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Strain-Based Shape and 3-D Force Estimation for
Rod-Driven Continuum Robots With Stretch Sensors

Peiyi Wang , Member, IEEE, Daniel Feliu-Talegon , Member, IEEE, Yuchen Sun , Zhexin Xie , Member, IEEE,
Wenci Xin , Member, IEEE, Muhammad Sunny Nazeer , Member, IEEE,

Cosimo Della Santina , Senior Member, IEEE, Cecilia Laschi , Fellow, IEEE,
and Federico Renda , Member, IEEE

Abstract—Soft robots’ ability to safely navigate complex envi-
ronments motivates the development of algorithms for accurate
environmental interaction assessment, enabling greater autonomy.
Specifically, strain-based shape and force estimation of continuum
robots with embedded soft sensors poses an open challenge mainly
owing to continuous softness, anisotropic deformation, and nonlin-
ear properties. Mathematical description of deformable soft bodies
and accurate estimation of external forces are crucial for achieving
controllable and intelligent behaviors of these robots. In this article,
a kinetostatic strain-based modeling for rod-driven soft robots with
embedded stretch sensors is proposed, which incorporates local
strains, actuation variables, and external interactions. The strain
model enables full shape estimation of the robot and prediction
of strain variations in soft bodies. Building on this, we develop
a force estimator based on predicted and measured sensor and
actuator lengths to evaluate 3-D external forces, accounting for both
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orthogonal and tangential components relative to the backbone.
Moreover, we introduce a methodology using a novel ellipsoid
representation to handle tangential forces that may become insen-
sitive in certain singular configurations. This estimator allows us to
either disregard such forces when they do not influence deformation
or estimate them when they become observable. Our simulations
and experiments demonstrate how this approach can be used to
analyze the robot’s configuration and successfully estimate external
forces. Finally, it is demonstrated that when the continuum arm
follows trajectories with higher strain sensitivity, tangential force
estimation is significantly improved.

Index Terms—Continuum mechanics, force and shape esti-
mation, physical interaction, Soft continuum robot, stretch sensor.

I. INTRODUCTION

SOFT continuum robots, built from elastomeric materials,
are distinguished by their high degrees of freedom and

inherent softness, offering unprecedented flexibility and adapt-
ability for a wide range of applications such as surgery, re-
habilitation, and elderly care [1], [2]. Among these, the most
commonly used actuations embedded inside the soft body in-
cludes tendons [3], [4], flexible rods [5], and fluid chambers [6],
[7]. Although they provide precise and stable length or pressure
feedback, the entire shape varies in response to any input from
environmental interactions [8]. Typically, actuation feedback
alone cannot accurately capture real-time shape deformations
and estimate external forces. However, soft robot with embedded
sensors [9], [10], [11], [12], unlike expensive and bulky tracking
devices such as electromagnetic tracking, RGB-D camera, or
motion capture systems, is a compact and effective way to
address this challenge.

Although mathematical models predict the deformable soft
body, given actuator lengths and external disturbances, some
unexpected interactions applied to the robot will cause a sig-
nificant mismatch between the predicted shape and the sensed
shape [13], [14]. Perception methods based on colocated stretch
sensors [10] play a similar role in simultaneously evaluating the
shape and external force conditions among continuum robots,
just as joint encoders and force/torque sensors do among rigid-
link robots. To achieve this goal, an accurate mathematical
model of the deformable and sensorized soft body is required.
For slender continuum robots, due to the anisotropic stiffness,
especially the axial stiffness is much higher than the bending
stiffness, some configurations may lead to situations where
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Fig. 1. Detailed schematic of the GVS model illustrating the recursive formu-
lation of the kinematic of the robot gi(Xi).

Fig. 2. Detailed schematic of the strain-based shape and force estimation. The
continuum robot consists of soft body, stretch sensors, and threadlike actuator.
Visualizing the ellipsoids at any force point along the soft body.

the embedded strain sensor is insensitive to certain interaction
forces. [11], [15], [16], [17], [18]. To avoid such singularity
and insensitivity, it is necessary to explore methods that identify
potential insensitive directions and adjusts the configuration to
enable to estimate interaction forces

This article extends the preliminary work presented in [19],
with a focus on introducing the GVS approach for estimating
the rod-driven soft robots (RDSRs) shape and sensor length.
The current work offers substantial improvements including
strain-based shape & 3-D force estimation and visualization
ellipsoid. The schematic of the strain method and sensitivity
ellipsoid is illustrated in Figs. 1 and 2. Specifically, visualization
ellipsoids are constructed at the applied force points to determine
if the strain sensor is sensitive to the tangential force component.
The force estimator can then evaluate these forces when they are
observable through the local strain. In addition, the simulation
and experimental analysis in the sensorized RDSR, composed
of soft body, embedded with eGaIn-based strain sensors and
driven by flexible rods (see Section V and Fig. 3 for more de-
tails), demonstrate the functionality of the proposed estimation
method and the working principle of the visualization ellipsoid.
In this study, the location of the external force is known to the
force estimator, so its estimation is not our focus. The main
contributions are summarized as follows.

1) We develop a strain-based method incorporating local
strains, internal actions, and external interactions for si-
multaneous estimation of 3-D force and shape in rod-
driven continuum robots with embedded stretch sensors.

Fig. 3. Rod-driven soft robot (RDSR) with embedded strain sensors. (a) As-
sembly and design of the whole arm with soft sensors embedded on the surface:
(i) Positions of actuation rods in modules 1 and 2 and (ii) detailed structure of
connector between each module. (b) Structure of one-module RDSR. (c) Initial
and stretched state of a liquid metal eutectic gallium-indium (eGaIn)-based PSS.

2) We propose a method to identify configurations in which
forces along the backbone direction produce negligi-
ble strain responses, making them difficult to estimate.
To address this, we introduce a new ellipsoid that illus-
trates the sensitivity of strains to external forces applied
along the backbone and other directions. Then, we can
decide whether to neglect this component of the force,
since it has little impact on the robot’s shape, or to change
the configuration in order to successfully estimate it.

3) The functionality of shape and 3-D force estimation (in-
cluding tangential and orthogonal forces), as well as the
working principles of the visualized ellipsoid and strain-
based sensitivity, are validated and demonstrated via sim-
ulations and experiments.

The rest of this article is organized as follows: Section II
is devoted to the related work. In Section III, we introduce
the necessary elements of the GVS model and formulate the
static equations. Section IV proposes the strain-based estimation
method and calculates sensitivity ellipsoids. The robotic proto-
type and system are introduced and described in Section V. Then,
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the strain sensitivity is defined and analyzed through model
simulation in Section VI. Section VII validate and demonstrate
the feasibility and reliability of shape and force estimation,
and the functionality of the visualization ellipsoid and strain
sensitivity. Finally, Section VIII concludes this article.

II. RELATED WORK

This section describes existing methods for modeling the
deformation characteristics of soft continuum robots, estimating
external forces, and using ellipsoids to analyze their behavior.

A. Mathematical Modeling

For deformable soft bodies, purely geometric assumptions
such as constant curvature (CC) model [20], piecewise constant
curvature model [21], and variable curvature [22] commonly
ignore several important factors such as gravity, friction, and
environmental interactions, despite they enable proprioception
and disturbance observation of soft arms [9], [23], [24] by
embedding colocated sensors in the corresponding segments to
estimate shape parameters. However, theoretical models must
include geometric parameters such as actuation variables as well
as physical parameters such as material elasticity and internal
and external interactions to fully consider all deformations in soft
materials [8], [13], especially when operating in unstructured
environments [25].

