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�L�Q �V�F�D�Q�Q�L�Q�J �V�F�H�Q�D�U�L�R�V�� �$�V �D �U�H�V�X�O�W�� �W�K�H�L�U �V�F�D�Q�Q�L�Q�J �F�D�S�D�E�L�O�L�W�L�H�V �D�U�H �O�L�P�L�W�H�G�� �7�K�H�U�H�I�R�U�H�� �W�K�L�V �F�K�D�S�W�H�U �L�V
�F�R�Q�F�H�Q�W�U�D�W�H�G �R�Q �D �V�\�Q�W�K�H�V�L�V �D�Q�G �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H �I�R�U �V�K�D�S�H�G �S�O�D�V�W�L�F �O�H�Q�V�H�V�� �6�H�Y�H�U�D�O �S�D�U�D�P�H�W�H�U�V
�D�U�H �R�S�W�L�P�L�]�H�G �W�R �V�\�Q�W�K�H�V�L�]�H �O�H�Q�V �H�O�H�P�H�Q�W�V �Z�L�W�K �K�L�J�K �V�F�D�Q�Q�L�Q�J �F�D�S�D�E�L�O�L�W�L�H�V�� �7�K�L�V �R�E�M�H�F�W�L�Y�H �O�H�G �W�R �W�K�H
�G�H�Y�H�O�R�S�P�H�Q�W �R�I �D �0�$�7�/�$�% �E�D�V�H�G �F�R�G�H �F�D�S�D�E�O�H �R�I �V�\�Q�W�K�H�V�L�]�L�Q�J �V�K�D�S�H�G �G�L�H�O�H�F�W�U�L�F �O�H�Q�V�H�V �E�\ �R�S�W�L�P�L�]�L�Q�J
�O�H�Q�V �D�Q�W�H�Q�Q�D �S�D�U�D�P�H�W�H�U�V�� �)�L�U�V�W�O�\�� �W�K�H �F�R�Q�V�L�G�H�U�H�G �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �4�2 �F�R�P�S�R�Q�H�Q�W �L�V �L�Q�W�U�R�G�X�F�H�G�� �6�H�F�R�Q�G�O�\��
�V�K�D�S�H �P�R�G�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �L�V �G�L�V�F�X�V�V�H�G�� �/�D�V�W�O�\�� �W�K�H �O�H�Q�V �I�H�H�G �G�H�I�L�Q�L�W�L�R�Q �L�V �H�[�S�O�D�L�Q�H�G��

�������� �/�H�Q�V �$�Q�W�H�Q�Q�D �*�H�R�P�H�W�U�\
�7�K�L�V �V�H�F�W�L�R�Q �I�R�F�X�V�H�V �R�Q �W�K�H �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q �R�I �W�K�H �H�O�O�L�S�W�L�F�D�O �O�H�Q�V�� �P�R�U�H�R�Y�H�U �D �V�X�U�I�D�F�H �G�H�V�F�U�L�S�W�L�R�Q �R�I �W�K�H
�H�O�O�L�S�W�L�F�D�O �O�H�Q�V �L�V �J�L�Y�H�Q�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �O�H�Q�V �I�H�H�G �L�V �G�L�V�F�X�V�V�H�G�� �/�D�V�W�O�\�� �W�K�H �V�K�D�S�H �P�R�G�L�I�L�F�D�W�L�R�Q �R�I �W�K�H
�H�O�O�L�S�W�L�F�D�O �O�H�Q�V �L�V �G�L�V�F�X�V�V�H�G��

�������������(�O�O�L�S�W�L�F�D�O �/�H�Q�V
�,�Q �W�K�L�V �Z�R�U�N �W�K�H �S�D�U�D�P�H�W�U�L�]�D�W�L�R�Q �Y�D�U�L�D�E�O�H�V �D�U�H �G�H�I�L�Q�H�G �L�Q(x; y; z) ���&�D�U�W�H�V�L�D�Q�� �F�R�R�U�G�L�Q�D�W�H�V�� �7�K�H �V�X�U�I�D�F�H
�R�I �D�Q �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �D�Q�W�H�Q�Q�D �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H�V�� �D�V �I�R�O�O�R�Z�V

x2 + y2

b2 +
(z � c)2

a2 = 1 ����������

�Z�K�H�U�Ha �L�V �W�K�H �O�H�Q�V �V�H�P�L���P�D�M�R�U �D�[�L�V��b �L�V �W�K�H �O�H�Q�V �V�H�P�L���P�L�Q�R�U �D�[�L�V��c �L�V �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �F�H�Q�W�U�H
�W�R �W�K�H �I�R�F�X�VO�� �)�R�U �D �O�H�Q�V �Z�L�W�K �N�Q�R�Z�Q �D �N�Q�R�Z�Q �D�Q�J�X�O�D�U �U�H�J�L�R�Q�� �G�L�D�P�H�W�H�U �D�Q�G �P�D�W�H�U�L�D�O�� �W�K�H �H�O�O�L�S�V�R�L�G
�S�D�U�D�P�H�W�H�U�V �D�V �V�K�R�Z�Q �L�Q �)�L�J���������D�U�H �F�D�O�F�X�O�D�W�H�G �D�V��

a = r min
1 � e�F�R�V� 0

1 � e2 ����������

b =
p

a2 � c2 ����������

c = a � e ����������

�Z�K�H�U�He �L�V �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\�� �I�R�U �D�Q �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �L�V �U�H�O�D�W�H�G �W�R �W�K�H �S�H�U�P�L�W�W�L�Y�L�W�\ �R�I �W�K�H �O�H�Q�V
�P�D�W�H�U�L�D�O ��" r �� �D�V1p

" r
�� � l

0 �L�V �W�K�H �V�X�E�W�H�Q�G�H�G �O�H�Q�V �D�Q�J�O�H �G�H�I�L�Q�H�G �D�V �D�U�F�V�L�Q( 1
2f ��

) �Z�K�H�U�Hf �� �L�V �W�K�H �O�H�Q�V �I�R�F�D�O
�O�H�Q�J�W�K ��r min �� �W�R �G�L�D�P�H�W�H�U ��D l �� �U�D�W�L�R��f �� = r min

D l
��

��



�������� �/�H�Q�V �$�Q�W�H�Q�Q�D �*�H�R�P�H�W�U�\ ��

�7�K�Hx��y �D�Q�Gz �S�D�U�D�P�H�W�H�U�V �L�Q �(�T�� ���������� �U�H�S�U�H�V�H�Q�W �W�K�H �&�D�U�W�H�V�L�D�Q �O�R�F�D�W�L�R�Q�V �R�I �W�K�H �H�O�O�L�S�V�R�L�G �I�U�R�P �D �F�R�R�U��
�G�L�Q�D�W�H �V�\�V�W�H�P �O�R�F�D�W�H�G �D�W �W�K�H �O�R�Z�H�U �I�R�F�X�V �R�I �W�K�H �H�O�O�L�S�V�H�� �D�V �V�K�R�Z�Q �L�Q �)�L�J���������� �7�K�Hz �F�R�R�U�G�L�Q�D�W�H�V �R�I �W�K�H
�V�X�U�I�D�F�H �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�H �W�Z�R �L�Q�G�H�S�H�Q�G�H�Q�W �S�D�U�D�P�H�W�H�U�Vx �D�Q�Gy �D�V �I�R�O�O�R�Z�V��

z = a

r

1 �
x2 + y2

b2 + c ����������

�)�L�J�X�U�H�������V�K�R�Z�V �D�Q �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �G�L�V�F�X�V�V�H�G �O�H�Q�V �S�D�U�D�P�H�W�H�U�V��

�)�L�J�X�U�H ���������,�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �H�O�O�L�S�V�H �G�H�I�L�Q�L�W�L�R�Q��

�7�K�H �Q�R�U�P�D�O �Y�H�F�W�R�U �D�Q�G �-�D�F�R�E�L�D�Q �R�I �W�K�H �V�X�U�I�D�F�H �R�I �D �4�2 �F�R�P�S�R�Q�H�Q�W �D�U�H �L�P�S�R�U�W�D�Q�W �S�D�U�D�P�H�W�H�U�V �I�R�U �K�L�J�K
�I�U�H�T�X�H�Q�F�\ �D�Q�D�O�\�V�L�V �R�I �W�K�H�V�H �F�R�P�S�R�Q�H�Q�W�V�� �7�K�H�V�H �S�D�U�D�P�H�W�H�U�V �D�U�H �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �G�H�U�L�Y�D�W�L�Y�H�V �R�I �W�K�H
�V�X�U�I�D�F�H �O�R�F�D�W�L�R�Q �Y�H�F�W�R�U��~Q = xx̂+ yŷ+ zẑ�� �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�W �S�D�U�D�P�H�W�H�U�Vx �D�Q�Gy�� �7�K�H�U�H�I�R�U�H��
�L�W �L�V �E�H�Q�H�I�L�F�L�D�O �W�R �G�H�I�L�Q�H �D�Q �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �Q�R�U�P�D�O �Y�H�F�W�R�U �R�I �W�K�H �H�O�O�L�S�W�L�F�D�O �V�X�U�I�D�F�HS�� �7�K�H �-�D�F�R�E�L�D�Q �L�V
�J�L�Y�H�Q �E�\ �(�T�� ���������� �D�Q�G �W�K�H �Q�R�U�P�D�O �Y�H�F�W�R�U �L�V �J�L�Y�H�Q �E�\ �(�T�� ������������

