correction of turbulent stress.

The depth-integrated continuity equation is:

- L =L 7L
ai_ki(J‘C Z/_lLdZ)'Fi(Ig VLdzj:O. (582)
ot Ox\*h oy \/"

In Table 6-1, a comparison between equations of Walstra ef al. (2001) and new equations
expressed in the GLM framework is presented for the x-direction. It shows that the
difference between Walstra ef al. (2001) and equations of Nguyen et al. (2021a) mainly

comes from the wave-induced forcing terms. It shows that the terms 7, and p'dp° / ox
are absent in the conservative wave forcing term of Walstra et al. (2001). Those terms are
considered in Groeneweg (1999), where I; corresponds to the evolution of & juf . The

missing second-order of wave amplitude terms leads to an imbalance of the model and
generates spurious oscillations, discussed below.
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6.1. Comparison with equations of motion of Walstra et al. (2001)

Table 6-1 Comparison between equations of Walstra et al. (2001) and the new set of
equations in the GLM framework

Terms Walstra et al. (2001) New equations
Pressure _1ap, aoct _lop, och
gradient p Ox ox p Ox ox

B [aw auv  duves
Conservative _[8&2 N ouv N 8&%] ox Oy 0z
wave forcing ox Oy Oz —
+ l aL + ]’i
p Ox
F,
p\ox oy O brL . applied as a body force
F p
Non- —rL : applied as a surface F
conservative p =L : applied as a body force
wave forcing stress
F fr,l : Ffr,l . :
—L - applied as a bottom ———: applied as a bottom stress
stress
Turbulence 1 ?—‘L‘+1L2+1L3 1 lL'+lL2+T_lL3
p\ox oy oz p\ox 0oy oz
oct 8 (-, o(C +h) o 2
—, T .[ u-dz —+—I u'dz
Mass ot ox\*" ot Ox o-h
ti 4 o &
comensation |, 0 ([ N
oy \" " oy oh ot

Moreover, according to Nielsen and You (1997), the effect of a strong current on the

normal component of wave radiation stress gradient oiw/ oz is significant. This effect
was not considered by Walstra et al. (2001). In new equations, the normal component of
wave radiation stress is enhanced by a factor C,, that represents the effect of current on

the wave radiation stress. The factor C,, is approximated to 1 in the condition of a weak

current; however, it is significant in the presence of a strong current.
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6.1. Comparison with equations of motion of Walstra et al. (2001)

In Walstra et al. (2001), the breaking and roller wave-induced forcing term is provided
as surface stress. The breaking induced turbulence is incorporated into the turbulence
model as a surface boundary condition. However, this method is only suitable under the
condition of strong vertical mixing due to breaking waves (Rascle et al., 2006). In
addition, the Stokes correction of turbulent stress is a term of third-order of the wave

amplitude, i.e., p’laflf /ox; = O(&’) . Therefore, it can be neglected if equations of
motion are expressed to the second-order of wave amplitude.

In new equations, the breaking wave and roller wave-induced forcing terms are applied
as a body force. This method is suitable for both strong and weak vertical mixing
conditions, where the empirical formulas proposed by Uchiyama et al. (2010) are applied
to calculate the vertical distribution of wave breaking induced forcing term.

The mass conservation equation of Walstra et al. (2001) is equivalent to the new mass
conservation equation if the surface waves change slowly in time.

In the following, an adiabatic test proposed by Bennis ez al. (2011) is employed to test
the equations of Walstra ef al. (2001). In this, a monochromatic wave propagates on a
slope without dissipation. This is a simple but very challenging test since any imbalanced
forces might lead to a spurious oscillation of the mean current. The horizontal mean
current should be uniform in a vertical direction even if the wave propagates on a sloping
bed. The new equations were successful in testing with the adiabatic condition.