All degrees of freedom (DOFs) of all topologies required
for soft robots can be described using 3-D continuum solid
mechanics such as finite-element method (FEM) and Cosserat
rod model. FEM with meshed elements provides a set of discrete
equations for statics and differential equations for dynamics.
The convergent solution is severely limited by the element
number, mesh quality, and boundary constraints and requires
extensive computational sources. Therefore, modal reduction
and equivalent simplification are essential to achieve a balance
between good accuracy and high-speed calculation in robot
control [26]. The Cosserat rod theory is commonly used in
tendon-driven continuum robots [27], [28], concentric tube con-
tinuum robots [29], multibackbone continuum robots [30], [31],
and pneumatic soft robots [27] for modeling the statics and
dynamics of these systems. A shooting-based algorithm and
an implicit time-integration scheme were proposed to solve the
spatial boundary value problem of the Cosserat rod equations,
but the root-finding process of convergent solutions is time
consuming and it has been shown to be much more fragile and
unstable when the time step decreases below a critical value [32],
[33]. An alternative method for modeling Cosserat rods is re-
ferred to as geometric variable strain (GVS) approach [34], [35],
developing a series of explicit recursive formulas by discretizing
the continuous soft body into a finite set of strain basis functions.
Such parameterized strain plays the same role as that of the
DOFs in traditional robotics. In this way, soft robots, rigid
robots, and hybrids of both can be described by the generalized
GVS [33], such as the CC model for continuum robots [20]
and joint-based modeling of rigid robots [36]. The GVS-based
model demonstrated general applicability and good performance

in terms of accuracy and complexity for tendon-driven, fluid-
driven, and concentric tube continuum robots [34], [37], [38].
Benefiting from the explicit approximation of kinematic for-
mulas, geometric Jacobian, and actuation matrix of soft robots,
real-time static and dynamic model-based control is feasible in
this field [39], [40]. More importantly, these models are generic
and can accommodate discontinuities in the strain field, thus
providing more flexibility in their parameterization and enabling
feasibility for integration with sensorized strains. Overall, the
discrete strain model still needs further exploration in the soft
continuum robot with local strain sensors, actuators, and an
optimal number of DOFs [19]. Initial attempts to combine the
GVS approach with actuation sensor readings demonstrated its
effectiveness in perceiving the robot’s shape and external tip
forces [41].

B. Force Estimation

Regarding force estimation, direct tactile sensors provide
feedback on contact conditions of the corresponding area [42],
[43], [44], [45], but more sensors need to be installed at specific
locations and directions of interest.

The perception method that combines mathematical models
and sensory systems is an efficient and common way to estimate
external forces. “Intrinsic wrench sensing” was proposed by
using an actuation-based sensing algorithm derived from the
CC model and the principle of virtual work [46], [47]. Still,
it is difficult to capture the interaction position using only the
actuation load sensor. Deflection-based force sensing explored a
combination of Gaussian process regression or extended Kalman
filter with the Cosserat rod model to estimate point and dis-
tributed forces [15], [16], [17]. Curvature obtained by wrapped
fiber Bragg grating (FBG) was merged into the theoretical
model to implement shape proprioception and real-time force
estimation [18], [48], [49], [50]. However, due to the high axial
stiffness relative to the bending stiffness of slender continuum
robots [49], they face ill-conditioning problems of estimating
force in certain configurations when using deflection-based and
curvature-based sensing methods. Prior works made a strong
assumption that the applied force is orthogonal to the robot back-
bone curve [16], [17], [18]. In fact, applying these assumptions in
theoretical models and experimental scenarios is not always true
and suitable. In this context, Feliu-Talegon et al. [51] propose
an efficient methodology for estimating 3-D forces using only
tendon actuation readings, demonstrating that estimating forces
along the backbone in some configurations is particularly chal-
lenging. Redundant configurations in soft continuum robots may
result in situations where strain sensors are insensitive to certain
interaction forces, as occurs in the articulated robot [52]. If the
robot reaches a configuration where the local strain sensor cannot
observe certain external forces, which will result in unexpected
interactions and damages. Therefore, these insensitive situations
and unobservable singularities should be deeply analyzed and
avoided in critical applications and real scenarios. Understand-
ing and correctly estimating forces tangential to the backbone
when the aforementioned assumption is not applicable remains
an open question in this field.
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C. Visualized Ellipsoids

The famous concept of manipulability and compliance el-
lipsoids has been greatly developed since its first introduction
by Yoshikawa [53], resulting in different calculation methods,
analyses, and applications. Manipulability ellipsoids are easy
to compute in rigid-link manipulators and act as powerful and
intuitive descriptors to analyze and control the robot’s dexterity.
Different ellipsoid descriptors can be optimized according to
task requirements, such as tracking a desired trajectory while
applying a specific force [54], [55]. Combined with position
control, Wong et al. [52] introduce a novel sensor observability
ellipsoid to monitor the force detection capability of redundant
rigid manipulators based on joint torque sensors. Different ob-
servability of different joint configurations are obtained in real
time to optimize the maximum observation of external forces.
Manipulability analysis has also been extended to continuum
robots very early on. Gravagne and Walker [56] demonstrated
the variations in manipulability and compliance ellipsoid from a
single-actuator to multiactuator manipulator based on inexten-
sible kinematic model. Smoljkic et al. [57] presented a method
to calculate the compliance and its ellipsoid by using the for-
ward kinematic coupling solution in a nonactuated elastic tube.
Bamdad et al. [58] calculated a manipulability index beside the
reachability map based on a kinematics model to evaluate the
effectiveness of continuation analysis for granular soft manipu-
lators. Ma et al. [59] analyzed the dexterity and manipulability
of a continuum robot considering multiple obstacles in confined
spaces. Constructing manipulability and compliance ellipsoids
of soft continuum robots based on the Cosserat rod theory is
still an active research problem [60], [61], [62], and using visu-
alized ellipsoids to analyze strain-based sensitivity in response
to external forces presents an additional challenge. To the best
of the authors’ knowledge, current studies have not yet explored
in depth theoretically the mapping relationship between external
forces and perceived local strains and its visualization ellipsoid
in the field of soft continuum robotics.

III. GVS MODEL

We outline the fundamental elements of the GVS model and
provide the static equilibrium equations applicable to the con-
tinuum robot under investigation. For detailed static modeling,
the reader is referred to [34].