Jacob= j
@~Q
@x

�
@~Q
@y

j ����������

n̂Q = �
@~Q
@x � @~Q

@y

j @~Q
@x � @~Q

@yj
����������

�Z�K�H�U�H@~Q
@x �D�Q�G@

~Q
@y �D�U�H �W�K�H �S�D�U�W�L�D�O �G�H�U�L�Y�D�W�L�Y�H�V �Z�L�W�K �U�H�V�S�H�F�W �W�Rx �D�Q�Gy�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H� �V�\�P�E�R�O �U�H�O�D�W�H�V

�W�R �W�K�H �V�L�J�Q �F�R�Q�Y�H�Q�W�L�R�Q�� �$+ �G�H�I�L�Q�H�V �D�Q �R�X�W�Z�D�U�G �S�R�L�Q�W�L�Q�J �Q�R�U�P�D�O �Y�H�F�W�R�Un̂ �D�Q�G �D� �G�H�I�L�Q�H�V �D�Q �L�Q�Z�D�U�G
�S�R�L�Q�W�L�Q�J �Q�R�U�P�D�O �Y�H�F�W�R�Un̂�� �)�R�U �D�Q �D�U�E�L�W�U�D�U�\ �S�R�L�Q�WQ �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �W�K�H �O�R�F�D�W�L�R�Q�V �L�Qx; y; z �D�U�H �G�H�I�L�Q�H�G
�D�V

Qx = x ���������D��

Qy = y ���������E��

Qz = a

r

1 �
x2 + y2

b2 + c ���������F��

�2�Q�H �F�D�Q �I�L�Q�G �W�K�H �S�D�U�W�L�D�O �G�H�U�L�Y�D�W�L�Y�H�V �Z�L�W�K �U�H�V�S�H�F�W �W�Rx �D�Q�Gy �D�V

@Qx
@x

= 1 ���������D��

@Qy
@x

= 0 ���������E��
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@Qz
@x

=
� ax
b2q

1 � x 2 + y2

b2

���������F��

�D�Q�G
@Qx
@x

= 0 �����������D��

@Qy
@x

= 1 �����������E��

@Qz
@y

=
� ay
b2q

1 � x 2 + y2

b2

�����������F��

�U�H�V�S�H�F�W�L�Y�H�O�\�� �1�R�W�H �W�K�D�W �W�K�L�V �F�D�O�F�X�O�D�W�L�R�Q �L�V �V�K�R�Z�Q �I�R�U �R�Q�H �S�R�L�Q�WQ �R�Q �W�K�H �V�X�U�I�D�F�HS�� �+�R�Z�H�Y�H�U�� �W�K�L�V �F�D�Q �E�H
�D�S�S�O�L�H�G �W�R �D�O�O �W�K�H �G�H�I�L�Q�H�G �S�R�L�Q�W�V �R�Q �W�K�H �V�X�U�I�D�F�HS��

������������ �6�K�D�S�H �0�R�G�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �(�O�O�L�S�W�L�F�D�O �/�H�Q�V
�7�R �D�F�K�L�H�Y�H �Z�L�G�H �V�F�D�Q�Q�L�Q�J�� �R�Q�H �K�D�V �W�R �F�R�P�S�H�Q�V�D�W�H �I�R�U �W�K�H �S�K�D�V�H �D�E�H�U�U�D�W�L�R�Q�V �L�Q �W�K�H �O�H�Q�V�� �7�K�L�V �F�R�P�S�H�Q�V�D��
�W�L�R�Q �F�D�Q �E�H �S�H�U�I�R�U�P�H�G �E�\ �F�K�D�Q�J�L�Q�J �W�K�H �V�K�D�S�H �R�I �W�K�H �O�H�Q�V �V�X�U�I�D�F�H�� �,�Q �W�K�L�V �F�K�D�S�W�H�U�� �Z�K�H�U�H �W�K�H �I�R�F�X�V �O�L�H�V �R�Q
�V�L�Q�J�O�H �I�H�H�G �S�H�U �O�H�Q�V �J�H�R�P�H�W�U�L�H�V�� �W�K�H �V�K�D�S�H �R�I �W�K�H �H�O�O�L�S�V�R�L�G �L�V �P�R�G�L�I�L�H�G �X�V�L�Q�J �D �Q�R�Q���U�R�W�D�W�L�R�Q�D�O �V�\�P�P�H�W�U�L�F
�S�R�O�\�Q�R�P�L�D�O �V�H�W �U�H�I�H�U�U�H�G �W�R �D�V �W�K�H �=�H�U�Q�L�N�H �H�[�S�D�Q�V�L�R�Q �>�����@�� �7�K�H �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �F�D�Q �E�H �W�U�D�Q�V�I�R�U�P�H�G �L�Q�W�R
�D �P�R�G�L�I�L�H�G �V�X�U�I�D�F�H �E�\ �D�G�G�L�Q�J �D �K�H�L�J�K�W �P�R�G�L�I�L�F�D�W�L�R�Q� s �R�Q �W�R�S �R�I �W�K�H �H�O�O�L�S�W�L�F�D�O �V�X�U�I�D�F�H�� �D�V �L�O�O�X�V�W�U�D�W�H�G �L�Q
�)�L�J����������

�)�L�J�X�U�H ���������0�R�G�L�I�\�L�Q�J �W�K�H �V�K�D�S�H �R�I �W�K�H �(�O�O�L�S�W�L�F�D�O �O�H�Q�V��

�K�H�U�H �W�K�H �P�R�G�L�I�L�H�G �O�H�Q�V �V�X�U�I�D�F�HSmod �L�V �G�H�I�L�Q�H�G �D�V

Smod = S + � s� 0 ������������

�:�K�H�U�HS �L�V �W�K�H �R�U�L�J�L�Q�D�O �H�O�O�L�S�W�L�F�D�O �V�X�U�I�D�F�H �D�Q�G� s �L�V �W�K�H �K�H�L�J�K�W �P�R�G�L�I�L�F�D�W�L�R�Q�� �7�K�L�V �K�H�L�J�K�W �P�R�G�L�I�L�F�D�W�L�R�Q �D�V
�G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �=�H�U�Q�L�N�H �H�[�S�D�Q�V�L�R�Q �L�V �V�K�R�Z�Q �L�Q �(�T�� ��������������

� s( ��; � ) =
MX

m =0

NX

n = m

[Am
n �F�R�Vm� + B m

n �V�L�Qm� ]Rm
n ( �� ) ������������

�K�H�U�H0 � �� = �
D l /2 � 1 �D�Q�G0 � � � 2� �U�H�S�U�H�V�H�Q�W �W�K�H �Q�R�U�P�D�O�L�]�H�G �U�D�G�L�D�O �S�R�V�L�W�L�R�Q�V �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H

�D�Q�G �W�K�H �D�]�L�P�X�W�K �O�R�F�D�W�L�R�Q�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �0 �D�Q�G �1 �D�U�H �W�K�H �R�U�G�H�U�V �R�I �W�K�H �S�R�O�\�Q�R�P�L�D�O�V��Am
n �D�Q�GB m

n �D�U�H �W�K�H
�Z�H�L�J�K�W�V �R�I �W�K�H �S�R�O�\�Q�R�P�L�D�O�V �D�Q�GRm
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�Z�K�H�U�HC �L�V �D �F�R�Q�V�W�D�Q�W �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �D�P�S�O�L�W�X�G�H��kd �L�V �W�K�H �S�U�R�S�D�J�D�W�L�R�Q �F�R�Q�V�W�D�Q�W �L�Q �W�K�H �G�L�H�O�H�F�W�U�L�F
�P�H�G�L�X�P��RF F �L�V �W�K�H �I�D�U �I�L�H�O�G �V�S�K�H�U�H �U�D�G�L�X�V�� �D�Q�GF (u; v) �L�V �W�K�H �*�D�X�V�V�L�D�Q �S�D�W�W�H�U�Q �D�V �G�H�I�L�Q�H�G �L�Q �(�T�� ��������������



�������� �/�H�Q�V �$�Q�W�H�Q�Q�D �*�H�R�P�H�W�U�\ ����

�7�K�H �S�R�Z�H�U �U�D�G�L�D�W�H�G �E�\ �W�K�H �I�H�H�G �L�Q�W�R �D�Q �L�Q�I�L�Q�L�W�H �P�H�G�L�X�P �L�V �G�H�I�L�Q�H�G �D�V

Ptx =

2�Z

0

� /2Z

0

1
2

< [ ~E f f
feed � ~H f f �

feed � r̂ ]R2
F F �V�L�Q�d�d� ������������

�Z�K�H�U�H~E f f
feed �L�V �W�K�H �H�O�H�F�W�U�L�F �I�D�U �I�L�H�O�G��~H f f �

feed �L�V �W�K�H �P�D�J�Q�H�W�L�F �I�D�U �I�L�H�O�G��
�)�R�U �V�F�D�Q�Q�L�Q�J �F�D�V�H�V�� �W�K�H �D�Q�W�H�Q�Q�D �I�H�H�G �F�D�Q �E�H �P�R�Y�H�G �L�Q �W�K�H �Y�H�U�W�L�F�D�O �D�Q�G �K�R�U�L�]�R�Q�W�D�O �G�L�U�H�F�W�L�R�Q �Z�L�W�K