In adiabatic condition, momentum equations (5.78) and (5.79) becomes:

out _, 0wt _,eut _, out otk (oi* oav omw
+1 +V +w =—g—- +—t
ot ox oy oz ox

- , 5.83
ox oy Oz ] (583)

], (5.84)

+ip =—
’ & ox oy oz

ovt vt vt _, ot otk (ewa ovd oww
+u + = - +—+
ot ox oy oz oy

Depth-integrated continuity equation is:

—, » »
£+EUC ngzj+iUC VLdzj = 0. (5.85)
ot ox\’ oy \7~h
The spatial distribution of Quasi-Eulerian mean horizontal velocity calculated by
equations of Walstra ez al. (2001) is presented in Figure 2a. That result was obtained after
30 min of simulation time. On the slope, the horizontal velocity is non-uniform in the
vertical direction. Moreover, the model is unstable and the mean velocity increases to
infinity in time. Thus, equations of Walstra ef al. (2001) do not pass the adiabatic test.

The imbalance is caused by the omission of the second-order terms p~'dp° /dx, and T, .
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6.2. Comparison with equations of motion of Bennis et al. (2011)

Figure 6.1b presents the distribution of Quasi-Eulerian mean flow simulated with new
equations of motion that include these terms showing the correct depth-uniform
horizontal mean velocity on the slope.
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Figure 6.1 Distribution of Quasi-Eulerian mean horizontal velocity

6.2 COMPARISON WITH EQUATIONS OF MOTION OF BENNIS ET AL. (2011)

In Bennis et al. (2011), the Quasi-Eulerian mean equations of Ardhuin et al. (2008) were
employed. In this, dissipative wave forcing terms are expressed explicitly using empirical
formulas. Their horizontal momentum equations are expressed by:

— — — — H — —
a—u+ﬁa—u+va—u+wa—u—ﬁ+la_p—=—a—‘]+vs f+ o _ou
ot ox oy oz p Ox ox ox oy
(5.86)
_wS 61’7 F;W,l me,l +Ffr,1 ,
o p p P
_ H —
2—‘;+EZ—V+VZ—V+WZ—V+]‘_ iag;=—g—‘]—_{f (Z_v_c;_uﬂ
X v Z P oy y x oy (5.87)
_wS 617 F;r,Z me,Z +F}i,2
oz p p P
The continuity equation is:
a—u+a—v+a—W=0. (5.88)
ox oy oz

A comparison between the equations of Bennis et al. (2011) and the new equations
expressed in the Quasi-Eulerian framework in the x-direction is presented in Table 6-2. It
shows the momentum equations of Bennis et al. (2011) and Nguyen et al. (2021a) are
equivalents. The vertical current shear K is taken into account by Ardhuin et al. (2008);
however, it is neglected in Bennis ef al. (2011) to simplify their equations. The current-

81



6.2. Comparison with equations of motion of Bennis et al. (2011)

induced turbulence and the effect of molecular viscosity are excluded in equation of
Bennis ef al. (2011). These terms can be added to their equations without much effort.

Table 6-2 Comparison of equations of Bennis et al. (2011) and new equations

Terms Bennis et al. (2011) New equations
Pressure _1p” 1"
gradient p Ox p Ox
v ou o(J+K v ou
) _a_J+‘7S f+ @_a_u —g+\75 f+ 8_\/_8_14
Conservative ox ox oy ox ox Oy
wave forcing s on s o
0z 0z
F,
brl - applied as a surface .
bl - applied as a body force
stress p
Non- F
. mx,l . mx,l .
conservative —~=: was not specified —: applied as a body force
wave forcing P P
Ffr 1 : F;W 1 :
——: applied as a bottom — : applied as a bottom stress
p
stress
107, 0%, 0%,
Turbulence Excluded — + +
p\Lox Oy Oz
ou ov ow
Mass 8_L7+8_\7+6_w_0 ox Oy Oz
conservation Ox oz A N ov® N ow’
ot ox 0oy Oz

The non-conservative wave forcing terms including 7, , F,

mx >

and F - are included in the

momentum equations of Bennis et al. (2011) and Nguyen et al. (2021a). The only
difference is the way to calculate breaking wave and roller wave-induced forcing terms

F, . In Bennis et al. (2011), it is assumed as surface stress, whereas it is provided as body

force in Nguyen et al. (2021a). Therefore, the equations of Bennis et al. (2011) are valid
in the condition of strong vertical mixing due to breaking waves when the vertical
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6.3. Comparison with equations of motion of Kumar et al. (2012)

distribution of breaking wave-induced forcing is not very important. In other conditions,
the vertical distribution of breaking wave-induced forcing terms should be considered.