A. Robot Kinematics

The configuration of a slender soft body i can be modeled
as a continuous stack of rigid cross-sections parameterized by a
curvilinear abscissa Xi ∈ [0, Li], where Li is the length of the
rod i (see Fig. 1). The configuration of a link can be represented
by defining a homogeneous transformation matrix along the
curvilinear abscissa. This matrix represents a coordinate frame
attached to the cross sections of the link and is defined as the
following spatial curve:

gi(Xi) =

[
Ri(Xi) ri(Xi)

0 1

]
∈ SE(3) (1)

where ri(Xi) ∈ R3 is the position of the local frame, while
Ri(Xi) ∈ SO(3) provides the orientation of the local frame rel-
ative to the spatial frame. We can differentiate the configuration
of the system with respect to X (·)′ and t ˙(·) obtaining

g′
i(Xi) = giξ̂i(Xi), ġi(Xi) = giη̂i(Xi) (2)

where ˆ(•) denotes the isomorphism between R6 and se(3). The
previous partial derivatives have been expressed in terms of the
twists defined in the local frame of the system at Xi, where the
strain ξ̂i and velocity η̂i twists of the body are defined. Spatial
integration of the left-hand side of (2) yields

gi(Xi) = gi(0) exp
(
Ω̂i(Xi)

)
(3)

where Ωi(Xi) is the Magnus expansion of ξi(Xi). The expo-
nential map in SE(3) and the Lie algebra associated with a Lie
group used in this section can be found in [63]. The soft links
are divided into smaller intervals of lengths hj and gi(Xi) is
computed recursively through these intervals

gi(Xi + hj) = gi(Xi) exp
(
Ω̂i(hj)

)
. (4)

For the case of a rigid link/joint i the configuration is divided
in two: the initial configuration Xi = 0, and the final Xi = Li

gi(Li) = gi(0) exp
(
ξ̂i

)
(5)

where ξ̂i for rigid transformation is constant.

B. Differential Kinematics

The relation between screw strain and velocity is established
through the equality of the mixed partial derivatives in space and
time

η′
i(Xi) = ξ̇i(Xi)− adξi(Xi)ηi(Xi) (6)

where ad(•) ∈ R6×6 is the adjoint operator of se(3). By virtue
of the identity (Adgi

)′ = Adgi
adξi

and the Leibniz rule for the
derivative of a product, it can be verified that the analytic solution
of (6) is given by

ηi(Xi) = Adg−1
i (Xi)

∫ Xi

0

Adgi(Xi)ξ̇i(Xi)ds (7)

where Adgi
is the adjoint representation of gi.

The strain field ξi can be discretized by choosing a specific
set of vector functions to serve as a finite basis for the field. This
can be represented as

ξi(Xi) = Φξi(Xi)q + ξ∗i (Xi) (8)

where Φξi(Xi) ∈ R6×n is the matrix function whose columns
form the basis for the strain field, q ∈ Rn, n being the DOFs,
is the vector of generalized coordinates for the chosen basis
function. Equation (8) can be substituted into (6), eventually
leading to the definition of geometric Jacobian

ηi(Xi) = Ad−1
gi(Xi)

∫ Xi

0

Adgi(Xi)Φξidsq̇ = J i(q, Xi)q̇.

(9)
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Although (3) and (9) are analytical expressions, for a general
variable strain case, they cannot be computed explicitly. The
GVS approach employs a finite set of strain bases to discretize
the continuous strain field in intervals. In this work, we use the
fourth-order Zanna collocation approach with a two-stage Gauss
quadrature as detailed in [64].

C. Statics Equations Including Internal and External Forces

The discrete model that represents the static equilibrium of our
system can be obtained by projecting the equilibrium equations
by means of the D’Alembert Principle [19]

Kq = B (q)u+Qe(q) (10)

where K ∈ Rn×n is the generalized internal elastic force,
Qe(q) ∈ Rn is the vector of generalized external forces,
B(q) ∈ Rn×na is the generalized actuation matrix being na the
number of actuators, and u is the vector of applied actuation
forces. We propose to use a Hooklike linear elastic law to
describe the rod elasticity, then the internal elastic force matrix
can be expressed as

K = diagN
i=1

(∫ Li

0

ΦT
ξi
(Xi)Σi(Xi)Φξi(Xi)dXi

)
(11)

where Σi is the screw elasticity matrix of a cross section. The
generalized actuation force considers a Cosserat rod internally
actuated by several threadlike actuators similar to cables, rods,
or fluidic actuation [34]. Then, the actuation wrench can be
obtained by computing the force and moment exerted by the
internal actuator on the midline of the robot. This is given by

Fai
(Xi) =

nai∑
k=1

[
d̃iktik
tik

]
uik = Φai

(q, X)ui (12)

whereΦai
(q, X) ∈ R6×nai is the actuation basis in the element

i, na is the number of actuators, dik(Xi) ∈ R3 is the distance
from the midline to actuator k, tik(Xi) ∈ R3 is the unit vector
tangent to the actuator’s path,ui is the magnitude of the actuation
force, and •̃ is the skew-symmetric matrix representation of
so(3). Then, the generalized internal actuation can be obtained
via D’Alembert’s principle as follows:

B (q)u = ||Ni=1

(∫ Li

0

ΦT
ξi
Φai

dX

)
u (13)

where || is the vector concatenation operator.
Finally, the vector of generalized external forces can be ex-

pressed as

Qe(q) =
N∑
i=1

∫ L

0

JT
i MAd−1

g GdX +

np∑
k=1

JT
k Ad∗

g−1
θk

Fk

(14)
where N is the total number of links, np is the number of
external point wrench, Σ is the screw elasticity matrix of a
cross section, MAd−1

gθi
G is the distributed external force due

to gravity, M = ρdiag(Jx, Jy, Jz, A,A,A) is the screw inertia
density matrix of the cross section (ρ is the density, A is the

cross-section area, and J• is the second moment of area), gθk is
the rotational component of gi at the position where the wrench
Fk is applied, G = [0TaT

g ]
T , where ag is the acceleration due

to gravity in the global frame, and Fk = [MT
k F T

k ]
T is the

external point wrench, expressed in the global frame, with the
moment and force components separated. We use the coadjoint
map of SE(3), denoted as Ad∗

g , which transforms wrenches from
the local frame to the global frame. In our case where gθk is only
the rotational component, we have that

Ad∗
g−1
θk

=

(
RT

k 03×3

03×3 RT
k

)
∈ R6×6.

Similar to gi, the geometric Jacobian J i is recursively com-
puted using the approximated form of Magnus expansion. For
more comprehensive details, readers may refer to [33], where
the static and dynamic analysis of soft-rigid hybrid robots with
multidimensional rigid joints is discussed. This reference also
includes the derivation of the key equations described in the
proposed model.

IV. SHAPE AND FORCE ESTIMATION METHOD

In this section, we propose a shape and force estimation
method for continuum robots that are internally actuated us-
ing threadlike actuators. The method employs stretch sensors
placed at different parts of the robot to infer body deformation
and utilizes the kinetostatic strain-based modeling described in
Section III, together with the actuation inputs, to simultaneously
estimate the shape and external force. Fig. 2 presents the detailed
schematic of the estimation method for continuum robots with
threadlike actuators (such as cables, flexible rods, or pneumatic
chambers) and stretch sensors.

A. Length Kinematic Equation

The change in length of a threadlike actuator, k, embedded
inside a soft manipulator can be mathematically calculated by
integrating along the segment of the body where the actuator is
embedded, denoted by the interval [ai, bi], with 0 ≤ ai, bi ≤ Li

as developed in [64]. This variation can then be computed as a
function of the shape of the soft robot and the routing of the
threadlike actuator inside the robot as follows:

yk =

(∫ bi

ai

ΦT
ak
Φξi

dX

)
q +

∫ bi

ai

(Φak −Φ∗
ak)

T

×
(
ξ∗ −

[
0
d′
k

])
dX. (15)

The aforementioned equation can be represented in matrix form
by gathering the change in length for multiple actuators

y = B(q)Tq + z(q). (16)

Moreover, [64] also derives the derivative of the previous
expression, yielding

dyk =

∫ bi

ai

ΦT
akΦξdXdq (17)
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collecting all the actuator equations, we obtain

dy = B(q)T dq (18)

in matrix form [64].
Equation (16) is used to determine the variation in length of

the threadlike actuators, ya, as a function of the soft robot’s
deformation. It can also be used to compute the length variation
of the strain sensors, ys. The only difference lies in the integra-
tion interval, which is adjusted to account for the specific regions
where the sensors or actuators are located, as well as the specific
path of the threadlike elements inside the soft body.