�U�H�V�S�H�F�W �W�R �W�K�H �O�H�Q�V �D�[�L�V�� �7�K�L�V �F�K�D�Q�J�H �L�Q �O�R�F�D�W�L�R�Q �U�H�V�X�O�W�V �L�Q �D �P�R�G�L�I�L�F�D�W�L�R�Q �L�Q �W�K�H �I�H�H�G�¶�V �I�D�U �I�L�H�O�G �S�K�D�V�H
�S�U�R�I�L�O�H �L�Q�V�L�G�H �W�K�H �G�L�H�O�H�F�W�U�L�F �P�D�W�H�U�L�D�O�� �7�K�H�V�H �O�R�F�D�W�L�R�Q�V �F�D�Q �E�H �R�S�W�L�P�L�]�H�G �W�R �F�R�P�S�H�Q�V�D�W�H �I�R�U �W�K�H �O�L�Q�H�D�U �D�Q�G
�T�X�D�G�U�D�W�L�F �S�K�D�V�H �W�H�U�P�V�� �)�L�J���������L�O�O�X�V�W�U�D�W�H�V �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �I�H�H�G �L�Q �W�K�H �K�R�U�L�]�R�Q�W�D�O �G�L�U�H�F�W�L�R�Q �Z�L�W�K
�U�H�V�S�H�F�W �W�R �W�K�H �O�H�Q�V �D�[�L�V�� �,�Q �D�G�G�L�W�L�R�Q�� �L�W �V�K�R�Z�V �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �I�H�H�G �L�Q �W�K�H �Y�H�U�W�L�F�D�O �G�L�U�H�F�W�L�R�Q �Z�L�W�K
�U�H�V�S�H�F�W �W�R �W�K�H �O�H�Q�V �D�[�L�V�� �7�R �L�P�S�U�R�Y�H �W�K�H �U�D�G�L�D�W�L�R�Q �I�U�R�P �W�K�H �G�L�H�O�H�F�W�U�L�F �P�H�G�L�X�P �W�R �D�L�U�� �W�K�H �I�H�H�G �F�D�Q �E�H �W�L�O�W�H�G
�V�X�F�K �W�K�D�W �W�K�H �F�U�L�W�L�F�D�O �D�Q�J�O�H �U�H�J�L�R�Q�V �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �D�U�H �D�Y�R�L�G�H�G�� �7�K�L�V �F�R�Q�F�H�S�W �L�V �D�O�V�R �V�K�R�Z�Q �L�Q �)�L�J����������
�:�K�H�Q �D �W�L�O�W �D�Q�J�O�H �L�V �L�Q�W�U�R�G�X�F�H�G��u = �V�L�Q� �F�R�V� � �V�L�Q� tilt �F�R�V� tilt �D�Q�Gv = �V�L�Q� �V�L�Q� � �V�L�Q� tilt �V�L�Q� tilt ��
�7�K�L�V �G�H�I�L�Q�L�W�L�R�Q �L�V �W�K�H�Q �V�X�E�V�W�L�W�X�W�H�G �L�Q �(�T�� ��������������

�)�L�J�X�U�H ���������$�Q �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �W�K�H �O�D�W�H�U�D�O �D�Q�G �Y�H�U�W�L�F�D�O �I�H�H�G �G�L�V�S�O�D�F�H�P�H�Q�W �L�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �L�Q�W�U�R�G�X�F�H�G �W�L�O�W �D�Q�J�O�H��



��
�2�S�W�L�P�L�]�D�W�L�R�Q �.�H�U�Q�H�O

�,�Q �S�U�H�Y�L�R�X�V �Z�R�U�N�V�� �D�Q�D�O�\�V�H�V �R�I �O�H�Q�V �D�Q�W�H�Q�Q�D�V �K�D�Y�H �E�H�H�Q �S�U�H�G�R�P�L�Q�D�Q�W�O�\ �S�H�U�I�R�U�P�H�G �R�Q �W�K�H �H�T�X�L�Y�D�O�H�Q�W
�O�H�Q�V �D�S�H�U�W�X�U�H �>���@�� �7�K�L�V �F�R�Q�F�H�S�W �L�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J���������� �,�Q �W�K�L�V �P�H�W�K�R�G �W�K�H �I�R�U�Z�D�U�G �*�H�R�P�H�W�U�L�F�D�O �2�S�W�L�F�V

�)�L�J�X�U�H ���������$�Q�D�O�\�V�L�V �R�Q �D �O�H�Q�V �D�Q�W�H�Q�Q�D �S�H�U�I�R�U�P�H�G �R�Q �W�K�H �H�T�X�L�Y�D�O�H�Q�W �D�S�H�U�W�X�U�H�� �>�����@

���*�2�� �S�U�R�S�D�J�D�W�L�R�Q �L�V �I�U�R�P �W�K�H �I�H�H�G �W�R �W�K�H �O�H�Q�V �D�S�H�U�W�X�U�H�� �W�K�L�V �U�H�V�X�O�W�V �L�Q �D�Q �L�U�U�H�J�X�O�D�U �J�U�L�G �R�Q �W�K�H �D�S�H�U�W�X�U�H��
�7�K�H�U�H�I�R�U�H�� �L�Q�W�H�U�P�H�G�L�D�W�H �L�Q�W�H�U�S�R�O�D�W�L�R�Q �V�W�H�S�V �D�U�H �U�H�T�X�L�U�H�G �I�R�U �W�K�L�V �D�Q�D�O�\�V�L�V �P�H�W�K�R�G�� �Z�K�L�F�K �U�H�V�X�O�W�V �L�Q �D
�W�L�P�H���F�R�Q�V�X�P�L�Q�J �D�Q�D�O�\�V�L�V�� �7�R �H�O�L�P�L�Q�D�W�H �W�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �L�Q�W�H�U�S�R�O�D�W�L�R�Q �V�W�H�S�V�� �W�K�H �D�Q�D�O�\�V�L�V �F�D�Q �E�H �S�H�U��
�I�R�U�P�H�G �Y�L�D �D �I�L�H�O�G �F�R�U�U�H�O�D�W�L�R�Q �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �L�Q�V�W�H�D�G�� �,�Q �W�K�L�V �P�H�W�K�R�G�� �W�K�H �D�Q�D�O�\�V�L�V �L�V �E�D�V�H�G �R�Q �W�K�H
�D�Q�W�H�Q�Q�D �L�Q �U�H�F�H�S�W�L�R�Q ���5�[�� �P�H�W�K�R�G�R�O�R�J�\�� �7�K�L�V �D�Q�D�O�\�V�L�V �P�H�W�K�R�G �L�V �W�K�H �I�R�X�Q�G�D�W�L�R�Q �R�I �W�K�H �H�P�S�O�R�\�H�G �R�S�W�L��
�P�L�]�D�W�L�R�Q �N�H�U�Q�H�O�� �D�Q�G �W�K�L�V �P�H�W�K�R�G �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �L�Q �W�K�L�V �F�K�D�S�W�H�U�� �)�L�U�V�W�O�\�� �W�K�H �J�R�D�O �R�I �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q
�N�H�U�Q�H�O �L�V �H�[�S�O�D�L�Q�H�G�� �6�H�F�R�Q�G�O�\�� �W�K�H �D�Q�D�O�\�V�L�V �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �L�V �G�L�V�F�X�V�V�H�G�� �$�I�W�H�U�Z�D�U�G�V�� �W�K�H �W�U�D�Q�V�P�L�W�W�H�G
�I�L�H�O�G �D�Q�D�O�\�V�L�V �L�V �H�[�S�O�D�L�Q�H�G�� �/�D�V�W�O�\�� �W�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G �D�Q�D�O�\�V�L�V �L�V �H�[�S�O�D�L�Q�H�G��

�������� �6�K�D�S�H�G �/�H�Q�V �$�Q�W�H�Q�Q�D �2�S�W�L�P�L�]�D�W�L�R�Q �.�H�U�Q�H�O
�,�Q �W�K�L�V �V�H�F�W�L�R�Q �W�K�H �N�H�U�Q�H�O �L�V �H�[�S�O�D�L�Q�H�G �D�Q�G �W�R �D�L�G �W�K�L�V �H�[�S�O�D�Q�D�W�L�R�Q�� �D �J�H�Q�H�U�D�O �V�F�H�Q�D�U�L�R �L�V �F�R�Q�V�L�G�H�U�H�G�� �7�K�H
�V�F�H�Q�D�U�L�R �X�Q�G�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �L�V �I�R�U �D �O�H�Q�V �D�Q�W�H�Q�Q�D �W�K�D�W �L�V �L�O�O�X�P�L�Q�D�W�H�G �E�\ �D �S�O�D�Q�H �Z�D�Y�H �I�U�R�P �E�U�R�D�G�V�L�G�H��
�D�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J����������

����



�������� �6�K�D�S�H�G �/�H�Q�V �$�Q�W�H�Q�Q�D �2�S�W�L�P�L�]�D�W�L�R�Q �.�H�U�Q�H�O ����

�)�L�J�X�U�H ���������7�K�H �V�F�H�Q�D�U�L�R �X�Q�G�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �Z�L�W�K �D �V�W�D�Q�G�D�U�G �H�O�O�L�S�W�L�F�D�O �O�H�Q�V �D�Q�W�H�Q�Q�D �L�O�O�X�P�L�Q�D�W�H�G �E�\ �D �S�O�D�Q�H �Z�D�Y�H��

�/�H�W �X�V �F�R�Q�V�L�G�H�U �W�K�H �J�H�R�P�H�W�U�\ �D�V �G�H�V�F�U�L�E�H�G �L�Q �)�L�J�������� �+�H�U�H�� �W�K�H �O�H�Q�V �L�V �L�O�O�X�P�L�Q�D�W�H�G �E�\ �D�Q �L�Q�F�L�G�H�Q�W �S�O�D�Q�H
�Z�D�Y�H �I�U�R�P �D �E�U�R�D�G�V�L�G�H�� �7�K�H �R�E�M�H�F�W�L�Y�H �L�V �W�R �P�D�[�L�P�L�]�H �W�K�H �U�H�F�H�L�Y�H�G �S�R�Z�H�U �E�\ �W�K�H �D�Q�W�H�Q�Q�D �I�H�H�G�� �(�T�X�L�Y�D��
�O�H�Q�W�O�\�� �W�K�H �R�E�M�H�F�W�L�Y�H �L�V �W�R �P�D�[�L�P�L�]�H �W�K�H �D�S�H�U�W�X�U�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �O�H�Q�V �D�Q�W�H�Q�Q�D�� �$ �7�K�H�Y�H�Q�L�Q �H�T�X�L�Y�D�O�H�Q�W
�F�L�U�F�X�L�W �>���@ �L�Q �U�H�F�H�S�W�L�R�Q �L�V �F�R�Q�V�L�G�H�U�H�G �W�R �G�H�I�L�Q�H �D�Q �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �U�H�F�H�L�Y�H�G �S�R�Z�H�U �D�V

Prx =
jVocI tx j2

16P feed
rad

����������

�Z�K�H�U�HPrx �L�V �W�K�H �S�R�Z�H�U �U�H�F�H�L�Y�H�G �E�\ �W�K�H �I�H�H�G��Voc �L�V �W�K�H �R�S�H�Q �F�L�U�F�X�L�W �Y�R�O�W�D�J�H��I tx �L�V �W�K�H �F�X�U�U�H�Q�W �I�H�H�G�L�Q�J �W�K�H
�D�Q�W�H�Q�Q�D�� �D�Q�GP feed

rad �L�V �W�K�H �W�R�W�D�O �S�R�Z�H�U �U�D�G�L�D�W�H�G �E�\ �W�K�H �I�H�H�G�� �7�K�L�V �U�H�F�H�L�Y�H�G �S�R�Z�H�U �L�V �X�V�H�G �W�R �G�H�I�L�Q�H �D �F�R�V�W
�I�X�Q�F�W�L�R�Q �I�R�U �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P�� �7�K�H �W�R�W�D�O �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �O�H�Q�V �L�V �G�H�I�L�Q�H�G �D�V

� tot =
Prx

Pin
=

jVocI tx j2

16P feed
rad Pinc
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�7�K�L�V �D�Q�W�H�Q�Q�D �U�H�F�H�L�Y�L�Q�J �H�I�I�L�F�L�H�Q�F�\ �F�D�Q �E�H �V�S�O�L�W �X�S �L�Q�W�R �W�Z�R �W�H�U�P�V�� �Z�K�H�U�H �W�K�H �I�L�U�V�W �W�H�U�P �L�V �W�K�H �U�H�I�O�H�F�W�L�R�Q
�H�I�I�L�F�L�H�Q�F�\

� ref =
P lens

tx

P feed
rad

����������

�7�K�H �U�H�I�O�H�F�W�L�R�Q �H�I�I�L�F�L�H�Q�F�\ �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �U�D�W�L�R �E�H�W�Z�H�H�Q �W�K�H �W�R�W�D�O �S�R�Z�H�U �U�D�G�L�D�W�H�G �E�\ �W�K�H �D�Q�W�H�Q�Q�DP feed
rad ��

�D�Q�G �W�K�H �S�R�Z�H�U �W�U�D�Q�V�P�L�W�W�H�G �R�X�W �R�I �W�K�H �O�H�Q�V �V�X�U�I�D�F�HP tx
lens �� �7�K�H �V�H�F�R�Q�G �W�H�U�P �L�V �W�K�H �I�L�H�O�G �P�D�W�F�K �H�I�I�L�F�L�H�Q�F�\��

� F M =
jVocI tx j2

16P tx
lens Pinc
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�7�K�L�V �H�I�I�L�F�L�H�Q�F�\ �U�H�S�U�H�V�H�Q�W�V �W�K�H �I�L�H�O�G �P�D�W�F�K �E�H�W�Z�H�H�Q �W�K�H �L�Q�F�L�G�H�Q�W �D�Q�G �W�U�D�Q�V�P�L�W�W�H�G �I�L�H�O�G�V�� �7�K�H �W�R�W�D�O �H�I�I�L��
�F�L�H�Q�F�\�� �D�V �G�H�V�F�U�L�E�H�G �L�Q �(�T�� ���������� �L�V �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H�V�H �W�Z�R �H�I�I�L�F�L�H�Q�F�\ �W�H�U�P�V�� �7�K�H �D�Q�D�O�\�V�L�V �L�V �S�H�U�I�R�U�P�H�G
�R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �Z�K�H�Q �F�D�O�F�X�O�D�W�L�Q�J �W�K�H�V�H �H�I�I�L�F�L�H�Q�F�\ �W�H�U�P�V�� �7�K�H �Q�H�[�W �V�H�F�W�L�R�Q �H�[�S�O�D�L�Q�V �W�K�H �D�Q�D�O�\�V�L�V �V�X�U��
�I�D�F�H �F�K�R�L�F�H��

�������������5�H�D�F�W�L�R�Q �L�Q�W�H�J�U�D�O �R�Y�H�U �W�K�H �O�H�Q�V �V�X�U�I�D�F�H
�$�V �P�H�Q�W�L�R�Q�H�G �E�H�I�R�U�H�� �W�K�H �7�K�H�Y�H�Q�L�Q �H�T�X�L�Y�D�O�H�Q�W �F�L�U�F�X�L�W �L�V �D�S�S�O�L�H�G�� �L�W �L�V �W�K�H�U�H�I�R�U�H �L�P�S�R�U�W�D�Q�W �W�R �F�D�O�F�X�O�D�W�H
�W�K�H �R�S�H�Q �F�L�U�F�X�L�W �Y�R�O�W�D�J�HVoc�� �7�R �G�R �W�K�L�V�� �R�Q�H �F�D�Q �H�[�S�U�H�V�V �W�K�H �Y�R�O�W�D�J�H �D�V �D �U�H�D�F�W�L�R�Q �L�Q�W�H�J�U�D�O �Z�K�L�F�K �L�V
�G�H�I�L�Q�H�G �R�Y�H�U �D�Q �L�Q�G�X�F�W�L�R�Q �V�X�U�I�D�F�H�� �,�Q �W�K�L�V �Z�R�U�N �W�K�H �L�Q�G�X�F�W�L�R�Q �V�X�U�I�D�F�H �L�V �W�K�H �V�X�U�I�D�F�H �R�I �W�K�H �O�H�Q�V �W�D�N�H�Q
�M�X�V�W �R�X�W�V�L�G�H �W�K�H �O�H�Q�V�� �V�H�H �)�L�J���������� �7�K�H �H�[�S�U�H�V�V�L�R�Q �R�I �W�K�H �U�H�D�F�W�L�R�Q �L�Q�W�H�J�U�D�O �L�V �D�V �I�R�O�O�R�Z�V

VocI tx =
ZZ

S+
( ~H inc � ~M tx � ~E inc � ~Jtx )dS ����������
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�Z�K�H�U�H[ ~E inc �� ~H inc ] �D�U�H �W�K�H �I�L�H�O�G�V �J�H�Q�H�U�D�W�H�G �E�\ �W�K�H �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H �I�U�R�P �)�L�J�������� �R�Q �W�K�H �V�X�U�I�D�F�HS��
[ ~Jtx �� ~M tx ] �D�U�H �W�K�H �H�T�X�L�Y�D�O�H�Q�W �F�X�U�U�H�Q�W�V �U�H�O�D�W�H�G �W�R �W�K�H �W�U�D�Q�V�P�L�W�W�H�G �I�L�H�O�G �D�WS �J�H�Q�H�U�D�W�H�G �E�\ �W�K�H �O�H�Q�V �I�H�H�G��
�7�K�H�V�H �W�Z�R �V�H�W�V �R�I �I�L�H�O�G�V �D�U�H �F�O�D�U�L�I�L�H�G �L�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q�V��

�)�L�J�X�U�H ���������7�K�H �L�Q�G�X�F�W�L�R�Q �V�X�U�I�D�F�HS �Z�L�W�K �W�K�H �H�T�X�L�Y�D�O�H�Q�W �P�D�J�Q�H�W�L�F �D�Q�G �H�O�H�F�W�U�L�F �F�X�U�U�H�Q�W�V �G�H�I�L�Q�H�G �R�Q �W�K�H �V�X�U�I�D�F�H��

������������ �7�U�D�Q�V�P�L�W�W�H�G �I�L�H�O�G�V
�7�R �I�L�Q�G �W�K�H �H�T�X�L�Y�D�O�H�Q�W �W�U�D�Q�V�P�L�W�W�H�G �H�O�H�F�W�U�L�F �D�Q�G �P�D�J�Q�H�W�L�F �F�X�U�U�H�Q�W�V �D�V �G�H�I�L�Q�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q��
�R�Q�H �K�D�V �W�R �F�D�O�F�X�O�D�W�H �W�K�H �W�U�D�Q�V�P�L�W�W�H�G �H�O�H�F�W�U�L�F �D�Q�G �P�D�J�Q�H�W�L�F �I�L�H�O�G�V �R�X�W�V�L�G�H �W�K�H �O�H�Q�V �D�WS+ �� �7�R �I�L�Q�G �W�K�L�V
�I�L�H�O�G�� �D �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �L�V �D�S�S�O�L�H�G�� �)�L�U�V�W�O�\�� �W�K�H �I�H�H�G�¶�V �I�D�U �I�L�H�O�G �L�V �S�U�R�S�D�J�D�W�H�G �W�R �W�K�H �L�Q�V�L�G�H �R�I �W�K�H �O�H�Q�V
�V�X�U�I�D�F�H ��S� ���� �6�H�F�R�Q�G�O�\�� �6�Q�H�O�O�¶�V �O�D�Z �R�I �U�H�I�O�H�F�W�L�R�Q �D�Q�G �U�H�I�U�D�F�W�L�R�Q �L�V �D�S�S�O�L�H�G �W�R �R�E�W�D�L�Q �W�K�H �W�U�D�Q�V�P�L�W�W�H�G �I�L�H�O�G
�R�Q �W�K�H �R�X�W�V�L�G�H �R�I �W�K�H �O�H�Q�V �V�X�U�I�D�F�H ��S+ )�� �%�\ �S�U�R�S�D�J�D�W�L�Q�J �W�K�H �I�D�U �I�L�H�O�G �D�V �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q�����������W�R �W�K�H
�L�Q�V�L�G�H �R�I �W�K�H �O�H�Q�V �V�X�U�I�D�F�H�� �R�Q�H �D�U�U�L�Y�H�V �D�W �W�K�H �I�R�O�O�R�Z�L�Q�J �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �I�D�U �I�L�H�O�G

~E f f
feed = Ce� (( u

u 0
)2 +( v

v 0
)2 ) e� jk d j~r lens j

j~rlens j
p̂ ����������

�Z�K�H�U�H �& �L�V �D �F�R�Q�V�W�D�Q�W �W�K�D�W �U�H�S�U�H�V�H�Q�W �W�K�H �D�P�S�O�L�W�X�G�H �R�I �W�K�H �I�D�U �I�L�H�O�G��kd �L�V �W�K�H �S�U�R�S�D�J�D�W�L�R�Q �F�R�Q�V�W�D�Q�W �L�Q
�W�K�H �G�L�H�O�H�F�W�U�L�F �P�H�G�L�X�P��p̂ �U�H�S�U�H�V�H�Q�W�V �W�K�H �J�H�Q�H�U�L�F �S�R�O�D�U�L�]�D�W�L�R�Q �X�Q�L�W �Y�H�F�W�R�U �R�I �W�K�H �I�D�U �I�L�H�O�G��j~rlens j �L�V �W�K�H
�G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �D�Q�W�H�Q�Q�D �I�H�H�G �D�Q�G �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �D�V �V�K�R�Z�Q �L�Q �)�L�J����������

�)�L�J�X�U�H ���������'�H�I�L�Q�L�Q�J �S�R�L�Q�W �4�� �R�Q �W�K�H �L�Q�V�L�G�H �R�I �W�K�H �O�H�Q�V

�7�R �I�L�Q�Gj~rlens j�� �D �K�L�J�K �I�U�H�T�X�H�Q�F�\ �W�H�F�K�Q�L�T�X�H �N�Q�R�Z�Q �D�V �E�D�F�N�Z�D�U�G�V �U�D�\ �W�U�D�F�L�Q�J �L�V �D�S�S�O�L�H�G�� �$�V�V�X�P�L�Q�J �W�K�D�W �D
�S�R�L�Q�W �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H~Q1 �D�Q�G �W�K�H �O�R�F�D�W�L�R�Q �R�I �W�K�H �I�H�H�G~� feed �L�V �N�Q�R�Z�Q�� �W�K�H �G�L�U�H�F�W�L�R�Q �L�V �G�H�W�H�U�P�L�Q�H�G �D�V

~rlens = ~Qlens � ~� feed ����������

�D�Q�G �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �I�H�H�G �D�Q�G �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �L�V �G�H�I�L�Q�H�G �D�V

j~rlens j =
q

~rlens � ~r �
lens ����������
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�7�K�H �X�Q�L�W �Y�H�F�W�R�U �F�D�Q �D�O�V�R �E�H �F�D�O�F�X�O�D�W�H�G�� �D�Q�G �L�W �L�V �G�H�I�L�Q�H�G �D�V

r̂ lens =
~rlens

j~rlens j
����������

�,�W �L�V �D�O�V�R �L�P�S�R�U�W�D�Q�W �W�R �I�L�Q�G �W�K�H �U�H�O�D�W�L�Y�Hu �D�Q�Gv �L�Q �W�K�L�V �V�F�H�Q�D�U�L�R�� �$�V�V�X�P�L�Q�J �W�K�D�W �W�K�H �I�H�H�G �L�V �G�L�V�S�O�D�F�H�G �D�Q�G
�W�L�O�W�H�G��u �D�Q�Gv �D�U�H �G�H�I�L�Q�H�G �D�V

u = �V�L�Q� 0�F�R�V� 0 � �V�L�Q� tilt �F�R�V� tilt �����������D��

v = �V�L�Q� 0�V�L�Q� 0 � �V�L�Q� tilt �V�L�Q� tilt �����������E��

�K�H�U�H�� �W�K�H �W�L�O�W �D�Q�J�O�H �L�V �H�[�S�U�H�V�V�H�G �D�V �D �G�L�V�S�O�D�F�H�P�H�Q�W �L�Q �W�K�Hu � v �G�R�P�D�L�Q��� 0 �D�Q�G� 0 �F�D�Q �E�H �U�H�O�D�W�H�G �W�R~rlens

�L�Q �D �U�H�I�H�U�H�Q�F�H �V�\�V�W�H�P �O�R�F�D�W�H�G �D�W �W�K�H �I�H�H�G�� �V�H�H �)�L�J���������� �7�K�H�\ �D�U�H �H�[�S�U�H�V�V�H�G �D�V �I�R�O�O�R�Z�V

� 0 = �D�U�F�F�R�V
~rlens � ẑ
j~rlens j

�����������D��

� 0 = �D�U�F�W�D�Q
~rlens � ŷ
~rlens � x̂

�����������E��

�1�H�[�W�� �W�K�H �I�D�U �I�L�H�O�G �K�D�V �W�R �E�H �S�U�R�S�D�J�D�W�H�G �W�R �W�K�H �R�X�W�V�L�G�H �R�I �W�K�H �O�H�Q�V �V�X�U�I�D�F�HS+ �� �7�K�L�V �V�X�U�I�D�F�H �L�V �G�H�Q�R�W�H�G �E�\
�W�K�H �S�X�U�S�O�H �G�R�W�W�H�G �O�L�Q�H �L�Q �)�L�J���������� �7�K�H �W�U�D�Q�V�P�L�W�W�H�G �H�O�H�F�W�U�L�F �D�Q�G �P�D�J�Q�H�W�L�F �I�L�H�O�G�V �D�U�H �V�K�R�Z�Q �L�Q �(�T�� ������������
�D�Q�G �L�Q �(�T�� ������������ �U�H�V�S�H�F�W�L�Y�H�O�\��

~E tx = ��T � ~E f f
inside ������������

~H tx =
1
�

k̂t � ~E tx ������������

�Z�K�H�U�Hk̂t �L�V �W�K�H �W�U�D�Q�V�P�L�W �G�L�U�H�F�W�L�R�Q �R�I �S�U�R�S�D�J�D�W�L�R�Q����T �L�V �W�K�H �G�\�D�G�L�F �W�U�D�Q�V�P�L�V�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�� �7�K�H �G�\�D�G�L�F
�W�U�D�Q�V�P�L�V�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �L�V �H�[�S�U�H�V�V�H�G �D�V

��T = � ? p̂?
t p̂?

i + � k p̂k
t p̂k

i ������������

�Z�K�H�U�Hp̂? / k
i / r / t �D�U�H �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�R�O�D�U�L�]�D�W�L�R�Q �X�Q�L�W �Y�H�F�W�R�U�V �I�R�U �W�K�H �S�D�U�D�O�O�H�O ���7�0�� �D�Q�G �S�H�U�S�H�Q�G�L�F�X�O�D�U

