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Abstract

The problem of level ice interacting with compliant structures is addressed, where the ice loads can depend on the dynamical be-
havior of the structures. We are interested in a special type of ice-induced vibration, known as frequency lock-in, and characterized
by having the dominant frequency of the ice forces near a natural frequency of the structure. It is shown that accurate estimates of
the model parameters for the well-known Määttänen’s model for ice-induced vibrations can be obtained from measurements of the
structural vibrations and the ice velocity. Määttänen’s model uses a state-dependent piecewise nonlinear function for the ice crush-
ing strength, which leads to nonlinear negative damping in the equations of motion of the considered structure. The identification
is achieved by means of an Unscented Kalman Filter using simulated noisy measurements of the structural behavior.
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1. Introduction

Level ice crushing against bottom-founded compliant structures can result in ice-induced vibrations. Depending
on the velocity of the moving ice, different regimes of interaction between the ice and the structure have been dis-
tinguished. These are defined as intermittent crushing, frequency lock-in, and continuous brittle crushing. During
the last few decades, numerous models have been proposed in an attempt to simulate this complex interaction and to
predict ice-induced vibrations [1–4]. Depending on the model, the interaction is described as a function of different
sets of parameters related to the ice and the structure. While the relevant structural properties are often known quite
well or identifiable through modal testing, the ice properties are in general more difficult to come by and in most cases
also time-varying. Consider for instance parameters related to the strength of the ice or the contact area between the
ice and the structure.

The aim of this work is the identification of these parameters from measurements of the structural vibrations and
the velocity of the ice. The problem is cast in a coupled parameter and state estimation form, and solved in the time
domain using the Unscented Kalman filter [5]. This framework allows for the identification of the time-varying model
parameters in conjunction with the displacement and velocity profiles (referred to as the states) of the structure from
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noise-contaminated response measurements. Research on ice-induced vibrations has been dominated by reduced-
order models using only the first mode of the considered structure, such that its dynamics can be modeled as a single
degree of freedom (DOF) oscillator. However, it was shown by Määttänen [6,7], that it is inadequate to consider only
the first mode. Principally, all modes of a structure can be excited by ice forces, but the first two modes are usually
the most dominant. In this contribution, the simulated response to the ice loads is obtained using a multi-DOF beam,
modally reduced to a 2-DOF system. It is shown that the corresponding modal states as well as 4 model parameters
can be successfully identified from two displacement and two velocity measurements.

2. State space model of the compliant structure

We consider a linear dynamic model of the compliant structure with viscous damping and nDOF degrees of freedom,
which can be described by nDOF second-order differential equations

Mü(t) + Cu̇(t) +Ku(t) = Sf f (u, t), (1)

where u(t) ∈ RnDOF is the vector of degrees of freedom, M, C and K ∈ RnDOF×nDOF denote the mass, damping and
stiffness matrices, which are obtained using a finite element method, and Sf determines the position where the state
dependent load f (u, t) acts on the structure.

In order to reduce the total number of unknowns to be estimated, a reduced-order state-space model is used for
the identification, constructed using only the lower-order modes typically present in ice-induced vibrations of bottom-
founded offshore structures. We assume proportional damping, in which case general complex modes can be replaced
by normal modes. Then, the model can be transformed to the normal-mode state-space model

ẋ = Ax(t) + B f (x, t) (2)

with the states x ∈ Rn given by

x =
(

z
ż

)
, (3)

and modal coordinates z ∈ Rnm , where the used number of modes 1 ≤ nm ≤ 2nDOF, and the number of states n = 2nm.
The vector of degrees of freedom is then obtained as u(t) = Φz(t), where the matrixΦ ∈ RnDOF×nm is determined from
an eigenvalue problem corresponding to equation (1):

KΦ =MΦΩ2, (4)

with the diagonal matrix Ω containing the eigenfrequencies and the orthogonality conditions:

ΦTMΦ = I, ΦTKΦ = Ω2. (5)

The matrix A ∈ Rn×n and the vector B ∈ Rn are then given by

A =
[

0 I
−Ω −Γ

]
, B =

[
0
ΦTSf

]
, (6)

where Γ = ΦTCΦ due to the assumption of proportional damping.