B. Forward Solutions

The complete kinetostatic model of the continuum robot is de-
scribed by (10) and (16). By inputting actuation ya and external
forces, Fk, the forward solution of the strain model can be esti-
mated, including the entire shape, q, and the actuation loads u.
The algebraic system of n+ na nonlinear equations and n+ na

unknowns can be solved using a root finding algorithm for
these inputs and outputs. We implement the trust-region-dogleg
algorithm through the MATLAB function fsolve to solve the
system. Once the shape of the robot is computed, the estimated
length change of the stretch sensors can be obtained using (16),
based on the position of each sensor segment.

C. Local Strain-Based Force and Shape Sensing

We formulate the problem of estimating the shape and external
forces acting on sensorized, threadlike actuator-driven contin-
uum robots using actuator displacements ya and the measure-
ment of the sensors ys. We introduce a new vector combining
these lengths, defined as Y = [yT

a yT
s ]

T . The proposed method
estimates the generalized coordinates qe, which define the ma-
nipulator’s shape, and the external forces F e

k, ensuring that the
actuator and sensors lengths Y e(qe) match the measured values
Y m while satisfying the static equilibrium model. Based on the
estimated generalized coordinates qe, the length measurement
error can be defined as

E(qe) = Y e(qe)− Y m. (19)

Then, we define the following minimization problem:⎧⎨⎩
minqe,Fe

k,u
e ‖E(qe)‖22

s.t. K(qe) = B(qe)ue +Qe(qe).
(20)

In this minimization problem, the unknown variables are the
generalized coordinatesqe, the magnitudes of the external forces
Fe

k and the reaction forces in the rods ue. Although the reaction
forces in the rod are not directly required in our problem, they
must be estimated to compute the static equilibrium, which
depends on these values.

Notice that by estimating Qe under the assumption that we
know the force locations, we can compute JT

k Ad∗
g−1
θk

based on

qe, and we only have to estimate Fe
k. We assume in this work

that the angular components of the wrenches are zero, so we
only need to estimate the coordinates of F e

k.

D. Calculation of Sensitivity Ellipsoids

The model presented in this work is based on the static
equilibrium of the robot system. From these equilibrium equa-
tions, we introduce a new concept, called sensitivity ellipsoids.
This ellipsoid is a geometric representation that characterizes
how sensitive the sensor measurements are to applied forces in
different directions. It can be calculated at any position along
the soft body, such as the sensitivity ellipsoids at the middle or
tip of each module as shown in Fig. 1.

Similarly to the compliance ellipsoid presented in [54] and
[61], which relates the linear displacement of the tip to an
external force applied at any point on the robot, we derive
a new ellipsoid that relates the change in sensor strain to a
force applied at a specific point along the robot. To achieve
this, we combine the kinematic formulation developed in [64],
which relates the change in sensor strain to variations in the
generalized coordinates, with the static equilibrium equations.
We use a linearization of the pair (q,Fk) in the static equilibrium
(10). Assuming that δJT

k /δq ≈ 0, we obtain the same relation
typically used for the compliance ellipsoid:

Kδq = JT
k δFb

k (21)

where Fb
k is the wrench expressed in the body-frame coordi-

nates, given by Fb
k = Ad∗

g−1
θk

Fk. Considering an infinitesimal

change in the strain sensor given by δys = B(q)T δq from
(18), and the Jacobian Jk = [JT

1 JT
2 ]

T , which includes both
linear and angular components evaluated at the point of force
application, we can, using (21), allows us to derive the following
new 3-D linear ellipsoid:

δys = B(q)TK−1JT
2 δF

b
k = ĴδF b

k (22)

where Ĵ ∈ Rns×3 and ns is the number of sensors. The sensitiv-

ity ellipsoid is then defined as M = (Ĵ
T
Ĵ)−1. The eigenvalues

λi(M) correspond to the squared lengths of the ellipsoid’s
principal axes νi(M). Each eigenvalue represents the extent
to which the sensor lengths change in the direction of the
corresponding eigenvector for a unit force applied. A larger
eigenvalue indicates that a unit force input produces a greater
change in sensor length. We propose using the visualized ellip-
soid to assess the sensitivity of the sensors in estimating external
forces applied to soft robots—particularly forces acting along
the backbone, which induce very small deformations and are
thus more challenging to estimate.

V. ROBOTIC PROTOTYPE AND SYSTEM

A. Rod-Driven Soft Continuum Robot

In this article, a specific RDSR with embedded stretch sensors
is used for simulation and experimental investigation. This robot
has two-module soft bodies with eGaIn-based piecewise soft
sensor (PSS) embedded on the surface of the silicone as shown
in Fig. 3(a). The structure and principle of the actuation, data
collection, and control module are explained in detail in related
work [5], [11]. A brief introduction of this robot system is
described as follows.

Each module consists of a cylindrical hollow silicone-based
body, end and base disk with internal lock rings, three flexible
rods (NiTi rods) and silicone tubes [see Fig. 3(b)]. One side ofAuthorized licensed use limited to: TU Delft Library. Downloaded on February 12,2026 at 12:26:39 UTC from IEEE Xplore.  Restrictions apply. 
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TABLE I
SHAPE AND MATERIAL PARAMETERS OF RDSR

each rod passes through the silicone tube and is fixed to the
end disk by lock rings. The other side is fixed to the slider in
the actuation module. Then, the motor’s rotational motion is
converted into linear motion through the lead screw and slider
to achieve push and pull actuation. The hollow silicone body,
fabricated between the base and end disk, is reinforced by a fiber
structure that can prevent large radial deformation and increase
the bending capability when pushing and pulling the actuation
rods. Each module RDSR realizes contraction, elongation, and
bidirectional bending movement through push–pull coordinated
control of three flexible rods.

Each PSS, consisting of three inner channels and separate
strain sensors (first, second, third piece) [see Fig. 3(c)], is evenly
embedded on the soft body along the circumferential direction.
All PSSes are colocated as close as possible to the corresponding
actuation rods so as to accurately capture the local strain in real
time. The designed length and width of each PSS is 130 and
35 mm, respectively. Each piece has the same length, about
42 mm. When the silicone substrate is linearly stretched at
both ends, the strain of each piece is the same. After assembly
with the soft body, the actual length of each piece will vary
due to inevitable fabrication errors. Strain sensors calibration is
reported in Section VII-B.

Multimodule RDSRs [see Fig. 3(a)] are assembled in series
via the 3-D-printed connector, and its exploded view is shown
in Fig. 3(a)ii. The actuation rods of module 2 passes through
the soft body of module 1, and all rods are placed evenly
and circumferentially inside the silicone. The detailed relative
position of rod 1, 2, 3 in module 1 and rod 4, 5, 6 in module 2 is
shown in Fig. 3(a)i.