���7�(�� �F�R�P�S�R�Q�H�Q�W�V��� ? / k �D�U�H �W�K�H �S�H�U�S�H�Q�G�L�F�X�O�D�U �D�Q�G �S�D�U�D�O�O�H�O �W�U�D�Q�V�P�L�V�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V�� �Z�K�L�F�K �F�D�Q �E�H �I�R�X�Q�G
�E�\ �D�S�S�O�\�L�Q�J �6�Q�H�O�O�¶�V �O�D�Z �W�R �D�Q �D�V�V�X�P�H�G �O�R�F�D�O�O�\ �I�O�D�W �V�X�U�I�D�F�H �R�Q �W�K�H �O�H�Q�V �D�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J����������

�)�L�J�X�U�H ���������$ �]�R�R�P �L�Q �R�I �W�K�H �V�X�U�I�D�F�H �D�U�R�X�Q�G �S�R�L�Q�WQ1 �� �:�K�H�U�H �6�Q�H�O�O�¶�V �O�D�Z �L�V �D�S�S�O�L�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �I�L�H�O�G �R�Q �W�K�H �R�X�W�V�L�G�H �R�I �W�K�H
�O�H�Q�V �D�W �S�R�L�Q�W �4����

�7�K�H�V�H �V�W�H�S�V �D�U�H �V�K�R�Z�Q �I�R�U �R�Q�H �S�R�L�Q�W �R�Q �W�K�H �O�H�Q�V�� �E�X�W �W�K�L�V �D�S�S�U�R�D�F�K �F�D�Q �E�H �D�S�S�O�L�H�G �W�R �W�K�H �U�H�P�D�L�Q�L�Q�JN � 1
�S�R�L�Q�W�V �R�Q �W�K�H �O�H�Q�V��

�2�Q�F�H �W�K�H �W�U�D�Q�V�P�L�W�W�H�G �H�O�H�F�W�U�L�F �D�Q�G �P�D�J�Q�H�W�L�F �I�L�H�O�G�V �D�U�H �G�H�W�H�U�P�L�Q�H�G�� �W�K�H �H�T�X�L�Y�D�O�H�Q�W �F�X�U�U�H�Q�W�V �R�I �W�K�H
�W�U�D�Q�V�P�L�W�W�H�G �I�L�H�O�G �H�Y�D�O�X�D�W�H�G �R�Q �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G�� �,�Q �W�K�L�V �F�D�V�H��M tx �L�V �W�K�H �P�D�J�Q�H�W�L�F
�H�T�X�L�Y�D�O�H�Q�W �F�X�U�U�H�Q�W �D�Q�GJtx �L�V �W�K�H �H�O�H�F�W�U�L�F �H�T�X�L�Y�D�O�H�Q�W �F�X�U�U�H�Q�W��

~M tx = � n̂ � ~E tx ������������
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~Jtx = n̂ � ~H tx ������������

�7�K�H �S�R�Z�H�U �W�K�D�W �L�V �U�D�G�L�D�W�H�G �L�Q�W�R �I�U�H�H �V�S�D�F�H �E�\ �W�K�H �O�H�Q�V �L�V �G�H�I�L�Q�H�G �D�V

P tx
lens =

ZZ

S+

1
2

<f ~E tx � ~H �
tx g � n̂dS ������������

�Z�K�H�U�HS+ �U�H�S�U�H�V�H�Q�W�V �W�K�H �V�X�U�I�D�F�H �R�I �W�K�H �O�H�Q�V�� �)�L�Q�D�O�O�\�� �W�R �I�L�Q�G �W�K�H �I�D�U �I�L�H�O�G�� �W�K�H �F�X�U�U�H�Q�W�V �D�U�H �U�D�G�L�D�W�H�G �X�V�L�Q�J
�D �V�W�D�Q�G�D�U�G �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �I�D�U �I�L�H�O�G �D�S�S�U�R�D�F�K �Z�L�W�K �W�K�H �I�U�H�H �V�S�D�F�H �*�U�H�H�Q�¶�V �I�X�Q�F�W�L�R�Q��

������������ �,�Q�F�L�G�H�Q�W �I�L�H�O�G �G�H�I�L�Q�L�W�L�R�Q
�$�Q�R�W�K�H�U �L�P�S�R�U�W�D�Q�W �F�R�P�S�R�Q�H�Q�W �I�R�U �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �W�K�H �U�H�D�F�W�L�R�Q �L�Q�W�H�J�U�D�O �L�V �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �L�Q�F�L�G�H�Q�W
�I�L�H�O�G�� �5�H�F�L�S�U�R�F�L�W�\ �L�V �D�S�S�O�L�H�G�� �D�Q�G �W�K�H �D�Q�D�O�\�V�L�V �L�V �S�H�U�I�R�U�P�H�G �L�Q �U�H�F�H�S�W�L�R�Q �P�R�G�H�� �,�Q �U�H�F�H�S�W�L�R�Q �P�R�G�H�� �W�K�H
�O�H�Q�V �D�Q�W�H�Q�Q�D �L�V �L�O�O�X�P�L�Q�D�W�H�G �E�\ �D�Q �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H �D�V �V�K�R�Z�Q �L�Q �)�L�J���������� �7�K�H �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H
�U�D�G�L�D�W�L�R�Q �S�U�R�I�L�O�H �L�V �G�H�I�L�Q�H�G �D�V

~E inc = e� ((
U ref
u inc

)2 +(
V ref
v inc

)2 ) ejk 0 z p̂ ������������

�7�K�H �U�D�G�L�D�W�L�R�Q �S�U�R�I�L�O�H �L�V �V�L�P�L�O�D�U �W�R �W�K�H �U�D�G�L�D�W�L�R�Q �S�U�R�I�L�O�H �R�I �W�K�H �D�Q�W�H�Q�Q�D �I�H�H�G�� �Z�K�H�U�H �W�K�H �L�Q�W�U�R�G�X�F�H�G �*�D�X�V��
�V�L�D�Q �W�D�S�H�U �D�O�O�R�Z�V �I�R�U �D �E�H�W�W�H�U �V�L�G�H �O�R�E�H �O�H�Y�H�O �F�R�Q�W�U�R�O �R�Y�H�U �W�K�H �G�H�V�L�U�H�G �U�D�G�L�D�W�L�R�Q �S�U�R�I�L�O�H�� �7�K�L�V �V�L�G�H�O�R�E�H
�O�H�Y�H�O �F�R�Q�W�U�R�O �L�V �V�K�R�Z�Q �L�Q �)�L�J���������� �Z�K�L�F�K �V�K�R�Z�V �W�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I �W�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G �W�U�X�Q�F�D�W�H�G
�R�Y�H�U �D �F�L�U�F�X�O�D�U �D�S�H�U�W�X�U�H ��D l ����

�)�L�J�X�U�H ���������7�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I �W�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G�� �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �V�L�G�H �O�R�E�H �O�H�Y�H�O �F�R�Q�W�U�R�O��

�$�V�V�X�P�L�Q�J �D �S�O�D�Q�H �Z�D�Y�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �L�Q�F�L�G�H�Q�W �H�O�H�F�W�U�L�F�� �D�Q�G �P�D�J�Q�H�W�L�F �I�L�H�O�G�� �W�K�H �P�D�J�Q�H�W�L�F �I�L�H�O�G
�F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V

~H inc =
1
�

k̂i � ~E inc ������������

�Z�K�H�U�H� �L�V �W�K�H �P�H�G�L�X�P �L�P�S�H�G�D�Q�F�H �D�Q�Gk̂i �L�V �W�K�H �L�Q�F�L�G�H�Q�W �G�L�U�H�F�W�L�R�Q �R�I �S�U�R�S�D�J�D�W�L�R�Q�� �7�K�H �L�Q�F�L�G�H�Q�W �U�H�F�H�L�Y�H�G
�S�R�Z�H�U �L�V �F�D�O�F�X�O�D�W�H�G �D�V

Pinc =
ZZ

S+

1
2

<f ~E inc � ~H �
inc g � � n̂dS ������������

�K�H�U�H~E inc �L�V �W�K�H �L�Q�F�L�G�H�Q�W �H�O�H�F�W�U�L�F �I�L�H�O�G��~H inc �L�V �W�K�H �L�Q�F�L�G�H�Q�W �P�D�J�Q�H�W�L�F �I�L�H�O�G�� �D�Q�Gn̂ �L�V �W�K�H �Q�R�U�P�D�O �Y�H�F�W�R�U �R�I
�W�K�H �O�H�Q�V �V�X�U�I�D�F�H��



�������� �6�K�D�S�H�G �/�H�Q�V �$�Q�W�H�Q�Q�D �2�S�W�L�P�L�]�D�W�L�R�Q �.�H�U�Q�H�O ����

�)�L�J�X�U�H ���������7�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �D �V�F�D�Q�Q�L�Q�J �F�D�V�H�� �Z�K�H�U�H �W�K�H �V�K�D�G�R�Z �U�H�J�L�R�Q �L�V �V�K�R�Z�Q �D�V �W�K�H �J�U�H�\ �U�H�J�L�R�Q �R�Q �W�K�H �O�H�Q�V��

�,�Q�F�L�G�H�Q�W �I�L�H�O�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �V�F�D�Q�Q�L�Q�J
�)�R�U �V�F�D�Q�Q�L�Q�J �F�D�V�H�V ���V�H�H �)�L�J������������ �Z�K�H�U�H �W�K�H �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H�¶�V �H�O�H�Y�D�W�L�R�Q �D�Q�G �D�]�L�P�X�W�K �D�Q�J�O�H�V��� scan

�D�Q�G� scan �� �D�U�H �N�Q�R�Z�Q�� �R�Q�H �P�X�V�W �L�G�H�Q�W�L�I�\ �W�K�H �X�V�D�E�O�H �U�H�J�L�R�Q �R�I �W�K�H �O�H�Q�V��
�7�K�L�V �X�V�D�E�O�H �U�H�J�L�R�Q �L�V �E�R�X�Q�G �E�\ �L�G�H�Q�W�L�I�\�L�Q�J �W�K�H �I�L�U�V�W �D�Q�G �O�D�V�W �S�R�V�V�L�E�O�H �U�D�\ �W�K�D�W �K�L�W �W�K�H �O�H�Q�V�� �7�R �I�L�Q�G �W�K�H�V�H
�U�D�\�V�� �R�Q�H �P�X�V�W �I�L�U�V�W �G�H�W�H�U�P�L�Q�H �W�K�H �&�D�U�W�H�V�L�D�Q �F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �L�Q�F�L�G�H�Q�W �G�L�U�H�F�W�L�R�Q �R�I �S�U�R�S�D�J�D�W�L�R�Qk̂i ��
�7�K�H�V�H �F�R�P�S�R�Q�H�Q�W�V �D�U�H �G�H�I�L�Q�H�G �D�V

k̂ix = � �V�L�Q� scan �F�R�V� scan �����������D��

k̂iy = � �V�L�Q� scan �V�L�Q� scan �����������E��

k̂iz = � �F�R�V� scan �����������F��

�)�R�U �H�[�D�P�S�O�H�� �I�R�U �D �E�U�R�D�G�V�L�G�H �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H�� �R�Q�O�\ �D �]���F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �L�Q�F�L�G�H�Q�W �G�L�U�H�F�W�L�R�Q �R�I �S�U�R�S��
�D�J�D�W�L�R�Q �H�[�L�V�W�V�� �$�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J���������� �7�K�H �O�D�V�W �U�D�\ �W�K�D�W �K�L�W�V �W�K�H �O�H�Q�V �F�D�Q �E�H �I�R�X�Q�G �E�\ �F�D�O�F�X�O�D�W�L�Q�J� i

�D�V
� i = �D�U�F�F�R�V(k̂i � n̂l ) ������������

�Z�K�H�U�Hk̂i �L�V �W�K�H �L�Q�F�L�G�H�Q�W �G�L�U�H�F�W�L�R�Q �R�I �S�U�R�S�D�J�D�W�L�R�Q�� �D�Q�Gn̂l �L�V �W�K�H �Q�R�U�P�D�O �Y�H�F�W�R�U �R�I �W�K�H �O�H�Q�V�� �:�K�H�Q� i >
90�ƒ �W�K�H �U�D�\�V �G�R �Q�R�W �L�Q�W�H�U�V�H�F�W �Z�L�W�K �W�K�H �O�H�Q�V �V�X�U�I�D�F�H �D�Q�\�P�R�U�H�� �7�K�H�U�H�I�R�U�H�� �L�I �W�K�L�V �F�R�Q�G�L�W�L�R�Q �L�V �D�S�S�O�L�H�G �W�R
�D�O�O �S�R�L�Q�W�V �R�Q �W�K�H �O�H�Q�V�� �W�K�H �H�Q�W�L�U�H �X�V�D�E�O�H �U�H�J�L�R�Q �R�I �W�K�H �O�H�Q�V �L�V �I�R�X�Q�G�� �7�K�H �S�R�U�W�L�R�Q �R�I �W�K�H �T�X�D�V�L���R�S�W�L�F�D�O
�F�R�P�S�R�Q�H�Q�W ���O�H�Q�V�� �W�K�D�W �L�V �Q�R�W �L�O�O�X�P�L�Q�D�W�H�G �E�\ �D �V�N�H�Z�H�G �L�Q�F�L�G�H�Q�W �S�O�D�Q�H �Z�D�Y�H �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �V�K�D�G�R�Z
�U�H�J�L�R�Q�� �)�L�J���������V�K�R�Z�V �W�K�L�V �U�H�J�L�R�Q �R�Q �W�K�H �O�H�I�W �V�L�G�H �R�I �W�K�H �O�H�Q�V��

�%�H�F�D�X�V�H �R�I �W�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G �G�H�I�L�Q�L�W�L�R�Q�� �D �*�D�X�V�V�L�D�Q �W�D�S�H�U �F�D�Q �E�H �D�S�S�O�L�H�G �W�R �W�K�H �L�Q�F�L�G�H�Q�W �I�L�H�O�G�� �)�R�U
�W�K�L�V�� �W�K�H �W�R�S �Y�L�H�Z �R�I �W�K�H �H�T�X�L�Y�D�O�H�Q�W �D�S�H�U�W�X�U�H �D�V �V�K�R�Z�Q �L�Q �)�L�J�������� �L�V �X�V�H�I�X�O��
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�)�L�J�X�U�H ���������7�K�H �W�R�S �Y�L�H�Z �R�I �W�K�H �H�T�X�L�Y�D�O�H�Q�W �D�S�H�U�W�X�U�H

�,�G�H�D�O�O�\�� �R�Q�H �Z�R�X�O�G �Z�D�Q�W �W�R �S�O�D�F�H �W�K�H �D�P�S�O�L�W�X�G�H �W�D�S�H�U �L�Q �W�K�H �P�L�G�G�O�H �R�I �W�K�H �D�S�H�U�W�X�U�H�� �7�R �G�R �W�K�L�V�� �R�Q�H �F�D�Q
�G�H�W�H�U�P�L�Q�H �W�K�H �P�D�[�L�P�X�Px �D�Q�Gy �O�R�F�D�W�L�R�Q�V �R�I �W�K�H �D�S�H�U�W�X�U�H�� �$�I�W�H�U�Z�D�U�G�V��Uref �D�Q�GVref �D�V �G�H�I�L�Q�H�G �L�Q �(�T��
������������ �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �D�V

Uref =
X ap � xmid

xmax � xmid
�����������D��

Vref =
Yap � ymid

ymax � ymid
�����������E��

�K�H�U�Hxmid ��xmax ��ymid �D�Q�Gymax �D�U�H �G�H�I�L�Q�H�G �D�V �V�K�R�Z�Q �L�Q �)�L�J���������� X ap �D�Q�GYap �D�U�H �W�K�H �S�R�L�Q�W�V �R�Q �W�K�H
�D�S�H�U�W�X�U�H �L�W�V�H�O�I��



��
�2�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H

�6�K�D�S�H �R�S�W�L�P�L�]�D�W�L�R�Q �R�I �U�H�I�O�H�F�W�R�U�V �W�R �G�L�U�H�F�W�O�\ �P�D�[�L�P�L�]�H �W�K�H �D�S�H�U�W�X�U�H �H�I�I�L�F�L�H�Q�F�\ �K�D�V �E�H�H�Q �Z�L�G�H�O�\ �D�S�S�O�L�H�G �L�Q
�W�K�H �U�H�I�O�H�F�W�R�U �D�Q�W�H�Q�Q�D �F�R�P�P�X�Q�L�W�\ �>�����@�� �)�R�U �L�Q�W�H�J�U�D�W�H�G �O�H�Q�V �F�R�P�S�R�Q�H�Q�W�V�� �W�K�H �G�L�U�H�F�W �D�S�S�U�R�D�F�K �G�R�H�V �Q�R�W
�Q�H�F�H�V�V�D�U�L�O�\ �U�H�V�X�O�W �L�Q �R�S�W�L�P�D�O �J�H�R�P�H�W�U�L�H�V�� �P�D�L�Q�O�\ �E�H�F�D�X�V�H �W�K�H �V�K�D�S�L�Q�J �R�I �W�U�D�Q�V�P�L�W�W�L�Q�J �V�X�U�I�D�F�H�V �U�H�V�X�O�W�V �L�Q
�U�H�J�L�R�Q�V �R�I �W�K�H �O�H�Q�V �Z�L�W�K �S�R�R�U �W�U�D�Q�V�P�L�V�V�L�R�Q �R�U �U�H�J�L�R�Q�V �Z�K�H�U�H �W�R�W�D�O �L�Q�W�H�U�Q�D�O �U�H�I�O�H�F�W�L�R�Q�V �D�U�H �S�U�H�V�H�Q�W�� �$�Q
�D�O�W�H�U�Q�D�W�L�Y�H �D�S�S�U�R�D�F�K �W�K�D�W �F�D�Q �E�H �W�D�N�H�Q �L�V �W�R �P�D�[�L�P�L�]�H �W�K�H �U�D�G�L�D�W�L�R�Q �D�Q�G �W�D�S�H�U �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �O�H�Q�V �D�Q��
�W�H�Q�Q�D�� �Z�K�L�F�K �F�D�Q �E�H �D�F�K�L�H�Y�H�G �X�V�L�Q�J �D �P�X�O�W�L���R�E�M�H�F�W�L�Y�H �R�S�W�L�P�L�]�H�U�� �7�K�L�V �F�K�D�S�W�H�U �I�R�F�X�V�H�V �R�Q �W�K�H �L�P�S�O�H�P�H�Q��
�W�D�W�L�R�Q �R�I �W�K�L�V �R�S�W�L�P�L�]�H�U�� �)�L�U�V�W�O�\�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �D�Q�G �S�D�U�D�P�H�W�H�U�V �D�U�H �L�Q�W�U�R�G�X�F�H�G�� �6�H�F�R�Q�G�O�\��
�R�S�W�L�P�L�]�D�W�L�R�Q �V�H�W�X�S �L�V �G�L�V�F�X�V�V�H�G�� �0�R�U�H�R�Y�H�U�� �D �F�R�G�H �V�W�U�X�F�W�X�U�H �L�V �S�U�H�V�H�Q�W�H�G�� �D�Q�G �I�L�Q�D�O�O�\ �V�R�P�H �R�S�W�L�P�L�]�H�U
�U�H�V�X�O�W�V �D�U�H �G�L�V�F�X�V�V�H�G��
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�L�Q �U�H�G��

�)�L�J�X�U�H ���������$�Q �L�O�O�X�V�W�U�D�W�L�R�Q �R�I �D �O�H�Q�V �D�Q�W�H�Q�Q�D �J�H�R�P�H�W�U�\ �D�Q�G �W�K�H �F�R�Q�V�L�G�H�U�H�G �S�D�U�D�P�H�W�H�U�V �I�R�U �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�G�X�U�H

�7�K�H �F�R�Q�V�L�G�H�U�H�G �R�S�W�L�P�L�]�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V �D�U�H �O�L�V�W�H�G �D�V �I�R�O�O�R�Z�V��
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�L�Q�L�W�L�D�O �J�X�H�V�V�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �W�L�P�H �F�R�X�O�G �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �G�H�F�U�H�D�V�H�� �7�K�H �L�Q�L�W�L�D�O �J�X�H�V�V�H�V �W�K�D�W �D�U�H �F�D�O�F�X�O�D�W�H�G
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2 � �V�L�Q� l

����������

�Z�K�H�U�H� 0
l �L�V �G�H�I�L�Q�H�G �D�V��

� 0
l = �D�U�F�V�L�Q(

q

� �O�R�J(10
T dB

e
20 � u0)) ����������

�Z�K�H�U�HTdB
e �U�H�S�U�H�V�H�Q�W�V �W�K�H �Q�R�U�P�D�O�L�]�H�G �H�G�J�H �I�L�H�O�G �W�D�S�H�U �D�W �W�K�H� l �D�Q�J�O�H�� �)�L�Q�D�O�O�\�� �W�K�H �L�Q�L�W�L�D�O �J�X�H�V�V �I�R�U �W�K�H

�W�L�O�W �D�Q�J�O�H �L�V �F�K�R�V�H�Q �W�R �E�H� guess
tilt = � i ��

������������ �,�Q�L�W�L�D�O �J�X�H�V�V �I�R�U �W�K�H �O�D�W�H�U�D�O �G�L�V�S�O�D�F�H�P�H�Q�W
�7�K�H �L�Q�L�W�L�D�O �J�X�H�V�V �I�R�U �W�K�H �O�D�W�H�U�D�O �G�L�V�S�O�D�F�H�P�H�Q�W �F�D�Q �E�H �I�R�X�Q�G �E�\ �S�O�D�F�L�Q�J �W�K�H �I�H�H�G �L�Q �D �O�R�F�D�W�L�R�Q �Z�K�L�F�K �F�R�P��
�S�H�Q�V�D�W�H�V�� �W�R �W�K�H �I�L�U�V�W���R�U�G�H�U�� �W�K�H �O�L�Q�H�D�U �S�K�D�V�H �S�U�H�V�H�Q�W �L�Q �W�K�H �I�R�F�D�O �S�O�D�Q�H �G�X�H �W�R �L�O�O�X�P�L�Q�D�W�L�Q�J �W�K�H �O�H�Q�V �E�\ �D
�S�O�D�Q�H �Z�D�Y�H �I�U�R�P �D ��� i ; � i �� �D�Q�J�O�H�� �7�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �L�Q�F�L�G�H�Q�W �D�Q�J�O�H(� i ) �D�Q�G �W�K�H �W�U�D�Q�V�P�L�W�W�H�G
�D�Q�J�O�H(� t ) �L�V �H�[�S�U�H�V�V�H�G �D�V p

" r �V�L�Q� t =
p

" i �V�L�Q� i ����������

�Z�K�H�U�H" r �L�V �W�K�H �U�H�O�D�W�L�Y�H �S�H�U�P�L�W�W�L�Y�L�W�\ �R�I �W�K�H �O�H�Q�V �P�D�W�H�U�L�D�O�� �D�Q�G" i �L�V �W�K�H �U�H�O�D�W�L�Y�H �S�H�U�P�L�W�W�L�Y�L�W�\ �R�I �W�K�H �P�D��
�W�H�U�L�D�O �R�X�W�V�L�G�H �R�I �W�K�H �O�H�Q�V�� �,�Q �W�K�L�V �F�D�V�H �W�K�H �P�D�W�H�U�L�D�O �R�X�W�V�L�G�H �W�K�H �O�H�Q�V �L�V �Y�D�F�X�X�P�� �W�K�H�U�H�I�R�U�H" i = 1 �� �7�K�H
�W�U�D�Q�V�P�L�W�W�H�G �D�Q�J�O�H� t �L�V �H�[�S�U�H�V�V�H�G �D�V

� t = �D�U�F�V�L�Q(�V�L�Q� i
1

p
" r

) ����������

�W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �L�V �I�R�X�Q�G �E�\ �D�S�S�O�\�L�Q�J �D �J�H�R�P�H�W�U�L�F�D�O �U�H�O�D�W�L�R�Q �W�K�D�W �U�H�O�D�W�H�V �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �I�H�H�G
�D�Q�G �W�K�H �O�R�F�D�W�L�R�Q �R�I �W�K�H �I�H�H�G �W�R �W�K�H �I�R�F�D�O �G�L�V�W�D�Q�F�HF �R�I �W�K�H �O�H�Q�V�� �:�K�H�U�HF �L�V �G�H�I�L�Q�H�G �D�Vf �� / D �� �7�K�H�U�H�I�R�U�H��
�W�K�H �L�Q�L�W�L�D�O �J�X�H�V�V �I�R�U �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �L�V �J�L�Y�H�Q �E�\

~� guess = �W�D�Q(�D�U�F�V�L�Q(
�V�L�Q� ip

" r
)) � D � f guess � [�F�R�V(� i � � )x̂ + �V�L�Q(� i � � )ŷ ����������
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f ��
1

2� sin (40) 2

� x 0:7xguess 1:3xguess

� y 0:7yguess 1:3yguess

� tilt 0:8� i 1:2� i

� z 0 10� 0

Am
n � 2� 0 2� 0

B m
n � 2� 0 2� 0
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�7�K�L�V �V�H�F�W�L�R�Q �G�L�V�F�X�V�V�H�V �W�K�H �V�H�W�X�S �R�I �W�K�H �R�S�W�L�P�L�]�H�U �D�V �Z�H�O�O �D�V �W�K�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �U�H�O�D�W�H�G �W�R �W�K�H �R�S�W�L�P�L�]�H�U
�F�K�R�L�F�H�� �)�R�U �W�K�H �I�X�Q�F�W�L�R�Q �G�H�I�L�Q�L�W�L�R�Q�� �W�K�H �L�Q�S�X�W�V �D�U�H �X�V�X�D�O�O�\ �W�K�H �N�Q�R�Z�Q �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �Y�D�U�L�D�E�O�H�V �D�Q�G �W�K�H
�X�Q�N�Q�R�Z�Q �R�S�W�L�P�L�]�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V�� �7�K�H �R�S�W�L�P�L�]�H�U �V�H�W�X�S �L�W�V�H�O�I �F�R�Q�V�L�V�W�V �R�I �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �V�H�W�W�L�Q�J�V�� �W�K�H
�V�W�R�S �F�R�Q�G�L�W�L�R�Q�V�� �,�Q �W�K�L�V �Z�R�U�N�� �W�K�H�8�V�H�3�D�U�D�O�O�H�O�N�H�U�Q�H�O �U�X�Q �L�Q �S�D�U�D�O�O�H�O�� �7�K�H�0�D�[�7�L�P�H�V�H�W�W�L�Q�J �L�V �D �Y�D�U�L�D�E�O�H
�W�K�D�W �F�K�D�Q�J�H�V �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �G�L�I�I�L�F�X�O�W�\ �R�I �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P�� �)�R�U �R�S�W�L�P�L�]�H�U�V�� �L�W �L�V �U�H�T�X�L�U�H�G �W�R
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