The continuity equation of Bennis et al. (2011) shows the convergence of the Quasi-
Eulerian mean velocity consistent with the presence of conservative waves. For non-
conservative waves, the divergence of the Quasi-Eulerian mean velocity should be
compensated by the divergence of the Stokes drift as presented in the new continuity
equation.

Finally, the equations of Bennis et al. (2011) are expressed in terms of the vortex force
representation. As indicated in Section 2, this representation is based on the assumption

that the ambient current is small in comparison with orbital velocity, i.e., ﬁ| <u,. This

assumption is not present in the wave radiation stress representation and is therefore
potentially more suitable in the presence of strong ambient currents.

6.3 COMPARISON WITH EQUATIONS OF MOTION OF KUMAR ET AL. (2012)

Equations of motion of Kumar et al. (2012) are based on the asymptotic theory of
McWilliams et al. (2004). In their equations, the dynamic pressure ¢ is employed. The

relationship between ¢ and p is given by (McWilliams et al., 2004):

pP=po+p", (5.89)

where, p" is wave-induced pressure given by:

pw=—%p(z?+\;+v¥). (5.90)

Using the formula (4.3) we obtain the following relationship between @ and p” :
—H
o=+, (5.91)
p
where, J is defined by (3.33).

Using this, the momentum equations of Kumar et al. (2012) can be rewritten as:

u m m u p” O(J+ v Ou
a—u+L78—u+176—u+1726—1’t—ﬁ:—lap - ( K)+\75[f+(a—v—a—uD
(5.92)

ot ox oy 0z p Ox ox ox Oy
—v‘vsa—u—g(u'w'—ua—uj+1ﬂ’?f+F1Sf+Flb’+D1+Fl,
0z Oz 0z
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i v v v qo(J+ v ou
6_V+L76_v+‘76_v+wg_v+f_:_laﬁ _ ( K)—L_ls(f"‘(&_v_a_ujJ
4 (5.93)

ot ox oy A p Oy 0 ox Oy
—_“a—v—i(v'_w'—ua—vj+szf+Fz‘?"+FZ””+D2+F2,
0z Oz oz
—H — —
1P +g=—a—K+(ﬁSa—u+17Sa—vj, (5.94)
p Oz 0z oz 0z

where, F” and FY are wave-induced forcing terms due to bottom and surface streaming,
respectively, " is wave-induced forcing term due to white-capping, breaking wave, and

roller, F, is non-wave non-conservative forcing and D, is horizontal mixing term.

The Bernoulli head x is given by:

sinh[2k(z—z')]dz " (5.95)

K= O'Hrzms J-z 82 (kﬁ)
- . 2 = _ 2
16ksinh’ [ k(h+C) |*" o

4

If the effect of vertical shear of mean current in the wave forcing term is neglected then
Kk can be neglected.

Continuity equation shows the convergence of Eulerian mean velocity, i.e.:

a—u+a—v+a—W=0. (5.96)
ox oy oz
In adiabatic condition, horizontal momentum equations (5.92) and (5.93) become:
— — — — —H
a_u+ﬁa_u+va_u+wa_u_ﬁ:_lap__a_l]
ot ox oy 0z p Ox Ox
(5.97)
— ov ou _,ou
VN fH = |- =,
ox Oy 0z
ov _ov _ov _ov 1op” aJ
E‘FME‘FV—)}‘FW@—Z :—Eg—g
(5.98)

Equations (5.97) and (5.98) are similar to horizontal momentums equations of Bennis e?
al. (2011) in adiabatic condition. Therefore, similar to the equations of Bennis et al.
(2011), equations of Kumar ef al. (2012) pass the adiabatic test.

A comparison between the set of equations of Kumar et al. (2012) and the new set of
equations for the x-direction is given in Table 6-3. It shows that hydrostatic pressure and
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6.3. Comparison with equations of motion of Kumar et al. (2012)

conservative wave forcing terms in momentum equations of Kumar ez al. (2012), and new

momentum equations are equivalent.

In Kumar et al. (2012), the wave forcing is provided as a body force or bottom stress.
These two approaches are implemented in their model to calculate the effect of bottom
streaming on the current. The first approach (body force) is applied for the resolving
bottom boundary layer condition, and the second approach (bottom stress) is suitable for
non-resolving bottom boundary layer conditions. In new momentum equations, the
bottom boundary layer is assumed non-resolved then the bottom stress approach is
employed. The surface streaming is not considered by new momentum equations. This
term could be significant outside the surfzone (Lentz et al., 2008).