B. Identification of the Stiffness Matrix

The robot features a hybrid silicone–NiTi structure with a
symmetric rod arrangement, ensuring the center of equivalent
elasticity coincides with the geometrical center. The additional
stiffness from the NiTi rods is computed using the previously
validated equivalent elasticity matrix [19], where a constant
Legendre polynomial basis was used for elongation, and a
third-order Legendre polynomial basis was used for the two
bending directions (y and z) for each soft link, resulting in a
total of 18 DOFs. The model, tested on a one-module RDSR with
three internal rods, accurately predicts the robot’s shape under
varying tip forces and rod lengths, achieving a maximum error
of 6.1 mm (around 4 % of total length). The identified material

Fig. 4. Simulated results and sensitivity ellipsoids of shape �1, �2, and �3:
(a) whole and (b) top view. (c) Schematic diagram of ellipsoid and the applied
external tip force. (d) Total surface strain change 	S with different tip force
applied in these three shapes. Scale of visualized ellipsoids: 0.01.

parameters of RDSR are shown in Table I. Rigid segments are
modeled as pure translations between their endpoints.

VI. SIMULATIONS AND SENSITIVITY ANALYSIS

In this section, we assess our estimation approach and
the validity of the visualized ellipsoid in identifying robot
configurations where force estimation is feasible or not in real
experiments. We test our algorithms in simulation on the con-
tinuum robot described in Section V.

A. Strain-Based Sensitivity

Three different shapes, �1, �2, and �3, are simulated un-
der different external forces applied to the tip. The given rod
lengths of these configurations are randomly chosen, but to
ensure that �1 and �2 represents the typical in-plane bending
shapes, “S” and “C” shapes, while shape�3 shows the out-plane
bending shape. Fig. 4(a) and (b) shows these simulated shapes
and sensitivity ellipsoids at the tip position. The rod lengths,
eigenvalues, and eigenvectors are listed in Table II. It should be
noted that a large difference between the eigenvalues will result
in a flatter ellipsoid. To make it more intuitive, when representing
the ellipsoids in the figures, the principal axes ν1, ν2, and ν3 of
the visualized ellipsoid are equally scaled.

Initially, eigenvectors ν1, ν2, and ν3 and eigenvalues λ1, λ2,
and λ3 of the ellipsoid are obtained as listed in Table II. Then, the
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TABLE II
EIGENVECTORS AND EIGENVALUES OF SHAPE �1, �2, AND �3 WITHOUT

APPLIED EXTERNAL LOADS

changes of entire shape and local sensor strains under different
tip external forces were simulated. As shown in Fig. 4(c), assum-
ing λ1 < λ2 < λ3, the applied force satisfies the following two
conditions: first, the direction changes from the eigenvector with
a smaller eigenvalue to the eigenvector with a larger eigenvalue,
and second, the magnitude of the given force is a constant, which
is 5N. For example, the force Faob is located in plane aob, and its
direction θ changes from ν2 to ν3, so the force rotates around
ν1.

The strain sensitivity 	S is defined in this work as the total
changes of local strains when an external force is applied to the
system, which can be calculated based on sensor strains before
and after applying external forces as follows:

ΔS =

√∑18

i=1
(Si|F − Si|0)2 (23)

where Si denotes the sensor strain in 18 pieces of the whole
robot, which is in order from the first to third piece of rod 1–6 as
shown in Fig. 3(a). |F and |0 indicate whether the external force
is applied or not, respectively. 	S reflects the sensitivity of the
local strain to external forces under a specific configuration. In
this article, we use strain sensitivity to quantitatively validate
the functionality and capabilities of the visualization ellipsoid.

The simulation results [see Fig. 4(d)] indicate that these
typical configurations (Shapes �1, �2, and �3) retain the same
variation characteristics in strain sensitivity 	S. The closer the
external force is to the eigenvector with a larger principal length,
the higher the strain sensitivity of the robot arm. All cases
under applied force Faob has much larger and almost unchanged
sensitivity due to λ2 and λ3 are almost the same and much larger
than λ1 (as shown in Table II). The sensitivity increases to 9 mm
around the angle of 90°when the direction of applied force Fboc or
Faoc ranges from ν1 to ν2 or ν1 to ν3. These results validate the
importance of the proposed visualized ellipsoid in identifying
configurations where external forces are easier to estimate, as
they have a greater influence on strain variation. Therefore, the
robot configuration can be adjusted so that the eigenvector with a
larger length closer to the direction of the force, making the local
strain sensors more sensitive to external stimuli and enabling the
strain-based estimator to better observe the external forces.

Fig. 5. Sensitivity analysis of sensor strain under varied forces along eigen-
vectors (ν1, ν2, ν3) and local frame axis (xl, yl, zl). Deformed shapes with
low (ν1) and high (ν3) sensitivity for (a)(i) shape �4 and (b)(i) �5. (a)–(b)(ii)
Comparison of the sensitivity 	S and (iii) deformed tip distance with respect
to different tip forces. Scale of visualized ellipsoids: 0.02.

B. Sensitivity Analysis Under Different Magnitude Forces

The strain sensitivity 	S is also analyzed under varied forces
from 0 to 15 N with intervals of 1 N along directions of
eigenvectors (ν1, ν2, ν3) and local frame axis (xl, yl, zl). Two
different shapes (�4 and �5) with the same tip position are
obtained by giving different rod lengths, [0.146; 0.144; 0.144;
0.269; 0.273; 0.269] m and [0.145; 0.16; 0.16; 0.33; 0.295; 0.33]
m, respectively [shown in Fig. 5(a)–(b)i]. The sensitivity 	S
and tip deformation varied with forces are shown in Fig. 5(a)
and (b)ii and iii. The tangential direction (local x-axis) of shape
�4 is almost aligned with the eigenvector ν1 with the smallest
eigenvalue λ1, but for shape�5, the tangential direction is almost
aligned with the eigenvector ν3 with the largest eigenvalue λ3.

As results demonstrate, the sensitivity and deformation of �4
and�5 under forces along ν1 are much smaller than those under
forces alongν3, which is consistent with the result obtained from
Section VI-A. Meanwhile, the sensitivity and deformation of�4
under forces along xl are smaller than those under forces along
zl. This means that external forces along xl (tangential direction)
produce lower sensor strain sensitivity, which is one of the
motivations for assuming that the applied forces are orthogonal
to the robot backbone. However, the opposite result occurs in�5.
The robot arm achieves much higher strain sensitivity in external
forces applied along xl. Although the external force along zl is
perpendicular to the robot backbone in this shape, higher strain
sensitivity can be obtained by applying the force along the xl
aligned with the robot backbone. Due to the near-ill-conditioned
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situation in the tangential direction of the backbone in shape
�4, it is practically impossible to sense the external force with
acceptable error in the presence of noise and measurement errors
in the strain sensors, as will be demonstrated later. The visualized
ellipsoid can be used to determine if the local strain is sensitive
to force. Some configurations should be adjusted to avoid local
strains being insensitive to external forces.