3. Määttänen’s model for ice crushing strength

A model for the synchronized resonant frequency lock-in of ice-induced vibrations was proposed by Määttänen
in [8]. This frequency lock-in has been widely observed in full scale measurements. Määttänen’s model for the ice
crushing strength σc is given by

σ̇ = (Vice − u̇s)
8σ0

πD

σc =



0 σ̇ < 0,
a σ̇ + b σ̇2 + c σ̇3 + d σ̇4 + 2 0 ≤ σ̇ ≤ 1.3 MPa/s,
1 1.3 MPa/s < σ̇,

(7)
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where u̇s is the velocity of the structure at the ice level, σ0 is a reference ice strength, D is the diameter of the
cylindrical structure, Vice is the undisturbed velocity of the ice, and σ̇ is the stress rate. With this model the resulting
ice load f (u̇s) is given by

f (u̇s) = Aσc

√
A0

A
, (8)

with the projected contact area A, and a reference area A0. The ice crushing strength in Määttänen’s model is defined
piecewise, including a discontinuity at σ̇ = 0, a polynomial region for 0 ≤ σ̇ ≤ 1.3 MPa/s, and a constant region for
σ̇ > 1.3 MPa/s. Using the specific parameter values from Table 1, the ice crushing strength is shown in Fig. 1. Since
the discontinuity at σ̇ = 0 leads to numerical problems during the parameter identification procedure, the ice crushing
strength σc from equation (7) is multiplied by 1

2 (1 + tanh(100σ̇)) in order to obtain a continuous version of the ice
crushing strength.
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Fig. 1. Ice crushing strength σc (solid) and continuous approximation using tanh (dashed).

4. Parameter estimation using the Unscented Kalman Filter

In order to handle the higher-order nonlinearities characterizing the ice-structure interaction, the Unscented Kalman
filter (UKF) is employed. The UKF is intended for the estimation of the states x ∈ Rn of nonlinear systems, which are
disturbed by a vector of zero-mean normal distributed white noise ζ using measurements, cf. [5]. The measurements
are in general also disturbed by a vector ξ of zero-mean normal distributed white noise and stated as a function of the
unknown states. This function is denoted as the sensor function h. If unknown parameters of the considered model are
to be estimated, a common approach is to introduce them as additional state space variables. The state vector is then
augmented by a parameter vector p ∈ Rnp , where ṗ = 0, since the parameters are constants. Due to this constraint, the
expected value of these parameters changes only in the correction step of the UKF. Considering the state space model
from equation (2), the resulting equations for the filter problem are given by

ẋp = Apxp + Bp f (xp, t) + ζ,
h = g(xp, t) + ξ,

(9)

with the augmented state vector xp ∈ Rn+np relating the measurements to the state vector, a suitable function g(xp, t),
and with corresponding Ap ∈ R(n+np)×(n+np) and Bp ∈ Rn+np such that

xp(t) =
[

x
p

]
, Ap =

[
A 0
0 0

]
, Bp =

[
B
0

]
. (10)

If the sensor function consists of measurements of acceleration, velocity, and/or displacement, and if the state vector
is given by the modal coordinates according to equation (3), where nd is the number of measurements, then the sensor
function becomes

h = Gx + J f (xp, t) + ξ. (11)

Herein, the output influence matrix G ∈ Rnd×n and the direct transmission matrix J ∈ Rnd are defined as

G =
[
SdΦ − SaΦΩ

2 SvΦ − SaΦΓ
]
, J =

[
SaΦΦ

TSf

]
, (12)
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where the selection matrices Sa, Sv, and Sd ∈ Rnd×nDOF are populated according to the spatial location at which
acceleration, velocity, and/or displacement is measured. From an initial state estimate x̂0 with an initial variance,
the UKF algorithm propagates the expected value and sigma-points according to the variance through the system
dynamics equations. The measurements of the response of the considered structure are subtracted from the predicted
measurements of the UKF system, by which means updates are calculated and fed back to the estimated states x̂ and
their estimated variance. This iterative procedure determines state estimates of the unknown states of the nonlinear
system. Of course, one can not expect convergence if the number of measurements is low and the number of unknown
parameters is high, or if the noise disturbance is too severe or not Gaussian.