Table 6-3 Comparison between equations Kumar et al. (2012) and new equations

Terms Kumar et al. (2012) New equations
1 op” 1 op”
Pressure gradient P -
p Ox p Ox
v ou o(J+K v Ou
) _a_J_FvS f+ a_v_a_u —Q—F\js f+ a_V_a_I/l
Conservative ox ox oy ox ox Oy
wave forcing 7 ou
= —-w =
oz oz

F" - applied as a body force

F'br,l . .
— : applied as a body force
p

Non- sf br,l .
. FY : surface streaming — : applied as a bottom stress
conservatl‘ve p
wave forcing F"” : bottom streaming F
=L : applied as a body force
p
_ (o5 - o7
Turbulence —g(u'w —ua—uj+Dl L{oa, + 0%, + 90 oA
oz oz p\Lox oy Oz
ou oOv ow
Mass du  ov a—w—O ox Oy Oz
conservation ox Oy Oz _o0z° (ou’ . ov’ . ow’
ot ox Oy Oz

The mass conservation equation of Kumar et al. (2012) shows a divergence-free Eulerian
mean velocity field. It is thus representative of conservative surface waves. For non-
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conservative wave conditions, the divergence of Eulerian mean velocity is compensated
by the divergence of wave-induced current (Stokes drift) included in new momentum
equations.

The equations of Kumar et al. (2012) are expressed in terms of vortex force representation,
thus assuming that the mean current is weak in comparison with orbital velocity.

Finally, with the use of the classical Eulerian mean method, the momentum equations of
Kumar et al. (2012) are only valid below the wave trough. This implies that mean velocity
has to be extrapolated from the trough to obtain the velocity profile up to the mean water
level.

6.4 CONCLUSIONS

New equations were expressed in both radiation stress and vortex force representations.
This set of equations was used to compare with recent well-known equations of mean
motion. It showed that:

- In Walstra ef al. (2001), terms of second-order of wave amplitude, i.e., p° and T .

are neglected in conservative wave forcing terms. This causes spurious oscillations
and as a result, their set of equations did not pass the adiabatic test.

- The effect of strong ambient currents on the wave-induced forcing term is not
considered in the work of Walstra ef al. (2001); Bennis et al. (2011); and Kumar et
al. (2012). Therefore, it is a problem when applying their sets of equations for
nearshore applications, where the current is usually comparable to the orbital velocity.

- In Walstra ef al. (2001); and Bennis et al. (2011) the wave forcing term caused by
breaking wave and roller wave is applied as surface stress. This is only suitable in
cases of strong vertical mixing due to breaking waves. In general, the vertical
distribution of breaking wave and roller wave-induced forcing term is more
appropriate.

- Sets of equations of Bennis ef al. (2011); and Kumar et al. (2012) are expressed in
terms of vortex force representation. This is only suitable if the ambient current is

small in comparison with orbital velocity, i.e., 1_1| < u_,. When the ambient current

is comparable to the orbital velocity, the wave radiation stress representation is
preferred.

- Mass conservation equation in Bennis ef al. (2011); and Kumar, Voulgaris [21 shows
a divergence-free Eulerian mean velocity field. This is suitable for conservative
waves. In general, the divergence of Quasi-Eulerian mean velocity should be
compensated by the divergence of Stokes drift.
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7.1. Conclusions

7.1 CONCLUSIONS

In this study, a new set of equations of motion written in terms of Quasi-Eulerian mean
velocity was developed based on the GLM method. The new equations were valid from
the bottom to the mean water surface even in the presence of finite-amplitude waves.
These equations are practical for a wide range of applications from deep water to shallow
water areas. All terms in these equations are expressed to the second-order of the wave
amplitude. Both non-wave forcing and wave-induced forcing terms are under
consideration. When the wave height is infinitesimal, the Quasi-Eulerian mean equations
of motion reduce to the classical Eulerian mean equations of motion. In cases of density
stratification, the buoyancy effect should be included as external forcing.