C. Effect of Strain Errors on Different Configurations With
Varying Sensitivity

Achieving perfect alignment between model-predicted local
strains and sensor measurements is inherently challenging. In
practice, errors in strain measurements from real sensors affect
force estimation differently depending on the sensitivity 	S of
a specific configuration. To quantify the impact of such strain
errors on force estimation, we characterize the performance of
our force estimator by deliberately introducing controlled strain
errors into the model for each soft sensor. In our simulation,
we simultaneously consider shapes �4 and �5 (as described in
Section VI-B), which exhibit significantly different sensitivity
characteristics, thereby allowing us to examine the influence of
sensor errors under diverse conditions.

Fig. 6(a) illustrates the overall simulation process. In the
simulation, a fixed external force Fset = 2 N is applied along
the xl (tangential) and zl (perpendicular) axes for shapes �4 and
� 5, respectively. The strain model computes the initial guess,
and then, predicts the sensor strain in the corresponding regions.
Next, we introduce a random strain error uniformly sampled in
the range [-ds, ds] into the force estimator. Finally, we use the
solutions at a set force of 0 N as the initial guess to estimate the
force Fest along the given directions.

We perform simulations with strain error magnitudes ds of
0.2, 0.6, and 1.0 mm for each soft sensor. Two primary findings
emerge from the simulation results for shape �4 [see Fig. 6(b)].
First, the force estimation error and its standard deviationσ along
the tangential direction (xl-axis) are significantly high, with σ
reaching up to 2N, indicating a low sensitivity of the sensors in
this direction. Second, when the force is applied perpendicular
to the backbone (zl-axis), the estimation is both more accurate
and robust, with the maximum standard deviation σ being ap-
proximately 0.6 N. Conversely, in the simulation with Shape �5
[see Fig. 6(c)], the simulation reveals that the maximum standard
deviation σ of the estimated force is approximately 0.6 N along
the tangential direction and 0.8 N in the perpendicular direction.
Overall, �5 exhibits better force estimation performance with
reduced error and lower data fluctuations compared to � 4.
Notably, even when the strain error is as high as 1 mm, the
standard deviation σ for force estimates in directions with high
sensitivity does not exceed 0.6 N. Conversely, when the external
forces along directions with low observability, the estimation
becomes considerably more difficult.

VII. EXPERIMENTAL VALIDATIONS

In this section, the proposed methodology is tested on the
continuum robot described in Section V to demonstrate the
effectiveness of our method with real prototypes.

Fig. 6. Simulation results of force estimation and strain sensitivity analysis.
(a) Simulation process of the effect of sensor error on force estimation. The
estimated forces of (b) shape �4 and (c) � 5 under different sensor errors of 0.2,
0.6, 1.0 mm, respectively. Std. Dev. σ: Standard deviation.

A. Tip Position Estimation

Initially, we randomly generated 500 experimental configura-
tions of RDSR. For each configuration, the RDSR was actuated
under both unloaded conditions and with external loads of 100,
200, and 300 gram-force (gf). The tip position was recorded
using a RealSense D435 RGB-D camera, which provided the
ground truth, while sensor voltages were acquired via an NI
USB-6218 data acquisition system.

For each configuration and load condition, our model predicts
the shape of the robot, yielding estimated positions along its
entire body. The estimation error e is computed as the Euclidean
norm between the estimated tip position pmodel and the ground-
truth position pactual as

e = ||pmodel − pactual||. (24)

Fig. 7 presents the error metrics under the various loading
conditions. On average, the error is less than 6 mm, which
corresponds to under 1.8% of the 330-mm body length. The
error distribution indicates that most errors are centered around
5 mm, with a range from 3 to 8 mm. Moreover, the reconstructed
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Fig. 7. Tip position error distribution and box plot of RDSR under different
external loads (0, 100, 200, 300 gf). It includes simulations of different shape
deformations such as multidirectional bending (“S” and “C” shapes).

TABLE III
CALIBRATION AND FITTING RESULTS OF EACH SOFT SENSOR

shapes closely match those obtained from the actual measure-
ments, thereby avoiding redundant solutions for the tip position.
These results demonstrate that the strain-based model accurately
captures the deformation and predicts the shape of the RDSR
under both actuation and external loadings.

B. Predicted Local Sensor Strain

We calibrated the sensory system by establishing a quanti-
tative relationship between the sensor resistance and the corre-
sponding strain for each soft sensor (see Table III). In our calibra-
tion procedure, the robot arm in module 1 was actuated through
its entire range from shortest to longest state, while concurrently,
the sensors in module 2 exhibited complementary changes (i.e.,
transitioning from their longest to shortest states). All actuation
rods were simultaneously pulled or pushed to induce the exten-
sible motion. At each actuation step, the actual sensor length
was measured and the corresponding resistance was recorded,
thereby providing the complete calibration dataset.

A quadratic polynomial was then fitted to the normalized re-
sistance change versus sensor strain data. The fitted coefficients,
as listed in Table III, demonstrate a goodness-of-fit close to 1.

Fig. 8. RMSE of predicted sensor lengths under 0, 100, 200, 300 gf loads.
RMSE: root-mean-square error.

Consequently, the resistance can be used to reliably compute the
measured strain via the fitted relationship.

Once the forward solution for the robot shape is obtained,
the local strain at each sensor can be predicted. In practice, the
integration in (16) is performed only over the sensor’s effective
region. For example, for the sensor in module 1 that is aligned
with rod 1, integration is performed only over the spatial interval
corresponding to that sensor [e.g., from the starting position (3,
50, 107) mm to the ending position (47, 90, 140) mm].

Based on the model’s predicted length change Δlprediction,
and the actual length change measured from sensory feedback
Δlactual, we compute the sensor estimation error as: esensor =
Δlprediction −Δlactual. To quantify the overall accuracy of the pre-
dicted strain, we calculate the root-mean-square error (RMSE)
as follows:

δsensor =

√
1

n

∑n

i=1
(Δlprediction −Δlactual)

2. (25)

All experimental configurations were tested under external
loads of 100, 200, and 300 gf. Fig. 8 shows the RMSE of
the length change under these load conditions. In most cases,
the prediction errors are no more than 1 mm, with an average
error of approximately 0.5 mm and the maximum RMSE as
a percentage of the actual sensor length does not exceed 2%.
These experimental results confirm that the strain model reliably
predicts the sensor strain.

C. Estimation of Forces Orthogonal to the Backbone

The experiments were performed under two distinct configu-
rations (shape �6 and �7) with rod lengths of [0.16, 0.16, 0.16,
0.32, 0.32, 0.32] m and [0.15, 0.163, 0.163, 0.319, 0.313, 0.319]
m, respectively. In each configuration, static forces were applied
to the soft body at two locations: at the tip and at the middle of the
soft arm. For each location, forces were applied along various
directions, specifically, in the yz-plane of the local coordinate
frame, at angles from 0◦ to 315◦ in 45◦ increments (i.e., forces
orthogonal to the backbone). Fig. 9(a)–(d)i schematically depicts
these directions in the local frame.

In the actual experiment, we set a threshold (less than 0.1 N)
for the tangential force (local x-axis) to ensure that the applied
force is in the yz-plane. The force magnitudes applied at the
middle of the arm differed from those at the tip in order to
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Fig. 9. Estimation of forces (fy, fz) orthogonal to the backbone (local x-axis). Applying varied directional forces at two different position on two distinct
configurations (shapes �6 and �7): (a)–(b)(i) tip and (c)–(d)(i) middle. (a)–(d)(ii) Actual and estimated force were recorded. Estimation errors of each axial force
(local fy and fz) were qualified to evaluate the performance of the force estimation. (a)–(d)(iii) RMSE of the estimated force and the angular error.