5. Results

We illustrate the application of the proposed scheme for the identification of multiple model parameters governing
the ice-structure interaction. In order to verify whether the model parameters can be successfully identified using the
proposed scheme, measurement data are numerically generated for a specific compliant structure excited by a moving
ice sheet. As the compliant structure we consider a vertical cylindrical beam, which is founded on the seabed and
excited by a load due to ice, as shown in Fig. 2. Any forces due to wind or water are neglected. The cylindrical beam is
modeled using 21 nodes (20 elements), such that the ice load acts at node 14. Each node has one translational and one
rotational degree of freedom, resulting in a total number of 40 degrees of freedom. The first two natural frequencies
of the beam are 0.5 Hz and 3.15 Hz. All selected parameter values of the beam, as well as of the model for the ice
crushing strength from section 3 are specified in Table 1. Our goal is to identify the four unknown parameters a, b, c,

Table 1. Parameter specifications.

Vice σ0 D A A0 a b c d

0.1 m/s 2 MPa/s 1 m 0.5 m2 1 m2 7.8 18.57 13 −2.91

and d from Määttänen’s model (7) using measurements of the dynamical behavior of the beam and the ice velocity.
The true parameters were set according to the values in table 1. Retaining a reduced-order state space model for the
beam using two modes leads to

A =


0 I

−9.967 0
0 −390.889

−0.063 0
0 −0.395

 , B =


0

0.337
−0.302

 (13)

in equation (6). The UKF algorithm is now used to estimate the unknown states xp from the noisy measurements
h, as presented in section 4. In the following, we show the identification results of the unknown parameters a, b,
c, and d from Määttänen’s model, cf. Eq. (7), where we assume that the ice velocity Vice is known. All unknown
parameters are initialized by zero. The system noise is set to ζ = 0 for the considered problem. The difficulty in the
presented setup lies in the estimation of the modal states of the second mode. If this estimation is not sufficient, then
the identification of the parameters a, b, c, and d does not lead to acceptable results. Without measurement noise,
the true parameters could be estimated using measurements of the displacement and velocity at node 14, only. The
convergence of the parameter estimates to the true values is shown in figure 5. Adding very small measurement noise
ξ of 0.1% or more of the standard deviation of the respective displacement or velocity, the parameter identification
procedure does not lead to sufficient results, if only displacement and velocity at node 14 are measured. The reason
lies in the more difficult estimation of the modal states z2 and ż2 of the second mode. This problem can be overcome
by using additional measurements of displacement and velocity at a node where the output influence is still low for
the first mode and high for the second mode. Then the modal coordinates z2 and ż2 are better identifiable by the
UKF. This can be achieved by taking measurements at node 7, where the corresponding absolute value of the entry
in the matrix G for the modal coordinates of the first mode is 0.088 and 0.338 for the second mode. For the case of
displacement and volocity measurements at node 7 and node 14, the matrices in the sensor function (11) are explicitly
given by J = 0 and

G =



0.088 −0.338 0 0
0.337 −0.302 0 0

0 0 0.088 −0.338
0 0 0.337 −0.302


. (14)
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Fig. 2. Depiction of the discretized
beam and node numbers.
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Fig. 3. Simulated displacement at node 7 and velocities at nodes 7 and 14. Introduced
noise is 2% of the standard deviation of the respective displacement or velocity.
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Fig. 5. Estimated parameters without measurement noise, using only measurements of displacement and velocity at node 14. The true values are
shown as dashed lines.

Simulated displacement at node 7 and velocities at nodes 7 and 14 where the introduced noise ξ is 2% of the standard
deviation of the respective displacement or velocity, are shown in Fig. 3. In this case a sufficiently accurate estimation
of z2 and ż2 could be achieved, such that the parameter identification converged. A part of the corresponding estimated
time series of z2 and ż2 is shown in Fig. 4. The response of this beam at node 14 and node 7 starting at rest can be
seen in Fig. 6 and Fig. 7, respectively. The resulting time series of the parameter estimations are shown in Fig. 8,
which is the main result. The true values of the parameters are shown as dashed lines. The parameters are sufficiently
estimated after 100 seconds. In comparison to the results from Fig. 5, the estimations converged much faster, due to
the additional measurements.
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Fig. 6. Response of the beam at node 14 starting at rest.
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Fig. 7. Response of the beam at node 7 starting at rest.
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Fig. 8. Estimated parameters using measurements of displacement and velocity at nodes 7 and 14, for the case of 2% measurement noise, cf. Fig. 3.
The true values are shown as dashed lines.

6. Conclusions

The results show that the proposed scheme can successfully be used for the identification of multiple model param-
eters governing the ice-structure interaction. The identification of four model parameters and two modal states from
four noise-contaminated vibration measurements was shown to be feasible. Future work will include the application
of the presented methodology to more advanced ice-induced vibration models.
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