In this study, a three-dimensional wave radiation stress formulation was introduced. The
effects of surface waves on the mean current are specified at any level of the water column.

With the use of an empirical coefficient C,,, the 3D wave radiation stress is suitable for

the presence of a strong ambient current. The vertical integration of the new three-
dimensional wave radiation stress coincides with the traditional radiation stress. Besides,
the comparison between three-dimensional radiation stress and vortex force
representations was studied in detail. Those representations are equivalent if the
irrotational part of the waves is dominated, and the mean current is weak in comparison
with orbital velocity.

A 2DV numerical model was developed to validate new Quasi-Eulerian mean equations
of motion. The 2DV model passed the well-known adiabatic condition suggested by
Ardhuin ef al. (2008). It does not produce spurious velocities when the waves propagate
on a sloping bottom. As a result, vertical uniform distribution of Quasi-Eulerian mean
horizontal velocity was obtained even on the slope.

Subsequently, the experiment of Klopman (1994) for random waves was employed to
validate the 2DV model in the condition of non-breaking waves combined with a strong
current. The comparison between experimental data and numerical results showed very
good agreement in the whole vertical sections even in areas that were very close to the
bed. In the condition of breaking waves, two experiments presented in the dissertation of
Boers (2005) were employed. It showed that new equations performed very well for the
experiment of smaller wave height (test 1C). In the experiment of bigger wave height (test
IB), the vertical distribution of the mean velocity near the breaking point gave
qualitatively correct results. In the comparison of longshore current in the LSTF test
(Hamilton and Ebersole, 2001), a good agreement was found not only for depth-averaged
longshore current but also for depth varying longshore current. For cross-shore currents,
there was a difference between model results and experimental data in the wave-breaking
zone. The difference between the experimental data and model results in tests 1B and
LSTF was likely to be due to the empirical formulas for wave breaking that were strong
simplifications of the complex breaking process. Further tuning of such formulations
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against a large number of datasets on wave decay and generated longshore and cross-
shore currents was recommended.

The comparisons with other well-known sets of equations of motion show that new set of
equations of motion is more suitable in the presence of a strong ambient current, and finite
amplitude nonconservative waves. New set of equations of motion can be applied in a
wide range of applications from offshore to coastal zones, estuaries, and outflow areas.

Finally, with the use of Quasi-Eulerian mean variables, new set of equations of motion
can be easily implemented to existing 3D models developed based on the classical
Eulerian mean method. The implementation is straightforward and does not require much
effort. It can improve significantly the results of simulating coastal processes such as
coastal sediment transport, transport of plastic, and other pollutants such as oil slicks.

7.2 ANSWER TO RESEARCH QUESTIONS

1. How to simulate three-dimensional mean current from the deep ocean to the coastal,
estuary, and outflow areas in the presence of finite-amplitude non-conservative waves?

The Eulerian mean method is usually applied to simulate the mean current. However, in
the presence of finite-amplitude surface waves, the region between wave crest to wave
trough is not always filled by water. Therefore, the use of the Eulerian mean method is
not suitable to apply in this area. In the GLM method, the hydrodynamic quantities are
averaged over disturbance positions of a fluid particle. Then, this method is valid from
the bottom to the mean water surface even in the presence of finite-amplitude non-
conservative waves. This method provides a physical interpretation of definitions of mean
properties from the wave trough to the mean water level.

2. How to express the effects of surface waves on three-dimensional mean currents,
especially under the condition of non-conservative waves and strong ambient currents?

When the mean current is small in comparison with orbital velocity, the effect of surface
waves on the currents can be expressed in terms of either radiation stress or vortex force
representations. The wave radiation stress forcing is the total vortex force, Bernoulli head,
and dissipative wave forcing. In the presence of a strong ambient current, the three-
dimensional wave radiation stress representation is recommended.

3. Specify the relationship between vortex force and radiation stress representations in
different conditions of surface waves combined with mean currents?

In this study, the relationship between three-dimensional wave radiation stress and vortex
force representations is investigated in detail. The results showed that:

1) In conservative waves and weak ambient current: wave radiation stress and vortex force
representations are equivalent.
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7.2. Answer to research questions

i1)) In non-conservative wave and weak ambient current: wave radiation stress
representation is the sum of vortex force representation and wave-induced dissipative
forcing terms.
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