TABLE IV
DIFFERENT EIGENVALUES AND SENSITIVITY OF THE TANGENTIAL FORCE ESTIMATION UNDER DIFFERENT CONFIGURATIONS

Authorized licensed use limited to: TU Delft Library. Downloaded on February 12,2026 at 12:26:39 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: STRAIN-BASED SHAPE AND 3D FORCE ESTIMATION FOR ROD-DRIVEN CONTINUUM ROBOTS 905

Fig. 10. Validation of tangential force estimation considering sensitivity 	S. (a) Simulated configurations at the tip with different sensitivity (eigenvalue λxl:
1.90, 1.97, 2.17, 2.56, 3.25, 3.61). (b) Experimental configurations in real conditions. (c) Actual and estimated force tangential to the backbone (local force fx)
and their errors. (d) Standard deviation σ of the estimation error. (e) Variation of strain sensitivity 	S with different configurations. Scale of visualized ellipsoids:
0.01.

validate the strain-based estimation across varying load distri-
butions. For each directional case (0◦ to 315◦), at least ten force
measurements were collected. Both the actual force [measured
by a three-axis force sensor with an accuracy of 0.3% of the range
(0–20 N)] and the corresponding sensor resistance were simulta-
neously recorded. The estimated force was then computed from
the actual sensor strain using the strain-based sensing method
described in Section IV-C.

Fig. 9(a)–(d)ii shows the errors between the actual and es-
timated forces for the eight directional cases for each config-
uration. The estimated force profiles closely match the actual
measurements, with most errors falling within the range of
-0.4–0.4 N. To further quantify the estimation performance of the
forces perpendicular to the backbone, the RMSE of the resultant
force composed of fy and fz, as well as the angular error between
the estimated and actual force vectors, were calculated. For

forces applied at the middle of the arm, both the RMSE and
angular error exhibited minimal fluctuations [see Fig. 9(a) and
(c)iii], indicating robust and stable sensor performance. Fig. 9(b)
and (d)iii exhibits higher error magnitudes at certain directional
force, particular around 225◦ to 315◦. The maximum RMSE of
resultant forces is no more than 0.2 N and most angular errors
remaining below 4.1◦. Overall, the proposed force estimator suc-
cessfully evaluates external forces orthogonal to the backbone,
with an average RMSE of 0.12 N and its percentage 5.08%
relative to the measured forces.

D. Tangential Backbone Force Estimation With Different
Sensitivity

In our strain-based estimator, tangential backbone force
along the robot’s backbone can be observed from local strain
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Fig. 11. Estimation of vertical forces in trajectory tracking under low and high sensitivity. (a)(i) and (ii) Two distinct actuation strategies are generated and (ii)
and (iv) applied in the actual soft arm. (b) Variation of rod length at each trajectory point. (c) Strain sensitivity 	S and eigenvalues λxl along the direction of
applied weight. (d) Estimated accuracy of the local x-axis (fxl), local y-axis (fyl) and the resultant force (norm f ). Scale of visualized ellipsoids: 0.01.

Fig. 12. Evaluation (RMSE and standard deviation σ) of vertical force esti-
mation in trajectory tracking.

measurements. However, since the strain sensitivity 	S of a di-
rectional force varies with the robot configuration, it is essential

Fig. 13. Percentage of the tangential eigenvalue λxl relative to the minimum
eigenvalue λ1 in trajectory tracking.

to consider this factor when applying the proposed method. To
investigate the feasibility of tangential force estimation under
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varying sensitivity conditions, we conducted experiments on
different configurations.

In this experiment, we generate multiple configurations by
varying the rod lengths, which produced different visualized
ellipsoids and corresponding strain sensitivity (see Table IV).
Specifically, each configuration was tuned to increase the axial
length of the ellipsoid along the tangential direction (local
x-axis), as illustrated in Fig. 10(a). As the orientation and
deformation of the soft arm increased, the eigenvalue λxl rose
from 1.90 to 3.61. The percentage changes of λxl relative to λ1

are 0%, 2.57%, 10.04%, 24.09%, 46.59%, and 57.92%, respec-
tively. The percentage change is calculate as |λxl − λ1|/λ1(%).
Subsequently, as shown in Fig. 10(b), we sequentially input the
rod lengths into the robotic system controller, apply a tangential
force fx (around 2 N) at the tip, record the actual force, and
compute the estimated force from the local sensor strain.

Fig. 10(c) compares the actual and estimated forces, with
the estimation error plotted as a dotted line. For configuration
with low sensitivity, such as λxl = 1.90, the estimator demon-
strates the lowest fidelity, with major discrepancies attributable
to insensitive strain changes due to external forces. As λxl

increases, the strain sensitivity 	S increases from 0.5 to 4 mm
[see Fig. 10(e)], the estimated force converges toward the actual
measurement, and the maximum estimation error decreases from
2.41 to 0.24 N [see Fig. 10(c)]. The high sensitivity in the target
direction increases the local strain observation of external forces
and greatly improves the estimation accuracy of the tangential
force. This demonstrates that the proposed visualized ellipsoids
can be used to assess whether the tangential force can be reliably
estimated in a given configuration.

Furthermore, we quantitatively analyze the standard deviation
of the estimator under both positive and negative forces as
shown in Fig. 10(d). The standard deviation σ is highest when
the eigenvalue λxl is lowest, which corresponds to minimal
strain sensitivity in tangential forces. As λxl increases to 3.61,
the standard deviation σ decreases significantly, indicating im-
proved sensitivity and accuracy in capturing the external force.
Therefore, in the proposed estimator, the feedback error of
the actual strain sensor has little effect on the evaluation of
the tangential force with high sensitivity. Moreover, once the
sensitivity reaches a high level and the strain sensor performance
plateaus with further increases in curvature, both the estimation
accuracy and the standard deviation stabilize. Overall, these
results demonstrate that incorporating the visualized ellipsoid
and sensitivity into the strain-based estimator can significantly
enhance the tangential force estimation along the backbone.

E. Force Estimation in Trajectory Tracking

The objective of this experiment is to evaluate the perfor-
mance of force estimation under varying strain sensitivity con-
ditions while tracking a predefined trajectory [see Fig. 11(a)].
During the motion, a vertical weight of 300 gf is applied at the tip
of the arm to generate a constant force magnitude and direction.

The linear trajectory is defined in the xz plane, with the
x-coordinate ranging from 0.19 to 0.32 m and the z-coordinate
ranging from 0.11 to -0.11 m. Two sets of configurations are
generated, each corresponding to a different rod actuation, while

ensuring that both sets track the same trajectory divided into
30 points. In one set, the actuation produces smooth motions
in the control space [see Fig. 11(a)i and ii and (b)]. How-
ever, these configurations exhibit low strain sensitivity, with
	S < 2.5 mm and small eigenvalues along the tangential di-
rection (λx < 1.9) [see Fig. 11(c)]. The entire shape and corre-
sponding visualized ellipsoid for several points (points 1, 10, 20,
30) are depicted in Fig. 11(a)i. The strain sensitivity for the tan-
gential force is much lower than that of other directional forces.
In contrast, a second group of configurations was generated by
adjusting the rod actuation [see Fig. 11(a)iii and iv]. Although
the sequential actuation from points 1 to 30 is not as smooth
as the first group, especially the sudden change from points 15
to 16 [see Fig. 11(b)], they have larger eigenvalues λxl ranging
from 2.5 to 4.5 and higher strain sensitivity 	S ranging from 3
to 6 mm [see Fig. 11(c)]. Consequently, the sensitivity of these
configurations in vertical forces greatly increases compared to
the smooth-actuation configurations [see Fig. 11(a)i and iii].
Moreover, the actual robot shapes at trajectory points 1, 10, 20,
and 30 closely match the shapes simulated using our strain model
for both groups of configurations.

Experimental results demonstrate the importance of strain
sensitivity and ellipsoid for achieving accurate and robust force
estimation, especially forces tangential to the backbone in soft
continuum robotic system [see Fig. 11(d)]. In the case of low
sensitivity, strain sensors are insufficient to robustly and accu-
rately capture the local deformation of the soft body, resulting in
increased error (RMSE = 1.5 N) and inconsistencies (Standard
deviation σ = 1.5 N) in force estimation as shown in Fig. 12. In
contrast, high sensitivity significantly improves the performance
of force estimation (RMSE = 0.32 N, Standard deviation σ =
0.32 N). For different configurations tracking the same trajec-
tory, with the same load and significantly different sensitivity
	S, the largest difference in the estimates lies in the tangential
force (local force fxl), as shown in Figs. 11(d) and 12. The
percentage changes of λxl relative to λ1 are below 0.3% in low
sensitivity and range from 20% to 80% in high sensitivity (see
Fig. 13). The estimates in the orthogonal force (local force fzl)
present similar accuracy and robustness.

VIII. CONCLUSION

In this work, we proposed a strain-based 3-D force and
shape evaluation model for RDSRs with embedded stretch sen-
sors, which includes local deformation, actuation, and external
interactions. We then constructed a specific RDSR architec-
ture with eGaIn-based piecewise strain sensors to demonstrate
the feasibility and principle of estimating full shape and 3-D
forces using this approach and sensitivity ellipsoid. Experiments
demonstrated that the strain-based method allows us to estimate
the shape of designed RDSR (tip position error less than 1.8
% of the body length), the local strain variations in relevant
regions (deformation error within 0.5 mm on average), and the
external forces orthogonal to the backbone (with average RMSE
of 5.08% and angular error within 4◦). Moreover, we introduced
a new visualized ellipsoid based on the strain method. Several
simulations quantify how the strain sensitivity varies with differ-
ent configurations and external forces. The higher the sensitivity,
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the less effect the sensor strain error has on the force estimation
(applicable to both tangential and orthogonal forces). With the
help of the visualized ellipsoid, we successfully and accurately
observed the tangential forces by changing the configuration to
improve the strain sensitivity 	S. As 	S increases from 0.5
to 4 mm, the accuracy and robustness of the estimation results
are significantly improved, with the error decreasing from 2.41
to 0.24 N and the standard deviation σ reducing from 0.86 to
0.05 N. When faced with tracking a trajectory under constant
force (300-gf weight), the optimized configurations with higher
sensitivity achieved higher estimation performance (RMSE and
σ = 0.32 N) compared to those with lower sensitivity (RMSE
and σ = 1.5 N), especially for external forces tangential to
the backbone. To summarize, the visualized ellipsoid can be
used to determine insensitive forces in certain configurations
and convert them into sensitive. Applying force or adjusting
the configuration so that the force direction deviates from the
minimum eigenvectorν1 can improve force sensing and increase
strain sensitivity.

As for how to distinguish whether a directional forces is sensi-
tive in a particular configuration, the visualized ellipsoid and its
projected eigenvalues λxl along the tangential direction can be
used to intuitively evaluate the sensitivity of local sensor strains
to external forces. As verified and found in Sections VII-D and
VII-E, the estimation of tangential forces fxl is inaccuracy if
the variation of the eigenvalue λxl along tangential direction
is very small or even zero relative to the minimum eigenvalue
λ1. As the percentage variation of λxl increases from 0% to
2.57% and even 80%, the estimation of the tangential force fxl
becomes more accurate and robust. In this case, the local strain
is sensitive to the tangential component and our force estimator
can observe them correctly. However, a large increase in the
tangential eigenvalue λxl will lead to larger deformation and
orientation [see Fig. 10(a)]. Simply increasing deformation and
orientation to increase strain sensitivity will lead to a signifi-
cant decrease in the stiffness of the continuum robot. From an
application standpoint, the strain-based method is particularly
relevant to scenarios in which slender continuum robots operate
in constrained or contact-rich environments and require both
geometric awareness and interaction force perception. It will
be preferable to align the stiffer direction of the robot to reduce
deflections and finish real tasks such as minimally invasive surg-
eries [65] and assistive interaction with humans [66] using soft
continuum robots. However, from the perspective of perception,
tangential forces along the stiffest direction cause minimum
deformation and local strain sensitivity, which are difficult to
observe and sense as validated in Figs. 10 and 11. Due to the
redundant configurations at the same tip position, the estimation
of tangential forces can be robust and accurate as long as there
are slight changes relative to the singularity configuration, such
as reconfiguring the first configuration to the third one in Fig. 10.
Therefore, our approach does not require reconfiguring the robot
into a completely different shape and the distal pose. Future
work will be to quantitatively balance and optimize the projected
eigenvalues, shape deformation, and robot stiffness.

It should be emphasized that all numerical analyses in this arti-
cle are conducted on a specific sensorized RDSR. The obtained
performance and estimation accuracy are therefore specific to

this architecture. Nevertheless, the proposed method and the
concept of the sensitivity ellipsoid are not limited to this specific
robot. They can be extended to other slender continuum robots
equipped with strain sensors such as those proposed by Alatorre
et al. [3], Orekhov et al. [22], Truby et al. [23], Yan et al. [67],
Zhao et al. [68], and An et al. [69]. For these systems, since
their local strain can be formulated under a similar continuum
mechanics and sensed in a similar manner, the same principles
of strain-based estimation and sensitivity visualization can be
applied, requiring only minor modifications of the model and
parameters to fit their specific architectures. Besides, several
studies have demonstrated the feasibility of fabricating minia-
ture stretch sensors directly on continuum robots with diameters
around 10 mm (e.g., [3]), suggesting that the proposed method
could be validated in even smaller, and potentially more medi-
cally relevant, robotic systems in the future.

Extending the strain-based method to the position estimation
of point, multicontact and distributed forces will also be one
of the future works. Due to the redundancy of strain sensors
(S1–S18), more variable forces can be included in the shape
and force sensing. We primarily demonstrate the concept and
functionality of the visualized ellipsoid and strain sensitivity
at the tip, but the presented results are applicable to all points
along the entire shape of the soft continuum robot. We will
further explore and propose continuous ellipsoid space and
strain sensitivity profile for entire shape. This will provide a
theoretical basis for the continuous and multipoint interaction
between soft robotic arms and the environment. Finally, we will
also investigate strain sensitivity transfer strategies where the
desired sensitivity would be optimized as a function of the robot
and soft sensor. When designing the soft arm, the proposed
concept can be used in the initial stage to optimize the robot
parameters and the placement of the soft sensors and achieve
best performance in terms of force output, force estimation and
controllable manipulability.
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